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𝐷4

𝐺 = {𝑎, 𝑏 ∶ 𝑎4 = 𝑒, 𝑏2 = 𝑒, 𝑏𝑎𝑏−1 = 𝑎−1}
= {𝑒, 𝑎, 𝑎2, 𝑎3, 𝑏, 𝑎𝑏, 𝑎2𝑏, 𝑎3𝑏}

Let our set 𝑋 be the verices of a square
𝑋 = {1, 2, 3, 4}

The orbit of each vertex 𝑥 is the entire group since vertices can be sent to any other vertex through rotations,

𝑂𝑥 = {1, 2, 3, 4}

The stabilizer for 3 is
𝐺3 = {𝑒, 𝑏}

We now formalize this as per above.

𝑋 ∶ B𝐺 → Set

𝑋(𝑠) = {1, 2, 3, 4}
with 𝑋 mapping morphisms identically. We now prove 𝑋 is functorial. Let 𝑔 ∶ 𝑠 → 𝑠 define an arrow in B𝐺.
Define the morphism 𝐹(𝑔) ∶ {1, 2, 3, 4} → {1, 2, 3, 4} by 𝐹(𝑔)(𝑠) = 𝑚 · 𝑠. Then

𝑋(𝑔1 ∘ 𝑔2)(𝑠) = (𝑚1𝑚2) · 𝑠
= 𝑚1 · (𝑚2 · 𝑠)
= 𝑋(𝑚1)(𝑋(𝑚2)(𝑠))
= (𝑋(𝑚1) ∘ 𝑋(𝑚2))(𝑠)

The entire group, and its skeletal translation groupoid.
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The translation groupoid is the dihedral group applied to all sets 𝑆 where |𝑆| = 4. Which is an infinite collection
of discrete identical graphs.

Each node has exactly 2 automorphisms:

1 ()
2 ()
3 ()
4 ()
1 (2,4)
3 (2,4)
2 (1,3)
4 (1,3)

Which are the stabilizers. All elements in the same orbit thus have isomorphic stabilizers.

The disjoint union of the stabilizer groups is:

{(𝑂1, {𝑒, 𝑏}), (𝑂3, {𝑒, 𝑏}), (𝑂2, {𝑒, 𝑎2𝑏}), (𝑂4, {𝑒, 𝑎2𝑏})}

The set of morphisms with domain 𝑥 is isomorphic to 𝐺.

Another way of looking at it is the disjoint union of hom-sets HomT𝐺𝑋(𝑥, 𝑦) for 𝑦 ∈ 𝑂𝑥 where each set is
isomorphic to HomT𝐺𝑋(𝑥, 𝑥) = 𝐺𝑥.

|𝐺| = |𝑂𝑥||𝐺𝑥|
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