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Preface

This book is based on the premise that the learning curve is isomorphic to the
historical curve. In other words, the learning order of events is the same as the
historical order of events. For example, we learn arithmetic before we learn algebra.
We learn how before we learn why.

Historically, calculus with real numbers came first, initiated by Newton and
Leibnitz in the seventeenth century. Even though complex numbers had been
known about from the time of Fibonacci in the thirteenth century, nobody thought
of doing calculus with complex numbers until the nineteenth century. Here the
pioneers were Cauchy and Riemann. Rigorous mathematics as we know it today
did not come into existence until the twentieth century. It is important to observe
that the nineteenth century mathematicians had the right theorems, even if they
didn’t always have the right proofs.

The learning process proceeds similarly. Real calculus comes first, followed by
complex calculus. In both cases we learn by using calculus to solve problems. It
is when we have seen what a piece of mathematics can do that we begin to ask
whether it is rigorous. Practice always comes before theory.

The emphasis of this book therefore is on the applications of complex calculus,
rather than on the foundations of the subject. A working knowledge of real calculus
is assumed, also an acquaintance with complex numbers. A background not unlike
that of an average mathematician in 1800. Equivalently, a British student just
starting at university. The approach is to ask what happens if we try to do calculus
with complex numbers instead of with real numbers. We find that parts are the same,
whilst other parts are strikingly different. The most powerful result is the residue
theorem for evaluating complex integrals. Students wishing to study the subject at
a deeper level should not find that they have to unlearn anything presented here.

I would like to thank the mathematics students at Manchester University for
sitting patiently through lectures on this material over the years. Also for their feed-
back (positive and negative) which has been invaluable. The book is respectfully
dedicated to them.

John B. Reade
June 2002
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Chapter |

Complex numbers

I.1 The square root of minus one

Complex numbers originate from a desire to extract square roots of negative
numbers. They were first taken seriously in the eighteenth century by mathemati-
cians such as de Moivre, who proved the first theorem in the subject in 1722. Also
Euler, who introduced the notation i for +/—1, and who discovered the mysterious
formula ¢! = cos @ + i sin @ in 1748. And third Gauss, who was the first to prove
the fundamental theorem of algebra concerning existence of roots of polynomial
equations in 1799. The nineteenth century saw the construction of the first model
for the complex numbers by Argand in 1806, later known as the Argand diagram,
and more recently as the complex plane. Also the first attempts to do calculus with
complex numbers by Cauchy in 1825. Complex numbers were first so called by
Gauss in 1831. Previously they were known as imaginary numbers, or impossible
numbers. It was not until the twentieth century that complex numbers found appli-
cation to science and technology, particularly to electrical engineering and fluid
dynamics.

If we want square roots of negative numbers it is enough to introduce i = /—1
since then, for example, V=2 =+-1 V2 =iV2. Combining i with real numbers
by addition and multiplication cannot produce anything more general than x + iy
where x, y are real. This is because the sum and product of any two numbers of
this form are also of this form. For example,

(I+2i))+@B+4i)=4+6i,
(14 2i)(3 + 4i) = 3+ 10i + 8i>
=3+4+10i — 8
= —5+10i.

Subtraction produces nothing new since, for example,

1+2i)—3+4i)=-2-2i.
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Neither does division since, for example,

1+2i  (1+2)(3—4i) 3+2i—8
344 B4+4)GB—4i)  9—16i2
34248 11+2 11 2.

0o116 25 25 25-

The number 3 — 4i is called the conjugate of 3 4 4i. For any x + iy we have
(x + iy —iy) =7+’

so division can always be done except when x = y = 0, that is, when x +iy = 0.
It is also possible to extract square roots of numbers of the form x + iy as
numbers of the same form. For example, suppose

VI+2i=A+iB,
then we have

142 =(A+iB)*=A>+2iAB — B
So we require

A2 - B*=1,
AB = 1.

The second equation gives B = 1/A, which on substitution in the first equation
gives
1

Az—p—1=0.

Solving this quadratic equation in A% by the formula we obtain

1+4/5
A? = .
2

For real A we must take

V541
>

A? =

which gives
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Hence we obtain

m=\/ﬁ2+l+i\/ﬁ2_l.

This last property of numbers of the form x 4-iy represents a bonus over what might
reasonably have been expected. Introducing square roots of negative real numbers
is one thing. Creating a number system in which square roots can always be taken
is asking rather more. But this is precisely what we have achieved. Existence of
square roots means that quadratic equations can always be solved. We shall see
shortly that much more is true, namely that polynomial equations of any degree
can be solved with numbers of the form x + iy. This is the fundamental theorem
of algebra (see Chapter 8).

1.2 Notation and terminology

If i = +/—1, then numbers of the form x + iy are called complex numbers. We
write z = x + iy and call x the real part of z which we abbreviate to Re z, and y
the imaginary part of z which we abbreviate to Im z.

N.B. Re z, Im z are both real.

For z = x 4+iy we write (by definition) z = x — iy, and call Z the conjugate of z.

For z = x + iy we write (by definition) |z| = /x% + y2, and call |z| the
modulus of z.

For example, if z =3 4+ 4i wehave Rez =3,Imz =4,z =3 —4i,and

lz] =32 4+42 =25 =5.

1.3 Properties of 7, |7]

We list the fundamental properties of z, |z].
1. zZ = |z|*. To see this observe that if z = x + iy, then
2= +iy)(x —iy) = X2+ y2 = |z|2.
2. Rez=1(z+4+2)/2,Imz = (z—7)/2i. Tosee this observe thatif z = x+iy, then
z+Z2=Gx+iy)+x—iy)=2x, z—7Z=(x+iy)— (x —iy) =2iy.
3. z+ w =Z+ w. To see this observe that if 7 = x +iy, w = u + iv, then

Z+w=x+iy)+@+iv) =& +u)+i(y +v),
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therefore we have

zw=x4+u)—iy+v)=x—iy)+u—-iv)=z7+w.

~
g

= zw. To see this observe that if z = x 4+ iy, w = u + iv, then
zw=x+iy)(u+iv) = (xu —yv) +i(xv + yu),
Zw=(x—iy)(u —iv) = (xu — yv) —i(xv + yu).

5. |zw| = |z| lw|. We delay the proof of this property until Section 1.9.
6. |z4 w| < |z|] 4+ |w|. We delay the proof of this property until Section 1.11.

1.4 The Argand diagram

We obtain a geometric model for the complex numbers by representing the complex
number z = x 4 iy by the point (x, y) in the real plane with coordinates x and y.

Observe that the horizontal x-axis represents complex numbers x 4 iy with
y = 0, that is, the real numbers. We therefore call the horizontal axis the real
axis. The vertical y-axis represents complex numbers x + iy with x = 0, that is,
numbers of the form iy where y is real. We call these numbers pure imaginary, and
we call the vertical axis the imaginary axis. The origin O represents the number
zero which is of course real (Figure 1.1).

1.5 Geometric interpretation of addition

If we have two complex numbers z = x 4+ iy, w = u + iv, then their sum z + w
is given by

Z+w=x+u)+i(y+v)

and therefore appears on the Argand diagram as the vector sum of z and w.

The complex number z + w is represented geometrically as the fourth vertex of
the parallelogram formed by 0, z, w (see Figure 1.2). For example, 3 4 2i is the
vector sum of 3 and 2i (see Figure 1.1).

+2i X3 +2i

Figure 1.1
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zZ+wW

Figure 1.2

Figure 1.3

1.6 Polar form

An alternative representation of points in the plane is by polar coordinates r, 6. The
coordinate r represents the distance of the point from the origin O. The coordinate
0 represents the angle the line joining the point to O makes with the positive direc-
tion of the x-axis measured anticlockwise (see Figure 1.3). Suppose the complex
number z = x 4 iy on the Argand diagram has polar coordinates », 6. We call r
the modulus of z, and denote it by |z|. Pythagoras’ theorem gives

lz| = \/x2 + 2

consistent with the definition of |z| given in Section 1.2.
We call 6 the argument of z which we abbreviate to arg z. A little trigonometry
on Figure 1.3 gives

1y 1 X

! ~— =cos = —.
r r

6 =tan~ Yo sin”~
X

Observe that whilst |z| is single valued, arg z is many valued. This is because
for any given value of 6 we could take instead 6 4 27 (in radians) and arrive at
the same complex number z. For example, suppose z = 1 4 i. Then |z| = V2,
but arg z can be taken to be any of the values /4, 57 /4, 97 /4, etc., also —37 /4,
—Tm /4, etc. Equivalently, arg z = 7 /4 + 2nx for any integer n.

We define the principal value (PV) of arg z to be that value of 6 which satisfies
—m < 6 < m. For example, the principal value of arg (1 + i) is 7 /4 (Figure 1.4).
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/4

Figure .4

We write

arg (1 +i) = /4 (PV).

For general z = x 4+ iy we have cos8 = x/r, sinf = y/r (see Figure 1.3).

Therefore

z=x-+Iiy

rcosf +irsiné

r(cosf +isin@)

=re'?
since, by Taylor’s theorem,
i0)? (0}  ((o)*
=14+i60
Tt 2! + 3! 4! +
62 93 o4
_1—1—19—5—15—%—4—
6> 0% 63
Z(I—E-i-z—") (9—5“1‘ )

=cosf +isinf.
We call the formula

¢! = cosO +isinb

Euler’s formula. We call the representation z = re'?

the polar form for z. We call

the representation z = x + iy the Cartesian form for z. For example, 1 +i =

V2714 (see Figure 1.4).

1.7 De Moivre’s theorem

An immediate consequence of Euler’s formula (see Section 1.6) is the result known

as de Moivre’s theorem, viz.,

(cos@ + i sin0)" = (¢!9)" = ™ = cosnb + i sinnb.
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Application 1 ~ We can use de Moivre’s theorem to obtain formulae for cos n6,
sin 16 in terms of cos 6, sin 6. For example, we have

0820 +isin20 = (C +iS)>
= C%+2iCS +i%§?
= (C* - §%) +2iCs,
where C = cos6, S = sin 6. Equating real and imaginary parts we obtain
cos20 = C* - §* =2C* - 1=1-28%,
using the identity C? + S% = 1. Hence
0826 = cos’ @ — sin> 6 = 2cos>0 — 1 = 1 — 2sin> 6.
We also obtain similarly

sin26 = 2CS = 2cos @ sinf.

Application 2 'We can use the above formulae to obtain exact values for cos 45°,
sin 45° as follows. If we write 8 = 45°, C = cos45°, § = sin45° then we have

0=1cos90° =2C? -1,

from which it follows that 2C2 = 1, and therefore C2 = 1 /2.Hence C = £1 /ﬁ,
which gives cos45° = 1/+/2.

We also have 1 = sin90° = 2CS, which gives § = 1/2C = 1/+/2, and hence
sin45° = 1/+/2.

1.8 Euler’s formulae for cosf,sinf in terms of ¢=?

We obtained the formula ¢’? = cos® + i sin @ in Section 1.6. From this formula
we can derive two more formulae also attributed to Euler, viz.,

el 4 ¢—if oi? —io
cosf = — sinf = ——

Proof Observe that
e’ = cosO +i sin 9,

e 1% = cos® —isind.

Now eliminate sin 8, cos 0, respectively.
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Application3 We can use Euler’s formulae to obtain formulae for cos” 6, sin” 6
in terms of cos k6, sin k6 (0 < k < n). For example, we have

i0 —io\ 2 2i0 4 o —2i6
cos?h = e te = e Fete = —(1 4 cos20),
2 4 2

i0 —ioN 2 2i6 —2i0
— -2 1
sin?p = [ E—° ¢ e (1= cos20).
21 —4 2

Application 4 Formulae of the above type are useful for integrating powers of

cos 6, sin 6. For example,
o+ sin 26
> )

( sin 29)
60— .
2

1
/00526d9 =f§(l+cos26)d9=

| = N =

1
/sin29d6=/§(l—cos29)d9 =

1.9 nth roots

[4

Suppose we have two complex numbers z = re?, w = se!?. If we multiply them

together we obtain

w = rse! O+,

which shows that |zw| = |z| |w| as claimed in Section 1.2. Also that arg zw =
arg z +arg w. In particular, taking z = w we have z> = r2¢%? and more generally
7" = r"e™ Tt follows that

Zl/n — rl/nele/n.

Observe that r!/" is the unique positive real nth root of r, whilst ¢!/ has n
possible values.
For example, if z = —8 then we have

7= 861'71 — Se3in — SeSin — ...

213 = 26iT/3 eI 95im/3,

Even though arg (—8) has infinitely many values, there are only 3 distinct cube
roots. We define the principal value of (—8)'/3 to be that which corresponds to the
principal value of arg (—8), namely 7. So (—8)!/3 = 2¢/7/3 (PV).
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w’

Figure 1.5

1.10 nth roots of unity

Just like any other non-zero complex number, 1 has n complex nth roots. We have

1260262ni=64ni=___

ll/n =e0, eZm/n, 6’47”/",

If we denote @ = e27/"_ then the n nth roots of 1 are 1, w, w?, ..., " !

(see Figure 1.5 for the case n = 8). We call w the primitive nth root of 1.
N.B. 1/7 = 1 (PV) of course.

Lemma |+ow+w?+- -+ 1 =0.

Proof 14+w+w*+--+o" =

1.11 Inequalities

The fundamental inequality is the so called triangle, or parallelogram inequality
and is as follows.

Inequality 1 |z + w| < |z| + |w|. This inequality expresses the fact that the
diagonal of a parallelogram has length less than or equal to the sum of the lengths
of two adjacent sides (see Figure 1.6). Equivalently, that the length of one side of
a triangle is less than or equal to the sum of the lengths of the other two sides.
(Consider the triangle with vertices 0, z, z + w.)

Inequality 2 |z — w| < |z| + |w]|. This inequality follows from Inequality 1 by
putting —w for w.

N.B. Note the plus sign on the right-hand side.
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zZ+Ww
w
z
0
Figure 1.6
w
-
0
-w
Figure 1.7

Note also that |z — w| has a geometric significance as the distance between z
and w on the Argand diagram (see Figure 1.7).

Inequality 3 |z — w| > |z| — |w]|. This inequality follows from Inequality 1 by
observing that

Izl =1z —w) + w| < [z —w[+ [w].
Inequality 4 |z — w| > |w| — |z|. Observe that
lz —wl =|w—z| = [w] —|z].
Inequality 5 |z + w| > |z| — |w|. Put —w for w in Inequality 3.

N.B. Note the minus sign on the right-hand side.

Worked Example Prove that for all |z| = 2

z2+1‘ 5
<

< Z
248

1
4 =4

Solution To prove the right-hand inequality we observe first that

[+ 1 <121+ 1| =4+1=5,
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and second that
122 +8/>8— | =8—4=4

The left-hand inequality is proved similarly.

1.12 Extension to 3 terms (or more)

We give the inequalities for 3 terms. The generalization to more terms is left to the
reader.

Inequality 6 |A+ B+ C| <|A|+|B|+|C|.
Proof Observe that

|A+B+C| <|A+ B|+|C| <|A|+|B| +|C|
by repeated application of Inequality 1.
Inequality7 |A+ B+ C| > |A| —|B| —|C]|.
Proof Observe that

|[Al=|/(A+B+C)—B—-C
<|A+B+C|+|—-B|+|-C|
=|A+B+C|+|B|+|C|.

Notes

We never defined ¢!’ or proved that the laws of indices hold for complex exponents.
A rigorous treatment of this material would define e*, cos z, sin z by their Maclaurin
series

SN S
R TR TR
_q 2 8
cosz = —2—!+4—!—a+--~
. _Z3+Z5_Z7+
SiInzg =12 y ; ?

and prove their properties by manipulation of these series.
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Purists might prefer to prove |zw| = |z| |w| and |z4+w| < |z|+ |w]| by algebraic
methods. For example, if z = x + iy, w = u + iv, then we have

zw=(x+iy)(u+iv) = (xu —yv) +i(xv + yu).
Therefore

lzwl® = (xu — yv)* + (xv + yu)*
= (x%u® = 2xuyv + y*v?) + (x*v? + 2xvyu + y*u?)
= x%? + y20? 4 2% 4yl
= 7+’ + )

= [z*w]*.
We also have z + w = (x + u) + i(y + v). Therefore,

lz+w? = (x +uw)?+ 4+ v)? = @+ 2xu +u®) + (3 +2yv + 0P,
Izl 4+ lw)? = 1zI* + 2Jzw| + |w/?

=x2 4y +ut+0P 4 2\/(x2 + y2) (u? 4+ v?).

From which it follows that

(12 + [wD? — [z 4+ wl = 2,/ (2 + y)@? +v2) — 2xu — 2y,
which is > 0 if

(xu +yv)?* < (@7 + )’ +07).
However,

(x? + yz)(u2 +v?) — (xu + yv)2 = (x2u? + 2 + y2u2 + y2v2)
— (u*+ 2xuyv + yzvz)
=x2+ y2u2 — 2xuyv
= (xv — yu)?
>0

as required.
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Examples

1. Express the following complex numbers in the form x + iy.
OA+3)+G+7), @ A+3i)—OG+7), i) A+3)ES+70),

@iv) 1+—3l:, V) V3 +4i, (vi) log(1 +1i).
547

Hint For (vi) use the polar form.
Find +/1 + i. Hence show tan77/8 = v/2 — 1.

3. Expand (cos@ + isin )3 to obtain formulae for cos 36, sin36 in terms of
cos A, sin 6. Use these formulae to show

c0s 36 = 4¢cos°d — 3 cos 0,
sin 30 = 3sin 0 — 4sin>0.
. Use Question 3 to show that cos 30° = +/3/2, sin 30° = 1/2.
5. Expand (¢! £ ¢7?)3 to show
cos 9 = }‘(3 cos 6 + cos 36),

sin®9 = }(3sin@ — sin 30).

/2 /2
6. Use Question 5 to evaluate / cos> 6 do, / sin® 6 d6.
0

0

T
7. Evaluate the integral / e cos 4x dx by taking the real part of
0

/ ere41x dx = / e(2+4l)x dx.
0 0

Now do it by integrating by parts twice, and compare the efficiency of the two
methods.
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Complex functions

2.1 Polynomials

Having constructed the complex number system the next task is to consider how
the standard functions we do real calculus with extend to complex variables. Poly-
nomials cause no problems since they only require addition, multiplication and
subtraction for their definition. For example, p(z) = 3z+4,q(z) = 472 5746,
etc. The numbers occurring are called coefficients. The degree of the polynomial
is the highest power of z occurring with a non-zero coefficient.

2.2 Rational functions

These are functions of the form r(z) = p(z)/q(z) where p(z), g(z) are polyno-
mials. They can be defined for all z except where the denominator vanishes. Such
points are called singularities. Every rational function has at least one singularity
because of the fundamental theorem of algebra. For example,

z+1

rz) = —

@ z+2

has a singularity at z = —2, whilst

2
-+ 1

s(z) =

@=7

has two singularities at z = £2i.

2.3 Graphs

Every real function y = f(x) of a real variable x has a graph in two dimensional
space. For example, Figure 2.1 shows the graph of y = x2.

For a complex function w = f(z) of acomplex variable z this option is not avail-
able because the graph is a two-dimensional surface in a four-dimensional space.

What we have to do instead is to draw two diagrams which we call a z-plane and
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y=x*
0 X
Figure 2.1
® ’ ® '
Q\%g/
/\\
Figure 2.2

a w-plane, and then indicate how geometrical figures in the z-plane are transformed
to geometrical figures in the w-plane under the action of the function w = f(z).
For example, for the complex function w = z? we find that the grid lines
Xx = constant, y = constant in the z-plane transform to confocal parabolas in the
w-plane (Figure 2.2).
To see this observe thatif z = x + iy, w = u + iv, then

u+iv:(x—|—iy)2:x2—y2+2ixy,

therefore
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® ! ® v

Figure 2.3
which gives, on eliminating y,

2
2 v
u=x°-—,
4x2
Ax* — ax2u — 2 = 0,
u? + 02 = u? — 4x%u + 4xt = (u — 2x2)2,

|lw| = |Re w — 2x2],

which is the equation of a parabola with focus w = 0, directrix Re w = 2x2. This
parabola is the image of the line x = constant.
Similarly, eliminating x, we get

u? 4% = (u+ 2y2)2,
|wl = [Rew + 2%,
which is a parabola, again with focus w = 0, but now with directrix Rew = —2 yz.
This is the image of the grid line y = constant.

Another example which readers might like to work out for themselvesisw = 1/z
which transforms the grid lines x = constant, y = constant in the z-plane to circles
through the origin with centres on the real and imaginary axes in the w-plane (see
Figure 2.3).

2.4 The exponential function

For real variables the function y = ¢* has the graph illustrated in Figure 2.4.
For complex variables we have

w =" =Y = ¥l
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y=ex
y
_/I

0 X
Figure 2.4
@ Y ® Y

X u

Figure 2.5

showing that if we use the polar form w = se'? we get s = e*, ¢ = y. In other
words

le?] = eR®%  arge® =Imz.

This will of course not be the principal value of arg e* unless —w < Imz < 7.

The complex graph of w = e is as in Figure 2.5. The grid lines x = constant go
to circles centre the origin. The grid lines y = constant go to half lines emanating
from the origin.

2.5 Trigonometric and hyperbolic functions

For real variables the trigonometric functions and the hyperbolic functions are very
different animals. For example, the graphs for sin x, cos x are periodic and bounded
(see Figure 2.6). Whereas the graphs for sinh x, cosh x are neither periodic nor
bounded (see Figure 2.7).
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) Y
m y=sin x y =cos X

Figure 2.6

y =cosh x

\J

y =sinh x
Figure 2.7

For complex variables however it turns out that trigonometric functions
and hyperbolic functions are intimately related. The following formulae are
fundamental for all that follows.

2.6 Fundamental formulae
For all real x we have
sin(ix) = i sinh x,
sinh(ix) =i sin x,
cos(ix) = cosh x,
cosh(ix) = cosx.
These formulae can be proved in several ways. For example, by definition
ix _ efix
sinh(ix) = — = i sinx,

cosh(ix) = eT = CoSXx

from Euler’s formulae for sin x, cos x (see Section 1.8).
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Or, from the Maclaurin series we have

(ix)®  (ix)
3! st
x3 XS

=lx+l§+l§+"‘
=i sinhx,
(ix)?  Gx)*

2! 4!

2 x4
=1ttt

= cosh x.

sin(ix) = ix —

cos(ix) =1—

2.7 Application |

We can use the Fundamental formulae of 2.6 to obtain the real and imaginary parts
of sin z, and hence draw the graph of w = sin z. If we write z = x+iy, w = u+iv,
then we have

sin(x 4 iy) = sinx cos(iy) + cos x sin(iy)

= sinx coshy +icosxsinhy,
which gives
u =sinxcoshy, v =cosxsinhy.
Eliminating x we get

u? v?

=1

+
cosh’y  sinh?y
which is the equation of an ellipse with foci at £1. Eliminating y we get

u? v?

sinfx cos?x

which is the equation of a hyperbola with foci at £1.
It follows that w = sin z transforms the grid lines x = constant, y = constant
in the z-plane to confocal ellipses and hyperbolae in the w-plane (see Figure 2.8).
The graph of w = cos z is similar. For sinh z, cosh z we also get confocal ellipses
and hyperbolae, but with foci at i instead of at &-1.
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® y ® "1

Figure 2.8

2.8 Application 2

The inequality |sinx| < 1 for real x fails for complex variables. If we write
z = x + iy, then we have

2

|sinz|?> = | sin(x + iy)l2 = sin” x cosh? y+ cos? x sinh? y

= sinzx(l + sinh? y)+ (1 — sin? X) sinh? y= sin® x + sinh? y.

So if, for example, z = /2 + i€, where € > 0, then | sin z|2 = 1+sinh?e > 1.

2.9 Application 3
The only zeros of sin z for complex z are the real zeros at z = n for integral n.
This is because if z = x 4 iy and sin z = 0 then

0=| sinz|2 = sin” x + sinh? y.

Therefore sin x = sinh y = 0, which gives x = nz, y = 0 and hence z = nx.
Similarly, we leave it as an exercise for the reader to show that the only zeros
of cos z for complex z are at z = nxw + 7/2 for integral n.

2.10 Identities for hyperbolic functions

The fundamental formulae (see Section 2.6) can be used to obtain identities for
hyperbolic functions from analogous identities for trigonometric functions. For
example, the trigonometric identity sin® x + cos? x = 1 gives, on substituting i x
for x,

1 = sin?(ix) 4 cos?(ix) = (i sinh x)? + (cosh x)? = cosh® x — sinh? x.
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2.11 The other trigonometric functions

We define tan z, cot z, sec z, cosec z in terms of sin z, cos z as follows.

sin z CcoS Z 1 1
tanz = , cotz=——, secz= , Ccosecz = —.
cos Z sin z cos Z sin z

Similarly for the other hyperbolic functions.

These functions all have singularities. For example, tanz has singularities
at the zeros of cosz, that is, z = nm + /2. The corresponding hyperbolic
function tanh z = sinh z/ cosh z has singularities at the zeros of cosh z, that is,
z=i(nm +1/2).

2.12 The logarithmic function

The graph of y = logx for real x is as in Figure 2.9. Observe that log x is only
defined for x > 0. This is because the real exponential function only takes positive
values (see Figure 2.4).

To define log z for complex z we use the polar form z = re’?. We get

logz = log(re'?) = logr + log(e!?) = logr + i = log |z| + iarg z.

Since arg z is many valued it follows that log z is also many valued. We define
the principal value of log z to be the one obtained by taking the principal value of
arg z. For example, we have 1 4+ i = +/2¢/™/* (PV) therefore

1
log(1 + i) = 510g2+i% (PV).

Observe that log z has a singularity at z = 0 since we cannot define log r forr = 0.

To get the complex graph for w = logz it is best to consider the action of
log z on the circles |z| = constant and the half lines arg z = constant in the z-
plane. These transform to the grid lines Re w = constant, Im w = constant in the
w-plane (see Figure 2.10).

y y=log x

Figure 2.9
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Notes

We have not actually defined e?, sin z, cos z, log z for complex z. We have merely
assumed that these functions can be defined, and that they continue to have
the properties they possess in the real domain. For example, laws of indices,
laws of logarithms, trigonometric identities. A rigorous treatment would define
€%, sin z, cos z, log z from their Maclaurin series, and derive their properties from
these series. The function log z would be defined as the inverse function of e*.

The functions we have drawn complex graphs of are all conformal mappings
in the sense that curves which intersect at an angle 6 in the z-plane transform to
curves which intersect at the same angle 6 in the w-plane. Observe that in every
case the grid lines x = constant, y = constant in the z-plane transform to curves
which intersect orthogonally in the w-plane. This conformal property is crucial in
applications to fluid dynamics.

Examples

1. Prove that for all |z| =2
2<|z—4]<6.
2. Prove that for all |z] = 3

8
11

22—1-1‘ 10
< <

2+2[° 7

7
3. Prove that for all |z] =4

z+1i
z—1

3 5
Z < < .
57 -3
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AN

Prove that forall [z] = R > 2

1 1
< .
22+z+1'_R2—R—1

Prove that |e?| = eR®?,

Find where |e?| is maximum for |z| < 2 (draw a diagram).
Prove that for z = x + iy

|sin(x + iy)|? = sin’x + sinh?y,
| cos(x + iy)|2 = cos’x + sinhzy.

Find where | sin z| is maximum for |z| < 1 (draw a diagram).
Prove that all points z satisfying

z+1
z+4

-

lie on a circle. Find its centre and radius.



Chapter 3

Derivatives

3.1 Differentiability and continuity
For a real function f(x) of a real variable x the derivative f'(x) is defined as the
limit
. fx+h) = f(x)
! =1 _ .
£ h1—>mO h
Observe that (see Figure 3.1)

fx+h) — fx)
h

is the gradient of the line P Q which converges to the tangent at P as Q — P. So
f'(x) is the gradient of the tangent at P.
For example, if f(x) = x? then we have

fx+h —f(x) G+h?—x* x242xh+h?—x?
3 - h - h
2xh + h?
~

=2x+h,

which — 2x as h — 0. Therefore f'(x) = 2x.

y y=f(x)
flx+h) ¢
) s
0 X x+h X

Figure 3.1
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y=1x|

Figure 3.2

Similarly one can in principle go through all the elementary functions of calculus
and show they have the derivatives they are supposed to have.

We can also prove all the elementary combination rules for differentiating sums,
products, quotients and composites.

We cannot assume that the derivative f’(x) always exists. For example, if
f(x) = |x| then

01O _h_y g

Mo <o)

= s

=

so has no limitas 7 — 0.

Observe that the graph of f(x) = |x| has no well defined tangent at x = 0 (see
Figure 3.2).

We therefore define f(x) to be differentiable at x if

. Sx+h)— fx)
m -—F-
h—0 h

exists. According to this definition f(x) = |x| is not differentiable at x = 0.

Another case where differentiability fails is at a discontinuity of f(x). A
continuous function f(x) is one whose graph has no breaks. We make this idea
precise by defining f(x) to be continuous at x if

lim f(x+h) = f(2).

For example, f(x) = 1/x is not continuous at x = 0 (Figure 3.3). In this
connection we have the following theorem.

Theorem 1 Differentiability implies continuity.
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k:l/x
0 .
\ x

Figure 3.3

Proof Suppose f(x) is differentiable at x, then we have

f(x+h)_f(x)=hw

as h — 0. Therefore f(x +h) — f(x)ash — 0.

- 0x fl(x)=0

Corollary  f(x) = 1/x is not differentiable at x = 0.

Observe that the converse of Theorem 1 is false. A counterexampleis f(x) = |x]|
which is continuous but not differentiable at x = 0.

For a complex function of a complex variable z, we define differentiability and
continuity of f(z) exactly as we have done for real functions of a real variable. The
familiar functions all have their familiar derivatives, and the familiar combination
rules are all valid. There is also a further constraint in the form of the Cauchy-
Riemann equations to which we devote the next section.

3.2 Cauchy-Riemann equations

Suppose we have a complex valued function w = f(z) of the complex variable
z, and suppose we write w = u + iv, Z = x + iy, then we can express u, v
as functions of x, y and consider their partial derivatives du/dx, du/dy, dv/dx,
dv/dy. For example, if w = 72, then

u+iv=w=z>= (x+iy)2=x2+2ixy—y2,
which gives in this case

u:x2—y2, v =2xy.

In general we can use the chain rule to obtain

ow dw 0z ou n . 0v
_—_——— = — l—’
0x dz 0x 0x 0x
ow _ dw 0z u  Jv

oy " dzay oy lay
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which, on observing that dz/dx = 1, dz/dy =i, gives

dw du  Jv ou  Jdv

— = —]—

- = R + —.
dz ox ! ox dy Jy
Therefore on equating real and imaginary parts we have

ou ov dv ou

ax 9y’ ox 3y

These are the Cauchy—Riemann equations published independently by Cauchy
(1818) and Riemann (1851).
We call the formula

dw du  Jv

dz x| lex
the Cauchy—Riemann formula for the derivative.
In the case w = z2, we get
ou ov ov ou
—:—:2_)(, —:——:2y
dx  Jy dax ay

Also the Cauchy—Riemann formula gives

dw ou +_8v ¢ 42 )
—_— = — 1— = ZLX l ==
dz  ox ' ox y=

as expected.

3.3 Failure of the Cauchy-Riemann equations

Consider the function w = z = x —iy. If w = u + iv, then we have u = x,
v = —y. Therefore

ou ov ov ou
—=1 —=-1, —=-——=0,
ax ay ax ay

which means that the first Cauchy—Riemann equation is not satisfied for any x, y.
We are forced to the conclusion that the function f(z) = z cannot be differentiable
for any z.

In this connection we have the following theorem.
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Theorem 2 For u +iv = f(x + iy) with continuous partial derivatives du/dx,
du/dy, dv/dx, dv/dy the function f(z) is differentiable at z if and only if the
Cauchy—-Riemann equations

u ov v u

8x 9y ox  dy

’

are satisfied.

Proof We proved necessity above. For sufficiency we refer the reader to rigorous
books on complex analysis.

3.4 Geometric significance of the complex derivative

For a real function f(x) of a real variable x, the equation of the tangent to the
graphy = f(x) atx =a is

y= fla)+ (x —a)f'(a).

For a complex function f(z) of a complex variable z, the equation of the tangent
plane (in 4 dimensions) to the graph w = f(z) atz = a is

w= f(a)+ (z—a)f'(a) = Az + B,

where A = f'(a), B = f(a) — af’'(a).

The geometric effect of the linear function w = Az + B is a rotation, a scaling,
and a translation. The rotation is through the angle arg A, the scaling is by the
factor |A|. The translation is through a distance | B| in the direction arg B.

What this tells us about the transformation w = f(z) is that near z = a the
effect is approximately a rotation through arg f/(a), and a scaling by | f/(a)|. For
example, if ¢ = in/2 and f(z) = €%, then we have f(a) = em/2 = i, Also
f'(a) = e* = /2 = j. So the effect near z = a is a rotation through 90°
anticlockwise (see Figure 3.4). If b = ix /2 + 1, then we have f(b) = f'(b) =
ei, so the effect locally is now a scaling by e, and again a rotation through 90°
anticlockwise (see Figure 3.4).

The fact that w = f(z) acts locally like a rotation through arg f'(z) explains
why curves which intersect at a certain angle in the z-plane are transformed under
the action of w = f(z) to curves which intersect at the same angle in the w-plane.
This is the characteristic property of a conformal mapping which is important for
the applications to fluid mechanics.
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T x o}

0 X 0 u
Figure 3.4

3.5 Maclaurin expansions

It has always been important to be able to approximate functions by polynomials.
This is because polynomials are the only functions whose values can be calculated
arithmetically. For a calculator to calculate ¢* for given x it has to evaluate the
series
T=1+x+ X + x +
N TRRRET

to as many terms as are needed to achieve the required degree of accuracy. To
calculate the value of 7 it is necessary to use the series

1 x> X

tan " x =x 3 + 5 e
with x = 1. In practice, both of these calculations are done by more sophisticated
methods, but they still have to make use of polynomial expansions in one form or
another.
Maclaurin (1742) gave the general form for expanding a function f (x) in powers
of x. The expansion is

fx) = ZanX",
n=0

where the nth coefficient a, is given by the formula

™)

n!

n ’

and where f(0) denotes the nth derivative £ (x) of f(x) evaluated at x = 0.
We call this expansion the Maclaurin expansion of f(x), and we call the coefficient
ay the nth Maclaurin coefficient of f(x).
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For example, if f(x) = €*, then we have f'(x) = f’(x) = --- = €*, and
therefore f/(0) = f”(0) = - -- = 1. So the Maclaurin expansion of ¢* is
x2 X3
X —_— —_— —_— PRI
e —1+x+2!+3!+

as already observed above.
To see where the Maclaurin formula for the nth coefficient comes from, observe
that if

fx) =ao+aix +ax?* +azx>+ - -
then putting x = 0 gives f(0) = ap.
Differentiating term by term we get
F'(x) = a1 + 2arx + 3azx> + -+,
which on substituting x = 0 gives f/'(0) = aj.
Differentiating again we get
f" (%) = 2a2 + 6a3x” + -+ -,

which on substituting x = 0 gives f”(0) = 2ay, and hence a; = f”(0)/2!
Similarly, differentiating n times and putting x = 0 we get f(n)(0) = nla,,
and hence a, = f(n)(0)/n! as required.
Maclaurin was concerned with real variables only, but his expansion remains
valid for complex variables also. We list below some examples of Maclaurin
expansions in the complex context.

CTITETYTR
N 22
SIHZ—Z—§+§—"'
COSZ = 5 Z
mhz =2+t Ly
smhzg =2 g §
2 4
b4 Z
coshz:l—}—a—i—Z%—-u
ala —1
(l+z)“=1+az+%zz+m (Izl <D
1 2
2 2
logl+2)=z——=+——--- (zI<D.

2 3
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The first five expansions are valid for all z, whilst the last three are only valid for
|z| < 1. The expansion for (1+z)¢ is of course the binomial theorem, which gives
a terminating series in the case « a positive integer. The particular case ¢« = —1
gives the geometric series

=l-z4+22—,
l+z

which on integrating term by term gives the series for log(1 + z) (PV).

3.6 Calculating Maclaurin expansions

We can either use the Maclaurin formula a, = f (0)/n! or we can combine the
standard expansions listed in Section 3.5.
For example, suppose f(z) = tanz. Then writing 7 = tanz, S = secz and
observing that dT /dz = S, dS/dz = ST we have the following.
f(@) =T =0atz =0, therefore ap = 0.
f'(z)=8%>=1atz =0, therefore a; = 1.
f"(z) =28*T =0atz =0, therefore ar = 0.
f"(z) = 48>T? +28* =2 at 7 = 0, therefore a3 = 2/3! = 1/3.

Hence we obtain

3

Z
tanz=z+?+-~

Alternatively, we can write

sing  z—2°/3!+2°/5! — -
tanz = =
cosz 1 —72/204z74/41 — ...
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3.7 Taylor expansions

The Maclaurin expansion is a particular case of a more general expansion due to
Taylor (1715) which represents f(z) as a series in powers of z — ¢ for any fixed c as

f@ =) anz—0c),
n=0

where the nth coefficient a, is given by the formula

£ (e)
a, = .
n!

We call this expansion the Taylor expansion of f(z) at z = ¢, and we call the
coefficient a,, the nth Taylor coefficient of f(z) at z = c.
For example, suppose f(z) = 1/z and ¢ = 1. We can calculate a, as follows:

a = f(1)=1.
f'(z) = —=1/z> = —1 at z = 1. Therefore a; = —1.
'@ = 2/z3 =2at z = 1. Therefore ap = 2/2! = 1.
f"(z) = —6/z* = —6 at z = 1. Therefore a3 = —6/3! = —1.

Hence we obtain
1 o0
e e G e e S O D DGl Vi
n=0

An alternative method of finding the Taylor expansion of 1/z at z = 1 is to put
t = z — 1 and expand in powers of ¢. We obtain

1 1
m= =142 =P+
z 1+t
=1-G-D+GE-D* ==+
as before.
The range of validity for this expansion is |z — 1] < 1.

3.8 Laurent expansions
The Taylor expansion is a special case of a still more general expansion due to
Laurent (1843) which represents f(z) as the sum of a two-way power series

f@= Y az—o"

a

a—
z— o2 +ZTIC+ao+a1(z—0)+az(z—c)2+-~
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The Laurent expansion is used for functions which have a singularity at c. We
classify singularities according to the type of Laurent expansion obtained. We call
that part of the Laurent expansion with negative powers of z — c the principal
part. We say f(z) has a pole at 7 = c if the principal part has only finitely many
non-zero terms. If the principal part has infinitely many non-zero terms we say
f(2) has an essential singularity.

The order of a pole is the largest n for which a_, # 0. A pole of order 1 is
called a simple pole. A pole of order 2 is called a double pole. The residue of f(z)
at z = c is the coefficient a_; in the Laurent expansion at 7 = c.

For example, f(z) = ¢!/ has an essential singularity at z = 0, since the Laurent
expansion at z = 0 is

elf =1 + - SIS
2172
The residue of e!/Z at z = 0 is 1.

On the other hand, g(z) = €%/z* has a pole of order 4 at z = 0, since the Laurent

expansion at z = 0 is

P 1 : Z2 Z3
Z_4 +z +—+§+

1 1 11 11

Atataz T

The residue of ¢%/z* at z = 0is 1/3! = 1/6.

3.9 Calculation of Laurent expansions

We proceed by way of example. Consider the function

which has singularities at z = +i.
We find the Laurent expansion at z = i by putting t = z — i and expanding in
powers of . We obtain
I 1 1 1 1 1
1+22 1+G+i2 1+242it—1  £2+2ir 2it1+1/2

which shows that f(z) has a simple pole at z = i with residue 1/2i.
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We get the Laurent expansion at z = —i by putting t = z + i and expanding in
terms of ¢. This time we have
1 1 1

1
2w tatE

which shows that f(z) also has a simple pole at z = —i, but now with
residue —1/2i.

Notes

For a proof of Theorem 2, see, for example, Knopp (1945) page 30.

Neither Taylor nor Maclaurin gave a rigorous proof of the validity of their
expansions. They are not valid in general, even for functions with derivatives of
all orders. An interesting example is the function

Fx)=e V2,

which (if we assume f(x) = 0 at x = 0) has £ (0) = 0 for all n, so has
a Maclaurin expansion which vanishes identically, therefore cannot = f(x) at
any x # 0.

They are of course valid for the elementary functions we consider here.

Rigorous treatments of complex analysis are able to give proofs of the validity
of Taylor, Maclaurin and Laurent expansions in the complex domain using the
theory of contour integration developed in the next chapter. (See Knopp (1945)
chapter 7 for the details.)

Examples
1. Verity the Cauchy—Riemann equations for the following functions:

23, €, sing, log z.
Verify the Cauchy—Riemann formula for the derivative in each case.

2. Prove |z|? is differentiable only at z = 0. What is its derivative at this point?

3. Prove f(z) = z(|z|*> — 2) is differentiable only on the unit circle |z| = 1.
Verify that f'(z) = z2 for these z.

4. Prove thatif f(z) is differentiable for all z and is everywhere real valued then
f(z) must be constant.

5. Find the Maclaurin expansion of e sin z up to terms in z (i) by differentiating
and putting z = 0, (ii) by multiplying the Maclaurin expansions of ¢* and sin z
together.

6. Find the Taylor expansions of the following functions at the points indicated.
State the range of validity in each case.

(1) 1/z at z =2, (ii)e* at z=1i, (iii)logz (PV) at z=1.
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7.

Find the Laurent expansions of the following functions at the points indicated.
State what type of singularity each one is, and what the residues are. Indicate
the principal part in each case.

1
(@) e?/z'% at z=0, (if)sinz/z" at z=0, (i) 57— at z==*1.
2 —
Find constants A, B such that

3z4+1 A B

r@ = z+2)(z—-3) :z+2+z—3'

Hence find the Maclaurin expansion of f(z). What is its range of validity?
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Integrals

4.1 Review of real variables

Suppose that I = [a, b] is a real interval, and that f(x) is a real valued function
defined for x € I. Then the integral of f(x) from a to b, or over [, is defined to be

b
/a f(x)dx = /1 Fx)dx = dlxiglOZf(x)dx.

Geometrically the integral represents the area under the graph of f(x) between
the limits x = a, x = b. The approximating area Y f(x) dx represents the sum
of the areas of the rectangles height f(x) and width dx (Figure 4.1).

We have the following two theorems.

Theorem 1 (Existence theorem) f(x) continuous implies f(x) integrable.

Theorem 2 (Fundamental theorem of calculus) If f(x) is continuous for a <
x < b, then

b
/ f(x)dx = F(b) — F(a) = [F(x)12,

where F(x) is any primitive of f(x).

y=f(x)

fea

a dx b

Figure 4.1
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.
.
4 \
’ \
/ v
a % b

y=f(x)

Figure 4.2

An integrable function is one for which the above limit exists finite. A primitive
for f(x) is any F(x) such that F'(x) = f(x). Theorem 1 guarantees that the
integral exists for any continuous function. Theorem 2 gives us a practical method
for evaluating integrals. Together with the following combination rules.

e Linear combination rule

b b b
/(Xf(x)+ug(x))dx=?»/ f(X)+u/ o) dx.

e Product rule (integration by parts)
b b b
/ fg @ dx =[f(x)g)], —/ g dx.
a a
e Composite rule (integration by substitution)
b B
/ fx)dx = / flg@)g' 1) dt,
a o
where g(o) = a, g(B8) = b.
For integrals which cannot be evaluated exactly we have the inequalities

b
/ f(x)dx

where | f(x)| < M fora < x < b (Figure 4.2).

b
5/ F)]dx < M(b — ),

4.2 Contours

Instead of intervals we shall integrate complex functions f(z) of the complex
variable z along contours. By a contour y we mean a continuous curve in the
complex plane. A parametrisation of y is a representation of y as

Yy ={p@):a <t < B},
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where ¢(¢) is a continuous function on the real interval [«, 8]. We call ¢ the
parameter, ¢ (t) the parametric function, [«, B] the parametric interval. We call
the points a = ¢ («), b = ¢(B) the end points of y. We say y is a closed contour if
a = b. The orientation of a contour y is the direction in which the point z = ¢ (¢)
moves as t moves along the parametric interval. We put an arrow on the contour
to indicate the orientation.

Example 1 (Straight line) We can parametrise the straight line y going from
atobasz = (1 —1t)a+tbwhere0 <t <1 (Figure 4.3).

Example 2 (Unit circle) We can parametrise the unit circle y described once anti-
clockwise as z = €'’ where 0 <t < 27 (Figure 4.4).

Example 3 (Unitsquare) The square y with vertices at0, 1, 1+, i described once
anticlockwise can be written as y = y| + y» + y3 + y4, where vy, s, ¥3, Y4 are the
four sides of the square indicated in Figure 4.5. We need a different parametrisation
for each side.

Onyr Wecantakez =1¢, where) <t < 1.
Ony, Wecantakez =1+ it,where0 <t <.
Onys Wecantakez =+ 1i,where 1l >1r > 0.
On ys We can take z = it, where 1 >t > 0.

o

a

Figure 4.3

dh
N

Figure 4.4
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! | +i

72

Figure 4.5

Observe that the orientation of y3, y4 is given by decreasing t. We indicate this by
writing 1 > ¢ > Oinstead of 0 < < 1.

4.3 Contour integrals

Given a contour y and a function f(z) defined for z € y we define

/y f()dz = dlziLnOZf(z) dz.

Theorems 1 and 2 of Section 4.1 remain valid in the complex context, also the
combination rules for integrals. The inequalities generalise to the following.

4.4 Estimate lemma

If | f(z)] < M for z € y, then

/ f()dz
Y

where /,, is the length of y.

< Mi,,

Regarding evaluation of contour integrals we give three methods.

4.5 Method I: Substituting the parametric function

We describe the method by way of examples.

Example 1 Evaluate

/ Z"dz,
y

where y is the unit circle parametrised by letting z = ¢!’ where 0 < ¢ < 2.
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If we substitute z = ¢/, then we have dz = ie'’dt. Therefore

27 .
/anz :/ (ell)nl'elt dl
1% 0
2
— l/ ei(n—H)t dt
0

|:ei(n+1)t i|2”
=i -
i+ |,

=0,

ifn £ —1.If n = —1, then we have

dz 2
—=i/ dt = 2mi.
y % 0

Example 2 Evaluate

/ 2 dz,
y

where y is the unit square y = y1 + y2 + ¥3 + y4 as in Figure 4.5.

On y1 We have z =t where 0 <t < 1. Therefore dz = dt which gives

1 1
/zzdzzf t2dt = —.
Vi 0 3

On y» We have z = 1 + it where 0 <t < 1. Therefore dz = idt which gives

1 1
2
/zzdzz/ (1+it)2idt=/ (i —2t—it>)dt = —1+ =i.
2 0 0 3

On y3 We have z =t +i where 1 > ¢t > 0. Therefore dz = dt which gives

0 0 2
2 _ .2 _ 2 , . .
/Zdz—f(t+z) dt_/(t +2it — 1)dt = - —i.
3 1 1 3

On y4 We have z = it where 1 > ¢ > (. Therefore dz = idt which gives

0 0 1
/ zzdz=/ (it)zidtz—i/ 2dt = =i,
V4 1 1 3

Hence we have

5 1 2 2\ 1.
Fdz=| +| +| +| =z+|\-1+zZi)+|z—-i)+zi=0.
Y Y1 V2 V3 )z 3 3 3 3
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4.6 Method 2: Using the fundamental theorem of calculus

If the contour y has end points a, b with orientation a to b, and if the function
f(z) has a primitive F(z) on y (F'(z) = f(z)), then

/ f@)dz = F(b) — F(a) = [FQLL.
Y
For example, if y is the parabolic arc z = ¢ + it? (0 <t <1),then

fz [ﬂm (1+i0)3
Z dZ: —_— = .
v 310 3

Observe that if y is any contour going from 0 to 1 4+ i we must have

1+i)?
/szzz( +i) .
¥ 3

Observe also that if y is any closed contour (a = b), then we must have

/zzdz =0.
Y

More generally we have the following theorem.

Theorem 3 If y is any closed contour, and if f(z) has a primitive on y then

/f(z)dz=0.
y

Corollary 1 (See Example 1 of Section 4.5) If y is the unit circle, then for all
n # —1 we have

/z"dz:O.
%

Proof Forn # —1 the function z" has the primitive z"*!/(n + 1) on y.
Corollary 2 The function 1/z has no primitive on the unit circle.

Proof We showed in Section 4.5 that

d
/izm#a
y Z

It might be thought that log z is a primitive for 1/z on the unit circle. However
by Theorem 1 of Chapter 3, any F(z) such that F'(z) = f(z) must be contin-
uous. Whichever values we take for log z on the unit circle there is bound to be
a discontinuity. For example, log z (PV) has a discontinuity at z = —1.
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4.7 Method 3: Using the residue theorem

Theorem 3 above says that if f(z) has a primitive on the closed contour y, then
/ f(z)dz =0.
Y

The analogue of this theorem for derivatives is as follows.

Theorem 4 (Cauchy’s theorem) If y is a closed contour and if f(z) has a
derivative on y and everywhere inside y, then

/f(z)dz=0.
%

Proof See Appendix 1.

We can use Cauchy’s theorem to show (for a third time) that if y is the unit
circle, then

/z"dz:O
Y

for n > 0. For n < 0 Cauchy’s theorem does not tell us anything, since z" then
has a singularity at z = 0 which is inside y.

Cauchy’s theorem might appear at first sight to be rather trivial. However, it
turns out to have far reaching consequences as we shall shortly see.

Corollary 1 If the contours y1, y» have the same end points a, b and if f(z) is
differentiable on y1, y» and between them, then (Figure 4.6)

f(z)dz=/ f@dz.
Y2

Proof If y = y» — y1, then we can apply Cauchy’s theorem to y to obtain

0=/f(z)dz= f()dz — f()dz.
% »2 %

Figure 4.6
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Figure 4.7

Corollary 2 If the closed contours yj, y» are such that y; lies inside y, and if
f(z) is differentiable on y1, y» and between them, then

fr)dz = f()dz.

Y1 V2

Proof 1If we make cross cuts y3, y4 as indicated in Figure 4.7, and if we denote
the upper parts of y1, y2 by ¥/, y, and the lower parts by y,’, y,’ then by Corollary 1
we have

f@dz= | f(@dz— | f@dz— | f()dz,
Y

1%} V3 )21

Nf(z)dz=/”f(z)dz+ f)dz+ f()dz.
"1 %)

V3 va

Therefore

/f(z)dzz f(z)dz—lr/ f()dz
71 2 vy

’

"2

— [ r@a+ [ r@d= | r@a
72 V2

Corollary 3  If non-intersecting closed contours y1, ..., ¥, all lie inside the
closed contour y, and if f(z) is differentiable on y, y1, ..., ¥, and on the area
internal to y and external to yq, ..., ¥, then (Figure 4.8)

n

/f(z)dz=z f@)dz.
4 k

—1Y%

Proof Make cross cuts as in the proof of Corollary 2.
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Figure 4.8

Theorem 5 (Residue theorem) If y is a closed contour and if f(z) is diff-

erentiable on y and inside y except at cy, ..., ¢, inside y, then
n
/ f@dz=2miy R,
4 k=1

where Ry, is the residue of f(z) at ck.

Proof (Special case) Suppose f(z) has a single singularity at z = c inside y. If
we let y;- be a circle centre ¢, radius » small enough to ensure that y; lies inside y,
then by Corollary 2 of Cauchy’s theorem we have

/ f@dz=| f()dz.
Y Yr

If the Laurent expansion of f(z) atz = c is
o
f@ =) az—e),
—o0

then we have

o0

f@)dz = Zan/
Yr

—0 Yr

dz

Z—cC

(z—0)"dz =a_1/

Vr

since for n # —1 we have

_ an+l
(z—c)"dZZ[%] =0
%

v n+1

by Method 2.
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On y, we have z = ¢ + reit (0 <t < 2m), therefore by Method 1 we have

dz 2 ireit 2:'[. ]
/ =/ - dt:/ idt =2mi.
. Z—C o re 0

Hence

/ f(@dz =2mia_y
Y
as required.

General case 1f f(z) has a singularities at z = ¢y, ..., ¢, inside y then we can
draw circles yy, ..., y, with centres at cy, ..., ¢, and with radii small enough
to ensure they all lie inside y and that they don’t intersect each other. Hence by
Corollary 3 of Cauchy’s theorem we have

/f(z)dz=2
14 k

n
=1V

n
f@dz =" 2miR
k=1
by what we have already proved.

Example Evaluate the integral

/ dz
y 2+ 1

where y is to be specified.

Answer We need to find the singularities of the integrand, and find the residues
at these singularities. In fact we already did this in Section 3.9 where we found
that the singularities are at z = =i with residues +1/2i.

y = circle centre i, radius 1. In this case i is inside y, —i is outside y.
Therefore,

/ dz (1)
5 =2mi|=— ) =m.
y - +1 2i

y = circle centre —i, radius 1. In this case —i is inside y, i is outside y.
Therefore,

/ dz ( 1)
5 =2wi|—— | = —m.
y 2o +1 2i
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y = circle centre 0, radius 2. In this case both singularities +i are inside
y . Therefore,

d 1 1
[ -
y 2= +1 2i 2
y = circle centre 0, radius 1/2. In this case neither singularity is inside y.
Therefore,

d
/ =0
y o +1
by Cauchy’s theorem.

4.8 Quick ways of finding residues

For simple poles there are quicker methods for finding residues than calculating
the Laurent expansion and taking the —1th Laurent coefficient. For example, we
have the following.

Cover up rule If f(z) takes the form

f()— g(2)
C

where g(c) # 0, then the residue of f(z) at z = c is g(c¢).
Proof The Taylor expansion for g(z) at z = c is

g@ =g+ @z—0og)+---,
which gives immediately

Fo= 5 .

Example Consider again

1 1
241 (z4i)z—i)

which has simple poles at z = =£i. Covering up z — i, z + i in turn we have

1 1 1 1 1 1
Res = - =—, Res —— - =——.
=i 722+ 1 e+if,_; 200 =-iZ? 1 lz—i ——i 2i
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Differentiating the denominator 1If f(z) takes the form f(z) = g(z)/h(z), where
g(c) #0, h(c) =0, h'(c) # 0 then the residue of f(z) at z = c is g(c)/h (c).

Proof We have

Fo) = g©)+(z—0o)g'e) +--- _ k()
T @@=l @)+ @—c)2h (@) 4+ z—¢
where
k@) g+ @—0og+---

T W@+ G-l Q)2+
Therefore the residue of f(z) at z = ¢ is g(c)/h’(c) by the cover up rule.

Example Consider again

1 1 1 1 1 1
Res — =|— =—, Res ——=|— =——,
=i 727+ 1 22, 2 =—iz?+1 27 ], 2i

Notes

A rigorous treatment of contour integration would present the facts in a different
order. We have assumed in our proof of the residue theorem that a differentiable
function has a valid Laurent expansion near an isolated singularity, and that this
expansion can be integrated term by term. We have also assumed in our statement
of Cauchy’s theorem that the ‘inside’ of a closed contour is well defined. A rig-
orous proof of the residue theorem requires a knowledge of uniform convergence.
A rigorous proof of Cauchy’s theorem requires a knowledge of plane topology.
Both of these can be found in Knopp (1945).

Examples
1. Evaluate the following contour integrals.
) fy Re z dz where y is the unit circle z = ¢’ (0 <t < 2m).
(i1) fy |z|2 dz where y is the parabolic arc z =t + it O<t<1).
(iii) fy zdz where y is the straight line joining 0 to 1 + i.

2. Use the estimate lemma to prove the following inequalities.

@Z
dz
/,,z—l

sin z 7 sinh 1 . .. :
/ dz' < where y is the semicircle z = '’ (0 <t < 7).
Y

T V2

+1

®

< 2me?* where y is the circle |z — 1| = 1.

(ii)
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(iii) < 44/10 where y is the square with vertices at =1 £ i.

-2
fz dz

Find all the singularities of the following functions. Use the method of
differentiating the denominator to find all the residues.

1 Z
M ()
—

D) ()

—67+8"

Use the residue theorem to evaluate the following integrals round the contours
indicated.

. z+1
(1>/yz_1d

eZ
(i) / > dz (y = circle centre 7, radius 7).
4+

z (y = circle centre 1, radius 1).

(iii) / 6 3 (y = circle centre 0, radius 3).

Prove that if f(z) is differentiable inside and on the closed contour y, then
for any a inside y

1 f(dz

2mi y 2—a

fla)=-—

(Cauchy’s integral formula). What is the value of this integral if a is outside y ?
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Evaluation of finite
real integrals

As afirst application of the residue theorem (see Section 4.7) we describe a method
for evaluating a certain class of real integrals over a finite interval.

Example 1 Consider the integral

/271 dt
0o S+4cost

We can transform this integral into a contour integral round the unit circle by
making the substitution z = e'’. We have dz = ie''dt = izdt which gives
dt = dz/iz. We also have

ell+e—ll_z+1/z
2 o2

COSt =

Therefore we get

/277 dt _/dz 1 _1/ dz
o S+dcost J,iz5+42@+1/2) i), 22245z+2]

where y is the unit circle.

We now evaluate this contour integral using the residue theorem. Observe that
2724+ 5242 = 2z + 1)(z 4 2), therefore the singularities of the integrand occur
at z = —2, —1/2 (Figure 5.1). Of these only z = —1/2 is inside y, where the
residue is

1[ 1 } 1
i L4245y 30

using the method of differentiating the denominator (see Section 4.8).
Hence we have

/2” dt 1/ dz .1 27
— = ————— =27ix —=—.
o S+44cost i),2z24+5z+2 3i 3
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Ak
RN

Figure 5.1

Example 2 Consider the integral

/271 dt
o 1+ sin?t’

Putting z = €'/ gives

/271 dt [ dz 1 _/‘ 4izdz
o l+sin?r Jyiz 1—G@—1/22/4 ), 4 —62+1

where y is the unit circle. Here we used the formula

elt

- —eit 7 —1/z

sint = = .

2i 2i

The singularities of the integrand are at the solutions of the equation
—62+1=0,

which are given by

64 /36— 4
12=f=3:&2\/§.

Of these only z = +v3 — 2V2 = £(v/2 — 1) are inside y (Figure 5.2).
Differentiating the denominator we obtain the residues by evaluating

diz _ i
473 127 = 72-3

at z2 = 3 — 2+/2. Therefore the residues are —i /2+/2 at both these points.
Hence by the residue theorem we have

27-[ . .
dt 4izd
/ _dr / dt Lo xomi— v
0 1%

l+sin2t J,z8—622+1 22
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A

V2= V2-1 N2+

Figure 5.2

Example 3 Consider the integral

2
/ cos* ¢ dt.
0

The substitution z = €/ gives

27 d 14
f cos4tdt=/—?<z+—)
0 y16lZ Z

dZ 4 2 4 1

= | = 4 64 — 1+ —

];,16&( A +z2+z4>

1 3 6 4 1
= Tz Z+4Z+—+—3+—5 dz,
16i J, z z Z

where y is the unit circle.

Observe that the integrand is already a Laurent expansion, indicating that there
is a pole of order 5 at z = 0, and that the residue there is 6/16i = 3/8i.

Hence we have

2
/ cos4tdt=2m'xi=3—n.
0 8i 4

Example 4 Consider the integral

2
/ sin 2¢ cos 3t dt.
0
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Making the substitution z = ¢/’ we obtain
z

1 dZ 5 + 1 1

T4 )i \& TS

since the integrand is a Laurent expansion with no term in 1/z.
Hence we have

2
/ sin 2t cos 3t dt = 0.
0

Examples

Evaluate the following integrals.

. IZHL 5 ﬁ
" Jo 2+cost @m/v3)
/0 Tr2em @YY

2
/(; -3 0052 t ()

2

5t

4, / SISt o)
o sint

21
5. / cos®z dt (57/8)
0
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Evaluation of infinite
real integrals

6.1 Convergence

For integrals of the form

/00 f(x)dx

the problem of convergence arises. We shall define the Cauchy principal value
(CPV) of such an integral to be

00 R
/ f(x)dx = lim / f(x)dx,
—00 R—o0 —R

and say the integral converges whenever this limit exists. For example, consider
the integral

/°° dx
Ceo X217
We have

R
d R
/ z—xz[tan_lx] =2tan_1R—>2x£:71
_px +1 -R 2

as R — oo. Therefore, the integral converges and its value is

f"o dx
_— =T
oo X241
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6.2 The method

We illustrate the method for evaluating infinite real integrals using complex
calculus by applying it to the integral

[ ® dx
oo X241
considered in Section 6.1.
Let y = y1 + y» be the D-shaped contour consisting of the real interval

[—R, R] = y) together with the upper semicircle y, having [—R, R] as diameter
(Figure 6.1). And consider the contour integral

/ dz _/ dz +[ dz
y22+1 2+ ), 2+

Ony; Wehave z = x (—R < x < R) therefore

/ dz /R dx
n2+1l x40

Inside y For all R > 1 the integrand has one singularity at z = i where the
residue is 1/2i. Therefore

/ dz |
2—:27'[1)(—.:7[.
y 2= +1 2i

On y, We have |z| = R therefore
1= R~ 1
(see Inequality 5 of Section 1.11) from which it follows that

1
241

1
R?2 -1

E

-R o 7 R

Figure 6.1
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provided R > 1. We also have [, = m R. Therefore by the estimate lemma (see
Section 4.4) we obtain

/ dz ‘ TR
< — 0
» 2 +1 RZ -1
as R — oo.
Putting all this information together we have

R dx dz dz dz dz
2r1 ) 21 )2z )2 ) 2"
_R n -+ y 25+ n -+ n -+

as R — o0o. Hence we deduce that

/°° dx
———converges =
x24+1 £

—00

agreeing with what we found in Section 6.1.

6.3 Failure of [ — 0

Itis essential to the success of the method outlined in Section 6.2 that we can prove
fyz — 0. For example, consider the integral

/OO xdx
Ceo X217

In this case, we have

1
Res L X = —.
=i 22 +1 [22],; 2

Therefore,
/ zdz 1
3 =27 X — =i
y o +1 2

for R > 1. If we could prove that

/ zdz S0
w2241

as R — oo, then we could deduce that

R xdx zdz zdz zdz .
2 1= 2 1= 2 1_ 2 1_>7”
—-RX°+ n &+ y 25+ » -+
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as R — o0o. Which is nonsense because

R xdx
—_R X +1

for all R since the integrand is odd. In fact

zdz
0
[1/2 2+ 1 7

in this case. Its value is

zdz zdz zdz .
2 = 2 - 2 =T
mztt1 y = +1 nzt+1

forall R > 1.

6.4 Integrals involving cos x, sinx

Consider the integral
/ *° cosx dx
oo X241
The contour integral
/‘ coszdz
y 2417
where Yy = y1 + 2 as in Section 6.2 will be no use here because
|cosz|? = cos® x + sinh? y

(z = x + iy) is unbounded in the upper half plane. Instead we use
/ eiz dz
y 22+ 1
observing first that the integral we require
/00 cos x dx /OO e dx
——— =Re —-—,
oo X241 oo X2+ 1

and second that ¢ is bounded in the upper half plane since

] = 'O = || = e[ le Y| = e < 1



Evaluation of infinite real integrals 57

for y > 0. It follows that

/ e dz
22+ 1

as R — oo. For R > 1 the integrand has a singularity at z = i inside y where the
residue is

elZ elZ ]
Res = | — = —.
=i 72+ 1 2z ,—; Z2ie

TR

§R2_1—>0

Therefore,
/ et dz . 1 T
S 2wi X - = —.
y - +1 2ie e

Hence we have

R oix gy etdz e dz etdz  w et dz i
3 = 3 = 3 — 3 = — — ) — —
_rx-+1 nz+1 y 2= +1 ni-tl e mz t+1 e

as R — oo, from which it follows that

® cosxdx T
——— converges = —.
+1 e

oo X2

We therefore deduce that
/‘o" cosx dx /‘oo eér¥dx  w
——— =Re —_— =
oo X241 Co X2 1 e
We can also deduce that
/OO sinx dx /'OO e dx
———— =1Im — =0,
oo X241 Ceo X241

though this is of course immediate from the fact that the integrand is odd in this
case.

6.5 Roots of unity

Suppose we want to evaluate the integral

/oo dx
oo XY 1

by considering the contour integral

/ dz
y
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w3 %)
0
w5 o’
Figure 6.2

where y = y1+y» asin Section 6.2. The integrand has singularities at the solutions
of the equation z*+ 1 = 0 which are @, @, ©°, @’ (Figure 6.2) where w = eim/4
is the primitive 8th root of unity (see Section 1.10).

Differentiating the denominator we find the residues of the integrand at z =
w, w’ are 1/4w3, 1/40°, respectively. Therefore,

/ dz 271'1'(1 + 1):”_ia)6+1)=”i(1—i):n(l+i)
Y

731 7N T3 ) T 20 2o 20

since w® = —i. Butw = (1 + i)/«/E so we get

/ dz =
y 1 V2
By the estimate lemma (4.4) we have
f dz ‘ TR
< —0
v 4+ 1 R4 — 1
as R — o0. Therefore,
/R dx / dz / dz / dz b
= = _ % —
rxt+1 A+ A+ A+ 2

as R — oo, which shows that

/‘X’ dx T
— —— converges = —.
oo X441 & J2

6.6 Singularities on the real axis

We cannot evaluate the integral

/OO dx
0o x3+1
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)

72

wR

73
Figure 6.3

by considering the contour integral

f dz

y 2 +1

round y as in Section 6.2 since the integrand has a singularity at z = —1 which is
on y. Instead we use the pizza slice contour y = y1 + y» + y3 shown in Figure 6.3.

Here @ = ¢*i/3 is the primitive cube root of unity (see Section 1.10).
Ony; Wehavez =1t (0 <t < R). Therefore,

/ dz _/R dt
no+1  Jo B+

Onys Wehave z = wt (R >t > 0). Therefore,

dz R wat R at 3
3 =" 311 @ 3.7 @=D
»n 2+ 1 0 wt’+1 o °+1

Ony, We have

dz 27 R/3
< — 0
» B4+1 R3—1

as R — oo. A
The integrand has a singularity inside y at z = ¢/ = —@? (if R > 1) where
the residue is

1 1 1
Res —— =|-— = = —.
=2 2+ 1 |:312:|Z=_w2 3w* 3w

Therefore,

/ dz _27ri
yZ3+1_ 36!)
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Figure 6.4

Hence we have

R gt dz
—(1_ )/ 3 / 3 ’
41 +1

which shows that

/0" dt converees 2i 2w
V = = s
o Bl S T 3,00 T 33

since w(1 — w) = w — w? = /3i (see Figure 6.4).

6.7 Half residue theorem

To evaluate the integral

o0 1
sin x
/ dx
oo X

we would like to consider the contour integral

eiz
—dz
y Z

round the usual D-shaped contour as in Section 6.4 except that the integrand has a
singularity at z = 0. We use instead the indented contour y = y; + 2 + y3 + 4
shown in Figure 6.5.

Ony; Wehavez =1t (r <t < R). Therefore,

RE R it
/ —dz=/ —dt.
n % ro 1



Evaluation of infinite real integrals

61

Figure 6.5

Onys Wehave z = —t (R >t > r). Therefore,
K R ,—it
—dz = —/ —dt.
v L ro 1

Combining these two integrals we get

eiz eiz R eit _ e—it R sin ¢
—dz+ —dz=/ ——dt = i[ —dt.
r t r

n < v < 4

On y» We have (integrating by parts)

iz iz iz
e e e
. [_} o L
V2 Z 14 ¥ %) lZ

The first term on the right-hand side

- S -0
—iR iR iR

it eTIR IR 2cos R
iz
as R — o0o. Whilst the second term

TR T
S—:——)O
R2 R

eiz
) dZ
y 12

as R — o0. Therefore,
iz
—dz—> 0
rn <

as R — oo. .
Onys Wehave z = re'!(mw >t > 0). Therefore,

/—dz—/y4 /V Z(’Z)" .
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The first term on the right-hand side

dz T jrelt T
— = - dt = — idt = —mi.
ys < 0o re 0

As for the second term, we have

which gives

1 00 . \pn
/ —Z(ZZ‘) dz
Y4 < 1 n.

as r — 0. Therefore,

r

e —1
Snr( ):n(er—l)—>0

iz
e .
—dz —> —mi
s <

asr — 0.
This is a particular case of the half residue theorem. If y were a full circle centre
0, radius r, then

iz
e .
—dz =2mi
v <

for all » > 0, since the residue of the integrand at z = 0 is 1. The half residue
theorem states that if y is a semicircle then the integral converges to half this value
as r — 0 (see Appendix 2).

Piecing all this together we have

eiz Rsint eiz eiz
0= —dz=2i/ —dt + —dz+ —dz
y < roo 1 v % ys L

which on letting R — oo, r — 0 gives
* gin ¢
0 t

and hence

00 .

sin ¢ 4
/ UL
0 t 2
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Example Consider the integral
% /sinx\?
(=) e
—oo \ X
To evaluate this integral we observe that

00 : 2 %) 0o 2ix
1 1— 2 1 1-—
/ S x dx:—/ ﬂdx:—Re/ ¢ dx,
—oo \ X 2 J x2 2 oo X2

and work with

1 [ 1—é%:
| ——dz
2/}, z2

where y = y1 + 2 + y3 + y4 as in Figure 6.5.
The Laurent expansion of the integrand at z = 0 is

11—eX 11— (1+2z+) i
2 72 ) z2 Z

which shows that z = 0 is a simple pole with residue —i. Therefore, the half
residue theorem applies and, continuing as in the first example, we obtain

00 . 2
/ (smx) P
oo \ X

Examples

Evaluate the following integrals.

1 /ood_x (r/2)
. 14 w/

o [T 6
' f_oo Zrnaita O

© dx
3. /;oo —(x2 1) (r/2)

o0 dx
4. / m e

©  cosxdx _1
5. —— (mwe” "cosl)
oo X2+ 2x 42
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oo L2
6. / LN

Ceo X441

7 /wd—x( 5)sin(r/5))
S R (r/5) sin(/

% /sinx\’
8. / ( r ) dx Q3r/4)
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Summation of series

7.1 Residues of cotz

Elementary theory of sequences and series only allows very few series to be
summed exactly. In most cases, one has to be content with knowing that a series
converges without knowing what the sum is. It is however possible to sum a wide
class of series by exploiting properties of the complex cotangent function cot z.

The singularities of cot z = cos z/ sin z occur at the zeros of sin z which are at
z = nm for integral n (see Section 2.9). The residues at these singularities can be
obtained by differentiating the denominator rule, and are

coSz cos Z
Res cotz = Res — = =1.
z=nm z=nmw SIN 7 CcOS 7 =n

7.2 Laurent expansion of cotz

We can either divide the Maclaurin expansions of cosz, sinz (as we did in
Section 3.6 for tan z) or use the expansion of tan z to obtain

1 1
tanz z4+23/3+225/15+---

cotz =

7.3 The method

We demonstrate the method by summing the series

1
S
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O Nz [(N+D)x

Figure 7.1

We let yy be the square centre 0 with half side (N + 1/2)x (Figure 7.1), and
consider the integral

cotz
/ e
YN

The integrand has singularities at z = nz where the residues are

cotz 1
es —— = ——
i=nm 72 n2n?

for n # 0. At z = 0 the Laurent expansion is

cotz 1 (1 z )_ 1 1 Z
72 z

showing that there is a triple pole at z = 0 with residue —1/3.
Therefore by the residue theorem (see Section 4.7) we have

cotz N 1 1
——dz=2mi |2 —— = =].

If we can show the integral — 0 as N — oo, then we get

and hence

1 T
apee
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7.4 Boundedness of cot?
From Section 2.8 we have

cosz|?  cos?x + sinh? y

|cotz|2 =

sin z sin x + sinh? y

where z = x +iy.
For y fixed we have

2 12 212 2
cos“ x + sinh 1 + sinh cosh
Y < Y - - coth? y,

sin?x +sinh?y ~  sinh?y " sinh? y
which shows that | cot z| < coth /2 = 1.090331411 ... for all z € the horizontal
sides of y forall N > 1.

For x fixed = (N + 1/2)7 we have

cos® x + sinh? y sinh? y

= < 1’
sin?x +sinh?y 1 +sinh?>y ~

which shows that | cot z| < 1 for all z € the vertical sides of yy forall N > 1.
Hence we have |cotz| < M = coth /2 forall z € yy forall N > 1.
We can now show

cotz
—2 dZ — 0
Z
YN

as N — oo. For z € yy we have |z] > (N + 1/2)mr > N, and the length of
yn 18 8(N + 1/2)m < 9Nm for N > 4. Therefore by the estimate lemma (4.4)
we have

IMNm  IM

< — =— >0
- N2p2 Nm

cotz
= &
yw <

as N — oo as required.

7.5 Use of cosec 2

Having shown that

1 1 1 72
1+?+?+E+m=_

we can obtain the sum of

1 1 1

-3+t %

7 +...=5
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by observing that

An alternative way to sum this second series is to use cosec z. The singularities
of cosecz = 1/sin z are at z = nzr where the residues are

1 1
Res cosecz = Res — = | —— =(=D".
z=nm z=n7 sin z CoSZ |y

The Laurent expansion of cosec z at z = 0 is

1

cosecz = prae Ty B
1 72 7 2 74 >
=11 2 4. 2 4.
z +<6 120+ )+(6 120+ >+
_lyrg Ty
T2 6 360° '
And cosec z is bounded on yy as in Section 7.3 since
2 1 1 1 4
|cosecz|” = = < <—2§—2<1

Isinz|®>  sin® x 4 sinh? y sinh2 y oy .
for |y| > /2, and for x = (N + 1/2)7

1 1
= <1.
sin?x +sinh®>y  14sinh?y ~

|cosec z|2 =
It follows (see Section 7.4) that

COSec z INm 9
/ 5 < dz| < — 0
z
YN

= N2z2 Nz
as N — oo. But

o0
cosec 7 . -n"* 1
dz =2 2 -1.
[yN 2 & 7”( 21: 22 6

Z
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Hence we obtain

= a2 12
equivalently,
R R R &
22 32 42 12
as before.

7.6 Use of tanz

We can sum the series

1 1 1
1+3—2+§+7—2+"'
given that
1+1+1+1+ _7;2
22032 42 6
by observing that
1 1 1 1 1 1
]+3—2+5—2+7—2+-..= 1+§+3—2+47+"'
1 1
_712 172
6 46
=3

Alternatively, we can use the integral

tan z
—de7
n %

where yy is the square centre at O with half side Nz (Figure 7.2).
The singularities of tan z are at z = (n + 1/2) with residues —1. Therefore
the residue of tan z/z% at z = (n + 1/2)7 is
tan z 1 4

Res =— =— .
=1/ 72 (n+1/2)2x2 (2n + 1)2x2
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N

Figure 7.2

There is also a singularity of tan z/z? at z = 0 where the Laurent expansion is
(see Section 3.6)

Therefore the residue at z = 01is 1.
It follows that

tanz Nl
——dz=2 1),
/,, 2 m( XN;(ZH St )

which gives

> 1 n?
Lo a
equivalently,
R B R &
3252 72 8’

provided we can show

tan z
/ ELL AR

as N — oo.

For this it is sufficient as previously to show tan z is bounded on yy for all N.
Which it is since

sinz|>  sin?x + sinh? y 1 + sinh?

—— < — = coth’®
cos? x + sinh* y sinh®

|tanz|*> =

COS Z
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for |y| > . And for x = N we have

)
sinh” y <1

|tan z|? = —5 - =
1 4 sinh“ y

Hence |tan z| < coth for all z € all yy.

7.7 Use of cotnz

Consider the series
i 1
- n2+1
The integral

cot z
/ 5 dz,
w2+ 1

where yy is the square centre 0 with half side (N + 1/2)7 will sum the series

0]

>
- w2n? +1
which is not quite what we want. Instead we use
cotmz
/ ST dZv
w 21

where yy is the square centre 0 with half side (N + 1/2) (Figure 7.3).
The singularities of cot 7wz occur at z = n with residues

CoOSTZ CoSTTZ 1
Rescot mz = Res — = —.
z=n Z=n SINTTZ JT COSTTZ 7=n T

N

0| N [N+

Figure 7.3
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Therefore,

cotmwz 1 1
es = — .
=n 72 + 1 Tn24+1

The integrand also has singularities at z = %i where the residues are

cotmz cotmz cotmi coth cotmz
€S 5 = = n = = KRES R
=i 7+ 1 2z ], 2i 2 7=—i -+ 1
Therefore,

cotmz 1 N 1
dz =2mi | — — coth ,
[ S n,(n_§;n2+l co n>

which gives

=1

E = 7 coth m,
n? 41

—0oQ

provided the integral — 0 as N — oo. Which it does since | coth 7z| < coth /2
on yy, and the length of yy is 8(N + 1/2), therefore

— 0

/ cotmwz <8(N—|—1/2)coth71/2
R e G VR 5

as N — oo.

7.8 Use of secz

It might be thought that the integral

Sec z
[ 3 dz,
yw <

where yy is the square centre 0 with half side Nz (see Figure 7.2) will sum the
series

1 1 1

"t g

32 + ...

However it turns out that it doesn’t. The problem is that it sums the series
2 =
~ @n+1

which is true but not very helpful.
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In fact, no closed form is known for the sum of the series

1 1 1

"ute 2

32 + ...

Examples

Find the sum of the series

1 1 1

1+2—4+3—4+47+"'

by integrating cot z/z* round a large square contour.
Use your answer to Question 1 to find the sums of the following series.

1 1 1
l—mtm—mt
1 1 1
1+3—4+5—4+7—4+"'

Find the sum of
1 1 1
l—utm—mt

by integrating cosec z/z* round a large square contour. Compare your answer
with the answer you got in Question 2.
Find the sum of

1 1 1
Frmra

1+
by integrating tan z/z* round a large square contour. Compare with the answer
you got in Question 2.

Find the sum of

1 1 1
1+ 3 + 5 + 71 + -
by integrating cot 7z/(2z 4+ 1)* round a large square contour. Compare with
Questions 2 and 4.
Find the sum of

o0

1
Zn(n—i— 1)

1
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by writing the nth term as

1 1 1

n(n+l):n n+1"

7. Find the sum of

o]

1
Z:n(n—i—l)

1

by integrating cot wz/z(z + 1) round a large square contour. Compare with
Question 6.



Chapter 8

Fundamental theorem of
algebra

8.1 Zeros

We call the point ¢ a zero of the function f(z) if f(c) = 0. For example, the zeros
of sinzareatz = nm forn =0, &1, £2,....

We define the order or multiplicity of a zero as follows. Suppose f (z) has Taylor
expansion

n

f(z)=zan(z—0)”=zf ‘(c)(z—C)"
0 0 ’

atz = c. Wesay cisazeroof ordern ifag =a; =--- = a,—; = 0, buta, # 0.
Equivalently, if f(c) = f'(c) =--- = f®~D(c) =0, but £ (c) # 0. A zero of
order 1 is called a simple zero, a zero of order 2 is called a double zero, etc. For
example, the zeros of f(z) = sinz are all simple since f'(z) = cosz = +1 at
z = nmw. However, for example, g(z) = zsinz has a double zero at z = 0 since
the Maclaurin expansion is

1 — _£+ = 2_i+
Zsinz =2 \2 30 | =2 31

Theorem 1 (Fundamental theorem of algebra) Every polynomial of degree
n with complex coefficients has n zeros in the complex plane taking account of
multiplicity.

Case n = 2 Every quadratic polynomial p(z) with complex coefficients has

2 roots, possibly coincident. The case of coincident roots is when p(z) is a perfect
square taking the form

p(z) = A(z — B)?,

therefore p(z) has a double zero at z = B.
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8.2 Argument principle

We can count the number of zeros a function has inside a closed contour by means
of the following theorem.

Theorem 2 (Argument principle) If f(z) is differentiable inside and on the
closed contour y, and if f(z) # 0 anywhere on y, then the number N of zeros of
f(2) inside y is given by the formula

_ 1 [f®@
N = Tl /y 7@ dz.

Geometrical interpretation Observe that

1 f'(@

1
i ), o T i [log /)],

since log f(z) is a primitive of f(z)/f(z). But (see Section 2.12)

log f(z) =log| f(z)| + iarg f(2),

and log | f (z)| is single valued. Therefore,

1 ) 1
i [log f(Z)]V =5 [arg f(Z)]J, .
So Theorem 2 says that the number of zeros of f(z) inside y is equal to the number
of times f(z) circulates the origin as z goes round y .

Example Suppose f(z) = z> — 1.

Case 1 1y = circle centre 0, radius 1/2.

We can parametrise y; as z = P /2 (0 <t < 2m). Therefore, the image
contour f(y) parametrises as w = f(z) = z> — 1 = ¢%*!/4 — 1 which is the
circle centre —1, radius 1/4 described twice. Observe that f (y1) does not circulate
the origin at all, corresponding to the fact that there are no zeros of f(z) inside y;
(Figure 8.1).

Figure 8.1
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Case2 1y, = circle centre 0, radius 2.

We can parametrise y» as z = 2¢! (0 <t < 2m). Therefore, the image contour
£ () parametrisesas w = f(z) = z2—1 = 4e%!—1 which is the circle centre —1,
radius 4 described twice. Hence in this case the image contour f(y») circulates
the origin twice, reflecting the fact that f(z) has 2 zeros inside y» (Figure 8.2).

Case 3 y3 = circle centre 1, radius 1.

On y3 we have z = 1 + ¢//(0 <t < 27). Therefore on f(y3) we have
w = f(z) — (1 +62it)2 _ 1 — eit(e—it/z +eit/2)2 _ 1 — 4eil COSZ t/2 _ 1

which shows w + 1 = re'? where r = 4 cos? t/2,6 = t. Hence in this case the
image contour is the cardioid illustrated in Figure 8.3 which circulates the origin
once, in agreement with the fact that z> — 1 has one zero inside y at z = 1.

© f(r)
Ak
-2 —i 0 i 2 i 3
Figure 8.2
® ®

Figure 8.3
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Proof of the argument principle The singularities of f'(z)/f(z) occur at the
zeros of f(z). If f(z) has a zero of order n at z = c, then the Taylor expansion is

f@ =ayz—)" +ans1(z—c)" T4,
where a,, # 0. Therefore,

/@) napz—o)" '+ (n+ Dagyi(z—o)" + -
f@  an@—0"+ap(z— o)t 4
1 nay+ @+ Dagy1(z—c) + -+
T z—c¢  aptanpiz—o)+---

has a simple pole at z = ¢ with residue n by the cover up rule (see Section 4.8).
The result follows.

8.3 Rouché’s theorem

The following theorem due to Rouché (1862) enables us to say something about the
distribution of the zeros of a given function by comparing it with another function
whose zeros are known.

Theorem 3 (Rouché’s theorem) If f(z), g(z) are differentiable inside and on
the closed contour y, and if | f(z)| > |g(z)| for all z € y, then f(2), f(2) + g(2)
have the same number of zeros inside y .

Proof Informally, we can add any ‘smaller’ function g(z) to f(z) without
changing the number of zeros inside the contour.
By the argument principle it will be sufficient to prove that

/f’(z)+g’(z)d [ '@
———dz = dz
y f(@)+g@ y J(@)

Observe that

! / / d d
FRQ+e@) JT® _ 40+ ) - olog /()

f@Q+gk fl dz
(f(z)+g(z)>
Og _—
f(@)

dz
_d £G)
=7 10g(1+ f(z))

d
= —1logh
2z o8 (2)

_ @)
" h(z)
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xh (z)

Figure 8.4

where

g(2)
h =14+ ===
© * f(@

The condition | f(z)| > |g(z)| implies that h(z) must satisfy the inequality
|h(z) — 1| < 1 for all z € y. It follows that /(z) cannot circulate the origin as z
goes round y (Figure 8.4). Therefore by the argument principle we must have

h/
/ @ 4. =0
y h(2)
as required.
Application We can use Rouché’s theorem to show, for example, that the zeros

of the polynomial p(z) = 22 +z2+3allliein the annulus 1 < |z| < 2. If we take
f(z) =23, g(z) = 2% + 3, then for |z| = 2 we have

lg@)| =122 +3| < | +3=4+3=7<8=2| = |f (D).

Therefore by Rouché’s theorem p(z) = f(z) + g(z) and f(z) have the same
number of zeros inside |z| = 2. But f(z) = z° has 3 zeros inside |z| = 2 in the
form of a triple zero at z = 0. Hence also p(z) has 3 zeros inside |z| = 2.

If instead we take f(z) = 3, g(z) = z° + 27, then for |z| = 1 we have

@ =12+ <121+ =1+1=2<3=[f2)|

Therefore by Rouché’s theorem p(z) = f(z) + g(z) and f(z) = 3 have the same
number of zeros inside |z| = 1. But f(z) has no zeros inside |z| = 1. Hence
neither has p(z) (Figure 8.5).
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et
&

Figure 8.5

8.4 Proof of the fundamental theorem of algebra

Suppose that
p@) = ap" +an12" '+ 4 aiz +ao,
where a,, # 0, is a polynomial of degree n. Let
(@) = anz",
g@) =a, 12" + -+ a1z +ao,

and let yr be the contour |z| = R. Then on yg we have

8@ _Jan12" '+ faiztao
f@ anz"
lan—12" " + - + |larz| + laol
- lanz"|
_lana|R™ 4 - 4 |ar |R + |ag|
la, | R"

-0

as R — oo. Therefore, we can choose R such that | f(z)| > |g(z)| for all z € yg.

It follows by Rouché’s theorem that p(z) = f(z) + g(z) and f(z) have the
same number of zeros inside yg for this R. But f(z) = a,z" has n zeros inside
¥R, all at z = 0. Hence also p(z) has n zeros inside yg, as required.

Examples

1. Prove that all the zeros of the polynomial z3 + 9z% 4+ 9z + 9 lie inside the
circle |z| = 10.
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Prove that exactly two zeros of the polynomial z3 4+ 9z 4+ 9z + 9 lie inside
the circle |z| = 2.

Prove that none of the zeros of the polynomial z3 + 9z% + 9z + 9 lie inside
the circle |z| = 1/2.

Prove that all the zeros of the polynomial z* + 6z + 8 lie between the two
circles |z| =1, |z| = 3.

Prove that the polynomial z* + z + 1 has one zero in each quadrant.



Solutions to examples

I Complex numbers

1. (i) 6 + 10i. (i) —4 — 4i. (i) —16 + 22i. (iv) (13/37) + (4/37)i.
V) £Q2+1i). (vi)log~/2 +in/4 (PV).

241 21 ‘
2. «/1+i=j:\/\/_2+ ii\/fz = +/267/8,

Since arg /1 +i = /8 (PV), we have

[V2 -1
tan 77/8 = V21 V2 —1=0.4142135624. ..
V241

3. IfC =cosf, S =sinb, then

cos30 =C3—3CSs*=C3-3C(1—C? =4C-3C,
sin30 = 3C2%S — §3 =3(1 — §%)S — §3 =35 — 453,

4. If C = cos30°, then
0 = cos90° = 4C3 — 3C = C4C? - 3).

Therefore C = 0 or 4+/3/2. What do the other values of C represent?
5. (€9 4+ e710)3 = 39 1 3610 1 30710 4 7310 = D cos360 + 6cosh.

/2 /2
6. / cos’0 do = / sin’6 do = 2/3.
0 0

7. (e¥" — 1)/10.
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2 Complex functions

8. To find the maximum of | sin z| on the disc |z| < 1 we use the infinite form of
the triangle inequality which states that

00
§Z|2n|
1

for any sequence of complex numbers (z,)n>1.
In particular,

o0

Yz

1

<||+@+E+d+...
=TS TS T

<1 1 1 1

= +§+§+ﬂ+"'

= sinh 1
for |z] < 1.
Also for z =i we have |sini| = |i sinh 1| = sinh 1.
Therefore, |sin z| is maximum on |z| < 1 at z = i with maximum value
equal to sinh 1.

9. Ifz=ux+iythen

z+1
z+4

-

is equivalent to
x4 iy + 112 = dlx + iy + 42
@+ D7+ =4+ +))
X4 2x+1+y2=4x*+8x + 16+ y?)
0 = 3x2 +3y% 4+ 30x + 63
0=ux+y*+10x 421
4=x24+10x +25+y%> = (x +5)% +)?
4=|)c—i-5—|-iy|2
2=|z+5|

which is the equation of a circle centre —3, radius 2.
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3 Derivatives
1. Ifz=re? =x+iy, then

logz =logr +i0 = %log(x2 + yz) +itan”! X.
X

u(x,y) = 3log(x* +y%), w(x,y)=tan"' %

u v X ou  dv y

ax 9y x24+y2 3y  x  x24y?
ou av X —iy 1 1

! = — | — — = = —

Fe 8x+18x x24+y2  x+iy z

2. |z|* = x? + y2. Therefore u(x, y) = x2 + y2, v(x,y) = 0. The Cauchy—
Riemann equations hold only at x = y = 0. The derivative at z = 0 is 0.

3. If f(z) =2(z]*> = 2) = (x — iy)(x2 + y% — 2), then
u(x,y) =x(x?+y*=2), v, y) =—yx*+y*-2).

u ou ov av

— =3i+y? -2, —=2xy, — =-2xy, —=-x>—3y"+2.
ax Aty ay Y ax Y ay * o+
a a

—u=——v for all x, y.

ay dx

a a

—uz—vonlywhen

ax  dy

3x2+y2—2:—x2—3y2+2,
which simplifies to
X2+ y2 =1.

For |z| = 1 we have

du  ov _
()= a—i—ia =3x24+y?—2-2ixy = x> —y? 2ixy = (x—iy)? = 7°.

4. If f(z) is real valued, then v(x, y) = 0. Therefore,

ou ov ou dv

== ——— =0

ax  ay 0y  ox
Therefore u(x, y) = constant.

5. etsinz=z+22+2°/3-22/30+---.
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6. () Putt =z —2.Then z =t + 2. Therefore,

1 1 1 1 1 r 2P

i I =—|l—=4—=—=4...

z t+2 21412 2 2 4 8
11

I P ALY I
=5 Z(Z )+§(Z ) =

The range of validity of the geometric series is |f/2| < 1. Therefore the
range of validity of the Taylor series is |z — 2| < 2.

(i) Putt = z — i. Then z = t + i. Therefore,
2

. . . t
e =et =cle =¢ (1+t+5+~-~>

. . ei
=e -+ 5=+
Range of validity is all ¢, therefore all z.
(iii) Put# = z — 1. Then z = ¢ + 1. Therefore,
23
1 =logt+)=t——+——---
ogz =log(t 4+ 1) 5 + 3

D m s i)
= Z ) Z 3 Z .
Valid for |¢| < 1, therefore |z — 1| < 1.

7w =4 (14 +Z2+ L
Z10 Z10 z 21 Z10 Z9 9! 7

Pole of order 10 with residue 1/9!

L osinz 1 3 111 111

Wom=wsE gt ) =m 5ot TEa s
Pole of order 14 with residue 0.

(iii) To find the Laurent expansion at z = 1 put = z — 1. Then

1 1 1 11
2—-1 @¢+D2—=1" 2242t 2t1+41)2

1 | t+t2 1 1+z
T 2 4 T2 48 ’

Simple pole with residue 1/2.
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To find the Laurent expansion at 7 = —1 put# = z + 1. Then

1 1 1 1 1

2-1 (—-D2—1 -2t 21—1)2

Simple pole with residue —1/2.
8. Using the geometric series expansion we have

3z+1_1+2_1122
Z+2(z—-3) z+2 z-3 21+4+z/2 31-2z/3

_lzn2 2142424
2 2 4 3 39 '

The first bracket is valid for |z/2| < 1, thatis, |z| < 2, the second for
|z/3| < 1, that is, |z| < 3. Therefore both are valid for |z| < 2.

4 Integrals

2
1. (i)/Re zdz=/ (cost)ie'' dt = mi.
¥ 0
2 ! 2 4 8 5
(ii)/lzl dz:/ >+ +2it)dt = — + =i,
14 0 15 6

(iii) y parametrises as z = (1 + i)t (0 <t < 1). Therefore dz = (1 + i) dt,
and hence

1 1
/Zdz:/ (1—i)t(1+i)dz=2f tdt = 1.
1% 0 0

2. (i) |e%] = eRe 2 < e? for z € y. Length of y is 277.
(ii) | sinz| < sinh 1, |z +i| > v/2forz € y.Lengthof y is 7.
(iii) |z — 2| < +/10, |z — 3| > 2 for z € y. Length of y is 8.
3. (i) Singularity at 1. Residue 2.
(ii) Singularities at £ri. Residues F1/2mi.
(ii1) Singularities at 2,4. Residues 1/2.
4, () 4mi. (1) —1. (i) —mi.



Solutions to examples 87

/@)

Z—a

Residue of atz =ais f(a).

The integral vanishes for a outside y by Cauchy’s theorem.

Evaluation of finite real integrals

We have

/2” dt _2/ dz  2m
0o 2+4cost i), 2+4z+1 /3
by the residue theorem. The integrand has one singularity inside y at z =

J3 - 2, where the residue is 1/ 2.3 (differentiate the denominator).
‘We have

fzﬂ dt / dz _2n
o 3+42sint  J,2243iz—1 /5
The integrand has one singularity inside y at z = (/5 — 3)i /2, where the

residue is 1/\/31'.
‘We have

/2” dt / zdz
—— =4 A 5 L, =T7
o 4—3cos?t y 324 —10z2 43

The integrand has two singularities inside y at z = #1/+/3, where the
residues are both equal to —1/16.

We have

/Z’fsinSIdI_/zs—l/z5 dz_/zlo—l dz
o sint ), z—1/z iz J, 2-1 i
/‘1+z2+z4+z6+28
y iz’

dz

1 111 3
- Stz t+t-+z+z27)de=2n.
iJ,\z2 7 z

‘We have

2 6

1 1\ d
/ cosétdt:—[<z+—) —Z
0 64 y Z 1z

<z6 +6z% + 1572 420 +

iz 8

Il
2| -
S

15+6 1>dz_57t
[ S
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6

1.

Evaluation of infinite real integrals

has singularities at z = +2i.
7= +4

The residue at z = 2i is 1/4i (differentiate the denominator).

dz TR
3 <= (R>2)—>0 asR — oo.
ni-+4| 7 R-—4

1

m has singularities at z = =i, £2i.
< V4

The residue at z = i is 1/6i. The residue at z = 2i is —1/12i.

/ dz - TR koo 0 .
123 (22+])(12+4) - (RZ_I)(R2_4)( >2) —> as 0.

m has a double pole at z = i.

To get the residue we have to compute the Laurent expansion. Putt = z —i.
Then we have

LS S B SR -
24+ 12 (24202 42 2i

S U A [ N
T4 i T 42 4ir

(using the binomial theorem with exponent —2). Therefore the residue is 1/4i.

TR

d
‘ §(R2_1)2(R>1)—>O as R — oo.

L @2+ 1)

> has singularities at z = w, w?, where > = 1.
z2+z+1
1 1

The residue at z = wis ———— = ——.
20+1  /3i

dz 7R
3 = (R>2)—0 asR — oo.
nwi tz+l1 R*—R -1

Observe first that

/OO cosx dx foo e dx
——— =Re —_.
oo X2+ 2x 42 oo X2+ 2x 42
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Second that |¢?| = [e!@ )| = |7V = |ei¥e ™| = e < 1 on .
Therefore

e'dz TR
< (R>3)—0 asR — oo.
72

2 4+2742 R2—-2R -2

eiz
——— has singularities at z = —1 & i.
242742 g

The residue at z = —1 + i is ¢!~/ /2i. Therefore,

0o eix dx .
o X*+2x+2

Now take real parts.

2

77+1 . ..
o has singularities at z = w, @, @, ' where @3 = 1.
z

The residue at z = w is

w2+1_w7+a)5 \/zi i

P Wk

The residue at z = @° is

w6+1_w6+1_a)5+w7_ \/Ei_ i
40 4o 4 4 22
2 2
1 R(R*+1
fz4+ dz‘sn (4 D R )50 asR— oo
wit1 R* —

Use a pizza slice contour with angle 27 /5.

Observe that for x real

= =Im ,

sinx )} 3sinx — sin3x 3eit — Q3
4x3 4x3

X

and that for z complex

3¢ — M 3(1+iz—22/24 ) — (14+3iz—922/21+- )

473 473
243224 1 L3
B 473 273 4

(See N.B. at the end of Appendix 2.)



90 Solutions to examples

7 Summation of series

1. 7*/90.
2. Tx%)720, w4 /96.
6. Observe that

o]

Zn(n—}—l)

i(%_n—}-l)

(e (k)

7. 1If y is the square with centre 0, and half side N 4 1/2, then

cotmz 4 ‘ 8(N + 1/2)coth/2  16cothm/2
y 2z +1) ~(N+1/2)(N +3/2) 2N +3

as N — oo. Forn # 0, —1 we have

cotmz 1

es = .
=n z(z4+1) 7ann+1)

At z = 0 we have

cotmz 1 <L_E_ﬁ_...)(1_Z+Zz_zs+...)
z2z+1) z \nz 3 45
1 1
T w2 wz

which shows that z = 0 is a double pole with residue —1/7.
Atz = —1 we have, putting t = z 4 1,

cotwmz cotm(t — 1) _cotmt
2z+1)  ¢—-Dt (-1
1 1 nt
= | —— — = — — ... 141¢ t2 l‘3 )
t (m 3 45 ) ( T AT
. 1 1
o mt
which shows that z = —1 is also a double pole with residue —1 /7.

Therefore by the residue theorem we have

N N-1
2

cotmz 1 1
—d —_ + — —,
/;:Z(Z—i-l) ¢ Zn(n-i-l) nXI:n(n—i-l) T
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which, on letting N — oo, gives
2 & 1 2

O = — Z — T
T4 nn+1) =«

and hence

o0

1
Zn(n—{—l):l

1

Fundamental theorem of algebra

If f(z) =23, g(z) = 922 + 9z + 9, then for all |z| = 10 we have
lg(2)] = 192% + 92+ 9] < 9z|* +9Iz| + 9 = 999 < 1000 = |2°| = | f(2)!.

Therefore by Rouché’s theorem f(z) = 2, f(@)+g) = 22497249249
have the same number of zeros inside |z| = 10. But f(z) = z3 has 3 zeros
inside |z| = 10, all at z = 0. Hence also z> 4+ 922 + 9z + 9 has 3 zeros inside
|z| = 10, as required.

If f(z) =922, g(z) = 2° + 9z + 9, then for all |z| = 2 we have
8@ =122 +9249] < 12> + 91z + 9 = 35 < 36 = [92%| = | f(2)|.

Therefore by Rouché’s theorem f(z) = 922, f(z)+g(z) = 2°+9z°+9z+9
have the same number of zeros inside |z| = 2, namely 2, since f(z) = 972
has 2 zeros inside |z| = 2, both at z = 0.

If f(z) =9, g(z) = 2% + 922 + 9z, then for all |z| = 1/2 we have
lg@)| = 12> + 922 + 9z < |zI> + 9121 + 91z| =55/8 <9 = | f(2)|.

Therefore by Rouché’s theorem f(z) =9, f(z)+g(2) = 22 4+9224+9z+9
have the same number of zeros inside |z| = 1/2, namely none, since f(z) =9
has no zeros inside |z| = 1/2.

On |z] = 1 we have
123 +6z] < |z)* + 6|z =7 < 8.

Therefore z> + 6z + 8 has no zeros inside |z| = 1.
On |z| = 3 we have

162 + 8] < 6|z| + 8 =26 < 27 = |7°].

Therefore z> + 6z + 8 has 3 zeros inside |z| = 3.
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5.

Take f(z) = z* + 1, g(z) = z. The zeros of f(z) are at w, >, @, w’

where w = e™/4 Let y = y; + Y2 + v3, where y is the straight line z = x
(0<x <R),yristhearc z = €' (0 <t < 7/2), and y3 is the straight line
z=iy(R=y=0).

Ony; Wehave x* + 1 > x. (Clearly!)
Onys Wehave [f(2)| =y*+1>y=]g@)l
Ony, Wehave |f(z)]=z*+1>R*—1>R=|g(x)|if R > 2.

Hence |f(z)] > |g(z)| on y if R > 2. Therefore f(z) = z* + 1,
f(z) + g(z) = z* + z + 1 have the same number of zeros inside y if R > 2,
namely 1. Argue similarly for the other quadrants.



Appendix |: Cauchy’s theorem

If y is a closed contour, and if f(z) is differentiable inside y and on y, then

/f(z)dzzo.
y

Proof

Case 1: y = Unit square Writing y = y1+y2+ y3+ Y4 where y1, y2, v3, y4 are
the four sides taken in anti-clockwise order starting from 0, and writing f (x+iy) =
u(x,y)+iv(x,y), we have

1
f(z)dz=/ (u(x,0)+iv(x,0))dx,
0

4!

1
f@)dz= i/o (u(l, y) +iv(l, y))dy,

Y2

1
f@)dz = —/ (u(x, 1) +iv(x, 1)) dx,
0

V3

1
F2)dz = —i/ (0. 3) +iv(0. ) dy.
V4 0

Therefore,

f(z)dz+/ f(@dz
3

Y1 V3

1 1
= / (u(x,0) —u(x,1))dx + i/ (v(x,0) —v(x, 1)) dx
0 0

1 1 1 1
0 0
=—/ / —”(x,wdxdy—i/ / 22 (x, y)dx dy.
o Jo 9y o Jo 0y
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Also

/f(z)dz+[ f@dz
Y2 Y4

1 1
/0<v<o,y)—v<1,y)>dy+i/0 w(l, y) — u(0, y)) dy

1 1 9 1 1 9
= —/ / —v(x,y)dxdy+i/ / —u(x,y)dxdy.
o Jo Ox o Jo 0x

But the Cauchy—Riemann equations

ou ov ou ov

ax ay 9y  ox
hold everywhere inside and on y. Hence we have

/f(Z)dZ= f@dz+ | f(dz+ f(z)dz—i—/ f()dz =0.
% 7

72 3 12
Case 2: y = Any rectangle Similar.

Case 3: y = Any rectilinear contour Meaning y = Zjlv ¥» where each y, is
a straight line parallel either to the real axis or to the imaginary axis.

By adding and subtracting further straight lines we can write y = Ziv / ¥, where
y,; are all rectangles. Therefore,

N/
/ f@dz=Y | f)dz=0.
Y 1 ;

Yn

Case 4: y = Any closed contour We can choose a sequence of rectilinear
contours y,, all lying inside y, such that

F)dz — f F(o)dz
Y

Yn

asn — oQ.



Appendix 2: Half residue theorem

If y, is the contour z = re'’ (0 <t < m), and if f(z) has a simple pole at z = 0
with residue A, then

f()dz — wiA
Vr

asr — O.

Proof The Laurent expansion of f(z) at z = 0 must take the form
A oo
f@=_+ ;anz".

Therefore we must have

f2)dz = édz +/ <Zanz”) dz.
Yr Z Yr 0

Yr

The first integral evaluates to

A T A : T
—dz:/ ——ire' dt :iA/ dt =TiA.
v 2 o ret 0

The second integral — 0 as r — 0, since for all z € y;

e ¢]

e

0

o0 o0
<Y land =) lanlr",
0 0
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and therefore by the estimate lemma

o0 o
/ Zanz” dz| < mr Z lan |r"
Yr 0 0

which — 0 as r — 0. The result follows.

N.B. We can allow multiple poles provided there are only odd negative powers
in the Laurent expansion, since these make no contribution to the integral round
the small semicircle.
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Index of symbols and abbreviations

il

Re z 3
Imz 3
z3

lz] 3,5
arg z 5
PV) 5
F™(x) 29
y 37

l, 39
Res 46
(CPV) 53



General index

Argand 1

Argand diagram 4
argument 5

argument principle 76

boundedness of cotz 67

Cartesian form 6

Cauchy 1, 26

Cauchy principal value 53
Cauchy—Riemann equations 26
Cauchy’s integral formula 48
Cauchy’s theorem 42, 43
closed contour 38

conformal mapping 22
conjugate 3

continuous function 25
contour 37

convergence of an infinite integral 53
cover up rule 46

de Moivre 1

de Moivre’s theorem 6

derivative 24

differentiable function 25
differentiating the denominator 47
double pole 33

double zero 75

D-shaped contour 54

essential singularity 33

estimate lemma 39

Euler 1

Euler’s formula 6

Euler’s formulae for cos 8, sinf 7

fundamental theorem: of algebra 75; of

calculus 36
Gauss 1

half residue theorem 95
hyperbolic functions 17

imaginary axis 4
imaginary part 3
indented contour 61
inequalities 9
integrable function 37

Laurent expansion 32
length of a contour 39
logarithm 21

Maclaurin coefficient 29
Maclaurin expansion 29
modulus 3,5

nth root 8,9

order of a pole 33
order of a zero 75
orientation of a contour 38

parallelogram law of addition 5
parametrisation of a contour 37
pizza slice contour 59

polar form 6

pole 33

polynomial 14

primitive of a function 37
primitive nth root of unity 9
principal part 33



100 General index

principal value: of argz 5; oflogz 8; of
Zi/mg
pure imaginary 4

rational function 14
real axis 4

real part 3

residue 33

residue theorem 44
Riemann 1, 26

roots of unity 9
Rouché’s theorem 78

simple pole 33

simple zero 75

singularity 14, 33

straight line 38

substituting the parametric function 39

Taylor coefficient 32
Taylor expansion 32
triangle inequality 9
trigonometric function 17

unit circle 38
unit square 38

zero 75
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