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Series introduction

Cambridge International AS & A Level Mathematics can be a lilfe-changing course. On the one hand, it is a
facilitating subject. there are many university courses that either require an A Level or equivalent qualification in
mathematics or prefer applicants who have it. On the othcr hand, it will help you to learn to think more precisely
and logically, while also encouraging creativity. Doing rnathematics can be like doing art: just as an artist needs to
mastei her tools (use of the paintbrush, for example) and understand theoretical ideas (perspective, colour wheels
and so on), so does a mathematician (using tools such as algebra and calculus, which you will learn about in this
course). But this is only the technical side: the joy in art comes through creativity, when the artist uses her tools

to express ideas in novel ways. Mathematics is very similar: the tools are needed, but the deep joy in the subject
comes through solving problems.

You might wonder what a mathematical ‘problem’ is. This is a very good questioii, and many people have offered
different answers. You might like to write down your own thoughts on this question, and reflect on how they
change as you progress through this course. One possible idea is that a mathematical problem is a mathematical
question that you do not inimediately know how to answer. (If you do know how to answer it immediately, then
we might call it an ‘exercise’ instead.) Such a problem will take time to answer: you may have to try different
approaches, using different tools or ideas, on your own or with others, until you finally discover a way into it. This
may take minutes, hours, days or weeks to achieve, and your sense of achievement may well grow with the effort it
has taken.

In addition to the mathematical tools that you will lcarn in this course, the problem-solving skills that you

wiil develop will also help you throughout life. whatever you end up doing. It is very common to be faced with
problems, be it in science, engineering, mathematics, accountancy, law or beyond, and having the confidence to
systematically work your way through ther» will be very useful.

This series of Cambridge International AS & A Level Mathematics coursebooks, written for the Cambridge
Assessment International Education syllabus for examination from 2020, wili support you both to learn the
mathematics required for thesz examinations and to develop your mathematical problem-solving skills. The new
examinations may well inclnde more unfamiliar questions than in the past, and having these skills will allow you
to approach such questions with curiosity and confidence.

In addition to problem solving, there are two other key concepts that Cambridge Assessment International
Education have introduced in this syllabus: namely communication and mathematical modelling. These appear
in various forms throughout the coursebooks.

Communication in speech, writing and drawing lics at the heart of what it is to be human, and this is no less

true in mathematics. While there is a temptation to think of mathematics as only existing in a dry, written form
in textbooks, nothing could be further from the iruth: mathematical communication comes in many forms, and
discussing mathematical ideas with colleagues is a major part of every mathematician’s working life. As you study
this course, you will work on many probleins. Exploring them or struggling with them together with a classmate
will help you both to develop your understanding and thinking, as well as improving your (mathematical)
communication skills. And being able to convince someone that your reasoning is correct, initially verbally and
then in writing, forms the heart of the mathematical skill of ‘proof”.
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Series introduction

Mathematical modelling is wirere mathematics meets the ‘real world’. There are many situations where people need
to make predictions or to understand what is happening in the world. aind mathematics frequently provides tools
to assist with this. Mathcimaticians will look at the real world situatiou and attempt to capture the key aspects

of it in the form of ¢quations, thereby building a model of reality. They will use this model to make predictions,
and where possiblc test these against reality. If necessary, they will then attempt to improve the model in order

to make better predictions. Examples include weather prediction and climate change modelling, forensic science
(to understaid what happened at an accident or crime scene), modelling population change in the human, animal
and plant kingdoms, modelling aircraft and ship behaviour, modelling financial markets and many others. In this
course, we will be developing tools which are vital for modelling many of these situations.

To support you in your learning, these coursebooks have a variety of new features, for example:

B Explore activities: These activities are designed to offer problems for classroom use. They require thought and
deliberation: some introduce a new idea, others will extend your thinking, while others can support consolidation.
The activities are often best approached by working in small groups and then sharing your ideas with each other
and the class, as they are not generally routine in nature. This is one of the ways in which you can develop problem-
solving skills and confiderice in handling unfamiliar questions.

B Questions labelled as \‘3, m or @: These are questions with a particular emphasis on ‘Proof”’, ‘Modelling’ or
‘Problem solving’. They are designed to support you in preparing for the new style of examination. They may or
may not be harder than other questions in the exercise.

B The language of the explanatory sections makes much more use of the words ‘we’, “‘us’ and ‘our’ than in previous
coursebooks. This language invites and encourages yon: {0 be an active participant rather than an observer, simply
following instructions (‘you do this, then you do thai’). It is also the way that professional mathematicians usually
write about mathematics. The new examinations may well present you with unfamiliar questions, and if you are
used to being active in your mathematics, yon will stand a better chance of being able to successfully handle such
challenges.

At various points in the books, therc are also web links to relevant Underground Mathematics resources,

which can be found on the free vndergroundmathematics.org website. Underground Mathematics has the aim

of producing engaging, rich materials for all students of Cambridge International AS & A Level Mathematics
and similar qualifications. These high-quality resources have the potential to simultaneously develop your
mathematical thinking skills and your fluency in techniques, so we do ericourage you to make good use of them.

We wish you every success as you embark on this course.

Julian Gilbey
London, 2018

Past exam paper questions throughout are reproduced by permission of Cambridge Assessment International Education.
Cambridge Assessment International Education bears no responsibility for the example answers to questions taken from its
past question papers which arc contained in this publication.

The questions, example answers, marks awarded and|or comments thai appear in this book were written by the author(s). In
examination, the way marks would be awarded to answers like these may be different.
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Throughout this bcok you will notice particular features that are designed to help your learning.

This section provides a brief overview of these features.

In this chap®cr you will learn how to:

m use theexpnsion of (a+ b)", where n is a positive integer

r recogni:c “iithmetic and geometric progressions

& use th: formulae for the nth term and for the sum of the first # terms to solve problems involving
aillimetic or geometric progressions

m use the condition for the of a geometric and the formula for the sum to

infinity of a convergent geometric progression.

Learning objectives indicate the important
concepts within each chapter and fielp you to
navigate through the coursebook.

If we multiply or divide both sides of «n incquality by a negative number then the inequality sign

must be reversed.

Key point boxes contain
a summary of the most
important methods, facts
and formulae.

. completing the square

Key terms are important terms in the topic that you are
learning. They are highlighted in orange bold. The glossary
contains clear definitions of these key terms.

EXPLORE 6.2

Consider the expansion:

(14 x)° =1+ 5x+10x° +10x° +5x™ + x
The coefficientsare: 1 5 10 10 5 1

Find the nCr function on your calculator. On some calculators this may be ,C

()
OI"L )

| 1 Use your calculator to find the value of:
|
5 5 5 5 5 land| 3
oSl /l2/)13)4 5) k

Explore boxes contain enrichment activities for extension
work. These activities promote group work and peer-
to-peer discussion, and are iritended to deepen your
understanding of a concept. (Answers to the Explore
questions are provided in the Teacher’s Resource.)

PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do Check your skills
IGCSE / O Level Mathematics Solve quadratic equations by 1 Solve.
factorising. a Y4+x-12=0
b X’ —6x+9=0
¢ 3’ -17x-6=0
IGCSE/ O Level Mathematics Solve linear inequalities. 2 Solve.
a 5x-8>2
b 3-2x=<7
IGCSE / O Level Mathematics Soive simultancous linear 3 Solve.
equations. a 2x+3p=13
Tx—5y=-1
b 2x-7y=3l
3x+ Sy =-31
IGCSE / O 1 #vel Additional Carry out simple manipulation 4 Simplify.
Mathematics of surds. a VI
b (V5

c

e

A

Prerequisite knowledge exercises identify prior learning
that you need to have covered before starting the chapter.
Try the questions to identify any areas that you need to
review before continuing with the chapter.

WORKED EXAMPLE 3.12

137+ 10x -8y —40 = 0.

Find the centre and the radius of the circle +’

Answer
We answer this question by first compleiing the square
v? + 10, 2 -8y -40=0

Complete the square.

5 =5 +(y-4y-4-40=0 Collect constant terms together.

57 +(y—4)y =81 Compare with (x —a)’ + (y - b)> = 12

4 =8

Centre = (- 5, 4) and radius = 9. k

Worked examples provide step-by-step approaches to
answering questions. The left side shows a fully worked
solution, while the right side contains a commentary
explaining each step in the working,.

It is important
to remember to
show appropriate

Tip boxes contain helpful
calculations in

guidance about calculating
or checking your answers.

coordinate gcometry
questions. Answers
from scale drawings are
not accepted.
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How to use this book

(/
@ ( FAST FORWARD G ~ WEB LINK

In Sectlon.2.5 we learnt In the Pure Mathematics Exiansion material Try the Se?uences
about the inverse of & 2and 3 COUTSCbOf)k, goes beyond and Counting and
function. Here we will Chapter 7, you will tLhe sllabus. It is Binomial resources
look at the particular learn how to expand . y . on the Underground
. highlighted by a red . .
case of the miverse of a these expressions for . Mathematics website.
. . . line to the left of the N
trigonometric function. any real value of n. cont ,‘
A =\ ext.
. )
Rewind and Fast forward boxes direct you to related Web link boxes contain
learning. Rewind boxes refer to earlier learning, in case links to useful resources
you need to revise a topic. Fast forward hoxes refer to on the internet.

topics that you will cover at a later stage, in case you
would like to extend your study.
Throughout each chapter there are multiple exercises

i) oip vou know? O containing practice questions. The questions are coded:

A geographical coordinate system is used to describe the location of @ 1 h ese q u esti ons fo cus on p ro b I em-so [Vl n g
any point on the Barth’s surface. The coordinates used are longitude

and latitude. “Horizontal’ circles and ‘vertical® circles form the “grid’.
The horizontal circles are perpendicular to the axis of rotation of
the Farth and are known as lines of latitude. The vertical circles

These questions focus on proofs.

pass through the North and South poles and are known as lines of

Tougitude. K

)

These questions focus on modelling.

You should not use a calculator for these questions.
Did you know? boxes contain interesting facts showing

how Mathematics relates to the wider world. You can use a calculator for these questions.

600

These questions are taken from past
Checklist of learning and understanding examination papers.

Binomial expansions

Binomial coefficients, denoted by "C, or( " ] can be found by using:

® Pascal’s triangle

0 (P e e \ The End-of-chapter review contains exam-style
questions covering all topics in the chapter. You can
At the end of each chapter there is a Checklist of use this to check your understanding of the topics you
learning and understanding. have covered. The number of marks gives an indication
The checklist contains a summary of the concepts that of how long you should be spending on the question.
were covered in the chapter. You can use this to quickly ‘ou should spend more time on questions with higher
check that you heave covered the main topics. mark allocations; questions with only one or two marks

should not need you to spend time doing complicated
calculations or writing long explanations.

1 Acarof mass 1500 kg is on a straight horizontal road. The car accelerates from 20ms™' to 24ms™ in 16 END-OF-CHAPTER REVIEW EXERCISE 7
The car has a constant driving force and there is resistance of 100N Find the size of the driving force. 2]
2 A particle starts from rest at a point X and moves in a straight line until 405 later it reaches a point Y, vwhich ) . 7 .
is 145m from X. For 0s <7 < 5s the particle accelerates at 0.8 ms. For 5s < < 30s it remains ot constant 1 Differentiate with respect to x. 131
velocity. For 30s <1< 40s it decelerates at a constant rate, but does not come (o rest. s
\ 2 Find the gradient of the curve y = prers at the point where x = 2. 131
3 A curve has equation y = 3x* — 3 + x — 7. Show that the gradient of the curve is never negative. 131
- i i i o y 2),
Cross-topic review exercises appear after + Thecquuionof scue i = (- 55 - 25 Find & ana 8. o
x
several chapters, and cover topics from across 5 Find the gradient of trecurve » = 15 atthe point where = 5. [4.
X7 -2x

the preceding chapters.
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Quadratics K

In this chapter you will ica:n how to:

m carry out the process of completing the square for a quadratic polynomiial ax? +bx + ¢ and use
a completed square form

find the discrirainant of a quadratic polynomial ax? + bx + ¢ and use the discriminant
solve quadratic equations, and quadratic inequalities, in oiie unknown

|
|
m solve by substitution a pair of simultaneous equations of which one is linear and one is quadratic
m 1ecogaise and solve equations in x that are quadiatic in some function of x

|

understand the relationship between a grapb cof a quadratic function and its associated algebraic
equation, and use the relationship betweer potnts of intersection of graphs and solutions of
equations.
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PREREQUISITE KNOWLED 7"
AN

Where it comes from > What you should be able to do J Check your skills
IGCSE®/ 0O Lcwej Mathematics Solve quadratic equatiogc by 1 Solve:
factorising. a 24x—12=0
b x2-6x+9=0
c 3x*-17x-6=0
r1’£}CSE / O Level Mathematics Solve iinear inequalities. 2 Solve:
a Sx-8>2
‘ b 3-2x=<7
IGCSE / O Level Mathematics \* Solve _simultaneous linear 3 %Re?
equations. a 2x+3y=13
Tx -5y =-1
b 2x-7y=31
3x+5y =-31
IGCSE /O i;::/el Additional Carry out simple manipulation 4 Simplify:
Mathematics of surds. a V20
b (V57
| ¢ 8
| V2

Why do we study quadratics?

At IGCSE / O Level, you will have learnt about straight-line graphs and their properties.
They arise in the world arouind vou. For example, a cell phone contract might involve a
fixed monthly charge and thien a certain cost per minute for calls: the monthly cost, y, is

then given as y = mx - ¢, where c is the fixed monthly charge, m is tihe cost per minute and WEB LINK

x 1s the number of ininutes used.
Try the Quadratics

Quadratic functions are of the form y = ax? + bx + ¢ (where @ # 0) and they have resource on the

interesting properties that make them behave very differently from linear functions. Underground
A quadratic function has a maximum or a minimum value, and its graph has interesting Mathematics website
syminetry. Studying quadratics offers a route into thinking about more complicated (www.underground

- . athematics. .
functions such as y = 7x° —4x* + x> + x + 3. mathematics.org)

You will have plotted graphs of quadratics such as y = 10 — x> before starting your

A Level course. These are most familiar as the shape of the path of a ball as it travels
through the air (called its trajectory). Discovering that the trajectory is a quadratic was one
of Galileo’s major successes in the early 17th century. He also discovered that the vertical
motion of a ball thrown straight upwards can be modelled by a quadratic, as you will learn
if you go on to study thc Mechanics component.
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1.1 Solving quadratic eguations by factorisation
You already know the factorisation method and the quadratic formula mecthod to solve

quadratic equations algebraically.

This section consoiidates and builds on your previous work on sclving quadratic equations
by factorisation.

| L2x2+3x—5=(x—1)(x—2))

This is Rosa’s solution to the previous equation:

Factorise the left-hand side: (x=D2x+5)=(x=N(x—-2)
Divide both sides by (x — 1) 2x+5 =x-2
Rearrange: x ==7

Discuss her solution with your classmates and explain why her solution is not fully correct.

Now solve the equation correctly.

WORHKED EXAMPLE 1.1
a -

| Solve:
a 6x2+5=17x b 9x2-39x-30=0
Answer
a 6x2 +5=17x  Write in the form ax? + bx + ¢ = 0.
6x2—17x+5=0 Factorise.
2x-503x-1)=0 Use the fact that if pg = 0, then p =0 or ¢ = 0.
2x—=3=0 or 3x-1=0 Solve.
5 1
X== or Xx=-—
2 3
b 9x? —39x-30=0 Divide both sides by the common factor of 3.
3x2-13x-10=0 Factorise.
Bx+2)(x-5)=0
3x+42=0 or x-5=0 Solve.
X = — 2 or x=235
3

Copyright Material - Review Only - Not for Redistribution
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Divide by a common

factor first, if possible.
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WORKED EXAMPLE 1.2
2
Multiply both sides by 2x(x + 3).

=1

Solve 20 —
2x  x+3
Answer
21 2
2x  x+3
21(x +3) —4x =2x(x+3) Expand brackets and rearrange.
2x? —11x-63 =0 Factorise.
2x+7)(x-9)=0
2x+7=0 or x-9=0 Solve.
X =— 7 or x =29
2

WORKED E,XPLE 1.3

3x% +26x +35 0
Multiply both sides by x? + 8.

- SO]V ° 2
X +8
\
Factorise.

Answer
3x2 +26x +35 0

x2 +8

3x2 +26x+35=0
Solve.

(Bx+5)(x+7)=0
x+7=0

3x+5=0 or

-= or x=-7
3

X =

Copyright Material - Review Only - Not for Redistribution




Chapter 1: Quadratics

WORKED EXAMPLE 1.4

A rectangle has sides of length xcm and (6x — 7) cm.

The area of the rectangle is 90 cm?.

Find the lengths of the sides of the rectangle. 6x-7
Answer
Area = x(6x —7) = 6x> — 7x =90 Rearrange.

6x> —7x-90=0 Factorise.

2x=-9)(3x+10)=0

2x-9=0 or 3x+10=0 Solve.
9 ; 10 @y . . o
X = 5 () X =- 3 Leugth is a positive quantity, so x = 45.

When x = 44, 6x - 7 = 20.

The rectangle has sides of length 4% cm and 20 cm.

N
A
(A 42" +x~ 6)—) @ (x? —3x-| 1‘6—1 ' (C (x2—3x+1)(2x2+x_6)=D

Discuss with your classmates how you would solve each of these equations.

2 Solve:
a equation A b equation B ¢ equation C Q
Remember to check
3 State how many values of x satisfy: each of your answers.
a equafion A b equation B ¢ equation C

4 Discuss your results.

Copyright Material - Review Only - Not for Redistribution
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1 Solve by factorisation.

a x?+3x-10=0 b x2-7x+12=0 c xX2-6x-16=0
d Sx?+19x+12=0 e 20-7x = 6x? f x(10x-13)=3
2 Solve:
a x-— -0 b 24— =
x-35 X x+2
c 5x+1_2x—l=x2 d 5 + 3x _5
4 2 x+3 x+4
e o b P R RN
x+1 x(x+1) x+2 x-1 (x+D(x+2)
3 Solve:
2 _ 2 _ 2 _ ¢
3x2+x 10 _, Xt x 5_o c X=2 _9
X —7x+6 X" +5 Tx 410
2 _ r 2 _ 942 _
d x2 2x__25_=0 o 6)2c+x 2=0 ; ij9x 5=0
x~+7x+10 X +7x+4 x*+1
4 Find the real solutions of the following equations.
a 8()(2+2x—15) =1 b 4(2x2—11x+15) =1 c 2(x2—4x+6) =8
d 3(2x2+9x+2):é e (x2+2x—14)5 =1 f (X2—7X+11)8 =1
5 The diagram shows a right-angled triangle with
sides 2xcm, (2x + I)cm and 29 cmi. 2 29
a Show that 2x? + x — 210 = 0. Q
e\«
b Find the lengths of the sides of the triangle. 2x+1
6 The area of the trapezium is 35.75cm?.
Find the value of x. —
) x+3
x-—11

@ 7 Solve (x> —11x + 29)(6x2+x72) -1

1.2 Completing the square

Another method we can use for solving quadratic equations is completing the square.

The method of completing the square aims ro rewrite a quadratic expression using only

one occurrence of the variable, making it an easier expression to work with.
If we expand the expressions (x + d)* and (x — d)*, we obtain the results:

(x+d)? =x>+2dx+d*> and (x—d)> = x* = 2dx + d?
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Rearranging these gives the foilowing important results:

X2 +2dx = (x+d)> —d*> and x*-2dx = (x—d)* — d>

To complete the square for x> + 10x, we can use the first of ihe previous results as follows:

10+2=5
N

x2 +10x =(x +5)> = 52

x2 +10x = (x +5)*> - 25
To complete the square for x> + 8x -- 7. we again use the first result applied to the x> + 8x
part, as follows:

8§+2=4
VAN

X2 +8x—T=(x+4) -4 -7

X2 +8x—7=(x+4)-23
To complete the square for 2x> — 12x + 5, we must first take a facior of 2 out of the first
two terms, 50:

2x2 —12x+5=2(x> - 6x)+5

6+2=3
N

x? = 6x = (x - 3)* - 32, giving
27 —12x+5=2[(x =32 - 9]+ 5=2(x - 32 —13

We can also use an algebraic method for completing the square, as shown in Worked
example 1.5.

WORKED EXAMPLE 1.5

Chapter 1: Quadratics

Answer
2x2 —12x+3=p(x—q) +r
Expanding the brackets and simplifying gives:

2x? —12x+3 = px? = 2pgx + pg®> +r

Comparing coefficients of x?, coefficients of x and the constant gives

Substituting p = 2 in equation (2) gives ¢ = 3
Substituting p =2 and ¢ = 3 in equation (3) therefore gives r = —15
2x2 - 12x+3=2(x-3)*-15

Express 2x> — 12x + 3 in the form p(x — ¢)> + r, where p, ¢ and r are constants to be found.
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WORKED EXAMPLE 1.6

Express 4x> +20x +5 inthe form (ax + b)*> + ¢, where a, b and ¢ are constants to be found.

Answer
4x* +20x +5=(ax + b)) + ¢
Expanding the brackets and simplifying gives:
47 +20x + 5 = a®x% + 2abx + b* + ¢
Comparing coefficients of x2, coefficients of x and the constant gives
4=q------ (h) 20=2ab------ Q@ 5=b+c------ 3)
Equation (1) gives a = £2.
Substituting a = 2 into equation (2) gives b = 5.
Substituting b =5 into equation (3) gives ¢ = —20.
4x2 +20x+5=(2x+35%-20

Alternatively:
Substituting ¢ = -2 into equation (2) gives b = -5.
Substituting » = -5 into equation (3) gives ¢ = —20.

4x2 +20x +5=(-2x - 5> =20 = 2x + 5)> - 20

N
\ WORKED EXAMPLE 1.7

Use completing the square to solve the equation 5 + 3 5= 1.
x f—
Leave your answers in surd form.
Answer
S 3 4 Muitiply both sides by (x + 2)(x — 5).
x+2 v —5
S((x=5+3x+2)=(x+2)(x-5) Expand brackets and collect terms.

x*=1Ix+9=0

11N\2 2
(‘:- ,1) —(ﬂ) +9=0
(e)\? 2

Complete the square.

\ :%(lli\/g)
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1 Express each of the following in the form (x + a)* + b.

2

a x--—-0x b x%+8x ¢ x?-3x d x?+15x

e x?+4x+38 f x2—4x-8 g x> +7x+1 h x?-3x+4

Express each of the following in the form a(x + b)* + c.

a 2x2-12x+19 b 3xZ-12x-1 c 2x2+5x-1 d 2x2+7x+5

S}

3 Express each of the following in the form a — (x + b)?.

a 4x-—x? b 8x-x’ c 4-3x-x2 d 9+5x—x2

4 Express each of the following in the form p — g(x + r)’.
a 7-8x-2x? b 3-12x-2x? c 13+ 4x—2x? d 24 5x-3x?

5 Express each of the following in the form (ax + b)* + c.

a 9x2—-6x-3 b 4x2+20x+30 c 25x%+40x -4 d 9x?—42x+61

6 Solve by completing the square.

Chapter 1: Quadratics

a x’+8x-9=0 b x*+4x-12=0 c x?-2x-35=0
d x>-9x+14=0 e x?+3x-185=0 f x2+9x-10=0
7 Solve by completing the square. Leave your answers in surd form.
a x>2+4x-7=0 b x* 10x+2=0 c x>’+8x—-1=0
d 2x?—4x-5=0 e 2x2+6x+3=0 f 2x2-8x-3=0
5 3 5 .
8 Solve + = 2. Leave your answers in surd form.
x+2 x-4
9 The diagram shows a right-angled triangle with
sides xm, (2x + S)in and 10 m. 10
X
Find the value of x. Leave your answer in surd form. L
2x+5
10 Find the real solutions of the equation (3x? + 5x - 7)* = 1.
2
11 The path of a projectile is given by the equation y = (+/3)x — % , where x and y
are measured in metres.
y
A 2
(x.)
0 w4 > X
AN - Range ----------------—-- ->

a Find thc range of this projectile.

b Find the maximum height reached by this projectiic.
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1.3 The quadratic formuia

We can solve quadratic equations using the quadratic formula.

If ax? + bx + ¢ = 0, where a, b and ¢ are constants and a # 0, then

The quadratic formula can be proved by completing the square for the equation
ax* +bx +c = 0:

ax* +bx+c=0 Divide both sides by a.
b »
x>+ Xt 2 =0 Complete the square.
bY (bY . ¢ . .
X + Z - % + Gl Rearrange the equation
1 2 b2 c
(x + —2L —) =172 Write the right-hand side as a single fraction.
a a”  a
p 2 2
{\x + ;) = b ) Zlac Find the square root of both sides.
a a

Jp2 —
10 X+ b =4 Vb7 = dac Subtract K from both sides.
2a 2a 2a
B Vb?* — 4dac

—  Write the right-hand side as a single fraction.

X = ii
2a 2a

—b £b” - dac

a

WORKED EXAMPLE 1.8

Solve the equation 6x* —3x —2 = 0.

X =

Write your answers correct to 3 significant figures.

Answer

Using ¢ = 6,b = -3 and ¢ = -2 in the quadratic formula gives:

C—(-3) 2 (-3 —4x6x (-2)
Ja 2%6
3457 _3-437

or x
12 12

x=0.879 orx=-0.379 (to 3significant figures)
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Chapter 1: Quadratics

1 Solve using the quadratic formula. Give your answer correct to 2 decimal places.
a x>-10x-3=0 b x>+6x+4=0 c x*+3x-5=0

d 2x7+5x-6=0 e 4x2+7x+2=0 f 5x2+7x-2=0

A rectangle has sides of length xcm and (3x - 2)cm.

N

The area of the rectangle is 63cm?.

Find the value of x, correct to 3 significant figures.

3 Rectangle A has sides of length xcm and (2x — 4)cm.
Rectangle B has sides of length (x + I)cm and (5 — x)cm.
Rectangle A and rectangie B have the same area.

Find the value of x. correct to 3 significant figures.

. 2
4 Solve the cquation +——=1
q x-3 x+1
Give your answers correct to 3 significant figures. .

5 Soive the quadratic equation ax? — bx + ¢ = 0, giving your answers in terms

Try the drati
of a, b and c. ry the Quadratic

solving sorter resource
How do the solutions of this equation reicte to the solutions of on the Underground
the equation ax? + bx + ¢ = 0? Mathematics website.

1.4 Solving simultaneous equations (one linear and one quadratic)

In this section, we shall learn how to solve simultaneous equations where one equation is
linear and the second equation is quadratic.

y=x2-4
YA y=2x-1

(3.9

)
|
~
LY

The diagram shows the graphs of v = x> =4 and y =2x— 1.
The coordinates of the poinis of intersection of the two graphs are (-1, =3) and (3, 5).

It follows that x = =1, y = =3 and x = 3, y = 5 are the solutions of the stmultaneous

1

equations y = x> - 4 and y = 2x — 1.
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The solutions can also be found aigebraically:

Substitute for y from equation (2) into equation (1):

2x—1=x>-4 Rearrange.
x2=2x-3=0 Factorise.
(x+1D(x=3)=0
x=—-lor x=3

Substituting x = —1 into equation (2) gives y = -2 —1=-3.
Substituting x = 3 into equation (2) gives y =6—1= 5.
The solutions are: x = -1, y = -3 and x =3,y =5.

In general, an equation in x and y is called quadratic if it has the form
ax® + bxy + cy* + dx + ey + f = 0, where at least one of a, b and c is non-zero.

Our technique for solving one linear and one quadratic equation will work for these more general

quadratics, too. (The graph of a general quadratic function such as this is calied a conic.)

WORKED EXAMPLE 1.9

Solve the simultaneous equations.

X +2y=7
. x2 —4y2 =8
Answer
2X+2y =7 -------- (1)
x? —4y? =8 -----oo- (2)

7-2y

2

From equation (1), x =

Substitute for x in equation (2):

( ! 722“1 : J_ —~4y? =8 Expand brackets.
%i —4y? =38 Multiply both sides by 4.
49 - 28y +4y% —16)* =32 Rearrange.
. 12y +28y—17 =0 Factorise.

6y+17)2y-1)=0

y=- U or y= !
6 2
C
Substituting y = — 1?7 in equation (1) gives x = %
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Substituting y = % into equation (1) gives x = 3.
The solutions are: x = Q, y=- 7 and x =3,y = i
3 6 2

Alternative mucthod:
From equation (1), 2y = 7 — 2x.
Substitute for 2y in equation (2):

x2—(7-2x)*=8 Expand brackets.
X2 —49 +28x — 4x? =8 Rearrange.
3x2 - 28x+57=0 Factorise

(Bx—19)(x—-3)=0

x:? or x=3

19

The solutions are: x = —, y = — 7 and x =3,y = l
3 6 2

Chapter 1: Quadratics

1 Solve the simultaneous equations.

a y=6—-x b x+4y=6 c 3y=x+10
y = x? X2 +2xy =38 x% +y? =100
d y=3x-1 e x-2y=6 f 4x-3y=5
8x% —2xy =4 x? —4xy =20 X2 +3xy =10
g 2x+y=238 h 2y-x=5 i x+2y=6
xy =8 2x2 -3y =15 X2+ y? +4xy = 24
j Sx-2y=23 k x—-4y=2 Il 2x—-y=14
x> =5xp+3y* =1 xy =12 y? =8x+4
m 2x+3y+19=0 n x+2y=>95 o x—12y =30
2x2+3y =5 x2+ 2 =10 2y? —xy =20

2 The sum of two numbers is 26. 7 he product of the two numbers is 153.
a What are the two numbers?
b Ifinstead the product is 150 (and the sum is still 26), what would the two

numbers now be?

3 The perimeter of a rectangle is 15.8 cm and its area is 13.5cm?. Find the lengths
of the sides of the rectangle.
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4 The sum of the perimeters of two squares is 50 cm and the sum of the areas is
93.25cm?.

Find the side length of each square.

5 The sum of the circumferences of two circles is 36mcm and the sum of the
areas is 170mwem?.

Find the radius of each circle.

o

A cuboid has sides of length 5¢cm, xcm and y cm. Given that x + y = 20.5 and
the volume of the cuboid is 360 cm?, find the value of x and the value of y.

7 The diagram shows a solid formed by joining a
hemisphere, of radius r cm, to a cyiinder, of radius rcm

and height /s cm. '

l'i8cm

The total height of the solid is 18 cm and the surface h The surface area, 4,

area is 205mcm?. of a sphere with radius

ris A = 4nr’.

Find the value of » and the value of 4.

8 Theline v =2 — x cuts the curve 5x> — y*> = 20 at the points 4 and B.
a Find the coordinates of the points 4 and B.

b Find the length of the line AB.

The line 2x + 5y = 1 meets the curve x> + 5xv — 4> +10 = 0 at the points 4 and B.

[
S
w

a Find the coordinates of the points .4 and B.
b Find the midpoint of the line 4 3.

10 The line 7x + 2y = =20 intersects the curve x> + y> + 4x + 6y — 40 = 0 at the
points A and B. Find the length of the line AB.

11 Theline 7y — x = 25 cuts the curve x? + y* = 25 at the points 4 and B.

Find the equation of the perpendicular bisector of the line AB.

12 The straight line y = x + 1 intersects the curve x> — y = 5 at the points 4 and B.
Given that A4 lies below the x-axis and the point P lies on 4B such that
AP : B =41, find the coordinates of P.

13 Theline x — 2y =1 intersects the curve x + y” = 9 at two points, 4 and B.

Find the equation of the perpendicular hisector of the line 4B.

i,B 14 a Split 10 into two parts so that the difference between the squares of the parts

S 60, Try tl‘le Elliptical
crossings resource
b Split N into two parts sc thiat the difference between the squares of the parts on the Underground
is D. Mathematics website.
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1.5 Solving more compiex quadratic equations

You may be asked to solve an equation that is quadratic in some function ot x.

WORKED EXA m

Chapter 1: Quadratics

Solve the equation 4x* —37x2 +9 = 0.
Answer

| Meihod 1: Substitution method
4x* - 37x>+9 =0
Let y = x°.

4> =37y +9=0

Substitute x> for ;.
4y-D(y-9)=0

1
) = — ,Y:9
y=goory

o 2 l

| —

X ==
D)

Method 2: Factorise directly
4y* —37x>+9 =0
(A" =D(x?2=9)=0
x>=—or x> =9
4

x=x— or x =%3

N | —

WORKED EXAMPLE 1.11 (]

Solve the equation x — 4/x —12 = 0.
Answer

X—4Jfx—-12=0

| Y2 —4y-12=0
(y=06)y+2)=0

y=6or y=-2 Substitute x foi y.
Jx =6orJx =-2 Jx = —
wx =36

2 has 1o solutions as +/x is never negative.
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WORKED EXAMPLE 1.12

Solve the equation 3(9*) —28(3¥)+9 = 0.

Answer
3(3%) - 28(3*)+9=0 Let y = 3%,

337 =28y +9=0

GBy-Dy-9=0

or y=9 Substitute 3~ for y.

L1
.,'73 J

or 3*=9 % =3land 9 = 32

1 Find the real values of x that satisfy the following cquations.

a x*-13x2+36=0 b x0-7x3-8=0 c x*-6x2+5=0

d 2x*—11x2+5=0 e 3x*+x2-4=0 f 8x0—-9x*+1=0
g x*+2x2-15=0 h x*+9x>+14=0 i x*-15x*-16=0
i 32X 2315 —1=0 K %+%=4 l %Jr%:l
2 Solve:
a 2x—O0yx +10 =0 b Jx(Jx+1)=6 ¢ 6x—17Jx +5=0
d 10x+Jx-2=0 e 8x+5= 14y fo3dy = =16
Jx

3 Thecurve y = 2¢/x and the line 3y = x + 8 intersect at the points 4 and B.
a Write down an equation satisfied by the x-coordinates of 4 and B.
L Solve your equation in part a and, hence, find the coordinates of 4 and B.

¢ Find the length of the line AB.

&

The graph shows y = ax + by/x + ¢ for x = 0. The graph crosses the x-axis

y
. 9\ . . . T
at the points (1, 0) and R 0 | and it meets the y-axis at the point (0, 7).
/ 7k

o > X
4

Find the value of a, the value of b and the value of c.
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@ 5 The graph shows v = a(2>*) + h(2¥) + c.
The graph crosses the axes at the points (2, 0), (4, 0) and (0, 90)
Find the value of a, the value of b and the value of c.

1.6 Maximum and minimum values of a quadratic function

The general form of a quadratic function is t{x) = ax? + bx + ¢, where a, b and ¢ are
constants and a # 0.

The shape of the graph of the function f(x) = ax? + bx + ¢ is called a parabola.

The orientation of the parabola depends on the value of a, the coefficient of x~.

Chapter 1: Quadratics

e N

'/
/
If @ > 0, the curve has a minimum If a <0, the curve has a maximum
point that occurs at the lowest point i point that occurs at the highest point
of the curve. J of the curve.

N N

J

In the case of a parabola. we also call this point the vertex of the parabola
Every parabola has a line of symmetry that passes through the vertex.

One important skill that we will develop during this course is ‘graph sketching’.
A sketch graph iieeds to show the key features and behavionr of a function.
When we sketch the graph of a quadratic function, the key features are:

e the general shape of the graph
e ihe axis intercepts
e the coordinates of the vertex.

Depending on the context we should show some or all of these.

The skills you developed earlier in this chapter should enable you to draw a clear skeich
graph for any quadratic function.
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If we rotate a parabola about its axis of symmetry, we
obtain a three-dimensional shapc called a paraboloid.
Satellite dishes are paraboloid shapes. They have the
special property that light iays are reflected to meet at a
single point, if they are parallel to the axis of symmetry
of the dish. This single point is called the focus of the
satellite dish. A receiver at the focus of the paraboloid
then picks up all the information entering the dish.

WORKED EXAMPLE 1.13

For the function f(x) = x> — 3x — 4:

a Find the axes crossing points for the graph of y = f(x).
b Sketch the graph of y = f(x) and find the coordinates of the vertex.

Answer
a y= 22 -3x—4
When x =0,y =4
When y=0,x>-3x-4=0
(x+D)(x-4)=0
' x=-lorx=4

Axes crossing points are: (0, —4), (=1, 0) and (4, 0).

b The line of symmetry cuts the x-axis midway between the axis intercepts
of —1 and 4.

Ao w

Since a > 0, the curve is U-shaped.

Minimum point = (z , — é)
. 2 4
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Chapter 1: Quadratics

Completing the square is an aiternative method that can be used to help sketch ihe graph
of a quadratic function.

Completing the squaic for x> — 3x — 4 gives:

(. 3Y (3Y
x2—3x-—4:-'x——) —(—) -4 . .. .
( 2 2 This part of the expression is a square so it will be
3\ 25 at least zero. The smallest value it can be is 0. This
_(X_E) 4 occurswhenx=%.
3V 25 . 25 3
The minimum value of (x - E) vy s — 2 and this minimum occurs when x = 5
So the function f(x) = x> — 3x — 4 has a minimum point at (% ,— % )

The line of symmetry is x = 5

Oy \
@ KEY POINT 1.3 Ne . O
If f(x) = ax? +bx + ¢ is written in the form f(x) = a(x — h)> + k, then:
® the line of syvmimetryis x = h = — zi
a

@ if a > (, there is a minimum point at (4, k)

o if ¢ <0, there is a maximum point at (4, k).

ORKED EXAMPLE 1.14

Sketch the graph of y = 16x — 7 — 4x°.

Answer

Completing the square gives:

16x =7 —4x% = 9 —d(x —2)? This part of the cxpression is a square so (x — 2)? = 0.
The maximum value of 9 — 4(x — 2)? is 9 and this The smallest value it can be is 0. This occurs when x = 2.
maximum occurs when x = 2. Since this 1s being subtracted from 9, the whole expression
So the function f(x) = 16x — 7 — 4x? has is greatest when x = 2.

a maximum point at (2, 9).
Ta 1(2,9)

The line of symmetry is x = 2.

When x =0,y =-7 y = 16x—7—-4x7

When y = 0,9 —4(x —2)* =

(x-2)* =

0
9
4
i

NSl
§

xX—-2=
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1 Use the symmeiry of each quadratic function to find the maximum or minimum points.
Sketch each graph, showing all axes crossing points.

a y=x"—6x+8 b y=x>+5x-14 c y=2x>+7x-15 d y=12+x-x2

2 a Express 2x?> —8x + 5 in the form a(x + b)? + ¢, where a, b and ¢ are integers.

b Write down the equation of the line of symmetry for the graph of y = 2x% — 8x + 1.

3 a Express 7+ 5x — x? inthe form « - (x + b)?, where a, and b are constants.

b Find the coordinates of the turning point of the curve y = 7 + 5x — x2, stating whether it is a maximum or
a minimum point.

4 a Express 2x” +9x + 4 in the form a(x + b)?> + ¢, where a, b and ¢ are constants.

b Write down the coordinates of the vertex of the curve y = 2x? + Sx + 4, and state whether this is a
maximum or & minimum point.

5 Find the minimum value of x*> — 7x + 8 and the correspondiug value of x.

6 a Write I +x —2x? in the form p —2(x — ¢)°.

b Sketch the graph of y = 1+ x — 2x°.
7 Prove that the graph of y = 4x? + 2x + 5 dces not intersect the x-axis.

@ 8 Find the equations of parabolas A, b and C.

9 7
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Chapter 1: Quadratics

@ 9 The diagram shows cight parabolas.
The equations of two of the parabolas are y = x> — 6x + 13 and y = —x> — 6x — 5.
a Identify these two parabolas and find the equation of cacli of the other parabolas.

b Use graphing software to create your own parabola pattern.

Y

[This question is an adaptation of Which parabola? on the Underground Mathematics website
and was developed from an original idea from NRICH ]

@ 10 A parabola passes through the points (0, —24), (-2, 0) and (4, 0).

Find the equation of the parabola.

&

11 A parabola passes through the points (-2, =3), (2, 9) and (6, 5).

Find the equation of the paraboia.

12 Prove that any quadratic that has its vertex at (p, ¢) has an equation of the form y = ax? — 2apx + ap® + ¢
for some non-zero reai number a.

1.7 Solving quadratic inequalities
We already know how to solve linear inequalities.

The following icxt shows two examples.

(Solvc 20x+ 7)< —4. Expand brackets R
2x+14< -4 Subtract 14 trom both sides.
l 2x < 18 Divide both sides by 2.
k x< -9 _/
Solve 11-2x=5. Subtract 11 from both sides. ﬁ
-2x=-6 Divide both sides by 2.
x=<3

J
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The second of the previous exaroples uses the important rule that:

If we multiply or diviae both sides of an inequality by a negative number, then the inequality sign

must be reverscd.

Quadratic inequalities can be solved by sketching a graph and considering when the graph

is above or below the x-axis.

N WORKED EXAMPLE 1.15

Solve x? —5x —14>0.
y
Answer A y=x2-5x—14
Sketch the graph of y = i~ — Sx — 14, . N
When y=0. x2 —5v —14 = 0 For the sketch graph,
i T e you only need to
X+2(x-7)=0 —_— > . . .
(x X 7 o\ O * identify which way up
x=-2or x=7 the graph is and where
So the x-axis crossing points are —2 and 7. : the x-intercepts are:
\)
For x> -5x —14>0 we need to find the \ you do not need to find
range of values of x for which the curve is th‘? vertex or the
positive (above the x-axis). Jy-intercept.
i The solutionis x< -2 or x>7.
WORKED EXAMPLE 1.16 (|

Solve 2x? + 3x < 27.
Answer

¢ ” y=2x2+3x-27
Rearranging: 2x° +3x -27<0 YA
Sketch the graph of y = 2x? + 3x — 27. + A
When y =0,2x> +3x-27 =0 >

41 o 3 X
! 2Cx+9)(x-3)=0 2

x=-4lorx=3
So the x-axis intercepts are —43 and 3.

For 2x? + 3x — 27 <0 we need to find the range of values of x
for which the curve is either zero or negative (below the x-axis).

The solution is —4% <xr<3.
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EXPLORE 1.3

Ivan is asked to sclve the inequality 2x - =7
This is his solution:
Multiply both sides by x: 2x—=4="/x
Subtract 2x from both sides: -4 = bx
| Divide both sides by 5: X =- g

Anika checks to see if x = —1 satisfies the original inequality.

She writes:
Whenx==1 (2(-T)-4)+(-1)=06
Hence, x = —Tis a vaiue of x that does not satisfy the original inequality
So lvan's solution must be incorrect!

Discuss Ivan’s solution with your classmates and explain Ivan's error.

How could lvan have approached this problem to obtain a correct solution?

Chapter 1: Quadratics

\J
XER
1 Solve:
a x(x-3)<0 b (x-3)(x+2)>0 (x=6)(x—-4)<0
d 2x+3)(x-2)<0 e 5-x)(x+6)=0 (1-3x)2x+1)<0
2 Solve:
a x2-25=0 b X2 +7x+10<0 X2 +6x-7>0
d 14x? +1ix-6<0 e 6x2—23x+20<0 4-7x-2x*<0
3 Solve:
a x?<36-5x b 151 <x*+56 x(x+10)=12-x
d x> +4x<3(x+2) e (x+3)(1-x)<x-1 (4x +3)(3x —1) < 2x(x +3)
g (x+4)7?=25 h (x-2)2>14-x 6x(x +1) <5(7 - x)
4 Find the range of values of x for which %<O.
2x +x-15

5 Find the set of values of x for which:
a x>-3x=10 and (x-95)7 <4
b x2+4x-21<0 and x*-9x+8>0

c X2 +x-2>0 and x2-2x-3=0

6 Find the range of values of x for which 2% ~3x=40 >
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7 Solve:
_ 2 _
a L;j, X(X l)>X c X 924
x—1 x+1 x-1
2 2 _ _
d X< —2x _1_)20 X +24x 5£n £ X 3>x+2
X2 x“ -4 x+4 x-5

1.8 The number of roots of a quadratic equatior

If f(x) is a tunction, then we call the solutions to the cguation f(x) = 0 the roots of f(x).

Consider solving the following three quadratic equations of the form ax? + bx + ¢ = 0

using the formula x =

—b +Jb?* - dac

2a

X2 +2x-8=0

X2 +6x+9=0

2122 —4x1x(=8)

—02+/6" —4x1x9

e 2x1 e 2x1 - 2x1

x:—Zi\/% |J‘:—6J_r\/6 _2£4J-20
2 2 2

x=2 or x=-4 x=-3 or x=-3 no real solntion

LThe discriminant of ax? +bx +c¢ =0 is b> — 4ac.

X2 +2x+6=0
2% 22_4X]L@_

)~

The sign (positive, zero or negative) of the discriminant tells us how many roots there are

for a particular quadratic equation.

>0

two distinct real roots

=0

two equal real roots (or 1 repeated real root)

<0

no real roots

There is a connection between the roots of the quadratic equation ax* + bx + ¢ = 0 and the

corresponding curve y = ax? + bx + c.

/
>0 two distinct real roots The curve cuts the x-axis at two distinct points.
>
az0 J oo x
|
=0 two equal real roots (or 1 repev:e_ 1 real root) The curve touches the x-axis at one point.
X
a>0 / a<0
or
—> X
<0 no real roots The curve is entirely above or entirely below the x-axis.
—_—>X
a>0 a<0
or
1 —_—> X
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Chapter 1: Quadratics

WORKED EXAMPLE 1.17 Q

Find the values of i for which the equation 4x> + kx + 1 = 0 has two equal roots.

Answer
For two equal roots: b* —4ac =0
kK> -4x4x1=0
k? =16

| k=-4or k=4
|

WORKED EXAMPLE 1.18

Find the values of k for which x> — 5x +9 = k(5 — x) has two equal roots.

Answer
x*=5:+49=k(5-x) Rearrange the equation into the form ax? + bx + ¢ = 0.

X2 —5x+9-Sk+kx=0
x2+(k—-5)(+9—5k:0
For two equal roots: b> — 4ac = 0

(k=5 -4x1x(9-5k)=0
| k? =10k + 25— 36+ 20k = 0
k* +10k-11=10
(k+1)k-1)=0
k=-11or k=1

WORKED EXAMPLE 1.19{
IN@& 104

Find the values of % for which kx2 — 2kx + 8 = 0 has two distinct roots.

Answer
kx? =2kx+8=0

For two distinct roots:

| b* —4ac>0
(2k)* -4 xkx8>0 _,\ /
4k> - 32k >0 ) - > K
4k(k-8)>0 —

Critical values are 0 and 8.
Note that the critical values are where 4k(k —8) = 0.

Hence, k<0 or k> R.
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Find the discrimninant for each equation and, hence, decide if the equation has
two distinct roots, two equal roots or no real roots.

a x> —12x+36=0 b x*2+5x-36=0 c x24+9x+2=0

d 4x*—4x+1=0 e 2x2—-7x+8=0 f 3x2+10x-2=0
Use the discriminant to determine the nature of the roots of 2 — 5x = 4 .

X
The equation x> + bx + ¢ = 0 hasroots -5 and 7.

Find the value of b and the value of c.

Find the values of k for which the tollowing equations have two equal roots.

a x?+kx+4=0 b 4x>+4(k-2)x+k=0
¢ (k+2)x*+4k = (4k +2)x d x?-2x+1=2k(k-2)
e (k+D)x?+ky-2k=0 f 4x>—(k-2)x+9=0

Find the values of k for which the following equations have two distinct roots.

a X>+2x+3=k b 2x2-5yv=4—-k
C kx> —4x+2=0 d kx> +2(k-Dx+k=0
e 2x?=2(x-D+k f kx>+Qk-5)x=1-k

Find the values of & for which the following cquations have no real roots.

a kx?-4x+8=0 b 3x2+5x+k+1=0
¢ 2x%+8x—5=kx? d 2x2+k=3x-2)
e kx*+2kx=4x-6 f kx?+kx=3x-2

The equation kx> + px + 5 = 0 has repeated real roots.

Find k in terms of p.

Find the range of values of k for which the equation kx*> — 5x + 2 = 0 has real
roots.

Prove that the roots of the equation 2kx? + 5x — k = 0 are real and distinct for
all real values of k.

Prove that the roots of the equation x? + (k — 2jx — 2k = 0 are real and distinct
for all real values of k. Try the Discriminating

Prove that x% + kx + 2 = 0 has real roois if k=22. resource on the
Underground

For which other values of k does the equation have real roots? Mathematics website.
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1.9 Intersection of a line and a quadratic curve

When considering the intersection of a straight line and a parabola, there are three
possible situations.

\ ,
i =

two points of intersection one point of intersection no points of intersection

The line touciies the curve at The line does not intersect the
one point. This means that the

line 1s a tangent to the curve.

The line cuts the curve at two

distinct points. curve.

We have already learnt that to find the points of intersection of a straight line and a

quadratic curve, we solve thieir equations simultaneously.

The discriminant of thie resulting equation then enables us to say how many points of
intersection there are. The three possible situations are shown in the following table.

\U
>0 two distinct real roots two disrtinct points of intersection
| —= 0 two equal real roots (repeated roots) I :)ne point of intersection (line is a tangent)
| el <0 no real roots no points of intersection

WORKED EXAMPLE 1.20

Chapter 1: Quadratics

Find the value of k for which v = x + k is a tangent to the curve y = x> + 5x + 2.

Answer
X2 +5x+2=x+k
X +4x+2-1)=0

0> —4dac=0

- 4x1xQ2-k)=0
16-8+4k =0
4k = -8

k=-2

Since the line is a tangent to the curve, the discriminant of the quadratic must be zero, so:
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WORKED EXAMPLE 1.21

Find the set of values of k for which y = kx — 1 intersects the curve v = x> — 2x at two distinct points.

Answer
x2—2x =kx-1
X2 =(k+2)x+1=0
Since the line intersects the curve at two distinct points, we must have discriminant > 0.

b? —4dac>0

Vo(k+2)P2 —4x1x1>0
+ +
k* +4k>0 \ f
k(k+4)>0 4\\ /0
Critical values are —4 and 0. .:,"

Hence, k <-4 or k> 0.

This next example invoives a more general quadratic equation. Our techmniques for finding
the conditions for intersection of a straight line and a quadratic equation will work for this
more general quadratic equation too.

/7
WORKER EXAMPLE 1.22

Fiud the set of values of k for which the line 2x + y = k does not intersect the curve xy = 8.

Answer
Substituting y = k — 2x into xy = § gives:
x(k—-2x) =8
2x* —kx+8=0
Since the line and curve do not intersect, we must have discriminant < 0.
b* —4ac<0

(—k)? —4x2x8<0 \\ /,
k> —64<0 \ >,
(k+8)k-8)<0 8\_/8

Critical values are —8 and 8. -

Hernce, -8 <k <8.
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Chapter 1: Quadratics

1 Find the values of k for which the line y = kx + 1 is a tangent to the curve y = x> — 7x + 2.
2 Find the values of k for which the x-axis is a tangent to the curve y = x> — (k + 3)x + (3k + 4).

3 Find the value of k for which the line x + ky = 17 is a tangent to the curve y = %
¥ —

Can you explain graphically why there is only one such value of £? (You may want to use graph-drawing
software to help with this.)

4 Theline y = k — 3x is a tangent to the curve x? +2xy — 20 = 0.
a Find the possible values of .

b For each of these valucs of k, find the coordinates of the point of contact of the tangent with the curve.

5 Find the values of »: for which the line y = mx + 6 is a tangent to the curve y = x> —4x + 7.

For each of these values of m, find the coordinates of the point where the line touches the curve.

6 Find the set of values of k for which the line y = 2x — 1 intersects the curve y = x> + kx + 3 at two distinct
points.

7 Find the set of values of k for which the line x + 23 = k intersects the curve xy = 6 at two distinct points.

(2]

Find the set of values of k for which the linc y = k — x cuts the curve y = 5 — 3x — x? at two distinct points. -
29

2

9 Find the set of values of m for which the line y = mx + 5 does not meet the curve y = x* — x + 6.

10 Find the set of values of k for which the line y = 2x — 10 does not meet the curve y = x> — 6x + k.
11 Find the value of k for which the line y = kx + 6 is a tangent to the curve x* -+ y> — 10x + 8y = 84.

12 Theline y = mx + ¢ is a tangent to the curve y = x> — 4x + 4.

Prove that m? - 8ni + 4¢ = 0.

13 The line y = inx + ¢ is a tangent to the curve ax” + by> = ¢, where a, b, c and m are constants.

abec — a
Prove that m? = T
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Checklist of learning@and understanding Q

Quadratic equations cau be solved by:
® factorisation

® completing the square

—b +Jb* — dac
2a ’
Solving simultaneous equations where one is linear 2id one is quadratic

@ using the quadratic formula x =

@ Rearrange the linear equation to make either x or j the subject.
@ Substitute this for x or y in the quadratic equation and then solve.
. Q Maximum and minimum points and lines of symmetry

For a quadratic function f(x) = ax” + bx + ¢ that is written in the form f(x) = a(x — 1) + k.

Q\ ® the line of symmetryis x =/ = - ]

2a

® if a> 0, there is a minimum point at (%, k)

@ if a <0, thereis a maximium point at (%, k).

Quadratic equatien ax? + bx+c=0 and corresponding curve y=:x*+bx+c
Discriminant = b> — 4ac.
If b> —4ac > 0, then the equation ax? + bx + ¢ = 0 has two distinct real roots.
If 5° — 4ac = 0, then the equation ax” + bx + ¢ = 0 has two equal real roots.

30

if b2 —4ac < 0, then the equation ax® + bx + ¢ = 0 has no real roots.

The condition for a quadratic equation to have iea! roots is 6% — 4ac = 0.

\ . . o
.\@ Intersection of a line and a general quadratic curve
@A If a line and a general quadratic curve intersect at one point, then the line is a tangent to the curve at that point.
Q\ Solving simultaneously the equations for the line and the curve gives an equation of the foim ax? + bx + ¢ = 0.

b* — 4ac gives information about the intersection of the line and the curve.

N\

two distinct points of intersection
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Chapter 1: Quadratics

(£

ERCISE 1
A\

A curve has equation y = 2xy + 5 and a line has equation 2x + 5y = 1.

The curve and the line intersect at the points 4 and B. I"ind the coordinates of the midpoint
of the iine AB.

a Express 9x% — 15x in the form (3x — a)® - b.

b Find the set of values of x that satisi’y the inequality 9x> — 15x < 6.

Find the real roots of the equation »“—? +4 = 2—2
X X

Find the set of values of k for which the line y = kx — 3 intersects the curve v = x> — 9x at two
distinct points.

Find the set of values of the constant k for which the line y = 2x + & meets the curve y = 1 + 2kx — x2

at two distinct points.
a Find the coordinates of the vertex of the parabola y = 4x> —12x + 7.

b Find the values of the constant k for which the line y = kx + 3 is a tangent to the curve
y=4x? —12x+7.

2

A curve has equation y = 5—2x+ x~ and a lin¢ has equation y = 2x + k, where k is a constant.

a Show that the x-coordinates of the poinis of intersection of the curve and the line are given by the
equation x> —4x +(5—-k) = 0.

b For one value of &, the line intersects the curve at two distinct points, 4 and B, where the
coordinates of 4 are (=2, 12). Find the coordinates of B.

¢ For the case where the line is a tangent to the curve at a point C, find the value of k and the
coordinates of C

A curve has equation y = x> — 5x + 7 and a line has equation y = 2x — 3.

a Show that the curve lies above the x-axis.

b Find the coordinates of the points of intersection of the line and the curve.

¢ Write down the set of values of x that satisfy the inequality x> — 5x +7 <2x — 3.

A curve has equation y = 10x — x?.
a Express 10x — x? in the form a — (x4 6)*.
b  Write down the coordinates of the vertex of the curve.

¢ Find the set of values of x for which y <9.

A line has equation y = kx + 6 and a curve has equation y = x? + 3x + 2k, where k is a constant.
i  For the case wheie k = 2, the line and the curve intersect at poiris 4 and B.
Find the distance 4B and the coordinates of the mid-point of 4B.

ii  Find the two values of k for which the line is a tangent to the curve.

4]

2]
2]

[41

4]

151

4]

131

(1

131

4]

3]

3]
1

131
2]
131

151
[4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 November 2011
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A curve has equation y = x?> — 4x + 4 and a line has the equaiion y = mx, where m is a constant.
i  For the case where m = 1, the curve and the line intersect at the points 4 and B.
Find the coordinates of the mid-point of 4B. 4]

ii  Find the non-zero value of m for which the line is a tangent to the curve, and find the coordinates
of the point where the tangent touches the curve. [5]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 June 2013
i Express 2x? —4x + 1 in the form «(x + b)*> + ¢ and hence state the coordinates of the minimum point, 4,
on the curve y = 2x% — 4x + | [4]
The line x — y +4 = 0 intersects the curve y = 2x> — 4x + 1 at the points 2 and Q.
It is given that the coordinates of P are (3, 7).
ii  Find the coordinates of Q. 131
iii Find the equation of the line joining Q to the mid-point of A2. [3]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 June 2011
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Functions o K

In this chapter you will ica:n how to:

understand the ter s function, domain, range, one-one function, inverse function and
composition of functions

identify the range of a given function in simple cases, and find the composition of two given
functions

determine whether or not a given function is one-one, 2nd find the inverse of a one-one
function in simple cases

illustrate in graphical terms the relation between a one-one function and its inverse

understand and use the transformations of the graph y = f(x) given by y = f(x) + a,
y=1f(x+a), y=af(x), y =f(ax) and siniple combinations of these.
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Where it comes from What you should be able to do Check your skills

IGCSE / O Level Mathematics Find an output for a given 1 If f(x) =3x -2, find f(4).
function.

IGCSE / O Level Mathematics Find a composiie function. 2 If f(x)=2x+1 and

g(x) =1-x, find fg(x).
| 1GCSE / O Level Mathematics Find the inverse of a simple 3 If f(x) = 5x + 4, find f~'(x).

function.

Chapter 1 Complete the square. 4 Express 2x> —12x + 5 in the

: form a(x +b)* +c.

Why do we study functions?
At IGCSE / O Level, vou learnt how to interpret expressions as functions with inputs and

outputs and find simpie composite functions and simple inverse fuacticis.

There are many situations in the real world that can be modelled as functions. Some

examples are:

e the tcriperature of a hot drink as it cools over time
u e the height of a valve on a bicycle tyre as the bicycle iravels along a horizontal road

e thie depth of water in a conical container as it 1s filled from a tap
& the number of bacteria present after the start of an experiment. Try the Thinking

about functions
Modelling these situations using appropriate functions enables us to make predictions and Combining
about real-life situations, such as: How long will it take for the number of bacteria to functions resources
exceed 5 billion? on the Underground

Mathematics website.

In this chapter we will develop a deeper understanding of functions and their special

properties.

2.1 Definition cf a function
A function is a relaiion that uniquely associates members of one set with members of

another set.

An alternaiive name for a function is a mapping.

A function can be either a one-one function or a many-one function.

The function x + x +2, where x € R is an example of a one-one function.

x € R means that x

belongs to the set of
real numbers.

/ O
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A one-one function has one output value for each input value. Equally important is the
fact that for each output valne appearing there is only one input value resuiiing in this

output value.
We can write this functionas f: x+— x+2 for xeR or f(x) = x+2 for x e R.

f: x> x+2 isread as ‘the function f is such that x is marped to x + 2’ or ‘f maps x

tox+2°.

f(x) 1s the output value of the function f when the input value is x. For example, when
(y=x+2, f(5)=5+2=17.

The function x > x?, where x € R is a many-one function.

\ f(x)A

A many-one function has one output value for each input value but each output value can

have inore than one input value.
We can write this function as f : x > x> for x € R or f(x) = x*> for x € R.
f : x > x? isread as ‘the function f is such rhat x is mapped to x>’ or ‘f maps x to x’.

If we now consider the graph of y? = x:

..... <€------

1

A

i
o i >

!

S R

—

We can see that the input value shown has two output values. This means that this relation

is not a function.
The set of input values for a function is caliled the domain of the function.
When defining a function, it is important to also specify its domain.

The set of output values for a funciion is called the range (or codomain) of the function.

Copyright Material - Review Only - Not for Redistribution
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WORKED EXAMPLE 2.1

f(x)=5-2x for xe R, -4=<x=<35.

a Write down the domain of the function f.

b Sketch the graph of the function f.

¢ Write down the range of the function f.

Answer

a Thedomainis -4 < x <35.

b The graph of y =5—2x isa straight line with gradient —2 and y-intercept 5.
When x=-4, y=5-2(-4)=13
When x =35, y=5-2(5)=-5

>
J

(-4, 13) f(x) 4

range

o — @ A, : _ (5,-5)
domain

i ¢ Therangeis -5 < f(x) < 13.

WORKED EXAMPLE 2.2

The function f is defined by {(x) = (x —3)> +8 for -1 <x <9.

Sketch the graph of the tunction.
Find the range of .
Answer

f(x) = (x - 3)*> + 8 is a positive quadratic function so the graph

will be of the form \/
- bl
v (x=3))+8 The circled part of the expression is a

square so it will always be = 0.
The minimum value of the expression is 0 + 8 = 8 and this

minimum occurs when x = 3.

The smallest value it can be is 0.
This cccurs when x = 3.

So the function f(x) = (x — 3)> + 8 will have a minimum

point at the point (3, 8).

When x =-1, y=(-1!- j)2 +8 =24

When x =9, y=(9-3)> +8 =44
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YA (9. 44)

range

N\

~
(3.8)

=Y

domain

The range is 8 < f(x) < 44.

1  Which of these graphs represent functions? If the graph represents a function, Q
state whether it is a one-one function or a many-one function.

a y=2x-3 for xeR b y=x>-3 for xeR xeR, x=0is
sometimes shortened
¢ y=2x*-1for xeR d y=2°% for x e R tojust x = 0.
e y:m for xeR, x>0 t y=3x>+4 for xeR, x=0
X
g y=+Jx for xeR, x=0 h ) =4x for x e R

2 a Represent on a graph the function:
9—x? for xeR,-3=x<2
2x+1 for xek, 2sx<4

b State the nature of the function.

3 a Represent on a graph the relation:
_ ¥l for 0=sx<2
YT ax-3for 2=y =4

b Explain why this relation is not a function.

4 State the domain and range for the functions represented by these two graphs.

a b

y
YA (1,8) (-2, 20) 0

— T 2
y=T42x—x
/ y=2x3+3x7—12x

14

(3,9 2.4

[ .

Q
=Y

Q
“

(5,-8) (1,-7)
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11

12

13

14

15

16

Find the range for each of these functions.

a f(x)=x+4 iov v>8 b f(x)=2x-7 for 3=<x=<2

c fix)=7-2x for -1<x<4 d f:x—>2x" forlsx<4

e flx)=2° for 5<x<4 fof)=2 forl=x<8
X

Find the range for each of these functions.
a f(x)=x>-2 for xeR b (x> x?+3for 2<x<

5
¢ fix)=3-2x% for x <2 d f(x)=7-3x%> for -I<x<2

Find the range for each of these functions.

a f(x)=(x-272+5 for x=2 b fx)= (2x—1)? =7 for x = 1

2
c fix—>8-(x=5)?for 4<x=<10 d fix)=1+Jx-4 for x =4
Express each function in the form a(x + b )2 + ¢, where a, b and ¢ are constants
and, hence, state the range of each function.
a f(x)=x>+6x-1! for xeR b f(x)=3x>-10x+2 for xe R
Express each function in the form a — b(x + ¢)?, where a. b 2nd ¢ are constants
and, hence, state the range of each function.
a f(x)=7-8x-x?for xeR b f(x)=2-6x-3x%for xeR
a Represent, on a graph, the function:

3-x? for 0sx<2

flx) =
3x-7 for 2=sx=<4

b Find the range of the function.

The function f : x — x? + 6x -+ k, where k is a constant, is defined for x € R.

Find the range of f in terms of k.

The function g: x > 5 — ax — 2x2, where a is a constant, is defined for x € R.
Find the range of g in terms of a.

f(x)=x*-2x-3for xeR, —a<x<ua

If the range of the function f is —4 < f(x) < 5, find the vaiue of a.
f(x)=x>+x—-4 for xeR, a<x<a+3

1f the range of the function f is —2 < f(x) = 14, {ind the possible values of a.
f(x)=2x>-8x+5 for xeR, 0<x<Fk

a Express f(x) in the form a(x +h)* + c.

b State the value of k for which the graph of y = f(x) has a line of symmetry.

¢ For your value of k from part b, find the range of f.

Find the largest possible domain for each function and state the corresponding
range.

a f(x)=3x-1 b flx)=x>+2 c {x)=2"
d f(x)= i) e flx)= % i fix)y=vx-3-2
X X —
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2.2 Composite functions

Most functions that we meet can be described as combinations of two or more functions.

For example, the function x — 3x — 7 is the function ‘multiply by 3 and then subtract 7.
It is a combination of the two functions g and f, where:

g: x> 3x (the function ‘multiply by 3’)
f:xHx-7 (the function ‘subtract 7°)

So, x = 3x — 7 can be described as the function ‘first do g, then do f.

(‘
/\//\

fg

When one function is foliowed by another function, the resulting function is called a

composite function.

fg(x) means the function g acts on x first, then f acts on the resuli.

There are three important points to remember about composite functions:

fg only exists if the range of g is containea within the domain of f.

In general, fg(x) # gf(x).

ff(x) means you apply the funciion f twice.

EXPLORE 2.1
(R

(f(x) = 4:_g for x R) (g(x) =3x '—"_ for x e R)

Three students are asked to find the composite function gf(x)

Here are their solutions.

Student A Studeni b Student C
gf(x) = (3x=1)(2x—5) gf(x)=2(8x=1)—-5 gf(x)=3(2x—-5)—
=6x>—17x+5 =ox-7 =6x—-16

Discuss these solutions with your classmates.

Which student is correct? What error has each of the other students maas?
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WORKED EXAMPLE 2.3

=2x+3

f(x)=(x-4)> -1 for xeR
x-=2

Find fg(4).

g(x)

Answer

fe(d) =1

for xeR,x>2

24)+3 _ 11

t 4 first and g(4) = .
g acts on 4 first and g(4) 17 3

f is the function ‘subtract 4, square and then
subtract 1’.

WORKED EXAMPLE 2.4,

f(x)=2x+3 for xR

Find: a ig(x) b gf(x) C
Answer
& fg(x) =f(x?-1)
=2(x>-1)+3
\ = 2,\”2 +1

b gf(x)=g2x+3)
=(2x+3) -1
=4x? +12x+9-1

=4x? +12x+8
¢ ff(x)=1f2x+3)

=2(2x+3)+3
=4x+9

g(x)=x>—-1 for xcR

ff(x)

g acts on x first and g(x) = x> — 1.

f is the function ‘double and add 3’.

f acts on x first and f(x)=2x+ 3.

g is the function ‘square and subtract 1’.

f is the tunction ‘double and add 3’.

WOR D EXAMPLE 2.5

2

f:xl—)%forxeR,x;tZ elx)=3-x

Find: a fg(x) b ffix)

Answer

a fg(x)=1(3-x?)
BN
3-x%)-2

N

for xeR

g acts on x Arst and g(x) =3 — x2.

f is the function ‘subtract 2 and then divide into 5.
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=7z Multiply numerator and denominator by (x —2).

WORKED EXAMPLE 2.6

f(x) = x> +4x for xeR g(x)=3x-1 for xeR

Find the values of k for which the equation fg(x) = k& has real solutions

Answer
feg(x) = B3x - 1)> +4(3x - 1) Expand brackets and simplify.
=9x? 4+ 6x -3
When fg(x) = k,
9x2 +6x-3=k Rearrange and simplify.

9x* +6x+(-3-k)=0
For real solutions: b* — dac
6> —4x9x(=3-k)
144 + 36k =
k

\%

0

\%

0
0

v

-4

EXERCISE 2B

1 fix)=x>+6 for xeR gx)=x+2-2 for xeR,x=-3
Find: a fg(6) b gf(4) c ff(-3)

2 h:x—>x+5for xeR, x>0 k:ix>Jx for xeR, x>0
Express each of the following in terms of h and/or k.

a x> Jx+5 b x> Jx+5 c x> x+10
3 f(x)=ax+b for xeR

Given that f(5) =3 and f(3) = -3:

a find the value of @ and the value of b

b solve the equation ff(x) = 4.
4 f:x—2x+3 for xeR g:)ﬂ—)%f(}r yeR, x#1

a Find gi(x).

b Solve the equation gf(x) = 2.
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5 g(x)=x>-2 for xR h(x)=2x+5 for xeR
a Find gh(x).
b Solve the equation gh(x) = 14.

3 for xeR, x#2

6 f(x)=x>+1for xeR g(x)=“_2

Solve the equation fg(x) = 5.

7 og(x)= +1forxe]R,x¢—l W(x)=(x+2)>-5for xeR
x

Solve the equation hg(x) =11.

8 f:xl—>xT+1 for xeR g:x'_)2x_+13 for xeR,x #1

Solve the equation gf(x) = 1.

x+1
2x+5
Find an expression for if(x), giving your answer as a single fraction iu its simplest form.

9 f(x)=

for xeR, x>0

10 f: x> x? for xeR g:xr>x+1 for xeR
Express each of the following as a composite function, using only f and/or g.
a x> (x+1)? b x> x>+1 C x> x+2

d x—x* e Xk x“+2x+2 f x> x*+2x2+1

11 fix)=x>-3x for xeR a(x)=2x+5 for xeR

Show that the equation gf(x) = 0 has no real solutions.

12 f(x)=k-2x for xeR g(x)zgfor xeR x#0
X
Find the values of & for which the equation fg(x) = x has two equal roots.

13 f(x) = x> = 3x for xR g(x)=2x-5 for xeR

Find the values ot & for which the equation gf(x) = k has real solutions.

g
14 f(x)=% tor xeR,xi%
X —1

Show that ft(x) = x.
15 f(x) =2x> +4x -8 for xeR,x =k
& Express 2x% + 4x — 8 in the form a(x + 5)* + c.

b Find the least value of k for which the function is one-one.

16 f(x)= x> -2x+4 for xeR
a Find the set of values of x for which f(x) = 7.
b Express x> —2x + 4 in the form (x — a)* + b.

¢ Write down the range of f.

17 f(x) = x> =5x for xR g(x)=2x+3 for xR
a Find fg(x).
b Find the range of the function fg(x).
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18 f(x) =

for xe R, x # -1
x+1

a Find ff(x) and state the domain of this function.
b Show that if f(x) = ff(x) then x> +x -2 = 0.

¢ Find the values of x for which f(x) = ff(x).

= o
@ 19& P(x)=x>—-1for xeR ) r Qx)=x+2 for xe R )
AN

~
C R(x)=lf0rxeR,x¢0 J (S(x)=\/x+1—1forxeR,x>—D
X

Functions P, Q, R and S are camposed in some way to make a new function, f(x).

For each of the following, write f(x) in terms of the functions P, Q, R and/or S, and state the domain and
range for each composite function.

a f(x)=x+4v+3 b f(x)=x2+1 ¢ fo)=x d f(x)=—L+1
X
1

e f(x)Z;;_i f fx)=x-2Jx+1+1 g flx)=x-1

2.3 Inverse functions

The inverse of a function f(x) is the function that undoes what f(x) has done. f(x)

We write the inverse of the function f(x) as f~'(x).

ff=1(x) = £7M(x) = x
The domain of f~!(x) is the range of f(r).

The range of f _l(x) is the domain of 1{x). \/

- e

It is important to remember that not every function has an inverse.

An inverse tunction f~!(x) exists if, and only if, the function f(x) is a one-one mapping.

You should already know how to find the inverse function of some simple one-one

mappings.

We want to find the function f~!(x), so if we write y = f~!(x), then f(y) = f(f~'(x)) = x,
because f and f~' are inverse functions. So if we write x = f( y) and then rearrange it to get
y = ..., then the right-hand side will be £7'(x).
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We find the inverse of the function f(x) = 3x — 1 by following these steps:
Step 1: Write the function as y = —> y=3x-1
Step 2: Interchange the x and y variables. ——> x=3y-1

x+1
Q

Step 3: Rearraige to make y the subject. —> y=

Hence, if f(x) = 3x — I, then f-(x) = XTH

If f and 7' are the same function, then fis called a seif-inverse function.
For example, if f(x) = L for x # 0, then f~'(x) = = for x # 0.

X X
So f(x) = — for x # 0 is a self-inverse function.

1
X

The diagram shows the function f(x) = (x —=2)> +1 for x e R. fx) A

Discuss the following guestions with your classmates. flx) = (x=2)%+1

1 What type of mapping is this function?

2 What are the coordinates of the vertex of the parabola?
n 3 Whatis the domain of the function?
4 What is the range of the function? %

' 5 Does this function have an inverse?

R 7

6 Iff hasan inverse, what is it? If not, thien how could you change the domain of f so that the function does have
an inverse?

WORKED EXAMPLE 2.7,

f(x)=vx+2-7 for xeR,x=-2

a Find an expression for f~!(x). b Solve the equation f~'(x) = f(62).
Answer
e fix)y=Jx+2-7
Step 1: Write the function as y = — y=~x+2-7
Step 2: Interchange the x and y variables, ——> x=y+2-17

Step 3: Rearrange to make y the subject. ———> x+7=,y+2
(x+7)P =y+2

y=(x+7)7?-2
fl(x)=(x+7)7 -2
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b f(62)=v62+2-7=1

(x+7)7%-2=1

(x+7)7 =3
x+7=%+J3
x=-7+.3

x=-7-3 or x=-7+.3
The range of fis f(x) = -7 so the domain of f™'is x = 7.

Hence, the only solution of f~!(x) = {(62) is x = =7 + /3.

WORKED EXAMPLE 2.8

f(x)=5-(x-2) for xcR,k<x=<6

a State the smallest value of k for which f has an inverse.

b For this value of k find an expression for f~!(x), and state the domain and range of .

Answer YA 2,5
a The vertex of the graph of y = 5 — (x —2)? is at the point (2, 5).
2 y=5-(x-2)%
When x=6,y=5-4°=-11
/ 5
For the function f to have an inverse it must be a one-one function. 0 -
Hence, the smallest value of k is 2.
\
|
b f(x)=5-(x-2)> b 6.-11)
Step 1: Write the fuuction as y = S y=5—(x-2)
Step 2: Interchange the x and y variables,. ——> x=5-(y-2)
Step 3: Rearrange to make y the subject. — > (y—2)>=5-x
y=2=-5-x
y=2+J5-x

Hence, f~'(x) =2+ /5 — x.

The domain of f~!is the same as the range of f.
Hence, the domain of f'is —11 < x < 5.

The range of f~!is the sare as the domain of f.

Hence, the range of f™'is 2 <f!(x)<6.
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Find an expression for f~'(x) for each of the following functions.

a

(o]

w

Q

o

Q

o

Q

o

o

f(x)=5x-8 for xe R

(x)=(x-5>+3forxeR, x=5

f(x)ziiz for x e R, x # -2

x> x> +4x for xeR, x= -2
State the domain and range of .

Find an expression for f~'(x).

X for xeR, x=2

2x +1
Find an expression for f~(x).

Find the domain of 1.

x> (x+1)P =4 for xeR,x=0
Find an expression for f~'(x).

Find the domain of !

x> 2x2—8x+10 for xeR,x=3
Explain why g has an inverse.

Find an expression for g~!(x).

X 2x2+12x—14 for xeR, x=k
Find the least value of k£ for which f is one-one.

Find an expression for f~'(x).

x> x> —6x for xeR
Find the range of f.

State, with a reason, whether f has an inverse.

i(x)=9—(x—=3) for xeR, k<x<7

a

b

State the smallest value of k for which f has an inverse.

For this value of k:
i  find an expression for f~!(x)

i state the domain and range of f~'.

b fix)=x*>+3forxeR, x=0

d flx)=

f

8 for xeR, x#3
x-3

f(x)=(x=2))-1forxeR, x=2
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The diagram shows the graph of y = f~!(x), where f~!(x) = Sx -1 for xeR,0<x=<3.
a Find an expression for f(x).
b State the domain of f.
10 f(x)=3x+a for xeR g(x)=b—-5x for xeR
Given that gf(-1) =2 and g~*(7) = 1, find the value of @ and the value of 5.
11 f(x)=3x—1 for xek g(x):TS_‘t for xR, x#2

a Find expressions for f~1(x) and g7!(x).

b Show that the equation f~'(x) = g7!(x) has two real roots.
12 fix> 2x -1 -3 for xeR, 1<x<3

a Find an expression for f~(x).

b Find the domain of f~!.

13 f:x> x2—10x for xeR,x=5
a Express f(x) in the form (x — a)* - b.

b Find an expression for f~!(x) and state the domain of f~'.

14 f(x) =

! for x e R, x #1
x -1
a Find an expression for f~!(x).

b Show thatif {{x) = f~'(x), then x> —x—-1=0.
¢ Find the vaiues of x for which f(x) = f~!(x).

Give your answer in surd form.

15 Determine which of the following functions are sclf-inverse functions.

a f(x)= for x e R, x #3 b )= 2] for xe R, x %2
3—-x x-2
3x+5 3
C f(x)—4x_3forxeR,x;tZ
16 f:x+—>3x-5 for xeR g:x—>4-2x for xeR

a Find an expression for (fg) '(x).
b Find expressions for:

i f1gl(x) i g7 f(x).
¢ Comment on your results in part b.

Investigatie if this is true for other functions.
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2.4 The graph of a function and its inverse

Consider the function defined by f(x) =2x+1 for x e R, 4 < x <2.
f(—4) = -7 and f(2) = 5.

The domain of fis —4 < x < 2 and the range is -7 < f(x) < 5.
The inverse of this function is f~(x) = XT_I

The domain of f~! is the same as the range of f.

Fence, the domain of f~! is -7 < x <5.

The range of f~! is the same as the domain of f.
(779 44)
Hence, the range of f™'is -4 < f~!(x) <2

The representation of f and f~! on the same graph can be seen in the diagram opposite. 4. -7)

It is important to note that the graphs of f and f~! are reflections of each other in the line

y = x. This is true for each cric-one function and its inverse functions.

al
The graphs o T and f~! are reflections of each other in the line y = x.
This is because ff~!(x) = x = {1 f(x)
n When a function f is self-inverse, the graph of f will be symirietrical about the line y = x.

W,
\ WO RKED EXAMPLE 2.9

f(x)=(x-1?-2 for xeR,1<x <14

On the same axes, draw the graph of f and the graph of f~!.

Answer
y= _ P The circled part of the expression is a square so it
When x = 4,y = 7. will always be = 0. The smallest value it can be is 0.

- . o . This occurs when x = 1. The vertex is at the
The function is one-one, so the inverse function exists.

point (1, -2).
YA =
G y x
f ’
6
\
4. Reflect fin y = x
2

=Y

|
o
Lo
1
o
(e}
o0
=Y
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WORKED EXAMPLE 2.10 Q

2x+7

f:x— tor xeR, x#2
a Find au expression for f~(x).

b State what your answer to part a tells you about the symmetry of the graph of y = f(x).

Answer
| ) 2x+7
a f:x—
x—-2
Step 1: Write the function as p = > y= 2x +27
x f—
: 2y 47
Step 2: Interchange the x and y variables,. ——» x = AN
y-2

Step 3: Rearrange to make y the subject. ——> xy=2x=2y+7
x=-2)=2x+7

2x+7

)

2x+7
x=2

Hence f~!(x) =

b f!(x) = f(x), so the function f is self-inverse.

The graph of y = f(x) is symmetrical about the line y = x.

EXPLORE 2.3

VA
~

=Y

| Ali states that:
The diagrams show the functions £ and g together with their inverse functions £~ and g7,
Is Ali correct?

Explain your answer.
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1 Onacopy of each grid, draw the graph of f~'(x) if it exists.

IA ) y
a 6 61

] 2
4] A
-6 —6-
C JA d A
64 64
54 5-
4 a4\
33 i
; 3
24 2 -
n 1 1
0 T T T T T ",. T T T T T l:{
1 2 3 4 5 & 7 0 1 2 3 4 5 6 °

2 f:xH2x—-1for xeR ~-1sx=<3
a Find an expression for {'(x).
b State the domain and range of f..

¢ Sketch, on the same diagram, the graphs of y = f(x) and v = f~!(x), making clear the relationship
between the graphs.

3 The diagram shows the graph of y = f(x), where f(x) = % for xeR, x=0. A
X

a State the range of f.
b Find an expression for f~'(x).

¢ State the domain and range of . \
. ) .
d Ona copy of the diagram, sketch the graph of y = f~!(x), making clear the

L

"7

relationship between the graphs. 0

4 For each of the following functions, find an expression for f~'(x) and, hence, decide if the graph of y = f(x)
is symmetrical about the line y = x.

a )= for xeR x4 b f(x)=2"3 for xeR x#5
1 2 x=5
c f(x):%)i—f—;- for xeR,xi% d f(x):g;H__i for xeR,xi%
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0 5 a f(x)= X+a foir xeR,x# %, where a and b are constants.

bx -1
Prove that this function is self-inverse.
ax+b d e
b g(x)=- " for x e R, x # — —, where a, b, c and d are constants.
cXxX C

Fiad the condition for this function to be self-inverse.

2.5 Transformations of functions

At 1GCSE / O Level you met various transformations that can be applied to two-dimensional
shapes. These included translations, reflections, rotations and enlargements. In this section
you will learn how translations, reflections aud stretches (and combinations of these) can be
used to transform the graph of a function

EXPLORE 2.4

1 a Use graphing software to draw the graphs of y = x%, y=x?>+2 and y = x> - 3.

Discuss your observations with your classmates and explaini how the second and third graphs could be
obtained from the first graph.

b Repeat part a using the graphs y =Jx, y=+x +1 and y=x - 2.

¢ Repeat part a using the graphs y = 1—2, y= 2, 5 and y= 12 4.

X b X

d Can you generalise your results?

Use graphing software to draw the graphs of y = x% y = (x+2)? and y = (x - 5)°.

o
Q

Discuss your observations with your ciassmates and explain how the second and third graphs could be
obtained from the first graph.

b Repeat part a using the graphs y = x>, y = (x +1)° and y = (x — 4)>.
¢ Can you generalise your results?

2 2

3 a Use graphing software to draw the graphs of y = x* and y = —x~.

Discuss your observations with your classmates and explain how the second graph could be obtained from
the first graph.

Repeat part a using the graphs y = x* and y = —x°.
Repeat part a using the graphs y =2* and y = -2%.

Can you generalise your results?

o O 0o T

Use graphing software to draw the graphsof y =5+ x and y =5 — x.

Discuss your observations with your classmates and explain how the second graph could be obtained from
| the first graph.

b Repeat part a using the graphs y =-/2+x and y =2 - x.
¢ Can you generalise your results?
5 a Use graphing software to draw the graphs of y = x*> and y = 2x? and y = (2x)%.

Discuss your observations with your classmates and explain how the second graph could be obtained from
the first graph.

b Repeat part a using the graphs y = +/x, y = 2/x and y = /2x.
Repeat part 2 using the graphs y = 3%, y =2 x 3* and y = 3>,

d Can you generalise your results?
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Translations

The diagram shows the grapiis of two functions that differ only by a constant. ,
y=x"-2x+4

y=x2-2x+1

y=x2-2x+4

When the x-coordinates on the two graphs are the same (x = v) the =2 vt

y-coordinates differ by 3 (y = » + 3).

This means that the two curves have exactly the same shape but that they are
separated by 3 units in the positive y direction.

Hence, the graph of y = x> — 2x + 4 is a translation of the graph of y = x> —=2x +1

by the vector (2) s

2O

KEY POINT 2.6

Now consider the two functions:

y

b

A -2x+1

(x =3P -2(x-3)+1
We obtain the second function by replacing x by x — 3 in the first function.

The graphs of these two functions are:

YA

y=(x-32-2(x-3)+1

=Y

[\
~
o

The curves have exactly the same shape but this time they are separated by 3 units in the
positive x-direction.

You may be surprised that the curve hias moved in the positive x-direction. Note, however,
that a way of obtaining y = y is to have x = x — 3 or equivalently x = x + 3. This means
that the two curves are at the saine height when the red curve is 3 units to the right of the
blue curve.
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Hence, the graph of y = (x — 3)> = 2(x — 3) + 1 is a translation of the graph of

y = x2 = 2x +1 by the vector (3]

) wovro

The graph of y = f(x — @) is a translation of the graph v =: {{x) by the vector [ g J

>

Combining these two results gives:

N
WORKED EXA m

The graph of y = x? + Sx is translated 2 units to the right. Find the equation of the resulting graph. Give your
answer in the form y = ax? + bx + c.

Answer

| y = x% +5x
)):(,\‘—2)2-%5(,\’—2)

y=x>+x-6

WORKED EXAMPLE 2.12 ]

N -5
The graph of y = /2x is translated by the vector [ 3 J Find the equation of the resulting graph.

Replace all occurrences of x by x — 2.

Expand and simplify.

Answer
Y =42x Replace x by x + 5, and add 3 to the resulting function.
y=42(x+5)+3

| y=+2x+10+3
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1 Find the equation of each graph after the given transformation

Q

y =2x? after translation by (g)

b y=5/x after translation by ( g)

/

N

\

¢ y=7x>-2x after translation by \(?J

d y=x>-1 after translation by g)
e y= 2 after translation by _SJ
X 0
f = alter translation b 3
T ' 1o
) -1
g y=x’+x after translation by |
5 . 2
h y=3x"-2 after translation by 3

n 2 Find the translation that transforms the graph.
a y=x+5x-2 tothegraph y = x? +5x+2

b y=x*+2x>+1 tothegraph y=x>+2x>-4

c y=x>-3x to the graph y = (x +1)> = 3(x + 1)
d y=x+é tothe graph y=x-2+ 6
X x—-2
e y=+2x+5 to the graph y = /2x+3
5 5
f y=7—3.", tothegraphy=m—3x+l()
3 The diagram shows the graph of y = f(x). 4yA
Sketch the graphs of each of the following functions. 34
2 ey = f(x)
a y=flx)-4 —\/
b y=fx-2) PRI RN
¢ y=f(x+1)-5 2
3]
4]

4 a On thesame diagram, sketch the graphs of y =2x and y =2x + 2.
b y =2x can be transtormed to y = 2x + 2 by a translation of (0 )
a

Find the valuc of a.

¢y =2x can ve transformed to y = 2x + 2 by a translation of b .
0

Find the value of b.
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5 A cubic graph has equation y = (x+3)(x—2)(x—-5).

Write, in a similar form, the equation of the graph after a translation of ((2)]

6 The giaph of y = x? — 4x +1 is translated by the vector Lé)

Find, in the form y = ax? + bx + ¢, the equation of the resulting graph. Try the Between the
lines resource on

the Underground

2
} —_ 2 3 +
@ 7 The graph of y = ax” + bx + ¢ is translated by the vector {_5 ] Mathematics website.

The resulting graph is y = 2x> — 11x + 10. Find the value of a, the value of » and
the value of c.

2.6 Reflections

The diagram shows the graphs of the two functions:
y=x*-2x+1
y= —(x2 -2x+1)

When the x-coordinates on the two graphs are the same (x = x), tiie y-coordinates
are negative of cach other (y = —y).

This means that, when the x-coordinates are the same, tie red curve is the same
vertical distance from the x-axis as the blue curve but it is on the opposite side of the

x-axis.

Hence, the graph of y = —(x? — 2x + 1) is a reflection of the graph of y = x> —2x +1

in the x-axis.

The graph of y = —f(x) is a reflection of the graph y = f(x) in the x-axis.

Now consider the two tunctions:
y=x2-2x+1
y=(=x)* = 2(=x) +1
We obtain the second function by replacing x by —x in the first function.

The graphs of these two functions are demonstrated in ithe diagram.

y=Ex)P-2Ax)+1

Copyright Material - Review Only - Not for Redistribution



N

-\
Cambridge International AS & A Leve@%‘nematics: Pure Mathematics 1

The curves are at the same height (y = y) when x = —x or equivalently x = —.

This means that the heights of the two graphs are the same when the red graph has the
same horizontal displacement from the y-axis as the blue graph but is on the opposite side
of the y-axis.

Hence, the graph of y = (=x)? —2(=x) + 1 is a reflection of the graph of y = x> —2x +1 in
the y-axis.

i The graph of y = f(—x) is a reflection of the grapli y = f(x) in the y-axis.
!

WORKED EXAMPLE 2.13

\

The quadratic graph y = f{x) has a minimum at the point (5, —7). Find the coordinates of the vertex and state
whether it is a maximum or ininimum of the graph for each of the following graphs.

a y=-f(x) b y=t(-x)
Answer
a y=—1(x) is areflection of y = f(x) in the x-axis.

The turning point is (5, 7). It is a maximum point.

D y = f(—x) isareflection of y = f(x) in the y-axis.
i The turning point is (=5, =7). It is a ininimum point.
1 The diagram shows tiie graph of y = g(x). A
44
Sketch the graphs of each of the following functions. ~ |3
{ \
a y=-5x b y=g(=x) S
\ HN— =20
¥ '71'2 T T35 x
2
3
4

2 Find the equation of each graph afier the given transformation.
a y=5x? after reflection in the x-axis.
b y=2x* after reflection in the y-axis.
Iy

¢ y=2x2-3x+1 after reflection in the y-axis.

d y=5+2x-23x" after reflection in the x-axis.
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3 Describe the transformation that maps the graph:
a y=x>+7x-3 ontothe graph y = —x?> - 7x+3
b y=x>-3x+4 ontothe graph y = x> +3x+4
¢ y=2x-5x7 onto the graph y = 5x> - 2x

d 1 =x+2x>-3x+1 onto thegraph y = —x* —2x? +3x - 1.

Chapter 2: Functions

2.7 Stretches

The diagram shows the graphs of the two funciions:
y=x>-2x-3
y=2(x*-2x-3)

When the x-coordinates on the two graphs are the same (x = x), the
y-coordinate on the red gravh is double the y-coordinate on the blue

graph (y =2y).

This means that, when the x-coordinates are the same, the red curve is twice the
distance of the blue graph from the x-axis.

V4
10

y=x2-2x-3

Hence, the graph of y = 2(x? — 2x — 3) is a stretch of the giaph of
y = x> —2x — 3 from the x-axis. We say that it has been stretched with stretch

factor 2 parallel to the y-axis.
Note: there are alternative ways of expressing this transformation:

a stretch with scale factor 2 with the line v = 0 invariant
a stretch with stretch factor 2 with the x-axis invariant
a stretch with stretch factor 2 relative to the x-axis

a vertical stretch with stretch factor 2.

(/
The graph of y = af(~) is a stretch of the graph y = f(x) with stretch factor a parallel to the

y-axis.

Note: if a <0, then y = af(x) can be considered to be a stretch of
y = f(x) with a negative scale factor or as a stretch with positive scale

factor followed by a reflection in the x-axis.

Copyright Material - Review Only - Not for Redistribution
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¥y =(2x)>-2(2x)-3

Now consider the two functions: YA
2oy
p=x"-2x-3 X% 1o
y=(2x)*-2(2x) -3 >

We obtain the second function by replacing x by 2x in the first function.

The two curves are at the same height (y = ) when x = 2x or equivalently
1
= — X 5 .
X=X

This mieans that the heights of the two graphs are the same when the red graph

has half the horizontal displacement from the y-axis as the blue graph.

Hence, the graph of y = (2x)?> — 2(2x) — 3 is a stretch of the graph of

9 /

y = x* = 2x =3 from the y-axis. We say that it has been stretched with stretch 4 B

o

factor % parallel to the x-axis.

5

0)

The graph of y = f(ax) is a stretch of the graph y = f(x) with sireich factor 4 parallel to the
a

n X-axis.
N\ WORKED EXAMPLE 2.14

2

The graphof y =5 - % x° is stretched with stretch factor 4 parallel to the y-axis

Find the equation of the resulting graph.

Answer
Let flx) = 5 1 2 A siretch parallel to the y-axis, factor 4, gives
“ 2° the function 4f(x).
4f(x) = 20 — 2x2

The equation of the resulting graph is y = 20 — 2x°.

f‘. ED EXAMPLE 2.15

Describe the single transformation that maps the graph of y = x?> — 3x — 5 to the graph of y = 4x? — 6x — 5.

Answer
Let f(x) = x> =3x -5 Express 4x” — 6x — 5 in terms of f(x).
4x? —6x-5=(2x)* - 22x)-5
= f(2x) |
The transformation is a stretch parallel to the x-axis with stretch facior 5
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1 The diagram shows the graph of y = f(x). 6)}{\
Sketch the graphs of each of the following functions. 4
a y=3(x) N
b y=12x)
6 4 2 o[\ 2
2
4]
6

2 Find the equation of each graph after the given transformation.
a y =3x? after a siretch parallel to the y-axis with stretch factor 2.
b y=x?-1 after a stretch parallel to the y-axis with stretch iactor 3.
¢y =2"+4 after a stretch parallel to the y-axis with stretch factor %

d ) =2x2—8x+10 after a stretch parallel to the x-axis with stretch factor 2.

e y=06x>—36x after a stretch parallel to the x-axis with stretch factor %

3 Describe the single transformation that niaps the graph:
a y=x>+2x-5 ontothe graph y == 4x> +4x -5
b y=x>-3x+2 onto the graph y =3x>-9x+6
¢ y=2%+1 ontothe graph y =2**1+2

d y=+x-6 ontothegraph y=+3x-06

2.8 Combined transforimations

In this section you will learn how to apply simple combinations of transtcrmations.

The transformations of the graph of y = f(x) that you have studied so far can each be

categorised as either vertical or horizontal transformations.

[ Vertical tanstormations | [ toorisontal ransformations |

v =1(x)+a | translation (OJ v =1f(x+a) |translation [_g]
a
1
l_ y=-f(x) reflection in the x-axis vy = f(-x) reflection in the y-axis
y = af(x) vertical stretch, factor a | y=1f(ax) | horizontal stretch, factor 1
ﬂ_l 4]

When combining transformations care must be taken with the order in which thie
transformations are applied.

Copyright Material - Review Only - Not for Redistribution
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Apply the transforimations in the given order to triangle 7’ YA

and for each question comment on whether the final images 2
are the same or different.

1 Combining two vertical transformations r

=Y

Q
—_
[\S)
w 4

@ i Translate (2), then stretch vertically with factor %

ii Stretch vertically with factor % then translate (gj
b Investigate for other pairs of vertical transformations.

2 Combining one vertical and one horizontal transformation

-2
a i Reflect in the x-axis, then translate [ OJ'

4
)

(-2
ii Translatc | 0
\

b Investigate for other pairs of transformations where one is vertical and the

], then reflect in the x-axis.

other is horizontal.
3 Coimbining two horizontal transformations
a i Stretch horizontally with factor 2, then {ranslate [(Z)J
ii Translate (3} then stretch horizontally with factor 2.

b Investigate for other pairs of horizontal transformations.

From the Explore activity, vou should have found that:

O

al

When twe vertical transformations or two horizontal transformations are combined, the order
in which they are applied may affect the outcome.

When one horizontal and one vertical transformation are corbined, the order in which they

are applied does not affect the outcome.

Combining two vertical transformat:ons
We will now consider how the graph of y = f(x) is transformed to the graph y = af(x) + k.

This can be shown in a flow diagram as:

f(x) —» — af(x) >

stretch vertically, facior a translate v
. . k — af(x)+ k
multiply functinr by a

add k to the function
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Combining two horizontal transformations
Now consider how the graph of y = f(x) is transformed to the graph y = f(bx + ¢).

translate | ¢ . stretch horizontally, factor 1
f(x)— 0 —>flx+o)—> b — f(bx +¢)

replace x with x + ¢ replace x with bx

This leads to the important result:

Horizontal transformations follow the opposite order to the ‘normal’ order of operations, as used in

arithmetic.
WORKED EXAMPLE 2.16
The diagram shows the graph of y = f(x). IA
64
| Sketch the graph of y = 2f(x) - 3.
4]
y-=fx)
2]
RN N/
< 4 2 Ol\J2 4 ¥
2]
4]
Answer o
y = 2f(x) — 3 1s a combination of two vertical transformations of y = f(x), IA
hence the transformations follow the ‘normal’ order of operations. 6 = 26)
Step 1: Sketch the graph y = 2f(x): 4]
Stretch y = f(x) vertically with stretch factor 2.
\
6 4 =2 O V 2 4 6%
2
4]
6
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Step 2: Sketch the graph y = 2f(x) — 3:

Translate y = 2f(x) by thc vector ( 0

)

y=2f(x)-3

Y

WORKED EXAMPLE 2.17

The diagram shows the giaph of y = x? and its image, y = g(x), after a combination

of transformations.
YA
v ; 4] y=gx)
\ =22
3 .
2 .
|
\ 14 ,'
2 0 1 2 3 ¥

a Find two different ways of describing the combination of transformations.

b Write down the equation of the graph y = g(x).

Answer

a Translation of (g) followed by a horizontal stretch, stretch factor l

YA
4 1
1
1
1
| 34 ‘
1
1
2
1_
|
S >
i) B o 1 6 X
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OR
. 1 . 2)
Horizontal stretch, factor > followed by a translation of | ~ |.
v
AN
y= 7(X)
ll
5 e
b Using the first combination of transformations:
Translation of (3) means ‘replace x by x —4". The same answer will
be obtained when
y = x> becomes = (x —4)* using the second
. 1 . , R combination of
Horizontal stretch, factor — means ‘replace x by 2x’. .
2 transformations. You
y = (x—4) becomes y = (2x — 4)? may wish to check this &
- yourself.
Hence, g(x) = (2x — 4)°.

1 The diagram shows the graph of y = g(x).

Sketch the graph of each of the following.

a y=zgx+2)+3 b y=2g(x)+1
c y=2-gx) d y=2g(-x)+1
e y=-2g(x)-1 f y=g2x)+3
g y=g2x-6) h y=glx+D
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2 The diagram shows the graph of y = f(x). yT
2
Write down, in ternis of f(x), the equation of o
: f each of the following diagr: |
the graph of each of the following diagrams. | - | 1
4 3 2 0 2 3 ¥
2
a YA b YA C YA
44 4+ 4-
34 3—— — —
—_ 2 2 I_ 2
11 —_— 1] 14
432 |9 2 3 4% 4321P 123 47 43219 1 3 4%
2 2 2
3 -3 3
44 —4 - 44

3 Given that v = x?, find the image of the curve y = x> after each of the following
combinations of transformations.

a astretch in the y-direction with factor 3 followed by a translation by the vector (é)

n b a translation by the vector ((1)] followed oy a stretch in the y-direction with

factor 3

4 Find the equation of the image of tiie curve y = x? after each of the following

combinations of transformations and, in each case, sketch the graph of the
resulting curve.

a astretch in the x-direction with factor 2 followed by a translation by the

[ ; J
vector
0

b a translation by the vector ((5)) followed by a stretch in the x-direction with

factor 2

¢ Ona graph show the curve y = x> and each of your answers to parts a and b.

5 Given that f(x) = x> + 1, find the image of y = f(x) after each of the following
combinations of transformations.

. 0 . .
a translation [ ] followed by a strerch parallel to the y-axis with stretch factor 2

b translation (éj followed by a reflection in the x-axis
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6 a The graphof v = g(x) isreflected in the y-axis and then stretched with
stretch factor 2 parallel to the y-axis. Write down the equation of the
resulting graph.

)
b The graph of y = f(x) is translated by the Vector[ ,;)I and then reflected in

the x-axis. Write down the equation of the resulting graph.

7 Determine the sequence of transformations that maps y = f(x) to each of the
following functions.

a y:%f(x)+3 b y=-f(x)+2 c y=1f2x-6) d y=2f(x)-8

8 Determine the sequence of transfoimations that maps:

1
a thecurve y = x* onto the curve y = > (x +5)°

3

b thecurve y = x* onto the curve y = — % (x+1)7> -2

¢ thecurve y = ¥ ontothecurve y =-23x -3 +4

9 Given that f(x) = +/x, write down the equation of the image of f(x) after:

N

\

a reflection in the x-axis, followed by translation (gJ, followed by translation

((1)), followed by a stretch parallel to the x-axis with stretch factor 2

b translation ((3)} followed by a stretch parallel to the x-axis with stretch

factor 2, followed by a reflection in the x-axis, followed by translation ((1)]

10 Given that g(x) = x2, write down the equation of the image of g(x) after:

\
—4
a translation ( 0 E followed by a reflection in the y-axis, followed by translation

((2))’ foliowed by a stretch parallel to the y-axis with stretch factor 3

b a stietch parallel to the y-axis with stretch factor 3, followed by translation

-4
(gJ, followed by reflection in the y-axis, followed by translation ( 0 J
@ 11 Find two different ways of describing the combination of transformations that
maps the graph of f(x) = /x onto the graph g(x) = vV/=x — 2 and sketch the
graphs of y = f(x) and y = g(x).

Try the Transformers
resource on the
@ 12 Find two different ways of describing the sequence of transformations that maps Underground

the graph of y = f(x) onto thc graph of y = f(2x + 10). Mathematics website.
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oS X
®and understanding

Functions
A function is a rule that maps each x value to just one y value for 2 defined set of input values.
A functioii can be either one-one or many-one.
The set of input values for a function is called the domain of rhe function.
The set of output values for a function is called the range (or image set) of the function.
amposite functions
@ fg(x) means the function g acts on x first, then [ acts on the result.
® fg only exists if the range of g is contained within the domain of f.
® In general, fg(x) # gf(x).
Inverse functions

® The inverse of a function f(x) 1s the function that undoes what f(x) has done.
ffl(x) = f(x) = x orif v =1f(x) then x = f~'(y)

The inverse of the function f(x) is written as f~'(x).
The steps for finding the inverse function are:

Step 1: Write the function as y =

Step 2: Interchange the x and y variables.

Step 3: Rearrange to make y the subject.

The domain of f~'(x) is the range of f(x).

The range of £~!(x)is the domain of f(x).

An inverse function f~!(x) can exist if, and only it, the function f(x) is one-one.
The graphs of f and f~! are reflections of cach other in the line y = x.

If f(x) = f~'(x), then the function f is called a self-inverse function.

If f is self-inverse then ff(x) = x.

The graph of a self-inverse function has y = x as a line of symmetry.

Transformations of functious

® The graph of y = f(x) + a is a translation of y = f(x) by the vector ( g J
a

The graph of ) = f(x + a) is a translation of y = f(x) by the vector LOaJ

The graph of y = — f(x) is a reflection of the graph y = f(x) in the x-axis.
The graph of y = f(—x) is a reflection of the graph y = f(x) in the y-axis.
The graph of y = af(x) is a stretch of ¥ = f(x), stretch factor a, parallel to the y-axis.
The graph of y = f(ax) is a stretch of y = f(x), siwretch factor l, parallel to the x-axis.

a
Combining transformations

When two vertical transformations or two horizontal transformations are combined, the order
in which they are applied may affcet the outcome.

When one horizontal and one vertical transformation are combined, the order in which they are
applied does not affect the ouicome.

Vertical transformations follow the ‘normal’ order of operations, as used in arithmetic

Horizontal transformations follow the opposite order to the ‘normal’ order of operations, as
used in arithmetic.
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END-OF-CHAPTER REVIE
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ERCISE 2

1 Functions { and g are defined for x € R by:
Fix3x-1

g:x - Sx—x?

Express gf(x) in the form a — b(x — ¢)?, where . b and ¢ are constants. ]

N

> \
0 3\ x

The diagram shows a sketch of the curve with equation y = f(x).

a Sketch the graph of y = —f(% X ) 131

b Describe fully a sequence of two transformations that maps the graph of y = f(x) onto the
graph of y =f(3 - x). 2]

3 Acurve has equation y = x* + 6x + 8.

a Sketch the curve, showing the coordinates of any axes crossing points. 2]
4

. 2 . .
b The curve is translated by the vector LO J, then stretched vertically with stretch factor 3.

Find the equation of the resulting curve, giving your answer in the form y = ax? + bx. [4]

4 The function f : x — x2 — 2 is defined for the domain x = 0.

a Find f~!(x) and state the domain of . 13]
b On the same diagram, sketch the graphs of f and f~. [3]
@ 5 i Express —x> +6x —5 in the form a(x + b)* + ¢, where a, b and ¢ are constants. 131

The function f : x = —x2 + 6x — 5 is defined for x = m, where m is a constant.
ii State the smallest possible value of m for which f is one-one. 1]
iii For the case where m = 5, find an expression for f~!(x) and state the domain of f~'. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 November 2015

@ 6 The function f : x > x? — 4x + k is defined for the domain x = p, where k and p are constants.

i Express f(x) in the form (x + @)? + b + k, where a and b are constants. 2]
ii State the range of f in terms of k. [1]
iii State the smallest value of p for which f is one-one. [1]

iv For the value of p found in part iii, find an expression for f~!(x) and state the domain of f~!,
giving your answer in terms of k. 4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q8 June 2012
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® 1

The diagram shows the function f defined for —1 < x < 4, where

3x -2 for ~1<sx<1,
flx) = ﬁ or 1<x =<4,
i State the range of t. [1]
ii Copy the diagram and on your copy sketch the graph of y = ~!(x). 2]

iii Obtain expressions to define the function f~, giving also ihe set of values for which each
expression is valid. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 June 2014

The function f is defined by f(x) = 4x> — 24x + 11, for x € R.

i Express f(x) in the form a(x — b)> + ¢ and hence state the coordinates of the vertex of the
graph of y = f(x). (4]

The function g is defined by g(x) = 4x*> —24x + 11, for x <1.
ii State the range of g. 2]
iii Find an expression for g7'(x) and state the domain of g~'. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 November 2012

i Express 2x° - 12x + 13 in the form a(x + b)* + ¢, where a, b and ¢ are constants. 13]

ii The function fis defined by f(x) = 2x? — 12x + 13, for x = k, where k is a constant. It is given
that f 1s a one-one function. State the smallest possible value of k. 1]

The value of k is now given to be 7.
iii. Find the range of f. 1]
iv Find the expression for f~'(x) and state the domain of f='. [5]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q8 June 2013
i Express x> —2x —15 in the form (x +a)> + b. 2]
The function f is defined for p < x < ¢, where p and ¢ are positive constarits. by
f:xm—x2-2x-15.

The range of f is given by ¢ < f(x) < d, where ¢ and d are constants.

ii State the smaliest possible value of c. [1]
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11

12

13

For the case where ¢ =9 and d = 65,
iii find p and ¢, 14
iv find an expression for f~'(x). [3]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 November 2014

The function f is defined by f : x = 2x* -12x+7 for x e R.

i Express f(x) in the form a(x — ) - c. [3]
ii State the range of f. [1]
iii Find the set of values of x for which f(x) < 21. [3]

The function g isdefined by g: x— 2x+k for x € R.
iv Find the value of the constant k£ for which the equation gf(x) == 0 has two equal roots. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 June 2010

Functions { and g are defined for x € R by
f:x—>2x+1,

L

i Find and simplify expressions for fg(x) and gf(x). 2]
ii Hence find the value of « for which fg(a) = gf(a). 131
iii Find the value of b (b # a) for which g(b) = b. 2]
iv Find and simplify an expression for f7lg(x). 2]

The function h is defined by
h:xe x2 -2 for x<0.
v Find an expression for h™'(x). 12]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 June 2011

Funciions f and g are defined by

fix—2x2—-8x+10 for 0 < x <2,

g:Xb X for 0 = x <10.
i Express f(x) in the form a(x + b)*> + ¢, where a, b and ¢ are constants. [3]
ii State the range of f. 1]
iii State the domain of £~ 1]
iv Sketch on the same diagram the graphs of y = f(x), y = g(x) and y = " '(x), making clear
the relationship between the graphs. [4]
v Find an expression for £~!(x). [3]

Cambridge International AS & A Leve! Mathematics 9709 Paper 11 Q11 November 2011
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Coordinate ge*gmetry

In this chapter you will lezivi how to:

m find the equation of a siraight line when given sufficient information
m interpret and use any of the forms y = mx+c¢, y—y = m(x —x,), ax+by+ ¢ =0 in solving
problems

m understand that the equation (x — a)> + (y — b)> = r? represents the circle with centre (a, b) and
radius

B use algebraic methods to solve problems involving lincs and circles

r uncerstand the relationship between a graph and its associated algebraic equation, and use
the relationship between points of intersection of graphs and solutions of equations.
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Chapter 3: Coordinate geometry

Where it comes from

What you should be able tc do

Check your skills

IGCSE /O Level
Mathematics

Find the midpoint ana length of a

line segment.

1 Find the midpoint and length
of the line segment joining
(=7,4) and (-2, -8).

IGCSE /O Level
IViathematics

Find thc gradient of a line and
state the gradient of a line that is
perperdicular to the line.

2 a Find the gradient of the line
joining 4(—1, 3)and B(5,2).
b State the gradient of the line

that is perpendicular to the
line AB.

IGCSE /O Level Interpret and use equations of 2 The equation of a line is
Mathematics lines of the form y = mx + c. 2 )

y = Ex — 5. Write down:

a the gradient of the line

b the y-intercept

¢ the x-intercept.
Chapter 1 Complete the square and solve 4 a Complete the square for

quadratic equaiions.

xz —8x-—35.

b Solve x2—8x—-5=0.

Why do we study coordinate geomietry?

This chapter builds on the coordinate geometry work that you learnt at IGCSE / O
Level. You shall also learn about the Cartesian equation of a circle. Circles are one of a

collection of mathematical shapes called conics or conic sections.

ellipse

parabola

A conic section is a curve obtained from the intersection of a plane with a cone. The
three types of conic section are the ellipse, the parabola and the hypertola. The circle
is a special case of the eilipse. Conic sections provide a rich source of tascinating and

beautiful results that mathematicians have been studying for thcusands of years.

Conic sections are very important in the study of astronomy. We also use their
reflective properties in the design of satellite dishes, searchlights, and optical and radio
telescopes.

' :‘n‘
e
‘\\ ”. .'

The Geometry of equations and Circles statiouns on the Underground Mathematics website have
many useful resources for studying this topic.
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3.1 Length of a line segment and midpoint

At IGCSE / O Level you learnt how to find the midpoint, M, of a line segment joining
the points P(x;, y;) and {(x,, y») and the length of the line segment, P(, using the
two formulae in Key point 3.1. You need to know how to apply these formulae to solve

problems.
@ KEY PQINT 3.1 e, .
It 1s important
9\ ST . [ x +x + 0 (x3, 1) to remember to
10 1ind the midpoint, M, of the line segment PQ: M = t% s %) show appropriate
\ > A calculations in
To find the length of PO: PO = /(x; —x1)" +()» — 1) i

coordinate geometry
questions. Answers
P (x1, 1) from scale drawings are

not accepted.

WORKED EXAMPLE 3.1;

The point M (—; ,—1 1) is the midpoint of the line segment joining the points P(=7, 4) and Q(a, b).

Find the value of a and the value of b.

Answer

Method 1: Using algebra

L (=T7,4) (a, b) Decide which values to use for x, y;, X2, ¥».
T 7 T
(x1, »1) (x2, »2)

Using (Xl 5 pa Lo ) and nudpoint = ( & , —1 1)

2 2 2
e
= ﬂﬂ4+b):(§ _11)
vo2 2 2
Equating the x-cooidinates: “lta = El
2 2
—T+a=3
a=10
Equating the y-coordinates: 4 : b =-11
4+bh=-22
' b=-26
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Chapter 3: Coordinate geometry

Method 2: Using vectcrs
P(-7,4)
— 8l )
PM = 2
-15 )
— ( L -11
MO = % |
-15
a=3+8%L and b=-11+(-15)
| ~a=10 and b =-26. 0 (a,b)

WORKED EXAMPLE 3.2

Three of the vertices of a parallelogram, ABCD, are A(-5, —1), B(—1, —4) and C(6, -2).

a Find the midpoint of AC.
b Find the ccordinates of D.

Answer

_ _ _ 2\
a MidpointofAC:( SR 2):(1 -8

2 72

b Let the coordinates of D be (m, n).

Since ABCD is a parallelogram, the midpoint of BD is the same as the midpoint of AC.

Midpoint of BD =(_1 ; m ,Tf‘f—"):(l _é)

2 27 2
. . -1+m 1 \
Equating the x-coordinates: =5 Y D2, 1)
-1+m=1
m=2
. . —4 + 3
Equating the y-coordinates: 7 % 5
—4+n=-3
n=1

D is the point (2, 1).

i"" RKED EXAMPLE 3.3

The distance between two points P(-2, a) and Q(a — 2, =7 )is 17.

Find the two possible values of a.

Copyright Material - Review Only - Not for Redistribution
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Using PQ = \/(,\‘3 -x)* + (;‘:— n? =17

J@=2+27 +(-7T-a)P =17
a® + (-7 —-a)* =289

a® + 49 + 14a + a* = 289

Square both sides.
Expand brackets.

Collect terms on one side.

2a% +14a—-240 =0 Divide both sides by 2.
a’+7a-120=0 Factorise.
{ (a=8)a+15=0 Solve.
a-8=0 or a+15=0
a=8 or a=-15
The triangle has sides of length 2+/7 cm, 44/3 ¢cm and 54/3 cm.
Tamar says that this triangle is right angled. 53
Discuss whether he is correct. 27 :
Explaii your reasoning. I 0

1 Calculate the lengths of the sides of the triangle POR.

Use your answers to determine whether or not the triangle is right angled.

a P(4,6),0(6,1). R(2,9)
b P(-5,2),0(9 3), (-2, 8)

2 P(1,6),0(-2. 1) and R(3, -2).

Show that triangle POR is a right-angled isosceles triangle and calculate the area of the triangle.

3 The distance between two points, P(a, —1) and Q( -5, a), is 4/5.

Find the two possible values of a.

4 The distance between two points, P(-2, -2) and Q(b, 2b), is 10.

Find the two possible values of b.

5 The point (-2, —3) is the midpoint of the line segment joining P(—6, —5) and Q(«. b).

Find the value of a and the value of b.

6 Three of the vertices of a parallelogram, ABCD, are A(-7, 3), B(-3, --11) and C(3, -5).

a Find the midpeint of AC.
b Find the coordinates of D.
¢ Find the length of the diagonals AC and BD.
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7 The point P(k, 2k) is equidistant from A(8, 11) and B(1, 12).
Find the value of %.

8 Triangle /B has vertices at A(—6, 3), B(3, 5) and C(1, —4).
Show that triangle ABC is isosceles and find the area of this triangle.

9 Triangle ABC has vertices at A(-7, 8), B(3, k) and C(8, 5).
Given that AB = 2BC, find the value of k.

10 Theline x + y = 4 meets the curve y =& — Bl at the points 4 and B.
X
Find the coordinates of the midpoint of 4B.
11 Theline y = x — 3 meets the curve > = 4x at the points 4 and B.
a Find the coordinates of tiic midpoint of 4B.
b Find the length of the line segment AB.

@ 12 Intriangle 4BC. the midpoints of the sides 4B, BC and AC are (1, 4), (2, 0) and (=4, 1), respectively.
Find the coordinates of points 4, B and C.

3.2 Parallel and perpendicular lines

At IGCSE / O Level you learnt how to find the gradient of the line joining the points
P(xy, »1) and Q(x,, y,) using the formula in Key point 2.2

Q(XZ’ y2)
Gradient of PO = =N
Xy — X1

P(xy, y1)

You also learnt the following rules about parallel and perpendicular lines.

/
gradient =m
| |
|
)
gradient = -
If two lines are parallel, then their gradients If a line has gradient m, then every line
are equal. . . . 1
q perpendicular to it has gradient ——.
m
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We can also write the rule for perpendicular lines as:

If the gradients of two perpendicular lines are m; and m,, then my X m, = —1.

You need to know how to apply the rules for gradients to soive problems involving

parallel and perpendicular lines.

NORKED EXAMPLE 3.4
\ .«

The coordinates of three points are A(k - 5, —15), B(10, k) and C(6, —k).
Find the two possible values of k ii 4, B and C are collinear.
Answer
If A, B and C are collinear, then they lie on the same line.
gradient of A2 = gradient of BC
k —(-15) —k -k Simpli
LN - plify.
10-(k=5) 6-10
k+15 = k Cross-multiply.
76
2k +15)=k(15-k) Expand brackets.
. 2k +30 = 15k — k? Collect terms on one side.
k> =13k +30=0 Factorise.
(k=3)k-10)=0 Solve.
k—-3=0 or k-10=0
~ k=3 or k=10
WORKED EXA oS .5
The vertices of triangle ABC are A(11, 3), B(2k, k) and C(-1, —11).
a Find the two possible values of k if angle ARC 1s 90°.
b Draw diagrams to show the two possibie tiiangles.
Answer
a Since angle ABC is 90°, gradient of AB x gradient of BC = —1.
k-3 o ko _ . 1 Simplify the second fraction.
2k —11 -1-2k
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k-3 F+11 AN .
AN’ — Niidply both sides by 2k — 11)(2k + 1).
X 31 ply y ( N )
(k=3)k+11)=-Q2k-1D)2k+1) Expand brackets.
k* + 8k — 33 = —4k? + 20k +11 Collect terms on one side.
Sk* 12k -44=0 Factorise.
(Bk=22)k+2)=0
5k—=22=0 or k+2=0
k=44 or k=-=2
b If k =4.4, then B is the point (8.8, 4.4).
If k = -2, then B is the point (-4, 2).
The two possible triangles are: VA B(8.8,4.4)
" A(L3) A(11,3)
l >
——m | (0] X
B (=4, -2) -] x
C(-1,-11) C(-1,-11)
[ _\

1 The coordinates of three points are A(—6, 4), B(4, 6) and C(10, 7).
a Find the gradient of AB and the gradient of BC.
b Use your answer to part a to decide whether or not the points 4, B and C are collinear.
2 The midpoint of the line segment joining P(—4, 5) and Q(6, 1) 1s M.
The point R has coordinates (-3, —7).
Show that RM is perpendicular to PQ.
2 Two vertices of a rectangle, ABCD, are A(—6, -4) and B(4, -8).
Find the gradient of CD and the gradient of BC.
4 The coordinates of three of the vertices of a trapezium, ABCD, are A(3, 5), B(-5, 4) and C(1, -5).
AD is parallel to BC and angle ADC is 90°.

Find the coordinates of D.

5 The coordinates of thiee points are A(S5, 8), B(k, 5) and C(-k, 4).

Find the value of /r 1f 4, B and C are collinear.

6 The vertices of triangle ABC are A(-9, 2k —8), B(6, k) and C{k, 12).
Find the two possible values of k if angle ABC is 90°.
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7 Aisthe point (0, 8) and B is the point (8, 6).
Find the point C on the y-axis such that angle ABC is 90°.

8 Three points have coordinates A(7, 4), B(19, 8) and C(k. 2k).
Find the value of the constant &k for which:
a C lies on the line that passes through the points .4 and B
b angle CAB is 90°.

9 The line g - % =1, where a and b are positive constants, meets the x-axis at P and the y-axis at Q.
The gradient of the line PQ is % and ihe iength of the line PQ is 2+/29.
Find the value of a and the value of b.
10 P is the point (¢, a — 2) and O is the point (4 — 3a, —a).
a Find the gradient of the line PQ.
b Find the gradicut of a line perpendicular to PQ.
¢ Given that the distance PQ is 104/5, find the two possible values of a.

11 The diagram shows a thombus ABCD. YA p (. 10) Ct.9
M 1is the midpoint of BD.

a Find the coordinates of M.

b Find the value of a, the value of b and the value of c.

¢ Find the perimeter of the rhombus. A1) B(@,2)

=

d Find the area of the rhombus. o

3.3 Equations of straight lines
At IGCSE / O Level you learnt the equation of a straight line is:

y = mx + ¢, where m is the gradient and c is the y-intercept, when the linc is non-vertical.
x = b when the linz is vertical, where b is the x-intercept.

There is an alternative formula that we can use when we know the gradient of a straight vy A

line and o point on the line. P(x,y)

Consider a line, with gradient m, that passes through the known point A(x;, y;) and whose
general point is P(x, y).

A (x1> yl)

<y
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Gradient of AP = m, hence RS- Multiply both sides by (x — xp).
X=X

y=y=mx-x)

The equation of a straight line, with gradient m, that passes thiough the point (x;, y;) is:

y= o= mlx =)

WORKED EXAMPLE 3.6

Find the equation of the straight line with gradient —2 that passes through
the point (4, 1).

Answer
Using y—y =m(x—x;) with m=-2, xy=4 and y =1:
y—1==-2(x-4)
y—1=-2x+8
2x+y=9

w D EXAMPLE 3.7
| a

Find the equation of the straight line passing thirough the points (—4, 3) and (6, -2).

Answer
(-4,3) (6, -2) Decide which values to use for x
ic 1> V1> X2, V-
T T
(x1, ) (x2, 1)

»-n _(2)-3__1

Xo-x 6-(—4) 2

Using y— y; = mi(x —x;) with m = —%, x=-4 and y; =3:

Gradient = m =

v —3:-—%(x+4)

2y—-6=-x-4
X+2y=2
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WORKED EXAMPLE 3.8

Find the equation of the perpendicular bisector of the line segment joining A(=5, 1) and B(7, =2).
Answer
- _ _
Gradient of AB = — L Use gradient = LN
7 — (*5) 12 4 Xy — X1
Gradient of the perpendicular = 4 Use my X my = —1.
S . - 1+(-2 1) S
Midpoint of AB = 5+7,L :(1.——t Usem1dpomt=(x1+x2, y1+y2)'
| 2 2 2) 2 2

. The perpendicular bisector is the line with gradient 4 passing
through the point ( 1, f% )
Using y—yy=m(x—x;) with x; =1 y = —% and m = 4

1

ytg= 4(x—1) Expand brackets and simplify.
y— Ay — ALl . .
y=4x -4 Multiply both sides by 2.
2y =8x-9

1 Find the equation of the line with:
a gradient 2 passing through the point (4, 9)
b gradient -3 passing through tiie point (1, —4)
¢ gradient —% passing through the point (-4, 3).

2 Find the equation of the line passing through each pair of points.
a (1,0)and (5, 0)
b (3,-5and(-2,4)
¢ (3,-1)and (-3,-5)

3 Find the equation of the line:
a parallel to the line y = 3x — 5, passing tlirough the point (1, 7)
b parallel to the line x + 2y = 6, passing through the point (4, —6)
¢ perpendicular to the line y = 2x — 3, passing through the point (6, 1)
d perpendicular to the line 2x -- 2y = 12, passing through the point (8, -3).
4 Find the equation of the perpendicular bisector of the line segment joining the
points:
a (5,2)and (-3,6)
b (-2,-5)anc (&,1)
¢ (-2,-7)and (5, —4).

J
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5 The line /; passes through the points P(—10, 1) and Q(2, 10). The line /, is parallel
to /; and passes tiirough the point (4, —1). The point R lies on /,, such that OR is
perpendicular to 5. Find the coordinates of R.

6 P isthe point (—4, 2) and Q is the point (5, —4).

A linie, [, is drawn through P and perpendicular to PQ to meet the y-axis at the
point R.

a Find the equation of the line /.
b Find the coordinates of the point K
¢ Find the area of triangle POR.
7 The line /; has equation 3x -2y =12 and the line /, has equation y =15—2.x.
The lines /; and /, intersect at the point A.
a Find the coordinates of A4.
b Find the equation of the line through A that is perpendiculai to the line /.
8 The perpeudicular bisector of the line joining A(—-10, 5) and 3(-2, —1) intersects
the x-axis at P and the y-axis at Q.
a Find the equation of the line PQ.
b Find the coordinates of P and Q.
¢ Find the length of PQ.

9 The line /; has equation 2x + 5y = 10.
The line /, passes through the point 4(-9, —6) and is perpendicular to the line /;.
a Find the equation of the line /,.
b Given that the lines /; and /, intersect at the point B, find the area ol triangle

ABO, where O is the origin.

10 The diagram shows the points E, F and G lying on the line x + 2y =16. The
point G lies on the x-axis and EF = FG. The line FH is perpendicular to EG.
Find the coordinates of E and F.

YN E
F
/ G
0 / —_—
X
/
/
d(59_7)

11 The coordinates of three points are A(—4, —1), B(8, -9) and C(k, 7).
M is the midpoint of AB and MC is perpendicular to 4B. Find the vaiue of k.

12 The point P is the reflection of the point (=2, 10) in the line 4x - 3y =12.
Find the coordinates of P.
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13 The coordinates of triangle ABC are A(-7, 3), B(3, —=7) and C(8, 8).
P is the foot of thc perpendicular from B to AC.

a Find the equation of the line BP.
b Find the coordinates of P.
¢ IFind the lengths of AC and BP.

d Use your answers to part c to find the area of titangle ABC.

14 The coordinates of triangle PQR are P(1, 1). Q(1, 8) and R(6, 6).

a Find the equation of the perpendiculai bisectors of:

Try the following
i PQ i PR resources on the
b Find the coordinates of the point that is equidistant from P, Q and R. Underground
Mathematics website:
@ 15 The equations of two of the sides of triangle ABC are x +2y =8 and 2x+ y =1. * Lots of lines!
Given that A4 is the poiut (2, —3) and that angle ABC = 90°, find: * Straight lines

. 1 : . * Simultaneous squares
a theequation of the third side 1

* Straight line pairs.

b the coordinates of the point B.

@ 16 Find two straight lines whose x-intercepts differ by 7, whose y-intercepts
differ by 5 and whose gradients differ by 2.

s your solution unique? Investigate further.

[This question is based upon Straight line pairs on the Underground
Mathematics website.]

3.4 The equation of a circle

In this section you will learn about the equation of a circle. A circle is defined as the
locus of all the points in a plane that are a fixed distance (the radius) from a given point
(the centre).

1 Use graphing software to draw each of the following circles. I-rom your graphs

find the coordinates of the centre and the radius of each circle, and copy and
complete the following table.

__(Pauatinofcircle  [Cenre  [Radius |

| a | x2+)? =25

b | (x=2%+(y-1%=9
c | (x+3)2+(y+572=16
d | (x=82+(y+6)?2 =49

e | X*+(y+4)Y =4

£ | (x+6)2+)2 =64

2 Discuss your results with your classmates and explain how you can tind the
coordinates of the centre of a circle and the radius of a circle just by looking at the
equation of the circle.
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To find the equation of a circle. we let P(x, y) be any point on the circumfercuce of a circle
with centre C(a, b) and radius r.

YA

A A

0

Using Pythagoras’ theorem on triangic CQP gives CQ*> + PQ?* = r°.

Substituting CQ = x —a and PO = y — b into CQ*> + PQ? = r? gives:
(x—a)l+(y-by=r*

KEY POINT 3.6

The equation of a circle with centre (@, b) and radius r can be written in completed
square form as:

(x—a‘)2+(y—b)2=r2

XPLORE 3.3

The completed square form for the equation of a circle with centre («, b) and radius r

is (x —a)? +(y — b)*> = r>. Use graphing software to investigate the effects of:

a increasing the value of a4 b decreasing the value of a
¢ increasing the value of / d decreasing the value of 4.
Write down the coordinates of the centre and the radivs of each of these circles. In the 17th century, the

a x>+’ =4 French philosopher
and mathematician

| b (x-272+(y—-4)7>=100 René Descartes
c (x+1)>+(y-8)?>=12 develf)ped the %dea
of using equations to
Answer represent geometrical
shapes. The

a Centre = (0, 0), radius =./4 =2 : .
Cartesian coordinate

b Centre = (2, 4), radius =100 =10 system is named
after this famous
¢ Centre = (-1, 8), radius = 12 =23

mathematician.
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WORKED EXAMPLE 3.10

Find the equation of the circle with centre (-4, 3) and radius 6.

Answer
Equation of ciicle is (x — a)2 +(y— /7)2 =2, where a=-4.b=3 and r=6.
(x= (47 +(y =37 =6
(x+4)+(y-37° =36

\
WORKED EXAMPLE 3.11

A is the point (3, 0) and B is the point (7, —4).
Find the equation of the circle that has 4B as a diameter.

Answer

YA

A4(3,0) P -—\
75 X
[N

The centre of the circle, C, is the midpoint of 4B.

C:(3_+;_M

Radius of circle, r, is equal to AC.

r=J(5-3P2+(-2-02 =8

Equation of circle is (x —a)?> + (y —b)?> = r?, where a=5,b=-2 and r = /8.
(x =57 +(y+2)* =(8)
(x=5%+(y+2)* =38

Expanding the equation (x —a)> + (y — b)? = r* gives:
x?=2ax+a*+y* =2by+b* =17
Rearranging gives:
x>+ y* =2ax =2by + (a> +b> =) =0
When we write the equation of a ciicle in this form, we can note some important
characteristics of the equation ¢f a circle. For example:

e the coefficients of x? and 1% are equal
e there is no xy term.
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We often write the expanded form of a circle as:

- . + {/
@ KEY POINT 3.7 D \! You should not try to
o p memorise the formulae
X4+ 42ex+2fp+c=0 for the centre and
radius of a circle in this
where (—g, - f') is the centre and +/ g2 + f 2 _ ¢ is the radius. form, but rather work
This is the equation of a circle in expanded general form. them out if needed,
™) as shown in Worked

example 3.12.

WORKED EXAMPLE 3.12

Find the centre and the radius of the circle x> + > +10x — 8y — 40 = 0.

Answer

We answer this question by first completing the square.

X2 +10x+p”" -8y —-40=0 Complete the square.
(x+5)2 =52+ (y—-4Y2-4-40=0 Collect constant terms together.
(x+5) +(y—4)* =81 Compare with (x — a)® + (y - b)*> = r2.
a = -5 b=4 }‘2:81

| Centre = (-5, 4) and radius = 9.

It is useful to remember the three follcwing right angle facts for circles.

B | -
\ \
A *~— — \\ C o
1) \
P
The angle in a semicircle is a The perpendicular from the The tangent to a circle at a point
right angle. centre of a circic to a chord is perpendicular to the radius at
bisects the chiord. that point.

From these statements we can conclude that:

e If triangle ABC is right angled at B, then the points 4, B and C lie on the circviiference
of a circle with AC as diarncter.
The perpendicular biscctor of a chord passes through the centre of the circle.

If a radius and a line at a point, P, on the circumference are at right angles, then the line
must be a tangeiit to the curve.
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WORKED EXAMPLE 3.13

A circle passes through the points P(-1, 4), O(1, 6) and R(5, 4).

Find the equation of the circle.

Answer

" M 01,6
4

P(-1,4)

o

The centre of the circle lies on the perpendicular bisector of PQ and on the perpendicular bisector of QR.

Midpoint of PQ = ‘\ 7'l2+ 1 , 4;6 ) =(0,5)
Gradient of PQ = 1(12_41) =1

n Gradient of perpendicular bisector of PQ = —1

Equation of perpendicular bisector of PQ is:
' (y=5)=-l(x-0)

yp==X+5------------ )
Midpoint of QR = (H—S 6+4) =(3,5)
2 2 )
Gradient of QR = 27? =- -

Gradient of perpendicular bisector of QR =2

Equation of perpendicular bisector of QR is:
(yv=5=2(x-3)

Solving equations (1) and (2) gives:
x=2,y=3

Centre of circle = (2, 3)

Radius = CR = \/(5 2 +(4-3)?% =410

Hence, the equation of the circle is (x — 2)? + (y — 3)? = 10.
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Alternative method:

The equation of the circle is (x — a)? + (y — b)*> = 2.

The points (-1, 4), (1, 6) and (5, 4) lie on the circle, so substituting gives:
(-l—ay> +(4-0b)> =+

a’>+2a+b>-8h+17 =7 ------ )

and similar for the other two points, giving equations (2) and (3).

Then subtracting (1)—(3) and (2)—(3) gives twe simultaneous equations for @ and b, which can then be solved.

Finally, substituting into (1) gives r2.

1 Find the centre and the radius of each of the following circles.

a x2+)y?=16 b 2x>+2)?> =9

¢ X H(y-27 =25 d (x=3+(y+3) =4

e (x+7)2+)2=18 f 2(x-3)P+2(y+4)> =45

g >+1y*-8x+20y+110=0 h 2x?+2y? —14x-10y-163 =0

2 Find the equation of each of the following circles.

a centre (0, 0), radius 8 b centre (5, —2), radius 4
. 1 3 .5
¢ centre (-1, 3), radius /7 d centre 575 ) radius 5

3 Find the equation of the circie with centre (2, 5) passing through the point (6, 8).

4 A diameter of a circie has its end points at A(—6, 8) and B(2, —4).

Find the equation of the circle.
5 Sketch the circle (x —3)> + (y +2)*> = 9.
6 Find the equation of the circle that touches the x-axis and whose centre is (6, —5).

7 The points P(1, —2) and Q(7, 1) lie on the circumf{erence of a circle.

Show that the centre of the circle lies on the line 4x + 2y = 15.

8 A circle passes through the points (3, 2) and (7, 2) and has radius 2+/2.

Find the two possible equations tor this circle.

9 A circle passes through the points O(0, 0), A(8, 4) and B(6, 6).
Show that OA is a dianicter of the circle and find the equation of this circle.
10 Show that x> + j° - 6x + 2y = 6 can be written in the form (x — «)* + (y — b)* = 12,

where a, b and r are constants to be found. Hence, write down the coordinates of
the centre of the circle and also the radius of the circle
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11 The equation of a circle is (x — 3)*> + (y + 2)? = 25. Show that the point A(6, —6)
lies on the circle aiid find the equation of the tangent to the circle «t the point A.

12 The line 2x +- 5y = 20 cuts the x-axis at 4 and the y-axis at 5. The point C is
the midpoint of the line AB. Find the equation of the circle that has centre C and
that passes through the points 4 and B. Show that this circle also passes through
the point O(0, 0).

13 The points P(-5, 6), Q(-3, 8) and R(3, 2) aic joined to form a triangle.

a Show that angle POR is a right angle.
b Find the equation of the circle that passes through the points P, Q and R.

14 Find the equation of the circle that passes through the points (7, 3) and (11, 1)
and has its centre lying on the line 2x + y = 7.

15 A circle passes through the points O(0, 0), P(3,9) and Q(11, 11).

Find the equation of the circle.

16 A circle has radius 10 units and passes through the point (5, -16). The x-axis is
a tangent to the circle. Find the possible equations of the circle.

&

3.5 Problems involving intersections of lines aind circles

In Chanpicr 1 you learnt that the points of intersection of a line and a curve can be found by

@ 17 a The design shown is made from four green
circles and one orange circle.

i The radius of each green circle is 1 unit.
Find the radius of the orange circle.

ii Use graphing software to draw the design.
b The design in part a is extended, as shown.

i The radius of each green circle is 1 unit.
Find the radius of the blue circle.

ii  Use graphing software to draw this
extended design.

solving their equations simultaneously. You also learnt that if the resulting equation is of
the form ax? + bx + ¢ = 0, then 5> — 4ac gives inforination about the line and the curve.

>0 two distinct real roots two distinct points of intersection |
=0 two equal real roots one point of intersection (line is a tangent)
<0 no real roots no points of intersection

In this section you will sclve problems involving the intersection of lines and circles.
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Chapter 3: Coordinate geometry

WORKED EXAMPLE 3.14 Q

The line x = 3y + i0 intersects the circle x> + y> = 20 at the points 4 and B.

a Find the coordinates of the points 4 and B.

b Find the equation of the perpendicular bisector of 4B and show that it passes through the centre of the circle.

(8]

The perpendicular bisector of 4B intersects the circle at the points P and Q.

Find the exact coordinates of P and Q.

Answer
a x> +y? =20 Substitute 3y + 10 for x.
(3y+10)* + »* =20 Fypand and simplify.
P2 +6y+8=0
Factorise.
(y+2)(r+4) =0
y=-2 o yp=-4
When y = -2, x =4 and when y = -4, x = -2.
A and B are the points (-2, —4) and (4, -2).
b Gradient of AB = 2= 1
4-(=2) 3
So the gradient of the perpendicular bisecior = —3.
S 2+4 —4+(-2))
Mid tof AB = , ~=(1,-3
| idpoint o ( 5 7 ) ( )
Y=y =m(x—Xxy) Use m=-3, x; =1 and y =-3.
y=(=3)=-3(x-1)
Perpendicular bisector is y = —3x.
When x =0, y = -3(0) = 0.
Hence, the perpendicular bisector of 4B passes through the
point (0, 0), the centre of the circle x> + y* = 20.
¢ x4y =20 Substitute —3x for y.
10x” =20
x=+/2

When x = —/2, y = 342 and when x = <2, y = =3J2.
| P and Q are the points (—\/Z 3\/7) and (\/5 —3\/5), respectively.
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WORKED EXAMPLE 3.15

Show that the line y = x — 13 is a tangent to the circle x> + y*> —=8x + Gy +7 = 0.
Answer
x'+)?-8x+6y+7=0 Substitute x —13 for y.

X2+ (x=13)2=8x+6(x=13)+7=0 Expand and simplify.
x?—14x+49 =0 Factorise.
(x=7)x-7)=0

' x=T7orx=7
The equation has one repeated root, hence y = x — 13 is a tangent.

1 Find the points of intersection of the line y = x — 3 and the circle (x - 3)*> + (¥ +2)* = 20.

2 Theline 2x — y+3 = 0 intersects the circle x*> + y> — 4. + 6y —12 = 0 at two points, D and E.
Find the length of DE.

3 Show that the line 3x + y = 6 is a tangent to the circle x* + y? + 4x + 16y + 28 = 0.

n 4 Find the set of values of m for which the linc y = mx + 1 intersects the circle (x —7)> + (y — 5)> = 20 at two
distinct points.

5 Theline 2y — x = 12 intersects the ciicle x> + y> —10x — 12y + 36 = 0 at the points 4 and B.
a Find the coordinates of the points 4 and B.
b Find the equation of the perpendicular bisector of AB.
¢ The perpendicular bisector of AB intersects the circle at the poinis P and Q.
Find the exact cocrdinates of P and Q.

d Find the exact area of quadrilateral APBQ.

@ 6 Show that the circles x? + y*> = 25 and x? + y> —24x — 18y + 125 = 0 touch each other.
Find the coordinates of the point where they touch.

I'This question is taken from Can we show that tiicse two circles touch? on the Underground
Mathematics website.]

@ 7 Two circles have the following properties:
e the x-axisis a common tangent to the circles
e the point (8, 2) lies on both circles
e the centre of each circle lies on the line x + 2y = 22.
a Find the equation of each circle.

b Prove that thc iine 4x + 3y = 88 is a common tangent to these circles.

[Inspired by Can we find the two circles that satisfy these three conditions? on the Underground
Mathenatics website.]
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Midpoint, gradient and iength of line segment

XNt Ntm

/ S ® Midpoint, M, of PQ is ( 2 2
’M ® Gradient of PQ is s M,
/ Ay — X

o .
@ Length of segment PQ is (X2 = x1)* + (32 — »1)?

P (x1, y1)

Parallel and perpendicular lines

® If the gradients of two parallel lines arc »y and m,, then m; = m,.

@ If the gradients of two perpendicuiar lines are n and m,, then my x m, = —1.
The equation of a straight line 1s:

® y-—y =m(x—Xxp),where m is the gradient and (x;, y;) is a point on the linc.

The equation of a cicclc is:

® (x—a)’+(v->b)* =r? where (a, b) is the centre and r is the racivs.

® x2+17+22x+2fy+c=0,where(—g, - f)is the centre and \/g> + f? — ¢ is the radius.

Chapter 3: Coordinate geometry
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END-OF-CHAPTER REVIEW & & RCISE 3

1

A\ -

A line has equation 2x + y = 20 and a curve has equation y = a +

3 where a 1s a constant.

Find the sct of values of a for which the line does not intersect the curve. (4]
YA y=6x+tk
y="Tx
B
F
A /'

A
A/

[
Ol ’.\’

The diagram shows the curve y = 7</x and the line y = 6x + k, wherc k is a constant.

The curve and the line intersect at the points 4 and B.

i  For the case where k = 2, find the x-coordinates of .4 and B. [4]

i Find the value of k for which y = 6x + k is a tangent to the curve y = 7/x. 12]
Cambridge Internaiional AS & A Level Mathematics 9709 Paper 11 Q5 June 2012

A is the point (a, 3) and B is the point (4, b).

The length of the line segment 4B is 4+/5 units and the gradientis —%.

Find the possible values of @ and 5. [6]
The curve y = 3Jx —2 and the line 3x — 4y + 3 = 0 intersect at the points # and Q.

Find the length of PC. [6]

The line ax — 2y = 30 passes through the points 4(10, 10) and 5(b, 10b), where a and b are constants.

a Find the values of a and b. [3]
b TFind the coordinates of the midpoint of AB. 1]
¢ Find the equation of the perpendicular bisector of the line AB. [3]

The line with gradient —2 passing through the point P(3t, 2¢) intersects the x-axis at 4 and the y-axis at B.

i  Find the area of triangle AOB in tcrins of 7. 131

The line through P perpendicular to 4B intersects the x-axis at C.

i Show that the mid-point of PC lies on the line y = x. 4]
Cambridge International AS & A Level Maihematics 9709 Paper 11 Q6 June 2015

The point P is the refiection of the point (=7, 5) in the line 5x — 3y = 18.

Find the coordinates of P. You must show all your working. [7]
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Chapter 3: Coordinate geometry

8 Thecurve v=x+2- % and the line x —2y + 6 = 0 intersect at the points 4 and B.
a Find the coordinates of these two points. 14]
b Iind the perpendicular bisector of the line 423. (4]
9 Theline y = mx + 1 intersects the circle x> + v —19x — 51 = 0 at the point P(5, 11).
a Find the coordinates of the point Q where the line meets the curve again. [4]
b Find the equation of the perpendicular bisector of the line PQ. 13]

¢ Find the x-coordinates of the points where this perpendicular bisector intersects the circle.

Give your answers in c¢xact form. 14]

@ 10 YA

B(15,22)

c < /
\ 4

\//

=y

o

i AGB,-2)
The diagram shows a triangle 45 in which 4 is (3, —2) and B is (15, 22). The gradients of 4B,
AC and BC are 2m, —2m aud m respectively, where m is a positive constant.
i Find the gradient ot 4B and deduce the value of m. 12]
ii  Find the coordinates of C. [4]

The perpendicular bisector of 4B meets BC at D.
iii  Find the coordinates of D. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q8 June 2010

@ 11 The point A has coordinates (-1, 6) and the point B has coordinates (7, 2).
i  Find the equation of the perpendicuiar bisector of 4B, giving your answer in the form y = mx + c. 4]

ii A point C on the perpendicular bisector has coordinates ( p, ¢). The distance OC is 2 units, where O is
the origin. Write down two equations involving p and ¢ and hence find the coordinates of the possible
positions of C. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 November 2013
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&)

12

13

14

15

16

17

The coordinaties of A are (=3, 2) and the coordinates of C are (5, 6).

The mid-point of AC is M and the perpendicular bisector of AC cuts the x-axis at B.
i  Find the equation of MB and the coordinates of B.

i Show that AB is perpendicular to BC.

iili Given that ABCD is a square, find the coordinates of D and the length of AD.

151
2]
2]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 June 2012

The points A(1, —2) and B(5, 4) lic ¢n a circle with centre C(6, p).
a Find the equation of the nerpendicular bisector of the line segment 4B.
b Use your answer to part a to find the value of p.

¢ Find the equation of the circle.

A

A(13,17)
N,
D
2> C(13,4)
B3,2) -
0 x

ABCD is a trapezium with AB parallel to DC and angle BAD = 90°.
a Calculate the coordinates of D.

b Calculate the area of trapezium ABCD.

The equation of a curveis xy = 12 and the equation of a line is 3x + » = k, where k is a constant.
a In the case wheie k = 20, the line intersects the curve at the points 4 and B.
Find the tzidpoint of the line 4B.

b Find the set of values of k for which the line 3x + y = k intersects the curve at two distinct points.
A is the point (-3, 6) and B is the point (9, —10)

@ Find the equation of the line through 4 and B.

b Show that the perpendicular bisector of the line ABis 3x —4y =17.

¢ A circle passes through 4 and P and has its centre on the line x = 15. Find the equation of this circle.

The equation of a circleis x° + > —8x+ 4y +4 = 0.
a Find the radius of the circle and the coordinates of its centre.

b Find the x-coordinates of the points where the circle crosses the x-axis, giving your answers in
exact form.

¢ Show that the point A(6, 2</3 —2) lies on the circle.
d Show that the equation of the tangent to the circle at 4 is /3x + 3y = 124/3 — 6.
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Cross-topic review exercise 1

1 Solve the equation i4 +18 = I—Z [4]
X X

2 A(2,21) A

\

A
QS

-
"

B(2,-11)

The diagratn shows the graph of y = f(x) for 4 < x < 4.

Sketch on separate diagrams, showing the coordinates of any turning points, the graphs of:

a y=f(x)+5 12]
b y=-2f(x) 12]

3 The graph of f(x) = ax + b is reflected in the y-axis and then translated by the vector ( 2 J

The resulting function is g(x) = 1— 5x. Find the value of @ and the value of . [4]

4  The graph of y = (x + 1) is transiormed by the composition of two transformations to the
graph of y = 2(x — 4)>. Find these two transformations. [4]

5  The graph of y = x? + 1 is transformed by applying a reflection in the x-axis followed by a

. @) . . :

translation of ( - | Find the equation of the resulting graph in the form y = ax? + bx + c. [4]
|2

6 YA

y= f(x)

The diagram shows the graph of y = f(x) for -3 < x < 3.
Sketch the graph of v = 2 — f(x). [4]
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10

11

iz

14

The function [ 15 such that f(x) = x> —5x + 5 for x € R.
a Find the set of values of x for which f(x) < x.
b The line y = mx — 11 is a tangent to the curve y = f(x).

Find the two possible values of m.

The line x + ky + k*> = 0, where k is a constant, is a tangent to the curve > = 4x at the point P.

Find, in terms of k, the coordinates of F.

A is the point (4, —6) and B is the point (12, 10). The perpendicular bisector of 4B intersects the
x-axis at C and the y-axis at 1. Find the length of CD.

The points A, B and C have coordinates A(2, 8), B(9, 7) and C(k, k — 2).
a Given that AB = B, show that a possible value of k is 4 and firic tiie other possible value of k.

b For the casc where k = 4, find the equation of the line that bisects angle ABC.

A curve has equation xy =12 + x and a line has equation y = kx — 9, where & is a constant.

a In the case where k = 2, find the coordinates of tlie points of intersection of the curve and the line.

b Find the set of values of k for which the line does not intersect the curve.

The function f is such that f(x) = 2x — 3 for x = k, where k is a constant.
The function g is such that g(x) = x* -4 for x = —4.
a Find the smallest value of k for which the composite function gf can be formed.

b Solve the inequality gf(x) > 45.
The functions f and g are defined by

f(x):%- 2 for x>0,

\ 4
g(X!_—m for x = 0.

i Find and simplify an expression for fg(x) and stare the range of fg.

ii Find an expression for g~!(x) and find the domain of g\,

131

31

6]

6]

131
[4]

131
4]

31
[4]

31
51

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q8 November 2016

The equation x> + bx + ¢ = 0 has rootz -2 and 7.
a Find the value of 5 and the value of c.
b Using these values of # and ¢, find:
i the coordinates of the vertex of the curve y = x* + bx + ¢

ii the set of values of x for which x% + bx + ¢ < 10.
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Cross-topic review exercise 1

15 The line 7, passes through the points A(—6, 10) and B(6, 2). The line L, is perpendicular to Z; and passes
through the point C(-7, 2).

2 Find the equation of the line Z,. [4]
b Find the coordinates of the point of intersection of lines Z; and L,. [4]

15 A curve has equation y = 12x — x°.

a Express 12x — x? in the form a - (« + b)?, where a and b are constants to be determined. [3]
b State the maximum value of 12x — x2. [1]

The function g is defined as ¢: x > 12x — x2, for x = 6.

¢ State the domain and range of g\ 2]
d Find g7!(x). 3]
17 a Express 2x* +12x — 1 in the form a(x + b)> + ¢, where a, i and ¢ are constants. 131
b Write down the coordinates of the vertex of the curve y = 3x? + 12x — L. 2]
¢ Find the set of values of k for which 3x% + 12x — ! = kx — 4 has no real solutions. 4]

18 The function f is such that f(x) = 2x +1 for » ¢ R.

The function g is such that g(x) = 8 — ax - bx? for x = k, where a, b and k are constants.

The function fg is such that fg(x) = 17 - 24x — 4x? for x = k.

a Find the value of a and the value of b. 131
b Find the least possible value of k for which g has an inverse. [4]
¢ For the value of k found in part b, find g7!(x). 2]

19 A circle has centre (%, 3) and passes through the point P(13,5).
a Find the equation of the circle. [4]
b Find the cquation of the tangent to the circle at the point P.

Give your answer in the form ax + by = c. [5]

20 The function f is such that f(x) = 3x — 7 for x € R.

The function g is such that g(x) = Si tor x e R, x #5.
- X

a Find the value of x for which fg(x) = 5. [3]
b Find f~'(x) and g'(x). 131
¢ Show that the equation f~'(x) = g~'(x) has no real roots. 13]

21 A curve has equation y == 2 — 3x — x°.

a Express 2 — 3x - 12 in the form a — (x + b)%, where a and b are constants. 2]
b Write down the coordinates of the maximum point on the curve. 1]
¢ Find the two values of m for which the line y = mx + 3 is a tangent to the curve y = 2 — 3x — x2. k]|
d For each value of m in part ¢, find the coordinates of the point where the line touches the curve. I3]
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22 Acircle, C, has equation x? + »? —16x — 36 = 0.

a Find the coordinates of the centre of the circle. 12]
b Find the radius of the circle. 12]
¢ Find the coordinates of the points where the circle meets the x-axis. 12]

¢ The point P lies on the circle and the line L is a tangent to C at the point P. Given that the line L has
gradient %, find the equation of the perpendicular to the line L at the point P. [3]

23 The function f is such that f(x) == 3x —2 for x = 0.
The function g is such that g(x) = 2x*> — 8 for x < k, where k is a constant.
a Find the greatest value of k for which the composite function fg can be formed. [3]
b For the case wheic & = -3:
i find the rangc of fg 2]

ii find (ig) *(x) and state the domain and range of (f)! [4]

24 A carve has equation xy = 20 and a line has equation x + 2y = k, where k is a constant.

a In the case where k = 14, the line intersects the curve at the points 4 and B.

m -

i the coordinates of the points 4 and 2 [3]
ii the equation of the perpendicular bisector of the line 4B. [4]
b Find the values of k for which the line is a tangent to the curve. 14]
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& Circular mg.;@ure Y

In this section you will learn how to:

understand the definition of a radian, and use the relationship betweein radians and degrees

X : 1 .
use the formmiae s = r6 and A4 = > %0 to solve problems concerning the arc length and sector
area of & circle.
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PREREQUISITE KNOWLED 7"
AN

AN

™

Where it comes from What you should be able to do Check your skills

IGCSE / O Leve! Mathematics Find the perimeter and area of 1 Find the perimeter and area of a
sectors. sector of a circle with radius 6cm
and sector angle 30°.

IGCSE / O Level Mathematics Use Pythagoras’ theorem and 2
trigonometry on right-angled Scm
triangles.

X yem

12cm

Find the value of x and the value of y.

IGCSE / O Level Mathematics | Solve problems involving the sine | 3 y
and cosine rules for any triangle tem ~ rem
and the formula: 400

Area of triangle = %ab sin C | §em

Find the value of x and the area of
the triangle.

Another measure for angles

m At IGCSE / O Level, you will have always worked with angles that were measured in
degrees. Have you ever wondered why there are 360° in one complete revolution?
The original reason for choosing the degree as 2 unit of angular measure is unknown
but there are a number of different theories.

® Ancient astronomers claimed that the Sun advanced in its path by one degree each day
and that a solar year consisted of 360 days.

@ The ancient Babylonians divided the circle into 6 equilateral triangles and then >
subdivided each angle at C into 60 further parts, resulting in 360 divisions in one AA
complete revolution. vv

e 360 has many factors that make division of the circle so much easier. ——>

Degrees are not the only way in which we can measure angles. In this chapter you will
learn how to use radian measure. This is sometimes referrcd to as the natural unit of
angular measure and we use it extensively in mathematics because it can simplify
many formulae and calculations.
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Chapter 4: Circular measure

4.1 Radians A\
In the diagram, the magniinde of angle AOB is 1 radian. r
1 radian is sometimes written as 1 rad, but often no symbol at all is used for angles A B\

measured in radians.

An aic cqual in length to the radius of a circle subtends an angle of 1 radian at the centre.

1t follows that the circumference (an arc of length 27r) subtends an angle of 2r radians at
the centre, therefore:
N

2w radians = 360°
nradians = 180°

When an angle is written in terms of ©t, we usually omit the word radian (or rad).

Hence, © = 180°.

Converting from degrees to radians
Since 180° = m, then 90° = g, 45° = % etc.

We can convert angles that are not simple fractions of 180° using the following rule.

T
180

To change from degrees to radians, multiply by

Converting from radians to degrees

. T T
S =180°, — = 20°, — =18° etc.
ince T "G ' 10 etc

We can convert angles that are not simple fractions of w using the following rule.

To change from radians to degrees, multiply by @
n

(It is useful to remember that 1 radian = 1 x % = 57°)
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WORKED EXAMPLE 4.1

a Change 30° to radians, giving your answer in terms of 7.

Answer

a Method 1:

180° = m radians

9]

| 180 = .
— | == radis
( ) ¢ radians

T .
30° = — radians
0

b Method 1:

1t radians = 180°

T .
— radians = 20°
9

%t radians = 100°

N

N\
@Qmematics: Pure Mathematics 1

b Change BX radians to degrees.
9

Method 2:

180

30° = (30 X i) radians

e .
30° = r radians
0

Method 2:

_{5m

i .
~—— radians =
L9

%T radians = 100°

180

<)

In Worked example 4.1, we found that 30°

_n

radian

S.

There are other angles, which you should learn, that can be written as simple multiples of 7.

There are:
0° 30° 40 | 60° 90° 180° 270° | 360°
6 | 4 3 2 T 2 T
We can quickly find otiier angles, such as 120°, using these known angles.
1 Change these angles to radians, giving your answers in terms of 7.
a 20° b 40° c 25° d 50° e 5°
f 150° g 135° h 210° i 225° j  300°
k 65° I 540° m 9° n 35° o 600°
2 Change these angles to degrees.
a * b c I d T e AT
2 3 6 12 3
47 3n r . 9n . 9
f — g — h — i = j =
9 10 12 20 2
n 4n Sm T on
k — | — m — n — o —
5 15 4 3 8
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Chapter 4: Circular measure

Write each of these angles in radians, correct to 3 significant figures.

a 28° b 32° c 47° d 200° e 320°
Write each of these angles in degrees, correct to 1 decimal place.
a 12raa b 0.8rad ¢ 1.34rad d 1.52rad e 0.79rad

Copy and complete the tables, giving your answeis in terms of 7.

b 30 [ 60 | 90 |20 {150 | 180 | 210 | 240 | 270 | 300 | 330 | 360
-

&
a 0 45 1 90 | 135 | 180 I_Z"; 270 | 315 | 360
0 b | 21
0
0

|
| b4 2n

Use your calculator to find:

a sin(0.7) b tan(1.5) ¢ co0:(0.9)
T . T T
d — s f tan—
cos > e sin 3 an 5
Calculate the iength of QR.
R
/
l_//l rad
4 Scm Q
C
6cm
A B

Robert is told the size of angle BAC in degrees and he is then asked to calculate
the iength of the line BC. He uses his calculatoi but forgets that his calculator
is in radian mode. Luckily he still manages to obtain the correct answer. Given
that angle BAC is between 10° and 15°, use graphing software to help you find
the size of angle BAC, correct to 2 decimal places.
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EXPLORE 4.1

Discuss and explain, with the aid of diagrams, the meaning of each of these words.

Explain what is meant by:

@ minor arc and major arc ) /\ »

e minor sector and major sector 0°

<GP

@ minor segment and major segment.

Given that the radius of a circle is » cm and that the angle
subtended at the centre of the circle by the chord 4B is 6°,
discuss and write down an expression, in terms of  and 0, for
finding each of the following:

e length of minor arc 4B e length of chord 4B
e perimeter of minor sector AOB e area of minor sector ACH
e perimeter of minor segment AOB ® arca of minor segmeni AOB.

What would the answers be if the angle 6 was measured in radians instead?

0 DID YON KNOW? "

< B A geographical coordinate system is used to describe the location of any Try the Where are

point on the Earth’s surface. The coordinates used are longitude and latitude. you? resource on
' ‘Horizontal’ circles and ‘vertical’ circles form the ‘grid’. The horizontal circles the Underground
are perpendicular to the axis of rotation of the Earth and are known as lines Mathematics website.

of latitude. The vertical circles pass through the North and South poles and
are known as lines of longitude.

4.2 Length of an arc P
From the definition of a radian, an arc that subtends an angle of 1 radian at the centre of the circle is \
of length r. Hence, if an arc subtends an angle of 6 radians at the centre, the leiigth of the arcis r6. N A

o

‘ Arc icrigth = r6

N\ WORKED EXAMPLE 4.2

An arc subtends an angle of g radians ai the centre of a circle with radius 15¢cm.

Find the length of the arc in terins of .

Answer
Arc length = 16
—15x X
by
=S5mcm
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WORKED EXAMPLE 4.3

A sector has an angle of 1.5 radians and an arc length of 12 cm.

Find the radius of the sector.

Answer
Arc length = 76
12=rx1.5

| r=8cm

WORKED EXAMPLE 4.4

Triangle ABC is isosceles with AC = CB = §cm. C
CD is an arc of a circle, ceutie B, and angle ABC = 0.9 radians.
8cm 8cm
Find:
a the length of arc CD 09rad
A D B
b thelength of AD
¢ the perimeter of the shaded region.
Answer
a Arclength = 70 b AB=2x8c0:0.9 =09.9457... ¢ Perimeter = DC+CA+ AD
=8x0.9 AD = AR - DB =72+8+1.945...
=72cm =9.9457...-8 =17.1cm (to 3 significant
= 1.95cm (to 3 significant figures) figures)
EXERCISE 4B
1 Find, in terms ot &, the arc length of a sector of:
a radius 8cm and angle % b radius7cm and angle 371t
¢ radius16cm and angle % d radius 24cm and angle 7?“
2 Find the arc length of a sector of:
a radius10cm and angle 1.3 radians b radius 3.5cm and angle 0.65 radians.
3 Find, in radians, the angle of a sector of*
a radius 10cm and arc length Scm b radius 12cm and arc length 9.6cm.

4 The High Roller Ferris whee! in the USA has a diameter of 158.5 metres.

Calculate the distance travelled by a capsule as the wheel rotates through 17—; radians.
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5 Find the perimeter of each of these sectors.

b C

2.1rad

e
8

Scm

6 The circle has radius 6 cm and centre O. 8cm

PQ s a tangent to the circle at the point P.
QRO is a straight line. Find:

a angle POQ, in radians

Y

b the length of OR

¢ the perimeter of the shaded area.

7 The circle has radius 7 cm and centre O.

AB is a chord and angle AOB = 2 radians. Find: 4 B

a thelength of arc AB >
b thc length of chord AB

m ¢ the perimeter of the shaded segment.

8 ABCD isarectangle with AB = Scm and BC = 24cm. E
O is the midpoint of BC.
OAED is a sector of a circle, centre O. Find: ! \\\ /’/ P
a thelength of A0 \\\ ///
b angle AOD, in radians B 0 c

¢ the perimeter of the shaded region.

9 The diagram shows a semicircle with radius 10 cm and centie O.
Angle BOC = 0 radians. The perimeter of sector AOC is twice the
perimeter of sector BOC.

a Show that 6 = n;2.

b Find the perimeter of triangle ABC. 0em 0
@7 10 The diagram shows the cross-section of iwo cylindrical metal rods of radii
xcm and ycm. A thin band, of length P cm, holds the two rods tightly
together.
Show that P = 4/xy + 7(x + y) + 2(x — y) sin”! (%)
Xty
[This question is based upon Belt on the Underground Mathematics website.]
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4.3 Area of a sector

To {ind the formula for the area of a sector, we use the ratio:

area of sector angle in the sector

area of circle  complete angle at the centre
When 6 is measured in radians, the ratio becomes:

area of sector 0

2 T 2n

6 2
area of sector = o X T
T

10) Kt Poi

1
Area of sector = 5 r’0

® ORKED EXAMPLE 4.5

Find the area of a sector of a circle with radius 9cm and angle % radians.

Give your answer in terms of 7.

Answer

1
Area of sector = — -6
|

\_J
i' ORKED EXAMPLE 4.6
The circle has radius 6cm and centre C. AB is a chord and angle AOB = 1.2 radians. /\
A B

Find:
1.2rad

a the area of sector AOP
b the area of triangle AOB
¢ the area of the shaded segment.
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Answer
a Area of sector AOB = % 0
1 5
=—x6"x%x1.2
B
=21.6cm?

b Area of triangle AOB = ! absinC

\o)

1 .
;><6><6><sml;

16.7767...

16.8 ¢~ (to 3 significant figures)

¢ Areca of shaded segment = area of sector AOB — area of triangle AOB
=21.6-16.7767...

= 4.82cm? (to 3 significant figures)

The diagram shows a circle inscribed inside a square of sice length 10 cm.

m A guatter circle, of radius 10 cm, is drawn with the vertex of the square as centre.

I'1nd the shaded area.

Answer
0Q =10cm
Radius of inscribed circle = Scm
Pythagoras ; (diagonal of square) = %(\/102 +102 ) =52 cm
52 + (542)? =102
2x5x52
o =1.932 rad
Hence, = 2n — 20 = 2.4189 rad
Sine rule: sin® _ oo
5 10

0 = 0.4867 rad

Cosine rule: cosor =

Shaded area = area of segment 2OR — area of segment PQOS
:(%XSZ X /372L><52 ><sir1,8)f(%><l()2 ><2t9f%><1()2 Xsi'.LQ)
=21.968 - 7.3296

= 14.6cm? (to 3 significant figures)
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1 Find, in terms of &, the area of a sector of:

a radiusi2cm and angle g radians b radius10cm and angle 2% radians

¢ radius 4.5cm and angle 2775 radians d radius 9cm and angle 4?75 radians.

Find the area of a sector of:

[ ]

a radius 34cm and angle 1.5 radian b radius 2.6cm and angle 0.9 radians.

3 Find, in radians, the angle of a sccior of:

a radius 4cm and area 9cm” b radius 6cm and area 27 cm?.

4 AOB is a sector of a circie, centre O, with radius 8§ cm.
The length of arc A5 is10cm. Find:

a angle ACB, in iadians b the area of the sector AOB.

5 The diagrain shows a sector, POQ, of a circle, centre O, with radius
4cm. The length of arc PQ is 7cm. The lines PX and QX are

. . 4
tangents to the circle at P and Q, respectively. o

a Find angle POQ, in radians. 0
b Find the length of PX.

¢ Find the area of the shaded region. P

6 The diagram shows a sector, PUK, of a circle, centre O, with radius 8 cm R

and sector angle g radians. The lines OR and QR are perpendicular
and OPQ is a straight line. 8cm
Find the exact area of the shaded region.

o
7 The diagram shows a sector, 4OB, of a circle, centre O, with radius

0
P
T . B
Scm and sector angle 3 radians. The lines AP and BF are tangents
to the circle at 4 and B, respectively. P
a Find the exact length of AP. A
b Find the exact area of the shaded region. 3
Scm

A

o

@ 8 The diagram shows three touching circles with radii 6cm, 4cm and 2 cm.

Find the area of the shaded region.
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9 The diagram shows a semicircle, centre O, with radius 8 cm.

F
FH is the arc of a circle, centre E. Find the area of:
a triangle L'OF b sector FOG
2rad

¢ sector FEH d the shaded region.

E 0 H G

10 The diagram shows a sector, EOG, of a circle, centre O, with radius rcm. 0
The line GF is a tangent to the circle at G, and £ is the midpoint of OF .
a The perimeter of the shaded region is Pcm. rem £
Show that P = g (3+3/3 +n).

b The area of the shaded region is .4cm?. G F

2
Show that A = % (33 - 7).

11 The diagram shows two ciicles with radius r cm.
The centre of each circle lies on the circumference of the other circie
Find, in terms of r, the exact area of the shaded region.

m @ 12 The diagram shows a square of side length 10 cm.

A quarter circle, of radius 10 cm, is drawn from each vertex of the square.
Find the exact area of the shaded region.

@ 13 The diagram shows a circle with radius 1cm, centre O.
Triangle AOB is right angled and its hypotenuse 4B is a tangent to the circle at P.
Angle BAO = x radians.

a Find an expression for the length of 4B in terms of tan x.

b Find the value of x for which the two shaded arcas are equal.

o 14 The diagram shows a sector, AOB, of a circic, centre O, with radius R cm and B
sector angle g radians.
An inner circle of radius r cm touches the three sides of the sector.
a Show that R = 3r.

area of inner circle 2

w3

b Show that

area of sector 3 0 4
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Chapter 4: Circular measure

Radians and degrees

® One radian is the size of the angle subtended at the centre of a circle, radius r, by an arc of length r.
® 1 radians = 180°

® To change from degrees to radians, multiply by %

® To change from radians to degrees, multiply by %

Arc length and aves of a sector

111

® When 6 is measured in radians, the length of arc AB is r6.

. . . .1
® When 6 is measured in radians, the area of sector AOB is 5 26.
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END-OF-CHAPTER REVIE ‘6\' RCISE 4
A —

p X 0

The diagram shows an equilateral triangle, POR, with side length Scm. M is the midpoint of the line QR. An arc
of a circle, centre P, touches UK at M and meets PQ at X and PR at Y. Find in terms of © and /3:

a the total perimeter of the shaded region I5]

b the total area of thie shaded region. [3]

112

In the diagram, OAB is a sector of a circle with centre O and radius 8cm. Angle BOA is o radians. OAC is a
semicircle with diameter OA4. The area of the semicircle OAC is twice the area of the sector OAB.

i Find o in terms of . [3]
ii Find the perimeter oi the complete figure in terms of . 2]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q3 June 2013

@ . c

D
2cm
’/
e
ALgtCrdd - '_B
<« 4cm >

The diagram shows triangle ABC in which 4B is perpendicular to BC. The length of AB is4cm and angle CAB
is o radians. The arc DE with centre A and radius 2 cm meets AC at D and 45 at . Find, in terms of o,

i the area of the shaded region, [3]
ii the perimeter of tire shaded region. 31

Cambridge International AS & A 1.evel Mathematics 9709 Paper 11 Q6 June 2014
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o

|:_L’\ 9rad
o r A

The diagram represents a metal plate O4BC, consisting of a sector OAB of a circle with centre O and
radius r, together with a triangle OCB which is right-angled at C. Angle ACB = 6 radians and OC is
perpendicular to OA.

i Find an expression in terms of r and 6 for the perimeter of the plate. [3]
ii For the case where r =10 and 6 = % w, find the area of the plate. 13]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q5 November 2011

B

Orad H
(0] C A

The diagram shows a sector OAB of a circle with centre O and radius r. Angle AOB is 6 radians. The point C
on OA is such that BC is perpendicular to OA. The point D 1z on BC and the circular arc AD has centre C.

i Find AC in terms of r and 6. [1]

ii Find the perimeter of the shaded region ABD when 0 = %  and r = 4, giving your answer as an
exact value. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q6 November 2012

A piece of wire of length 24 cm is bent to form the perimeter of a sector of a circle of radius r cm.

i Show that the area of the sector, 4cm?, is given by 4 = 12r — 7. [3]
ii Express 4 in the form a — (r - b)%, where a and b are constants. 12]
iii Given that r can vary, state the greatest value of 4 and find the corresponding angle of the sector. 12]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q5 June 2015
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The diagram shows a circle with centre 4 and radius r. Diameters CAD and BAL are perpendicular to each
other. A larger circle has centre B and passes through C and D.

i Show that the radius of the larger circle is r+/2. 1]
ii Find the area ot the shaded region in terms of r. [6]

Cambridge International AS & A Levei Mathematics 9709 Paper 11 Q7 November 2015

® s B
e

114

In the diagram, AOB is a quarter circle with centre O and radius r. The point C lies on the arc 4B and the
point D lies on C£. The line CD is parallel to AO and angle AOC = 0 radians.

i  Express the perimeter of the shaded region in terms of r, 6 and m. 4]
ii For the case where r = S5cm and 0 = 0.6, find the arca of the shaded region. 131

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 June 2016

@ 9 A

< 4cm >

In the diagram, A£ 15 an arc of a circle with centre O and radius 4cm.
Angle AOB is & radians. The point D on OB is such that 4D is perpendicular to OB.
The arc DC, with centre O, meets OA4 at C.
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i Find an expression in terms of ¢ for the perimeter of thie shaded region ABDC. [4]

ii  For the case where o = % 7, find the area of the shaded region ABDC, giving your answer in the form
/e, where k is a constant to be determined. 14

Cambridge Internarional AS & A Level Mathematics 9709 Paper 11 Q8 November 2014

@

10

The diagram shiows a metal plate made by fixing together two pieces, O04BCD (shaded) and OAED (unshaded).
The piece O4BCD is a minor sector of a circle with centre O and radius 2r. The piece OAED is a major sector
of a circle with centre O and radius r. Angle 40D is « radians. Simplifying your answers where possible, find,
in terms of a, m and r,

i the perimeter of the metal plate, [3]
ii the area of the metal plate. [3]
It is now given that the shaded and unshaded pieces are equal in area.

iii Find o in terms of . 2]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q6 November 2013
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In this section you will lezin hiow to:

m sketch and use graphs of the sine, cosine and tangent functions (for angics of any size, and using
either degrees or radians)
use the exact values of the sine, cosine and tangent of 30°, 45°, 60°, and related angles

1

use the notaiions sin~!x, cos™!x, tan~!x to denote the principzl values of the inverse trigonometric

relations

) .. sin@ o 5
use the identities 9 =tan® and sin®6 + cos26 = 1
cos

find all the solutions of simple trigonometrical cquations lying in a specified interval.




Chapter 5: Trigonometry

Where it comes from What you should be able t¢ do Check your skills

IGCSE / O Level Mathematics Use Pythagoras’ theorem and 1 C
trigonometry on right-angled
triangles.

lem

A B
rem

Find each of the following in
terms of r.

a BC
| b %in 9
¢ cosf

| d tan6

Chapter 4 Convert between degrees and 2
radians.

Convert to radians.
i 45°
i 720°

Q

i 150°
b Convert to degrees.

i I

6

Tn
2

| i 157

| 2

IGCSE / O Level Mathematics Solve quadratic equations. 3 a Solve x2—5x = 0.

- <

b Solve 2x2+7x—-15=0.

Why do we study trigonometry? @ FAST FORWARD

You should already know how to calculate lengths and angles using the sine, cosine and

In the Pure
tangent ratios. 1n this chapter you shall learn about some of the special rules connecting Mathematics 2 & 3
these trigonometric functions together with the special properties of their graphs. The Coursebook, Chapter 3
graphs of y =sinx and y = cosx are sometimes referred to as waves. you shall learn about

> . . . . . the secant, cosecant and
Oscillations and waves occur in many situations in real life. A few examples of these .
cotangent functions,

are musical sound waves, light waves, water waves, electricity, vibrations of an aircraft which are closely
wing and microwaves. Scientists and engineers represent these oscillations/waves using connected to the sine,

trigonometric functions. cosine and tangent

_

Try the Trigonometry: Triangles to functions resource on the Underground Matheruatics website.

functions. You shall
also learn many more

rules involving these six

trigonometric functions.
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5.1 Angles between 0° and 90°

You should already know the following trigonometric ratios.

§ing = —OPPosite cos@ = _adjacent tang = 2PPosite
hypotenuse hypotenuse adjacent
sing = 2 cosf = X tang = &
r r X

cosf = g, where 0° < 6 < 90°.

a Find the exact values of:
i cos’@ i sin@ iii tan@
— 2 _
b Show that 1-tan 6¢ = 35 -6 .
cosf + sind? 5
Answer
a i cos’0 = cos@ x cos@
_(BY
3
S5
373
_3
9
' ii A right-angled triangle with angle € is shown in this diagram.
Using Pythagoras’ theorem:
x=43* (57 =2
oo sinf = 2
3
. 2
iii From the triangle, tanf = —.
J3
(&)
b l-tan"6 __ \J5 Simplify.
cosO + sinf J5 . 2
3 3
1
. B 5 Multiply the numerator and
N ( J5+2 ] denominator by 15.
3 /
3 Multiply the numerator and
"5 NG 2_) denominator by /5 —2
I\, 3(+5-2) (V3+2)(+5-2)
5 2 _ C
5(V5+2)(v5-2) —5-2J5+205—4=1
_3/5-6
5
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We can obtain exact values of the sine, cosine and tangent of 30°, 45° and 60°

(or % , % and g) from the following two triangles.
Triangle 1

Consider a right-angled isosceles triangle whose two equal sides are
of length 1 unit.

We find the third side using Pythagoras’ theorem:
JE+ 12 =42
Triangle 2

Consider an equilateral triangle whose sides are N
of length 2 units.

The perpendicular bisector to the base splits the N\
equilateral triangle into two congruent right-angled
triangles. N

\60° \

We can find the height of the triangle using Pythagoras’

theorem:

122_12 =\/§

Thece two triangles give the important results:

WORKED EXAI@ 5.2
0.

Find the cxact value of: - -
7 cos —sin —
2 sin30° cos45° b sin2X __4 6
cos? ® 4 sin2 T
' 3 3
Answer
a sin30°cos45° = 1 X L
2 2
- 1 Rationalise the denominator.
242
__1x\2
22 X2
J2
4
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Ol

The value

written as

The value

written as

|G Gl= wls Sl-

can be

can be
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. T . T m 5
b sin® — = sin — X s - P o)
3 3 3 sin2 = means (sn‘ 3—J .
VARG N
2 2
'__5
4
7 cos X sin 2 X I X ! The denominator simplifies to
. __(,05451116 B NG > | '3 p
2 TC . » T N 2 2 o = l
052 T 4 sin2 & I V3 '
c053 sln3 (7j+(’)j 4 4
- 1 Rationalise the denominator.
NG
2
NPNG)
9l

1 Given that cosf = % and that 6 is acute, find the cxact value of:

2 sin@ b tan@ c 2sinfcos6
120 g S . l-sin’@ ¢ 3-sing
tan @ cos0 3+ cos@
2 Given that tan6 = % and that 0 is acute, find the exact value of:
a sin@ b cos@ c sin?0+cos?6
4 cosé e 2 f S
sin@ sinf + 1 1+ cos@

3 Given that sinf = ]{ and that 0 is acute, find the exact value of:

a cos6 b tan6 ¢ 1-sin?06
d sin@ cos@ o 1 N '1 fo5o te.me
tan4 tan@ sin@ sin @

4 Find the exact value of each of the following.

2 sin30° cos60° b sin’45° c sin45° + cos30°
sin 60° A sin? 45° f sin? 30° + cos? 30°
sin 30° 2 + tan 60° 2 sin45° cos45°

5 Find the exact value of each of the following.

a sin g cos g b coszg ¢ 1-2sin? g
sinE—tanE cos£+tanE

d 6 3 e 1 _ 1 f 3 6

. T Y T . T
n tan — had n
sin 4 an n cos 3 sin 3
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. .. R 1
and the missing function is from the list sin6, tanf, —— and 1

7 6 Inthetable, 0<0 <= .
@ I the table, 2 cosf tan@

Without using a calculator, copy and complete the table.

v

5.2 The general definition of an angle

second VA first
We need to be able to use the three basic trigonometric functions for any angle. quadrant quadrant
P
To do this we need a general definition for an angle:
0 >
An angle is a measure of the rotation of a line segment OP about a fixed point O. 0 x
The angle is measured from the positive x-direction. An anticlockwise rotation is taken
as positive and a clockwise rotation is taken as negative third fourth
) o ) ) ) ) quadrant quadrant
The Cartesian plane is divided into four quadrants, and the angle 0 is said to be in the

quadrant where OP lies. In the previous diagram, 9 is in the first quadrant.

WORKED EXAMPLE 5.3

Draw a diagram showing the quadrant in which the rotating line OP lies for each of the following angles. In each
case, find the acute angle that the line OP makes with the x-axis.

a 120° b 430° ¢ 3¢ d ¢
4 3
Answer
a 120°is an anticlockwise rotation. b 430°i1s an anticlockwise rotation.
YA YA
s P

60° \\ f 430°

> 70°
[0} x Q\J :x
Acute angle made with x-axis = 60° Acute angle made with x-axis = 70°
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3n . . . . . : .
o 4 isan anticlockwisc rotation. d _27T isa clockwise rotation.
YA YA
Pr
~ 3n
4
2
4
0 X 3 [9) X
3
\ 2_75
3
|
| P
. T . . T
Acute angle made with x-axis = 1 Acute angle made with x-axis = 3

The acute angle made with the x-axis is sometimes called the basic angle or the

reference angle.

1 For each of the following diagrams, find the basic angle of 6.

a YA b y
A——0=110° 6=-320°
\ - :Y
»
0

2 Draw a diagram showing the quadrant in which thc rotating line OP lies for each of the following angles. On
each diagram, indicate clearly the direction ot rotation and state the acute angle that the line OP makes with

the x-axis.
a 100° b -100°
c 310° d -150°
e 400° f 2T
3
i Ry
I h 2t
& 6 3
| B_TE i —17—11:
9 8
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3 Ineach part of this guestion you are given the basic angle, b, the quadrant in which 6 lies and the range in

which 0 lies. Find the value of 6.
a b =55°sccond quadrant, 0° < 6 < 360°
b b = 20°, third quadrant, —180° <6 < 0°

¢ b =32° fourth quadrant, 360° < 6 < 720°

d b= %, third quadrant, 0 <6 <2n
e p= g, second quadrant, 2n < 6 <4m
f b= %, fourth quadrant, 47 < 6 <-21

5.3 Trigonometric ratios of general angles

In general, trigonometric ratios of any angle 6 in any quadrant are defined as:

V4
P(x, y)
r/
1y
(A
ol * x
Where x and y are the coordinates of the point P and r is the length of OP, where r = /x> + ».
You need to know the signs of the three trigonometric ratios in each of the four quadrants.
EXPLORE 5.1
p\ S
sing = 2 L cosf == ’ ‘ tang = = )
r r X
By considering whether x and y are positive or negative (+ or —) in each of the four quadrants, copy and
complete the table. (r is positive in all four quadrants.)
YA
s
Ccos
tan
On a copy of the diagram, record which ratios are positive in each quadrant 0 %

The first quadrant has been completed for you.

(All three ratios are positive in the first quadrant.)
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The diagram shows which trigonometric functions are 90°
o A
positive in each quadrant.
We can memorise this diagram using a mnemonic such as e All
. 30° - > (° o
‘All Students Trust Cambridge’. / 0 0°, 360
an Cos
270°
! Express in terms of trigonometric ratios of acute angles:
a sin 140° b cos(—130°)
Answer
a The acute angle made with the x-axis is 40°. o A
In the second quadrant, sin is positive. S ‘ \40?
sin 140° = sin 40° - a0 >
o X
C
b The acute angle made with the x-axis is 50° YA
In the third quadrant only tan is positive, so cos is S A
negative.
\ A
cos(=130°) = —cos 50° >0° y )
-130°
C

WORKED EXAMPLE G

Given that cos6 = —% and that 180° < 6 < 270°, find the value of sin0 and the value of tan 6.

Answer
0 is o the third quadrant. YA
sin is negative and tan is positive in this quadrant.
R S A
LT+ (3)r =5 G
v SN
- =25-9=16 >
. ) S = 5 >
Since y <0, y = 4. Y1 A5
[ C

W

s.sinf = _—4 = ,i and tan@ = ;4 =
5 5 -3
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WORKED EXAMPLE 5.6

Chapter 5: Trigonometry

@ Without using a calculator, find the exact values of:

a sin 120° L cos 7—“
6
Answer
a 120° lies in the second quadrant. YA
. sin 120° is positive. S A
Basic acute angle = 180° — 120° = 60° 20°
60° -
- sin 120° = sin 60° = X o '
2 T C
Y,
b i lies in the third quadrant. S 0 A
6 n
. m . : 3
S COS —— 18 negative. /‘\
Basic acute angle = i n=2 n 0 'x
6 6 6
: cos7—n——cosE——£
. 6 6 2 T C
WORKED EXAMPLE 5.7
Given that sin 50° = b, express each of the following in terms of b.
a sin 230° b cos50° c tan 40° d tan 140°
Answer
a 230°lies in the third quadrant. JA
S A
. sin 230° is negative.
/‘YK)O
Rasic acute angle = 230° — 180° = 50° >
504,719 X
. sin 230° = —sin 50° = —b
T C

Copyright Material - Review Only - Not for Redistribution




126

N

-\
Cambridge International AS & A Leve@ga\ematics: Pure Mathematics 1

b Draw the right-angled iriangle showing the angle 50°:

1

) /— L<
. cos 50° = :—1 2 _J1-p?

—
S

¢ Show 40° on the triangle:

- tan 40° = L=
b
d 140° lies in the second quadrant. VA
- tan 140° is negative S \\ 1400A
. . 40° -
Basic acute angle = 180° — 140° = 40° Y070 0 >
N C
s tan 140° = —tan 40° = — =0
b
1 Express the following as trigonometric ratios of acute angles.
a sin190° b cos 305° c tan125° d cos(—245°)
4 . 9m T lin
e cos— f sin— cos| ——- | h tan —
5 8 & ( i 9
7)) 2 Without using a calculator, find the exact values of each of the following.
a cosl20° b tan 330° c sin 225° d tan(-300°)
. 4rm T T 107
e — f = g t -= h —_—
sin 3 cos 3 an ( 3 ) cos 3
3 Given that sinf <0 and tan® < 0, name the quadrant in which angle 0 lies.
4 Given that sinf = % and that 6 is obtuse, find the value of:
a cos6 b tan6
5 Given that cos@ = —% and that 180° < 9 < 270°, find the value of:
a sinf b tan6
6 Given thattan0 = —% and that 180° < 0 < 360°, find the value of:
a sin6 b cos6
7 Given that tan 25° == ¢ express each of the following in terms of a.
a tan205° b sin 25° ¢ Ccos65° d cos245°
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8 Given that cos 77° = b, express each of the following in terms of 5.

a sin77° b tanl3° ¢ sin257° d cos347°

9 Giventhat sin4 = el and cosB = —%, where 4 and R are in the same quadrant, find the value of:

a cosd b tanA4 c sinB d tanB

10 Given that tan 4 = —% and cosB = %, where 4 and B are in the same quadrant, find the value of:

a sind b cosA c sinB d tanB

@ @ 11 In the table, 0° < 6 < 360° and the missing function is from the list cos@, tan 9, L and L .
sinf@ tan@

Without using a calculator, copy and complete the table.

1
_1 | \/g
1 ‘ 1
2 2
Y

5.4 Graphs of trigonometric functions

EXPLORE 5.2

Consider taking a ride on a Ferris wheel with radius 50 metres

that rotates at a constant speed.

You enter the ride from a platform that is level with the centre

of the wheel and the wheel turns in an anticlockwise direction

through one complete turn.

1 Sketch the following two graphs and discuss their properties.

a The graph of your vertical displacement fron: the centre of the wheel plotted
against the angle turned through.

| b The graph of your horizontal displacement from the centre of the wheel plotted
against the angle turned through.

2 Discuss with your classmates what the two graphs would be like if you turned

through two complete turns.
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The graphs of y =sinx and y = cosx

Suppose that OP makes an angie of x with the positive

P(cos x, sin x)

horizontal axis and that ” moves around the unit circle,

through one complete revolution.

The coordinates of P will be (cos x, sin x).

The hieght of P above the horizontal axis changes from 0 > 1 — 0 — -1 — 0.
The graph of sin x against x for 0° < x < 360° is therefore:

YA
14

The displacemerit of P from the vertical axis changes from ! - 0 - -1 -0 > 1.

The graph of cos x against x for 0° < x < 360° is therefore:

128
YA
14

y=Ccosx

\ T T
90 180 70 360
\

The graphs of y =sinx and y = cosx can be continued beyond 0° =< x < 360°:

)= sinx
\ y y=cosx

360 2% 180 ho O o\ 180 770 360

- -"—_

350 270 1% 90 O 90
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The sine and cosine functions are called periodic functions because they repeat themselves

over and over again.

The period of a periodic function is defined as the length of one repetition or cycle.
The sine and cosine functions repeat every 360°.

We say they have a period of 360° (or 27 radians).

The amplitude of a periodic function is defined as the distance between a maximum

(or minimum) point and the principal axis.
The functions y =sinx and y = cosx both have amplitude 1.
The symmetry of the curve y =sinx shows these important relationships:

sin(—x) = —sinx
sin(180° — x) = sinx
sin(180° + x) = —sinx
sin(360° — x) = —sinx
sin(360° + x) = sin x

EXPLORE 5.

By considering the shape of the cosine curve, complete the following statements,

giving your answers in terms of cos x.
1 cos(—x) = 2 cos(180°—x) = 3 cos(180°+ x) =
4 cos(360°—x) = 5 ¢os(360° -+ x) =

The graph of y = tanx

YA

JEDEIply- T P ——— ]

The tangent function behaves very ditferently to the sine and cosine functions.
The tangent function repeats its cycle every 180° so its period is 180° (or 7 radians).

The red dashed lines at x = ::90°, x = 270° and x = 450° are called asympioces. The

branches of the graph get closer and closer to the asymptotes without ever reaching them.

The tangent function does not have an amplitude.
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EXPLORE 5.4

By considering the shape of the tangent curve, complete the following statements,

giving your answers in terms of tan x.
1 tan(—x)= 2 tan(180° - x) = 3 tan(180°+ x) =

4 tan(360°—-x) = 5 tan(360° + x) =

Transformations of trigonometric functions

These rules for the transformations of the graph y = f(x) can be used to transform
. . . . . In Section 2.6, you
graphs of trigonometric functions. These transformations include y = af(x), y = f(ax),

learnt some rules for

= = 1 ] o 1 1
y=f(x)+a and y =f(x +a) and simple combinations of these. the transformation of

the graph y = f(x).
Here we will look

The graph of y = asinx

IA at how these rules

can be used to
y=2sinx transform graphs
of trigonometric
. \‘ functions.

1N 270 60

oY

130 -2

The graph of y = 2sinx is a stretch of the graph of y = sinx.
It is a stretch, stretch factor 2, parallel to tlie y-axis.

The amplitude of y = 2sinx is 2 and the period is 360°.

The graph of y =sinax
YA
1 y=sinx

\ y =sin2x

Ry

The graph of y = sin2x is a stretch of the graph of y = sinx.
It is a stretch, stretch factor %, parallel to the x-axis.

The amplitude of y =sin2x is 1 and the period is 180°.
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Oi 90 18 270 60 X
A y=sinx

The graph of y =1+ sinx is a translation of’ the graph of y = sinx.
. . 0
It is a translation of Ll

The amplitude of y =1+ sinx is i and the period is 360°.

The graph of y =sin{x+a)

YA
1 - - r
/ y = sin(x +90)
- >
ol 90 18 70 60 X
V= s
14

The graph of y = sin(x + 90) is a transiation of the graph of y = sinx.
It is a translation of (_98 )
The amplitude of y = sin(x +90) is 1 and the period is 360°.

\/
WORKED EXAMRLE'5.8

On the saine grid, sketch the graphs of y = sinx and y = sin(x — 90) for 0° < x =< 360°.
Answer

| y = sin(x — 90) is a translation of the graph y =sinx by the vector [98 ]
"

1
i

y =sin(x—90)

) = sinXx
1 Y
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To sketch the graph of a trigoncoractric function, such as y = 2cos(x + 90) + 1 YA
for 0° < x =< 360°, we can butid up the transformation in steps.

Step 1: Start with a sketch of y = cosx. ! \ y= C(M/
Period = 360° >

0 9 180 70 360
Amplitude = 1 ~1
Step 2: Sketch the graph of y = cos(x + 90). Y]
2
-90 y = cos(x +90)
Translate y = cosx by the vector 0 1 7 '

Period = 360°

. ONL 90 80 270 360 X
Amplitude = 1 N

Step 3: Sketch the graph of y = 2cos(x + 90). IA
5. y=2cos(x+90)

Stretch y = cos(x + 90) with stretch factor 2, parallel to the y-axis.

Period = 360° H

Amplitude = 2 o 360 %
14

132 )
Step 4: Sketch the graph of y = 2cos(x +90) + 1. Sy‘ y =2 cos(x+90)+1
0

Translate y = 2cos(x + 90) by the vector 1l 24

Period = 360° 1-

Amplitude =2 >
0 360 X
14
2

WOR D EXAMPLE 5.9

flx) =3cos2x for 0° < x < 360°.

a Write down the period and amplitude of f.
b Write down the coordinates of the maximum and minimum points on the curve y = f(x).
¢ Sketch the graph of y = f(x).

d Use your answer to part ¢ to sketch the graph of y = 1+ 3cos2x.
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Answer

a Perlodzs—()(— 180°

2
Amplitude = 3

b y =cosx hasits maximum and minimum points at:
(0°, 1), (180°, —1), (360°, 1), (540°, —1) and (720°, 1)
Hence, f(x) = 3cos2x has its maximum and minimum points at:

(0°, 3), (90°, =3), (180°, 3), (270°, =3) and (360°, 3)

IA
Cc 4}
3 y=
2
1]

9. 9 / 180 2/u 360
2]
3

4]

3cos2x -

d y =14 3cos2x isa translation of the graph y = 3cos2.x by the veCtOl’[ (1) j

y=3cos2x+1

WORKED EXAMPLE 5.10 (|
a (2:

a On the samoe grid, sketch the graphs of y =sin2x and v = i+ 3cos2x for 0° < x =< 360°.

b State the number of solutions of the equation sin2x =1+ 3cos2x for 0° < x < 360°.

Answer

y=1+3cos2x

b The graphs of y =sin2x and y =1+ 3cos2x intersect each other at four points in the interval.

Hence, the number of solutions of the equation sin2x =1+ 3cos2x is four.
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8, ]

Write down the period of each of these functions.
a y=cosx® b y=sin2x° e y:3tanlx°

d y=1i+2sin3x° e y=tan(x —30)° f y=>5cos(2x +45)°

Write down the amplitude of each of these functions.

a y=sinx°® b y=>5cos2x° o y:7sinlx°

d y=2-3cos4x® e y=4sin(2x + 60)° f y=2sin(3x+10)°+5
Sketch the graph of each of these functions for 0° < x < 360°.

a y=2cosx b y:sin%x ¢ y=tan3x

d y=3cos2x e y=1+3cosx f y=2sin3x-1

g y=sin(x —45) h y=2cos(x+60) i y=tan(x—-90)

a Sketch the graph of each of these functions for 0 < x < 2%
. o .. T . T
i v=2sinx ii y:cos(x__J iii y=sm(2x+—)
2 4
b Write down the coordinates of the turning points for your graph for part a iii.

& On the same diagram, sketch the graphs of y =sin2x and y =1+ cos2x for 0° < x < 360°.

b State the number of solutions of the equation sin2x =1+ cos2x for 0° < x < 360°.

a On the same diagram, sketch the graphs of y =2sinx and y =2+ cos3x for 0 < x < 2m.

b Hence, state the number of soiutions, in the interval 0 < x < 2m, of the equation 2sinx = 2 + cos 3.

a On the same diagrami, sketch and label the graphs of y = 3sinx and py = cos2x for the interval 0 < x < 2m.

b State the number of solutions of the equation 3sinx = cos2x in the interval 0 < x < 2m.
YA
9 -

4 N\
7 -
o

) /

34 I
!
N \/
1
0] . . . >
n T 3n 2n X
2 2

Part of the graph y = asinbx + ¢ is shown above.

Find the value of «, the value of b and the value of c.
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/

/
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\/
L T

60 120 180 240 300 360

— N W R

0

=Y

Part of the graph of y = a + bcoscx is shown above.

Write down the value of a, the value of b and the value of c.

10 a Sketch the graph of y =2sinx for -t < x < .
The straight line y = kx intersects this curve at the maximum point.
b Find the value of k. Give your answer in terms of .

¢ State the coordinates of the other points where the line intersccts the curve.

beccccccccaas

rbecbeccccccccccnas

_/ o X

Part of the graph of y = a¢tanbx + ¢ is shown above.

-

commme N|[Srbe=
) ;’

The graph passes through the point P (% , 8 )

Find the value ot 2, the value of b and the value of c.
12 f(x)=a+ bsinx for 0 < x <2rn
. n
Given that f(0) = 3 and that f(?) = 2, find:

a the value of ¢ and the value of b

b therange of f.

13 f(x) =a—bcosx for 0° < x < 360°, where a and b are positive constants.
The maximum value of f(x) is § and the minimum value is 2.
a Find the value of @ and the value of 5.

b Sketch the graph of y = f(x).

14 f(x)=a+bsincx for 0° < x =< 360°, where ¢ and b are positive constants.
The maximum value of f(x) is 9, the minimum value of f(x) 1s | 2nd the period is 120°.

Find the value of a, the value of b and the value of c.
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15 f(x) = A+ 5cos Bx for 0° < x < 120°
The maximum valuc of f(x) is 7 and the period is 60°.
a Write down the value of 4 and the value of B.
b Write down the amplitude of f(x).
¢ Sketch the graph of f(x).

@ 16 The graph of y = sinx is reflected in the linc . = © and then in the line y = 1.

Find the equation of the resulting function.

@ 17 The graph of y = cosx is reflected i the line x = g and then in the line y = 3.

Find the equation of the resulting function.

5.5 Inverse trigonometric functions

The functions y =sinx, y = cosx and y =tanx for x € R are many-one fuictions. If,
however, we suitably restrict the domain of each of these functions, it is possible to make
the function one-one and hence we can define each inverse function.

The graphs of the suitably restricted functions y =sinx, y = cosx and y = tanx and their
inverse functions y = sin"'x, y = cos™' x and y = tan~! x, together with their domains and

ranges arc:
YA l— YA
14 T .
. ( 2 y=sm x
y=sinx |
T . _|_> |
T X
2 2
T ‘—)
1 X
14
y =sinx
. T T
domain: —— < x < — T
2 2 2
range: —1 <sinx <1
B y=sinx
domain: —-1sx <1
T
range: —— <sin™' x < 7
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In Section 2.5 you learnt
about the inverse of a
function. Here we will
look at the particular
case of the inverse of a
trigonometric function.

In Chapter 2 you
learnt about functions
and that only one-one
functions can have

an inverse function.
You also learnt that if
f and f~! are inverse
functions, then the
graph of f'is a
reflection of the graph
of fin the line y = x.



YA
\ |
\
2 y=cos'x
2
O 0 o
y=cos!x

domain: -1sx =<1

1

range: 0 =cos” x=m

Chapter 5: Trigonometry

b T
domain: —= < x < —
2 2

raige: tanx € R

YA
14
\_ cos
o N\ —>
0 T T X
2
]
-1 -I
| i
y =cosx
domain: 0 = x=<m
range: -1 <cosx <1
YA
y=tanx
|
G z
2 2
y =tlanx

YAy an

[NIE]

y= tan~! x
domain: x € R

range: I <tan”'x < A
2 2

" J

When solving the equation sinx = 0.5 for 0 < x < &, we can find one solution using the

inverse functions:
x =sin" 0.5

Using a calculator gives x = %

The angle that the calculator gives is the one that lies in the range of the function sin™".

(This is sometimes called the principal angle.)

The principal angle is the angle that lies in the range of the inverse trigonometric function.

. 5 . . .
There is a second angle, x = %, that satisfies sinx = 0.5 with 0 < x = m. We can

find this second angle cither by using skills learnt earlier in this chapter or by using the

symmetry of the curve y = sinx.
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WORKED EXAMPLE 5.11

/) The output of the sin™!, cos™ and tan™' functions can be given in degrees if that is needed.

Without using a calculator, write down, in degrees, the value of:
a sin'0 b cos™! [—W ¢ tan’!(=1)
Answer
a sin”' 0 means the angle whose sine is 0, where —90° < angle < 90°.

! Hence, sin~! 0 = 0°.
3 . R
b cos™ (\gj means the angle whose cosine is ? where 0° < angle < 180°.

Hence, cos™! [?j = 300,

¢ tan”'(=1) means the angle whose tangent is —1, where —90° < angle < 90°.

Hence, tan ! (=1) = —45°.

WORKED EXAMPLE 5.12

138

The function f(x) = 3sin(%) —1 is defined for the domain - < x < 1.
\
a Sketch the graph of y = f(x) and explain why f has an inverse function.
b Find the range of f.

¢ Find f~!(x) and state its domain.

Answer

f has an inverse function because t 1s a one-one function with this domain.

b Rangeis -4 < f(x) < 2.

¢ flx)= 35111(’5\“] -1
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Step 1: Write the function as y = > y = 3sin(%) -1
Step 2: Interchange the x and y variables,. ——> X = 3Sin(%) -1
s . x+1 . (y

Step 3: Rearrange to make y the subject. —— > 3 = sin| o

x+1
3

The inverse function is f~!(x) = ’_sin’l( j for 4 < x < 2.

1 Without using a calculator, write down, in degrees, the value of:

a cos'l b sin‘lé ¢ tan'{3
d sin'(-1) e tarl“‘(‘--\/?) f cos’! (—% )
2  Without using a calculator, write down, in {erins of , the value of:
a sin'0 b tan'l ¢ cos’! (%)
d tan™ (—%j e cos™! (—%) f sin’! (—?)
(e
3 Given that 6 = cos™ kf }\, find the exact value of:
a sin’0 b tan’6
4 The function {{x) = 3sinx — 4 is defined for the domain —? = x < g

a Find the range of f. b Find f~'(x).

5 The function f(x) =4 —2cosx is defined for the domain 0 < x < 1.
a Find the range of f and sketch the graph of y = f(x).
b Explain why f has an inverse and find the equation of this inverse.

¢ Sketch the graph of y = f~!(x) on your graph for part a.

6 The function f(x) = 5— 2sinx 15 defined for the domain g sx<p
a Find the largest value of p for which f has an inverse.

b For this value of p, find f~!(x) and state the domain of f~'.
7 The function f{x) = 4cos (%j — 5 is defined for the domain 0 < r < 2m.

a Find the range of f. b Find f~'(x) and state its range.

Copyright Material - Review Only - Not for Redistribution



N

-\
Cambridge International AS & A Leve%ematics: Pure Mathematics 1

5.6 Trigonometric equations

Consider solving the equation sinx = 0.5 for —360° < x < 360°.
One solution is given by x = sin™!(0.5) = % (or 30°).

There are, however, many more values of x for which sin x = 0.5.

The graph of y =sinx for —360° < x < 360° is:

YA

-270 -
-210

—360
-330

The graph shows there arc four values of x, between —360° and 360°, for which sinx = 0.5.

We can use the calculator value of x = 30°, together with the symmetry of the curve to find

the remaining answers.

Hence, the solution of sinx = 0.5 for —360° < x < 360° 1s:

m x = =330°, —210°, 30° or 150°
\ WORKED EXAMPLE 5.13

Solve cos x = —0.7 for 0° < x < 3460°.

Answer

cosx = —0.7 Use 2 caiculator to find cos™!(—0.7), correct to

(¢}

One solution is x = 134.4

1 decimal place.

YA
1A

14

The sketch graph shows there are two values of x, between —0° and 360°, for which cosx = —0.7.
Using the symmetry of the curve, the second value is (360° — 134.4°) = 225.6°.
Hence, the solution of cos x = —0.7 for 0° < x < 360° is:

x =134.4° or 225.6° (correct to 1 decimal place)
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WORKED EXAMPLE 5.14 Q

Solve tan 24 = --2.1 for 0° < A4 < 180°.

Let 24 = x.

Answer
Use a calculator to find tan™'(=2.1).

tan2A4 = 2.1
tanx = -2.1

A solutionis x = —64.54°,
iz
y=tanx

¢ = (115.46° + 180°)

Using the symmetry of the curve:

x = —064.54° x = (—64.54° +180°)
=115.46° = 295.46°
Using 24 =x:
24 = —64.54° 24 =115.46° 24 = 295.46°
A=-32.3° A=57.7° A=147.7°

Hence, the solution of tan 24 = 2.1 for 0° < A4 < 180° is:
A =157.7° or 147.7° (correct to 1 decimal place)

WORKED EXAMPLE 9
 \ =

Solve sm‘k2A+%) =06 for 0<A<m
Answer
s*,n(2A+E):O.6 Let 24+ = = x.
| U e 6
sin x = 0.6 Use a calculator to find sin™! (0.6).

x = 0.6435 radians
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Using the symmetry of the curve:

' x = 0.6435 x = m— 0.6435

— 2.498

Using 24 +% = X
0

24 +g — 0.6435 24 +% — 2.498
A:l(0.643575j A:l(z.zt%-lj
2\ 6 2 6

A = 0.0600 A =00987

Hence, the solution of sin (2,4 + %) =06 for 0< A4 < m1s;

A = 0.0600 or 0.987 radians (correct to 3significant figures)

142 =
Consider a right-angled triangle.

Two very important rules can be found using this triangle. y

Rule1 ) L]

['<

tan6 = Divide numerator and denominator by r.

. )4 C
Use sinf = = and cosf = —.
r r

I MR
~ <
N

/~
S =
N

sin@

tend = for all 6 with cos® # 0.
cosf

Rule 2
P+ yt=r? Divide hotii sides by 2.
2 2 . . .
(f) +(l) -1 Use cosf = = and sinf = =.
r r r r
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Chapter 5: Trigonometry

‘ cos?@ +sin’@ = 1 for ali 6.

If we use the unii circle definition of the trigonometric functions, we discover that these
two important rules are true for all valid values of 8. We can use them to help solve more
complicated trigonometric equations.

NS
@ RKED EXAMPLE 5.16

Solve 3cos? x —sinxcosx = 0 for 0° < x < 360°.

Answer

3cos? x —sinx cosx =0 Factorise.

cosx(3cosx —sinx) =0

cosx=0 or 3cosx-sinx =0
x = 90°, 270° sinx = 3cosx
tanx =3
x=71.6 or 180+ 71.6
x =71.6° or 251.6°

The solution of 3cos? x —sinxcosx =0 for 0°< x < 360° is:
x = 71.6° 90°, 251.6° or 270°

\_/
WORKED EXAMPLE 5.17

Solve 2sin® x +3cosx—3=0 for 0 < x <2m.

| Answer

2sin% x +3cosx -3 =10 Replace sin® x with 1- cos? x.

2 _
2(1-cos”x)+3cosx-3=0 Expand biackets and collect terms.

2cos’?x—3cosx+1=0

(2cosx —1)(cosx -1) =0 Factorise.
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1 ,
COSX =— Or cosx =1

2

.\‘ZE or Zn—E x=0or2m
3 3
n 5w

X =— or —
3 3

e Solve each of these equations for 0° < x < 250°.
a tanx=1.5 b sinx=04 ¢ cosx=0.7 d sinx=-0.3

e cosx =-0.6 f tanx=-2 g 2cosx—-1=0 h Ssinx+3=0

2 Solve each of the these equationis for 0 < x < 2.
a sinx=0.3 b cosx=0.5 c tanx =3 d sinx=-0.7

e tanx =-3 f cosx=-0.5 g 4sinx =3 h Stanx+7=0

3 Solve each of these equations for 0° < x < 180°.

a cos2x:=0.0 b sin3x=0.8 ¢ tan2x =4 d sin2x=-0.5
e 3cosizx=2 f Ssin2x=-+4 g 4+2tan2x =0 h 1-5sin2x=0
4 Solve each of these equations for the given domaius.
a sin(x—-60°)=0.5 for 0°=<x =< 360° b cos(x + %) =-0.5 for 0 <x<2m
¢ cos(2x+45°)=0.8 for 0° < x < 1i30° d 3sin2x-4)=2 for 0<x<m
X . (x T
e Ztan(5)+\/—:0 for 0° < x < 540° f \/zsm(§+ZW:l for 0 < x < 4n
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Chapter 5: Trigonometry

5 Solve each of these equations for 0° < x < 360°.
a 2sinx = cos.r b 2sinx—-3cosx=0

¢ 4sinx+7cosx=0 d 3cos2x—4sin2x =0
6 Solve 4sin(2x +0.3) = S5cos(2x+0.3)=0 for 0= x <.

7 Solve each of these equations for 0° < x < 360°.

a sinxcos(x —60)=0 b 5sin’?x—3sinx =0
¢ tan®x =5tanx d sin?x+2sinxcosx =0
e 2sinxcosx = sinx f sinxtanx = 4sinx

8 Solve each of these equations for 0° < x < 360°.

a 4dcos’x=1 b 4tan?y =9

9 Solve each of these equations for 0° < x < 360°.

tan’ x + 2tanx -3 =0

"

a 2sin’x+sinx—-1=0

¢ 3cos’x-—-2cosx—1=0 d 2sin’x-cosx—1=0

e 3cos’x—3=sinx f cosx+5=6sin’x

g Zcos’x—sin’x—2sinx—-1=0 h 1+tanxcosx = 2cos®x
10 Solve each of these equations for 0 < x < Zm.

a 4tanx = 3cosx b 2cos’x +5sinx =4

11 Solve sin® x + 3sinxcosx +2cos?x =0 for 0 < x < 2m.

5.7 Trigonometric identities

X+ x = 2x 1is called an identitv because it is true for all values of x.

When writing an identity, we often replace the = symbol with a = symbo! o emphasise
that it is an identity.

Two commonly used trigonometric identities are:
sin x

sinx+cos’x=1 and tanx =
COS X

In this section you will learn how to use these two identities to simplify expressions and to

prove other more complicated identities that involve sin x, cos x and tan x.

When proving an identity, it is usual to start with the more complicated side of the identity
and prove that it simplifies to the less complicated side.
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WORKED EXAMPLE 5.18

Express 4cos® x — 3sin” x in terms of cos x.

Answer

Replace sin?

4cos? x — 3sin” x = 4cos? x — 3(1 — cos? x)
= 4cos’ x — 3+ 3cos’ x

=7cos?x —3

x with 1 - cos

X.

\
WORKED EXAMPLE 5.19

1+ sinx

cosx 2

Prove the identity

COS X [+sinx  cosx

Answer
LHS = L sinx L Add the two fractions.
COS X |l + s x

_ (I+sin O + cos? x

cos x(1+ sin x)

1+ 2sinx + sin? x + cos® x

cos x(1 + sin x)
2+ 2sinx
cos x(1+ sinx)

2(1+ sin x)

cosx( 1+ sin \)

Expand the brackets in the numerator.

Zx=1.

. la)
Use s~ x + cos

T'actorise the numerator.

Divide numerator and denominator by

LHS means left-hand
side and RHS means
right-hand side.

1+ sin x.
_ 2
"~ cosx
= RHS
. 2
. ~ l4+sinx 1
Prove the identity T—sinx - tanx + .
—sinx COS X

Answer
\

RHS:[tanx+ l j
COS X

. 2
sin x 1
= +
COSX COSX

Copyright Material - Review Only - Not for Redistribution
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1 + sin x)? . . . .
= # Repince cos? x with 1—sin? x in the
COs~ x ; .
acnominator.
_ (I+sinx)? - ) )
= ey Use 1 —sin” x = (1 + sinx)(1 — sin x).
1S
1+ sin x)? .. .
= (, ) - Divide numerator and denominator by
(1+sinx)(1—sinx) .
1 + sin x.
_I+sinx
" 1-sinx
= LHS
EXPLORE 5.5
Equivalent trigonometric expressions:
1
1 —sin’x sin x tan x + cos x sin?x
COS X tan?x cos x
//
tan2x cos>x 3 )
> COs x ) cos X+ cosx sin-x
o /v
| l \ 3
S1n x | COoS~ X
tan x sin”x cos x 1 —sin?x

(1 -cosx)(1 +cosx)

COS X.

Create trigonometric expressions of your own that simplify to

Compare your answers with those of your classmates.

Discuss why each of the trigoniometric expressions in the coloured boxes simplifies to

(Your expressions must contain at least two different trigonometric ratios.)

sin x.

EXERGISE 5G

1 Express 2sin? x — 7cos® x + 4 in terms of sin x.

2 Prove each of these identities.

a cosxtanx = sinx
cos? x .
——— =1+sinx
1—sinx
cos? x — sin? x

— R » & Sin X = COS X
COSX + s

Copyright Material - Review Only
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b —=tanx
sin x cos x
1+ sinx —sin? x
d —————— =cosx+tanx
COs X
f cos*x+sin? xcos?x = cos? x

- Not for Redistribution




N

-\
Cambridge International AS & A Leve %ematics: Pure Mathematics 1

3 Prove each of these identities.

a (sinx+cosx)” =i+ 2sinxcosx b 2(1+cosx)—(1+cosx)’ =sin’x

e

¢ 2 —(sinx+ cosx)’ = (sinx — cosx)? d  (cos’x —2)> — 3sin? x = cos* x +sin® x

<

4 Prove each of these identities.

2 2

a coscx —sinx=2cos’x -1 b cos?x — sin?

x=1-2sin%x
¢ tan? x —sin? x = tan? xsin? x d cos*x +sin? x = sin® x + cos? x

Prove each of these identities.

()]

2 -2
COS~ X — sin~ x . . .
———————————— =COoSX +sinx b sin*x—cos*x =2sin?x -1
cosx — sinx
4
COS™ X SN’ x - P d COS X B 1
¢ ——> ——=l-tan"x - =1+—
Ccos” X tan x(1 — sinx) sin x
o sinx —cosx _ tanx —1 £ 1 1 2 1 cosx
sinx +cosx  fanx+1 Sinc tanx | 1+ cosx
tanx + 1 . sin? x(1 — cos? x) 4
g — S = sinx + cos x h 5 —— =tan"x
sinx tan . -- cosx cos” x(1 — sin” x)
6 Provc each of these identities.
1
1 COS X 1 1
a -——— =tanx b tanx+ = —
cosx l+sinx tanx  sinxcosx
1 . sin x 1+ cosx 2
c —cosx = sinxtanx d + — = —
COS X 1+ cosx sin x sin x
o sin x + sin x _ 2tanx f 1+ cosx 1-cosx 4
l-sinx 1+sinx CcOoS X l—cosx l+cosx sinxtanx

7 Show that (1+ cosx)? + (1 - cosx)? +2sin® x has a constant value for all x and state this value.

8 a Express 7sin’x +4cos” x in the form a + b sin® x.

b State the range of the function f(x) = 7sin® x + 4cos’ x, for the domain 0 < x < 2.

9 a Express <sinf —cos’6 in the form (sin@ + a)> + b.

b Hence, state the maximum and minimum values of 4 sin6 — cos? 0, for the domain 0 < 6 < 2.

@ e 10 Given that a = ﬂ, show that 1 = &EV—)
2cos6 a cosb

b Hence, find sinf and cos@ in terms of «

Q
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5.8 Further trigonometiic equations

This section uses trigononieiric identities to help solve some more complex trigonometric

equations.

WORKED EXAMPLE 5.21

tan2
a Prove the identity 1'[# =2cos’6 1.
1+ tan- 6
a2
| b Hence, solve the equation lt# =5cosf —3 for 0° < 6 < 360°.
1+ tan°h
Answer
1 —tan’0 v
a LHS= 1+ tan26 O i e
cos6
2
- sin@ \
cosb |
= — Mg itiply numerator and denominator by
( sin6 2
1+] cos” 6.
{ cosb
2 2
_ cos"0—sin"6 Use sin® 0 + cos’0 = 1.
cos® @ + sin’ 0
= cos? 0 —sin® 6 Replace sin® 6 with 1 — cos’ 6.
= c0s” 6 — (1 - cos” 6) Simplify.
=2cos’6 -1
= RHS
b 1-tan’0
Toanls > cos6 -3 Use the result from part a.
+tan” &
2¢0s?9—1=5cos0 -3 Rearrange.
2c0s?@ -5c0s0+2=0 )
Factorise.
(2 cos6 —1)(cos@—-2)=0
cosf = % or cosf =2 cosf = 2 has no solutions.
0 = cos™! (l)
2
6=60° or O=360°-060°
Solution is 8 = 60° or 6 = 300°.
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1 a Show that the equation cos6 +sinf = Scos€ can be written in the form tan6 = k.

b Hence, soive the equation cos@ +sinf = 5cosO for ¢° < 0 < 360°.

2 a Show that the equation 3sin?6 + 5sin@cos® = 2 cos” 6 can be written in the form
3tan’6 + Stan® — 2 = 0.

b Hence, solve the equation 3sin’ @ + 5sinb cos6 = 2cos” 6 for 0° < 6 < 180°.

3 a Show that the equation 8sin’ 0 + 2cos” @ — cos6 = 6 can be written in the form 6cos?6 + cos6 — 2 = 0.

b Hence, solve the equation 8sin” 8 +2cos>6 —cosd = 6 for 0° < 6 < 360°.

4 a Show that the equation 4siu*@ + 14 = 19cos® @ can be written in the forin 4x? +19x — 5 = 0, where
-2
X =sin” 6.

b Hence, solve the equation 4sin*6 + 14 = 19cos> 6 for 0° < 6 < 360°.

5 a Show that the equation sinf tan6 = 3 can be written in the form cos’> 6 + 3 cos® — 1 = 0.

b Hence, sclve the equation sinf tan6 = 3 for 0° < 6 < 360°.
6 a Show that the equation 5(2sin6 — cosf) = 4(sinf + 2cosf) can be written in the form tan = % .

b Hence, solve the equation 5(2sin0 — cos6) = 4(sin6 + 2cosO) for 0° < 6 < 360°.

. . i 1+
m 7 a Prove the identity sin + cosg = 2

1+ cos@ sin @ sin@ -
. sin6 1+ cos@ .
b Hence, solve the equation — ——+ ——— =1+ 3sinf for 0° < 6 < 360°.
1+ cos@ sin@
cos 0 1

8 a Prove the identity

tan@?l + sin ) - sin

: 0
b Hence, solve the equation — %Y 1 for 0° < § = 360",
’ tan @ (1 + sin@)

9 a Prove the identity L + 1 __2

1+sin® 1-sin@ cos’@

- +—]—,— =5 for 0° < 0 < 360°.
1+sin@ 1-sm6

b Hence, solve the equation cos6 (

2
i0 a Prove the identity | 1, 1 _ +cosd
sin@ tan@ 1 - cos6
1Y
b Hence, solve the equation | — - -t =2 for 0° <6 < 360°.
siné  tanf

11 a Prove the identity cos* 8 -sin*6 = 2 cos? 6 — 1.

b Hence, solve the equation cos*6 —sin*6 = % for 0° < 6 < 360°
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Exact values of trigonometric functions

Positive and negative angles
® Angles measured anticlockwise from the positive x-direction are positive.
® Angles measured clockwise from the positive x-direction are negative.

Diagram showing where sin, cos and tan are positive

» 0°, 360°

® Useful mnemonic: ‘All Students Trust {ambridge’.

[\

360 270 —1%0 90 O,

Graphs of trigonometric functions

1

3'60\\) yé
1
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S

® The graph of y = asinx isa stictch of y = sin x, stretch factor «, parallel to the y-axis.

. ) . 1 .
® The graph of y = sin(ax) is a stretch of y = sin x, stretch factor —, paralle! (o the x-axis.
a

® The graph of y = 4 -+ sinx is a translation of y = sinx by the vector | ~

{ . . . . —a
® The graph of y = sin(x + @) is a translation of y = sinx by the vector .
grap y y ) 0

Inverse frigonometric functions

YA

y =sin"lx

y=cos'x
domain: -1 < x <
range: 0 < cos™' x <

1

T .
range: == < sin Ix < T

Trigonometric identities
sin x

® tanx =
COs X

2

e sinx+ cos?x=1

i
2

y = tan~! x
domain: x e R

n .
range: - < tan le<s
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v,
ERCISE 5
®) -

y=a+bsinx

The diagram shows part of the graph of y = a + bsinx.

State the values of the constants ¢ and b. 12]

Cambridge International AS & A 1.evel Mathematics 9709 Paper 11 Q1 June 2014

Find the vaiue of x satisfying the equation sin™'(x — 1) = tan"!(3). [3]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q2 November 2014

Given that 0 is an acute angle measured in radians and that cos@ = k, find, in terms of k, an expression for:

a sinf 1]

b tan® 1]

¢ cos(m—0) [1]

Solve the equation cos™'(8x* +14x* —16) = m. [4]

Solve the equation sin2x = 5cos2x, for 0° < x < 180°. (4]
13sin” 6

Solve the equation — +cos@ =2 for 0° < 6 < 180°. [4]
2

0s 60
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q3 November 2014

Solve the equation 2cos® x = Ssinx — 1 for 0° < x < 360°. [4]
i Sketch, on a single diagram, the graphs of y = cos26 and y = % for 0 <0 <2m [3]
ii  Write down the number of roots of the equation 2cos26 —1 = 0 in the interval 0 < 06 < 2m. 1]
iii. Deduce the number of roots of the equation 2co0s268 — 1 = 0 in the interval 10n < 6 < 20m. 1]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q3 November 2011

i Show that the equation 2tan” #sin’6 = 1 can be written in the form 2sin*@ + sin>6 — 1 = 0. 2]

i Hence solve the equation 2tan’ @sin>6 =1 for 0° < 6 < 360°. 4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q5 June 2011
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154

® 10

12

® 3

® 17

a

b

Solve the cquation 4sin”x + 8cosx —7 = 0 for 0° < x =< 3560°. 4]
Hence find the solution of the equation 4sin? (% 9] + 8 cos (% 0) —7=0 for 0° <0 < 360°. 12]
Cambridge Internationa! AS & A Level Mathematics 9709 Paper 11 Q4 November 2013
Prove the identity sinxtanx =1+ 1L 4 131
l1—-cosx cos X
sin x tan x

——+2 =0, for 0° < x =< 360°. [3]

— CO5.¢

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q4 November 2010

Hence solve the equation

. 2—-sinx 3
Solve the equation ———— == for 0 < x < 2w [3]
1+ 28I x 4

Solve the equation sinx —2cosx = 2(2sinx - 3cosx) for-n<=x=m 4]

A function f is defined by f: x — 3—2tan(%x) for0=<x=nm

v

State the range of f. 1]
State the exact value of f (% nj. 1]
Sketch the graph of y = f(x). 12]
Obtain an expression, in terms of x, for £7!(x). 131

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 November 2010
Solve the equation 2cos® @ = 3siné, for 0° < 0 < 360°. [4]

The smallest positive solution of the equation 2cos?(n0) = 3sin(n6), where n is a positive integer,
is 10°. State the value of » aud hence find the largest solution of this equation in the interval
0° < 6 < 360°. I3]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 November 2012

:‘1](‘
Show that —— 2 L B — 3]
sin@ + cos@ sinB —cos@  sin“ O —cos” O
sin@ cos6

Hence solve the equation =3, for 0° < 6 < 360°. 4]

sin@ + cos® ' sin@ — cosf
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q5 June 2013
4cos6

Show that the equation +15 =0 can be expressed as 4sin”6 — 15sin@ — 4 = 0. 131
tan @
. 4cosH
Hence solve the equation cose +15=10 for 0° < 6 < 360°. 131

Cambridge international AS & A Level Mathematics 9709 Paper 11 Q4 November 2015

The function f: x — 5+ 3cogl(»:— x) is defined for 0 < x < 2m.

iv

Solve the equation f(x) = 7\, giving your answer correct to 2 decimal places. [3]
Sketch the graph of y = f(x). 12]
Explain why { has an inverse. 1]
Obtain an expression for f~'(x). [3]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q8 June 2015
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In this chapter you will ica:n how to:

use the expansion of (a + b)", where n is a positive integer

recognise arithinetic and geometric progressions

use the formiulae for the nth term and for the sum of the first » terms to solve problems involving
arithmetic or geometric progressions

use the condition for the convergence of a geometric progiession, and the formula for the sum to
infimiy of a convergent geometric progression.

¥
¥
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PREREQUISITE KNOWLED 7" @
— ‘ -

Where it comes from What you should be able to do ’ Check your skills
IGCSE /O Level Expand brackets. 1 Expand:
Mathematics a (2x+3)?
b (1-3x)(1+2x-3x?)
IGCSE /O Level Simplify indices. 2 Simplify:
| Mathematics a (5x2)
b (-2x%)
IGCSE /O Level Find the nith term of a linear 3 Find the nth term of these linear sequences.
Mathematics sequence. a 5.7,9,11,13 ..
b 8572,-1,—4,...
Why study series?

At IGCSE / O Level you learnt how to expand expressions such as (1+ x)2. In this chapter
you will learn how to expand expressions of the form (1+ x)”, where n can be any positive
integer. Expansions of this type are called binomial expanstors.

This chapter also covers arithmetic and geometric progressions. Both the mathematical and
the real world are full of number sequences that have particular special properties. You will
leari how to find the sum of the numbers in these progressions. Some fractal patterns can
generate these types of sequences.

6.1 Binomial exapansion of (¢ + »)"
Binomial means ‘two terms’.

The word is used in algebra for expressions such as x+3 and 5x —2y.
You should already know that {(a + b)? = a® +2ab + b,
The expansion of (a + 5)° can be used to expand (a + b)*:
(a+b)} =(a+b)a*+2ab+b?)
= a3+ 2a’b + ab* + a*b + 2ab* + b’

=a’ +3a®b + 3ab?* + b3
Similarly. it can be shown that (¢ +b)* = a* +4a’b + 0a”b* + 4ab’ + b*,

Writiiig the expansions of (a + )" in full in order:

(a+b) = 1

(a+b) = la +1b

(a+b)* = 1a® + 2ab + 1

(a+b) = a3 + 3a’h + 3ab* + 1b°
(a+b)*= la* + 44°b + 6a’b* + 4ab® + 1b*
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o FAST FORWARD

In the Pure Mathematics
2 and 3 Coursebook,
Chapter 7, you will
learn how to expand
these expressions

for any real value

of n.

@ FAST FORWARD

Properties of binomial
expansions are also used
in probability theory,
which you will learn
about if you go on to
study the Probability
and Statistics 1
Coursebook, Chapter 7.

Try the Sequences

and Counting and
binomials resources
on the Underground
Mathematics website.
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If you look at the expansion of (@ + b)*, you should notice that the powers of ¢ and b form
a pattern.

® The first term is #* and then the power of @ decreases by 1 while the power of b
increases by 1 in each successive term.
e All of the terms have a total index of 4 (a*, a’b, a®b?, ab’® and b*).

There is a similar pattern in the other expansions.

The cocfficients also form a pattern that is known as Pascal’s triangle.

n=0: 1

n=1: 1 1
n=2: 1 7] Each TowW alwgys starts
Nt and finishes with a 1.
n=73: 1 3 . 3 1
NI " Each number is

n=4. 1 4 6 4 1
The next row is then:

the sum of the two
numbers in the row

n=515 10 10 5 1 above it.

This row can then be used to write down the expansion of (a +b)°:

(a+b) =1a° +5a*b +10a°b* + 10a°b> + Sab* +1b°

-

Pascal’s triangle is

1 named after the French
| 1 1 mathematician Blaise
I 2 i Pascal (1623-1662).
1 3 3 1

I 5 10 10 5 1
1 6 15 20 15 6 1

There are many number patterns to be found in Pascal’s triangle.

For example, the numbers 1, 4, 10 and 20 have been highlighted.

g @ ;3 )
1 4 10 20
Thesc numbers are called tetrahedral numbers.
| 1 What do you notice if you find the total of cach row in Pascal’s triangle?
Can you explain your findings?

2 Can you find the Fibonacci sequence (1, 1, 2, 3, 5, 8,13, ...) in Pascal’s triangle?
You may want to add terms together.

3 Pascal’s triangle has many other number patterns.
Which number patterns can you find?
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WORKED EXAMPLE 6.1

Use Pascal’s triangle to find the expansion of:

a (Bx+ 2)3 b (5- 2x)4
Answer
a (Bx+2)»

The index is 3 so use the row for n = 3 in Pascal’s triangle (1, 3, 3, 1).
(Bx +2)* =13x)> + 33x)*(2) + 3(3x)(2)* + 1

=27x3 +54x% + 36x + 8
b (5-2x)*

The index is 4 so use the row for n = 4 in Pascal’s triangle (1, 4, 6, 4, 1).
(5-2x)* =1(5)" + 4(5)°(-2x) + 6(5)* (—2x)* + 4(5)(-2x)* +1(-2x)*
=625—-1000x + 600x2 —160x> + 16x*

a Use Pascal’s triangle to expand (1 —2x)°.

b Find the coefficient of x* in the expansion of (3 + 5x)(1 —2x)°.

m Answer

| a (1-2x)°
The index is 5 so use the row for » == 5 in Pascal’s triangle (1, 5, 10, 10, 5, 1).
(1-2x)° =1(1)° + 5(D)*(=2x) + 10(1)*(=2x)> + 10(1)>(=2x)> + 5(1)(=2x)* + 1(=2x)°
=1-10x + 40x* — 80x? + 80x* — 32x°
b (3+5x)(1-2x)° = (3+ 5x)(1—10x + 40x% — 80x> + 80x* — 32x7)
The term in x* comes from the products:
v v )
(3 +5x)(1=10x + 40x? +80x* — 32x°)
= —240x* and 5x x 40x? = 200x°
Coefficient of x* = =240 + 200 = —40.

1 Use Pascal’s triangle to find the expansions of:

a (x+2); b (I-x)* c (x+y)° d 2-x)}

: 3
e (x—y)? i (2x+3y) g (2x-3) h (x2+—)
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2 Find the coefficient of x* in the expansions of:

a (x+3)° b (I+x)° ¢ (3-x) d (4+x)*
4
e (x-2) fo(Qx-1)* g (4x+3)* h (5—%)

3 B+x)P+B-x)P=4+Bx*+Cx*
rind the value of A4, the value of B and the value of C.

4 The coefficient of x> in the expansion of (3 + ax)* is 216.

Find the possible values of the constant a.

5 a Expand (2+x)*.
b Use your answer to part a to express (2 ++/3)* in the form a + bh\/3
6 a Expand (1+x)>.
b Use your answer to part a to express:
i (1++3)% in the form a+b/5
i (1-+/5)% inthe form ¢+ d+/5.
¢ Use your answers to part b to simplify (1++/5)° +(1=+/5)°.

7 Expand (1+x)(2+3x)*%

8 a Expand (x*-1)*.

b Find the coefficient of x° in the cxpansion of (I —2x2)(x? = 1)*.

4
9 Find the coefficient of x? in the expansion of (3x - 2) .
X

2

4
10 Find the term independent of x in the expansion of (x2 - i) .
X

11 a Find the first thiee terms, in ascending powers of y, in the expansion of (1+ y)*.

b By replacing y with 5x —2x2, find the coefficient of x” in the expansion of (1+5x —2x%)%

12 The coefficient of x? in the expansion of (1+ ax)* is 30 times the coefficient of x in the expansion of

3
(1 + %) . Find the value of a.

4
13 Find the power of x that has the greatest coefficient in the expansion of (3x4 + %) .

14 a Write down the expansion of (x + y)° .

5
b Without using a calculator and using your result from part a, find the value of ( 10 %) , correct to

the nearest hundred

4 4
15 a Given that '(/:2 + l) - (x2 - l) = px> + z, find the value of p and the value of g.
X x x

\ . ( 1Y 1Y
Hence, with lculator, find th meof [ 24— | ={2-— 1.
b Hence, without using a calculator, find the exact value o L + \/f) ( \/Z)
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@ 16 y:x+%
3

1.
a Express x” + -~ interms of y.
X

1 .
b Express x° + — interms of y.
X

6.2 Binomial coefficients

Pascal’s triangle can be used to expand (a + b)" for any positive integer n, but if n is large
it can take a long time to write out all the rows in the triangle. Hence, we need a more
efficient method to find the coefficients in the expansions. The coefficients in the binomial
expansion of (1 + x)" are known as binomial cocificients.

EXPLORE 6.2

Consider the expansion: To find ( ; } key in

(T+x)° =1+ 5x +10x% +10x° +5x* +x°
[5]ker[2],

The coefficientsare: 1 5 10 10 5 1

Find the nCr function on your calculator. On some calculators this may be "C

\

m 1 Use your calculator to find the values of:

5 5 5 5 5 ( S

R X X R and | ~ |.
. 0 1 2 3 4 \ 5

2 What do you notice about yonr answers to question 1?
3 Complete the following four statements.

r

The coefficient of x? in the expansion of (1+ x)° is [ > )

The coefficient of x" in the expansion of (1+ x)" is [

2\ . . 5 .
The coetficient of the 4th term in the expansion of (1+x)" is

*]

The coefficient of the (r + 1)th term in the expansion of (1+x)" is [ J

We write the binomial expansion of (1+ x)", where n is a positive integer as:

KEY POINT 6.1
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We can therefore write the expansion of (1+ x)" using binomial coefficients; the result is
known as the Binomial thecrem.

. . . b\
We can use the Binomial theorem to expand (a + b)", too. We can write (¢ + b)" = a”" ( 1+ —)
a
(assuming that a = 0).

WORKED EXAMPLE 6.3

Chapter 6: Series

Find, in ascending powers of x, the first four terms in the expansion of:

a (1+x) b (2-3x)"°

Answer

(
a (1+x)" =] 15J+[15]x+(15sz+(1ij3+-~
Lo 1 2 3

=1415x +105x% + 455x3 + -
b (2-3x)1= 101510 | 10 29(=3x)! ;( 1,\‘ 28(=3x)% + 10 27(=3x)* + -+

| =1024 — 15360x +103680.x” - 414720x3 + ---
I

You should also know how to work out thc binomial coefficients without using a calculator.

‘
From Pascal’s triangle, we know that L (5) ]= 1 and [ g J= 1.

In general, we can write this as:

/
5 =§=5 5 =5><4=10 5 =5><4><3=10 5 =5><4><3><2=5
1 1 2 2x1 3 Ix2x1 4 4x3x2x1
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In general, if 7 is a positive integer less than 7, then:

_nxX(n-Nxmn=-2)x--x(n-r+l
rX(r=1x((r—-2)x---x3x2x1

' /) a Without using a calculator, find the value of ( i ]

. . . n
b Find an expression, in ternis of n, for [ 4 ]

Answer

|
|

Js

J ;:70
)=

&~ oo

S

n> (n—l)><(n—2)><(n—3) nn—1)(n-2)n-3)
4x3x2x1 24

i

162 A '@'. D EXAMPLE 6.5

! n

When (1 - %) is expanded in ascending powers of x, the coefficient of x? is 4. Given that # is the positive

integer, find the value of n.

Answer
Termin x2 =| " ](—f-\l7 = wx\—z _nx(n-1) x?
' 2 3) 2x1 9 18 )
nx{n-1) _4
18
nn-1)=72
n?-n-72=0

(n=9)(n+38) =

n=9orn=-8

As n is a positive integer, n = 9.
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WORKED EXAMPLE 6.6

When (2+kx)® is expanded, the coefficient of x° is two times the coefficient of x*. Given that k > 0, find the
value of k.

Answer

Term in x° :[ 2 ] (2)3(kx)> = 448k x°

| Termin » =[ i ] Q)4 (kx)* = 1120k

Coefficient of x° = 2 x coefficient of x"
448k =2 x 1120k*
448k — 2240k* = 0
448k (k — 5) = 0
k=0ork=5

As k is a positive 1nteger, k = 5.

WORKED EXAMPLE 6.7

| a Obtain the first three terms in the expansion of (2 —x)(1+2x)’.

b Use your answer to part a to estimate the value of 1.99 x 1.02°.

Answer

(

a (2-x)(1+2x)°=(2- x)tk 3 J+( ? J(2x)l+( g J(Zx)2+---]
= (2= )1+ 18x + 144x2 4 ...)
= (14 18x + 144x2 +-2) — x(1+ 18x + 1442 + -.)
— 242X 18— D)x+ (2 x 144 18)x2 ..
=2+ 35x +270x% + -

b (2-x)1+2x)°=2+35x+270x> +--- Let x = 0.01.
1.99 x 1.02° = 2 + 35(0.01) + 270(0.01)*

| 1.99 x 1.02° = 2.377

|

There is an alternative formula for caiculating ( }: J To be able to understand and apply

the alternative formula, we need to first know about factorial notation.

We write 6! to mean 6 X 5 x 4 x 3 x 2 x 1, and call it ‘6 factorial’.
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In general, if n is a positive integer, then:

Use the formula 1\ r J =

(:’\ n!

m to find the value of:

- (?)

164 Auswer
| |
AR DU,
4 )7 wE-a " a4
9 9) 9
b = = 8 1
3 ] 3O-3) 36

WORKED EXAMPLE 6. a

Answer

9
Find the terin independent of x in the expansion of (x + > ) .

(2o

2

%

(2T

i The term that is independent of x is the term that when simplified does not involve x.

The x terms cancel each other out when the power of x is double the power of%.

Also, the sum of these powers must be 9. M

Hence, we are looking for powers of 6 and 3, respectively, and the corresponding binomial coefficient is [ 2 J

The term independent of x is:

3
(9)x6(i,) _ g x 125~ 10500
3 x- x°
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1 Without using a calculator, find the value of each of the following.
N

| b 9 c 12

) 6 4

2 Express each of the following in terms of 7.

a n b n C n
2 1 3 3

n!

a

w2

3 Use the formula ( ’: J = r'(T J to find the value of of each of the following.
c
3

(2] ad

4 Find, in ascending powers of x, the first three terms in each of the iollowing expansions.

7
a (1+2x)® b (1-3x)"° c (1+§) d (1+x?)"?
vY 2
e (3+'—) f o2-x"8 g (2+x2)° h |2+
2 2
5 Find the coefficient of x* in each of the following expansions.
7 10
a (1-x) b (1+3:0)"2 c (2+§) d (3—%)

6 Find the coefficient of x* in the expansion of (2x +1)'%.
7 Find the term in x° in the expansion of (5 — 2x)%.

8 Find the coefficient of x*1° in the expansion of (x —2y)".

2

12
9 Find the term independent of x in the expansion of (x - —) .
X

10 Find, in ascending powers of x, the first three terms of each of the following expansions. .
a (1-92+x) b (1+2x)(1-3x)° c (1”)(1_%)

11 a Find, in ascending powers of x, the first three terms in the expansion of (2 + x)'°.

b By replacing x with 2y — 32, find the first three terms in the expansion of (2 +2y — 3y?)!°.

8
12 a Find, in ascending powers of x, the fiist three terms in the expansion of (1 - %) .

8
b Hence, obtain the coefficient of > in the expansion of (2 + 3x — x?) (1 - g) .

13 Find the first three terms, in ascending powers of x, in the expansion of (2 - 3x)*(1+ 2x)'°.

14 The first four terms, in ascending powers of x, in the expansion of (1+ ax + bx?)” are 1 —14x + 91x? + px°>.
Find the values of «, b and p.

n
@ 15 The first two terms, in ascending powers of x, in the expansion of (1+ x) (2 - %) are p+ gx’.
Find the vaiues of n, p and ¢.
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6.3 Arithmetic progressions

At IGCSE / O Level you leaint that a number sequence is a list of numbers ana that the
numbers in the sequence are called the terms of the sequence.

A linear sequence such as 5,8,11,14,17, ... is also called an arithmeric progression. Each term
differs from the terin before by a constant. This constant is called the common difference.

The notation uscd for arithmetic progressions is:
a = fust term d = common difference [ = last term

The common difference is also allowed to be zero or negative. For example, 10, 6,2, -2, ...
and 5, 5,5, 5, ... are both arithmetic progressions.

The first five terms of an arithmetic progression whose first term is ¢ and whose common
difference is d are:

a a+d a+2d a+3d a+4d
term 1 term 2 term 3 term 4 term 5

From this pattern, you can sce that the formula for the nth term is given by:

nth term = ¢ + (n— 1)d

WORKEDXEXAMPLE 6.10
a

o <

| rind the number of terms in the arithmetic progression -3,1,5, 9,13, ..., 237.
Answer
nthterm = a + (n—1)d Use a =-3,d =4 and nth term = 237.
237 =-3+4n-1) Solve.
n—1=60
n =061

| workeo X e 11

The fonrth term of an arithmetic progression is 7 and the tenth term is 16. Find the first term and the
common difference.

Answer

| 4th term = 7 =Sa+3d=T7 - (1)
10thterm =16 = a+9d=16 ------ --(2)
(2)— (1) gives 6d =9

d=15

Substituting into (1) gives a +4.5="7
a=25
First term = 2.5, common difference = 1.5
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WORKED EXAMPLE 6.12 Q

The nth term of an arithmetic progression is 5 — 6n. Find the first term and the common difference.

Answer

Ist term = 5 —6(1) = —1 Substitute » =1 into nth term = 5 — 6mn.
2ndterm =5-6(2) = -7 Substitute » = 2 into nth term = 5 — 6n.

| Common difference = 2nd term — Ist term = -6

The sum of an arithmetic progression
When the terms in a sequence are added together we call the resulting sum a scries

EXPLORE 6.3

1+2+3+ 4+ +97+98+99+100 =7

It is said that, at the age of seven or eight, the famous mathematician Carl Gauss
was asked to find the sum of the numbers from 1 to 100. His teacher expected this
task to keep him occupied for some time but Gauss sniprised him by writing down
the correct answer almost immediately. His method iuvolved adding the numbers in
palits: 14100 =101, 2+99 =101, 3+98 =101, ...

1 Can you complete Gauss’s method to find the answer?

2 Use Gauss’s method to find the sum of:

a 24+44+6+8+.--4+494 + 495 + 498 + 500
b S+10+15+20+ - +185+190 + 195+ 200

c 6+9+12+15+---4+934+96+99+102

3 Use Gauss’s miethod to find an expression, in terms of 7, for the sum:
1+4243+4+.+(n=-3)+(n-2)+(n-1)+n

The sum of an arithmetic progression, S, can be writtci as:

v

a

Sn=§(a+z) or S, =§[20+(n—1)n’1
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We can prove this result as follows, by writing out the series in full.

S, = a4 +(a+d)+(@+2d)+---+(-2d)+(-d)+ 1
Reversing: S,= [ +(-d)+(-2d)++(a+2d)+(a+d)+ a

Adding: 28, =(a+D)+(a+1l) +(a+l) +--+(a+l) +(a+l) +(a+])
2S, = n(a+1), as there are n terms in the series

So S, =§(a+1)_

Using / = a + (n—1)d, this can be rewritten as S, = £ 12¢ + (n—1)d].
Z

It is useful to remember the following rule that applies for all sequences.

‘ nth term = S, — S, _;

WORKED EXAMPLE 6.13 (

In an arithmetic progiession, the Ist term is —12, the 17th term is 12 and the last term is 45.
Find the sum of all the terms in the progression.
Answer
m We stait by working out the common difference.
nthterm = a + (n—1)d Use nth term =12 when n =17 and a = -12.
. 12=-12+16d Solve.
d = 3
2
We now determine the number of terms in the whole sequence.
nth term = a + (n —1)d Use nth term = 45 when a =-12 and d = %
3 ,
45 = -12 + ) (n-1) Solve.
n—1=238
n =39
Finally, we can work out the sum of all the terms.
S, =5 (a+) Use a=-12, /=45 and n = 39.
S}g - 379 (—12 + 45)
' = 6435
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WORKED EXAMPLE 6.14 Q

The 10th term in ai arithmetic progression is 14 and the sum of the first 7 terms is 42.

Find the first term of the progression and the common difference.

Answer

nth term = a + (n —1)d Use nth term = 14 when n = 10.
14=a+9d ----- (D)

S, = g[za +(n-1)d] Use n=7 and S; = 42.

42 = % (2a + 6d)

Substituting d = : into equation (1) gives a = 2.

~

. . 4
First terra = 2, common difference = 3

\J
(WORKED EXAMPLE 6.15

The sum of the first n terms, S,, of a particular arithmetic progression is given by S, = 4n” + n.

a Find the first term and the common difference.

b Find an expression foi the nth term.

Answer
a S =412 +1=5 First term = 5
S, =42) +2=18 First term + second term = 18

Second term = 18 -5 =13

First term = 5, common difference = 8

H  Method 1:
nth term = a + (n —1)d Use a=5,d=28.
=5+8(n-1)
=8n-3
Method 2:

nthterm =S, —S,_; = 4i” +n—[4(n—-1)> + (n-1)]
=4n’ +n—(4n"- -8n+4+n-1)

=8n-12
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10

11

13

14

The first term 10 an arithmetic progression is @ and the common difference is d.

Write down expressions, in terms of @ and d, for the seventh term and the 19th term.

Find the number of terms and the sum of each of these arithmetic series.

a 13+17+21+---+97 b 152+149+146+---+50

Find the sum of each of these arithmetic series.

a 5+12+19+--- (17 terms) b 4+1+(-2)+--- (38 terms)
C %+%+%+--- (20 terms) d —x—-5x-9x--- (40 terms)

The first term of an arithmetic progression is 15 and the sum of the first 20 ierms is 1630.
Find the common difference.

In an arithmetic progression, the first term is —27, the 16th term is 78 and the last term is 169.
a Find thc common difference and the number of terms.

b Find the sum of the terms in this progression.

The first two terms in an arithmetic progression are 146 and 139. The last term is —43.
¥ind the sum of all the terms in this progression.

The first two terms in an arithmetic progression are 2 and 9. The last term in the progression is the only
number that is greater than 150. Find the sum of all the terms in the progression.

The first term of an arithmetic progression is 15 and the last term is 27. The sum of the first five terms
is 79. Find the number of terins in this progression.

Find the sum of all the integers between 100 and 300 that are multiples of 7.

The first term of an arithmetic progression is 2 and the 11th term is 17. The sum of all the terms in the
progression is 500. Find the number of terms in the progressicn

Robert buys a car for $8000 in total (including interest). He pays for the car by making monthly payments that
are in arithmetic progression. The first payment that he makes is $200 and the debt is fully repaid after

16 payments. Find the fifth payment.

The sixth term of an arithmetic progression is —-3 and the sum of the first ten terms is —10.

a Find the first term and the common difference.

b Given that the nth term of this progression is —59, find the value of n.

The sum of the first n terms, S, of a particular arithmetic progression is given by S, = 4n> + 3n.
Find the first term and the common difference.

The sum of the first n terms, S, of a particular arithmetic progression is given by S, = 12n — 2n?.
Find the first term and the common difference.
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15 The sum of the first 7z terms, S, of a particular arithmetic progression is given by S, = % (5n* —17n).
Find an expression for the nth term.

16 A circle is divided into ten sectors. The sizes of the angles of the sectors are in arithmetic progression. The
angle of the largest sector is seven times the angle of the smallest sector. Find the angle of the smallest sector.

17 An arithmetic sequence has first term ¢ and common difference d. The sum of the first 20 terms is seven times
the sum of the first five terms.
a Find d in terms of a. b Find the 65th term in terms of a.

18 The tenth term in an arithmetic progression is three times the third term. Show that the sum of the first ten
terms is eight times the sum of the first three terms.

2 x and the second term is 1.

0 19 The first term of an arithmetic progression is sin
a Write down an expression, in terms of sin x, for the fifth term of this progression.

b Show that the sum of the first ten terms of this progression is {0 + 35 cos? x.

@ 20 The sum of the digits in the number 67 is 13 (as 6 + 7 = 13}
a Show that the sum of the digits of the integers from 19 to 21 is 15.

b Find the sum of the digits of the integers fromi ! to 99.

6.4 Geometric progressions

he sequence 2, 6,18, 54, ... is called a geometric progression. Each term is three times the
preceding term. The constant multiplier, 3, is cailed the common ratio.

The notation used for a geometric progression is:
a = first term r = common ratic

The first five terms of a geometric progression whose first term is @ and whose common
ratio is r are:

a ar arz ar3 ar4

term 1 ferm 2 term 3 term 4 term 5

This leads to the tormula for the nth term of a geometric progression:

nith letm = ar

ES

WORKED EXAMPLE 6.16

The fifth term of a geometric progression is 1 and the common ratio is l
Find the eighth term and an expression for the nth term. 2

Answer

1

nth term = ar”~ Use nthterm =1 when n =5 and r = %
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4
lzu(l)
2

a=16

/1 7
8th term = 16| 2) =

\

!
8
1 n-1
th term = ar" " :16(—)
nth term = ar 5

N WORKED EXAMPLE 6.17

The second and fifth terms in a geoinetric progression are 12 and 40.5, respectively. Find the first term and the
common ratio. Hence, write down an expression for the nth term.

Answer
12=ar -------- ()
40.5 = ar* ----- (2)

. ar®  40.5
2)+ (1) gives ©—— = —=
(2)+ (1) gives 5

;27
==

8

172 po 3
2

o 3. . .
i Substituting r = > into equation (1) gives ¢ = 8.

n—1
, nth term = 8( . ) .
WORKED EXAMPLE 6.18 L

. . 2Y L. .
The nth term of a4 geometric progression is 9 (_5) . Find the first term and the common ratio.

First term = 8, common ratio =

o w
N | W

Answer

A\l
st termn = 9( -2 ) = =6
3

N2

2nd term = 9 (—% )_ =4

. 2nd term 4 2
Common ratio = ——— = — = =
Ist term -6 3

This is also clear from the formu!a directly: each term is (—;) times the previous one.

; . 2
First term = —6, common ratio = -3
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EXPLORE 6.4

In this Explore activity you are not allowed to use a calculator

1 Consider the sum of the first 10 terms, ), of a geometric progression with
a=1and r=3.

S10=1+3+3%+3° +.--+ 37 +3° + 37

a Multiply both sides of the previous eguation by the common ratio, 3, and
complete the following statement.

BS10=3+3°+3 +3 4 +3 +3+3

b How does this compare to the original expression? Can you use this to find
a simpler way of expressing the sum Sj,?

2 Use the method from question 1 to find an alternative way of expressing cach of
the following.

a TH+r+reto- (10 terms)
b a+artaf+... (10 terms)
¢ atar+ar®+-- (n terms)

You wiil have discovered in Explore 6.4 that the svin of a geometric progression, S,,, can be
written as:

O

These formulae are not
defined when r =1.

Either formula can be used but it is usually easier to:

@ Use the first formula when -1 < r < 1.
® Use the second formula when r > 1 or when r < -1.

This is the proot of the formulae in Key point 6.11.
S,=a+ar+ar*+-+ar" P +ar" o' (D
rx (1) rS, = ar+ar* +---+ar" 3 + ar'-
2= rS, =S, =ar" —a
(r=10S, =a@" -1)

S, = a(r" —1)
r—1
Multiplying the numerator and the detiominator by —1 gives the alternative formula
—_—
S, = a(l-r )‘
I-r

Can you see why this formula does not work when r =1?
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WORKED EXAMPLE 6.19

Find the sum of the {irst 12 terms of the geometric series 3+ 6 + 12 + 24 +---.
Answer
S - a(r" = 1) Use a=3,r=2 and n=12.
n r— 1
g - 3022-1 Simplify.
12 71
=12285

WORKED EXAMPLE 6.20

The third term of a geometric progression is nine times the first term. The sumi o1 the first six terms is k& times the
sum of the first two terms. Finid the value of k.

Answer

3rd term = 9 X first term
Uivide both sides by @ (which we assume is
non-zero) and solve.

ar? = 9a
r==%3
Use S/‘/ = /\'S:
i(i’; 1) ka(r? = 1)

o= Rearrange to make k the subject.
r-1 r—

1 Identify whether the following sequences are geometric.
If they ar¢ geometric, write down the common ratio and the eighth term.

a 2,4814,.. b 721,62 189, ... ¢ 81,-27,9,-3,...

o
s

O | N
NI

1247 e 1.04.0.16,0.64, ... foL-LL-L..
9 9

2 The first term in a geometric progressicn is ¢ and the common ratio is . Write down expressions,
in terms of a and r, for the sixth term and the 15th term.
3 The first term of a geometric progression is 270 and the fourth term is 80. Find the common ratio.

4 The first term of a geometric progression is 50 and the second term is —29. Find the fourth term.

5 The second term of a geometric progression is 12 and the fourth term is 27. Given that all the terms are
positive, find the common ratio and the first term.

6 The sum of the second and third terms in a geometric progression is 84. The second term is 16 less than the
first term. Given that all the terms in the progression are positive, find the first term.
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7 Three consecutive teims of a geometric progression are x, 4 and x + 6 . Find the possible values of x.

8 Find the sum of the first eight terms of each of these geometric scries.
a 3+6+12+24+ ... b 128+64+32+16+--
c 1-2+4-8+-- d 243+162+108+72+---

9 The first four terms of a geometric progression arc 0.5, 1, 2 and 4. Find the smallest number of terms that
will give a sum greater than 1000 000.

10 A ball is thrown vertically upwards from the ground. The ball rises to a height of 8 m and then falls and

bounces. After each bounce it rises 1o i of the height of the previous bounce.
a Write down an expression for the height that the ball rises after the nth impact with the ground.

b Find the total distance that the ball travels from the first throw to the fitth impact with the ground.

11 The second term of a geometric progression is 24 and the third termis 12(x + 1).
a Find, in terms of x, the first term of the progression.

b Given that the sum of the first three terms is 76, find the possible values of x.

12 The third term of a geometric progression is nine times the first term. The sum of the first four terms is
k times the first term. Find the possible values of k.

13 A company makes a donation to charity each year. The value of the donation increases exponentially
by 10% each year. The value of the donation in 2010 was $10 000.

a Find the value of the donation in 2016.

b Find the total value of the donations made during the years 2010 to 2016, inclusive.
0 14 A geometric progression has first ierm ¢, common ratio r and sum to n terms S,

Show that w =,

n

o 15 Consider the seguence 1, 1, 3, 1 ,9, 1 , 27, 1 , 81, € Y
3 9 27 81

Show that the sum of the first 2n terms of the sequence is :- (243" -3-m).

© 161Lci5, =1+11+111+1111+11111+ - to n terms.

10"*1 =10 - 9n

Show that S, =
ow that S, 21

6.5 Infinite geometric series
An infinite sequence is a sequence whose terms continue forever.

Consider the infinite geometric progression where a =2 and r = %, so it begins

2,1, %, %, é, .... We can work out the sum of the first n terms of this:
$51=2,5=3 S3:3l :1:32 S :31 and so on.
) s 2 s 49 5 85

These sums are getting closer and closer to 4.
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The diagram of the 2 by 2 square is a visual representation of this series. If the patiern of

rectangles inside the square is continued, the total area of the rectangles approximates the

area of the whole square (which is 4) increasingly well as more rectangles are included.
o . . 1 1 .

We therefore say that the sum of the infinite geometric series 2 + 1 + > + 1 + 3 +---1s 4,

because the sum of the first n terms gets as close to 4 as we like as n gets larger. We write

1 1 1 . . . Lo
2+1+—+4+—+—+--- =4 We also say that the sum to infinity of this series is 4, and that <« P >

2 4 8
the series converges to 4. A series that converges is also known as a convergent series.

< O >
[\9)

You might be wondering why we can say this, as no matter how many terms we add up,
the answer is always less than 4. The simplest answer is because it works. Mathematicians
and philosophers have struggled with the idea of infinity for thousands of years, and

1
whether something like 2 + 1 + % + " + 8_ + -+ even makes sense. But over the past few

.. 1 1
hundred years, we have worked out that writing ‘2 + 1 + 5 + 1 + 3 +--- = 4’ turns out

to be very useful, and gives us answers that work consistently when we try t¢ do more
mathematics with them.

You are probably also familiar with a very important example of an infinite geometric
series without reaising it! What do we mean by the recurring decimal 0.3333...7

. . . 3 3 3 )
1is 2 0. = —+—4+——+-.. If k h
We can write this as a series: 0.3333 10 + 100 + 1000 + we work out the sum
of the first # terms of this geometric series, we find S, = = = 0.3, S, = 33 = 0.33,
176 10 100
233

5= 1000

the sum of the infinite series is equal to %, and we write % = 0.3333.... This justifies what

= 0.333 and so on. These sums are geiting as close as we like to %, so we say that

you have been writing for many years. Using the formula we will be working out shortly,
we can easily write any recurring decimal as an exact fraction.

DID Y! KNOW?
0 S O\

The first person to introduce nfinite decimal numbers was Simon Stevin in 1585. He was an

influential mathematician who popularised the use of decimals more generally as well, through a
publication called De Thiende (‘The tenth’).

EXPLORE 6.5

1 investigate whether these infinite geometric serics converge or not. You could use
a spreadsheet to help with the calculations. Ii they converge, state their sum to
\ infinity.

Ca a=§,r=—2 ) Cb a=3,r=—l )
5 5
(c cz=6,r=z ) (d a=—l,r=—2\,

3 2 ¥

2 Find other convergent geometric series of your own.
In each case, find the sum to infinity.

3 Canyou find a condition for r for which a geometric series is convergent?
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Consider the geometric series ¢ + ar + ar® + ar’ + -+ ar" .
. ¢ a(l-r")
The sum, S, is given by the formula S, = N4
-r

If =1 <r <1, then as n gets larger and larger, r" gets closer and closer to 0.
We say that as # tends to infinity, " tends to zero, and we write ‘as n — o, 1" — 0.

a(l-r") N a(1-0) __a
1-r 1-r 1-r"

Hence, as n — o,

This gives the result:

S, =2 provided that —1 <r <1.

1-r

If r=1o0r r < -1, then r" does not converge, and so the series itself does not converge.
So an infinite geometric series converges when and only when —1 < r <1

WORKED EXAMPLX 6.21

Chapter 6: Series

The first four terms of a geometric progression are 5, 4, 2.2 and 2.56.
a Write down the common ratio.
b Find the sum to infinity.

Answer

. second term 4
a Commonratio= —— = —
first term 5

b S.= - Use a=5and r =

,_‘
|
-
w |

&,
WORKEDE€XAMPLE 6.22

| a Find the first term of the progression

b Find the sum to infinity.

Answer
1— 3
a 53—0( r) UseS3:634ndr=—g.
1-r 3
’; N\
al 1= _2 \I |
3) )
63 = ‘, N Stinplify.
1=
U3
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35
a X 27
63 = 3 Sclve.
3
a =Rl
3 a 2
b S.=— Use a =81 and r = —=.
1—r 3
B 81
2
1—[ =
(-3)
' =482
1 Find the sum to infinity of each of the following geometric series.
a 24240202, b 1+0.1+0.01+0.001+
39 27
¢ 40-20-+10—-5+--- d —-64+48-36+27—---
2 The first four terms of a geometric progression are 1, 0.5%, 0.5* and 0.5°. Find the sum to infinity.
2 The first term of a geometric progression is 8 and the second term is 6. Find the sum to infinity.
4 The first term of a geometric progression is 270 and the fourth term is 80. Find the common ratio and the sum
to infinity.
5 a Write the recurring decimal 0.57 as the sum of a geometric progression.
b Use your answer to part a to show that 0.57 can be written as %
6 The first term of a geonietric progression is 150 and the sum to infinity 1s 200. Find the common ratio and the
sum of the first four terms.
7 The second term of a geometric progression is 4.5 and the sum to infinity is 18. Find the common ratio and
the first term.
8 Write the recurring decimal 0.315151515... as a fraciion.
9 The second term of a geometric progression is 9 and the fourth term is 4. Given that the common ratio is

positive, find:
a the common ratio and the first termi

b the sum to infinity.

10 The third term of a geometric progression is 16 and the sixth term is —%.

a Find the common ratio and the first term.

b Find the sum to infinity.
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Chapter 6: Series

The first three terms of a geometric progression are 135, k and 60. Given that all the terms in the progression
are positive, find:

a thevalucof k

b the sum to infinity.

The {irst three terms of a geometric progression arc k+12, k and k —9, respectively.
a Find the value of k.
b Find the sum to infinity.

The fourth term of a geometric progression is 48 and the sum to infinity is five times the first term.
Find the first term.

A geometric progression has first term ¢ and common ratio r. The sum of the first three terms is 3.92 and the
sum to infinity is 5. Find the value of @ and the value of r.

The first term of a gcometric progression is 1 and the second term is 2 cos x, where () < x < E

Find the set of values of x for which this progression is convergent.

A circle of radius 1cm is drawn touching the three edges of an equilateral triangle.

Three smaller circles are then drawn at each corner to touch the original circle and
two edges of the triangle.

This process is then repeated an infinite niunber of times, as shown in the diagram.

a Find the sum of the circumferences of all the circles.

b Find the sum of the areas of ali ttie circles.

& 3

pattern 1 pattern 2 pattern 3 pattern 4

We can construct a Koch snowflake as follows.
Starting with an equilateral triangle (pattern 1), we periorm the following steps to produce pattern 2.

Step 1: Divide each line segment into three equal segments.

Step 2: Draw an equilateral triangle, pointing outwards, that has the middle segment from step 1 as its base.
Step 3: Remove the line segments that were used as the base of the equilateral triangles in step 2.

These three steps are then repeated (o produce the next pattern.

a Let p, be the perimeter of pattern n. Show that the sequence p;, p», p3, ... tends to infinity.

b Let A4, be the area of pattern n. Show that the sequence 4, 4,, 4, ... tends to % times the area of the original
triangle.

¢ The Koch snowflake is the limit of the patterns. It has infinite perimeter but an area of % of the original

triangle, as you have shown. This snowflake pattern is an example of a fractal. Use the internet to find out
about the Sicipinski triangle fractal.
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6.6 Further arithmetic and geometric series

EXPLORE 6.6

ab,c,...

1 Given that a, b and ¢ are in arithmetic progression, find an equation connecting
a,hand c.

2 Given that a, b and ¢ are in geometric progression, find an equation connecting
a, b and c.

WORKED EXAMPLE 6.23

The first, second and third terms of an arithmetic series are x, y and x2. The first,
second and third terms of a gcometric series are x, x> and y. Given that x < 0, find:
a the value of x aud the value of y
b the sum to intinity of the geometric series
¢ the sum of the first 20 terms of the arithmetic series.
Answer
m a Arithmetic seriesis: x + y + x> +--- Use common differences.
y—x=x>-y
' 2y = X2+ X --nmm--- (1)
Geometric series is: x + x> + v+ --- Use common ratios
y _x
\’2 X
Y = X3 e (2)
(1) and (2) give 2x° = x> + x Divide by x (since x # 0) and rearrange.
2x2-x-1=0 Factorise and solve.
2x+1D)(x=-D)=0
\':f%orx:l x # 1 since x < 0.
Hence, x = L and y = -
1 5 7 2 C » 8 .
, _a 1 1
b S.-= - - - -
= Use g zandr >°
| 1
. 2
S.. = =—=
(=)
2
: n 1 1 1 3
¢ S, ==[2a+(n-1d] Usen=20,g=—S,d=——-| —= |==.
p Pl . ) 8 ( 2 ) 8
(3
Sz():& _I’Ll() ;)
2 8
=61.25
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e DID YOU KNOW?

Georg Cantor (1845-1918) was a German mathematician who is famous for his work on set theory
and for formalising uany ideas about infinity. He developed the theory that there are infinite sets
of different sizes. He showed that the set of natural numbers (1, 2, 3, ...) and the set of rational
numbers (al! fractions) are actually the same size, whereas the set of real numbers is actually larger
than either of them.

Chapter 6: Series

Q) o

(93]

The first term of a progression is !6 and the second term is 24. Find the sum of the first eight terms given that
the progression is:

a arithmetic b geometric

The first term of a progression is 20 and the second term is 16.
a Given that the progression is geometric, find the sum to infinity.
b Given that the progression is arithmetic, find the number ¢t terms in the progression if the sum of all the

terms is -160.

The first, second and third terms of a geometric progression are the first, fourth and tenth terms, respectively,
of an arithmetic progression. Given that the first term in each progression is 12 and the common ratio of the
geometric progression is r, where r # 1, find:

a thevalueof r

b the sixth term of each progression.

. . . . |
A geometric progression has eigiit terms. The first term is 256 and the common ratio is 5
. . .y . 1
An arithmetic progression has 51 terms and common difference 5
The sum of all the terms in the geometric progression is equal to the suin of all the terms in the arithmetic

progression. Find the first term and the last term in the arithmetic progression.

The first, second aiid third terms of a geometric progression are the first, sixth and ninth terms, respectively,
of an arithmetic progression. Given that the first term in each progression is 100 and the common ratio of
the geometric progression is r, where r # 1, find:

a thevalueof r

b the fifth term of each progression.

The first term of an arithmetic progression is 16 and the sum of the first 20 terms is 1080.
a Find the common difference of this progression.

The first, third and nth terms of this arithmetic progression are the first, second and third terms, respectively,
of a geometric progression.

b Find the common ratic ¢f the geometric progression and the value of #.

The first term of a progression is 2x and the second term is x2.

a For the case where the progression is arithmetic with a comnion difference of 15, find the two possible
values of x and corresponding values of the third term.

b For the case where the progression is geometric withi a third term of —%, find the sum to infinity.
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Checklist of learni

Binomial expansions

. . . n .
Binomial coefficients, aenoted by "C, or ( , ), can be found using:

® Pascal’s triangle

| 1 Eo55% oo —r
o the formulac ( n J n! ) ( n ] _n X(n=-DX(n-2)x--X(n=-r+l)
r

e R FX (=D x(r=2) X x3x2x1

If n s a positive integer, the Binomial theorem states that:

N\
N d+x) = P+ T x| P X2+ +] | 2, where the (7 + Dth term = .
. Q 0 1 v 2 ) /) Y, r

A We can extend this rule to give:

(
Q\ (a+b)" =( " Ja” +{ " )a”‘lb1 +( l]a”‘zbz +...+[ n Jb”,where the (r + 1)th term ::L " Ja""’b".
’ r

0 1 | 2 n

We can also write the expansion of (1+ x)" as:

(1+x)" =1+nx+ﬂl;l_) \-2 +M.‘(3

b +...+x"
2 3 *

Arithmetic series
For an arithmetic progression with first term @, common difference d and n terms:

® the kth termis a + (k —1)d
182

® ihelasttermis/=a+(n-1)d

® the sum of the termsis S, = %

* . .
A\Q Geometric series
Q\@ For a geometric progression with first terni @, common ratio r and # terms:

® the kth term is ar¥ ~!

@ the last term is ar” ~ !

Cal—r)  a(t - 1)
1-r  r=1

The condition for 2n infinite geometric series to converge is —1 < r < 1.

® sum of the termsis S, =

o 0 o 0 a
When an infinite geometric series converges, S = ]
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’;
ERCISE 6
U\ o

5
Find the coefficient of x? in the expansion of (2x + i ) ¢

4 /

In the expansion of (a + 2x)®, the coefficient of x is cqual to the coefficient of x2.
ind the value of the constant a.

In the expansion of (1 X )(5 +x)°, the coefficient of x? is zero.
Find the value of a. “

6
Find the term independent of x in the expansion of (3x - Si) .
X

In the expansion of (2 + ax)’, where a is a constant, the coefficient of x is —2240.
Find the coefficient of x?.

5
Find the coefficient of x> in the expansion of (x3 + %) :
X

755
. \ . . I
Find the term independent of x in the expansion of (3x2 - »——) .

a Find the first three terms in the expansion of (x — 3x?)%, in descending powers of x.

b FFind the coefficient of x!° in the expansion of (1 - x)(x —3x?)3.

a Find the first three terms in the expansion of (1+ px)®, in ascending powers of x.
b  Given that the coefficient of x? in the expansion of (1 —2x)(1+ px)® is 204, find the possible
values of p.
a Find the first three terms, in ascending powers of x, in the expansion of:
i (1+2x)
i (3-x)
b Find the coefficient of x? in the expansion of [(1+2x)(3 - x)I°
The first termi of an arithmetic progression is 1.75 and the second term is 1.5. The sum of the
first n terms is —n. Find the value of n.
The second term of a geometric progression is —1458 and the fifth term is 432. Find:
a the common ratio
b the first term
¢ the sum to infinity.
An arithmetic progression has first term ¢ and common difference d. The sum of the first 100 terms
is 25 times the sum of the first 20 terms.
a Find d in terms of .

b Write down an c¢xpression, in terms of a, for the 50th term.

The tenth teim of an arithmetic progression is 17 and the surn of the first five terms is 190.
a Find the first term of the progression and the common difference.

b Given that the nth term of the progression is —19, 1ind the value of n.
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184

15

~d
[5)]

17

® 20

a The fifth term of an arithmetic progression is 18 and the suin of the first eight terms is 186.
Find the tirst term and the common difference. 4]

b  The first term of a geometric progression is 32 and the fourth term is % Find the
sun to infinity of the progression. k]|

a The seventh term of an arithmetic progression is 19 and the sum of the first twelve terms is 224.

Find the fourth term. [4]
b A geometric progression has first term 3 and common ratio 7. A second geometric progression has

first term 2 and common ratio ;— r. The two progressions have the same sum to infinity, S. Find the

value of r and the value of S.. 131

a A geometric progression has first term ¢, common ratio r and sum to infinity S.

A second geometric progression has first term 5S¢, common ratic 3r and sum to infinity 10S.
Find the value of r. 131

b An arithmetic progression has first term —4. The nth term 1s 8 and the (2n)th term is 20.8.

Find the value of n. 4]

A television quiz show takes place every day. On day 1 the prize money is $1000. If this is not won
the prize money is increased for day 2. The prize wioney is increased in a similar way every day until it is
won. The television company considered the foliowing two different models for increasing the prize money.

Model 1: Increase the prize money by $1000 each day.
Model 2: Increase the prize money by 10% each day.

On each day that the prize money is not won the television company makes a donation to charity.
The amount donated is 5% of the value of the prize on that day. After 40 days the prize money
has still not been won. Calculate the total amount donated to charity

i if Model 1is used, [4]
ii i1f Model 2 is used. R]]
Cambridge International AS & 4 Level Mathematics 9709 Paper 11 Q8 June 2011
a The first two terms of an arithmetic progression are 1 and cos® x respectively. Show that the sum of the first
ien terms can be expressed in the form ¢ — b sin~ x, where « and b are constants to be found. 131
b The first two terms of a geometric progression are 1 and % tan? @ respectively,
where 0 <6 < %n.
i  Find the set of values of 0 for which the progression is convergent. 2]
ii Find the exact value of the sum to infinity when 6 = %n. 12]
Cambridge International AS & A Level Mathemaiics 9709 Paper 11 Q7 June 2012

The first term of a progression is 4x and the second term is x2.

i  For the case where the progression is arithmetic with a common difference of 12, find the possible
values of x and thie corresponding values of the third term. [4]

ii  For the case where the progression is geometric with a suim to infinity of 8, find the third term. 4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q8 November 2015
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21

22

b

The third and fourth terms of a geometric progression are % and % respectively. Find the
sum to infinity of the progression. [4]

A circle is divided into 5 sectors in such a way that the angles of the sectors are in arithmetic
progression. Given that the angle of the largest sector is 4 times the angle of the smallest
sector, find the angle of the largest sector. 4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 June 2015

In an arithmetic progression the sum of the first ten terms is 400 and the sum of the
next ten terms is 1000. Find the common difference and the first term. I5]

A geometric progressiou has first term @, common ratio r and sum to infinity 6. A second
) y
geometric progression has first term 2a, common ratio 7> and sum to infinity 7. Find the
values of ¢ and ». [5]

Cambridge International AS & A Leve!l Mathematics 9709 Paper 11 Q9 November 2013
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1  Find the highest power of x in the expansion of [(5x4 +3)® + (1-3x3)(4x? — 5x°)° ]4. 12]
2 Find the teim independent of x in the expansion of (4x - %) . [3]
X
5 ¥
3 a Find the first three terms in the expansion of (?x - —2) , iIn descending powers of x. 13]
{ X
2 2 Y
b Hence, find the coefficient of x2 in the expansion of (1 + i~ )(3)6 = ;) . I2]
4  a Find the first three terms when (1- Zx)> is expanded, in ascending powers of x. [3]

b In the expansion of (3 + ax)(1 - 2x)>, the coefficient of x? is zero.
Find the value of a. 12]
5  The first term of a geometric progression is 50 and the second term is —40.
a Find the fourth term. [3]
b Find the sum to infinity. 12]
6  The first three terms of a geometric progression are 3k + 14, & + 14 and k, respectively.

All the terms in the progression are positive.

a Find the value of k. 131
b Find the sum to infinity. 12]

@ 7  The sum of the Ist and 2nd terms of a geomctric progression is 50 and the sum of the 2nd and 3rd
terms is 30. Find the sum to infinity. [6]
Cambridge international AS & A Level Mathematics 9709 Paper 11 Q5 November 2016
@ 8 i Show that cos*x =1-2sin’x +sin* x. 1]
ii Hence, or otherwise, solve the equation 8sin* x + cos* x = 2cos? x for 0° < x < 360°. 151

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q6 November 2016
9 A sector of a circie, radius rcm, has a perimeter of 60 cm.
a Show that the area, 4 cm?, of the sector is given by 4 = 30r - 1. 2]
b Express 30r — r? in the form a — (r — b)?, where a and b are constants. 12]
Given that r can vary:

¢ tind the value of r at which 4 is a maximuin [1]

d find this stationary value of 4. 1]
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Cross-topic review exercise 2

The diagram shows a metal plate consisting of a rectangle with sides x cm and » cm and two identical sectors of

a circle of radius r cm. The perimeter of the plate is 100 cm.

a Show that the area, Acm?, of the plate is given by 4 = 50r — r2.

b Express 50r — r? in the form « - (r — b), where a and b are constants.
Given that r can vary:

¢ find the value of r at which 4 is a maximum

d find this stationaryv value of A.

3

cmme@em———
I -

[T

Im

2]
2]

1
1

The diagram shows a running track. The track has a perimeter of 400 m and consists of two straight sections of

length / m and two semicircular sectious ol radius r m.

a Show that the area, A m?, of the region enclosed by the track is given by A4 = 4007 — mur?. 2]

. a
b Express 400r — w2 in the form = — xt ( r— —) , where a and b are constarnits 131
T b

Given that / and r can vary:
¢ show that A4 has a maximum value when / = 0

d find this stationary value of 4.

2]
1
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The diagram shows two circles, C; and C,, touching at the point 7". Circle C; has centre P and radius 8 cm;
circle C, has centre Q and radius 2 cm. Points R and S lie on (' and C, respectively, and RS is a
tangent to both circles.

i Show that RS = 8cm. 12]
ii Find angle RPQ in radians correct to 4 significant figures. 2]
ili Find the area of the shaded region. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 November 2010

S

B

o

In the diagrani, OAB is an isosceles triangle with OA4 = OB and angle AOB = 260 radians.
Arc PST has centre O and radius r, and the line ASB is a tangent to the arc PST at S.

i Find the total area of the shaded regions in terms of r and 6. 4]

ii in the case where 0 = % n and r = 6, find the total perimeter of the shaded regions, leaving your

answer in terms of /3 and . I5]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 June 2011

The function f is such that f(x) = 2sin’ x — 3cos?> x for 0 < x < m.

i Express f(x) in the form a + 5cos? x, stating the values of a and b. 2]
ii State the greatest and least values of f(x). 12]
iii Solve the equation f(.x)+1=0. 131

Cambridge International AS & A T.evel Mathematics 9709 Paper 11 Q5 June 2010
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Cross-topic review exercise 2

@ 15 i Prove the identity I Sl:oie = si1110 = tarlle' 14
sin@ 1

ii Hencc solve the equation =4tan0 for 0° <6 <180°. [3]

1—cos® sinf

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 June 2014

@ 1€ The function f is defined by f : x > 4sinx -1 for —% T<Xx< % .
i State the range of f. 12]
ii Find the coordinates of the poirts at which the curve y = f(x) intersects the coordinate axes. [3]
iii Sketch the graph of y = f{x). 2]
iv Obtain an expression for f~!(x), stating both the domain and range of " [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 June 2016

@ 17 a The first term of a geometric progression in which all the terms are positive is 50. The third term is 32.
Find the sum to infinity of the progression. [3]

b The first three terms of an arithmetic progression are 2sinx, 3cos x and (sinx + 2 cos x) respectively, where
x is ai acute angle.

i Show that tanx = % [3]

ii Find the sum of the first twenty terms of the progression. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 June 2016
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In this chapter you will lezivi how to:

understand that the gradient of a curve at a point is the limit of the gradicnts of a suitable
sequence of chords q &
' y 2y S,
use the notations £(x), f"(x), d_ and d—1 for the first and second derivatives
X xX°
use the derivative of x” (for any rational n), together with constant multiples, sums, differences of

functions, and of composite functions using the chain rulc
apnly diiferentiation to gradients, tangents and norinals.




Chapter 7: Differentiation

Where it comes from What you should be able t¢ do Check your skills
IGCSE / O Level Mathematics Use the rules of indices to simplify | 1 Write in the form ax”:
expressions to the form ax”. a 3xJx
b 53x2
c X
2Jx
1
d J—
2x
! e S
2
f _ 2x2
| 53x
IGCSE / O Level Mathematics Write _k in the form 2 Write in the form k(ax+b)™":
(ax +b)" 4
a [ —
k(ax +b)™. (x —22)3
Bx+1)
Chapter 3 Find the'gradieyl of a 3 The gradient of a line is 2
perpendicular line. ) -3
Write down the gradient of a
| line that is perpendicular to it.
Chapter 3 Find the equation of a line with a 4 Find the equation of the line
given gradient and a given point with gradient 2 that passes
i on the line. through the point (2, 5).

Why do we study differentiation?

Calculus is the mathematical study of change. Calculus has two basic tools, differentiation
and integration, and it has widespread uses in science, medicine, enginecring and
economics. A few examples where calculus is used are:

e designing effective aircraft wings

e the study of radioactive decay

e the study of population change

e modelling the financial world.

In this chapter you will be studying the first of the 1wo basic tools of calculus. You will
learn the rules of differentiation and how to apply these to problems involving gradients,
tangents and normals. In Chapter 8 you wil! then learn how to apply these rules of
differentiation to more practical problems.

7.1 Derivatives and gradient functions

At IGCSE / O Level you learnt how to estimate the gradient of a curve at a point by

drawing a suitable tangent and then calculating the gradient of the tangent. This method

only gives an approximaie answer (because of the inaccuracy of drawing tiic tangent) and Try the Calculus

it is also very time consuuiing. resources on the
Underground

In this chapter you will learn a method for finding the exact gradieni ¢f the graph of a function
(which does not involve drawing the graph). This exact method is called differentiation.

Mathematics website.
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EXPLORE 7.1

Consider the quadratic function y = x> and a point P(x, x*) on the curve.

. y y=x
1 Let P be the point (2, 4).
The points 4(2.2, 4.84), B(2.1, 4.41) and C(2.01, 4.0401) also lie on the
curve and are close to the point P(2, 4).
P(2.4)

o Calculate the gradient of: 5 >

i thechord P4

ii the chord PB

iii the chord PC.

b Discuss your results with those of your classmates and make suggestions as to what is happening.

¢ Suggest a value for the gradient of the curve y = x? at the point (2. 4).

2 Let P be the point (3, 9).

The points 4(3.2, 10.24), B(3.1, 9.61) and C(3.01, 9.0601) also lic on the curve and are close to the
point P(3, 9).

a Calcuiate the gradient of:
i thechord P4
ii the chord PB
iii the chord PC.

192

b Discuss your results with those of your classmates and make suggestions as to what is happening.
¢ Suggest a value for the gradicnt of the curve y = x? at the point (3, 9).

3 Use a spreadsheet to investigate the value of the gradient at other points on the curve y = x2.

4 Can you suggest a gencral formula for the gradient of the curve y = x” at the point (a, a®)?
What would be the gradient at (x, x?)?

The general foimula for the gradient of the curve y = x? at the point (x, x?) can be proved WEB LINK
algebraically.

There are other ways
of thinking about the
gradient of a curve. Try
the following resources
on the Underground
Mathematics website
Zooming in and
Mapping a derivative.

Take a point P(x, y) on the curve y = x” and a point A4 that is close to the point P.

VA

The coordinates of A are (x + dx, y + 0y), where dx is a small increase in the value of x
and dy is the corresponding small increase in the value of y.
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Chapter 7: Differentiation

We can also write the coordinates of P and 4 as (x, x*) and (x + dx, (x +8r) ) .

Gradient of chord P4 — 22—
Xy = X

(x+8x)2 —x2
(x+0x)—x

x2 +2x§x+(8x)2 —x2

B ox

3 2x6x+(8x)2

ox
=2x+0x

As d0x tends towards 0, 4 tends to P and the gradient of the chord PA tends to a valuc
We call this value the gradient of the curve at P.

In this case, therefore, the gradient of the curve at P is 2x.
This process of finding the giadient of a curve at any point is called differcntiation.

Later in this chapter, you will learn some rules for differentiating functions without having to
calculate the gradients of chords as we have done here. The process of calculating gradients
using the limit of gradients of chords is sometimes called differentiation from first principles.

Notation
There are three different notations that are used to describe the previous rule.
1. If y = x? then CUN
dx
2. If f(x) = x?, then f(x) = 2x.

3. ;—x (x?) =2x

dy
b
Likewise f(x) is called the dervative of f(x).

If y = f(x) is the graph of a function, then j—y or f{x) is sometimes also called the
X

gradient function of this curve.

4 (x?) = 2x means ‘if we differentiate x> with respect to x, the result is 2x".

dx

You do not need to be able to differentiate from first principies but you are expected to
understand that the gradient of a curve at a point is the Tiinit of a suitable sequence of chords.

If y is a function of x, then is called the derivative of y with respect to x.

3

1 Use a spreadsheet to investigate the gradient of the curve y = x°.

2 Can you suggest a gencral formula for the gradient of the curve y = x* at
the point (x, x*)?

3 Differentiate v = ¢* from first principles to confirm your answer to
question 2.

Copyright Material - Review Only - Not for Redistribution

We use the Greek
symbol delta, 3, to
denote a very small
change in a quantity.

0 DID YOU KNOW?

Gottfried Wilhelm
Leibniz and Isaac
Newton are both
credited with
developing the modern
calculus that we

use today. Leibniz’s
notation for derivatives

d
was <2 Newton’s

notation for d_y
dx

was y. The notation
f1x)is known as

Lagrange’s notation.
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Differentiation of power functions
We now know that 4 (x?) = 2x and that a4 (x?) = 3x2.
dx dx
Investigating the gradient of the curves y = x*, y = x> and y = x® would give the results:

d a4, d sy d 6y eys
dx(x)—éb( dx(x)—Sx dx(x)—6x

This leads to the general rule for differentiating power functions:

This is true for any real power n, not only for positive integer values of 7.

You may find it easier to remember this rule as:

‘Multiply by the power n and then subtract one from the power.’
So for the earlier example where y = x%
dy -
—=2XXx
dx

=2x!

=2x

194 5
M' D EXAMPLE 7.1
\

1

Find the derivative of each of the following.
a x’ b % c f(x)=+x d y=2
X
Answer
a di (x7)=7x""" Multiply by the power 7 and then subtiact one
! from the power.
= 7x®
d 1 d ) . 1 -
b E(F\,:a(.\‘-) Wr1tex—2asx2.
=-2x2"! Multiply by the power —2 and then subtract
— Dy one from the power.
_ 2
x3
| 1
¢ flx)=+x Wiite /x as x2.
z 1
f(x) = x2 Multiply by the power — and then subtract
1 Lo one from the power.
f(x) == x2
2
| L
= — X 2
2
=57
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Chapter 7: Differentiation

d y=2 Write 2 as 2x°.
y =2x° Multiply by the power and tiien subtract one
from the power.
b = 0x0-1 P
dx
=0

You need to know and be able to use the following two rules.

Scalar multiple rule
If k is a constant and f(x) is a function then:

d
= k3, )

d
o LAl

Addition/subtraction rule
If f(x) and g(x) are functions then

Evp
L)

d d d
| . [f(x) + g(x)] = . [f(x)] £ o [e(x)]

WORKED EXAMPLE 7.2

Ol

It is worth
remembering that
when you differentiate
a constant, the answer
is always 0.

Differentiate 3x* — % + Ll + 5 with respect to x.

Jx
Answer
d o~ 4 d PR ! ,
— |3 -5 +—=+5|= 3XT——x" 4+4x 2 +5x7
dx(‘C 2x2 Ux ) dx(x 2Y * .
d 1d d ! d
:3— V,4 —_——— 2 4_ ® 2 5_#0
dx(v) 2 dx )+ d)c(‘C J+ dx(Y)
3
2

Il
N
=

o5
+
|
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WORKED EXAMPLE 7.3

Find the gradient of ihe tangent to the curve y = x(2x — 1)(x + 3) at the point (1, 4).

Answer

y=x2x-1)(x+3) Expand brackets and simplify.
v=2x3+5x%-3x

J—] =6x2 +10x -3

dx
. dy 2

! When x =1, =6(1)- +10(1)-3
dx

=13

Gradient of curve at (1, 4) is 13.

WORKED EXAMPLE 7.4

The curve y = ax* + bx?> + x has gradient 3 when x = 1 and gradient —51 when x = -2.

Find the value of @ and the value of b.

Answer

y=ax* +bx* +x
dy
~ = 4ax3 + 2bx + 1
i dx

Since dy =3 when x =1:
dx .
4a(1)’ + 2b(1)+1=13
da+2b=2
2a+b=1------------ (1)

Since dy = —51 when x = -2:
dx

4a(-2)} +2h(-2) + 1= -51
-32a —4b = =52
8a+b=13----------(2)

(2) - (1) gives 6a =12
La=2
Substitute a =2 into (1): 4+ b =1
b=-3
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The points 4(0, 0), B(0.5, 0.75), C(0.8, 1.44), D(0.95, 1.8525), £(0.99, 1.9701) and
F(1, 2) lic on the curve y = f(x).

a Copy and complete the table to show the gradients of the chords CF,
DF and EF.
AF

- 2

b Use the values in the table to predict the value of g—y when x =1.
X

By considering the gradient of a suitable sequence of chords, find a value for the
gradient of the curve at the given point.

BF
2.5

CF DF EF

a y=x*at(,1 b y=x>-2x+3 ar (0. 3)
, 12 r~
c y=2Jx at(4,4) d y=-—"at(2.0)
X
Differentiate with respect to x:
a x° b x° c x* d 1
X
3 x°
e 8§ f x? g x*xx? h —
X
Find f{x) for each of the following.
6
a f(x)=2x* b f(x)=3x° ¢ flx)= % d f(x)= 3
X
5 4x 2x+/x
e f(x)= £l f flx)=-2 g f(x)= NEd h f(x)= P
Find g—y for each of the following.
X
a y=5xr—x+1 b y=2x'+8x-4 c y=7-3x+5x
d y=(x+5(x—4) e y=(2:2-3) f y'__2x2—5
X
-'/‘cz—éJri h —3x+£——1 i 2 S
E N’ x X2 7 x  2Jx Jx

Find the value of g—y for each curve at the given point.

X
a y=x>+x—-4 at the point (I, =2)

b y=5- 2 at the point (2, 4)
X

3x —

c y= 2 2 at the point (-2, -2)

Find the gradient of the curve y = (2x —5)(x + 4) at the point (3, 7).
Given that xy =12, find the value of g—y when x = 2.
X

Find the gradient of the curve y = 5x% — 8x + 3 at the point where the curve
crosses the y-axis.

Copyright Material - Review Only - Not for Redistribution
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10 Find the coordinates of the points on the curve y = x* — 3x — 8 where the
gradient is 9.

S5x-10
2

11 Find the gradient of the curve y =
the x-axis.

at the point where the curve crosses

12 Thecurve y = x> —4x — 5 and the line y = 1 — 3x mest at the points 4 and B.
a Find the coordinates of the points 4 and B.

b Find the gradient of the curve at each of the points 4 and B.

13 The gradient of the curve y = ax? + bx at the point (3, -3) is 5. Find the value of
a and the value of b.

14 The gradient of the curve y = x> + ax? + bx + 7 at the point (1, 5) is —5. Find the
value of ¢ and the value of 0.

15 The curve y = ax 4 —‘07 has gradient 16 when x =1 and gradient —¢ when

x = —1. Find the vahié of a and the value of 5.

16 Given that the gradient of the curve y = x3 + ax? + bx + 3 is zero when x =1 @
and when x = 6, find the value of ¢ and the value of b. . i

. 5 . dy Try the following
17 Given that y = 2x* — 3x? — 36x + 5, find the range of values of x for which ar <0. resources on the
Underground

12 Given that y = 4x> + 3x? — 6x — 9, find the range of values of x for which g—y = 0. Mathematics website:
. :

19 A curve has equation y = 3x3 + 6x? + 4x — 5. Show that the gradient of the curve * Slippery slopes

is never negative. * Gradient match.

7.2 The chain rule

To differentiate y = (3x — 2)’, we could expand the brackets and then differentiate cach
term separately. This would take a long time to do. There is a more efficient mcthod
available that allows us to find the derivative without expanding.

Let u = 3x -2, then v = (3x —2)’ becomes y = u’.
This means that ) has changed from a function in terms of x to a function in terms of u.
We can find the derivative of the composite function y = (3x - 2)’ using the chain rule:

J

Try the Chain
mapping resource on
the Underground
Mathematics website.

Copyright Material - Review Only - Not for Redistribution



Chapter 7: Differentiation

WORKED EXAMPLE 7.5

Find the derivative of y = (3x —2).
Answer
y=(x-2)
Let u=3x-2 SO y=u'
| j—l‘t =3 and % = Tu®
dy _dy % du Use the chain rule.
dx du dx
=7u® x 3
=73x-2)°x3
=21(3x - 2)°

With practice you will be able to do this mentally.
Consider the ‘inside’ of (3x —2)7 tobe 3x - 2.
To differentiate (3x —2)”:

Step 1: Differentiate the ‘outside”. 7(3x —2)°

Step 2: Differentiate the ‘inside’ 3

Step 3: Multiply these two expressions: 21(3x - 2)°

WORKED EXAMPLE 7.6

Find the derivative of y = (3)»‘_24@.
Answer
B 2
e (Bx%+1)°
Let u=3x%+1 SO y=2u>
du dy =
= 6x and — = —10u™¢
dx g o du !
dv _dy x du Use the chain rule.
dx du dx
| = -10u"% x 6x
=-1003x% +1)™® x 6x
___ 60x
(3x2 +1)°
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Alternatively, to differentiate the expression mentally:

Write # as 2(3x% +1)7.
(3x= +1y
Step 1: Differentiate the ‘outside” -10(3x* + 1)~
Step 2: Difierentiate the ‘inside’ 6x
Step 3: Multiply the two expressions: —60x(3x% +1)7¢ = - (%\6207_:1)6

\/
\ WORKED EXAMPLE 7.7

The curve y = Jax + b passes through the point (12, 4) and has gradient % at this point.

Find the value of @ and the value of b.

Answer
y=A+ax+b Substiute x =12 and y = 4.
4=12a+b -------(1)
! 1
y = (ax + b)? : Write Vax + b in the form (ax + b)2.
Let u=aox+5b SO y=u?
!
fji':a and d_1,72
200 dx du 2
dy _dy du
' dx ~ du dx Use the chain rule.
)
=—u?xa
2
dy__a I
dx 2Jax+b Substitute x = 12 and <2 = -
dx 4
1___a
4 2J12a+b

2a =~12a+b -------- (2)

(1) and (2) give 2a = 4

a=2
Substituting @ = 2 into (1) gives:
4=VF7h
| 16 =24+0h
b=-8
na=2, b=-8
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EXERCISE 7B

1 Differentiate with respect to x:

9
a (x-+4)° b (2x+3)? ¢ (3-4x) d (% X+ 1)
_ 98
‘% fo5Qx—1y g 2(4-7x) h % Gx -1y
. 5%
i (X2 +3) i 2=x7)8 k (x?+4x)° | (xz - —)
X
2 Differentiate with respect to x:
1 3 8 16
b — d
xX+2 x-5 ¢ 3-2x x2+2
4 3 8 7
6 f 5 g 2 h 2 7
Bx+1) 2(3x+1) X%+ 2x (2x* - 5x)
3 Differentiate with respect to x:
a Jx-5 b 2x+3 ¢ Vix?-1 d /x3-5x
1 6
I5-2 f 2J3x+1 —_ h
¢ ¢ * & x5 P - 3x

4 Find the gradient of the curve y = (2x — 3)° at the point (2, 1).

5 Find the gradient of the curve y = (Lz at the point where the curve crosses the y-axis.
X

-1

. . 3 . .
6 Find the gradient of the curve y = x - —— at the points where the curve crosses the x-axis.
X+

7 Find the coordinates of the point on tiic curve y = /(x> — 10x + 26) where the gradient is 0.

8 Thecurve y = ﬁ passes tlircugh the point (2, 1) and has gradient —% at this point.
X —

Find the value of a and the value of b.

7.3 Tangents and normals

¥ = 1)
YA

, tangent

Ay, 1)

<
S« normal

.

The line perpendicular to the tangent at thie point 4 is called the normal at A.

If the value of g_y at the point 4(x;, y;) is m, then the equation of the tangent

x
at A is given by: Q

‘We use the numerical

form for m in this
formula (not the
derivative formula).
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The normal at the point (x;, y;) 15 perpendicular to the tangent, so the gradient ot the

normal is _L and the equation of the normal is given by:
m

1
y=n=-—0-x)
m

This torimula only makes sense when m # 0. If m = 0, it means that the tangent is
horizontal and the normal is vertical, so it has equation x = x| instead.

WORKED EXAMPLE 7.8

Find the equation of the tangent and the normal to the curve y = 2x? + % —9 at the point where x = 2.
X

Answer
y=2x2+8x72 -9

dy

—=— =4x-16x7"

dx X X

When x =2, 1 =22 +8(2)2-9=1

and j—) = 4(2)-16(2)3 =6

b
Tangent: passes through the point (2, 1) and gradient = 6

y=—1=06(x-2)
' y=6x-11
Normal: passes through the point (2, 1) and gradient = —%
1
) — 1 = — (X - 2
) G (x=2)
x+6y=28

WORKED EXAMPLE-}39)

al

. 3
A curve has equation y = (4 - \/E) .

The normal at the point P(4, 8) and the normal at the pownt Q(9, 1) intersect at the point R.
a Find the coordinates of R.

b Find the area of triangle POR.

Answer
3
a y=(4-Jx)
2
% / —l 3 4—\/I
D _3(a- x| -2 x0 _ 3 )
dx 2 2%
2
dy 3(4—\/2)_
Wh .,':L’I. ,7,:_7:_3
en Xx e N
3(4-09)
dy _3(4- 1
en x C ix N 5
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Normal at P: passes through the point (4, 8) and gradient = %
o
y—8= 5(,\»_4)
Normal at Q: passes through the point (9, 1) and gradient = 2

y=1=2(x-9)
y=2x-17 ----(2)

Solving equations (1) and (2) gives:

32x—17) = x +20
x =142

When x =142, y=2(142)-17=11.4

Hence, R is the poini (14.2, 11.4).

b yA 10.2 R(142,11.4)

10.4

o X

Area of triangle PQOR = area of rectangle — sum of areas of outside triangles

=102 x 10.4—[(%x5x7)+(%x5.2 ><10.4)+l(—l x 10.2 x 3.4)]

=106.08 —[17.5+27.04 + 17.34]
= 44.2 units?

EXERCISE 7C
a_

1 Fiad the equation of the tangent to each curve at the given point.

a y=x>-3x+2 atthe point (3, 2)

b y=(2x-5)* at the point (2, 1)
3

c y= ad < at the point (-1, 6)

d y=2Jx-35 atthepoint (°, 4)

2 Find the equation of the normal to each curve at the given point.

a y=23x+x>—-4x+1 at the point (0, 1)

b y-= %/371 at the point (-2, -3)
X
¢ y=(5-2x) at the point (3, -1)
9)
d y=- 2“0 at the point (3, 2)
x-+1
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3 A curve passes through the point 4 ( 2, %) and has equation y = -— 2—)2
X+

a Find the equation of the tangent to the curve at the point 4.

b Find the equation of the normal to the curve at the point 4.

4 The cquation of a curveis y = 5— 3x — 2x2.

a Show that the equation of the normal to the curve at the point (=2, 3) is
x+5y=13.

b Find the coordinates of the point at which the normal meets the curve again.

5 The normal to the curve y = x* - 5x + 3 at the point (=1, 7) intersects the
y-axis at the point P.

Find the coordinates of P.
6 The tangents to the cuive y = 5— 3x — x? at the points (-1, 7) and (-4, 1) meet at
the point Q.

Find the coordinates of Q.

7 The normal to the curve y = 4 — 2/x at the point P(16, -4) meets the x-axis at
the point Q.
a Find the equation of the normal PQ.
b Find the coordinates of Q.

204
8 Theequation of acurveis y = 2x — -12 + 8.
. dy .
a Find —.
dx

b Show that the normal to the curve at the point (—4, —é) meets the y-axis at
. 8
the point (0, —3).

9 The normal to the curve y =
the y-axis at Q.

Find the midpoint of PQ.

at the point (3, 6) meets the x-axis at P and

6
Jx =2

10 A curve has equation y = x° — 8x°® + 16x. The normal at the point P(1, 9) and
the tangent at the point Q(-1, —-9) intersect at the point R.

Find the coordinates of R.

11 A curve has equation y = 2( Jx - 1)3 + 2. The normal at the point P(4, 4) and
the normal at the point Q(9, 18) intersect at the point R.
a Find the coordinates of R.

b Find the area of triangle POR.

12 A curve has equation y = 3x + 12 and passes through the points 4(2, 12) and
X

B(6, 20). At each of the points C and D on the curve, the tangent is parallel to 4B.
a Find the coordinates of the points C and D. Give your answer in exact form.

b Find the equation of the perpendicular bisector of CD.
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13 The curve y = x(x - 1)(x + 2) crosses the x-axis at the points O(0, 0), A(1, 0)
and B(-2, 0). The normals to the curve at the points 4 and B mect at the point C.
Find the coordinates of the point C.

14 A curve has equation y = and passes through the points P(—1, 1). Find

5
2-3x
the equation of the tangent to the curve at P and find the angle that this tangent

makes with the x-axis.

15 The curve y = 21—23 — 4 intersects the x-axis at P. The tangent to the curve at
P intersects the y-axis at Q. Find the distance PQ.

16 The normal to the curve y = 2x“ + kx — 3 at the point (3, —6) is parallel to the
line x +5y = 10.
a Find the value of k.

Try the Tangent or
normal resource on
the Underground
Mathematics website.

b Find the coordinates of the point where the normal meets the curve again.

7.4 Second derivatives

If we differentiate y with respect to x we obtain (7
(v is called the first derivative of y with respect to x.
X
. . dy . .d (dy S
If we then differentiate —— with respect to x we obtain — [ — |, which is usually
dx x \dx
2
written as &y
) dx
g—y is called the second derivative of y with iespect to x.
X
Sofor y=x3+5x% - 3x+2 or f(x) = x3 +5x* = 3x +2
d—y=3x2+10x—3 01 f(x)=3x> +10x -3
dx
2
d—)2}=6x+10 or  f(x)=06x+10
dx
\J
Given that y = > 7 find 4y
(2x-3) dx?
Answer
| y=502x-3)"
% =-152x-3)%* x 2 Use the chain rule.
=-30(2x-3)™*
d?y s .
2 =1202x-3)" x 2 Use the chain rule.
240
(2x -3)°
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WORKED EXAMPLE 7.11

A curve has equation y = x> +3x? — 9x + 2.
: .o dy d?y .
a Find the range of values of x for which —— and —<- arc negative.
dx dx?
d’y ( dy )2
b Showthat —5 #| — | .
R T
Answer
a y=x3+3x> - 9x +2
I %23,\'2—%6.\'79
dy )
— < 0 when: 3x*+6x-9<0
dx
x2+2x-3<0 + +
(x+3)H(x-1)<O0 _3\ l >
B<x <] e (1) —
2 )
j\; =6x+6
d’y _
> <0 when: 6x+6<0
dx~
X <—l---------- )
e Combining (1) and (2) on a number line:
«— 0
' O——O
I I I I I I I
-4 -3 -2 -1 0 1 2
L3 <—1
b 4V _6r+6 and (L ) = (3x2 + 6x - 9)2.
ax~ \dx
Hence, d_—l # ( 0— _.
dx*  |dx
o e d?y . .
L Find 2 for each of the following functions.
X
a y=x>+8x-4 b y=5:-7x>+5 C y=2—i2
X
2
d = (2x - 3)* = J4x -9 f =
y=02x-3) e x T |
2x -5 2 2 . S5x -4
== h y=2x"(5-3x+x") i y= )
2 Find f"(x) for each of tie following functions.
3 2 _ -
a fx)=—> - b flx)= 2 =3 ¢ fx)= XTI
X :)/LJ
N\ . 15
d flx)=vl--3 f(x) = x2 -3 f(x) =
(x) = V1-3x e flx)=x"(Jx -3) ) =g
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Chapter 7: Differentiation

2
3 Given that y = 4x - (2x — 1)*, find & and d_y
dx dx?
4 Given that f(x) = x* +2x? - 3x — 1, find:
a f() b 1) c 1)
5 Given that f/(x) = ﬁ find f(x).
. 2

hat f(x) = find the value of t(—4).

6 Given that f(x) Nk nd the value of t(—4)

7 A curve has equation y = 2x> —21x” 4 60x + 5. Copy and complete the table

2
to show whether g—y and g—}; are positive (+), negative (—) or zero (0) for the
X X

given values of x.

8 A curve has equation y = x> — 6x> — 15x — 7. Find the range of values of x for

2
which both & and <y are positive.
d dx?

i 2 d?y dy
9 Given that y = x* —2x + 5, show that 4 —5 + (x - 1) —— = 2y.
ax dx

10 Given that y = 4/x, show that 452 d°y + 4y dy _ y
dx? dx

11 A curve has equation y = x> + 2x? — 4x + 6.

a Show that d_y =0 when x = -2 and when x = 2

. d? y 2
b Find the value of —< when x = =2 and when x = =.
dx? 3 Try the Gradients of
gradients resource

12 A curve has equation y = axx; b . Given that g—i =0 and on the Underground

42 y Mathematics website.

when x = 2, find the value of @ and the value of .

N -

dx?
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@and understanding QD

Checklist of learni

Gradient of a curve

dy .
° d—‘ represents the gradient of the curve y = f(x).
x

The four rules of differentiation

@ Power rule: Ll (x") = nx""!
dx

® Scalar multiple rule: d4 [kf(x)] = k 4 11(x)]
dx dx
.\@ @ Addition/subtraction rule: dd_x [f(x) £ g(x)] = ;—\ [f(x)] £ ;_r [g(x)]

Q\@ ® Chain rule: ﬂ {2 X %

dy  du  dx

Tangents and normals

dy \ .
If the value of d—} at the point (x;, y;) is m, then:
x

® the equation of the tangent at that point is given by y — y; = m(x — x;)

. L 1 .
® the equation of the normal at that point is given by y — y; = — — (x — x7).
m

Second derivatives

o L(2).Ly
208 dx Udx dx?



Chapter 7: Differentiation

END-OF-CHAPTER REVIE ¢ ERCISE 7

1 Differentiate 3

with respect to x. [3]
2 Find the gradient of the curve y = ) 8 5 at the point where x = 2. 131
x —
3 A curve has equation y = 3x* — 3x? + x — 7. Show that the gradient of the curve is never negative. [3]
2
4 The equation of a curveis y = (3 - 5x)° — 2x. Find & and <y . 13]
dx dx?
5 Find the gradient of the curve y = — at the point where x = 5. 4]
x° —=2x

6 The normal to the curve y = 5J/x at the point P(4, 10) meets the x-axis at the point Q.

a Find the equation of the normal PQ. [4]
b Find the coordinates of Q. 1]
7 The equation of acurveis y = 5x + %
1y X
a Find . 2
x 12]
b Show that the normal to the curve at the point (2, 13) meets the x-axis at the point (28, 0). 131

8 The normal to the curve y = 12 at the point (9, 4) meets the x-axis at P and the y-axis at Q.

Jx
Find the length of PQ, correct to 3 significant figures. [6]
9 Thecurve y = x(x — 3)(x — 5) crosses the x-axis at the points O(0, 0), 4(3, 0) and B(5, 0).
The tangents to the curve at the points 4 and B meet at the point C.

Find the coordinates of the point C. [6]
10 A curve passes through the point A(4, 2) and has equation y = ﬁ

a Find the equation of the tangent to the curve at the point 4. I51

b Find the equation of the normal to the curve at the point 4. 12]
11 A curve passes through the point P(5, 1) and has equation y =3 — 1?0

a Show that the equation of the normal to the curve at the point Pis Sx +2y = 27. 4]

The niormal meets the curve again at the point Q

b i Find the coordinates of Q. 13]

ii  Find the midpoint of PQ. 1]

@ 12 A curve has equation y = 3x — 4 and passes through the points A(1, —1) and B(4, 11).
X

At each of the points C and D on the curve, the tangent is parallel to 4B. Find the equation of the
perpendicular bisector of CD. 71

Cambridge International AS & A Level Marhematics 9709 Paper 11 Q8 June 2016
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® s

YA
C
[ _ 18
V T
A A -
0 / \ x
B
The diagram shows part of the curve y =2 — 3 li 3 which crosses the x-axis at 4 and the y-axis at B.
X
The normal to the cuive at 4 crosses the y-axis at C.
i Show that the equation of the line AC is 9x + 4y = 27. [6]
ii  Find the length of BC. 2]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 June 2010

The equation of a curveis y = 3 + 4x — x2.

i Show that the equation of the normal (o the curve at the point (3, 6) is 2y = x + 9. 4]
ii  Given that the normal meets the coordinate axes at points 4 and B, find the coordinates of the

mid-point of 4B. 2]
iii Find the coordinates of the pownt at which the normal meets the curve again. 4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 November 2010

YA

o=

3= (6x+2)°

A(1,2)

——
S
=Y

1
The diagram shows the curve y = (6x + 2)3 and the point A(1, 2) which lies on the curve. The tangent to the

curve at A cuts the y-axis at B and the normal to the curve at 4 cuts the x-axis at C.

i  Find the equation of the tangent 4B and the equation of the normal AC. I5]
ii  Find the distance BC. 131
iii Find the coordinates of the point of intersection, £, of 04 and BC, and determine whether E is

the mid-point of OA. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 November 2012
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In this chapter you will iaa:n how to:

m apply differentiation to increasing and decreasing functions and rates cf change
m locate stationaiy points and determine their nature, and use inforiation about stationary points
when sketchiug graphs.
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PREREQUISITE KNOWLEDG < @
9, =
Where it comes from What you should be able to do ; Check your skills
Chapter 1 Solve quadratic inequalities. 1 Solve:

a x2-2x-3>0

b 6+x-x2>0

Ches Find the first and secord derivati . 2 -
Chapter 7 t{n ) e first and seco erivatives > Find 9 and 2 for the foll owing.
of x™. X dx?

a y=3x2-x+2
b V=5

¢ y=3x/x

Chapter 7 Differentiate composite functions. 3 Find g_)/c for the following,
1 a y=Qx-1
i 3
b y=— 1= _
I T 0=3xp

Why do we study differentiation?

In Chapter 7, you learnt how to differentiate functions and how to use differentiation to

212 find gradients, tangents and normals. In the Mechanics

Coursebook,
In this chapter you will build on this knowledge and learn how to apply differentiation Chapter 6 you will
to problems that involve finding when a function is increasing (or decreasing) or when a learn to apply these
function is at a maximum (or minimum) value. You will also learn how to solve practical skills to problems
problems involving rates of change. concerning
There are many situations in real life where these skills are needed. Some ::glgﬁ?em’ velocity
examples are:
® manufacturers of canned tood and drinks needing to minimise the cost of their
manufacturing by minimising the amount of metal required to make s can for a given

volume

@ doctors calculating the time interval when the concentration of a drug in the bloodstream Explore the Calculus

is increasing meets functions station

on the Underground

@ cconomisis might use these tools to advise a company on its pricing strategy Mathematics website

@ scientists calculating the rate at which the area of an oil siick is increasing.

Copyright Material - Review Only - Not for Redistribution



Chapter 8: Further differentiation

EXPLORE 8.1

Section A: Increasing functions VA
Consider the graph of y = f(x).

y= f(X)

1 Compiete the following two statements about y = f(x).

‘As the value of x increases the value of y... o / X
“The sign of the gradient at any point is always ... —
| 2 Sketch other graphs that satisfy these statements.

These types of functions are called increz<sing functions.
Section B: Decreasing functions
Consider the graph of y = g(x). YA
1 Complete the following two statements about y = g(x).

‘As the value of x increases the value of y ... K\ W

\ O X

P . ( .. , \

The sign of the gradient at any point is always ... \\y = g(x) Try the Choose your
2 Sketch other graphs that satisfy these statements. Jamilies resource on

) ) the Underground

These types of functions are called decreasing functions. Mathematics website.

8.1 Increasing and decreasing functions

As you probably worked out from Explore 8.1, an increasing function f(x) is one

where the f(x) values increase whenever the x value increases. More precisely, this means
that f(a)<f(b) whenevera <b.

Likewise, a decreasing function f(x) is one where the f(x) values decrease whenever the
x value increases, or f(a)>f(b) whenever a <b.

Sometimes we talk about a function increasing at a point, meaning that the furiction values
are increasing around that point. If the gradient of the function is positive at a point, then
the function is increasing there.

In the same way, we can taik about a function decreasing at a point. If the gradient of

the function is negative at a point, then the function is decreasing there.
Now consider the function y = h(x), shown on the graph. y=h(x)

We can divide the graph into two distinct sections:

. . . d
® h(x)isincreasing when x > a,i.e. d_y >0 for x >a.
X

2 h(x)is decreasing when x <a, i.e. g_y <0 tor x<a.
X

Copyright Material - Review Only - Not for Redistribution
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WORKED EXAMPLE 8.1

Find the set of values of x for which y = 8 — 3x — x? is decreasing.

Answer
y =8-3x  x?
dy
2 390y
dx !
. dy . .
When d/ < 0, y is decreasing.
X
| 3-2x <0
2x > =3
3
x > =
2

WORKED EXAMPLE 8.2;

For the function f(x) = 4x3 —15x% — 72x - &
a Find f'(x)
b Find the range of values of x for which f(x) = 4x* — 15x> — 72x — 8 is increasing.

< Find the range of values of x for which f(x) = 4x3 — 15x? — 72x — 8 is decreasing.

Answer
a f(x)=4x’-15x>-72x -8
f’(x) =12x% = 30x — 72
b When f’(x)> 0, f(x) is increasing.

12x2 =30x-=72>0

) 4
252 ~5x-1250 3\/

2x+3)(x-4)>0 _

=Y

Critical values are ) and 4.

LX< 7% and x > 4.

¢ When f’(x) <0, f(x) is decreasing.

’g
L=< Xx<4
2 X

Copyright Material - Review Only - Not for Redistribution




WORKED EXAMPLE 8.3

Chapter 8: Further differentiation

. . 5

A function f is defined as f(x) =

2x -3
increasing function, a decreasing function or neither.

Answer

=373
=52x-3)"

f’(x) = =52x - 3)2(2)

___ 10

T (2x-3)
If x> %, then (2x —3)2 >0 for all values of x.
Hence, f’(x) <0 for ail values of x in the domain of f.

- fis a decreasing tunction.

for x > % . Find an expression for f’(x) and determine whether f is an

Write in a form ready for differentiating.

Differentiate using the chain rule.

m

1 Find the set of values of x for which each ot the following is increasing.

a f(x)=x>-8x+2
¢ fix)=5-Tx-2x2

e f(x)=2x>—15x>+24x+6

b fix)=2x>-4x+7
d flx)=x>-12x>+2
f fix)=16+16x— x> - x°

2 Find the set of values of x for which each of the following is decreasing.

a f(x)=3x>-8x=+2
¢ flx)=2x-2ix> +60x -5

e f(x)=—40x+13x% - x°

b f(x)=10+9x - x>
d f(x)=x>-3x2-9x+5
i f(x)=11424x - 3x> = x°

3 Find the set of values of x for which f(x) = % (5-2x)" +4x isincreasing.

for x = 1. Find an expression for f’(x) and determine whether f is

for x = 0. Find an expression for f’(x) and determine

4 A function f is defined as f(x) = 4
1-2x
an increasing function, a decreasing function or neither.
. . 5
5 A function f is defined as f(x) = —— 5 — 2
(x+2) x+

whether f is an increasing function, a decreasing function or neither.

x* -
6 Show that f(x) =

is an increasing function.

7 A function f is defined as f(x) = (2x + 5)*> = 3 for x = 0. Find an expression for f’(x) and explain why f is

an increasing function.

L 2 . . .
8 [Itis given that f{x) = — - x? for x > 0. Show that f is a decreasing function.
X

9 A manufacturing company produces x articles per day. The profit function, P(x), can be modeled by the
function P(x) = 2x* — 81x? + 840x. Find the range of values of x for which the profit is decreasing.
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8.2 Stationary points

Consider the following grapii of the function y = f(x).

= 4

o

The red sections of the curve show where the gradient is negative (where f(x) is a
decreasing function) and the blue sections show where the gradient is positive (Where f{ v
is an increasing function). The gradient of the curve is zero at the points P, Q and R.

A point where the gradient is zero is called a stationary point or a turning point.

Maximum points

The stationary point ¢ 1s called a maximum point because the value ot y at this point is
greater than the value of y at other points close to Q.

At a maximum point:

dr_
dx 0

e the gradient is positive to the left of the maximum and negative / \
to the right.

Minimum points
The stationary points P and R are called minimum points.

At a minimum point:

dy
e —=0
dx
e the gradient is negative 1o the left of the minimum and positive to
the right. \ /

0
Stationary points of inflexion

There is a third type of stationary point (turning point) cailed a point of inflexion.

At a stationary point of inflexion:

dy
e — =0
dx

(

|
® the gradient changes / or

trom positive to zero and then to positive again

from negative to zero and then to negative again.
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Chapter 8: Further differentiation

WORKED EXAMPLE 8.4

Find the coordinates of the stationary points on the curve y = x' - 12x +5 and
determine the uature of these points. Sketch the graph of y = x* —12x + 5.

Answer

y=x3-12x+5

R S V)
F ST dy
or stationary points: oG 0
X
32 -12=0
X —4=0

(x+2)(x=2)=0
x=-2or x=2

When x = -2, 3 =(=2)> - 12(=2)+5=21
Whenx =2, y=(2)>-1202)+5=-11

The stationary points are (-2, 21) and (2, —11).

Now consider the gradient on either side of the points (=2, 21) and (2, —-11):

“

dy 3(=2.1)% — 12 = positive 0 3(-1.9)> - 12 = negative
dx
direction of tangent ye S \

shape of curve

b 3(1.9)> — 12 = negative 0

dx

direction of tangent

AN

shape of curve

=

| So (-2, 21) is a maximum point and (2, —11) is 2 minimum point.

The sketch graph of y = x* —12x +5 is:

2.21) y=x-12x+5

i
\‘
o

~
L
=Y

Copyright Material - Review Only - Not for Redistribution
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Second derivatives and stationary points

Consider moving from leit (o right along a curve, passing through a maxiumium point.

The gradient, o starts as a positive value, decreases to zero at the maximum point and
X

then decieases to a negative value.

P J In Chapter 7, Section 7.4
Since ~X decreases as x increases, then the raie of change of d—y is negative. we learnt how to find a
* second derivative. Here

2
The rate of change of j_y is written as —?— f g—yj = d—J; we will look at how
42 y . * o { Y ) * dx second derivatives can
LI s called the second derivative of y with respect x. be used to determine

. the nature of a
This leads to the rule:

stationary point.

@ KEY POINT 8.1

1<

d dr . . .
if L =0 and — 5 < 0, then the point is a maximum point.
ax

Now, consider moving from left to right along a curve, passing through

\

The gradient, —— , starts as a negative value, increases to zero at the minimum point and
X

218 Yo .
a mmirmum point.

then increases to a positive value.

. dy . dy . .A
Since <Y increases as v increases, then the rate of change of d_y is positive.
X

This leads to the ruie:

d . ..
—; > 0, then the point is a minimum potit.

A dx

2
If g—y =0 and % = 0, then the nature of the stationary point can be found using the
X X

first derivative test.
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Chapter 8: Further differentiation

WORKED EXAMPLE 8.5
24,

Find the coordinates of the stationary points on the curve y = T2 and use the second derivative to determine
X

the nature of these points.

Answer
2
A X9 x +9x7!
X
CAV -2 9
—=1-9x" =1-=
| dx : x?
For stationary points: b =0
dx
S
-5 =0
x?
./\,z - 9 = 0
(x+3)(x-3)=0
x=-3or x=3
32
When x=-3, y= % =-6
2
When x = 3, y:33+9:6

The stationary points are (-3, —6) and (3, 6).

d?y o3 18
| @—18}» _X3
2,
When x:—,,d—}z/: 18%<0
dx (-3)°
d’>y 18
hen x = —_— = >
When x =3, FReiaiEs 0

.~ (=3, —6) is a maximum point and (3, 6) is a minimum point.

EXPLORE 8.2
o

The graph of the function y = f(x) passes through the point (1, —=35) and the point (6, 90).

The foliowing graphs show y = f’(x) and y = {”(x).

y=1@)

1 Discuss the properties of these two graphs and the information that can be obtained from them.
2 Without finding the equation of the function y = f(x), determine, giving reasons:

a the coordinates of the maximum point on the curve

b the coordinaies of the minimum point on the curve.

3 Sketch the graph of the function y = f(x).
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1 Find the coordinates of the stationary points on each of the following curves and
determine the nature of each stationary point. Sketch the graph of each function
and use graphing software to check your graphs.

a y=x>-4x+8 b y=0CB+x)2-x)
¢ y=x-12x+6 d y=10+9x-3x*-x3
e y=x*+4x-1 f y=0Qx-3)>°-6x

2 Find the coordinates of the stationary points on each of the following curves and
determine the nature of each stationary point.

9 8
a y=Jx+— b y=4x?+-=
y=+x N y=dxt 4 -
_ay
c y:L 3) d y=x3+ﬁ+4
X x
e y=4Jx-x f y:2x+£2
X
. . . x? -9
3 Theequation of a curveis y = ———.
x

. .d . . .
Find d_y and, hence, explain why the curve does not have a stationary point.
X

4 A cuive has equation y = 2x3 —3x? - 36x + k.
a Find the x-coordinates of the two stationary points on the curve.

220 b Hence, find the two values of k for which the curve has a stationary point on

the x-axis.
5 Thecurve y = x* + ax? — 9x + 2 has a maximum point at x = —3.
a Find the value of a.

b Find the range of values of x for which the curve is a decreasing functioi.

6 Thecurve y = 2x* + ax? + bx — 30 has a stationary point when x = 3.
The curve passes through the point (4, 2).
a Find the value of ¢ and the value of b.
b Find the coordinates of the other stationary point cn the curve and determine
the nature of this point.
7 ‘Thecurve y = 2x + ax’® + bx — 30 has no stationary points.

Show that a? < 6b.
1.2

8 A curve hasequation y =1+42x + o % 3 where k is a positive constant. Find,
2x —

in terms of k, the values of x for which the curve has stationary points and
determine the nature of each stationary point.

9 Find the coordinates of the stationary points on the curve y = x* — 4x% + 4x? +1
and determine the nature of each of these points. Sketch the graph of the curve.

10 The curve y = x° +ax” + b has a stationary point at (4, =27).
a Find the value of @ and the value of b.

b Determine the nature of the stationary point (4, —=27).

Copyright Material - Review Only - Not for Redistribution



Chapter 8: Further differentiation

¢ Find the coordinates of the other stationary point on the curve and determine
the nature of this stationary point.

d Find the coordinates of the point on the curve where the gradient is minimum
and state the value of the minimum gradient.

11 Thecurve y = ax + % has a stationary point at (2, i2).
X
a Find the value of a and the value of b.
b Determine the nature of the stationary point (2, 12).

. L b . . .
¢ Find the range of values of x for which ax + — is increasing.
X

12 Thecurve y = x? + 2 4 b hasa stationary point at (3, 5).
X

a Find the value of ¢ and the value of 5.
b Determine the nature of the stationary point (3, 5).

: . a . . Try the followin
¢ Find the range of vaiues of x for which x> + =+ b is decreasing. Y &
X resources on the
Underground

13 The curve y = 2x° -+ ax’ + bx + 7 has a stationary point at the point (2, —13). i .
Mathematics website:

Find the value of ¢ and the value of b. * Floppy hair

a
b Find the coordinates of the second stationary point on the curve. * Two-way calculus
® Curvy cubics

(o]

. . . .
Determine the nature of the two stationary points. o Can youfind... curvy

d Find the coordinates of the point on the curve where the gradient is minimum cubics edition.
and state the value of the minimum gradient.

8.3 Practical maximum and minimum problems

There are many problems for which we nced to find the maximum or minimum value

of an expression. For example, the manufacturers of canned food and drinks often need
to minimise the cost of their manufacturing. To do this they need to find the minimura
amount of metal required to male a container for a given volume. Other situations might
involve finding the maximum area that can be enclosed within a shape.

A
WORKED EXAMPLE \.‘&
L NN

The surface arca of the solid cuboid is 100 cm? and the volume is ¥ cm?. hem

a Express /1 in terms of x.

b Show thatV = 25x — %x?

xXcm

xcm

< Given that x can vary, find the stationary value of ' and determine whether this stationary value is a
maximum or a minimum.

Answer

a Surface area = 2x2 + 4xh

2x2 + 4xh =100

0 - 2y2
h = 102X
dx
.25 1
h="——-—xXx
x 2
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b V =xh Substitate for A.
( 25 i )
= x* —— X
v 2
- 1 ;4
=25x — = Xx°
2
¢ I _ys 30
dx 2
Stationary values occur when (11—1/ =0:
dx
25— &l x*=0
2
X = 576
T3
/ i _\3
When x = 56 LV =251 5v6 — l 5v6 = 68.04 (to 2 decimal places)
3 (3 2 3
d_[: = —3x
dx-
56 d2
When x = '\46, j I{ = —56, whichis < 0.
R b

The stationary value of V'is 68.04 and it is a maximuri value.

\J
NQRKED EXAMPLE 8.7

The diagram shows a solid cylinder of radius rcm and height 2/2cm cut from a solid
sphere of radius 5cm. The volume of the cylinder is Cem?.

a Express r in terms of /.
b Show that V' = 50mh — 2nh’.
¢ Find the value for / for which there is a stationary value of V.

d Determine the uature of this stationary value.

Answer
a r*+h =5 Use Pythagoras’ theorem.
r=+25-h?
b V= (2h) Substitute for r.
= (25— 1?)(2h)
= 50mh — 2mh?
i—: = 50m — 6mh?
Stationary values occur when (L—/V =0:
1
50m — 6mh’ =0
W = 2o
6T
53
h= 3
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d S5 =-i2m
5} 2
When =33 9V 1on (393 ) hichis <0,
3 dx 3

The stationary value is a maximum value.

Chapter 8: Further differentiation

‘3 D EXAMPLE 8.8

The diagram shows a hollow cone with base radius 12 cm and height 24 cm.

A solid cylinder stands on the base of the cone and the upper
edge touches the inside of the cone.

The cylinder has base radius r cra, height #cm and volume

V em?,

a
b

C

Express 4 in terms of r.

Show that V = 24mr? — 2w,

Find the volume of the largest cylinder that can stand

inside the cone.

Answer
a 1 _24-h Use similar triangles.
12 24
2r=24-h
h=24-2r
b vV =nmnrh Substitute for /.
= mr?(24 - 2r)
= 24mr? - 2w
dv )
— = 48mr — 6
C P T
Stationary values occur when e 0:
B
48mr — 6mr = 0
6mr(8—r)=20
r=28

Whenr =8,V = 24n(8)> — 2m(8)® = 512%

2
(ilrlz/ =48t — 121r
d?v o
Whenr =8 =48m — 12n(}), which is < 0.

> dx?

The stationary value is a mnaximum value.

Volume of the largest cylinder is 512mcm?.

@ DID YOU KNOW?

Differentiation can

be used in business to
find how to maximise
company profits and to
find how to minimise
production costs.
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1 The sum of two real numbers, x and y, is 9.
a Express vin terms of x.
b i Giventhat P = x?y, write down an expression for P, in terms of x.
ii  Find the maximum value of P.
¢ i Giventhat Q = 3x? + 22, write down an expression for Q, in terms of x.

ii Find the minimum value of Q.

2 A piece of wire, of length 40 cm, is bent to form a sector of a circle with radius rcm
and sector angle 0 radians, as shown in the diagram. The total area enclosed by the
shape is 4 cm?. r

a Express 6 in terms oi r.

4
b Show that 4 = 20r — 7. '
¢ Find the value of r for which there is a stationary value of A.
d Determine the magnitude and nature of this stationaiy value.
3 The diagram shows a rectangular enclosure for keeping animals. S
There is a fence on three sides of the enclosure and & wall on its fourth side. sm
- i'he total length of the fence is 50 m and the area enclosed is A m?>. xm
a Express y in terms of x.
b Show that 4 = % x(50 = x).
¢ Find the maximum possible area enclosed and the value of x for which this occurs.
4 The diagram shows a rectangle, ABCD, where AB = 20cm and BC = 16cm. D 4x R C
PQRS is a quadrilateral where PB = AS = 2xcm, BQ = xcm and DR = 4xcm.
a Express the arca of PORS in terms of x. *
b Given thai x can vary, find the value of x for which the area of POQRS is a » XQ
minimum and find the magnitude of this minimum area y P ox
5 The diagram shows the graph of 3x + 2y = 30. OPOR is a rectangle with area 4cm?>. A
The point O is the origin, P lies on the x-axis, R iies on the y-axis and Q has
coordinates (x, y) and lies on the line 3x + 2y = 30. R 2
3 3x+2y =30
a Show that 4 = 15x — 3 x2.
b Given that x can vary, find the stationary value of 4 and determine its nature. 0 P x

6 PORS is a rectangle with base letigth 2 p units and area A units>. VA

The points P and Q lie on thie x-axis and the points R and S lie on the
curve y = 9 — x2.

a Express QR in terms of p.
b Show that A = 2p(9—p2).

¢ Find the value of p for which A has a stationary value. 2p units

d Find this stationary value and determine its nature.
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24cm

The diagram shows a 24 cm by 15cm sheet of iietal with a square of side x cm removed from each corner.
The metal is then folded to make an open rectangular box of depth x cm and volume V cm?.

a
b

C

Show that V' = 4x3 — 78x? + 360x
Find the stationary value of V" and the value of x for which this occurs.

Determine the nature of thiis stationary value.

The volume of the solid cuboid shown in the diagram is 576 cm? and the surface area

is Acm?. yem
a Express p in terms of x.

b Show that 4 = 4x? + % 2xcm o
¢ Find the maximum value of 4 and state the dimensions of the cuboid for which

The diagram shows a piece of wire, of length 7 m, is bent to form the T
shape PORST.

PQST is a rectangle and QRS is a semicircle with diameter SQ.

this occurs.

R
PT = xmand PQ = ST = ym. m

The total area enclosed by the shape is 4 m?.

a

b

c
d

e

The diagram shows a window made from a rectangle with base 2r m and height
hm and a semicircle of radius r m. The pcrimeter of the window is Sm and the area
is Am>.

a

b

Express y in terms of x.
Show that A = x — - x? — + 12,
2 8
dx dx?’
Find thc value for x for which there is a stationary vaiue of A.

Find

Decicrmine the magnitude and nature of this stationary value.

Express / in terms of r.

Show that 4 = 5r — 252 —% ™2,

. . d4 d?4 \
Find O and P

Find the value for r for which there is a stationary value of 4.

Determine the magnitude and nature of this stationary value

Copyright Material - Review Only - Not for Redistribution




226

N

-\
Cambridge International AS & A Leve@ga\ematics: Pure Mathematics 1

11

12

13

14

15

A piece of wire, of length 100 cm, is cut into two pieces.

One piece is bent to make a square of side x cm and the other is bent to make a circle of radius r cm.
The total area enclosed by the two shapes is Acm?.

a Express » in terms of x.
b Show that A = (1 + 4)x* — 200x + 2500

T
¢ Find the value of x for which A has a stationary value and determine the nature and magnitude of this

stationary value.

A solid cylinder has radius r cm and height Acm.

The volume of this cylinder is 432m cin” and the surface area is 4cm?>.
a Express £ in terms of r.

b Show that 4 =2mr? + 8—():2

¢ Find the value for # for which there is a stationary value of 4.

d Determine the miagnitude and nature of this stationary value

The diagram shows an open water container in the shape of a triangular prism of length ycm.
The vertical cross-section is an isosceles titangle with sides 5x cm, 5x cm and 6x cm.

The water container is made from 500 cm? of sheet metal and has a volume of ¥ cm?.

a Express y in terms of x.

b Show that I = 600x — -1%4- X3,

¢ Find the value of x for which V' has a stationary value.

d Show that the vaiue in part ¢ is a maximum value.

The diagram shows a solid formed by joining a hemispheic¢ of radius 7 cm to a

cylinder of radius  cm and height zcm. The surface area of the solid is 320r cm?
and the volume is ¥'cm?.

a Express /1 in terms of r.

b Show that I/ = 1607 — % _—y

¢ Find the exact value of r such that V' is a maximum.

The diagram shows a right circular cone of base radius rcm and height 4 cm cut
from a solid sphere of radius 10 cria. The volume of the cone is V'ecm?.

a Express r in terms of /.

b Show that V/ = i 72(20 - h). e
¢ Find the value for /2 for which there is a stationary value of v

d Determinc the magnitude and nature of this stationary vaiue.
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8.4 Rates of change

EXPLORE 8.3

Consider pouring water at a constant ate of 10cm?s~!into each of these three large
containers.

1 Discuss how the height of water in container A changes with time.
2 Discuss how the height of water in container B changes with time.
3 Discuss how the height of water in container C changes with time.
4

On copies of the following axes, sketch graphs to show how the height of water in

a container (/2 cin) varies with time (¢ seconds) for each container.

h h hT

|
— 5 L
0 t o t o t

| 5 What can you say about the gradients?

You should have come to the conclusion that:

e the height of water in container A increases at a constant rate

e the height of water in contaiuers B and C does not increase at a constant rate.
The (constant) rate of change of the height of the water in container A can be found
by finding the gradient of the straight-line graph.

The rate of change of ihie height of the water in containers B and C at 2 particular
time, ¢ seconds, can be estimated by drawing a tangent to the curve and then finding
the gradient of the tangent. A more accurate method is to use differentiation if we
know the equation of the graph.

WORKED EXAMPLE 8.9
a -

Given that /h = % #2, find the rate of change of / with respect to ¢ when ¢ = 2.

Answer
1, . . . dh
h= 3 t Differentiate to obtain — (the rate of change
a2 of h with respect to 7).
— ==
dt 5
Whent:2,%-——:(2):i
dt D 5
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WORKED EXAMPLE 8.10

Variables V' and ¢ arc connected by the equation V' = 21> — 3¢ +8.

Find the rate of change of IV with respect to f when ¢ = 4.

Answer
~ 2 o o . d V
V =2t"-3t+8 Differentiate to obtain — (the rate of change
dv 4 -3 of IV with respect to ?).
— =4t -

.
at

| Whenr=4, Y _44-3-13
dr

Connected rates of change

When two variables, x and y, both vary with a third variable, ¢, we can connect the three
variables using the chain ruic.

KEY POINT 8.3
a

“reumo

In Chapter 7, Section 7.2
we learnt how to

differentiate using the
We may also need to use the rule: chain rule. Here we
-,
©

The chain rule states: Q = d_y X d_x

de  dx dr

will look at how the
chain rule can be used

for problems involving
connected rates of
change.

We can deduce this as: if we set 1 = y in the chain rule, we get
dy_dy dx
dy dx dy

Since Y =1, the rule tollows.
dy

WORKED EXAMPLE 8.11

A point with coordinates (x, y) moves along the curve y = x ++/2x + 3 in such a way that the rate of increase
of x has the constant value 0.06 units per second. Find the rate of increase of y at the instant when x = 3. State
whether the y-coordinate is increasing or decreasing.

Answer
! dx

y=x+2x+3)2 and —"v— =0.06

) 71 \
& =1+ L 2x +3) 2(2) Diiferentiate to find d_y
dx 2 dx

=1+ !
Lx+2
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Whenx:iﬂz]._,, —
dx

Using the chain rule:

Rate of change of y is 0.08 units per second.

The y-coordinate is increasing (since d_lr is a positive quantity).

Chapter 8: Further differentiation

2(3)+3

dy _dy  dx
dr  dx " dr
=4 006

3

=0.08

w

A point is moving along the curve y = 3x — 2x? in such a way that the x-coordinate is increasing at
0.015 units per second. Find the rate at which the y-coordinate 1s changing when x = 2, stating whether
the y-coordinaic is increasing or decreasing.

A point with coordinates (x, y) moves along the curve y = 1+ 2x in such a way that the rate of increase of
x has thie constant value 0.01 units per second. Find the rate of increase of y at the instant when x = 4.

A point is moving along the curve y = ——— 1 such a way that the x-coordinate is increasing at a constant rate
20

of 0.005 units per second. Find the rate of change of the y-coordinate as the point passes through the point (2, 4).

A point is moving along the curve y = 2/x — T in such a way that the x-coordinate is increasing at a
X

constant rate of 0.02 units per sccond. Find the rate of change of the y-coordinate when x = 1.

. 1 . . . .
A point, P, travels along the curve y = 3x + e in such a way that the x-coordinate of P is increasing at a
X

constant rate of 0.5 units per second. Find the rate at which the y-coordinate of P is changing when P is at
the point (1, 4).

A point is moving along the curve y = —+ 5x in such a way that the x-coordinate is increasing at a constant
X

rate of 0.02 units per second. Find the rate at which the y-coordinate is changing when x = 2, stating whether
the y-coordinate is increasing or decreasing.

A point moves along the curve y = % As 1t passes through the point P, the x-coordinate is increasing at
— X

a rate of 0.125 units per second and the y-coordinate is increasing at a rate of 0.08 units per second. Find the
possible x-coordinates of P.

A point, P, travels along the curve y = 3/2x? — 3 in such a way that at time 7 minutes the x-coordinate of
P is increasing at a constant raic of 0.012 units per minute. Find the rate at which the y-coordinate of P is

changing when P is at the point (1, —1).

A point, P(x, y), travels along the curve y = x* — 5x” + 5x in such a way that the rate of change of x is
constant. Find the values of x at the points where the rate of change ot y is double the rate of change of x.
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8.5 Practical applications of connected rates of change

\|
WORKED EXAMPLE .'

Oil is leaking from a pipeline under the sea and a circular patch 1z formed on the surface of the sea.
The radius of the patch increases at a rate of 2 metres per hour.

Find the rate at which the area is increasing when the radius of the patch is 25 metres.

Answer
dA
We need to find n when r = 25.
L . dr
Radius increasing at a rate of 2 metres per hour, so & =2.

Let A = area of circular oil patch, in m?.

A= mr? Differentiate with respect to r.
d4
— =27
dr ]
When r = 25, d4 =50m
dr
Using the chain rule, di _ di % di’
dt dr  dt
=507 x 2
=100m

230 The area is increasing at a rate of 100mrm? per hour.

WORKED EXAMPLE 8.13

A solid sphere has radius r cm, surface area 4cm? and volume ¥ cm?.

L . 1 _
The radius is increasing at a rate of 5 cmsL
T

a Find the rate of iucrease of the surface area when r = 3.

b Find the rate of increase of the volume when r = 5.

Answer

a We need to find i—j;l when r = 3.

A

1 17 1
, 80— = —.

Radius increasing at a rate of — cm s~
Sn dr Sm
A = 4 Differentiate with respect to r.
a4 = 8nr
dr 44
When r = 3, O =241
dr ‘
Using the chain rule, &) dad X dr
de  dr dt
=241 x L
St
=438

. . . 7 —
The surface area is increasing at a rate of 4.8cm?s™.
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1

1%
b We need to find }d} when r = 5.

V=—m Differentiate with respect to .
b}
(‘JT/
_ 47.': .2
dr !
When r =5, d—V = 100w
dr
. . dv dv _ d
. _— = — X —
Using the chain rule, T v
=100m % L
5w
=20

The volume is increasing at a rate of 20cm?s~2.

WORKED EXAM. 4 A

Water is poured into the conical container shown, at a rate of 2mcm?’s™.
After t seconds, the volume of water in the container, }” cm?, is given by V = T 3,
where i cm is the height of the water in the container. o

| a Find the rate of change of / when /1 = 5.

b Given that the container has radivs 10 cm and height 20 cm, find the rate of change of
h when the container is half full. Give your answer correct to 3 significant figures.

Answer
dh
a Weneed to find U when 7 = 5.

| dv

Volume increasing at a rate of 21 cm®s7., so O 2.
] . . .
Vo= 13 7w’ Differentiate with respect to /.
: o1 nh?
dh
When /=5, av = 2on
dh 4
. . dh dh _dV
Using the chain rule, — = —x-—
¢ e w T T a
=A7: X 27[
=0.32

The height is increasing at a rate of 0.32cms ™.
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1 1 11 3| 1000
Volume when hal{ full = 7[Tc/z3 } = 7[TE(20)‘ } =—]m

12 12 3
Using V = — 1k, S = 1000 T
- 12 12 3
h* = 4000
h=15.874
\ drv 1 > -
When h =15.874, — = — n(15.874)° = 197.9
dh 4
Using the chain rule, di _ dh  dV
de dV  d:
1
=579 <"

=0.0317cms™!

A circle has radius rcm and area 4cm?>

The radius is increasing at a rate of 0.1cms™.

Find the rate of increase of 4 when r = 4.

A sphere has radius rcm and volume ¥ cm’

S . 1 -
The radius is increasing at a rate of 7 s L

T
Find the rate of increase of the volume when V' = 36m.

A cone has base radius rcm and a fixed height of 30 cm.

The radius of the base is increasing at a rate of 0.01cms™.,

Find the rate of change of the volume when r = 5.

A square has side iength x cm and area Acm?.

The area is increasing at a constant rate of 0.03cm? s\

Find the rate of increase of x when 4 = 25.

A cube has sides of length x cm and volume V cri”.

The volume is increasing at a rate of 1.5cm? 57",

Find the rate of increase of x when V" = 8.

A solid metal cuboid has dimensicns x cm by x cm by 4xcm.

The cuboid is heated and the volume increases at a rate of 0.15cm? s

Find the rate of increase of x when x = 2.

) , . ‘ 4007
A closed circular cylinder has radius »cm and surface area Acm?, where A4 = 2mr? + ——.
r

Given that the radius of the cylinder is increasing at a rate of 0.25cms™, find the rate of change
of 4 when 7 = 10.
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The diagram shows a4 water container in the shape of a triangular
prism of length 120 cm.

The vertical cross-section is an equilateral triangle.

Water is poured into the container at a rate of 24cm?’s™".

a Show that the volume of water in the container, J'cm?, is given by
V' = 404/3 h?, where hcm is the height of the water in the container.

b Find the rate of change of # when /& = 12.

Water is poured into the hemispherical bowl of radius 5cm at a rate of
3nem3s ‘ ’

After t seconds, the volume of water in the bowl, " cm?, is given by o

V = 5mh* - % nh®, where icta is the height of the water in the bowl. v

a Find the rate of change of 4 when /& = 1.

b Find the rate of change of 7 when / = 3.

The diagram shows a right circular cone with radius 10 cm and height 30 cm. ﬂ
The cone is initially completely filled with water.
Water leaks out of the cone through a small hole at the vertex at a rate

of 4cm3s7L.

30cm

a Show that the volume of water in the cone, cm?, when the height of the
i
27 °

water is cm is given by the formula V' =

b Find the rate of change of &7 when /i = 20.

Oil is poured onto a flat surface and a circular patch is formed.
The radius of the patch increases at a rate of 2+/r cms™.

Find the rate at which the area is increasing when the circumference 1s 8wem.
Paint is poured onto a flat surface and a circular patch is formed.
The area of the patch increases at a rate of Scm?s™.

a Find, in terms of m, the radius of the patch after 8 seconds.

b Find, in terms of m, the rate of increase of the radius after 8 seconds.

A cylindrical container of radius 8§ cm and height 25 cm is completely filled with water.
The water is then poured at a constant rate from the cylinder into an empty inverted cone.
The cone has radius 15cm and height 24 cm and its axis is vertical.
It takes 40 seconds for all of the water to be transferred.
a IfV represents the volume of water, in cm?, in the cone at time 7 seconds, find (il_lt/ in terms of 7.
b When the depth of the water in the cone is 10 cm, find:
i the rate of change of the height of the water in the cone

ii the rate of change of the horizontal surface area of the water in the cone.
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o S
Checklist of learningand understanding Q
Increasing and decreasing functions

® y = f(x) isincreasing for a given interval of x if d—y > (0 throughout the witerval.
X

. . . . d .
® y = f(x) isdecreasing for a given interval of x if Ey < 0 throvghout the interval.

Staticnary points

) . . . . / d
@ Stationary points (turning points) of a function y = t{x) occur when d_y = 0.
x

First derivative test for maximum and minimum points

At a maximum point:

@ the gradient is positive to the lcft of the maximum and negative to the right.
At a minimum point:

dy
() — =0
dx

@ the gradient is niegative to the left of the minimum and positive to the right.

Second derivative test for maximum and minimum points

r d? o . »
[ I =0 and d—J; < 0, then the point is a maximwn point.
5%

dzy

=0 and ) > 0, then the point is a wiiimum point.
x

&2y
dx?

= 0 and = 0, then the natnre of the stationary point can be found using the

first derivative test.

Connected rates of change

® When two variables, x and y, both vary with a third variable, ¢, the three varables can

be connected using the chain rule: @ = o X d_x
dt  dx dr

® You may also need to use the rule: d_x =

dy
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END-OF-CHAPTER REVIEX ¢

ERCISE 8
®)

1 The volume of a spherical balloon is increasing at a constant rate of 40 cm?® per second.
Find the rate of increase of the radius of the balloon when the radius is 15cm.

[The volume, V', of a sphere with radius ris V' = é ] [4]

@ 2 An oil pipeline under the sea is leaking oil and 4 circular patch of oil has formed on the surface of the sea.
At midday the radius of the patch of oil is 50111 and is increasing at a rate of 3 metres per hour.
Find the rate at which the area of the oil is increasing at midday. [4]

Cambridge Imiernational AS & A Level Mathematics 9709 Paper 11 Q3 November 2012

. 4 . .
3 A curve has equation y = 27x - v Show that the curve has a stationary point at x = 8 and
determine its nature. (x+2)

151

@ 4 A watermelon is assumed to be spherical in shape while it is growing. iis mass, M kg, and radius, rcm, are
related by the formula M = kr’, where k is a constant. It is also assuimed that the radius is increasing at a
constant rate of 0).] centimetres per day. On a particular day the radius is 10 cm and the mass is 3.2 kg.

Find the value of k and the rate at which the mass is increasing on this day. [5]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q4 June 2012

@ 5 YA

\ y=2x2

\

»
>

X (2,0 o P(p,0) X

The diagram shows the curve y = 2x? and the points X (=2, 0) and P(p, 0). The point Q lies on the curve
and PQ is parallel to the y-axis.

i  Express the area, A4, of triangle XPQ in terms of p. 12]

The point ¥ moves along the x-axis at a constant rate of 0.02 units per second and Q moves along the curve
so that @ remains parallel to the y-axis.

il Find the rate at which A4 is increasing when p = 2. [3]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q2 June 2015
© s <xm>
A

ym

v

A farmer divides a rectangular piece of land into 8 equal-sized rectangular sheep pens as shown in the diagram.
Each sheep pen measures x m by ym and is fully enclosed by metal fercing. The farmer uses 480 m of fencing.

i Show that the total area of land used for the sheep pens, Am-. is given by 4 = 384x — 9.6x°. [3]

ii  Given that x and y can vary, find the dimensions of each sheep pen for which the value of 4 is a
maxitmoum. (There is no need to verify that the valize of 4 is a maximum.) I3]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q5 June 2016
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@ 7 The variables x, y and z can take only positive values and arc such that z = 3x + 2y and xy = 600.

i Show that z = 3x + @ 1]
X
ii  Find the stationary value of z and determine its nature. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q6 June 2011

® - EEa——

2y

3y

3x
= |

L1 [
4x

The diagram shiows the dimensions in metres of an L-shaped garden. The perimeter of the garden is 48 m.
i  Find an expression for y in terms of x. 1]
i Given that the area of the garden is 4m?, show that 4 = 48x — 8x2. 12]

iii Given that x can vary, find the maximum area of the garden, showing that this is a maximum

value rather than a minimum value. 4]
H Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 November 2011
@ 9 A curve has equation y = 8 + 2x.
X

. .o dy d?y
i Find — and —5. 3
dx dx? Bl
ii  Find the coordinates of the stationary points and state, with a reason, the nature of each
stationary point. I5]

Cambridge International AS & A Level Muthematics 9709 Paper 11 Q5 November 2015

—

xcm

o]

< yem » <«<— XCm —>

The diagram shows a metal plate consisting of a rectangle with sides x cm and y cm and a quarter-circle of
radius x cm. The perimeter of the plate is 60 cm.

i Express y in terms of x. 2]
i Show that the area of the plate, 4cm?, is given by 4 = 30x — x2. 12]
Given that x can vary,

iii find the value of x at which A is stationary, 12]
iv find this stationary value of 4, and determine whether it is a maximum or a minimum value. 12]

Cambridge International AS & A Leve! Mathematics 9709 Paper 11 Q8 November 2010
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11 A curve has equation y = x* + x? — 5x + 7.
a Find the set of values of x for which the gradient of the curve is less than 3. [4]

b Find the coordinates of the two stationary points on the curve and determine the nature of each
stationary point. [5]

12 / «— xmetres —>

rmetres

I_l 1

The inside lane of a school running track consists of two straight sections cach of length x metres, and two
semicircular sections each of radius » metres, as shown in the diagran:. The straight sections are perpendicular
to the diameters of the semicircular sections. The perimeter of the inside lane is 400 metres.

i Show that ilie area, Am?, of the region enclosed by the inside lane is given by 4 = 4007 — mr2. [4]

i Given that x and r can vary, show that, when A4 has a stationary value, there are no straight sections in
the track. Determine whether the stationary value is a maximum or a minimum. [5]

Cambridge Internationc! AS & A Level Mathematics 9709 Paper 11 Q8 November 2013
13 The equation of a curve is y = x* + px?% where p is a positive constant.

i Show that the origin is a stationary point on the curve and find the coordinates of the other stationary
point in terms of p. 4]

ii  Find the nature of each of the stationary points. [3]
Another curve has equation v = x* + px? + px.
iii Find the set of values of p for which this curve has no stationary points. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 June 2015
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In this chapter you will lezivi how to:

m understand integration as the reverse process of differentiation, and integrate (ax +b)" (for any
rational 7 except - 1), together with constant multiples, sums and diiierences

B solve problems involving the evaluation of a constant of integration

evaluate definite integrals

m use definite integration to find the:
@ orea of a region bounded by a curve and lines parallel to the axes, or between a curve and a
line, or between two curves
@ volume of revolution about one of the axes.




Chapter 9: Integration

Where it comes from What you should be able to do Check your skills

IGCSE / © Level Substitute values for x and yinto | 1 a Given that the line y = 5x + ¢

Mathematics equations of the form y = f(x) + ¢ passes through the point (3, —4),
and solve to find c. find the value of c.

b Given that the curve y = x> — 2x + ¢
| passes through the point (-1, 2), find
the value of c.

IGCSE /O Level Find the x-coordinates of the 2 Find the x-coordinates of the points
Mathematics points where a curve crosses the where the curve crosses the x-axis.
NS OIS a y=3x'—13x-10
b r=3Jx-x
Chapter 7 Differentiate constant multiples, | . 4 dy
sums and differences of expressions | dx’
containing terms of the form ax”. a y=3x%-13x-10

b y=5x-4x+10Jx

Why do we study integration?

In Chapters 7 and 8 you studied differentiation, which is the first basic tool of calculus.

In this chapter you will learn about integration, which is the second basic tool of

calculus. We often refer to integration as the reverse process of differentiation. It has Explore the Calculus
many applications; for example, planning spacecraft flight paths, or modelling real-world meets functions station
behaviour for computer games. on the Underground

. . o . . Mathematics website.
Isaac Newton and Gottfried Wilhelin Leibniz formulated the principles of integration

independently, in the 17th century, by thinking of an integral as an infinite sum of
rectangles of infinitesimal widtn.

9.1 Integration as the reverse of differentiation

In Chapter 7, you learnt about the process of obtaining g—y whein y is known. We call this
X

process differeutiation.

You learnt the rule for differentiating power functions:

Applying this rule to functions of the form y = x3 + ¢, we obtain:

1
P = y=x+—

2
y=xd+4 y=x3-0.i
=x3-59 _
y=x y=x
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This shows that there are an infinite number of functions that when differentiated give the
answer 3x%. They are all of the form y = x? + ¢, where ¢ is some constant.

In this chapter you will learn about the reverse process of obtaining y when ;11—y is known.
b

We can call this reveise process antidifferentiation.

There is a seerningly unrelated problem that you will study in Section 9.6: what is the
area under the graph of y = 3x?? The process used to answer that question is known
as integration. There is a remarkable theorem due to both Newton and Leibniz that says
that inzegration is essentially the same as antidiffereniiation. This is now known as the
Fundamental theorem of Calculus.

Because of this theorem, we do not need to use the term antidifferentiation. So from
now on, we will only talk about integration, whether we are reversing the process of
differentiation or finding the area under a graph.

EXPLORE 9.1

1 Find g—y for each of the following functions.

X
a y=1x3—2 b y=1x6+8 c yzix15+1
3 6 15
1 1 2 205
d y=—x72+3 e y=——-x7+02 f y=2x2-=
Y= rEg R
240 2 Discuss your results with those of your classmates and try to find a rule for

obtaining y ifd—y = x"
dx
3 Describe your rule, in words.

)
4 Discuss with your classmates whether your rule works for finding y when _1

dy

From the class discussion we ¢an conclude that:

n+l

1 . .
If = = x", then y= — X + ¢ (where c is an arbitrary constant and n # —1).
n+

You may tind it easier to remember this in words:

‘Increase the power # by 1 to obtain the new power, then divide by the new power.
Remember to add a constant ¢ at the end.’

Using function notation we write this rule as:

U
@ KEY POINT 9.3 0

L\ . .
If f’(x) = x", then f(x)= AN © x”_l + ¢ (where c¢ is an arbitrary constant and 7 » —-1).
n+1i

The special symbol E. is used to denote integration.
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Chapter 9: Integration

When we need to integrate x°, for example, we write:
J-x3 dx = 1 xt+e
4
Jx3 dx is calied the indefinite integral of x* with respect to x.

We call it ‘indefinite’ because it has infinitely many solutions.

Using thiis notation, we can write the rule for integizting powers as:

KEY POINT 9.4

1 .
'[x" dx = P x"*!' 4+ ¢ (where ¢ is a coustant and n # —1).
n

We write the rule for integrating constant multiples of a function as:
S . -
@ KEYPOINT9.5 ¢\ N\

J. kf(x)dx = kJ. f(x)dx, where k is a constant.

We write the rule for integrating sums and differences o two functions as:

\/
@ POINT 9.6
=)

J' [ f(x) £ g(x) Jdx =J f(x)dx + j g(x)dx

WORKED EXAMPLE 9.1

W

Find y in terms of x foi cach of the following.
dy 3 dy 1 dy
— = b _— = — (o} —_— =
dx x dx X2 dx x
Answer
dy _ 3 v _ - v _ 2
=X b —=x C — 2
dx dx dx
] 341 1 ) 1 §+1
= X" + C = 2+ : = 2
T yeoar e YE T e
1, 12
= — x*+ | — 2 .
4 X"t X" +c (2) x2 +c
=—+c = %x% +c
X 5
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WORKED EXAMPLE 9.2

Find f(x) in terms of x for each of the following.
, 2
a f(x):4.v3——2+4
X
1
1) — Q42
b F/(x)= 83> — 3 +2x
/ (x+3)(x-1)
C f X)= ——F——=
(x) N
. Answer
a (x)=4x® - 2x72 + 4x"
1C(V\'):iy\ﬁfi.\f] +=Xx +c
4 (=D 1
=x*+2x7 " +4x+ ¢
2
=xt+ S rdxte
X
1
b f'(x)=8x" - ; x4+ 2x!
[‘(-\'/:E-\"}— 1 R e e ¢
3 2(-3) 2
3ol
3 6
8 5 1 5
=—xX'+—=+x*+¢
, 3 6x°
- X2 +2x -3
C l,y‘ =
(x) NG
3 1 B
=x2+2x2-3x 2
S ~ 3 1
() = e X2 4 a2 — 2
(i) 'z) (7)
5 3
=%-\‘3 +%.\‘3 —6/x +¢

Write in index form ready for integration.

Write in index form ready for integration.

Write in index form ready for integration.

WORKEB\EXAMPLE 9.3
\J

Find:
a jx(Zx ~1)(2x + 3)dx

Answer

.

a J..\‘(Z,\” -D(2x+3)dx = J (4x3 + 4x% = 3x)dx

4x%  4x3 3x?
=—+ —-——+c
4 3 2

Copyright Material - Review Only -

2 _
b Ju NEIE
X

Not for Redistribution




Chapter 9: Integration

1 Find y in terms of x for eachi of the following.

a W_ysp b =146 ¢ Yoo
X dx dx
dy_3 e W__1 f 4
dx  ¥? dx  2x° dx  Jx
2 Find f(x) in terms of x for each of the following.
a f(x)=5x*-2x*+2 b f{x)=3x"+x>-2x
2 8 9 3
f(x)==+—5+6 4 flx)==-—=-4
¢ v I R (x) T2
3 Find y in terms of x for each of the {ollowing.
a d—y=)c(x+5) b d—y=2xz(3x+1) c d—yzx(x+2)(x—8)
dx dx dx
dy  x*-2x+5 dy 2 dy  5x*+3x+1
d —=——"F—— e —= -3 f ===
dx 2x3 dx \/;(x ) dx Jx
4 Find each of the following.
a lex* dx b I20x3 dx c jsx-z dx
[ 4 2 >
d ) ;dx e J‘zf;dx f dex
5 Find each of the following.
a J(x+1)(x+4)dx b I(x—3)2dx ¢ J(Zf—l)zdx
d .[%/E(xzn)dx e jﬁdx f Jﬂdx
2x? 2x3
X2+ 2% x*—10 3 Y
—=d h d i 2Jdx ———= 1| d
J 3x x .[ X/x x ! J Vx x2Jx ) x
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9.2 Finding the constant of integration
The next two examples show how we can find the equation of a curve if we know the
gradient function and the coordinates of a point on the curve.

WORKED EXA -‘m

dy _ 6x° 18
dx x?
Find the equation of the curve.

A curve is such that , and (1, 6) is a point on the curve.

. Answer
, 25 .. 3 8
% — bx _ 18 Write in index form ready for integration.
X X°
= 6x2 —18x73

y=2x"+9x2 +c
309
=2x"+—=5+c
x°

When x =1, y = 6.

6*2(1)3+i +c
B -
=24+9+c
c=-5

. . 9
The equation of the curveis y = 2x3 + = — 5.
x°

N WORKED EXAMPLE 9.5

The function fis such that f(x) = 15x* — 6x and f(-1) = 1. Find f(x).

Answer

f(x) = 15x* - 6x

f(x) =3x> =3x% +¢

Using f(-1) =1 gives:
1=23(-1Y =3(=1)* +c¢
1=-3-3+c¢
c="17

SR =3x° -3x%2+7
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Chapter 9: Integration

WORKED EXAMPLE 9.6

A curve is such that g—y = 6x + k, where k is a constant. The gradient of the normal to the curve at the
X

. A .
point (1, -3) 1s 5 Find the equation of the curve.

Answer

—iﬂ}—’ =6x+k Integrate.
ax

| y=3x>+kx+c

When x =1, y=-3.
3=31)Y+k()+c

CHk=—6---mmmmm e (1)

When x=1,%=6(1)+/, =64k

X

. 1 .
Gradient of normal = 0 so gradient of tangent = -2

Substitutiiig for k into (1) gives ¢ = 2.

The equation of the curve is y = 3x? — 8x + 2.

W,
XERCISE 9B

1 Find the equation of the curve, given j—i} and a point P on the curve.
a j—i=3x2+1,P=(L4) b %=fu(3x—1),P=(—l,2)
c (%:);iz, £=(4,9) d ;—;=2xi;6, P=(37)
e L2 1r-wo f %:7(1_\/\/;;)2’}7:(9,5)
2 A curveis such that d—i}c =- x_kz’ where k is a constant. Given that the curve passes through the points (6, 2.5)

and (=3, 1), find the equation of the curve.

3 A curveis such that g_y = kx? —12x + 5, where k is a constant. Given that the curve passes through the points
X

(I, =3) and (3, 11), find the equation of the curve.

4 A curve is such that éhi = kx? - %, where k is a constant. Given that the curve passes through the point
X X

P(1, 6) and that the gradient of the curve at P is 9, find the equation of the curve.
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10

11

D

13

14

15

Y = 5xJx +2. Given that the curve passes through the point (1, 3), find:
dx

a the equation of the curve

A curve is such that

b the equation of the tangent to the curve when x = 4.

A curve is such that g—y = kx + 3, where k is a constant. The gradient of the normal to the curve at the point
X

(1, -2) is —%. Find the equation of the curve.

A function y = f(x) has gradient function f{x) = 8 — 2x. The maximum value of the function is 20. Find f(x)
and sketch the graph of y = f(x).

A curve is such that j—y = 3x? + x - 10. Given that the curve passes through the point (2, —7) find:
X

a theequation of the curve

b the set of values of x tor which the gradient of the curve is positive.

4

12
A curve is such that ;—% = 12x +12. The gradient of the curve at ihe point (0, 4) is 10.
X

a Express vin terms of x.

b Show rhat the gradient of the curve is never less than 4.

2
A curve is such that j—); = —6x — 4. Given that the curve has a minimum point at (-2, —6), find the equation
X

of the curve.

A curve y = f(x) has a stationary point at P(2, —13) and is such that f’(x) = 2x? + 3x — k, where k is a

constant.
a Find the x-coordinate of the other stationary point, Q, on the curve y = f(x)

b Determine the nature of each of the stationary points P and Q.

. ay .
A curve is such that == = k + x, where k is a constant.
X

a Given that the tangents to the curve at the points where x = 5 and x =7 are perpendicular, find the
value of k.

b Given aiso that the curve passes through the point (10, —3), find the equation of the curve.

A curve y = f(x) has a stationary point at (1, —1) aiid is such that f{x) =2+ 4 . Find f’(x) and f(x).

X
2
A curve is such that j—); = 2x + 8. Given that the curve has a minimum point at (3, —49), find the coordinates
X
of the maximum point.
dy

A curve is such that vl 3—2x and (1, 11) is a point on the curve.
X

a Find the equation of thie curve.

b A line with gradient é 1s a normal to the curve at the point (4, 5). Find the equation of this normal.

I{ . . .
16 A curve is such that d_y = 3J/x — 6 and the point P(1, 6) is a point on the curve.

X
a Find the equation of the curve.

b Find the coordinates of the stationary point on the curve and determine its nature.
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Chapter 9: Integration

2
17 A curve is such that 3—)2/ =2- % The curve has a stationary point at P where x = 1. Given that the curve
X X

passes through the point (2, 5), find the coordinates of the stationary point P and determine its nature.

18 A curve is such that % =2x -5 and the point P(3, —4) is a point on the curve. The normal to the curve
at P meets the curve again at Q.
a Find the equation of the curve.
b Find the equation of the normal to the curve at P.

¢ Find the coordinates of Q.

9.3 Integration of expressions of the form (ax + b)"
In Chapter 7 you learnt that:
d

1
——3—17]:3 —-1)°
dx[3><7(x ) j=&x=D

1
H ~ Do dx = — -1y
ence,J(3x )" dx 3)(7(3x ) +¢

This leads to the general rule:

| If n# -1 and a # 0, then J.(ax+b)”dx=—1~r (ax+b)"* ' +¢
| a(n-+1)

It is very important to note that this rule only works for powers of linear functions.

For example, J.(ax2 + b)° dx is not equal to % (ax® +b)* + c. (Try differentiating the latter
a

expression to see why.)

WORKED EXAMPLE 9%
Find:
20 5
(2x -3yt d b j d J-id
@ I =3y dx (I—4v)° & T aa®
Answer
2x —3)*dx = 2x =3)* 4o
? .[(\ Vv s G-y
_ A
=1 x =3 +¢
20 -
J.deZZOJ.(]—‘L"/()dX
20
= £ 1_4/,—6+I X
(a6 LT
=(1-4x)> +c
— ] +(.
T (1-4x)
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5 -+
2(_%H)(Z_\JJ)— + ¢
=52x+7 +c¢
1 Find:
a j (2x — 7)% dx b j(3x+1)5dx c J2(5x—2)8dx
d IS(l—Zx)de e jé/5—4xdx f J,/(2x+l)3 dx
2 2 Y 5
—d h b i —d
& JA«/3x—2 * j(2x+1) dx ' J4(7—2x)5 ~
2 Find the equation of the curve, given g—y and a point P on the curve.
X
Yoy p=[3.4 b Y- pox5s P22
dx 2 dx
dy 1 dy 4

3 A curveis such that g—y = k(x - 5)3, where k is a constant. The gradient of the normal to the curve at the
X

point (4, 2) is % Find the equation of the curve.

. dy 5
4 A h that — = ———.
curve is such tha 3

Given that the curve passes through the point P(2, 1), find:
a the equation ot the normal to the curve at P

b the equation of the curve.

dy 12
5 Acu h that & = —4x-2.
curve 18 suc a dx 3x+1 X

@ Show that the curve has a stationary point when x =1 and determine its nature.

b Given that the curve passes through the point (0, 13), find the equation of the curve.

p . dy 4 p . . .
@ 6 A curveissuch that — = where k is a constant. The point P(3, 2) lies on the curve and the normal
dx 2x+ k- p (3.2)

to the curve at Pis x+4y = 11. Find the equation of the curve.

Copyright Material - Review Only - Not for Redistribution



Chapter 9: Integration

9.4 Further indefinite integration

In this section we use the concept that integration is the reverse process of differentiation
to help us integrate some more complicated expressions.

\/

o

If % [F(x)] = f(x), then If(x)dx =F(x)+c¢

9 ORKED EXAMPLE 9.8

a Show that i |:(3x2 - 4)8 _ll =48x (3x2 - 4)7. b Hence, find J.6‘c ( 32 — 4)7 dx.
dx 4

Answer
a Lety=(3x?-4) Use the chain rule.
X — (6x)R)(3x2 — 4)8 !
X

= 43x(3x? — 4)’

b [6x(x? -4y dv = ¢ 485w -4 dx

R

—_

1 a Differentiate (x> +2)* with respect to x.

b Hence, find J-x(x2 +2)3dx.
2 a Differentiatc (2% —1)° with respect to x.

b Hence. find jx(sz —)*dx.

3 a Giventhat y = % , show that & %, and state the value of k.
x =5 dx (x~-=9)
b Hence, find j W
4 a Differentiate 1307 with respect to .x.
-3x

3x
b HCHCC, find J‘ m dx

5 a Differentiate (x> —3x +5)° with respect to x.

b Hence, find _[ 2(2x = 3)(x? = 3x + 5) d.

6 a Differentiate (+/x +3)® with respect to x.

7
b Hence, ind J (\/—+3)
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7 a Differentiate (2x+/x —1)° with respect to x.

Jl. VX (2xy/x = 1)* dx.

b Hence, find
9.5 Definite integration
In the remaining sections of this chapter, you will be learning how to find areas and
volumes of various shapes. To do this, you will be using a tcchinique known as definite

integration, which is an extension of the indefinite integrals you have been using up to now.
In this section, you will learn this technique, before going on to apply it in the next section.

Recall that
J.x3 dx = lx4 +c,
4
where ¢ is an arbitrary constant, is called the indefinite integral of x* with respect to x
We can integrate a function between two specified limits.
We write the integral of the function x3 with respect to x between the limits x =2 and

x =4 as:

4
3
J , The limits of

integration are always

The method for evaluating this integral is: written either to the

(4 1 . 4 right of the integral
| NE dx = |:— X"+ C:l sign, as printed, or
250 & 4 i
2 directly below and
N .
_ l NUTINA I l NOTIA above it. Th.ey should
4 4 ) never be written to the
=60 left of the integral sign.

Note that the ‘c’s cancel out, so the process can be simplified to:
4

4 1
J. x3dx=|:—x4:|
2 4 2
(lx4“ \—(lxz“)
47" )74

= 00U

4
J' x> dx is calied the definite integral of x* with respect to x between the limits 2 and 4.
2

Hence, we can write the evaluation of a definite integral as:

@9

| j ’ f(x)dx = [F(x)]> = F(b) - F(a)

The following rules for definite integrals may also be used.
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Chapter 9: Integration

%)

Q)

@ KEY POINT 9.10

b b
J kf(x)dx = kJ‘ f(x)dx, where k is a constant
a a

b b b
j [f(x) + g\),)]dx = J f(x)dx £ J. g(x)dx

’ f(x)dx = - ‘ f(x)dx
J oax=-],

Lb f(x)dx + ch f(x)dx = J: f(x)adx

WORKED EXAMPLE 9. '.

Evaluate:

2 /
6x" =1
55 d

3 1
b J J5x +1dx c J %dx
0

Answer

2 o4 2
6X21 6>c—r dx

1

‘C+Y

((2)* - (2) ) (2 + ()
(1 ) Q2+1)

=13

N|-—

2 (r 3 l
b \/3x+ldx:-[ (5x+1)2dx
0 0
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1 Evaluate:

2 3y 1

a 3x% dur b j — dx C J (2x-3)dx
1 1 X -1
,2/ 2 4 6

d | |lU—x2)dx e J‘(4x2—2x)dx f J.(Z——z)dx
Jo -1 2 X

2 [Evaluate:

252 2 1 S(g_ 2 2
a j(3x2—2+—2)dx b J' ( B )d ¢ j(x+3)(7—2x)dx
1 X -2 X 1
1 2 2 4
d jﬁ(l—x)dx e J‘ de f J (3x/;+i)dx
0 1 X 1 Jx
3 Evaluate:
0 4 2
a J. (2x +3) dx b J‘ 2x +1dx c J. J(x=1) dx
—1 0 1
1 ; 3 2
d | C _dx e [ ax t N N
~1(x-2) 2 (2x-3) 2 ~5-2x
4 a (jizenthaty=zi,ﬁnd d_y
x“+5 dx
2
b Hence, evaluateJ. 2—x2dx.
0 (x2+5)
. 3 5 dy
5 a leenthatyz(x —2) , find —.
ax

!
b Hence, evaluate J xz( X3 - 2)4 dx.
0

(/x + 1)5

6 a Giventhat y= - , find d_y
10 dx
4
4 (\/x + 1)
b Hence, evaluate J. ~— " dx.
1 VX
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9.6 Area under a curve
Consider the area boundecd by the curve y = x?, the x-axis and the lines x =2 and x = 5.

YA

The area, A4, of the region can be approximated by a series of rectangular strips of
thickness dx (corresponding to a small increase in x) and height y (corresponding to the
height of the functiou)

The approximation for 4 is then 2 »Ox. v

5
Asdx — 0, then 4 — J ydx.
2

>

This leads to the general rule:

\J

If y =f(x) isatunction with y = 0, then the area, 4, bounded by the curve y = f(x), the x-axis

b
and the lines x = ¢ and x = b is given by the formula 4 = j ydx.
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WORKED EXAMPLE 9.10

Find the area of the shaded region.

Answer

Area = | 3x%dx

=(216) — (64)
= 152 units?

In Worked example 9.10, the required area is above the x-axis.

b
If the required area lies below the x-axis, then J. f(>)dx will have a negative value. This
a

is because the integral is summing the y values, and these are all negative.

\
WORKED EXAMPLE 9.11

Find the area of the shaded region. A

y= x2 -

6x

Answer

4 ] 6 6
J. ‘\,\'7‘76,\')({,\‘2[—,\‘3f—.\'z}
0 3 2 0

' = (72 -108) — (0 - 0)
=-36

. )
Area 1s 36 units-.

N
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Chapter 9: Integration

The required region could consist of a section above the x-axis and a section beiow the
X-axis.

If this happens we must evaluate each area separately.

This is illustrated in Worked example 9.12.

WORKED EXAMPLE 9.12

Find the total area of the shaded regions. YA

y=x(x-2)(x-6)
| / ™\ |

0, ) 6 X

Answer

2 p2
J M(x=2)(x = 6)dx = | {x% —8x% +12x)dx
: )

(=}

{

6 6

J- x(x =2)(x —6)dx = J. (x3 —8x? +12x )dx
2 2 /

6

= |:l x4 - 8 X7+ 6x2 ]
4 3 )

-(;0'-3© +667 |-(; @ - 3@ +602
= (-36)—(62)
=422

Hence, the total area of the shaded regions = 6% + 42% = 49%unitsz.

Area enclosed by a curve and the y-axis

x = f(y)

Q
9 4
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If x=f(y) is afunction with x =0, then the area, 4, bounded by the curve x = f(y), the y-axis

b
and the lines y = ¢ and y = b is given by the formula 4 = J. xdy when x=0.

WORKED EXAMPLE 9.13
e
Find the area of the shaded region. IA
Answel' T X = }7(4 — }v)
4
Area = J xd)
0
,_1
:J' (4}»)2)d) e >
0 7] X
[4 , 1 5
= —p° == v’ 1
2° 3 )
= (2(4\? { (4)? ) —~ ( 2(0)% - ! (0)? )
’ 3 3
=102
256 Area is lO% units’.

1 Find the area of each shadea region.

a y“ b y‘\

) R II
O/ "X o
c IA d Jp
)= x(x—5)
! ( y= 4\/; 2x
l( N
0 3 3 0 - a~ »
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The diagram shows the curve y = x(x --2)(x —4) that crosses the x-axis at the
points O(0, 0), A(2, 0) and B(4, 0)

Show by integration that the area of the shaded region R is the same as the area
of the shaded region R,.

Sketch the curve and find the total area bounded by the curve and the x-axis for
each of these functions.

a y=x(x-23x+1) b x(x*>-9)
)
d (

Y
¢ y=x2x-1)(x+2) y={(x-D(x+1)(x-4)
Sketch the curve and find the enclosed area for each of the following.

a y=x*-6x>+09, the x-axis and the lines x = 0 and x =1

b y=2x+ %, the x-axis and the lines » =1 and x =2
X

c y=5+ %, the x-axis and the lines x =2 and x =5
X

d y=3Jx, the x-axis and the lines x =1 and x = 4

-4
Y ek
f y=+42x+3, the x-axis and the line x =3

e the x-axis and the lines x =1 and x =9

Sketch the curve and find the enclosed area for each of the following.
a y=x’,the y-axis and the lines y =8 and y =27
b x=y>+1, the y-axis and the lines y =—1 and y =2

y=y2x+1
YA
3—-----------------------;-"/
”
1
7
0 \ x

The diagram shows the curve y = +/2x + 1. The shaded region is bounded by the
curve, the y-axis and the line y = 3. Find the area of the shaded region.

Copyright Material - Review Only - Not for Redistribution
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y=2%+1

" /

0

Find the area of the region bounded by the curve y = 2x? + 1, the line y =9 and
the y-axis.

8 a Find the area of the region enclosed by the curve y = %, the x-axis and the
X

lines x =1 and x = 4.

b Theline x = p divides the region in part a into two parts of equal area. Find
the value of p.

9 VA X
Vx2+5

N e sseecar cmm-
=Y

a Show that i(\/x2+5)=~— A
dx Jx2 +5
b Use your result from parta to evaluate the area of the shaded region.

10 YA
N

o

Find the shaded area enclosed by thecurve j = 24/x, theline x + y = 8 and the x-axis.

11 The tangent to the curve y = 8x — x” TA -
at the point (2, 12) cuts the x-axis at the @ 12) b= Bx - a2
point P.
\
a Find the coordinates of P.
b Find the area of the shaded region. /
7P O Q e
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12 y
1 =y F i

/[ .
_\

A4 |O C X

The diagram shows the curve y = /2x + ! that intersects the x-axis at A.
The normal to the curve at B(4, 3) meets the x-axis at C. Find the area of the
shaded region.

D 13 »
!

y=1x)

(7, 12)

P(2,4)

" 4

o

The figure shows part of the curve y = {{ x). The points P(2, 4) and Q(7, 12) lie

7 12
on the curve. Given that J. ydx = 42, find the value of J x dy.
2 4

D 14 VA

\
| A(2,8)
|
y =g @
0 — —; Try the following
resources on the
Underground
The figure shows part of the curve y = g(x). The points A(2, 8) and B(6, 1) lie Mathematics website:

6 8 * What else do you
on the curve. Given that J. ydx =16, find the value of J. xdy. know?
2 1

* Slippery areas.
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9.7 Area bounded by a cuive and a line or by two curves
The following example shows a possible method for finding the area encloscd by a curve
and a straight line.

WORKED EXA "m

The diagram shows the curve y = —x?> + 8x — 5 and the line y = x +1 YA
that intersect at the points (1, 2) and (6, 7).

Find the area of the shaded region.

y=-x>+8x-5

y:x+]

(V)

laY

Answer
Area = area under curve — arca of trapezium
6 7 1
=J' (=x? +8x- 5)d,\-—5 X(2+7)x5
1

1 6
= [—f;x»’ 4 4x2 —5,\»} -227

260

[ [pp——
5/

If two functions, f(x) and g(x), intersect at x = ¢ and x = b, then the area, A4, enclosed
between the two curves is given by:

o :

«b

i Azjbf(x)dx—J.bg(x)dx o AJ [£(x) - g(x)] dx

a
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So for the area enclosed by v = --x?> +8x -5 and y = x +1:

YA
y=-x*+8x-5

y=x+1

"
]
]
]
]
]
]
]
1

(s

Using f(x) = —x? +8x—5 and g(x) = x+ | gives:

6 6
Area:_[ f(x)dx—J o(x) dx
1 1
6 6
=_[ (—x2+8x—5)a,\-—J' (x+1) dx
1 1

6
_ 2 7
—J.l( x“+7x 6)dx
6

=|:——3l'-x* +%x2—6x:|1

4
(@ + 1@ -60 )~ (-3 0+ Zar-en)

=202 units?

This alternative method is the easiest method to use in the next example.

WORKED EXAMPLE 9.15

Chapter 9: Integration

The diagram shows the cuive y = x2 — 6x — 2 and the line y = 2x -9, YA
which intersect when x =1 and x = 7.

Find the area of tic shaded region.

Answer

y=2x-9

7 7
Area = J‘ (2x - 9)dx — J‘ (xz —6x — 2) dx
1 1

;
_ 2 x —

| —L( X~ +8x 7>dx

;

= [—l X3 +4x32 —7x]
3 1

- (_% (7)3 + 4(7)* - 7(7)\;»-(—% (1% + 4(1)? - 7(1))

= 36 units?

"’
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y=5+6x-x2

\Sc

Find the area of the region bounded by the curve y = 5+ 6x — x?, the line x = 4 and the line y = 5.

2 v A y=(x-3)

B y=2x-3

The diagram shows the curve y = (x — 3)2 and the line y = 2x — 3 that intersect at points 4 and B. Find the
area oi the shaded region.

3 )
262 TA

y=-x>+11x-18

o \\i
BN 2x+y=12

The diagrain shows the curve y = —x? + 11x —18 and the iine 2x + y = 12. Find the area of the shaded region.

4 Sketch the following curves and lines and find the area enclosed between their graphs.
a y=x>-3and y=6
b y=-x>+12x-20 and y=2x+1
¢ y=x’—4x+4 and 2x+y=12

5 Sketch the curves y = x*> and y = x(2 — x) and find the area enclosed between the two curves.
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>
>
X

The diagram shows the curve y = +x+4 and theline y = % x + 2 meeting at the points (-4, 0) and (0, 2).

Find the area of the shaded region.

U YA
=z
o= =
P(3,3)
R
0
o x

The curve y = +/2x+ 3 meets the y-axis at the point Q.
The tangent at the point 7(3, 3) to this curve meets the y-axis at the point K
a Find the equation of the tangent to the curve at P.

b Find the exact value of the area of the shaded region POR.

P(6, 28)

] o o\ N x

The diagram shows the curve y = 10 + 9x — x2. Points P(6, 28) and Q(10, 0) lie on the curve. The tangent
at P intersects the x-axis at R.

a Find the equation of the tangent to the curve at P.

b Find the area of the shaded region.
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The diagram shows the curve y = 4x — x°.

The point P has coordinates (2, 0) and the point Q has coordinates (—4, 4%).
a Find the equation of the tangent to the curve at P.

b Find the area of the shaded region.

10 0y

P9, 4)

264

X%
. /

The diagram shows part of the curve y =5—+/10 — x and the tangent to the curve at P(9, 4).
a Find the equation of the tangent to the curve at P.

b Find the arca of the shaded region. Give your answer correct to 3 significant figures.

9.8 Improper integrals
In this section, we will consider what happens if some part of 2 definite integral becomes
infinite. These are known as improper integrals, and we will iook at two different types.

Tvpe 1l
These are definite integrals that have either one limit infinite or both limits infinite.

=)

-2
Examples of these are I Lz dx and J. i dx.
1 X —o X7

We can evaluate integrals of the form J f(x)dx by replacing the infinite limit with a finite
a

value, X, and then taking the limit as X' — oo, provided the limit exists.
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b
We can evaluate integrals of the form J. f(x)dx by replacing the infinite lirnt with a finite value, X,

and then taking the limit as X' — —oo, provided the limit exists.

WORKED EXAMPLE 9.16
a —

Show that the improper integral J iz dx has a finite value and find this value.
1 X
Answer

X X
J Lz dx = J x2dx Write the integral with an upper limit X.
1 I

. . =1 .
Hence, the improper integral J — dx has a finite value of L.
1 X

WORKED EXAMPLE 9.17

The diagram shows part of the curve y =

b
(1-x)"
Show that as p —> —oo, the shaded area tends to a finite
value and find this value.

Answer

1
—d
P (1—)6)3 '

AlCd =

9 /

0
=| 1-x)dx
P

1 0
— o -2
i [(—2)(—1> e L

Cl2-x
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As p — —°, 71\?—, 0.
2(1—19;’

1

Hence, as p — --<, the shaded area tends to a finite value of 5

Type 2
These are integrals where the function to be integrated approaches an infinite value
(or approaches * infinity) at either or both end points in the interval (of integration).

o 1
For example, J — dx is an invalid integra! because — is not defined when x = 0.
-1 X X

!

However, I —dx is an improper infegral because iz tends to infinity as x — 0 and itis
0 X X

well-defined everywhere else in the 1iterval of integration.

For this section we will consider only those improper integrals where the funciion is not
defined at one end of the interval.

.

b
‘We can evalvate integrals of the form J. f(x)dx where f(x) is not detined when x = @ can be

evaluaied vy replacing the limit @ with an X and then takirg the limit as X — «, provided the limit
266

b
‘We can evaluate integrals of the formi | t(x)dx where f(x) is not defined when x =5 by
va

replacing the limit b with an X and then taking the limit as X — b, provided the limit exists.

WORKED EXAMPLE-Q:
Q
25
Find the value, if it exists, of —dx.
0 X
Answer
The function f(x) = iz is not defined when x = 0.
I 2 5 2
J —dx = '[ 5x72dx Write the integral with a lower limit X
X X- X

5],
-(3)-(-%)

_2
X

SRRV
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As X - 0, % tends to 1afinity.

2
Hence, J. 5, dx is undefined.

n X°

ORWED EXAMPLE 9.19
[CES P aTem |

The diagram shows part of the curve y = —,;—x.
Show that as p — 2 the shaded area tends to a finite value and

find this value.

Answer

dx

A g
rea‘L NE

p ,.l z
=J 3(2 - x) 2dx 0 p 2
0

=Y

3 L7
= -2 (2-x)2

(4 ) O
=[-6v2=x]
- (6=p)-(642)
=62 -62-p

P
As p—> 2, J.
0

dX —> ()\/-Z.

3
N2 - X

Hence, as p — 2 the shaded area tends to a finite value of 6+/2.

1 Show that each of the following improper integrais has a finite value and, in each case, find this value.

oo ro )
a J %dx b | isdx C %dx

1 X J4 X —o0 X
a [ ax e _[ S dx f J'—dx

4 xJx 0 ~x 4 Jx—4

33 = =( 2 4

3 4 h j d i J 2% 4

& 0 V3—-Xx o 2 (1-x)? ~ I P lx? (x+2) ~
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2 YA
\\ y=—20
| I S
(0] P "X
. 20
The diagram shows part of the curve y = — 5 -
2x+5)

Show that as p — oo, the shaded area tends to the value 2.

3 Show that none of the following triiproper integrals exists.

oo 6 o 4 9 12

—d b —d J—d
aL&" 0 xdx ¥ © 2R

oo 2 2 5 25 1

£ __dr - - f X + —
= e J;(zx_l)zdx J ( ”xz)d"

9.9 Volumes of revolution
Consider the area bounded by the curve y = x?, the x-axis, and the lines x =2 and x =5. A

o X
When this area is rotated about the .c-axis through 360° a solid of revolution is formed. ,
A
The volume of this solid is called a volume of revolution. N
y =X
A
o 7\ X

We can approximate the volume, V, of the solid by a series of cylindrical discs of thickness
dx (corresponding to a small increase in x) aud radius y (corresponding to the height of the

function).
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The volume of each cylindricai disc is ty>8x. An approximation for V' is then YA

2ny28x. y=a

5
As dx — 0, then V" —» J ny? dx.
2

This leads to a general formula: —

l "The volume, ¥, obtained when the function y = f(x) is rotated through 360° about the x-axis between

b
the boundary values x = @ and x = b is given by the formula V' = J. ny? dx.
a

WORKED EXAMPLE 9.20

Find the volume obtained when the shaded region is rotated through 360° about
the x-axis.

YA

Answer

2 N 2 9 2 1
Volume = 1| 2 dx = j ds ;
olume nJ.ly X n1(3x+2) X T

2
| - nJ 81(3x +2)2 dux
1

— i 4 ‘1>
—n[3(_1) (B3x+2) J

{3

_ 8ln units?
40

=Y

2

1

Sometimes a curve is rotated about the y-axis. In this case the general rule is:

\/

\J
BEY POINT 9.20

The volume, V', obtained when the function x = f( ;') 1s rotated through 360° about the y-axis between

b
the boundary values y = a and y = b is given by the formula V' = J. nx? dy.
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WORKED EXAMPLE 9.21

Find the volume obtained when the shaded region is rotated through 360° Y4
about the y-axis. 5

\
Answer

5 5
Volume = TEJ. x2dy = nJ' ydy Using the given y = x2.

270

VORKED EXAMPLE 9.22

\

Find the volume of the solid obtained when the shaded region is rotated through
360° about the x-axis.

P(2,1)

5 7

Answer

When the shaded region is rotated about the x-axis, a solid with a cylindrical hole i
is formed.

The radius of the cylindrical hole is 1 unit and the length of the hole is 2 units. 2

5

Volume of solid = nJ'_ y? dx — volume of cylinder
0
= TCJ.; (9 —2x? )d.,\‘ - ¥ xh
0
= Tc[‘),\’—%,\‘}]_ —n X2 x2

do

_n[(m-- l:’)—(O—O)}—Zn

321 .3
= —5— units’
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1 Find the volume obtained when the shaded region is rotated through 360° about the x-axis.

a JA b »A
|
1
1
1
1
[] 1
1 1
1 1
1 1
1 1
0 S 0
c d
YA

=Y
=Y

0

[ T

QN .

2 Find the volume obtained when the shaded region is rotated through 360° about the y-axis.

a  JA b VA
11 4 34
14
2
0 \w x o K

. YA
3 The diagrain shows part of the curve y = ﬂ, where a > 0. The volume
X
obtained when the shaded region is rotated through 360° about the x-axis
is 18xt. Find the value of a. h
:
: i
1 ]
: i S
o I 2 x
4 The diagram shows part of the curve y = /x> +4x2 +3x + 2. Find TA
the volume obtained when the shaded region is rotated through 360°
about the x-axis.
=X+ 4x7+ 3x + 2
/:\/
1
:
B 0
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11

N

The diagram shows pait of the line 3x + 8y = 24. Rotating the
shaded region through 360° about the x-axis would give a cone of
base radius 3 and perpendicular height 8.

Find the volute of the cone using:
a inlegration
b the formula for the volume of a cone.

a Sketch the graph of y = (x —2)°.

N\
@gamematics: Pure Mathematics 1

3x+8y=24

g ~x

b Find the volume of the solid formed when the enclosed region bounded by the curve, the x-axis and the

y-axis is rotated through 360° about the x-axis.

The diagram shows part of the curve y = 5vx — x.

The curve meets the x-axis at O and P.

a Find the coordinates ot P.

b Find the volurne obtained when the shaded region is rotated

through 360° about the x-axis.

The diagram shows part of the curve x = % —1 that intercepts the
Y

y-axis at the point P. The shaded region is bounded by the curve,
the y-axis and the line y =1.

a Find the coordinates of P.

b Find the volume obtained when the shaded region is rotated
through 360° about the y-axis.

The diagram shows part of the curve y = 3x+ 2 .

The line y =7 intersects the curve at the point)sCP and Q.

a Find the coordinates of P and Q.

b Find the volume obtained when the shaded region is rotated

through 360¢ about the x-axis.

. The shaded area is

The diagram shows part of the curve y = 2
2x+1

rotated through 360° about the x-axis between x =0 and x = p.

Show that as p — oo, the volume approaches the vaiue 2m.

The diagram shows part of the curve v = /25 — x?. The point
P(4, 3) lies on the curve.

a Find the volume obtained when the shaded region is rotated
through 360° about the j-axis.

b Find the volume obtained when the shaded region is rotated
through 360° abcut the x-axis.

=Y

A 4

5 /

7
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12 The diagram shows the curve y = 4 — x and the line x+2y =4 that
intersect at the points (4, 0) and (0, 2).

a Find the volume obtained when the shaded region is rotated through
360° about the x-axis.

b Find the volume obtained when the shaded region is rotated through
360° about the y-axis.

13 A mathematical model for the inside of a bowl is obtained by rotating
the curve x” + »> =100 through 360° about the y-axis between y = -8
and y = 0. Each unit of x and y represents 1cm.

a Find the volume of the bow!.

The bowl is filled with water to a depth of 3cm.

b Find the volume of water in the bowl.

o 14 Use integration to prove that the volume, ¥ cm?, of a sphere with radius

rcm is given by the formula 7 = g .

R
$(Qhecklist of learning and u

’\@ Integration as the reverse of differentiation
@ o If (f_x [F(x)] = f(x), then If(x)dx = E(x) e

Integration formulae

1 .
) Jx” dx = ) x"*' + ¢ (where ¢ is a constant and n # —I)
n

Oj(ax+b)”dx= | (ax+b)"*'+¢ (n#-1 and a # 0)

a(n+1)

Rules for indefinite integration

(4 Jk f(x)dx = kj f(x)dx, where k is a constant

o J[f(x) £ g(x)]dx = Jf(x)dx + J a(x)dx

Rules for definite integration

o If _[f(x)dx = e J' forydx = [Fo) | = F(b) - Fa).

b b
) j k f(x)dx = k'[ fix)dx, where £ is a constant.
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N\ ) )
™ o
s D
b b b
o j [f(x) + g(x) ] dos = '[ fo)dx = '[ o) dx
b a
o j () dr = —Jb f(x) dx

Area under a curve
\

Qb = -

-->

(0] X

® The area, 4, bounded by the curve y = f(x), the x-axis and the lines x = ¢ and x = b is given
by the formula:

b b
A= J ydx when y =0 (or A= J. f(x)dx when f(x)=0).

x =f(y)

-——
X

® The area, A, bounded by the carve x = f(y), the y-axis and the lines y = @ and v = b is given
by the formula:

b b
A=I xdy when x =0 (or A=J f(y)dy when f(y)=0).
a a

y




® The area, 4, enclosed between y = f(x) and y = g(x) is given by the formaula:

A= J Lf(x) - g(x) ] dx

where a and b are the x-coordinates of the points of interseciion of the
functions f and g.

Inproper integrals

® Integrals of the form j f(x)dx can be evaluated by replacing the infinite limit with a finite
a

value, X, and then taking the limit as I — oo, provided the limit exists.

b
Integrals of the form J f(x)dx can be evaluated by replacing the infinite limit with a finite

value, X, and then taling the limit as X — —oo, provided the limit exists.

b
Integrals of the torm J' f(x)dx where f(x) is not defined when x = « can be evaluated by
a

replacing the limit ¢ with an X and then taking the limit as X -- a, provided the limit exists.

b
integrals of the form J f(x)dx where f(x) is not defined when x = b can be evaluated by
a

replacing the limit » with an X and then taking the limit as X — b, provided the limit exists.

Volume of revolution

® The volume, I, obtained when the function y = f(x) is rotated through 360° about the x-axis

b
between the boundary values x = @ and x = b is given by the formula V' = j mp? dx.
a

® The volume, V/, obtained when the function x = f(y) is rotated through 360° about the y-axis

b
between the bonndary values y = @ and y = b is given by the forinula V' = J. x> dy.
a

Chapter 9: Integration
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END-OF-CHAPTER REVIE iw
N

1 The function { is such that f’(x) = 12x* + 10x and f(=1) = 1.

Find f(x). 131
( 2
2 Find J (SX - E) dx. I3]
X
3 A curve is such that j—y = % —5x and the point (3, 5.5) lies on the curve. Find the equation of the curve. [4]
X X
4 A curve has equation y = f(x). It is given that f'(x) = \/)fﬂ - % and that f(2) = 3. Find f(x). I5]
5
The diagram shows part of the curve x = % + 1. The shaded region is bounded by the curve, the y-axis, and
y
the lines y =1 and y = 3. Find the volume, in terms of ©t, when this shaded region is rotated through 360°
about the y-axis. I5]
276 & A function is defined for x € R and is such that f(x) = 6x — 6. The range of the function is given
by f(x)=5.
a State the value of x for which f(x) hias a stationary value. 1]
b Find an expression for f(x) in terms of x. [4]

@ 7 YA y = 6x—x2

Y

1 2
o >

The diagram shows the curve y = 6x — x?

and the line y = 5. Find the area of the shaded region. [6]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q4 June 2010
8 @ Sketch thecurve y = (x —3)> +2. 1]

b The region enclosed by the curve, the x-axis, the y-axis, the line x = 3 is rotated through 360° about the
x-axis. Find the volume obtained, giving your answer in terms of . [6]
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10

11

y“ /3)/:2)6*1
},-2 —2x— ]’;’I]’
.
1
9 : >
1 a X
2
| \

The diagram shows the curve y? = 2x —1 and the straight line 3y = 2x — 1.

The curve and straight line interscct at x = % and x = a, where «a is a constant.

i Show that a =5. 12]
ii Find, showing all necessary working, the area of the shaded region. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q8 November 2012

TA C v =\T+2x
C
/B
a0 >

The diagram shows the curve y = \/1+2x meeting the x-axis at 4 and the y-axis at B.
The y-coordinate of the point C c¢n thc curve is 3.

i Find the coordinates of B and . 2]
ii Find the equation of th¢ normal to the curve at C. 4]
iii Find the volume obtained when the shaded region is rotated through 360° about the y-axis. I5]

Cambridge International AS & A Level Mcthematics 9709 Paper 11 Q10 November 2011

YA

\

The diagram shows the line y = 1 and part of the curve y = \/%

i Show that the equaticn y = \/% can be written in the form x = f— -1. 1]
) .

ii Find J‘ (i - ley. Hence find the area of the shaded region. [5]
1)

iii The shaded region is rotated through 360° about the y-axis. Find the exact value of the volume of
revolution obtained. [5]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 June 2012
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&)

@ 13

@ 14

1 1

12 A curve has equation y = f(x) and is such that f{x) = 3x2 + 3x 2 —10.
1

i Ry using the substitution u = x2, or otherwise, find the values of x for which the curve y = f(x) has

stationary points.

[4]

ii Find f”(x) and hence, or otherwise, determine the nature of each stationary point. [3]

ili It is given that the curve y = f(x) passes through the point (4, -7). Find f(x). 4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q9 June 2013

YA B
A\ Q x=4
0,4)
Ly = 8 A
P 3+ 4
0 >
. 8 . .
The diagram shows part of the curve y = . The curve intersects the y-axis at 4(0, 4). The normal to
p Y= Aiea y (0,4)
the curve at A intersects the line x = 4 at the poiut B.
i Find the coordinates of B. I5]
ii Show, with all necessary working, that the areas of the regions P and Q are equal. [6]

Cambyiidge International AS & A Level Mathematics 9709 Paper 11 Q10 June 2015

o

=Y

N o~

The diagram shows the curve y = (3 —2x)* and the tangent to the curve at the point (% , 8 )

Find the equation of this tangent, giving your answer in the form y = mx + c. [5]

ii Find the area of the shaded region.

6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 November 2013
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Chapter 9: Integration

15

YA

PO

0 =%

1 4
The diagram shows parts of the curves y = (4x+1)2 and y = —é x? +1 intersecting at points P(0, 1) and

0(2,3). Tue angle between the tangents to the curves at ¢ is o.

i rind o, giving your answer in degrees correct to 3 significant figures.

6]

[6]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 November 2014

ii Find by integration the area of the shaded region.
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1 A curveis such that j_y = 2x? — 3. Given that the curve passes through the point (=3, —2), find the equation
X

of the curve. [4]
1

@ 2 A cuive is such that j—i =2-803x+4) 2.
A point P moves along the curve in such « way that the x-coordinate is increasing at a constant rate of

0.3 units per second. Find the rate of change of the y-coordinate as P crosses the y-axis. 12]

The curve intersects the y-axis where j = ;’—

ii Find the equation of the curve. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q4 June 2016

1
@ 3 A curve is such that c}_y = 3x2 — 6 and the point (9, 2) lies on the curve.
( ‘\/

i Find the equation of the curve. 4]

ii Find the x-coordinate of the stationary point on the curve and determine the nature of the stationary
point. 131
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q6 June 2010

@ 4 A curve is such that Y__ 3 and the point ( 1, l) lies on the curve.
dx ~ (1+2x) )

m i Find the equation of the curve. 4]
ii Find the set of values of x for which the gradient of the curve is less than % 3]

Camibridge International AS & A Level Mathematics 9709 Paper 11 Q7 June 2011

@ 5 YA

y=02x-1)°
B

=Y

/

The diagram shows parts of the curves y = (2x —1)> and y? = 1 — 2x, intersecting at points 4 and B.
i State the coordinates of A. 1]
ii Find, showing all necessary working, the area of the shaded region. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q7 November 2016
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Cross-topic review exercise 3

1 1
@ 6 A curve has equation y = f(x) and it is given that f’(x) = 3x2 — 2x 2.
The point 4 is the only point on the curve at which the gradient is —1.

i Find the x-coordinate of A. 13]

ii Given that the curve also passes through the point (4, 10), find the y-coordinate of A, giving your answer
as a fraction. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 November 2016

X cm

2rcm

The diagram shows a metal plate. The plate has a perimeter of 50 cm and consists of a rectangle of width
Zrem and height x cm, and a semicircle of radius » cm.

a Show that the area, Acm?, of the plate is given by 4 = 50r — 2r% — % . [4]
Given that x and r can vary:

b show that 4 has a stationary value when r = 45+0n [4]
¢ find this stationary value of 4 and determine the nature of this stationary value. 2]

@ 8 A line has equation y = Zx + ¢ and a curve has equation y = 8 — 2x — x2.

i For the case where the line is a tangent to the curve, find the value of tiie constant c. 3]

ii For the case wherc ¢ = 11, find the x-coordinates of the points of intersection of the line and the curve.
Find also, by integration, the area of the region between the line and the curve. 7]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 June 2014

@ 9 Theequation of acurveis y = 7 .
- X
i Find an expression for d—y and determine, with a reason, whether the curve has any stationary points.  [3]
X

ii Find the volume obtained when the region bounded by the curve, the coordinate axes and the line x =1 is
rotated through 360° about the x-axis. 4]

iii Find the set of values of k for wiiich the line y = x + k intersects the curve at two distinct points. (4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 November 2010
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10 A function i is defined as f(x) = > 4+1
X

for x = 0.

a Find aa expression, in terms of x, for f’(x) and explain how your answer shows that f is a decreasing

function.

31

b Find an expression, in terms of x, for f~!(x) and find the domain of f~'. [4]

¢ On a diagram, sketch the graph of y = f(.r) and the graph of y = f~!(x), making clear the relationship

between the two graphs.

. d 1 '
A curve is such that <2 = x2

[4]

— x 2. The curve passes through the point (4, %)

i Find the equation of the curve. 4]

ii Find dz_y 2]
dx?

iii Find the coordirates of the stationary point and determine its nature. [5]

Cambridge International AS & A Leve! Mathematics 9709 Paper 11 Q12 June 2014

point P(2,6).

The function f is defined for x > 0 and is such that f'(x) = 2x — % . The curve y = f(x) passes through the
X

i Find the equation of the normal to the curve at . 3]

ii Find the equation of the curve.

[4]

iii Find the x-coordinate of the stationary point and state with a reason whether this point is a maximum or

a minimum.

[4]

Cambridge micrnational AS & A Level Mathematics 9709 Paper 11 Q9 November 2014

The point P(3,5) lies on the curve y =

1 —
x—-1 x-5°

9

i Find the x-coordinate of the point where the normal to the curve at P iniersects the x-axis. I5]

ii Find the x-coordinate of each of the stationary points on the curve and determine the nature of each
stationary point. justifying your answers. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 November 2016

® A

@
—

\

——\41,1) y=@x-2

/

—

)

=Y

B\

The diagram shows part of the curve y = (x —2)* and the point A(l, 1) on the curve.

The tangent at A cuts the x-axis at B and the normal at 4 cuts the y-axis at C.

i Find the coordinates of B and C.

[6]

ii Find the distance AC, giving your answer in the form %, where a and b are integers. 12]

iii Find the area of the shaded region.

[4]

Cambridge International AS & A Level Mathematics 9709 Paper 11 Q10 June 2013
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Cross-topic review exercise 3

YA P(6,5)
e

1
y=(+4x’

QB0

Q
=

1
The diagram shows part of the curve y = (1 + 4x)2 and a point P(6, 5) lying on the curve.
The line PQ intersects the x-axis at Q(8, 0).

i Show that PQ is a normal to the curve. I5]

ii Find, showing ali necessary working, the exact volume of revolution obtained when the shaded region is
rotated through 260° about the x-axis. 71

[In part if you may find it useful to apply the fact that the volume, V, of a cone of base radius r and vertical
height %, is given by V = % mrh.]
Cambridge International AS & A Level Mathematics 9709 Paper 11 Q11 November 2015
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PRACTICE EXAM-STYLE PAPEK.

U\ A\

Time allowed is 1 hour 50 minutes (75 marks).

1 Itis given that f(x) = 2x — %, for x > 0. Show that f is an increasing function.
X

2 The graph of y = x* — 3 is transformed by applying a translation of ( g ] followed by a reflection

in the x-axis.

Find the equation of the resulting graph in the form y = ax> + bx? + cx + d.

1-tan%x

3 Prove the identity s = 2cos” x — 1.

4 a
b

+ tan” x
Find the first three terms in the expansion of (3 —2x)’, in ascending powers of x.

Find the coefficient of x” in the expansion of (1+ 5x)(3 —2x)".

B
6 cm
s
3 i
(0] X A

The diagram shows sector OAB of a circle with centre O, radius 6 cm and sector angle T radians.

3

The point X lies on the line OA4 and BX is perpendicular to OA.

a

b

Find the exact area of the shaded region.

Find the exact perimeter of the shaded region.

6 A circle has centre (3, -2) and passes through the point P(5, —6).

a

b

Find the equation of the circle.

Find the equation of the tangent to the circle at the point P, giving your answer in the form
ax+by =c.

The sum, 5,,, of the first # terms of an arithmetic progression is given by S, = 11n — 4n”. Find the
first ierm and the common difference.

. . R
The first term of a geometric progression is 2% and the fourth term is B Find:
i the common ratio

ii the sum to infinity.
42

8 Theequation of acurveis y =3+ 12y —2x~.

a
b

C

Express 3+ 12x — 2x? in the form a — 2(x + b)?, where @ and b are constants to be found.
Find the coordinates of the stationary point on the curve.

Find the set of values of x for which y <-5.

Copyright Material - Review Only - Not for Redistribution
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Practice exam-style paper

9 The functioni t : x > 6 — 5cosx is defined for the domain 0 =< x < 2m.
a Find the range of f.
bk Sketch the graph of y = f(x).
¢ Solve the equation f(x) = 3.
The function g: x — 6 — 5cosx is defined for the domain 0 < x < 7.

d Find g'(x).

- and A(3, 2) is a point on the curve.

/

10 A curve has equation y = 5 6A

a Find the equation of the normal to the curve at the point 4.

b A point P(x, y) moves along the curve in such a way that the y-coordinate is increasing at a

constant rate of 0.05 units per second. Find the rate of increase of the x-coordinate when x = 4.

11 A curve has equation y = 16 _ X2
X

2

., dy .
a Find = and d—sz in terms of x.
dx dx

b Find the coordinates of the stationary point on the curve and determine its nature.

¢ rind the volume of the solid formed when thc region enclosed by the curve, the x-axis, and the
lines x =l and x = 2 is rotated about the x-axis.
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Prerequisite kriowledge

1 a 43 b
2 a x>2 b
3 a x=2,y=3 b
4 a 25 b
Cxercise 1A
1 a -52 b
c 2,8 d
e —%,1% f
2 a —-16 b
3
—=.1 d
c 1
1
—,1 f
e 5
3 a ‘Lé b
3
¢ 13 d
2 1
. f
¢ 7303
4 a -53 b
¢c L3 d
e —5,3 ¥
5 a Proof b
6 5%
2 1 a4
3°2
Exercise 1B
1 a (x-3)2-9 b
2
c x—é _2 d
2 4
e (x+2)72+4 f
7Y 45
+=| =2 n
g (x 2 4
2 a 2(x-3)7+1 b

<
\S)
—
=
+
NGV
N
39
|
»
15

9]
(£]

N
S

4, ——

2,3,4,5
20cm, 21cm, 29¢cm

3(x—2)>-13

7V 9
21 x+—| —=
(x 4) g

3 a 4-(x-2) b 16— (x—4)
< Oy 2 2
c E‘V——Lx+§) d ﬂ—(x—é)
4 2 4 2
4 a 15-2(x+2) b 21-2(x+3)>
2
¢ 15-2(x—1)? d £—3(x—§)
12 6
5 a (3x-17- b 2x+5)%+5
¢ (5x+4) - d 3x-7)7+12
6 a 9,1 b -6,2 ¢ =57
d e —6,3 f —10,1
7 a i\/— h 5+23 c —4+J17
d \f BB s [0
2 2
3+410
9 \/ﬁ 2
8 1
10 3 (5 J97), —(J_ 5)
” 9000\Fz318m p 20003 o
49 98
Exercise 1C
1 a —0.29,10.29 b -5.24,-0.76
¢ —4.19,1.19 d -3.39,0.89
e —1.39,-0.36 f -1.64,024
2 4093
3 3.19
4 -0.217,9.22
NI P
5 = & /02&; the solutions each increase by é
a a

Exercise 1D
1 a (_35 9)9 (29 4)

(~10, 0), (8, 6)
(2,-2),(10,2)
(2,4)

(2,2), (10, -2)
(-6,-2).(8,1%)

= g o I}

m (-3,-4%).(4.-9) n

o (69 _2)9 (183 _1)
a 9and!7
24 and 53cm

4 3icm and9em

b (—8, %) 2,1)

d (-2,-7),(1,2)
f (-1,-3),(2,1
h (-3,1),0,7)

i (=5-24),(51)
1 (4,-6),(12,10)
-13), (3,1

b 13—19 and 13+ /19
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Answers

5 7cmandllcm d N-shaped curve, maximum point:
_ 4l _ ) _ 41
6 x=d4yandy=I16orx=16andy=4; (—;— , 12%), axes crossing points:
7 r=5h=13
(_3> 0)3 (4’ 0)3 (Oa 12)
8 a (-3.52ud(2,0) b 52 2 a2 2x-27-3
9 a (-2.i)and(3.-1) b (l,o) b x=2
’ 53 5V
10 2\/§ 3 a T - (X - 5)
1 Tx+y=0 b (2%,13%),maximum
12 (2,3
3 4 [ OV %
13 y=-2x-3 asrry) %
N D N D 1 i s
14 2,8 p 4= X_=Z b (—24,-6+], minimum
A » "IN 2 2N (=24, -64)
5 —41 whenx =31
Exercise 1E 9 2
6 a -—-2|x——
1 a 2,43 b -1,2 % 4
V2
¢ /5,41 d i? 15 b M-shaped curve, maximum point:
e *1 f 1, % (% , 1% ), axes crossing points:
+ h i
e +/3 No solutions (_l , O) (1.0). (0.1)
.1 2
i 2 i —=.1
2 7  Proof
k i% 1 -1,2 8 Ay=(x—4)Y+2o0rx>-8x+18
2 a 46! b 4 B: y=4(x+2) - 6or4x>+16x+10
1 4 o 1 5 1,
c 5,6% d 5 C.y—S—E(x—Z) or6+2x—5x
1 1
e 7. l% Fog.2s A iy=x2-6x+13
3 a x-6J/x+8=0 b (4,4),(16,8) B |y=x>-6x+5
¢ 4J10 C |y=—x*+6x-5
4 a=2,b=-9c=7 D |y=-x*+6x-13
5 a=2b=-40,c=128 E |y=x+6x+13
F |y=x>+6x+5
Excrcise 1F N | G |y=—x*—6x5
1 a u-shaped curve, minimum point: {3, —1), axes >
crossing points: (2, 0), (4, 0), (0. 3) H |y=-x"-6x-13
b U-shaped curve, minimum point: b Student’s own unswers
(-24. —20%), axes crossing points: 10 y=3x>-G6x-24
-7,0),(2,0),(0,-14
70,2, 0( \ ,) , ; ' 11 y=5+3x—lx2
¢ U-shaped curve, rainimum point: (_12 , —21§), 2
12 Proof
axes crossiug points: (=53, 0), (l% ,0 ), (0,-15)
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Exercise 1G
1 a 0=x=<3 vV x<-2o0rx>3
c 4=sx<6 d —%<x<2
e —-6=x=39§ f x<—%orx>%
2 a x==-Sorx=5 b -S5sx=-2
¢ x<-T7orx>1 d —gsx<%
2 7
1
e i<x<é f x<-4 or x>-—
3 2 2
3 a 9<x<4 b x<7orx>8
¢c -12=sx<1 d -3<x<2
e x<—-4orx>1 f —»1—<:x<é
2 5
g x=-9orx=1 h x<-2orx>5
. 7 5
L <=
TR
4 —3<x<§
2
5 a S5=sx<7 b -7T=sx<1
c x<-2orx=3
6 x<=50rx>8
7 a l<x$% b —1<x<0
¢c -1sx<lorx=5
d -3=sx<2o0orx=5
e Ssx<orlsx<?2
f x<—4or%$x<‘,
Exercise 1H
1 a Twoequalioots b Two distinct roots
¢ Two distinct roots d Two equal roots
e No reai roots f Two distinct roots
2 No real roots
3 b=-2,¢=-35
4 a k=14 b k=4ork=1
c k=l d k=0or/i =2
4
e k:()orkz—g f k=-10o0rk=14
5 a k>-13 b K<%
¢ k<2 d k<%
e k>3 f o<
2 16
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6 a k>+ b k>3
2 12
c k> d k>-2
5 8
e 5—-NI<k<5+21
f 7-2J10 <k <7+2J10
2
7 k=12
20
8§ k=2
9 Proof
10 Proof
11 k<-22
Exercise 1!
1 -5.-9
2 -7
3 5
4 a +10 b (2,4),(-2,-4)
5 -6,-2,(-1,12),(1, 4)
6 k<-2ork>6
7 k< —-4J3 or k > 43
8 k<6
9 3<m<!
10 A>»56
11 vl
2
12  Proof
13  Proof

End-of-chapter review exercise 1

1

3
=32, x = +=
X , X >

X< -9-2J3o0orx>-9+23

k<lork>2



Answers

6 a (14,-2) b k=-4ork=-20 3 a o
6 -
7 a Proof b (6,29)
¢ k=1C=(2)5) 44
8 a Proof b (2,1),(57),
c 2<x<5 2
9 a 25—(x-5) b (5, 25)
e x=1 orlx =9 0 é ‘.‘ >
0 i 35, (_5 ) 5) i k=3orll b each input does not have a unique output
. . 4 a domainixe R,-1=sx<5
11 21,21 =-5,(-2,16 ’
! ( 2 2) e (=2,16) range: f(x) € R, -8 < f(x) <8
12 i 2(x-1)%-1(,-1)ii (—% , 3%) b domain:x e R,-3sx=<2
range: f(xv) e R, -7 < f(x) <20
iiiy—3=—%(x—2) 5 a flx)~12 b —13<f(x)<-3
¢ —-isf(x)<9 d 2=f(x)<32
2 Functions ¢ S=f0=16 f S=fo=12
Prerequisite knowledge 6 a fx)y=-=2 b 3<f(x)=<28
1 10 ¢ fix)<3 d -5<f(x)<7
2 3_2y 7 a f(x)=5 b f(lx)=-7
¢ -17<f(x)<8 d f(x)=1
3 =224
5 8 a f(x)=-20 b flx)=-61
4 2x-3)7-13 9 a f(x)=23 b fx)<5
. 10
Exercise 2A ! 6y f‘
1 a function, one-one P function, many-one
¢ function, one-one d function, one-one 2
e function, one-one f function, one-one
g function, one-one h not a function 5 ]
2 a YA
10 -
0 ! 4 X
2
b -1=<f(x)<5
11 f(x)=k-9
>
12 g(x) < < +5
13 a=2
. | d I 14 a=lora=-5
4 2 0 2 4 ¥ )
15 -2)y -3 b k=4
b Many-one 3 Ax-2)
¢ xeR,-3sx=<5
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16 a domain:x € R
range: f(x) € R
b domain:x € R
range: f(x) e R, f(x) =2
¢ domain: x € R
range: f(x) € R, f(x) >0
d domain: x € R, x#0,
range: f(x) € R, f(x) # 0
e domain: x € R, x #2,
range: f(x) € R, f(x) # 0
f domain: x € R, x = 3,
range: f(x) € R, f(x) = -2
Exercise 2B
1 a 7 b 3 c 231
2 a hk ® kh ¢ hh
3 aa=3b=-12 b 5%
4 a — 6 b —4
x+1
5 a (2x+5)7-2 b —41 or—%
1 Y
6 E or ,%
4
7 ——or0
3 or
8 -9
xX+2
9
4x+9
10 a fg b gf cgg
d ff e gig f fof
11 Proof
12 +4
19
13 k=-—
2
14  Proof
15 a 2(x+1)’-10 b -1
16 a x<-lorx=3 b (x-1>+3
¢ f(x)=3
17 a 4x*+2x-6 b fg(x)=-64
18 a F(x)=23"D forve R cx3
x+3
b Proof ¢ 2orl
19 a PQ(x),domainis x € R,

range is f(x) € R, {(x) = -1
b QP(x),domainis x € R,
rangeis (x) e R, f(x) =1

N
@ggmematics: Pure Mathematics 1

¢ RR(x),domainisx € R, x #0,
range s f(x) € R, f(x) #0

d OPR(x),domainisx € R, x #0,

rangeis f(x) € R, f(x)>1

RQQ(x), domainis x € R, x # —4,

rangeis f(x) € R, f(x) # 0

f PS(x),domainisx € R, x = -1,
range is f(x) € R, f(x) = -1

(]

g SP(x),domainis x € R, x = -1,
range is f(x) € R, f(x) = -1

Exercise 2C

1

&)

10
11

12

13

a =2 b )= Jx=3

_5_

¢ ) =5+Jx=3d fl(x)=2F8
X
ey = 1= 2% 1) — 31
e I (x)——l f f (.X)—2+ x+1

a Domain is x = —4, range is f~!(x) = -2
b fl(x)=-2+J/x+4

5

a fl(x)= b x=<1

- X
2x
a flix)=-1+3¥x+4 b x=-3

a gisone-one for x = 3, since vertex = (2,2)

b gl(x)=2+ Y22

a =3 b fl(x)=—3+ % 232
a f(x)=-9

b No inverse since it is not one-one

a k=3

5 i fi(x)=3+/9—x
ii Domainis x <9, rangeis3<f"'(x)<7

1

a flx)=_—— b Domainis x < 4%
5—-x
a=5>b=12
- x+1 _ 4dx +3
a fl(x)z—,gl(x):—
3 2x

b Proof
1 \
-1 _ L3
a () =5 (1+4x+3)
b Domainis -2 < x <122
a f(x)=(x-5)7%-25
b fl(x)=5+Jx+25, domainis x = -25
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14 a f‘l(x)=—x+1 b Proof
X
1+.5
2
15 bandec
7-x
16
T 7%
b i 14— x i 7T—x
6 6

¢ (fp)'(v) =g ()

Exercise 2D
1 a

Answers

d f~!does not exist since f is not one-one

a =25

b Domainis-3<x <5, rangeis—-1<x <3

¢ YA
6 .

4-2x

a 0<f(x)s? b fl(x)=

¢ Domainis 0 < x <2, rangeis f~!(x) =0

y{} f‘l ,i
SY=EX

o

Symmetrical about y = x
Not symmetrical about y = x
Symmetrical about y = x
Symmetrical about y = x
Proof b d=-a

L A6 T o
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Exercise 2E 4 a YA
1 a y=2x>+4 b y=5Jx-2 4
c y=7x*-2x+i d y=x>+1 3_/
2
2 x-3 //
e y= : f y= T
x4 3 x—-2 -
T3/ 3 i
g y:(x+])2+x+1 h y:3(x—2)2+1 — -
2]
> ) 0 . 0
2 2 Translation 4J b Translatlon( 5] 3
4
-1 (A\
¢ Translation 0) d Translation 6) b a=2 ¢c b=-1
\ 5 y=x+D)(x=-4)x--T7)
e Translation (I)J f Translation (i 6 y=x>-6x+8
3 a y 7 a=2,b==-3 ¢c=1
41
i . Exercise 2F
N 1 a
1 YA
r T 1 T T T T T > 4-
43 219 1 2 3 4 X

—1 4
A\
3 4

—4 - —>
4 X
b YA
4_
-3
2 S
4_
r T T T o T T T >
43219 1 2 3 4% 3-
1] N
o l/—
3 R
4 432110_12\34”
2
C YA
4- 3+
3 4
2]
14 2 a y=—5x2 b y=2x4
—T T T T c yp=2x2+3x+1 d y=3x>-2x-5
4 3 2 ] 1 2 3 4 X (. .
-1+ 3 a Reflection in the x-axis
27 b Reflection in the y-axis
B KR ¢ Reilection in the x-axis

d Reflection in the x-axis
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Exercise 2G
1 YA
6 .
44
6 4 2 0 IR
-2
_4_
6
YA
6 -
4
2 4
6 4 2 0 > 4 6 ¥
2
—4 4
6 4
2 y = 6x2 b y=3x3-3
y=2""142 d y=%x2—4x+10
y =162x% - 108x
3 Stretch parallel to the x-axis with stretci

1
factor —
actor -
Stretch parallel to the y-axis with stretch
factor 3

Stretch parallel to the y-axis with stretch
factor 2

Stretch parallel to the x-axis with stretch

1
factor —
acor3

Copyright Material - Review Only -

Exercise 2H
1 a

=Y

=Y

|

—
Q
—_
{38
w o
&

YA
4
3
2
14

=Y

4 3 2

o
w2
&~

LN T

o]
3
4
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4 -3 2 -1 0]

3_
4

g YA
4 .

3 4
2 4
1 4

2 4

4 3 219 1

2]
3]
4

4
3 A
2
1

4 -3 2 19
72_
3_
4_

2 a y=2f(-x)
c y=2f(x-1+1
3 a y=3x-17

=Y

o
w2
-

b y=2-1(x)
b y=3x-1)7

10

(=2 ]

o 5 10 X
y=2x>-8 b y=-x>+4x-5
y =2g(-x) b y=3-1f(x-2)
Stretch parallel to the y-axis with stretch

factor % followed by a translation [2)

Refleciion in the x-axis followed by a

iranslation ( 0 J
2

Translation ( 8) followed by a stretch parallel

to the x-axis with stretch factor 0
Stretch parallel to the y-axis with stretch

factor 2 followed by a translation [ g]

\

\

-5
Translation ( 0 } followed by a stretch

\

parallel to the y-axis with stretch factor %

Translation (_(; ), stretch parallel to the

y-axis with stretch factor %, reflection in the
. . 0

x-axis, translation 5

Translation ( 3 J, stretch parallel to the

y-axis with stretch factor 2, reflection in the

. (o
x-axis, translation 4

y=—,yEx—]+3 b y=- f%(x—l)—3

Y= 3A(—x+4)? +2] = 3(4—x)> +6
v =3(~(x+4)2]+2 = 3(x+4)2 +2
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Answers

11  Translation (g) followed by reflection in the 4 a ' > Jxt2 forx= -2
y-axis or reflection in the y-axis followed by b
Y
4 -
translatlon N
2 -
y=gx) y=1(x) /(
! 04
-2 'l_'l B
I" -2
I"' _3 1
_ s _ 2 .o
12 Translation ( 10) followed by a stretch parallel 5 1 —(x-3)+d i 3
0 i £!(x)=3++4-x,domainisx <0
to the x-axis with strctch factor % or stretch 6 i (x-2)Y-4+k
1 ii {x)=k-4
parallel to the x-axis with stretch factor — i p=2
— . —1 _ ..
followed by translation( 5) 1v f (x)—2+\/x+4—k,d0maln 1sSx = k—4
7 i 5=sflx)=<4

End-of-chapter review exercise 2 n %

25 7V
1 O)=2_ - L
4 9(x 6)

2 a YA 7

/ i

< / ;X //, /
._//-2 ,I"'
b Translation followed by a reflection in (x+2) for -5<x=<1
0 i £(x) = A
the y-axis or reflection in the y-axis followed 5- - for 1<x=<4
. 3
by translation (0) 8 i 4(x-3)%-25,vertexis (3, -25)

i g(x)=-

3 a y 9
4 iii g7'(x)=3- % Jx +25, domain is x = -9
9 i 2(x-3)?-5 ii 3
5 iii f(x) =27
X

by =3+ 6x iv 100 = 24 X5 domainiis x = 27
10 i (x-1D>-16 ii -16
iii »=6,4¢=10 iv fl(x)=1+Jx+16
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i 2x-32-11 i f=-11 1 a (52) b 82
i ~l<x<7 v k=22 12 A(=5,5), B(7,3), C(=3,-3)
12 i fg(x)=2x% -3, gfix) =4x> +4x -1
i a=-1 iii b=2 Exercise 3B
iv %(x2 -3) v hl(x)=-Jx+2 1 a %,é b Not collinear
|
13 i 2(r-2)7+2 i 2<f(x)=<10 2 Proof
ih2=<x=<10 3 _%g
iv f(x): half parabola from (0, 10) to (2, 2),
g(x): line through O at 45°; 4 (7.-D
f=1(x): reflection of f(x) in g(x) 5 k= %
v i) =2- /%(x—z) 6 k=2ork-=3
7 (0,-26)
p isite k lan 8§ a l b 5
rerequisite kKnow'eage
q g 9 u-10,b=4
1 (—44,-2)13 {
16 a — b -2
1 | 2
2 a 6 b 6 c a=6ora=-4
3 2 b _5 11 a (6,6) b a=-4,b=16,c=11
3 c 4145 d 100
c 74
4 a (x—-4)Y-21 b 4-21,4+ /21 Exercise 3C
1 a y=2x+1 b y=-3x-1
Exercise 3A ¢ 2x+3y=1
1 a PO=5J50R=4J5 PR=35, 2 a 2y=3x-3 b 9x+5y=2
right-angled triangle ¢ 2x-3y=9
not right angied
. ¢ x+2y=28 d 3x+2y=18
2 17 units®
4 a y=2x+2 b 5x+3y=9
3 a:3or(4—__9 | c 7x+3y=_6
4 b—Zorbz—S% 5 (5,2
5 wu=2b=-1 6 a y:%x+8 b (0,8)
¢ a (=2,-1 b (-19) ¢ 39
¢ 2.41,24101 7 a (6,3) b y:—%x+7
7 k=4 4
. 8 a yzgx—r”J b (-74.0),(0,10)
8 381 units?
c 124
9 k=2 9 a 23=5x+33 b 33
10 (=2,6)
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10 E(4,6), F(10, 3)
11 10
12 (14,-2)
13 a y=-3x+2 b (-1,5)
¢ 510, 4410 d 100
4 ai y=44 i x+y=7
b(25.44)
15 a y=2x-7 b (4%2,1%)
16 x+ y =38, 3x+ y = 3. Other solutious possible.
Exercise 3D
1 a (0,04 b (0.0,
¢ (0,2),5 d (5-3),2
e (1037 1 o920
g (4.-10),6 h (35.24).10
2 a X?+)?=64 b (x=35)P2+(y+2) =16
¢ (x+1)2+(y=-32=7
d (x—l)2+( +§)2—£
2) "VUT2) T
3 (x=2P+(y-57>=25
4 (x+2)2+(y-202=52
5 A
2_
o >
X
-2 1
_4,
-6
6 (x—6>+(y+5)?%=25
7  Proof
8 (x=572+y*=8and (x5 +(y—4)=8
9 (x—-4’+(y-2=20

10
11
12

13
14

15
16

17

Answers

(X—3)2+(y+1)2 :169 (3,_1),4
YT

(x=52+(y-2)>=29
b (x+1)2+(y—-4)7>=2

=

a Proof
(x=5)7+(y+3)2 =40

(x=9)+(y-2)>=85

(x +3)? +(y+10)*> =100,
(x=13)> + (y +10)> =100

a i 1+42
b i 3+2V2

ii Student’s own answer

ii Student’s own answer

Exercise 2E

1

[0 I S

B |

(-1,-4),(5,2)
25

Proof

2 <me

a (0,6),(8,10) b y=-2x+16
¢ (5-+5.6+2J5).(5+5,6-25)
d 205

(4.3)

a (x—12)> +(y—=5)> =25and
(x-2+(y-10)> =100
b Proof

End-of-chapter review exercise 3

1

N A W N

=)

0

2<a<?26
. 4 1 .. 49
i —and— i —

9 4 24
a=-4b=-lora=12,b=7
10
a a=5b=-2 b (4,-5)
¢ y=—§x—3%

i 162 ii Proof
(13,-7)
a (-2,2),(4,5) b y=—2x+5%
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3 a=5b=-2

9 a (-2,-3) Y y=—%x+4%
P 19 113 19 +J113 4 Translation (5) J,Vertical stretch with stretch
2 T2
10 i 2,m=1 ii (—1,6) factor 2
iii (5,12) 5 y=-x>+6x-8
. . 8 6
11 i y=2x-2 ii (0,-2), (g, g) 6 A
12 i py=-2x+6,(3,0) ii Proof
5
iii (=1, 8), 2410
13 a y:—%x+3 b p=-1 44
c (x=62+(y+1)>=26 3
14 a (19,13) b 104
15 a (?,10) b k<-12,k>12 |
4 . 14
16 a y:—§x+2 b Proof
2 ( 2 _ T T T T T T >
C (.X—].;) f\y—7) =325 3 ) 1 o 1 2 3 X
17 a 4,(4,-2) b 4-2.3,4+23 |
¢ Proof d Proof 7 a lsxs>5 b -13,3
8 (K2, 2k)
Cross-topic review exercise 1
) N3 9 65
PoxsEgasaos |
10 k=14 b y==x+4
2 a IA 2 Y 3x "
30 1 75
(-2,26) 11 a (-1,-11),(6,2) b k< P
1
| 12 a k=- —Z b x>5
13 i f{z(x)=>5x, rangeis fg(x) =0
\ —
\ i g7l(x)= 45l, domainis 0 <x <2
x
S i4 a b=-5c=-14
' 0 3o ‘ ) .
41 b i (2.5,-20.25) i 3<x<8
| 2.-6) 15 a 2y=3x+25 b (-3,8)
16 a 36— (x-6)° b 36
b A (2.22) -1 -1
¢c x=36,g'(x)=6d g'(x)=6+/36—-x
17 a 3(x+2)*-13 b (-2,-13)
\ c 6<x<I8
= ol e 18 a a=12,h=2 b -3
¢ gl(x)=—3+ 20X
| 2
\ 19 a (x-8)2+(y-3=29 b Sx+2y=75

(2,-42)
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20 a x=l
2
b i) = X gty =518
3 X
¢ Proof
17 3 317
21 a T—(HET b (—5,7)
e —5and-1 d (1,-2), (-1, 4)
22 a (8,0) b 10
¢ (=2,0),(18,0) d y=—%x+6
23 a k=-2
b i fg(x)=28
X+ 26

i (1) () =

¢ domain is x = 28,

range is (fg)'(x) < -3

24 a i (4,5),(0.2)
b k=+4J10

ii 4x-2y=21

4 Circular measure

Prerequisite knowledge
1 (124 m)cm, 3nem?

2 13,674
3  5.14,15.4cm?

Exercise 4A
1 a T
9

¢ om

36
e
36
3n
8
;s
4
e
36
m -
20

107

90°
e 240°
i 81°
m 225° n

-

[

60°
807
810°
420°

¢ 30° d 15°
g 54° h 105°
k 252° 1 48°
0 202.5°

Answers

3 a 0489 b 0.559
¢ 0.820 d 3.49
e 5.59
4 a 68.8° b 45.8°
¢ 76.8° d 87.1°
e 45.3°
5 a.
135|180 | 225|270 | 315|360
| | sm | am | 7m |
4 4 2 4
b. 120 [ 150|180 | 210
aw|sn| | 7n
316 6
330|360
4 | 3n | Sm | 1lxw
320306
6 a 0.644 b 14.1
¢ 0.622 d 0
e g f 0.727
7  7.79cm
8 12.79°
Exercise 4B
1 a 2ncm b 3mcm
¢ 6necm d 28mcm
2 a l3cm b 2.275cm
3 a 0.5rad b 0.8rad
4 15.6m
5 a 192cm b 20.5cm
¢ 50.4cm
6 a 0.927rad b 4cm
¢ 17.6cm
7 a ldcm b 11.8cm
¢ 25.8cm
8 a 13cm b 2.35rad
¢ 56.6cm
9 a Prooi b 43.4cm
10 Proof
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Exercise 4C
1 a 12mcm? 6 20mem? .
on Prerequisite knowledge
¢ —=cm? d S4mcem? — r
4 1 a ~f1+r b \/_2
2 a 867cm> b 3.042cm? | L+r
r ¢ d r
3 a 1.125rad b 1.5rac1 | 14,2
4 1.2 4
a Srad b 40cm 2> a2 il i 4n i 2°
5 a 1.75rad b 4.79cm 4
¢ 5.16cm? b i 30° i 630° iii 195°
3
6 (32\/_—32711)(31'1'12 3 a 0,5 b —5,5
7 a —Sﬁcm b é(f{\,’S—n)cmz Exercise 5A
3 [ 3 3 24
1 a = b = c =
8 1.86cm? 5 4 25
g 20 4 ¢ 12
9 a 29.lcm’ h 36.5cm? 3 ¢ 3 19
2 2 ~
¢ 51.7cm d 13.9cm s g 2 b ﬁ
10 a Proof b Proof 3 3
2w 21 ) c 1 d ﬁ
11 3 T3 cm 2
e O ¢ 156-45)
12 100’;+E—J§)cm2 3 4
k 3 3 a —\/ﬁ b —\/ﬁ
1 4 15
13 a (tanx—i—tanx)cmb 0.219rad . % q %
14 a Proof b Proof
e 4+T5 £ 75‘14*/3
End-of-chapter review exercise 4 | | >
2 4 a - b —
1 a 15-50342008 p 253 2 4 2
6 4 8 A
¢ T 2 d V3
2 i azg ii 8+5m 2
3 i 8tana-2u i 2 +4tan o+ 20 e 2-43 f 1
cos o 2
4 i r(1+6+cos6+sin6) i 55.2 5 a L p L ¢ L
. <\ .. Im 2 4 2
5 i AC=r-rcosO ii T-4-2\/§—2 d 226 . . 2+ 3
6 1 Proof ii 36-(r—6)° 2 3
iii 4=36,0=2 6
7 i Proof i 2
8 i r(cose+1—sin9+§—e\ i 6.31
)
9 i docosa+do+8—8cosa iig
2
10 i 2mwr+ro+2r ii + mur?
2
m o&=—T
5
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Answers

Exercise 5B 9 12 b
1 a 70° b 40° 13 12
c 20° d 40° F % d _%
2 a 2nd quadrant, 80° b 3rd quadrant, 80° ) 3
¢ 4th quadrant, 50° d 3rd quadrant, 30° 10 a 3 b 73
e Ist quadrant,40° f 2nd quadrant,g ¢ N7 d N7
4 3
3rd uadrant,E h Ist uadrant,E
£ q 6 q 3 11
i 3rd quadrant,% i 4th quadrant,g
3 a 125 b -160°
c 688° d <X
4
8n 131
kil ¢ 2=
€3 6
Exercise 5C
1 —sin 10° b 55° .
o D d o 650 Exercise 5D
S o8 1 a 360° b 180°
T LT
e —cos f —sino ¢ 360° d 120°
3n 271 e 180° f 180°
g —COs — h tan —
10 9 2 al b 5
2 a -1 p V3 ¢ 7 d 3
3
e 4 f 2
2
C _g d \/§ 3 a YA
24
e _ﬂ f l
2 2 1
g _ﬁ h _l
3
0 : —
3 4th quadraut 9 180 fo 360
V21 2 -1
4 . i) b ——
5 V21
o
5 a _ |2 b 2
3
5 12 b A
6 - b — 2-
ST 13
a
7 a a b 1
Jl+a?
c a d a
- 0 T T T I;
1+ a? JI+a? 90 180 270 360 ¥
b
_ 2
8 a Jl-b b — e
c —J1-5° d J1-5°
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120 180 240 300 360

7 T T
9 180 270 360

f

/N

90 \ 180 270 360 *
N

90 180 270 \ 360 X
)
\/ \\/
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YA

1 ‘V%
2_
1
) T T >
z T 3n 2n ¥
14 3 5
0
3
i YA
2 ]
1- ‘\
@] T T >
I T 3n 2n X
| 2 2
|
o



Answers

i yA 8 a=4h=2,c=5
2 4
9 a=3b=2,¢c=3
14
10 a YA
/ :
¢ p n 3n o ¥
2 4
—1 4
1
2
1 5w on i31 -+ = Y, n 7%5
b _71 5 _7_1 > _al ) _a_l 2 2
8 8 8 8 L
S5 a A
3 2
. y=14+cos2x —3-
14
b k=2
T
0 >
L T n m 0,0),[-Z, =2
2 P (Y (3 )5 _55_
1A
y=sin2x 11 a=3,b=1c=5
2 12 a a=3,b=2 b I<f(x)<5
b 4 13 a a=3,b=5
6 a YA b A
Al 10
3] y =2+cos3x 8
2 65 .
- 1
0 T T : 2_
14 x L ElL 2n 0 T T T —>
2 2 72_/ 9% 180 270 N\360 ¥
:il y=2sinx 4
b 2 14 a=5b=4c=3
7 a 4yf\ 15 a A4=2,B=6 b 5
21 y=3sinx
0 T T / :
\E/ T W nx
2 v=coslx
—4
b 2
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c 8yu 7 a 9=flx)=-1
b f"‘;:)chos‘l(x+5),0sf‘l(x)s2n
.
Exercise 5F
a4\ f 1 a 56.3°236.3° b 23.6°,156.4°
| ¢ 45.6° 314.4° d 197.5°,342.5°
< e 126.9° 233.1° f 116.6° 296.6°
. | | | 13 g 60°,300° h 216.9°,323.1°
30 1 L / 120 2 a 0305284 b g%"
> Vi ¢ 125,439 d 3.92,5.51
2n 4w
4 e 1.89,5.03 £
16 y=2+sinx g 0.848,2.29 h 2.19,5.33
3 a 26.6°153.4°
17 y=6+cosx b 17.7°,42.3°,137.7°, 162.3°
¢ 38.0°,128.0° d 105°,165°
Exercise 5E e 24.1°155.9° f 116.6° 153.4°
I 000 b 3000 | g 58.3°,148.3° h 5.77°,84.2°
: 623 ;1 1_392 4 a 90°,210° b g%"
L o p T ¢ 139.1°,175.9° d 0.0643,2.36,3.21,5.51
4 o 3n
e 2782 f 0,20
. 2
5 a 266° 206.6° b 56.3° 236.3°
e ¢ 119.7°,299.7°
d 18.4°,108.4°, 198.4°, 288.4°
3 a 6 0298137
4 . 7 a 0°,150°180°, 330°, 360°
b 0°,36.9°,143.1°, 180°, 360°
5 a ¢ 0°,78.7°, 180°, 258.7°, 360°
d 0°,116.6°, 180°, 296.6°, 360°
e 0°60° 180°, 300°, 360°
f 0°,76.0° 180°, 256.0°, 360°
8 a 60° 120° 240°, 300°
b 56.3°,123.7°, 236.3°, 303.7°
9 a 30°150°,270°
b 45°,108.4°,225°, 288.4°
¢ 0°109.5, 250.5°, 360°
b d 60°,180°, 300°
3 e 0° 180°,199.5°, 340.5°, 360°
6 a = £ 70.5°, 120°, 240°, 289.5°
. f_l(x):m_l(S—x)’3§x$7 g 19.5°,160.5°, 270°
2 h 30°,150°, 270°
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Answers

10 a 0565258 b T 5n End-of-chapter review exercise 5
6 6 1 a=1h=2
o203 3F sig I 2 195
2
Exercise bG 3o IR b lkk
1 9sin?x-3 c —k
2 a Proof b Proof 4 vt 3
¢ Proof d Proof 2
e Proof f Proof 5 39.3°0r 129.3°
3 a Proof b Proof 6  30°or150°
¢ Proof d Proof 7 30° or 150°
4 a Proof b Proof
¢ Proof d Proof 8 i ly 1
5 a Proof b Proof \ /\y =29 / .-
¢ Proof d Proof 0 \ / ! \ / ! :2
e Proof f Proof \/ I \/ i
g Proof h Proof -1-
6 a Proof b Proof ii 4 iii 20
¢ Proof d Proof 9 i Proof i 45°,135°,225° 315°
e Proof f Proof 10 i 60° or 300° i 120°
7 4 11 i Proof ii 109.5° or 250.5°
8 a 4+3sin®x b 4<f(x)<7 12 a E,S_’t b —2.21,0.927
9 a (sinf+2)>-5 b 4,4 66
13 i flx)<3 i 3-23
10 a Proof
o 1-4d? 4a e
b= T e —— ,
T T X
Exercise 5H 2
1 a Proof b 76.0° 256.0°
2 a Proof b 18.4°,116.6°
3 a Proof iv f_l(x) =2 tan”! (:;_Tx)
b 60°131.8%228.2° 300° 14 i 30°0r150° i n=30=290°
4 a Proof b 30°, 150°,210°, 330° 15 i Proof
) a Proof b 724° 287.6° i 54.7°, 125.3°, 234.7°, 305.3°
6 a Proof b 65.2°243% 16 i Proof i 194.5° or 345.5°
7 a Proof b 41.8°, 1538.2°, 270° 17 i 168
8 a Proof b 30°, 150°
9 a Proof b 66.4° 293.6°
10 a Proof b 70.5°, 289.5°
11 a Proof b 30° 150°,210°, 330°
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T >
0 d T 3r o v
2 2

iii f is one-one

iv f(x)=2cos™ (XT_S)
Prerequisite knowledge
1 a 4x*+12x+9 b 9x3—9x2—x+1
2 a 125x° b —32x1
3 a 2n+3 b 11-3n
Exercise 6A
1 a x*+6x2+12x+8

b 1-4x+6x%—4x3 +x*

¢ X +3x%y+3xp%+ )

d 8—12x+6x%—x3

e x*—4x3y+6x2y? —4xp* +

f 8x3+36x%y+54xy? +27y°

g 16x*—96x% +216:” - 216x + 81

h xS+ 27 —%

2 4\4 8x

2 a 12 b 10

¢ 90 d 16

e 40 f -32

5

g 768 h —=

© 2
3 A=486,B=540,C =30
4 2
5 a 16+32x+24x? +8x% +x*

b 97+5643
6 a 1+3x+3x2+x3

b i 16+8J/5 i 16-85

c 32

7 16+ 112x+ 312x% +432x3 +297x* +81x5
8 a xS -dx®+6x*—4x2+1 b -16
9 -2i6
10 54
il a 1+4y+6)° b 142
12 5
13 X!
14 a xs+5x4y+10x3yz+10x2y3-i-5xy4+y5
b 113100
15 a p=8§, ¢=8 b 3612
16 a y*-3y b »-5y3+5y
Exercise 6B
1 a 35 b 84
(™ /r95 d 5005
2 a M b n
2
c n(n—1)(n-2)
6
3 a 45 b 56
c 364 d 792
4 a 1+16x+112x2 b 1-30x+405x2
e 1+l xv+Zb 2 d 141202 + 661
2 4
103
e 2187+§,U— x+—5103 x?
2
f 8192 — 53248x + 1597442
g 256+1024x2 +1792x*
i 512+1152x% +1152x*
5 a -84 b 5940
35
2= d -9720
© 3
6 7920
7 —224000
8 41184
9 40095
10 a 128+320x-+224x% b 1-—28x + 345x>
¢ 1—3x-3x2
11 a 1024+ 5120x + 11520x2

b 1024 +10240y + 30720y
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12 a 1-4x+7x2 b
13 16+224x +1176x2

14 a=-2,b=1 p=-364
15 n=38, p=256q=-144

1

Exercise 6C
1 a+6d,a+18d
2 a 22,1210 b 35,3535
3 a 1037 b -1957
c 384 d -3160x
4 7
5 a 7,29 b 2059
6 1442
7 1817
8 31
9 5586
10 25
11 $260
12 a (7,4 b 20
13 7,8
14 10,4
1
15 E(Sn—ll)
16 9°
17 a a=8d 5 9a
18 Proof
19 a 4-3sin’x b Proof
20 a Proof b 900
Exercise 6D
1 a No b 3,15309
1 1
377 d No
e No f -1,-1
2 ar,ar™
3 2
3
4 -108
3
5 5,8
6 64

7 =82
8 a 765

¢ =85
9 21

3 n
10 a g3
A (4)
1 a B
x+1

12 40,-20

13 a $17715.61
14  Proof

15 Proof

16 Proof

Exercise 6E
1 a 3

¢ 263

2 4
3

3 32

2
4 =810
3

5 a 057=—+

57 57

255
7003

48.8125 m

W | =

$94871.71

57

100 710000

b Proof
6 0.25,199.21875

7 05,5

2
165

9 a 2135
3

10 a -0.25,256
11 a 90
12 a 36
13 93.75

14 a=2,r=
15 E<x<
3

16 a 5=

17 2 Proof
¢ Proof
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204.8
405
192
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Answers
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Exercise 6F

1 a 352

2 a 100

3 a 2

4 -2.5,22.5

5 a é b
5

6 a 4 b

7

N

788.125
16
384, 32

12.96, 68

i,n=6
2

a x=-3or5,3rd term = 24 or 40

4
b_i
5

End-of-chapter review exercise 6

1

2
3
4

)]

10

11
12

13
14
15

17

18
19

20

240
5

2
_864

25
16800
40

135

a 6561x1% —17496x1 +20412x!

b -37908
a 1+8px+28p°x?

a i 1+10x+40x?
5940

¢ 1312.2

a d=2a

a v=44,d=-3

a a=60,d=-10.5

a 17

1
a p—
5

i 41000
a a=10,b0=45

b i 0<9<§

i x=-2or6, 3id term =16 or 48

ii

= - -

ii

ii

17
7

243 - 405x +270x>

2187

1.125
16

i —
27

21
22

N
@ggmematics: Pure Mathematics 1

1
azz

a d=6,a=13

b
b

115.2°
Jo2 s
7° 7

Cross-topic review exercise 2

1

N SN O AW

16

11

12

13
14

15
16

xlSO

3840

0

1-10x +40x2
-25.6
14

. ]

o ®
oo | 10
(9]

Proof

i o

b
b
b

729x° —2916x3 +4860 b —5832

12
27%
112

il 35.3°.144.7°,215.3°, 324.7°

a °Proof
¢ 15
a Proof
¢ 25

a Proof

¢ Proof

i Proof

iii 5.90 cm?

i r’(tan6-9)

i 2-5cos’x

iii 0.6585, 2.46

i Proof

i S5<sf(x)<3

iii V4
4

b
d
b
d
b

ii

ii

225 —(r—15)?

225, maximum

625 — (r —25)?

625, maximum

40000 ( 200)2
-T|r—-—

I T

40000

T
0.9273

, maximum

12+12/3 +4n
-3 and 2

26.6°,153.4°
(0.253,0), (0, 1)

13

Copyright Material - Review Only - Not for Redistribution

<Y

IR



Answers

3 4 5 1
iv f7!(x) =sin™! (XTH),domainis—5$xs3, g 14X+F_F h 3_?“'@
. _l -1 l . 6 + 3 + 1
range is 2n£f (x)szn i 6Vx ENE —\/x_3
17 a 250 6 a3 b 0.5
b i Proof i 70 ¢ 2
4
7 Differentiation 705
.. -3
Prerequisite knowledge
3 2 9 -8
1 a 3x2 1 b 5x3 10 (_2’ _10)’ (2’ —6)
c l x5 d l Xl 11 é
2 2 . 4
e 3x2 g _g 3 12 a (-2,7),(3-8) b 8.2
R B 13 a=2,h=-7
2 a 4x-2) b 2(3x+1)
3 14 a=-5b=2
3 3 15 a=4b=-6
4  y=2x+1 16 a=-10.5b=18
. 17 2<x<3
Exercise TA ~ |
1 a 18 x<-landx=—
DF | EF 2
19 Proof
2951299
b Exercise 7B
2 a 1 a 6(x+4) b 16(2x +3)’
9(1 §
Z90(3 — 4V 2(1L
¢ ¢ —20(3 -4x) d 2(2x+1)
3 a e 10(5x-2) f 5002x-1)*
c ¢ —56(4—Tx) h % GBx—1)f
e i 10x(x?+3)* i —16x(2 - x?)’
3 g\4(n.3
K 6x2(x+2)(x+4)? 1| X=X+
g X
1 3
4 2 _— b ——
? T T+ 2) (x5
c . 16 g -3
(3-2x)? (x* +2)?
o . T2 [ 4
(Bx+1) 2(3x+1)°
g NP 16(x + 1) 49(4x — 5)
X e ) h ——— =
& X2 (x +2)° (2x = 5)%x3
5 a 10x-1 L 6x2+8 1 1
¢ 10x-3 d 2x+1 3 a 2/x =35 b S2x+3
2
e 16x°—24x g 0.2 ¢ 2 4 X5
X7 X 2x2—1 24x3 = 5x
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2 3 30 45 3

— s f 2 a -7 b ——
33(5-2x) x+1 x* X X3
. 1 . 6 . 4 9
(2x - 5)3 2 -3x)*  4fxT 4(1-3x)3
10 15Jx 80
5 12 4 33@2x+1)7
|
6 4.2 3 4-8(2x—1)3, —48(2x — 1)?
3
7 (5,0 4 a -1 b 4
8 a=5b=3 ¢ 10
5 _L
Exercise 7C 2x -1y
1 a y=3x-7 b 8x+y=17 6 2
¢ y=3x+9 d 2y=x-1 81
2 a 4y=x+4 b y=x-1 7
¢c x—-6y=9 d 5x-6y=3 ) ! 2|3 40
3 a x+4y=4 b y=4x-17.5 R ol =1 =10
4 a Proof b (0.6,2.48)
5 (0,7.5) N I I R
6 (-2.58.5)
8 x>5
7 a y=4x—68 b (17,0)
20 9 Proof
8 a 2+F b Proof 10 Proof
9 (-7525) 11 a Proof b -8,8
10 (=62, 6.6) 12 a=-4,b=4
11 a (-32.6,28.4) b 317.2 units? End-of-chaptei review exercise 7
12 a (23.83). (23 -8J3) 1oave s
b x+4y=0 5 2 i
13 (4,-1) \ &
3 Proof
14 y=06x+1.56 3096 roo
4 -15(3-5x)*-2,150(3 - 5x)
15 J73 X
5 =
16 a 7 b (0.4,-5.48) 15
6 i 4x+5y=66 i (16.5,0)
Exercise 7D 7 i 5 —2—‘3‘ ii Proof
1 a2 b 30x-14 *
16 , 8 374
2 ( N\
X7 d 482x-3) 9 (4.25,-7.5)
4 27 ]
e —(—— f —— 10 =—4x+18 b y=-x+1
Jdx—9) INETIE ay TTt
_ ~f
o 4x 430 h 24x2 — 36x 420 11 a Proof
x b i (-0.8,15.5) i (2.1,8.25)
o Sx+12 i
4\/Jc_< 12 y=—5x
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13 i Proof i 102
9 9
14 Proof -, =
i Proo ii ( R 4)
iii (5,4%)
15 i y- =%(x—l),y—2=—2(x—1)

iii (i, E), E not midpoint of 04

8 Further differentiation

Prerequisite knowledge
1 a x<-landx>3 b -2<x<3

2 a 6x-16 b _x_33’)%
9x 9
2 T 4x
18

3 a 10(2x-1* b m
Exercise 8A
1 a x>4 b x>1

¢ x<-1.75 d x<0Oandx >3

e x<landx>4 f 2Z<x<2
2 a x<l% b x>45%

c 2<x<5 d -1<x<3

e x<2andx>6% f x<-4andx>2

3 1.5<x<35

4 8 increasing
(1-2x)%

5 2x - 63, neither
(x+2)

6  Proof

7 8x+20,8x+20=0,ifx=0

8  FProof

9 T7<x<20

Exercise 8B

1 a (2,4) minimum

(0.5, 6.25) maximum

(=2, 22) maximum; (2, —10) minimum
(-3, -17) minimum; (1, 15) maximum

(-1, =4) minimum

- e o 6 T

(1, =7) maximum,; (2, —11) minimum

Answers

2 a (9,6) minimum b (1, 12) minimum
¢ (-3,-12) maximum; (3, 0) minimum
q (-2, -28) maximum; (2, 36) minimum
e (4,4)maximum f (2,6) minimum
3 i—% , i—% =0
4 a -2.3 b —44, 81
5 a a=3 b 3<x<l1
6 a a=-15b=36 b (2,-2), maximum
7  Proof
8 x-= M, minimum; x = ;k, maximum
9 (0,1), minimum; (1, 2), maximum,;
(2, 1), minimum
YA
4
34
54
1
T 1 3 X
10 a a=-6,b=5 b minimum
¢ (0,5, maximum d (2,-11),-12
11 a a=4, b=16 b minimum
¢ x<Oand x>2
12 a a=54,b=-22 b minimum
¢ x<0and0<x<3
13 a a=-3,b=-12 b (-114)
¢ (2,-13) = minimum, (-1, 14) = maximum
d (0.5,0.5),-13.5
Exercise 8C
1 a y=9-x
b i P=9x-x3 i 108
c i 0=5x*-36x+162 ii 97.2
2 a 0= 40;2r b Proof
¢c r=10 d A4=100, maximum
3 a y= 502_ ad b Proof
¢ A=312.5x=25
4 a 3x2-10x+160 b x=121513 cm?
5 a Proof b A =37.5, maximum
6 a OR=9-)p° b Proof
c p= V3 d A4=12J3, maximum
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7 a Proof b V=486, x=3
¢ Maximum
8§ a y= 2828 b Proof
X
¢ 432,12cm by 6¢cm by 8cm
9 a y=1—]—x—l1tx b Proof
2 4
c }1;1-—1—x—lnx dZ—A——l—ln
dx 4 77 dx? 4
4 ,
d e = , maximum
4+ 4+
10 a A= 5_2# b Proof
2
c d—A:5—4r—nr,d—124:»-4—-n
dr dr
5 25 .
d e , maximum
447 8+2m
1 oa =202 b Proof
T
100 2500 ..
c (n+ .13 = 14.0, @+ = 350, minimum
12 a h= ﬁ b Proof
r
c r=06 d A4=216m, minimum
g2
13 a y=20=2%" pof
10x
c @ d Proof
14 a h:@—ér b Proof
ro 2
¢c r=8
15 a r=+20h-i b Proof
¢ 134 d 1241, maximum
Exercise 8D
1 —0.315 units per second, decreasing
2 —— units per second
300
3 —0.04 units per second
4  0.08 units per second
5  1.25 units per second
6  0.09 units per second, increasing
7 1,6
8  0.016 units per second
1
9 =3
35

N
@ggmematics: Pure Mathematics 1

Exercise 8E
4

1 =mcem?s!
5 cm

2 18 em3s™!

3 nem’s7!

4 0.003 cms™!
5 0.125 cms™!
1 cms™!
320
7  9ncm?s”!
8 a Proof b £ cms™!
120
1 4 1 1
9 a —cms b = cms
3 7
10 a Proor b - 9 cms™!
1007
11 32w cm?s™!
12 a 2 fm cm b i i cms™!
T 4 V10
13 a 40mcm’s’!
b i 1.024 cms™ ii 8mcem?s!

End-of-chapter review exercise 8

1

m cms™
2 300rm? hr™'
3  Maximum
4  k=00032kgem?, 0.096kgday"!
5 i A=2p+)p ii 04
6 i Proof ii 20m by24m
7 i Proof ii 120, minimum
8 y= @ ii Proof
iii 4A=72
o D 8 &y 16
dx x? Tdx? X3
.. . : d?y
ii (2,8), minimum since Fe) > (0 when x =2
X
, . d?y
(=2, =8), maximum since d—2 < 0 when x =-2
X

10 i ‘v:jO—x—anC ii Proof

i x=15 iv Maximum
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1 a —2<x<g

. > 364
b M at| =2 . 222
aximum a ( 3

12 i Proof ii Maximum
3
13 i _2_P, 4ap”
3° 27

3
it (0, 0) minimum, (-%’5 %) maximum

i 0<p<3

9 Integration
Prerequisite knowledge

1 a -19 b -1

2 a (—%,5) b (0,9)

3 240713 b 10x—4+%

Exercise 9A

1 a y=5x*+c b y=2x"+c
c y=3x*+c d y:—%+c
e y:—%+c f y=8J/x+c

4x

4
2 a fx)=x - +2x+c

b flx)="+—-x"+¢
c f(x)—3x2—i2—§+c
XN
d f(x)——i+——4x+c
2x°
3 X3 5x?
a y= —+—+c
3 2
4 3
2 3
X4 2
¢ y= 4 2x3 -8x% +¢
d —ﬁ—i+l+c
Y 4 4x7  x
7 S 5
2 2 2
7 5
5 3

f y=2x5+2x5+2\/§+c

), minimum at (1, 4)

Answers

4x 10
SV f —+
e 3 ¢ NS ¢
3 2 3
5 a x—+5i+4x+c b 2 —3x2+9x+c
3 2 3
3 10 4
3 3
¢ B2 o e a XL
10 4
e £+L+c f Z- 3 c
2 2x 2 2x?
7
X2 4Jx 2x2 20
—t—+ h —+—+
£ %63 ¢ 7 TR
T PN C S
x  4x*
Exercise 9B
1 a y=x"+x+2 b y=2x>-x>+5
C y=10—i d y=x2+é—4
x x
e y=4J/x-—x+2
3
f y=2\/;—2x+%x2—1
2 y=§+2
X
3 y=2x"-6x2+5x-4
4 y:5x3+i—2
2
5 a y=2x>Jx+2x-1 b y=42x-97
6 y=2x+3x-7
7 f(x)=4+8x—x?
y (4, 20)
4
7 "
8 a y=x3+%x2—10x+3
b x<-2andx>1%
9 a y=2x+6x>+10x+4 b Proof
10 y=2+4x-2x> -3
11 a -35
b P =minimum, Q = maximum
12 a -6 b y=%x2—6x+2
13 P =2x—2 fx)=x>+2—4
x? x
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b S5y=x+21

a y=2xJx—-6x+10 b (4,2), minimum

b x+y=-1

1
b — (Bx+1)°+¢
18()C )

d —%(1 -2x)% + ¢
1 5
f -C2x+D2+c¢

2
-——+c
(2x +1)2

3
b y:%(2x+5)2—7

b y=5/2x-3-4

b é(x2+2)4+c

b 2—10(2x2—1)5+c
2

x2-5

b - +c

b i(\/E+3)8+c

14 (-11,408%)
15 a y=9+3x—x?
16
17 (1, 7), maximum
18 a y=x"-5x+2
¢ (1,-2)
Exercise 9C
1 a % 2x=7) +c
c 435 (5x-2) +¢
3 4
e T3 (5-4x)3 +¢
4
—V3x-2+¢
g 3 X c
. 5
i —tc
32(7-2x)*
2 a y=%(2x—1)4+2
¢ r=2Jx-2+45
3 yp=3(x-95%*-1
4 a x+5y=7
5 a Maximum
b y=8/3x+1-2x>-2x+5
6 y=4J2x-5-2
Exercise 9D
1 a 8x(x?+2)
2 a 20x(2x* -1)*
3 a k=2
4 a __ 6
(4-3x%)?
5 a 6(2x-3)(x?-3x+5)
2 _ 6
b (x 33x+5) i
4([x +3)’
6 HNrTJ)
T
7  a 15Jx(@2xyJx -1}

b %(2x\/§—1)5+c
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Exercise 9E
1 a 7
e -6
e 9
2 a 1—1
2
107
c —
6
37
e [—
8
3 a 10
2
c —
5
e 2
4 g
(X2+5)2
5 a 15x%(x*-2)*
(Vx +1)*
6 a ——
4x
Exercise 9F
1 a 21%
C 20%
2 Proof
3 a 11%
c 43
4 a 7
¢ 15.84
e 16
5 a 48%
6 3%
7 10%
8 a 9
9 a Proof
10 18%
11 a (-1,0)
12 10%
13 34
14 26

TR T T

—_—

w | N

40%
215
53
14

1.6
3-45

90



Answers

. 3125n
Exercise 9G 7 a (250) b G
1 262
3 8 a (0,3 b 16m
2
2103 9 (1,7),(2,7) p 20T
3 571 : ?
6 10  Proof
2
4 a 36 b 105 T 52 b 128w
¢ 36 3 3
5 1 12 a2 p 327
3 3 5
6 1 13 1828“ em’ b 171n cm?
7 a y=%x+2 b %(zﬁ—a,) 14 Proof
8 a y=-3x+46 b 64 End-of-chaptei review exercise 9
9 a y=-8x+16 b 108 1 flx)=3"4+5x>-7
3 X
Exercise 9H 3 y=30- 6 _% 2
1 a2 b * A
. 256 4 f(x)=6JxFZ+—5-10
X
€7 d 4 s 194r
e 50 f 16 9
g 63 h o1 6 al b f(x)=3x>—-6x+8
.20 7103
1 —_—
9 8 a w-shaped curve, y-intercept (0, 11),
2 Proof vertex at (3, 2)
3 a Proof ¥ Proof b 483n
¢ Proof d Proof 2
. .. 9
e Proof f Proof 9 i Proof g
. 10 1 B(0,1),C(4,3) ii y=-3x+15
Exercise 9l o
iii =—
1 a2 ¢ p lom 15 o
5 3 11 i Proof i 1 i 2%
15z a 2m | 3
¢ 3 4 12 i gor9
3 g S p 1241 . 3 _L 3
2 15 ii f’(x)==x 2—-=Xx 2atx=—max,at
2 2 9
3 6 _ .
X =9 min
4 2 RO}
4 iii f(x)=2x2-+6x2—-10x+5
5 a 24n P 24rn
) 13 i |4, 20 ii Pand Qare both 32
6 a u-shaped curve, y-intercept = 4, 3 3
vertex = (2, 0) . _ . 9
) 321 14 i py=-24x+20 ii A
5 15 i 29.7° i 1
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ross-topic review exercise
Cosstozpce ew exercise 3 u i B(é.cJ,C(O,i) o 41‘7
1 y==x-3x+7
3 o 3
2 i 06 50
1
16 — . .o
ii yZQX—;:;_(3x+4)2 +12 15 i Proof ii 2834n
3
3 i py=2x2-6x+2 ii x =4, minimum
4 i y=—;+ i x>Lx<-2 15
2(1+2x) 1 f(x)=2+—=>0forallx
1 .ol *
S 1 (5,0) 11 6 2 y=-x*+6x2-12x+11
6 i 4 ii _2 3  Proof
9 27
7 a Proof b Proof 4 a 2187 -10206x +20412x> b —30618
T 3 )
2 (A -
c (11525(31)2175(3 s.f.), maximum S o8 2( 33) em
8 i 12 i x=—-lorx=-31 b (27+3+3V3) em
q R d 6 a (x=37+(y+2)7?=20 b x-2y=17
9 i —y:——’—2,noturningpointssince—y;t0 7 a 7.-8
dx (2-x) dx ’
81 | bi i 2/
i &° i k<-8 k>4 3 8
- o o 8 a 21-2(x-3)? b (321
10 a t/()(:):_(2)(:_’_1)2’ (2x+1)2 <0 C X$3—\/B,X>3+\/ﬁ
_ < <
b lx)=2=X 0<x=4 ? alsfn=ll
2x b VA
c
124
10
8,
(),
4
2,
0 x x 3 o ¥
2 2
3 L 1 =L 3
1M i v=2x2-2x2-%2 ji=-x24—x2 ¢ 0.927 rad, 5.36 rad
3 3 2 2 6
iii (1, -2), minimum d g_l(x)=005_1( Sx)
12 i 6=-2(x=2) @i y=x2+Ztl 1
1 y= —_7()“_ ) i y=x K\"4] 10 a 3x+4y=17 b munitspersecond
soe — L . 77 \:)q o]
iii x =1, minimum since (1) >> Q 1 a —g—2x,—3_§—2 b (-2.-12). maximum
13 i 13 * J
. 431n
ii x=-1(max), x =2 (mn) ¢ "5
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Glossary

St

A

Amplitude: the distance between a maximum (or minimum)
point and the principal axis of a sinusoidal function

Arithmetic progression: each term in the progression difters
trom the term before by a constant

Asymptote: a straight line such that the distance between a
curve and the line approaches zero as they iend to infinity

B

Basic angle: the acute angle made with the x-axis
Binomial: a polynomial with two terms

Binomial coefficients: the coefficients in a binomial expansion
Binomial theorem: the rule tor expanding (1+ x)" or (a + b)"

C

Chain rule: the ruie for computing the derivative of the
composition of two functions

Common difference: the difference between successive
terms in an arithmetic progression

Common ratio: the constant ratio of successive terms in a
geometric progression

Completed square form: the equation
(x —a)®> +(y —b)* = r?, where (a, b) is the centre and r is
the radius of the circle

Completing the square: writing the expression ax? + bx + ¢
in the form d(x+e)> + f

Composite function: a function obtained from two given
functions by applying first onc function and then applying
the second function to the result

Convergent series: 2 sequence that tends to a finite number

D

Decreasing function: a function whose value decreases as
X increases
Definite integral: an integral between limits whose result
does not contain a constant of integration

s d . A
Derivative: denoted by d—y of f(x); gives the gradient of a

X

curve

Differentiation: the process of finding the gradient of a
curve

Differentiation from first princinles: the process of finding
the gradient of a curve using small increments

Discriminant: the part of the quadratic formula
underneath the square root sign

Domain: the set of mput values for a function

Factorial: 6 x 5x4x3x2x1=06! (read as ‘6 factorial’)
First derivative: see Derivative

Function: a rule that maps each x value to just one y value
for a defined set of input (x) values

G

General form of a circle: the equation
X2+ y?> +2gx+2fy +~c =0, where (—g,—f) is the centre

and (g2 + 2 ¢ is the radius of the circle

Geometric progression: each term in the progression is a
constant muiiiple of the preceding term

Gradient Tanction: the derivative f’(x) is also known as the
gradient function of the curve y = f(x)

|

Identity: a mathematical relationship equating one
quantity to another

Improper integrals: a definite integral that has either one
limit or both limits are infinite, or a definite integral where
the function to be integrated approaches an infinite value
at either or both endpoints in the interval (of integration)

Increasing function: a function whose value increases as x
increases

Indefinite integra!: an mntegral without limits whose result
contains a constant of integration

Integration: tiic reverse process of differentiation

Inverse funciion: the inverse of a function, f~!(x), is the
function that undoes what f(x) has done

M
Many-one: a function which has one output value for

each input value but each output value can have more
than one input value

Mapping: a diagram to show how the numbers in the
domain and range are paired

Maximum point: a point, P, on a curve where the value
of y at this point is greater than the value of y at other
points close to P

Minimum point: a point, O, on a curve where the value of
y at this point is less than the value of y at other points
close to Q

N

Normai: the line perpendicular to the tangent at a point on
acurve
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One-one: a function where exactly one input value gives
rise to each value in the range

P

Parabola: the giaph of a quadratic function

Pascal’s triangle: a triangular array of the binomial
coefficients, where each number is the sum of the two
numbers above

Period: thie length of one repetition or cycle of a periodic
function

Yeriodic functions: a function that repeats its vaines in
regular intervals or periods

Point of inflexion: a point on a curve at which the direction
of curvature changes

Principal angle: the angle that the calculator gives is called
the principal angle

Q

Quadrant: the Cartesian plane is divided into four
quadrants
—b £ b* —4ac

2a ’
which is used to solve the equation ax? +bx +c =0

Quadratic forrulz: the formula x =

R

Radian: one radian is the angle subtended at the centre of
a circle by an arc that is equal in length to the radius of a
circle

Range: the set of output values for a function
Reference argle: the acute angle made with the x-axis

Roots: if f(x)is a function, then the solutions to the
equation f(x) =0 are called the roots of the equation

S

- .. d?y
Second derivative: denoted by

— or {”(x) and is used to
dx

determine the nature of stationary points on a curve
Series: the sum of the terms in a sequence

Self-inverse function: a function f where f~'(x) = f(x) for
all x

Solid of revolution: the solid formed when an area is
rotated through 360° about an axis

Stationary point: 2 point on a curve where the gradient is
zero, also known as a turning point

T
Tangent: a straight line that touches a curve at a point
Term: a number in a sequence

Turning point: a point on a curve where the gradient
is zero, also known as a stationary point

\%

Vertex: the vertex of a parabola is the maximum or
minimum point

Volume of revolution: the volume of the solid formed when
an area is rotated through 360° about an axis
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addition/subtraction rule,
differentiation 195
amplitude of a periodic function 129
angles
degrees 100
general definition of 121-2
radians 101-2
arcs, length of 104-5
area bounded by a curve and a line
260-1
area bounded by two curves 2601
area enclosed by a curve and the y-axis
255-6
area under a curve 253-5
arithmetic progressions 106-7, 180
sum of 167-9
asymptotes 129

basic angle (reference angle) 121-2
binomial coetticients 160—4
binomial expansions 156—8
bincmial theorem 161

calculus 191
see also differentiation; integration
Cantor, Georg 181
Cartesian coordinate system §3
quadrants of 122
chain rule, differentiation 198-200
connected rates of change 228-9
circles
area of a sector 107-3
equation of 82-7
intersection with a line 88-90
length of an arc 104-5
right-angle facts 85
codomain (range) of a function 35-7
inverse functions 43, 45
combined transformations of functions
59-60
trigonometric functions 132
two horizontal transformations 61-3
two vertical transformations 601
common difference, arithmetic
progressions 166
common ratio, geometric progressions 171
communication vi
completed square form, equation of a
circle 83

completing the square 6§
graph sketching 19
proof of the quadratic formula 10
composite functicis 39-41
conic sections 7!
connected rates of change 228-9
practical applications 230-2
constant of integration 244-5
convergent series 176
cosine
angles between 0° and 90° 118-20
general angles 123-6
graph of 128-9
inverse of 137, 138
transformations of 132
trigonometric equations 140--4
trigonometric identities 145-7, 149

decreasing functions 213-15
definite integration 250-2
area bounded by a curve and a line
260—1
area bounded by two curves 2601
area enclosed by a curve and the
y-axis 255-6
area under a curve 253-5
improper integrals 2647
volumes of revolution 268-70
degrees 100
converting to and from radians
101-2
derivatives 193
first and second 205-6
see also differentiation
Descartes, René 83
differentiation 191-6
addition/subtraction rule 195
chain rule 198-200
constants 195
increasing and decreasing functions
213-15
notation 193
power rule 194-5
practical applications of connected
rates of change 2302
practical maximum and minimum
problems 221-3
rates of change 227-9
real life uses of 212

scalar multiple rule 195

second derivatives 205-6

stationary points 216-19

tangents and normals 201-3
differentiation from first principles 193
discriminant 24
domain of a function 35-7

inverse functions 43, 45

equation of a circle 82-3, 867
completed square form 83—4
expanded general form 84-5

equation of a straight line 78—80
tangents and normals 202

factorial notation 163—4
factorisation, quadratic equations 3-5
first derivative test 217
first derivatives 205
functions
composite 39-41
definitions 34
domain and range 35-7
graph of a function and its inverse
48-9
increasing and decreasing 213-15
inverse of 43-5, 48-9
many-one 35
one-one 34-5
quadratic see quadratic functions
self-inverse 44
transformations of 51
combined transformations 59-63
reflections 55-6
stretches 57-8
translations 52-3

trigonometric see cosine; sine;
tangent; trigonometry
use in modelling 34

Galileo Galilei 2

Gauss, Carl 167

geometric progressions 171-2, 180
infinite geometric series 175-8
sum of 173-4

gradients 75, 192-3
and equation of a straight line 78-80
of tangents and normals 201-3
see also differentiation
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gradients of parallel and perpendicular
lines 75-7
graph of a function and its inverse 48-9
graph sketching 17-19
quadratic inequalities 22
graphs of trigonometric functions
transformations 130-3
sin x and cos x 128-9
tan x 129

horizontal transformations,
combination of 61-3

identities, trigonometric 145-7, 149
image set of a function see range
(codomain) of a function
improper integrals
type 1 264-6
type 2 2667
increasing functions 213- 15
indefinite integrals 241
inequalities, quadratic 21-3
infinite geometric series 175-8
infinity 181
improper integrals 2647
inflexion, points of 216
integration 239, 249
area bounded by a curve and a line
260-1
area bounded by two curves 2601
area enclosed by a curve and the
y-axis 255-6
area under a curve 253-5
definite 250-2
of expressions of the form (ax 4- b)"
247-8
finding the constant of 244-5
formulae for 241-2
improper integrals 264-7
notation 240
as the reverse of differentiation
230_4(
volumes of revolution 268-70
intersection of a line and a parabola
27-8
inverse functions 435
graphs of 48-9
trigonometric functions 136-9

Lagrange’s notation 193
latitude 104

Leibnitz, Gottfried 193, 239
length of a line segment 72-4
limits of integration 250

N

line segments
gradient 75
length and mid-point 724
parallel and perpendicular 75-7
see also straight lines
lines of symmetry, quadratic functions
17-19
longitude 104

many-one furctions 35
mappings see functions
maximum points 17-19, 21617

nractical problems 221-3

and second derivatives 218—19
mid-point of a line segment 72—4
minimum points 17-19, 21617

practical problems 221-3

and second derivatives 218-19
modelling vi-vii

Newton, Isaac 193, 239

normals, gradient 201-3

nth term of a geometric progression
171-2

nth term of an arithmetic progression
166-7

one-one functions 34-5
oscillations 117

parabolas 17-19
intersection with a line 27-8
lines of symmetry 17-19
maximum and minimum values

17-19

paraboloids 18

parallel lines 75

Pascal’s triangle 157-8

periodic functions 129

perpendicular lines 75

points of inflexion 216

power rule, differentiation 194-5

principal angic 137, 138

probleim soiving vi

quadrants of the Cartesian plane 121
quadratic curves, intersection with a
line 27-8
quadratic equations
completing the square 6-8
functions of x 15-16
number of roots 24-5
simultaneous equations 11--13
solution by factorisation 3—5

N\
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quadratic formula 10
quadratic functions 2
graph sketching 17-19
lines of symmetry 17-19
maximum and minimum values
17-19
quadratic inequalities 21-3

radians 101
area of a sector 107-8
converting to and from degrees
101-2
length of an arc 104-5
simple multiples of «t 102
range (codomain) of a function 35-7
inverse functions 43, 45
rates of change 227-8
connected 228-9
practical applications 230-2
recurring decimals 176
reference angle (basic angle) 121-2
reflections 55-6
revolution, volumes of 268-70
right-angle facts for circles 85
roots of a quadratic equation 24-5

scalar multiple rule, differentiation
195
second derivatives 205-6
and stationary points 218-19
sectors, area of 107—8
seli-inverse functions 44
graphs of 48
sequences
arithmetic progressions 166—9
geometric progressions 171-4
infinite geometric series 175-8
series 156, 167
binomial coefficients 160—4
binomial expansion of (a + b)" 1568
simultaneous equations 11-13
sine
angles between 0° and 90° 118-20
general angles 123-6
graph of 128-9
inverse of 136, 138-9
transtormations of 1301
irigonometric equations 140—4
trigonometric identities 145-7, 149
sketching a graph 17-19
quadratic inequalities 22
solids of revolution 268
sphere, surface area of 14
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stationary points 17-19, 21617
practical maximum and minimum
problems 221-3
and second derivatives 218-19
Stevin, Simon 176
straight lines
equation ot 78-80
intersection with a circle 88-90
intersection with a quadratic curve
27-8
see also line segments
stretch factors 57-8
stretches 57-8
trigonometric functions 130
sum of an arithmetic progression {67-9
sum of a geometric progression 173—4
sum of an infinite geometric series
175-8
sum to infinity of a series 176—8

N
&

Q

tangent (trigonometric ratio)
angles between 0° and 90° 118-2.0
general angles 123-6
graph of 129
inverse of 137
trigonometric equations 141-3
trigonometric identities 145-7, 149
tangents to a curve 27
gradient 201-3
terms of a sequence 166
trajectories 2
transformations of functions 51
combined transformations 59-63
reflections 55-6
stretches 57-8
translations 52-3
trigonometric functions 130-3
translations 52-3
trigonometric functions 13!
trigonometric equations 40 -4, 149

trigonometric identities 145-7, 149
trigonometry 117
angles between 0° and 90° 118-20
general definition of an angle 121-2
graphs of functions 127-33
inverse functions 136-9
ratios of general angles 123—-6
transformations of functions 130-3
turning points 17-19, 216
see also stationary points

Underground Mathematics vii

vertex of a parabola 17-19
vertical transformations, combination
of 60-1
volumes of revolution 268-9
rotation around the x-axis 269-70
rotation around the y-axis 268-9

waves 117
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