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Isomorphisms 𝐴 ≌ 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴) are not Natural in 𝐴 ∈ Ab
Epimorphism 𝑓 ∶ 𝐴 ↠ 𝐵 means ℎ𝑓 = 𝑘𝑓 ⟹ ℎ = 𝑘 which corresponds to the surjective property. We can
see this by setting ℎ ∶ 𝐵 → 𝐵/ im 𝑓 and 𝑘 ∶ 𝐵 → im 𝑓 . Then since 𝑓 is epic, ℎ = 𝑘. Let 𝑏 ∈ 𝐵, then
ℎ(𝑏) = 𝑘(𝑏) ⟹ 𝑏 ∈ im 𝑓 and so 𝑓 is surjective.

Monomorphism 𝑓 ∶ 𝐴 ↣ 𝐵 means 𝑓ℎ = 𝑓𝑘 ⟹ ℎ = 𝑘 which corresponds to the injective property.

We see the canonical quotient map 𝐴 ↠ 𝐴/𝑇 𝐴 is clearly surjective and so epic.

The inclusion map 𝐴/𝑇 𝐴 ↣ 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴) is injective/monic by 𝑎 + 𝑇 𝐴 → (0, 𝑎 + 𝑇 𝐴).
Lastly we have 𝐴 ≌ 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴), giving us the composite

𝐴 ↠ 𝐴/𝑇 𝐴 ↣ 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴) ≌ 𝐴

Our aim is to show this endomorphism is not natural.

Every Natural Endomorphism of 1Ab is Multiplication by some 𝑛 ∈ ℤ
Clearly for 𝛼 ∶ 1Ab ⟹ 1Ab, this 𝑛 = 1.

Observe that homomorphisms ℤ 𝑎−→ 𝐴 correspond bijectively to elements 𝑎 ∈ 𝐴 by 1 → 𝑎.

We have the following diagram, noting that since 𝛼 is supposed to be natural, the diagram should commute:

ℤ ℤ

𝐴 𝐴

𝛼ℤ=[𝑛]

𝑎 𝑎
𝛼𝐴

which means we define 𝛼𝐴 = 𝑛 · 𝑎.

The Endofunctor 𝐴 → 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴)
Let us define 𝐹 ∶ Ab → Ab for a morphism 𝑓 ∶ 𝐴 → 𝐵 giving us a morphism

𝐹𝑓 ∶ 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴) → 𝑇 𝐵 ⊕ (𝐵/𝑇 𝐵)

• 𝑓(𝑇 𝐴) ⊆ 𝑇 𝐵, so 𝑓|𝑇 𝐴 ∶ 𝑇 𝐴 → 𝑇 𝐵 is a valid restriction.
• We can define 𝑔 ∶ 𝐴/𝑇 𝐴 → 𝐵/𝑇 𝐵 by 𝑔(𝑎 + 𝑇 𝐴) = 𝑓(𝑎) + 𝑇 𝐵.

∘ This is well defined since 𝑎 + 𝑇 𝐴 = 𝑎′ + 𝑇 𝐴 ⟹ 𝑎 − 𝑎′ ∈ 𝑇 𝐴, but by above that 𝑓(𝑇 𝐴) ⊆ 𝑇 𝐵, so
𝑓(𝑎 − 𝑎′) ∈ 𝑇 𝐵 ⟹ 𝑔(𝑎 + 𝑇 𝐴) 𝑔(𝑎′ + 𝑇 𝐴).

• Now put 𝐹𝑓 = 𝑓|𝑇 𝐴 ⊕ 𝑔 which is: 𝐹𝑓(𝑎, 𝑎′ + 𝑇 𝐴) = (𝑓(𝑎), 𝑓(𝑎′) + 𝑇 𝐵).
All 3 operations: taking torsion, modding out by torsion, and taking direct sums are valid functors.

Saying there’s natural isomorphisms 𝐴 ≌ 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴) means there’s a natural isomorphism 𝛼 ∶ 𝐹 ⟹ 1Ab.
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𝛽 ∶ 1Ab ⟹ 𝐺 is a Natural Transformation

𝛽 ∶ 1Ab ⟹ 𝐺
𝛽𝐴 ∶ 𝐴 → 𝐺𝐴 = 𝐴/𝑇 𝐴

Let 𝑓 ∶ 𝐴 → 𝐵

𝑎 𝐺𝑎

𝑏 𝐺𝑏

𝛽𝐴

𝑓 𝐺𝑓=𝑔
𝛽𝐵

so we expect that
𝛽𝐵𝑓𝑎 = 𝑔𝛽𝐴𝑎

where 𝑔(𝑎 + 𝑇 𝐴) = 𝑓(𝑎) + 𝑇 𝐵 so

𝛽𝐵𝑓𝑎 = 𝑓(𝑎) + 𝑇 𝐵
𝑔𝛽𝐴𝑎 = 𝑔(𝑎 + 𝑇 𝐴)

= 𝑓(𝑎) + 𝑇 𝐵

with the other transformation being the inclusion 𝜄𝐴(𝑎 + 𝑇 𝐴) = (0, 𝑎 + 𝑇 𝐴).

“Natural Endomorphism of the Identity Functor”

“the hypothesized natural isomorphism would define a natural endomorphism of the identity
functor on Ab.”

We showed there’s a natural transformation 𝛽 ∶ 1Ab ⟹ 𝐺 which is the composition 𝐴 → 𝐴/𝑇 𝐴 → 𝑇 𝐴 ⊕
(𝐴/𝑇 𝐴).
We seek to prove there’s a natural transformation 𝛼 ∶ 𝐺 ⟹ 1Ab.

The composition 𝛼 ∘ 𝛽 ∶ 1Ab ⟹ 𝐺 ⟹ 1Ab must also be natural.

We now see this is impossible.

Impossibility of Hypothesis
Let 𝐴 = ℤ, 𝐵 = ℤ/2𝑛ℤ and 𝜙 ∶ 𝐴 → 𝐴/𝑇 𝐴 → 𝑇 𝐴 ⊕ (𝐴/𝑇 𝐴).

𝐵 𝐵

ℤ ℤ

𝐴 𝐴

𝛼𝐵

𝑏
𝛼ℤ=[𝑛]

𝑎 𝑎

𝑏

𝛼𝐴

We see that 𝜙(𝐴) = (0, ℤ) ⟹ 𝑛 = ±1. Likewise 𝜙(𝐵) = (0, 0) ⟹ 𝑛 = 0ℤ/2𝑛ℤ but 𝑛 ≠ 0 ∈ ℤ/2𝑛ℤ which is a
contradiction.

Ex
1.4.ii: Natural Transform between Parallel Functors in B𝐴
We view the group 𝐴 as a category with one object 𝑠𝐴 with the Hom-set End(𝑠𝐴) = 𝐴 and composition by the
group law. Likewise for 𝐵.

If 𝐹, 𝐺 ∶ 𝐴 → 𝐵 are functors, then they both consist of the following data: 𝐹(𝑠𝐴) = 𝑠𝐵 and for all 𝑔1, 𝑔2 ∈
End(𝑠𝐴), 𝐹 (𝑔1)𝐹(𝑔2) = 𝐹(𝑔1𝑔2) ∈ End(𝑠𝐵) (likewise for 𝐺).

A natural transformation 𝛼 ∶ 𝐹 ⟹ 𝐺 consists of the following data:

1. 𝛼𝑠𝐴
∈ End(𝑠𝐵) = 𝐵

2. For all ℎ ∈ End(𝑠𝐴) = 𝐴, we have 𝐺(ℎ)𝛼𝑠𝐴
= 𝛼𝑠𝐴

𝐹(ℎ).
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Noting that since 𝐵 is a group there exists 𝛼−1
𝑠𝐴

, we can rewrite (2) as

𝐺(ℎ) = 𝛼𝑠𝐴
𝐹(ℎ)𝛼−1

𝑠𝐴

That is that the group elements 𝐺(ℎ), 𝐹(ℎ) ∈ 𝐵 are conjugates of each other.

1.4.v: Comma Category Natural Transform 𝛼 ∶ 𝐹 dom ⟹ 𝐺 cod
Comma Category

𝑑 𝐹𝑑 𝐺𝑒 𝑒

𝑑′ 𝐹𝑑′ 𝐺𝑒′ 𝑒′

𝐷 𝐶 𝐶 𝐸

ℎ

𝑓

𝐹ℎ 𝐺𝑘 𝑘
𝑓

𝑓 ∶ 𝐹𝑑 → 𝐺𝑒 ∈ 𝐶
Comma category 𝐹 ↓ 𝐺:

• objects (𝑑, 𝑒, 𝑓)
• morphisms (𝑑, 𝑒, 𝑓) → (𝑑′, 𝑒′, 𝑓 ′)

dom ∶ 𝐹 ↓ 𝐺 → 𝐷
cod ∶ 𝐹 ↓ 𝐺 → 𝐸

Globular Diagram

𝐹 ↓ 𝐺 𝐸

𝐷 𝐶

cod

dom 𝐺
𝐹

𝛼

𝛼 ∶ 𝐹 dom ⟹ 𝐺 cod

𝐹 dom ∶ 𝐹 ↓ 𝐺 dom−−→ 𝐷 𝐹−→ 𝐶

𝐺 cod ∶ 𝐹 ↓ 𝐺 cod−−→ 𝐸 𝐺−→ 𝐶

𝐹 ↓ 𝐺 𝐶

𝐹 dom

𝐺 cod

𝛼

Natural Transformation 𝛼 ∶ 𝐹 dom ⟹ 𝐺 cod
𝐹 dom, 𝐺 cod ∶ 𝐹 ↓ 𝐺 ⇉ 𝐶

𝛼 ∶ 𝐹 dom ⟹ 𝐺 cod

Data of natural transform is:

For each (𝑑, 𝑒, 𝑓) ∈ 𝐹 ↓ 𝐺,
𝛼(𝑑,𝑒,𝑓) ∶ 𝐹 dom(𝑑, 𝑒, 𝑓) → 𝐺 cod(𝑑, 𝑒, 𝑓) ∈ 𝐶

Let
𝑧 ∶ (𝑑, 𝑒, 𝑓) → (𝑑′, 𝑒′, 𝑓 ′) ∈ 𝐹 ↓ 𝐺
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𝐹 dom(𝑑, 𝑒, 𝑓) 𝐺 cod(𝑑, 𝑒, 𝑓)

𝐹 dom(𝑑′, 𝑒′, 𝑓 ′) 𝐺 cod(𝑑′, 𝑒′, 𝑓 ′)

𝛼(𝑑,𝑒,𝑓)

𝐹 dom 𝑧 𝐺 cod 𝑧
𝛼(𝑑′,𝑒′,𝑓′)

which is equivalent to

𝐹𝑑 𝐺𝑒

𝐹𝑑′ 𝐺𝑒′

𝛼(𝑑,𝑒,𝑓)

𝐹ℎ 𝐺𝑘
𝛼(𝑑′,𝑒′,𝑓′)

so we can take 𝛼(𝑑,𝑒,𝑓) ∶ 𝐹 dom(𝑑, 𝑒, 𝑓) = 𝐹𝑑 → 𝐺 cod(𝑑, 𝑒, 𝑓) = 𝐺𝑒 ∈ 𝐶 to be 𝛼(𝑑,𝑒,𝑓) = 𝑓 ∶ 𝐹𝑑 → 𝐺𝑒 ∈ 𝐺 which
commutes as expected.

Categorification of the Orbit-Stabilizer Theorem

The orbit of 𝑥 is “everything that can be reached from 𝑥 by an action of something in 𝐺”.

The stabilizer of 𝑥 is “the set of all elements of 𝐺 which don’t move 𝑥 when they act on 𝑥”.

The left 𝐺-set for a set 𝑆 is 𝑋 = {𝑔 · 𝑠|𝑔 ∈ 𝑆, 𝑠 ∈ 𝑆}. Let 𝑋 ∶ B𝐺 → Set be such a left 𝐺-set. The translation
groupoid (action groupoid in other sources) T𝐺𝑋 has elements of the set 𝑋 as objects.

For example let 𝑅 × 𝐾𝑛 → 𝐴𝑥 ∈ 𝐾𝑛 where 𝑅 is the group of 𝜋/2 rotation matrices be such a left 𝐺-set. Then
B𝐺 has a single object 𝑠 and morphisms 𝐼, 𝐺, 𝐺2, 𝐺3 where 𝑅 = ⟨𝐺⟩.
Then 𝑋 ∶ B𝐺 → Set is a functor taking 𝑠 to the left 𝐺-set and the same morphisms as before.

𝐺 = {𝐼 = (1
0

0
1) , 𝐺 = (1

0
0

−1) , 𝐺2 = ( 0
−1

−1
0 ) , 𝐺3 = (−1

0
0
1)}

Applying this group to the vector 𝐮 = (0
1), we get the left 𝐺-set

𝑋𝐮 ∶ 𝑠 → {(0
1) , (1

0) , ( 0
−1) , (−1

0 )}

And applying it to 𝐯 = (1
1) we get

𝑋𝐯 ∶ 𝑠 → {(1
1) , ( 1

−1) , (−1
−1) , (−1

1 )}

The translation groupoid for these sets consists of the following diagrams

(0
1) (1

0)

(−1
0 ) ( 0

−1)

𝐺2

𝐺

𝐺 𝐺2 𝐺

𝐺

(1
1) ( 1

−1)

(−1
−1) (−1

1 )

𝐺2

𝐺

𝐺
𝐺2 𝐺

𝐺

(including the inverses 𝐺−1 = 𝐺3 and (𝐺2)−1 = 𝐺2)

Morphisms 𝑔 ∶ 𝑥 → 𝑦 are elements of 𝑔 ∈ 𝐺 such that 𝑔 · 𝑥 = 𝑦.

The orbit 𝑂𝑥 = {𝑔 · 𝑥|𝑔 ∈ 𝐺}. There are two orbits which we can observe from the diagrams. They are

𝑂𝐮 = {𝐮, 𝐺𝐮, 𝐺2𝐮, 𝐺3𝐮}

𝑂𝐯 = {𝐯, 𝐺𝐯, 𝐺2𝐯, 𝐺3𝐯}
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We can pick one of these diagrams to form the skeleton skT𝐺𝑋 which is equivalent to any of these orbit
partitions.

Take an 𝑥 ∈ 𝑋 as a representative of its orbit 𝑂𝑥. Then by the previous section’s mentioned equivalency of
categories skC ↪ C we must have

HomskT𝐺𝑋(𝑂𝑥, 𝑂𝑦) ≌ HomT𝐺𝑋(𝑥, 𝑥) = 𝐺𝑥

These are the automorphisms of 𝑥, the 𝑔 ∈ 𝐺 such that 𝑔 · 𝑥 = 𝑥. 𝐺𝑥 is the stabilizer of 𝑥 with respect to 𝐺.

The skeleton of the translation groupoid skT𝐺𝑋 is simply the two objects 𝑂𝐮, 𝑂𝐯 with no arrows between
them. They are discrete, and there’s no morphisms between the objects.

This argument implies any pair of elements in the same orbit, must have isomorphic stabilizers.

The skeleton of the translation groupoid, as a category, is the disjoint union of the stabilizer groups, indexed
by the orbits 𝑂𝑥. In our example, the stabilizer groups are trivial.

The set of morphisms for the translation groupoid with domain 𝑥 is isomorphic to 𝐺. That is HomT𝐺𝑋(𝑥, 𝑦)
for all 𝑦 ∈ 𝑂𝑥. Each of these hom-sets is isomorphic to HomT𝐺𝑋(𝑥, 𝑥) = 𝐺𝑥.

|𝐺| = |𝑂𝑥||𝐺𝑥|

𝐷4

𝐺 = {𝑎, 𝑏 ∶ 𝑎4 = 𝑒, 𝑏2 = 𝑒, 𝑏𝑎𝑏−1 = 𝑎−1}
= {𝑒, 𝑎, 𝑎2, 𝑎3, 𝑏, 𝑎𝑏, 𝑎2𝑏, 𝑎3𝑏}

Let our set 𝑋 be the verices of a square
𝑋 = {1, 2, 3, 4}

The orbit of each vertex 𝑥 is the entire group since vertices can be sent to any other vertex through rotations,

𝑂𝑥 = {1, 2, 3, 4}

The stabilizer for 3 is
𝐺3 = {𝑒, 𝑏}

We now formalize this as per above.

𝑋 ∶ B𝐺 → Set

𝑋(𝑠) = {1, 2, 3, 4}
with 𝑋 mapping morphisms identically. We now prove 𝑋 is functorial. Let 𝑔 ∶ 𝑠 → 𝑠 define an arrow in B𝐺.
Define the morphism 𝐹(𝑔) ∶ {1, 2, 3, 4} → {1, 2, 3, 4} by 𝐹(𝑔)(𝑠) = 𝑚 · 𝑠. Then

𝑋(𝑔1 ∘ 𝑔2)(𝑠) = (𝑚1𝑚2) · 𝑠
= 𝑚1 · (𝑚2 · 𝑠)
= 𝑋(𝑚1)(𝑋(𝑚2)(𝑠))
= (𝑋(𝑚1) ∘ 𝑋(𝑚2))(𝑠)
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The entire group, and its skeletal translation groupoid.

The translation groupoid is the dihedral group applied to all sets 𝑆 where |𝑆| = 4. Which is an infinite collection
of discrete identical graphs.

Each node has exactly 2 automorphisms:

1 ()
2 ()
3 ()
4 ()
1 (2,4)
3 (2,4)
2 (1,3)
4 (1,3)

Which are the stabilizers. All elements in the same orbit thus have isomorphic stabilizers.

The disjoint union of the stabilizer groups is:

{(𝑂1, {𝑒, 𝑏}), (𝑂3, {𝑒, 𝑏}), (𝑂2, {𝑒, 𝑎2𝑏}), (𝑂4, {𝑒, 𝑎2𝑏})}

The set of morphisms with domain 𝑥 is isomorphic to 𝐺.

Another way of looking at it is the disjoint union of hom-sets HomT𝐺𝑋(𝑥, 𝑦) for 𝑦 ∈ 𝑂𝑥 where each set is
isomorphic to HomT𝐺𝑋(𝑥, 𝑥) = 𝐺𝑥.

|𝐺| = |𝑂𝑥||𝐺𝑥|
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