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Preface

The tools from Galois cohomology play a fundamental role in modern number
theory. They contribute to a better understanding of the Galois group of a local or a
number field, which are central objects in most of the important arithmetic problems
of our times. Cohomological class field theory, that was developed after the Second
World War, can be seen as the first step since it mainly concerns itself with the
extensions whose Galois groups are abelian. In a certain sense it is the dimension 1
case of the Langlands program, which is today one of the most prominent areas of
arithmetic.

The reason for writing this book was a shortfall in the existing literature. Books
such as [39] and [42], that provide proofs of the Poitou-Tate theorems, generally
assume a certain amount of results from class field theory. This makes student’s
understanding of the logical sequence of ideas difficult. Conversely, books on class
field theory such as [9], [40] or [26] do not treat arithmetic duality theorems of
Poitou—Tate type.

The aim of this monograph is therefore to provide an exposition with complete
proofs of the following topics: basics of cohomology (Part I: Chaps. 1-6), local
class field theory (Part II: Chaps. 7-11), global class field theory (Part III: Chaps. 12
—15) and the difficult (but extremely useful) Poitou—Tate theorems (Part IV: Chaps.
16-18).

The prerequisites are limited to generalities on algebra and arithmetic as taught at
the first year master’s level at French universities (Galois theory, basics of arith-
metic and the theory of finite groups) thus making the book accessible to the second
year master’s students.

We have included a review chapter on local fields (Chap. 7) and another on
global fields (Chap. 12) as well as an appendix summarising results from homo-
logical algebra used in the book. We believe indeed that some knowledge of
homological algebra (abelian categories, derived functors, spectral sequences) can
be independently useful to a student wishing to pursue their study of algebra,
arithmetic or algebraic geometry.
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Furthermore, systematic usage of homological algebra provides a really elegant
presentation of some results (e.g. those on class formations in Chap. 16) that
otherwise would appear rather artificial. It also justifies the commutativity of dia-
grams, which we attempted to present as rigorously as possible throughout the
book.

On the other hand, we did not consider necessary to use derived categories. Even
though they may bring a new viewpoint, their understanding requires considerable
effort and they are not really necessary for the topics covered in this monograph.
However, they become indispensable if one is interested in more general duality
theorems than those of Poitou—Tate, such as those involving fields of cohomo-
logical dimension at least 3 [19] or complexes of Galois modules [17, 20].

We have also chosen (mainly to keep the length of the main text reasonable) to
relegate to an appendix some analytic topics such as the proof of the “first
inequality” using the Dirichlet series (that we prove using algebraic techniques in
Chap. 13), or the Cebotarev theorem (which allows to refine some results of Chap.
18). Naturally analytic techniques provide a different and important insight into
global class field theory. We refer to [26] or [33] for a detailed presentation of these
methods and to [29] for an overview of the subject. We have also left untreated
more advanced topics such as Iwasawa theory, embedding problems or anabelian
geometry of which one finds an excellent exposition in [42].

The book is designed to be particularly suitable for second year master’s stu-
dents in the European system or graduate students in the American system. It is a
fusion of two second year master’s level courses given at Orsay University over
several years. The book should also be useful to researchers and Ph.D. students.
Each course consisted of 44 h of lectures and 4 h of lectures per week. Both courses
included most of the Parts I and II. One of the courses (entitled Galois cohomology
and number theory) treated mainly the contents of Part IV (assuming most of the
results of Part III). The other course (entitled Class field theory) gave a detailed
exposition of Part III (without the Poitou—Tate duality). At the end of each chapter
we have included a certain number of exercises (more than 110 in total). These
exercises include those given during the lectures as well as those set at the exams.
Some of these exercises complement the main text, however their results are not
used in the proofs thus allowing the reader to have complete proofs readily
available.

Many of the results presented in the book have vast generalisations, some of
which are still subjects of active research. There exists for example a higher class
field theory developed by Kato and Saito in the eighties (see for example [43]) to
which there is now a direct approach, not based on K-theory (cf. [53]). The reader
interested in studying duality theorems further may for example consult the book
[39] as well as articles [10, 17, 20] for duality theorems in étale and flat coho-
mology (including those for group schemes such as tori and abelian varieties).

These duality theorems are now used extensively in the study of arithmetic
questions about rational points on varieties, notably in the study of the
local-to-global principle for linear algebraic groups. One finds an overview in [52]
as well as in the articles [3, 19, 45].
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Naturally the content of this book is very classical and hence largely inspired by
the existing literature. In particular the influence of books [39, 40, 42, 47] and [49]
is evident. I would like to extend my sincere thanks to the authors for their
remarkable work which gave me a full appreciation of the beauty of the topics
treated in the present monograph.

My thanks extend also to all the students who have taken my courses, pointed
out errors in the online notes and suggested improvements, namely M. Chen, Z.
Gao, C. Gomez, A. Jaspers, Y. Liang, S. Liu and J. Xun.

The first version of the manuscript has also benefited from valuable comments
by J.-B. Bost, C. Demarche, D. Izquierdo, G. Lucchini—-Arteche, A. Pirutka,
J. Riou, A. Smeets, T. Szamuely and O. Wittenberg; I thank them warmly.

For the English edition, I was fortunate to receive very pertinent comments from
J. Fresén and several anonymous referees.

I extend my particular thanks to C. Sabbah for bringing to my attention the
possibility of writing this book and for his extremely efficient editorial work. Last
but not least, 1 am especially grateful to A. Yafaev for his thorough English
translation.

Orsay, France David Harari
February 2020



Notation and Conventions

The symbol := means that the equality in question is a definition. We will some-
times denote the cardinality of a finite set £ by #E. A commutative diagram whose
vertical and horizontal arrows are exact sequences will be called an exact com-
mutative diagram.

If A and B are finite abelian groups (which may be viewed as Z-modules), A ® B
will denote the tensor product A ®z B. Recall that if R is a ring and if M and N are
right (resp. left) R-modules, then we can define the tensor product M ®g N, which is
an abelian group (and an R-module if R is commutative), [4], § 3.1.

For any n > 0, the n-torsion subgroup of an abelian group A (whose group law
is written additively) is the subgroup A[n] := {x € A,nx =0}, and the torsion
subgroup Ay of A is the union of the A[n] for n > 0. We call an abelian group A
torsion if A = Ay,. We will often write Z/n for the cyclic group Z/nZ.

Let p be a prime number. An abelian group A is called p-primary if every
element of A has a p-power order. Any torsion abelian group A can be written as
(—BpA{p} where, for each prime p, we write A{p} for the p-primary component of

A, i.e., the subgroup of A consisting of elements of order a power of p.

An abelian group A is called p-divisible if multiplication by p in A is surjective,
divisible if this property holds for all primes p (or any integer n > 0 instead of p). It
is called uniquely divisible if for any integer n > 0, the multiplication by n in A is an
isomorphism. We say that a finite group G is a p-group if its cardinality is a power
of p. Such a group is nilpotent, in particular, it has a non-trivial centre as soon as the
group itself is not trivial.

By convention, all inductive systems (4;),., of abelian groups, commutative
rings, modules over a ring R, etc., that we will consider will be associated with
non-empty filtered ordered sets I, such that if i,j € I, there exists k € [ with i <k
and j < k. This way, the inductive limit li_n>1i61 A; will always be a well defined
abelian group (resp. commutative ring, R-module...) as opposed to just being
defined as a set.

ix



X Notation and Conventions

If G is a group (resp. topological group) and H is a subgroup of G, we denote by
G/H the set (resp. the quotient topological space) of left H-cosets, i.e., the set of aH
for a € G. If H is normal in G then the set G/H is canonically endowed with a
structure of a quotient group (resp. topological quotient group). A character of a
finite group (resp. of a topological group) G is a morphism (resp. a continuous
morphism) from G to Q/Z (viewed as a discrete group). We will denote by G* =
Hom,.(G,Q/Z) the dual of a topological group G, which is also the dual of its
abelianisation (it coincides with the classical Pontryagin dual Hom.(G,R/Z) if G is
abelian and torsion, but not in general). A continuous morphism f : A — B of
topological groups is strict if it induces a homeomorphism of the topological
quotient space A/Ker f onto the subspace Im f of B. This is equivalent to requiring
that the image of any open subset of A is open in f(A) (where f(A) is endowed with
the induced topology by that of B). For a surjective morphism, this is equivalent to
saying that it is an open map.

By definition a compact topological space will for us always be Hausdorff and
countable at infinity. Same for a locally compact space. A topological space is
totally disconnected if the only connected components are singletons. With these
conventions, a continuous surjective morphism between locally compact groups is
automatically strict ([22], Th. 5.29).

All fields are assumed to be commutative. A field k of strictly positive characteristic
p is perfect if the morphism x+— x? from k to k is an isomorphism (e.g. finite k),
imperfect otherwise. For a g-power of a prime p, we will denote by F, the finite
field with g elements, which has characteristic p. An extension of a field K is a
field L equipped with a field morphism (necessarily injective) K — L. Such an
extension is called finite if the K-vector space L is finite dimensional. In this case,
we denote by [L : K] this dimension. A Galois extension of fields will be called
abelian if its Galois group is abelian. If & is a field, we denote by k a fixed separable
closure of k£ (which is also an algebraic closure if k is of characteristic zero or
perfect of characteristic p).

If 1,J are two-sided ideals in a ring A, we denote I.J or IJ the two-sided ideal
consisting of finite sums of elements of the form ij with i € [ and j € J. In particular
we write I for 1.1. A ring A is said to be an integral domain if it is commutative,
nonzero and if the equality ab =0, with a,b € A, implies a=0 or b =0.
A principal ideal domain A is an integral domain such that every ideal / in A is
of the form aA with a € A. A ring A is called integrally closed if it is an integral
domain and every element of its field of fractions which is integral over A (i.e., a
zero of a monic polynomial with coefficients in A) is in A. It is true for a unique
factorisation domain (and a fortiori for a principal ideal domain). An ideal [ in a
commutative ring A is prime if the quotient A/I is an integral domain, maximal if
A/I is a field.
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Part I
Group Cohomology and Galois
Cohomology: Generalities

Part T is devoted to the general results on the cohomology of finite and profinite
groups, which can also be useful in areas of mathematics other than number theory.
The first two chapters present the basics of the theory for finite groups. The third is
slightly more specialised: it culminates in the Tate—-Nakayama theorem, which will
be an essential tool in our approach to the local and global class field theory. Then we
move on to generalising the notions seen in the first two chapters to profinite groups
and developing the very important concept of cohomological dimension. Finally,
this part ends with one of the main applications of the general theory, the Galois
cohomology, which is omnipresent throughout the book, and whose first properties
will be seen in Chap. 6.


http://dx.doi.org/10.1007/978-3-030-43901-9_6

Chapter 1 ®)
Cohomology of Finite Groups: Basic ek
Properties

The purpose of this chapter is to define cohomology groups associated with a finite
group G and with what is called a G-module. This notion will be essential in all
arithmetic applications that we will be dealing with in this book, especially for the
class field theory.

Many definitions and properties in this chapter extend to groups G which are not
necessarily finite (see Chap. VII of [47] or Chap. 6 of [54] for the case of an arbitrary
group). We chose to limit ourselves to the case where G is finite which, with its
slight generalisation to profinite groups (Chap. 4), will be the only one we will need
in the sequel. This will make our presentation slightly simpler and will also avoid
confusion between the cohomology of profinite groups as defined in Chap. 4 and
cohomology of any group as defined in the references above. The two notions do not
coincide in general for an arbitrary profinite group.

Throughout the chapter, G denotes a finite group (whose law is denoted multi-
plicatively and the neutral element is denoted by 1). Recall that the algebra of the
group G is the set Z[G] of formal sums

Zn.,]g, ng € Z

geG
endowed with the obvious addition and the convolution product
(Zro)(Sma)= = nameos
geG geG (9,.9)eGxG

In particular, Z[G] is a non-commutative ring if G is not abelian.

© Springer Nature Switzerland AG 2020 3
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4 1 Cohomology of Finite Groups: Basic Properties

1.1 The Notion of G-Module

Definition 1.1 A G-module is an abelian group (A, +) endowed with a left action
(g, x) — g-x of G on A such that for all g in G the map ¢, : x > g - x from A to
A is a morphism of abelian groups.

In other words, defining a structure of a G-module on an abelian group (4, +)
is equivalent to defining a map

GxA— A, (g, x)r—g-x,
such that
g-(-x)=(@g)x, 1-x=x, g-x+y)=g-x+g-y

forall g, ¢’ in G and all x, y in A.

Note also that with the notations of Definition 1.1, ¢, is an automorphism of A,
whose inverse is o,-1. If A is an abelian group, whose automorphism group we
denote by Aut(A), to give a G-module structure on A amounts to giving a group
morphism from G to (Aut(A), o). Equivalently, a G-module is a (left) module over
the ring R := Z[G]: indeed, if A is a module over the ring R, we define a structure of
G-moduleon Aby g - x = gxforall (g, x) € G x A.Conversely, if A isa G-module,
we equip it with an R-module structure by setting (3, 199)x = D_ c;g(g - X).
As G is finite, for A to be of finite type as an abelian group is equivalent to be of finite
type as an R-module. Therefore, in this case, we will simply say that the G-module
A is of finite type .

Definition 1.2 A morphism of G-modules (or G-morphism, or also G-homomor-
phism) f: A — A’ is a morphism of abelian groups commuting with the action
of G, i.e., such that f(g-x) =g f(x) for any x in A and any g in G. This is
equivalent to f being a morphism of R-modules.

It is straightforward to define the notions of isomorphism of G-modules, of a
sub-G-module, of an exact sequence of G-modules, etc. If A and A" are G-modules,
we denote Homg (A, A’) the set of G-morphisms from A to A’. It is an abelian group
for addition which is a subgroup of Homz (A, A’), the latter consisting of morphisms
of abelian groups from A to A’ (not necessarily compatible with the action of G).

Example 1.3 (a) For any abelian group A, the trivial action of G on A (defined by
g-x =xforany g € G and any x € A) turns A into a G-module.

(b) Let G = {£1} and M = Z. The action of G on M defined by g - x = gx turns
M into a G-module.

(c) Let L be a finite Galois extension of a field K with group G. Then the additive
group L and the multiplicative group L* := L — {0} are both G-modules for the
action of G = Aut(L/K).



1.1 The Notion of G-Module 5

(d) Let A and B be G-modules. The group Hom(A, B) := Homyz(A, B) has a
structure of G-module, defined by (g- f)(x) :=g- f(g~'-x) forany g € G, f €
Hom(A, B), x € A.

(e) The group algebra Z[G] is a G-module for the left action of G. More generally,
if H is a subgroup of G, then the abelian group Z[G/H] := Doy Z-g is a
G-module, where G/H is the set of left H-cosets.

We will now see how we can, if H is a subgroup of G, construct a G-module from
an H-module.

Definition 1.4 Let G be a finite group and H a subgroup of G. Let A be an
H-module. We define the abelian group I/ (A) as consisting of maps f : G — A
satisfying f(hg) = h - f(g) forany g € G, h € H. This abelian group is endowed
with a structure of a G-module via (g - f)(¢') = f(g'g) for all g, ¢’ in G. We say
that I (A) is the induced module from H to G of the H-module A.

An important special case is the following.

Definition 1.5 Let G be a finite group. Consider the trivial subgroup {1} of G. Let
A be an abelian grouP, which we can view as a {1}-module. We denote by I5(A)
the induced module IG”(A) (cf. Definition 1.4 in the case H = {1}) and we say that
I (A) is the induced G-module of the abelian group A.

We say that the G-module M is induced if there exists an abelian group A such
that M is isomorphic to I (A).

Thus I (A) is the abelian group consisting of maps from G to A, with the action
of G given by (g- f)(9) = f(g'9.

Remark 1.6 (a) Note that if A is already endowed with a certain structure of
G-module, then I;(A) is isomorphic to the G-module F(G, A) defined (cf. [42],
p-31) as the set of maps from G to A with the action given by (g - f)(¢) :=
g- f(g7'g"). An isomorphism of F(G, A) with I5(A) is given by f > (g +—
g - f(g~h) (I thank Alexander Schmidt for this remark).

(b) Let A be an abelian group. We can also view the induced module /5 (A) as
the G-module Homz(Z[G], A), the (left) action of G being given by the natural
right action of G on the first factor. Since we have assumed G to be finite, it is easy
to see that this G-module is (non-canonically) isomorphic to Z[G] ® A, the action
of G being this time on the left on the first factor. We sometimes call the modules of
the form Z[G] ® A co-induced. ' They are also modules M such that there exists a
subgroup X of M such that M is the direct sum of the g - X for g € G. The assumption
that G is finite implies that there is no difference between the notions of induced and
co-induced G-module.

IWhen G is not assumed finite, the reverse convention is often adopted (cf. for example in Chap. VII
of [47]) that is to call co-induced the modules of the form /5 (A) and induced the modules of the
form Z[G] ® A. The terminology that we use is compatible with the traditional terminology used
for profinite groups that we will encounter in Chap. 4.
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(c) More generally, we can view the G-module Ig (A) from Definition 1.4 as
the G-module Homy (Z[G], A) of H-morphisms from Z[G] to A (or of morphisms
of Z[ H]-modules from Z[G] to A), which is a sub-G-module of Homz(Z[G], A).
Here again, the assumption that G is finite implies that this G-module is isomorphic
to Z[G] ®zu; A (to define the tensor product, we view Z[G] as a right Z[H]-
and A as a left Z[ H]-module). The action of G is on the left on the first factor. The
correspondence between [ g (A) and Z[G] ®z;#; A is as follows: we associate to any
function f € I (A) the element

O(f)i= Y 9®um flg™)

9eG/H

of Z[G] ®zu1 A. Note that g ®z;1 f(g~") does not depend on the representative
g € G of g, and for ¢’ € G, we have

OG- =D 9®um @ N =D 9®um g9

geG/H geG/H
= > 9 ®um flgH=g -2
geG/H

which shows that @ is a morphism of G-modules. Besides, it is easy to see that @
is bijective by choosing a set of representatives S for G/H that forms a basis of the
right Z[ H]-module Z[G] in view of the fact that any element g of G can be uniquely
written as g = sh withs € Sand h € H.

Furthermore, if A is already endowed with a structure of G-module, then the
G-module Z[G] ®z;u) A is also isomorphic to Z[G/H] ®z A, the isomorphism
being given by

9 ®zmym —> g ®z (g -m),

wherem € Aand g € G.

1.2 The Category of G-Modules

Let f : A — A’ be a morphism of G-modules. It follows immediately from def-
initions that the kernel, the image and the cokernel of f (seen as a morphism of
abelian groups) are G-modules for the evident action of G. Therefore G-modules
(the group G being fixed) form an abelian category (cf. Appendix, Sect. A.3). We
denote this category Mod.

Like in any abelian category (cf. Appendix, Definition A.23), for any two
G-modules A and A’, the covariant functor Homg (A, .) and the contravariant functor
Homg (., A’) are left exact.
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Definition 1.7 A G-module A is called projective if Homg(A,.) is exact. A
G-module A’ is injective if Homg (., A”) is exact.

Naturally, these definitions correspond to those of projective and injective objects
in the category Mody of left R-modules (cf. Appendix, Definition A.33), where
R =Z[G].

Example 1.8 (a) Any free G-module (that is, admitting a basis) as a module over
Z[G] is projective (more generally, a G-module is projective if and only if it is a
factor of a free Z[G]-module).

(b) Let G be the trivial group (so a G-module is simply an abelian group). Then any
divisible abelian group A is injective (cf. Appendix, Example A.35a). The converse
also holds.

(c) We immediately see that a (possibly infinite) direct sum of projective
G-modules is a projective G-module. Similarly, a (possibly infinite) direct product of
injective G-modules is injective. In particular, a direct sum of injective G-modules is
also an injective G-module (since it identifies with a direct product of the G-modules
in question).

Proposition 1.9 Let A be a G-module. Let 1 be an injective sub-G-module of A.
Then 1 is a direct factor of A (that is, there exists a sub G-module B of A such that
A=1®B).

Proof By definition of an injective G-module, the identity / — I extends to a mor-
phism of G-modules r : A — I. It is then enough to take B = Kerr. (]

Proposition 1.10 Forany G-module A, there exists an induced G-module I endowed
with an injective G-morphism A — 1. In other words, any G-module embeds into
an induced G-module. Moreover, we can require I = I(A) and that A is a direct
factor of I as a Z-module.

Proof Let I = Ig(A) = Homz(Z[G], A) be the induced module of A. We embed
A into I (A) by associating with a € A the map g — g - a from G to A. It follows
immediately from the definition of /5 (A) that this defines a morphism of G-modules,
which is injective (if g - a = 0 for all g of G, it follows that a = 0 by taking g = 1).
Finally, the map f — (1) provides a retraction of the morphism of Z-modules
A — I;(A), which shows that A is a direct factor of I as Z-module (the supplement
of Ain I is Ker u). (]

Remark 1.11 We can also write any G-module A as a quotient of an induced one

0— A —> Ig4) 25 A — 0.

so that the above short exact sequence of abelian groups splits.

Indeed, it suffices to define p by f > Y ;g f(g~") from IG(A) to A. This
procedure will be used in the inductive arguments involving the Tate modified groups
(cf. Corollary 2.7)
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Note also the following property of the modules from Definition 1.4.

Proposition 1.12 Let G be a finite group. Let H be a subgroup of G. Consider an
H-module A and the induced module Ig (A) from H to G. Then for any G-module
B, the group Homp (B, A) can be identified to Homg (B, Ig(A)).

Proof Lety € Homy (B, A). Forevery b in B, we define an element (b) of Ig(A)
by the formula (b)(g) = ¥(gb) for any g in G. The property p(b) € I7(A) is
satisfied because of the assumption that v is an H-morphism.

For any ¢, ¢ in G and any b in B, one readily verifies the equality

©(g-b)(g) =eb)(gg) = (g b)),

which shows that ¢ is a G-morphism from B to IG(A). Let ¢ = u(v), then
u : Homy (B, A) — Homg (B, Ig (A)) is clearly a morphism of abelian groups. Its
kernel is trivial as if ¢ (b) = 0 for all b of B, then in particular (b)(1) = ¥ (b) is
zero for all b in B.

Let us finally show that u is surjective. Let 6 be a G-morphism from B to g (A).
We have 0(gb)(g') = (g - 0(b))(¢') = 0(b)(¢'g) for all g, ¢’ in G and all b in B, by
definition of the action of G on Ig (A). Setting ¢’ = 1, we obtain

0(b)(g) = 0(gb)(1).

Letus definey : B — Abyy(b) = 0(b)(1) forany b € B.Forany h € H, we then
have

Y(hb) = 0(hb)(1) = O(b)(h) = h - (B(b)(1)),

the last equality resulting from the fact that 6(b) € Ig (A). Thus ¥ (hb) = h - (D),
showing that 1 € Homg (B, A). Set ¢ = u(1)), we obtain from the definition of u
that forall g € G and b € B:

@(b)(g) = 1h(gb) = B(gb)(1) = 0(b)(9).

hence u(y)) = ¢ = 6. Finally u is surjective and hence an isomorphism between
Homy (B, A) and Homg (B, 1} (A)). O

Corollary 1.13 Let A be an abelian group and let 15 (A) be the induced G-module.
Then we have
Homy (B, A) = Homg (B, I5(A)).

Proof This is a special case of the above with H = {1}. O

Remark 1.14 The Proposition 1.12 says exactly that the left adjoint of the functor F
(from Mod j; to Mod ;) defined by A +— I (A) is the forgetful functor from Mod g
to Mod H-

As this latter one is exact, we readily conclude that F preserves the injectives
(cf. Appendix, Proposition A.34).
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The fact that Ig (A) is isomorphic to Z[G] ®z;x; A (via the isomorphism made
explicit in Remark 1.6, c) also implies, in conjunction with the adjunction property
of the tensor product ([4], Sect. 4.1), the following proposition:

Proposition 1.15 Let G be a finite group. Let H be a subgroup of G and A
an H-module. Then for any G-module B, the group Hompy (A, B) identifies with
Homg(lg (A), B). An isomorphism is obtained by sending any ¢ € Homg (A, B)
to the element

fr— Y g-9(flg™)

9€G/H

of Homg (12 (A), B).

Thus the forgetful functor from Modg to Mody is also the right adjoint for
A Ig(A), since this last functor is isomorphic to A = Z[G] ®zx; A.

However, as pointed out in the electronic version of [42] (note at the bottom of the
page 61), the functoriality with respect to G and H goes in two different directions
depending on whether we consider Ig(A) or Z[G] ®zu; A.

Definition 1.16 We call a G-module relatively injective (or weakly injective) if it is
a direct factor of the induced G-module /;(A) (where A is an abelian group).

Note that by Propositions 1.10 and 1.9, every injective G-module is relatively
injective.

The category Mod s has enough injectives (i.e., every G-module is isomorphic
to a submodule of an injective G-module): this is a general property of categories of
modules over a ring (cf. Appendix, Example A.35b).

It follows that for any additive, covariant and left exact functor F : Modg — B
(where 3 is an abelian category, for example .Ab, the category of abelian groups), we
can define right derived functors R' F fori > 0 (Appendix, Definition A.44). Recall
in particular that R°F = F and if

0— A —A— A" —0

is an exact sequence in Mod s, we have natural morphisms (i.e., functorial with
respect to morphisms of exact sequences) &' : R' F(A”) — R'*!'F(A’) which induce
a long exact sequence

s RF(A) — RF(A) — RIF(A") 2 R —> -

meaning that the family of the (R’ F);>( forms a cohomological functor or -functor
in the sense of Theorem A .46 from the appendix (where general properties of functors
are recalled).

Note also that any G-module is a quotient of a projective G-module (e.g. of a free
module over the ring R := Z[G]). In other words the category of G-modules has
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enough projectives . We will see that cohomology groups H' (G, A) for a G-module
A, although defined as right derived functors (thus in theory calculated using injective
resolutions of A), are actually more easily calculated using a projective resolution
of the G-module Z (equipped with the trivial action of G).

1.3 The Cohomology Groups H' (G, A)

For any G-module A, we denote by A® the submodule of A consisting of elements
x satisfying ¢ - x = x for all g of G. The functor F : A — AC from Mod to Ab is
covariant and left exact. We can thus define right derived functors R'F, and we set

H' (G, A) := R'F(A)

for any G-module A. These groups are covariantly “functorial in A”, meaning that
the morphism of G-modules ¢ : A — B induces for all i > 0 a homomorphism of
abelian groups ¢, : H (G, A) — H'(G, B). If G is a trivial group, we of course
have H' (G, A) = 0 for all i > 0 given that the functor A > AY is evidently exact
in this case.

An injective resolution of A is an exact sequence

O—-A—I)— 1, —>L— -,

where all the /; are injective G-modules. The existence of such a resolution fol-
lows from the fact that the category of G-modules has enough injectives (Appendix,
Proposition A.43). Let us recall how we obtain the groups H' (G, A) from an injective
resolution as above: the groups H' (G, A) are cohomology groups of the complex

O—>IOG—>IIG—>IZG—>~-~

(e.g. H'(G, A) is obtained as the quotient of Ker[/¢ — I9] by Im[I{ — IF]).
More generally, one can compute the H' (G, A) using any resolution (I;) such
that all the 1; are acyclic, i.e., satisfy H' (G, I;) = 0 for all i > 0; cf. Appendix,
Theorem A.46c¢).
General properties of derived functors (which follow from computations using
injective resolutions as above) then yield the following:

Theorem 1.17
(a) We have H°(G, A) = AC.
(b) We have H' (G, A) = 0 for any injective G-module A and any i > 0.
(c) For any short exact sequence

0—A—B—>C—0
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of G-modules, we have a long exact sequence

0
0— A° — B¢ — ¢ 5—)
1
H'(G,A) — H'(G,B) — H'(G, C) IR H*(G, A) —> - --

and the coboundaries &' depend functorially on the exact sequence under consider-
ation.

We immediately obtain

Proposition 1.18 For all G-modules A and B, we have H'(G,A® B)
= H'(G, A) @ H (G, B).

Note that if ¢ : A — A is the multiplication by m > 0, then ¢, : H (G, A) —
H'(G, A) is also the multiplication by m (observe that ¢ is the diagonal map A —
ADAG: - -® A composed with the summation map AGAD--- DA — A). It
follows that if A is m-torsion, then H'(G, A) is m-torsion.

Remark 1.19 The Proposition 1.18 readily extends to a direct sum of a finite family
of G-modules or to a direct product of any family of G-modules (using the fact that
a direct product of injective G-modules is injective).

Later (Proposition 1.25), we will see that the assumption that G is finite allows
us to extend the proposition to a direct sum of an infinite family of G-modules.

As it is easier to construct projective G-modules (e.g. free) than injective, it is
often better to use another procedure for calculating the H' (G, A). Let us begin with
a lemma.

Lemma 1.20 Let
-— P —P_ ,— - -—P— P —7Z—0

be a projective resolution of Z (e.g. by free G-modules). Let A = 15(X) be an induced
G-module. Then the complex (Homg (P;, A))i>o is exact.

Proof As the P; are projective Z[G]-modules, they are free as Z-modules (they are
direct factors of free Z-modules). In particular, the kernels and cokernels of the maps
P11 — P; are free Z-modules for i > 0. On the other hand, Proposition 1.12 gives
Homg(P;, A) = Homgz(P;, X). The result follows from the fact that if

0—>M1—)M2—>M3—>0

is an exact sequence of free Z-modules, then it admits a section, which implies that
the sequence

0 — Homgyg(M;, X) — Homgz(M,, X) — Homgyg(M;, X) — 0
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is still exact. U
We deduce the following?:

Theorem 1.21 Let
-— P —P_ ,— - — P —P—7Z—0

be a projective resolution of Z. Let A be a G-module. Then the H (G, A) are coho-
mology groups of the complex

0— HOH](;(P(), A) —> HOIIlG(Pl, A) —> HOI’I](;(PQ, A) s

For example the group H'(G, A) is the quotient of Ker[Homg(P;, A) —
Homg (P>, A)] by Im[Homg (Py, A) — Homg (P;, A)].

Proof Let P, be a complex obtained by appending O to the right of the complex
(P;)ix0. As the P; are projectives G-modules, the functor that associates to every
G-module A the complex Homg (P,, A) is exact, which implies (Appendix, Theo-
rem A.41) that the family of (H'(Homg(P., A)));>o forms a é-functor (S%), which
is immediately seen to be isomorphic to A — H°(G, A) fori = 0.

By universality of the derived functors (Appendix, Theorem A.46), we have a
morphism of §-functors (f7) from (H'(G, .)) to (S*) which induces an isomorphism
for i = 0. On the other hand, for any G-module A, we have an exact sequence

0—-A—I]—>B—0

with 7 injective in Mod g as the category Mod g has enough injectives. To show that
f* is an isomorphism for all i > 0, it is now sufficient (reasoning by induction on
i using the long exact sequence, given that the cohomology of I in strictly positive
degree is trivial) to show that the complex Homg (P,, 1)) is exact in > 0 degree. As
I is the direct factor of the induced module /5 (X) (Propositions 1.9 and 1.10), the
result follows from Lemma 1.20. (I

Remark 1.22 Here is a slightly different argument to prove 1.21. Observe that the
functor A — AC from Modg to Ab identifies with the functor A — Homg(Z, A)
(the action of G on Z being trivial). It follows that H (G, A) = Ext‘b (Z, A), the
ExtiG (Z, .) being by definition the derived functors of Homg (Z, .). A general property
of derived functors (Appendix, Theorem A.52) shows that the Ext"G (Z, A) are also
obtained as derived functors (applied to Z) of the contravariant functor Homg (., A).
We can thus compute them using projective resolution of Z as in Theorem 1.21.

We can now generalise Theorem 1.17, b).

2] thank Jo&l Riou who suggested this method to me which avoids invoking Theorem A.52 of the
Appendix, cf. Remark 1.22 below.
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Proposition 1.23 Let A be a relatively injective G-module. Then for all i > 0 we
have H (G, A) = 0.

In other words, relatively injective G-modules are acyclic.

Proof As Aisafactor of aninduced G-module, we immediately reduce ourselves (by
Proposition 1.18), to the case where A is itself induced, i.e., of the form A = I5(X)
for some abelian group X. The proposition now follows from Theorem 1.21 together
with Lemma 1.20. U

Corollary 1.24 Let

0—A—I—B—0

be an exact sequence of G-modules with I relatively injective (e.g. induced).
Then for all i > 0, we have H (G, B) = H'(G, A) and the map “coboundary”
H(G, B) — H'(G, A) is surjective.

Proof This follows from the long exact cohomology sequence and the above propo-
sition. (]

This corollary is useful because it often allows to prove some properties of the
H'(G, A) by “dimension shifting ” reasoning by induction on i, as we have done
in the Proof of Theorem 1.21 using an embedding of A into an injective G-module.
Here is an example of this principle in action.

Proposition 1.25 Let G be a finite group. Let(A;)jc; an inductive system of
G-modules and A := li_n)lj Aj the G-module inductive limit of the A;. Then for all

> 0, we have an isomorphism

lim H'(G,A;) ~ H' (G, A).
J
In particular we see that “the cohomology of finite groups commutes with direct
sums”.?

Proof Fori = 0, the result is trivial. We proceed by induction on i. We immediately
check that, as G is finite, the canonical map h_II)l 16(A;) = Ig(A)isanisomorphism

of G-modules. Embedding A; in I (A;) (cf. Proposition 1.10), we obtain an exact
sequence
0— A; — Ig(Aj)) — B; — 0.

Let B = hm B;. As hm is an exact functor in the category of abelian groups
(cf. Append1x Proposmon A.30, a), we also have an exact sequence

3As J.Riou pointed out to me, the assumption that G is finite is important in this statement. For
example, there is no analogue of this statement (already at the level of the H!) for G = Z™ acting
trivially on an infinite family of abelian groups.
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00— A— Ig(A)— B—0
which, since /5 (A) is induced, induces an exact sequence
H%(G, I(A)) — H°(G, B) — H'(G,A) — 0

and isomorphisms H'~!(G, B) ~ H'(G, A) fori > 2, as well as analogous results
by replacing A and B by A; and B;.
The case i = 0 then provides isomorphisms

lim H(G, I(A)) = H*(G, Ig(A); lim H'(G, B)) ~ H'(G, B),
J J

hence the result for i = 1 thanks to the exact commutative diagram

lim H°(G, Ig(A)) — lim H"(G, B;) —lim H'(G. A;) —0

I ) |

H(G, I(A)) —— H*(G, B) —— H'(G, A) —— 0.

The case i > 2 follows by induction thanks to an analogous commutative diagram
along with the isomorphisms

H'™'(G, B) ~ H'(G, A); li_Il)lHi_'(G, Bj) ~ lim H' (G, A)).
J J

1.4 Computation of Cohomology Using the Cochains

In small degrees (i = 1, i = 2), and also for some explicit calculations with cup-
products that we will carry out in Sect. 2.5, it is useful to have an explicit description
of the groups H'(G, A). To achieve this, we will construct an explicit resolution of
the G-module Z (equipped with the trivial action of G) by free Z[G]-modules.

Foralli > 0, let E; be the set of (i 4 1)-tuples (go, - . ., g;) of elements of G. Let
L; be the free Z-module with basis E;. The action G on E; by translation

s'(g()7~'-7gi) = (Sg()a~'-7sgi) SEG7 (907-~'1gi)ELi

defines a structure of G-module on L;. As G acts without fixed points on E;
(i.e.,g-x =x with g € G and x € E; implies g = 1), the Z[G]-module L; is free
(a basis can be obtained by choosing an element in each orbit for the action of G on
E;).Letthend; : L; — L;_; be the morphism of G-modules defined by the formula
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(where the symbol g; as usual indicates that the index j is omitted):
di(go, > 90 =Y (=1 (g0 -, §j» > 6i)
Jj=0
if i >0 and dy : Lo— Z the morphism of G-modules sending the whole of (go) to 1.
Lemma 1.26 The sequence

= Ly > L, 4 Ly do Z—-0

is exact (in particular it is a resolution of Z by free (hence projective) Z[ G]-modules).

Proof Letus show firstthatd; o d;y; = Oforalli > 0. Itis trivial fori = 0. Assume

i > 1. Then for any (go, ..., gi+1) € Li+1, we have
it+1
(di odi11)((gos - -+ » giv1)) = Z(—l)kdi(go, cos Gk oo Gig1)
k=0
i+1 k—1
= Z(—l)k[Z(—w(go,...,éj,...,ék, Cs Giv1)
k=0 j=0
i+1
+ Z (_1)1_1(907 sy g/ﬁ K gls K] gi+l)}~
j=k+1

For any pair (r, s) with 0 < r < s < i + 1, the term

(go,...,gr,...,gs,...,g,url)

appears twice in the sum: once with the sign (—1)"** for j = r, k = s, and once with
the sign (—1)"**~! for k = r, j = s. It follows that the sum is zero.

Let us define morphisms of abelian groups (they are not G-morphisms in general)
u; : Li > Ly by up(1) = (1), and u;(go, ..., 9;) = (1,90,...,9;) if i > 1. We
then have u;_; od; 4+ diy1 ou; = 1d;, for all i > 0. Indeed

(Wi—iod; +dig1oui)(go, ..., 9) = Z(—l)j(1, 905 s Gjseves i)
j=0
i+1
(g0 2 90 + D (=1 (L go. .o Gt 0 i)
j=1
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which is equal to (go, . .., g;) (the terms cancel each other pairwise). Let then x be
in Ker d;, we obtain x = d;;(#;(x)) hence x € Imd; 4. As d; od;+1 = 0, we also
have Imd; 1| C Ker d; and therefore finally Im d;; = Ker d;. The desired exactness
follows. O

Let A be a G-module. An element of K/ := Homg(L;, A) identifies itself with a
function f : G'*! — A satisfying

f(s'go""vs'gi)=S'f(g()3""gi)

(“homogeneous cochain™). The coboundary applications K/ — K'*! are obtained
via a formula analogous to the previous one. Such a function is uniquely determined
by the value it takes at the elements of G'*! of the form (1, g1, g1g2. ..., g1 - - gi)-
Finally, we can view the elements of K as non-homogeneous cochains, namely

Theorem 1.27 The groups H' (G, A) fori > 1 are obtained as cohomology groups
of the complex
KO—>K1—>K2—>~~,

where K° = A (seen as the set of functions from G° := {1} to A) and fori > 1, K'
is the abelian group consisting of functions f : G' — A, the coboundaryd’ : K' —
K+ being defined by the formula

df(gi, .- giv1) = g1 f(g2, -5 Git1)

+Y D Fg e gigia - gi) DT f ).
j=1

The (non-homogeneous) cochains of Kerd' are called i-cocycles, or simply
cocycles when it is clear what i is. The i-cocycles of the image d'~' are called
i-coboundaries, or simply coboundaries. In particular, the set of 1-cochains K'! con-
sists of functions from G to A. The set of 1-cocycles Z' (G, A) C K is the subgroup
of functions f that further satisfy f(g192) = f(g1) + g1 f(g2) forall g1, g» in G. The
set of 1-coboundaries B' (G, A) is the set of functions of the form g — ¢ - a — a with
a € A. Thus we have H'(G, A) = Z'(G, A)/B' (G, A).

Corollary 1.28 Let G be a finite group. Let A be a finite G-module. Then all the
groups H' (G, A) are finite.

Remark 1.29 This last corollary can be obtained by shifting, using the Corollary
1.24, noticing that A embeds into the induced module /5 (A) which is also finite. We
will see below that the conclusion still holds for i > 1 if A is only assumed to be of
finite type.

Example 1.30 (a) An element of Z'(G, A) is called a crossed homomorphism. If
the action of G on A is trivial, a crossed homomorphism is simply a homomorphism
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and B'(G, A) = 0. It follows that H'(G, A) is the set of group morphisms from G
to A.

(b) We deduce from (a) that for any finite group G acting trivially on a torsion-free
abelian group A, we have H'(G, A) = 0. Similarly, if G = Z/ p acts trivially on the
abelian group A, we have H'(G, A) ~ A[p], where A[p] is the p-torsion subgroup
of A.

(c) A 2-cocycle is amap f from G x G to A satisfying

91 (92, 93) — f(9192, 93) + f (91, 9293) — f(g1,92) = 0.

We call it a system of factors. One can show ([54], Theorem 6.6.3) that H(G, A)
classifies group extensions E of G by A such that the action (by conjugation in E)
of G on A corresponding to E is the action given by the G-module structure of A.
The case where this action is trivial corresponds to central extensions.

We now have a statement for projective limits analogous to Proposition 1.25
(subject to some supplementary finiteness conditions).

Proposition 1.31 Let G be a finite group. Let (A,),eN be a projective system of finite

G-modules, indexed by the integers. Let A := 1<ir_nn A, be the G-module projective
limit of the A,. Then for alli > 0, we have an isomorphism

H' (G, A) ~ lim H (G, Ay).

Proof The statement is trivial for i = 0. We argue by induction on i > 0.

We embed each A,, in the induced G-module 15 (A,) andweset B, = I(A,)/A,.
It follows that B =lim B,. It is straightforward that (the group G being finite),
the canonical map l<iLnnnIG (A,;) = I(A) is an isomorphism. Moreover, we have
H(G, I(A,)) =0 for i > 0 since I5(A,) is induced. The proof is now identical
to that of Proposition 1.25, noting that the sequence

00— A— Ig(A) — B — 0
remains exact by the finiteness assumptions. Same holds true for the sequences:

; i ; i ; i+1
lim H'(G, I(Ay) — lim H'(G, B,) — lim H'"'(G, A,)
— lim H™(G, I6(An)

foralli > 0. This follows from Proposition A.32 of the appendix. The Mittag-Leffler
(ML) condition is here automatically satisfied as all modules A,,, I (A,), Ig(B,) (as
well as cohomology groups of the finite group G with coefficients in these modules)
are finite. ]

Remark 1.32 Proposition 1.31 is in general false without the finiteness assumption
onthe A, ; see Exercise 1.8. Furthermore, there is no analogue of 1.31 with G profinite
instead of finite; see Exercise 4.1.
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1.5 Change of Group: Restriction, Corestriction, the
Hochschild—Serre Spectral Sequence

In this paragraph, we are no longer considering one group G, but instead consider
what happens when we change the acting group. Let A be a G-module and let G’
be a group endowed with a morphism f : G' — G. We can then endow A with a
structure of a G’-module by setting

gd-a=f¢)a ¢geG, acA.

Denote by f*A (or simply A when no confusion arises) this G’-module.

As A% is a subgroup of (f*A)°’, we obtain a morphism of functors from
H°(G,.) to H°(G', f*-). The universal property of derived functors (Appendix,
Theorem A.46, b) shows that for any integer i > 0, there is a unique family of mor-
phisms of functors

f¥H(G,) — H(G,))

compatible with the coboundaries (i.e., the maps 6') of the long exact cohomology
sequences (in an evident way). We have thus obtained a morphism of cohomological
functors (or morphism of d-functors).

Let now A’ be a G’-module and u : A — A’ a morphism of abelian groups. If
furthermore u is f-compatible,* i.e., satisfy

u(f(gh-a)=g -u@ g €G, acA,

then u is a G’-homomorphism from f*A to A’ and induces an homomorphism
u.: H(G', f*A) - H'(G', A’). Composing this morphism with f;*, we obtain a
homomorphism

H (G, A) — H(G', A)

associated to the group homomorphism f : G’ — G and to the f-compatible homo-
morphismu : A — A’. The newly defined homomorphism has an obvious expression
via the explicit definition of H' using the cochains.

Furthermore, if we have a f-compatible morphism of short exact sequences
from the sequence 0 > A - B —> C —->0to 0 > A’ - B’ — C' — 0, the cor-
responding morphisms of the H' remain compatible with the maps ¢’ of long exact
sequences associated to these short exact sequences (we thus have a morphism of
cohomological functors).

Definition 1.33

(a) Let A be a G-module and H a subgroup of G. Taking for f the canonical
injection of H into G, we obtain for i > 0 a homomorphism Res : H NG, A) —
Hi(H, A) that we call the restriction homomorphism.

4One can also say “u and f are compatible”, as in [47], Chap. VII, Sect. 5.
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(b) Let A be a G-module. For a normal subgroup H of G, the quotient G/H acts
on A" and the inclusion A" — A is compatible with the canonical surjection G —
G/H.We deduce for all i > 0 ahomomorphism Inf : H (G/H, A") — H(G, A)
that we call the inflation homomorphism .

Remark 1.34 The restriction and inflation homomorphisms have a very simple
expression in terms of the cocycles: in the case of the restriction one simply restricts
the cocycle G' — A to the subgroup H'; in the case of inflation, one composes the
canonical surjection G' — (G/H)' with any cocycle (G/H)' — A" C A.

Remark 1.35 Let H be a subgroup of G. Then Z[G] is a free left Z[ H]-module (in
particular Z[G] is a projective object in Mod ): indeed, a basis consists of a system
of representatives (g;) je;s of right classes of G modulo H as any element g of G can
be uniquely written as g = hg; with j € J. We immediately deduce that an induced
G-module is also an induced H-module by Remark 1.6, b) that identifies the notions
of induced and co-induced G-modules for a finite group G.

Let now H be a subgroup of a finite group G and let A be an H-module. Consider
the G-module Ig (A). Associating to any u € Ig (A) its value at 1, we obtain a
morphism of abelian groups I (A) — A compatible with the injection H — G.We
deduce from the above, homomorphisms (compatible with long exact sequences)

H'(G, IE(A) — H'(H, A).
Theorem 1.36 (Shapiro lemma) The homomorphisms
H'(G, I§ (A)) — H'(H, A)

defined above are isomorphisms.

Proof By Remark 1.14 (which follows form Proposition 1.12), the functor F' (from
Mod y; to Mod ) defined by A — 1 (A) preserves the injectives. On the other hand
we have the equality (17 (A))¢ = A" for any H-module A (indeed, if f : G — A
isin (1 (A))¢, we have f(sg) = f(s) forall g, s in G hence f is constant; but this
constant has to be in A¥ since f(hg) = hf(g) for all h in H). To obtain the result
(using an injective resolutions of the H-module A, to which we apply the functor
Ig (.)), it is enough to check that the functor F' is exact. But we have

12 (A) = Homy (Z[G], A)

(Remark 1.6, c) and the result follows from Remark 1.35 (it is also easy to check
directly that F is exact). (]

Remark 1.37 Recall (cf. Appendix, Sect. A.6) that if A and B are G-modules, the
groups Ext’; (A, B) are by definition derived functors (applied to B) of the right exact
functor Homg (A, .) from Mod to Ab. Furthermore, for a fixed B, the family of
(Ext' (., B)) constitutes a cohomological functor, as if
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0— B— B"— B' — ...

is aninjective resolutionof Band0 —- A — A" — A” — (isashortexact sequence
of G-modules, then

0 — (Homg(A”, BY)) ;>0 —> (Homg(A’, BY));>0

— (Homg (A, BY))j>0 —> 0

is a short exact sequence of complexes (by injectivity of the B;), which gives rise
(Appendix, Theorem A.41), by definition of the groups Ext', to a long exact coho-
mology sequence

0 — Homg(A”, B) — Homg(A', B) — Homg (A, B)

— Ext{ (A", B) —> -

Besides, we can also calculate the ExtiG (A, B) as left derived functors of Homg (., B)
(Appendix, Theorem A.52), but unlike the previous construction, this does not gen-
eralise to profinite groups G (cf. Chap. 4), for the lack of enough projectives in the
category of discrete G-modules.

We will also need the following lemma which will be generalised later (Proposi-
tion 4.25) to profinite groups:

Lemma 1.38 Let G be a finite group. Let H be a subgroup of G. Then every injective
of Mod is also injective in Mod g .

Proof We already know (see Appendix, Example A.35b) that every G-module A
embeds into an injective G-module of the form /5 (/) = Homgz(Z[G], I), where 1
is a divisible abelian group. If in addition A is an injective G-module, it is a direct
factor of I (1) and therefore it is enough to show that I (I) is injective as an H-
module. As Z[G] is a free Z[ H]-module of finite type, we see immediately that
I (1) is isomorphic to a direct product of a finite number of copies of Iy (1), hence
is injective as an H-module (Remark 1.14, which relies on Proposition A.34 of the
appendix). (]

The following proposition is slightly similar to Shapiro’s lemma. However it uses
Proposition 1.15 (where the functor 1/ (.) is viewed as the left adjoint of the forgetful
functor) instead of Proposition 1.12 (where we view it as right adjoint of the forgetful
functor).

Proposition 1.39 Letr G be a finite group. Let H be a subgroup of G. Let A be an
H-module. Then, for any G-module B we have canonical isomorphisms

Ext} (A, B) ~ Ext.. (12 (A), B),

defined for all i > 0. These isomorphisms are compatible with the coboundaries of
the long exact exact cohomology sequences associated to the short exact sequences
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00— B—B —B"—0,

as well as with the boundaries of the long homology sequences associated with the
short exact sequences

0—A—A —A"—0.

Proof For afixed A, Proposition 1.15 gives an isomorphism of functors (from Mod
to Ab)
Hompy(A,.) =~ Homg (I (A), ).

Since any injective Mod ; remains injective in Mod y (by Lemma 1.38), we obtain
isomorphisms ' .
Ext); (A, B) ~ Ext, (1Z (A), B)

by taking an injective resolution of B in the category Mod. The compatibility
with the coboundaries of the long cohomology exact sequences associated with the
short exact sequences “in B” follows for the properties of derived functors. The
compatibility with the boundaries of the long homology exact sequences “in A” is
obtained as in the Remark 1.37, observing that an exact sequence of H-modules

0—A—A —A"—0
induces an exact sequence of G-modules
0— I (A) — 1f(A) — 15" — 0,

and for any injective resolution B* of the G-module B (which is also an injective
resolution of B viewed as an H-module), two isomorphic exact sequences of com-
plexes

0 — Hompy(A”, B*) — Hompg(A', B') — Hompg (A, B*) — 0,
0 — Homg (I (A"), B*) — Homg (1} (A"), B*) — Homg (If (A), B*) — 0.

But the groups Exty, (A, B) and Extl; (12 (A), B) (as well as analogous groups
with A" and A” instead of A) are the ones which appear when one takes the long
exact sequences associated with these two exact sequences of complexes. ]

We now present another construction that will be used later. Let G be a group
and A a G-module. Lett € G. Set G' = G, A’ = A, and denote by f : g — t gt
the inner automorphism associated with 1!, The homomorphism of abelian groups
u:ar>t-afrom Ato A isthen f-compatible, and hence induces for all i > 0 a
homomorphism o, : H (G, A) — H'(G, A).

Proposition 1.40 The map o, is the identity.
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Proof We argue by induction on i. The case i = 0 is trivial. In the general case, we
embed A in an induced module I and set B = I/A. We then have a commutative
diagram whose rows are exact:

H (G, B) L HTY G, A)——0.

a,l g{

H (G, B) L H*Y(G,A)——0

The result follows by induction on i. ]

Remark 1.41 Let A be a G-module. If H is anormal subgroup of G, we can make G
acton H'(H, A) via the conjugation action of G on H. Proposition 1.40 then implies
that H acts trivially on H'(H, A). In other words, G/H acts on H'(H, A). On the
other hand, an injective resolution

0O—A—Iy— 1, —>L— -

of A by induced G-modules also yields a resolution of the H-module A by induced
H-modules (by Remark 1.35).

We deduce that the groups H(H, A) are obtained using the cohomology of the
complex

0— 1 -1 —>1f—...,

they are hence naturally G/ H-modules via the action of G/H on the I_]H for j > 0.
The corresponding action of G/ H onthe H' (H, A) coincides with that defined above
(via the action by conjugation of G on H). Indeed, for i = 0, the two actions are
given by (¢,a) — t -a fort € G/H and x € A"; we deduce the result for any i by
shifting.

Theorem 1.42 (restriction—inflation) Let H be a normal subgroup of G and let A
be a G-module. Then the sequence

0 — H'(G/H, A™) nf, H'(G, A) Res, H'(H, A)

is exact.

Proof 1tis straightforward (via, for example, the description using cochains) that the
sequence is a complex. Let us first show the injectivity of Inf. Let f : G/H — A
be a 1-cocycle cohomologous to 0 in H'(G, A). We can also view f as a map
from G to A constant on each class mod H. Then there exists an a € A such that
f(s) =s-a—aforall sin G, and we obtain sa — a = sta — a forall t in H, hence
t-a=abysettings = 1. Lastly a € A” and f is indeed zero in H'(G/H, A").
Let us now show that an element of Ker Res is in ImInf. Let f : G — A be a
1-cocycle. If Res(f) = 0, then there exists an a € A such that f(¢) =¢-a — a for
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all ¢ in H. By if necessary replacing f by a cohomologous cocycle ¢ — f(t) —
(t-a—a), we may assume f(t) =0 for all t in H. As f(st) = f(s)+s- f(?),
we obtain that f factors as amap f : G/H — A. For s in H, the classes st and
t in G/H are the same (recall that H is normal in G). The formula then gives
f(t) = f(st) = sf(t), which shows that f has coefficients in A¥. It is a cocycle
that induces an element of H!(G/H, A™) whose image by Inf is f. O

Remark 1.43 This result can also be deduced from the Hochschild—Serre spectral
sequence defined below, but it is instructive to verify it directly especially since that
method generalises to “non-abelian H'”, [47], Appendix to Chap. VII.

As we have seen in Remark 1.41, the group G/ H acts on the cohomology groups
Hi(H, A). We can then view the restriction—inflation sequence as the exact sequence
of low degree terms of the spectral sequence given by the following theorem:

Theorem 1.44 (Hochschild—Serre) Let G be a group. Let H be a normal subgroup
of G and A a G-module. Then we have a spectral sequence

El' = HP(G/H, H(H, A)) = H"™(G, A).

Proof 1tis aspecial case of the composed functors spectral sequence of Grothendieck
(cf. Appendix, Theorem A.67). The functor A +— AC from Modg to Ab is the
composed of the functor F; : A — A" from Mods to Modg ,u and the functor
F, : B+ B9/ from Mod g,y to Ab. The derived functors of F; are the H (H, .)
by Lemma 1.38, which says > that an injective resolution of A in Mod s also provides
an injective resolution of Mod . The derived functors of F, are by definition the
H'(G/H,.). It is then enough to prove that F; preserves the injectives, which is
easy by Proposition A.34 of the appendix, as it is the adjoint of the (exact) forgetful
functor from Mod ,u to Mod ;. Explicitly we have for any G/H-module B (which
can also be seen as a G-module with a trivial action of H) and for all G-module A:

Homg(B, A) = Homg,y (B, A™). O

In particular, the theorem implies (cf. Appendix, Remark A.61) that for each
n > 0, wehave a filtration of H" (G, A) by a decreasing sequence F* = H"(G, A) D
... D F"1 =0, where F?/FP*! (for p =0, ..., n)is isomorphic to a subquotient
EL"P of HP(G/H, H""P(H, A)). The first terms of the exact sequence of low
degree terms of this spectral sequence (Appendix, Proposition A.66) are written as

0— HY(G/H, A™) _nf, H' (G, A) _Res, H'(H, A)°/H

— H*(G/H, A") _nf H*(G, A)

5We can also use Theorem 1.21 along with the fact that a resolution of Z by the projective Z[G]-
modules provides it with a resolution by the projective Z[ H ]-modules.
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(the map that was not given a name is called transgression). We also obtain the
following result, which generalises the restriction—inflation exact sequence:

Corollary 1.45 Let G be a group. Let H be a normal subgroup of G and let A
be a G-module. Let n > 2 be an integer, we make an additional assumption that
Hi(H, A) =0for1 <i < n— L. Then the sequence

0 — H"G/H, A"y 0 g6 a) RS, pniw, ayers

is exact.

Proof The assumption tells us that the terms E}? of the initial page of the spectral
sequence are zero for 0 < g < n.

It follows that the only terms E4Y, with p + g = n, that may be nonzero are the
E"0 and E%”. The assumption immediately implies that E* = E5° and further-
more, E%" is always a subgroup of Eg’".

We conclude by writing the filtration

0C F"Cc H'(G, A),

where F" = EL and H"(G, A)/F" = EY;'. 0

We can also prove this corollary directly by induction on i starting by embed-
ding A into the induced G-module /;(A), which (Remark 1.35) is also an induced
H-module, cf. [47], Chap. VII, Prop. 5.

1.6 Corestriction; Applications

Let H be a subgroup of a finite group G. Let A be a G-module. We will define homo-
morphisms H' (H, A) — H'(G, A) “in the opposite direction” of the restriction. We
start with the case i = 0. The corestriction is then defined by the norm:

NGy :a+— Z s-a
seG/H

from A to A, where G/H is the (finite, by assumption) set of left classes modulo
H. It is immediate that s - @ depends only on the class of s in G/ H (since a € AY)
and that Ng,y(a) € AC.

We can then extend the corestriction in degree O to a unique morphism from the
cohomological functor {H'(H, f*.), §} to the cohomological functor {H'(G, .), 6},
where f is the inclusion H — G. This is possible since the former functor is efface-
able in degree > 1 (and hence universal; cf. Appendix, Remark A.47). Indeed, if 7 is
induced for G, it is induced for H (Remark 1.35) and hence we have H' (H, I) =0



1.6 Corestriction; Applications 25

for all i > 0. Recall now that every G-module can be embedded into an induced
G-module .
In this way we obtain corestriction morphisms

Cores : H (H, A) — H'(G, A)

compatible with the usual morphisms of short exact sequences.

Example 1.46 Let K be a field. Let L be a finite Galois extension of K with Galois
group G = Gal(L/K). Let E be a finite extension of K with E C L. Set H =
Gal(L/E). Then the corestriction HO(H, L*) - HY(G, L*) is the norm Ngx -
E* — K™ in the usual sense. By this we mean that for any x € E* the element
NEg/k (x) is the product of the conjugates of x. It is also the determinant of the
multiplication map by x on the K-vector space E.

Remark 1.47 Let K be a field. Let E be an étale K-algebra, that is, a K -algebra
isomorphic to a product of fields [ [;_, K;, where the K; are separable extensions of
K. Forany x € E, we define Ng,/k (x) as the determinant of the multiplication by x
map in the K -vector space E. This norm is the product of norms Nk, x : K; — K
associated with each extension K;.

Theorem 1.48 Let m =[G : H] be the index of H in G. Then the composite
Cores o Res is the multiplication by m in H (G, A).

Proof The statement is clear for i = 0. The general case is obtained by shifting
(embedding A into an induced G-module I) using Corollary 1.24. ]

Corollary 1.49 Let G be a finite group of cardinality m. Let A be a G-module. Then
fori > 0, the groups H' (G, A) are m-torsion.

In particular, if A is n-torsion with n prime to m, we obtain H' (G, A) = 0 for
i >0.

Proof Apply Theorem 1.48 in the case H = {1}. ]

Corollary 1.50 Let G be a finite group. Then for any G-module of finite type A,
Hi(G, A) is finite for all i > 0.

Proof The cochain description shows that the groups H'(G, A) are of finite type.
As by Corollary 1.49, these groups are torsion for i > 0, they are finite. (I

Corollary 1.51 Let G be a finite group. Let A be a uniquely divisible abelian group
endowed with an action of G (e.g. A = Q with the trivial action by G). Then
H(G,A) =0foralli > 0.

Proof Indeed, Corollary 1.49 says that fori > 0, the group H' (G, A) is torsion. On
the other hand, the multiplication by n in A is, by assumption, an isomorphism for
all n > 0 and hence multiplication by n in H'(G, A) is also an isomorphism. ]
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Example 1.52 Consider A = Q/Z with the trivial action of G. By the above corol-
lary and the long exact cohomology sequence associated to the exact sequence

0—Z—Q—Q/Z— 0,

we have H'(G,Q/Z) ~ H*'(G,Z) for all i > 0. In particular, H*(G,Z) ~
H'(G, Q/Z) is the character group of G. We also have H' (G, Z) = 0 given that Z
has no non-trivial finite subgroup.

Remark 1.53 The disadvantage of the definition of corestriction given above is that
it is not very explicit. However, it turns out to be convenient in the proof of properties
of the homomorphisms Cores. In Exercise 1.1 below, a more concrete definition is
given.

1.7 Exercises

In all the exercises below, G denotes a finite group.

Exercise 1.1 Let H be a subgroup of G. Let A be a G-module.
(a) Show that one defines a surjective morphism 7 : Ig (A) — A of G-modules
by the formula:
=D g - flgh. fell.

geG/H

(b) Leti > 0. Let m, : H'(H, A) = H'(G, 1 (A)) - H'(G, A) be the homo-
morphism induced by 7 on the cohomology. Show that 7, is the corestriction.

Exercise 1.2 (suggested by J. Riou) Let A be an injective abelian group (i.e., such
that Homg(., A) is an exact functor). Show that /5 (A) is injective in Mod ;. Deduce
from this fact that if A is any abelian group, the G-module /5 (A) is acyclic.

Exercise 1.3 Let / be an injective G-module. Show that / is a divisible abelian
group.

Exercise 1.4 Let / be an injective G-module. Show that the G-module I;(7) is
injective. Show that a direct limit of injective G-modules is an injective G-module.
Thisis a special case of a general result on the category Mod g with R aleft noetherian
ring, see Example A.35f) of the appendix).

Exercise 1.5 Let H be a subgroup of G. Let A be a G-module. Show that for any
H-module B and all i > 0 we have canonical isomorphisms

Extl.(A, 12 (B)) ~ Ext, (A, B).

What does this result imply for A = Z?
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Exercise 1.6 Give a proof of Proposition 1.39 using a projective resolution of A
instead of an injective resolution of B.

Exercise 1.7 We say that a G-module A is a permutation G-module if it is a direct
sum of a finite number A4, ..., A, of G-modules such that for each A;, there exists
a subgroup H; of G such that A; is isomorphic to / g "(Z) (where Z is endowed with
the trivial action).

(a) Compare Ig (Z) to the G-module Z[G/H] consisting of formal sums
Z_YeG/H ngs,s € G/H,the action of G on Z[G/H] being given by the left action of
G on the set of left cosets G/ H.

(b) Show that if A is a permutation G-module, then H (G, A) =0.

(c) Is it true that H?(G, A) = 0 for all permutation modules A?

(d) Show that a G-module A is permutation if and only if the Z-module A admits
a finite basis (ey, . . ., e,) such that there is a permutation o of the set {1, ..., n} with
g-e = e foralli of {I,...,n}. Under what condition on the integer r is this
permutation transitive?

Exercise 1.8 Let G = Z/p (where p is a prime) and let (for n € N) A, be the
G-module Z with the trivial action of G. Let £ be a prime different from p. Consider
the projective system (A,), transition maps being the multiplication by £. Compare
1(i£1n H*(G, A,) and H?*(G, 1(1£1n Ay).

Exercise 1.9 For any G-module A, we define A* as the G-module Homyz (A, Q/Z),
where the action of G is givenby (¢ - f)(x) = f(g~' - x)forallg € Gandallx € A.
In particular, if B is just an abelian group, the abelian group B* is defined.

(a) Show that for any abelian group B, the canonical homomorphism B — (B*)*
(that sends x to f — f(x) forx € B and f € B*) is injective.

(b) Give an example of an abelian group B such that (B*)* is not isomorphic to
B. What does occur if B is finite?

(c) Show that if A is a relatively injective G-module, then A* is also relatively
injective.

Exercise 1.10 Let p be a prime. For any finite torsion p-primary abelian group A,
we denote by rg(A) the rank of A, that is, the minimal number of its generators.
(a) Show that rg(A) is the dimension of the p-torsion subgroup A[p] of A over
F, =Z/pZ, and that it is also the dimension of A/pA over F,.
(b) Let G be a finite p-group. Set n(G) = dimg, H'Y(G,Z/pZ) and r(G) =
dimp, H?*(G,Z/pZ). Show that r(G) — n(G) = rg(H*(G, Z)).



Chapter 2 ®)
Groups Modified a la Tate, Cohomology s
of Cyclic Groups

Throughout this chapter, G denotes a finite group. We continue our study from the
previous chapter by introducing the Tate groups as well as some supplementary
ingredients (cohomology of finite groups, Herbrand quotient, cup products). We also
define a new map between cohomology groups called transfer, for which we prove
a subtle theorem of Furtwéngler (Theorem 2.13).

2.1 Tate Modified Cohomology Groups.

It appears (notably for the arithmetic duality theorems when the number fields under
consideration have real places or when one wishes to develop the class formation
formalism) that it is often convenient, in the case of a finite group G, to introduce the
groups Hi (G, A) for all i € Z. These groups coincide with the H (G, A) fori > 1
but provide a little bit more information for i < 0. It is mostly the case i = 0 that
will be useful except when we consider class formations where we shall also use the
casei = —2.

Definition 2.1 The norm of the group algebra Z[G] is the element ) seG 9- The
augmentation ideal I of the group algebra Z[G] is the kernel of the augmentation
homomorphism Z[G] — Z defined by

Zagg — Zag.

g9eG g9eG

This is the same as saying that Z; is the set of linear combinations of the (g — 1),
g € G.If A is a G-module, the norm defines an endomorphism N : A — A by the
formula N(x) = 3" .; g - x. Note that ZocA C Ker N and Im N C H°(G, A).
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Definition 2.2 Let A be a G-module. The G-module of co-invariants is the
G-module Ag = Hy(G, A) := A/IsA.

Hence A is the largest G-module quotient of A on which G acts trivially. Passing
to the quotient, we have a homomorphism (that we can also denote by N when there
is an ambiguity)

N*: Hy(G, A) — H°(G, A).

Definition 2.3 We set ﬁo(G, A) = Ker N* and ﬁO(G, A) = Coker N*.

In other words Hy(G, A) = yA/ZgA and H(G, A) = AS/NA, where yA is
the kernel of the norm in A.

Note that these groups are zero if G is the trivial group (which is not the case of
Hy(G, A) and H°(G, A)).

The functor A — Hy(G, A) is covariant and right exact. We can also define the
homology groups H;(G, A) as left derived functors (they make sense for an arbi-
trary G, but like in the case of cohomology we will only need them in the case
where G is finite). We obtain a homology functor (cf. Appendix, the comment after
Theorem A.46), i.e., thatif 0 - A — B — C — 0 is an exact sequence of G-
modules, we have a functorial long exact sequence:

- —> H](G, A) —> H](G, B) —> H](G, C)
—> Hy(G, A) — Hy(G, B) — Hy(G,C) — 0.

Furthermore, H; (G, A) = 0 for i > 0 if A is projective, or even relatively injective
(in that last case, we use that A is a direct factor of a co-induced G-module Z[G] ® X,
because G is assumed finite). The proofs are exactly of the same type as for coho-
mology.

Here is an example of homology group which will be useful later on (when we
will be applying the Tate—-Nakayama theorem to p-adic fields in Sect. 9.1):

Proposition 2.4 The homology group H,(G, Z) is the abelianisation G® = G/G’
of G, where G’ is the derived subgroup of G.

Proof Let A = Z[G] be the group algebra of G. Consider the exact sequence of
G-modules -
0—7Zg—>A—7Z— 0,

where 7 : ) g g9 > > 4 1g 1s the augmentation homomorphism. We then have
Hy(G,ZIg) = I(;/Zé. It follows that the image of Hy(G, Zg) in Hy(G, A) = A/Zg A
is zero. On the other hand, H; (G, A) = 0in view of the fact that A is free over Z[G].
We obtain an isomorphism (via the exact homology sequence)

d:H(G,Z) — Hy(G,TIs) =TIs/T%.

Let us define f : G — IG/I(Z; by f(g) = g — 1. The formula
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gh—1=@-D+h-D+@—-Dh-1

(valid for g, h in G) shows that this is a morphism. As Zg /I% is abelian, f induces a
morphism (that we again denote f) from G /G’ to Z; /Z2, which s clearly surjective.
Lastly, the group morphismu : Zg — G /G’ definedbyu(g — 1) = gfactors through
the quotient by Z2. Indeed, if x = (g — 1)(h — 1) is in 7%, then

u(x)=u((gh—1)—(g—-1)—(h—1)) = g—h§,1E71

is the neutral element of G/G’ (because ghg~'h~' is a commutator). Thus we
obtain a morphism u : Zg /I(z; — G/G’ such that u o f is the identity; hence f is
bijective. (]

We will now “link together” the long exact sequences of homology and cohomol-
ogy associated to an exact sequence of G-modules using the modified cohomology
groups of Tate. This is the object of the following definition:

Definition 2.5 Let G be a finite group. Let A be a G-module. We define the groups
H"(G, A) for n € Z by the formula:

H"(G,A) = H"(G,A) n>1,
H(G, A) = A°/NA,
H™'(G, A) = Hy(G, A) = yA/TGA,
H™(G,A) = H,_(G, A) n>2.

The reason for this definition is the following theorem.

Theorem 2.6 Let0) — A — B — C — 0 be an exact sequence of G-modules. We
then have the following “functorial” exact sequence:
...HG,C) — H'(G,A) — H'(G,B) — H (G, )

9, H°(G, A) — H°(G, B) — H°(G,C) — H'(G, A) —> ---

Moreover, if A is relatively injective (=relatively projective), we have H" (G, A)
=0foralln € Z.

Proof The homology and cohomology exact sequences yield the following commu-
tative diagrams with exact rows:

H\(G,C) — Hy(G,A) —— Hy(G, B) —— Hy(G,C) —— 0

O w ]

0 — H°G, A) — H°(G, B) — H°(G,C) — H'(G, A)
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Such a diagram defines canonically a homomorphism:
0 : Ker Ni —> Coker N}

(if c € Ker N}, we liftitto b € Hy(G, B), then we lift Nj(b) toa € H(G, A). We
then verify that the class @ := d(c) of a in Coker N} is independent of the choice of
b). We have thus defined 6 : ﬁo(G, C)— H 9(G, A). The snake lemma (Appendix,
Lemma A.29), applied to the homology and cohomology long exact sequences, then
gives the desired exact sequence in view of the fact that, for any G-module M,
Ho(G, M) is a subgroup of Hy(G, M) and H°(G, M) is a quotient of H°(G, M)
(which allows to make the “links”).

Let us now show that if A is relatively injective, then all the H "(G, A) are zero.
For n > 1, it is Proposition 1.23. The proof for n < —2 is exactly similar (replacing
the induced by co-induced, the injectives by projectives, etc). Let us verify it for
n = 0 (the case n = —1 is similar). It is enough to consider the case where A =
Z|G] ®z X is co-induced (= induced as G is finite). Then X is identified with a
subgroup of A, and A is the direct sum of gX for g € G. Every element x of A can
be uniquely written as x = ) geG 9Xg With x; € X, and such an element is in A¢
if and only is all the x, are equal, i.e., if and only if @ = Nx with x € X. Hence,
HY(G, A) = 0. O

Thus, the A" form a cohomological functor, satisfying H "(G, A)=0 for any
induced (or co-induced) G-module A and any n € Z. In particular, we have:

Corollary 2.7 Let
0—A—I—>B—0

be an exact sequence of G-modules with I relatively injective (e.g. induced). Then
foralln € Z, we have H" (G, B) = H"(G, A).

This allows us to prove the properties by shifting, through writing an arbitrary G-
module as a sub-G-module or a quotient G-module of an induced one. For example,
the analogue of the Proposition 1.25 remains true for the modified cohomology
groups.

Homology groups can be computed in a way analogous to the cohomology groups
using explicit complexes.

In particular, one easily obtains formulas for the Tate modified groups in the
following way: for any n > 0, denote by X, = X_;_, = Z[G"*'] the algebra of
the finite group G"*! (endowed with its evident structure of a G-module). We then
obtain an exact complex X, (“complete standard resolution of Z”):

e — X — X —>Xg— X1 — X, — -, (2.1

the differentials 0, : X,, — X,—; for n > 0 being defined by

0n(g0: -+ g0) = Y (=1 (g0s -+ Gir -+ )

i=0
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andd_, : X_, — X_,_ forn > 0 by

87}1(903 e gnfl) = ZZ(_I)I(Q()v e 9i-1,9,Gi5 - -+ gnfl)'

geG i=0

Lastly, we define 0y : X9 — X_1 by 0y(go) = dec g. The verification of the exact-
ness of X, is similar to the Lemma 1.26, by constructing a family of homomor-
phisms of abelian groups u; : X; — X, satisfying u; | o 0; + 0;41 ou; = 0 for
all i € Z: for i > 0, we take the same u; as in Lemma 1.26. For i < —1, we set
ui(gos .-, g-i—1) =0if go # land u; (1, g1, ...,9-i-1) = (91, ..., g—i—1). Lastly,
wetakeu_j(g) =0ifg #landu_;(1) = 1.
Let A be a G-module. We obtain the Tate modified group H" (G, A)foralln € Z
as
H"(G, A) = H"((Hom(X,, A)%), 2.2)

that is, as the nth cohomology group of the complex given by ((Hom(X,,, A))%),cz
(the differentials being the transposed of those of the X,, without adding a sign").

This last complex is obtained by applying the functor .¢ to the exact complex
(Hom(X,,, A)),ez, which for n > 0 coincides with the complex of maps from Gl
to A.

2.2 Change of Group. Transfer

Let A be a G-module. Let H be a subgroup of G. Denote by N : A — A and
Ny : A — A the norm maps associated to the G-module and the H-module A,
defined, respectively, by Ng(x) = dec g-xand Ny(x) =),y h-x.

We have NgA C Ny A (to see this, group the elements of G in classes mod-
ulo H). By passing to the quotient, this induces a restriction homomorphism
Res : H(G, A) — H(H, A).

On the other hand we can also define restriction and corestriction homomorphisms
for homology.

The corestriction H;(H, A) — H;(G, A) (i > 0) is simply the morphism of
homological functors which for i = 0, corresponds to the canonical surjection
A/IyA — AJ/ZgA. The restriction H;(G, A) — H;(H, A) is the morphism of
homological functors which, for i =0, is given by the homomorphism N K
A/IgA — A/ZyA defined for any x in A (with class X in A/ZgA), by

Ngp@= D s x

seG/H

1As J.Riou pointed out to me, this convention is different from the one used, for example, in [12],
which would be indispensable if we have replaced A by a complex of G-modules.
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This is a valid definition since on the one hand if s and ¢ are in the same left class
modulo H, then s~ - x and ' - x coincide modulo Zy A and on the other hand the
right hand term is zero if x € Zg A.
Note that we also have
Now@ = Y s-x, (2.3)

seH\G

where H \ G is this time the set of right classes modulo H.

One checks that the restriction homomorphism Hy(G, A) — Hy(H, A) induces
a homomorphism Res : ﬁO(G, A) — ﬁo(H, A).

Finally, we have defined for all n € Z, homomorphisms Res : ﬁ"(G, A) —
H"(H, A). Using the following lemma, we obtain a morphism of cohomological
functors.

Lemma 2.8 The family of homomorphisms Res : H" G,.) —> H" (H,.) is compat-
ible with exact sequences.

Proof Let 0 > A — B — C — 0 be an exact sequence of G-modules. We need
to check that the following diagram is commutative:

H"(G, C) _9, H'(G, A)

Resl Resl

H"(H, C) _9, H"™(H, A)

We have seen this already for n > 0 and for n < —2. There remains the case of
n = —1.Then H* (G, C) = y,C/ZsC and H"'(G, A) = AS /N A (and the same
for H). Let then ¢ € yC whose class we denote by ¢ in ! (G, C). The class of
(<) is obtained by lifting c to some b € B and taking the class Ng(b) in A /NG A.
The class of Ng(b) in AS /Ny A is therefore Res(5(¢)).

On the other hand, Res(c) is the class of ) ,_, s;c, where (s;);; is a system of
representatives of right classes H \ G. Then §(Res(¢)) is the class (in A7 /Ny A) of

Ny (D_,c; sib), which is equal to that of Ng (b). a

Similarly, we have corestriction morphisms (giving homomorphisms of coho-
mological functors) Cores : H "(H,A) — H" (G, A). For n = 0, the corestriction is
induced by x = 3"/ g - x from A" to A9 and for n = —1, it is induced by the
canonical surjection Hy(H, A) — Hy(G, A) by passing to subgroups ﬁO(H, A) and
Hy(G, A).

We then obtain a generalisation of the results of Chap. 1:

Theorem 2.9 Let G be a finite group. Let H be a subgroup of G of index m. Let
n € Z. Then:

(a) The composite Cores o Res is multiplication by m in ﬁ"(G, A).

(b) The group H" (G, A) is killed by the order of G.

(c) If A is of finite type, all the groups ﬁ”(G, A) are finite.
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Note in particular that unlike what is happening for H 0(G, A) (non-modified),
the results presented here are valid for n = 0.

Proof This is analogous to Theorem 1.48 and its corollaries, once one has (directly)
checked that Cores o Res is multiplication my m in H°(G, A). (]

Remark 2.10 As J.Riou has pointed out, it is possible to rather formally construct
the restriction and corestriction for the modified groups H" (n € Z). This is done
using the following general result from homological algebra (that is, verified by shift-
ing): let (F"),ez and (G"),cz be two cohomological functors from an abelian cate-
gory C (with enough projectives and injectives) to an abelian category D. Assume that
(F™) vanishes on the injectives and (G") vanishes on the projectives. Then any natural
transformation F* — G extends uniquely to a morphism of cohomological func-
tors (F")pez, — (G™)yez. We apply this result to F" = H"(G,.), G" = H"(H, .)
for the restriction (and vice versa for the corestriction), where H is a subgroup of a
finite group G.

To finish this paragraph, we will study the particularly important case of the
restriction morphism H2 (G,Z) - H? (H, Z), namely that of the restriction mor-
phism H,(G,Z) — H,(H, Z) on homology. Recall (Proposition 2.4) that the group
H,(G, Z) is identified with the abelianisation of G, i.e., the quotient of G by its
derived subgroup G’ and the same for H.

Definition 2.11 Let G be a finite group. Let H be a subgroup of G. The homo-
morphism V : G/G’ — H/H'induced by the restriction H,(G,Z) — H(H,Z) is
called the transfer (Verlagerung in German).

Let Z; be the augmentation ideal of Z[G] (recall that it is the two-sided ideal of
the ring Z[G] defined as the kernel of the augmentation morphism Z[G] — Z).

As we have already seen in the proof of the Proposition 2.4, the boundary d of
the homology exact sequence induces an isomorphism

Hi(G,Z) ~ Hy(G, L) = L5 /15,
and the same when one replaces G by H. The same argument applied to the induced
H-module Z[G] and its sub-H-module Z¢ yields an injection dy : H\(H,Z) —
Hy(H,Zs) = Zg/IuZs- The exact sequence

0—72¢ —ZIG] —Z—0

and the compatibility of the restriction with the boundary maps in homology yield a
commutative diagram (whose top horizontal arrow is induced by g — (g — 1)):

Hi(G,Z) = G/G' %IG/Ig

VJ lN@H (2.4)

d
Hi(H,Z) = H/H 2 T5/TyT;.
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Let us recall (formula (2.3) applied to A = Z) that the homomorphism N, e
Z6/T% — Ig/IuZc is defined by

N,y (x mod 1) = Z s-x mod ZyZg, Vx €Zg. (2.5)
s€H\G

We also have the following obvious commutative diagram:

0 Iy Z[H] Z 0
0 e Z[G] y/ 0.

As dy is injective, so is the natural homomorphism Zy /1'121 — Z6/ZuZs. Inother
words Iy NZyZs = I%,. One deduces an isomorphism

H/H' ~1y/Ty = T +TnTe)/TnTs

induced by i — (h — 1), which can also be directly verified (cf. Exercise 2.5).
The next proposition computes V explicitly. Item (a) is the classical definition of
transfer in group theory.

Proposition 2.12 With the above notations, let R (with 1 € R) be a system of rep-
resentatives of right classes of G modulo H. For all 0 € G and p € R, we write
po = o,p with p' € R and o, € H (this decomposition is unique by definition of
R). Then:

(a) The transfer V : G/G' — H/H' is given by the formula

V(o mod G') = (]‘[ o—,,> mod H'.

PER

(b) We have a commutative diagram:

GG —Y L mw

i Js

S
Z6/T% —— Tn + InZs)/InTs,

where the isomorphisms d¢, 0y are induced by o +— o — 1 and the homomorphism S
is defined by:
S(x mod 72) = (Zp)x mod ZyZg.

pPER
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We recover the fact that the expression for the transfer given in (a) does not depend
on the choice of R and the choice of the representative 0 € G in a given class of
G/G’. Note also that in the statement (b), the isomorphism dg is the same as the
isomorphism d of the first row of the diagram (2.4), while the isomorphism dp is
induced by the injection dy of the second line of the same diagram.

Proof (a) Let o € G, whose image is (¢ — 1) € Ig/I(z; by d. We still denote by o
the class of 0 in G/G’. By definition of N ,;, we have

NG u(d©@) =Y plo—1) € Ig/InTc.

PER

Using diagram (2.4), we deduce the following equalities in Zg /ZyZg

dy(V(@) =) 0,0 =) p= 0,0 =) ¥

PER PER PER PER

as (for a fixed o) the map p — p’ is a bijection from R to R. Moreover, in Zg /ZyZg,
we have

0=> (0, D == (Zopp/ —Zp’) - (Z(op— 1)).

PER PER PER PER

Finally, we obtain

dy(V(@) =) (o, - 1)

pER

inZg/IyZs.But ZpeR (0, — 1) is the element of Ty /Ii, corresponding to I—[peR o,
via the isomorphism H/H' ~ Ty /T3 seen above.

(b) The top horizontal arrow d of the diagram (2.4) is an isomorphism. We deduce
that all the elements of the image of the morphism N; L /Ié — I /Iy are
represented by elements of 7y C Zg. The desired commutative diagram follows
from the diagram (2.4), along with the explicit expression (2.5) of N H- (]

The next theorem (whose first proof was given by Furtwingler) about transfer
will be used later in the proof of the principal ideal theorem (Sect. 15.4).

The proof we give here (following Neukirch [40], Theorem 7.6 with a bit more
details) is due to Witt.

Theorem 2.13 Let G be finite group whose derived subgroup is denoted by G'. Let
G” be the derived subgroup of G'. Then the transfer V : G/G' — G'/G" is the
trivial homomorphism.

Proof After,if necessary, replacing G by G/ G” (whose derived subgroupis G’/ G”),
we can assume that G” = {1}, 1.e., that G’ is abelian. Forany x € G,letdx = 0(x) :=
(x — 1) € Zg. We will need two lemmas:
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Lemma 2.14
(a) Let xy, ..., x, be elements of G. Then there exist elements j,, ..., j. of Lg
such that

OCxr---x) = (14 j)ox, + (1 + jr—)0x, 1 + - + (1 + j2)dxs + 0x1.

(b)If =[x,y]l =x""y"'xy (x,y € G) is a commutator in G, then there exist
i,j € Ig suchthat 5(7) = id(x) + jo(y).

To prove Lemma 2.14, we first observe that if x,y € G, then d(xy) = (1 +
0x)0y + dx with éx € Zs. This proves (a) by induction on r. Item (b) follows from
(a) and the fact that 6(x ') = —(1 4+ 6(x~"))éx with §(x 1) € Zg.

We will now show the second lemma:

Lemma 2.15 There is an element p € Z[G] satisfying the two following properties:
(a) For all 0 € G, we have u(6o) = 0mod Zg'Z[G1Zg = Ig L.
(b) u =[G : G'l mod Zg, where [G : G'] € Z is the index of G’ in G.

Proof of Lemma 2.15 Let G={oy,...,0,}. Let m: Z" — G /G’ be the morphism
of Z-modules sending the ith vector ¢; of the canonical basis of Z"" to ;. The kernel
Ker 7 is of finite index in Z", hence isomorphic to Z". We thus obtain an exact
sequence of Z-modules

S ™

0—272'—7'— G/G — 0.

Let f(ex) = Z?zl my;€;, and denote by M the matrix (my;) (it is the transpose of
the matrix of f in the canonical basis). We can assume that the determinant of M is
positive and hence equals [G : G']. Foreach k € {1, ..., n}, we have 7(f(g)) =0
in G/G’. Therefore, there exist elements 7, of G’ such that

[[o" = (2.6)
i=1

Noticing that each 73 is a product of commutators [o;, o], the equality (2.6) and
Lemma 2.14 show the existence of elements puy; € Z[G], satisfying py; = my;
mod Zg, and such that

Zuki(éai)zo, k=1,...,n. (2.7)
i=1

We work in the commutative ring A = Z[G/G'] = Z[G]/Zs Z[G]. Let U be the
class of the matrix (u;) in M,(A) and let u € Z[G] whose class © in A is det U.
In particular, we already have the property (b) of the lemma, namely p = [G : G']
mod Zg. The comatrix L € M, (A) of U then satisfies the following relation: LU =
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UL =, in M, (A). By lifting L to a matrix (\j;) with coefficients in Z[G], we
obtain that the product matrix [A ;] - [ ] coincides with pf, mod Zg'Z[G]. By
multiplying on the right by the column vector (do1, ..., do,) (whose entries are in
Zs), the equality (2.7) gives

p6oj) = Nk Y pi(d0;) =0 mod ZgZ[G1 T,
k=1 i=1

hence
(o) =0 mod ZgZ[G)Zg (2.8)

for any o € G. The property (a) of Lemma 2.15 follows. (I

End of the Proof of Theorem 2.13 We fix a system R of representatives for the
classes (left or right, this does not matter since G’ is a normal subgroup of G) of
G/G',with1 € R.Let € Z[G] be asin Lemma 2.15. Let us show that ;1 = ZpeR p
mod ZsZ[G]. The element 71 of A = Z[G/G’] can be written

=) np

pPER

with n, € Z, where p is the class of p in A. Property (a) of Lemma 2.15 yields
1o = qiforany o € G/G’, which already implies that all the 7, equal a fixed integer
m.Hence p =m ZpeR p mod Zs Z[G]. Now, property (b) of Lemma 2.15 implies
m = 1, since ZpeR p=1[G : G'] mod Zg; in view of the fact that R is of cardinality
[G:G'].

Let 0 € G (we still denote by o its class in G/G"). By Proposition 2.12 (b), the
image of an element d¢ () by the homomorphism S € Zs/Z2 is then given by

S(0g(0)) = (Zp) 60 € 2IG)/Zo L.
pPER
On the other hand, as o € Zg and u = ZFGR p mod Zs Z[G], we have:
(Zp) 00 =p-(00)=0 mod ZgZs,

PER

which shows that the transfer V : G/G’ — G’ is the zero map. (]
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2.3 Cohomology of a Cyclic Group

Let G be a cyclic group of cardinality n. One of the advantages of the Tate modified
cohomology is that in this case, the sequence of groups H? (G, A) (for g € Z) is
2-periodic, which allows us to easily calculate them by reducing the computation to
H %G, A) and H! (G, A), which admit explicit descriptions. We have the following
theorem:

Theorem 2.16 Let G be a finite cyclic group of order n. Let A be a G-module. Then
forall g € Z, the groups H? (G, A) and Hq+2(G A) are isomorphic.

Proof The idea of the proof is to identify the H1 (G, A) with the cohomology of a
certain complex which, by construction, will be 2-periodic.
Fix a generator s of G and let D = s — 1 in Z[G]. On the other hand

n—1
N = Zt = Zsi.

teG i=0

Let us define a complex K(A) by K'(A) = A for all i, the coboundaries d' :
Ki'(A) — K'*!(A)beingdefined as: d' is the multiplication by D if i iseven and d' is
the multiplication by N if i is odd (note that this is a complex since ND = DN = 0).

For any exact sequence 0 - A — B — C — 0 of G-modules, we have a corre-
sponding sequence of complexes

0 — K(A) —> K(B) — K(C) —> 0

from which we obtain an associated long exact sequence with coboundary operators
d'. We thus obtain a cohomology functor (H9(K (.)), §) which is clearly 2-periodic
withrespectto g. In order to conclude, it would be enough to show that it is isomorphic
to the functor (ﬁq (G, )),9).

As G is generated by s, we have A = Ker D and Zg A = Im D. It follows that for
g =0and g = —1, we have ﬁ‘i(G, A) = H?(K (A)) and the coboundary operator
between degrees 0 and 1 are the same. In particular, if A is relatively injective, we
have HY(K (A)) = 0 for ¢ = —1, 0, hence, as the complex K (A) is 2-periodic, for
every g € Z. We conclude that for every G-module A and every g € Z, the groups
HY (G, A) and HY(K (A)) are isomorphic. This is done, for example, by arguing
by shifting using Corollary 2.7 (cf. also Remark 2.10), after having written A as a
submodule (resp. as a quotient) of an induced G-module I (resp ). (]

Remark 2.17 The isomorphism given by the Theorem 2.16 depends on the choice
of a generator of G. As we will see later (Remark 2.29), such a choice also makes
explicit the isomorphism of Theorem 2.16 using the cup-product.

Example 2.18 In the case of a cyclic group G = (o) of order n and of a sub-
group H = (o) of index d, we have simple formulas for restriction and core-
striction. Let A be a G-module. As we know that Res : H(G, A) — H(H, A)
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is 1nduced by passing to the quotient from the canonical injection A° — Af and
Cores : H-'(H, A) — H- (G, A) is induced by restricting to subgroups from the
canonical surjection A/Zy A — A/ZgA, Theorem 2.16 (cf. also Remark 2.29) gives
an expression for Res in even degree and for Cores in odd degree. We obtain oppo-
site parities by noting (using formulas from Sect. 2.2) that Res : H (G, A) —
H~'(H, A) is induced by the map x > YY"} 6% . x from A/ZzA to A/ A, and
Cores : H'(H, A) - H°(G, A) is induced by x > ZZ;& ok - x from A" to AS.

2.4 Herbrand Quotient

Let G be a finite cyclic group. Let A be a G-module. When H°(G, A) and H'(G, A)
are finite groups, we denote by #1°(A) and i'(A) their respective cardinalities.

Definition 2.19 Assume that H°(G, A) and H'(G, A) are finite. We define the
Herbrand quotient h(A) of a G-module A to be the rational number

The properties of the Herbrand quotient are summarised in the following propo-
sition:

Theorem 2.20 Let G be a cyclic group.
(a) Let
0—A—B—C—0

be an exact sequence of G-modules. If two Herbrand quotients among h(A), h(B),
h(C) are defined, then so is the third one and we have h(B) = h(A)h(C).

(b) If A is a finite G-module, then h(A) = 1.

(c) Let f: A — B be a homomorphism of G-modules with finite kernel and
cokernel. If one of the Herbrand quotients h(A), h(B) is defined, then so is the other
and h(A) = h(B).

Proof (a) The modified long exact cohomology sequence is written as (taking into
account the periodicity Theorem 2.16):

.—s HYG,C) — H°(G, A) — H°(G, B) — H"(G, C)
— H'G,A) — HYG,B) — H'(G,C) — ---

This long exact sequence is hence 6-periodic (“the exact hexagon ). We deduce an
exact sequence:

0— I, — H°G, A) — H°(G, B) — H°(G, 0)
— HY(G, A) — H'(G,B) — HY(G,C) — I, —> 0,
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where

I =Im[H"(G,C) — H°(G, A)] = Ker[H*(G, A) — H"(G, B)].
Itis then immediate that if two of the quotients 4 (A), h(B), h(C) are defined, then so

is the third. If this is the case, the alternating product of the cardinalities in the eight
term exact sequence below is 1, which gives, (denoting by s the cardinality of 7;):

(AR (C)R'(B)s = h°(B)R' (AR (C)s,

hence
h(B) = h(A)h(C).

(b) Let s be a generator of the cyclic group G. Let D be the multiplication by
s — 11in A, hence we have an exact sequence

0— HYG. A) — A 2% A Hy(G.A) — 0

as an element x of A is in H°(G, A) if and only if s - x — x = 0, and the image of
D is precisely I (A). Similarly we have an exact sequence

0 — H (G, A) — Hy(G, A) N H°(G, A) — H°(G, A) — 0.

If the cardinality m of A is finite, we obtain that H%(G, A) and Hy(G, A) have the
same cardinality by the first sequence. Then we obtain that H! (G, A) ~ H' (G, A)
and H 9(G, A) have the same cardinality thanks to the second sequence. It follows
that h(A) = 1.

(c) Let I be the image of f. We have exact sequences

00— Kerf —A—1—0.

0— I — B —> Coker f — 0.
From (b), we deduce that 1 (Ker f) = h(Coker f) = 1. We then obtain that, accord-

ingto (a),if h(A) (resp. h(B))is defined, then 4 (1) is also defined and therefore 4 (B)
(resp. h(A)) is defined, with h(A) = h(I) = h(B). O

2.5 Cup-Products

Let G be a finite group. Let A and B be two G-modules, then we can view A ® B :=
A ®z B as a G-module via the formulag- (¢ ® b) = (g-a) ® (g-b) forall g € G
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andall (a, b) € A x B.From this we deduce a bilinear map on homogeneous cochain
groups (defined in the Sect. 1.4):

K?(G, A) x K9(G, B) L> KPT(G,A® B)
defined (for all integers p, ¢g) by the formula:

(@Ub)(gos - Gp+q) = algos - 9p) ®b(gp, -, Ip+q)-

We then have (with the convention that throughout this Sect. 2.5, a “cocycle” and a
“cochain” denote a homogeneous cocycle and a homogeneous cochain respectively):

Theorem 2.21 [fa and b are cocycles, then a U b is also a cocycle.

If one of the two cochains a or b is a coboundary and the other is a cocycle, then
a U b is a coboundary.

The map U induces for all p, g > 0 a bilinear map

H?(G, A) x H1(G, B) — H"(G,A® B)
again denoted by U and called the cup-product.
Proof 1t is enough to verify the formula:
d(aUb) = (da)Ub+ (—1)?(a Udb), (2.9)

where d is the coboundary between the groups of cochains. On the other hand we
have

d(aUb)(go, ---»Iprq+1)

14
=Y (=Dalgo. ... Gir- - Gps1) ® D(Gps1s - Gpagi1)
i=0

p+q+1

+ Z (=D'a(go, -+ 9p) @b(Gps -y Tis -+ Gprgs1)
i=p+1

and

(daUub)(go, ..., Gprq+1)
p+1

= Z(_l)ia(g()’ cee 7’g\ia R gp+1) b b(gp+11 D) gp+q+1)
i=0

and also
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(a Udb)(go’ -'-7gp+(1+1)
q+1
= a(go, -+ 9p) ® D (=1)'b(Gps -+ Gptis -+ Gprgr1)
i=0
p+q+1
=a(go.....99)® Y (=1)""Pb(gp.....Gir . Gprgs1)-
i=p

We thus obtain the formula modulo the following term

(=D a(go, o Gprts - os Gpi1) @ B(Gpits -y Gpigr1)
+(_1)pa(QOs LR gp) ® b(g[N s ”g\pv cee gp+q+1)

which cancels out, hence the result. O

In [16], Chap. 3, Sect. 4, one finds a definition of the cup product which does not
use explicit computations with cocycles.

Remark 2.22 In the special case p =0, the cup-product of an element a €
H°(G, A) by an element b € H(G, B) is simply given by f.(b), where f, :
H1(G, B) - H1(G, A ® B) is the homomorphism induced by the morphism of
G-modules x — a ® x from B to A ® B. This follows immediately from the defi-
nition of the cup-product and from the description of f, in terms of the cocycles.

In particular, for p = g = 0, the cup-product is simply the map (a, b) > a ® b
from A® x B to (A ® B)°. Itis clear that it is functorial in A and B. We can then
more generally associate a cup-product to a pairing (i.e., a bilinear map compatible
with the action of G) ¢ : A x B — C between G-modules, using the fact that such a
map factors through A ® B. We will often denote by U the cup-product thus obtained
if it is clear what  is.

In addition, we have the two following compatibility properties of the cup-product.

Proposition 2.23
(a) Let B be a G-module. Let

0—A'—A—A—0ad 0—C —C—C"—0

be exact sequences of G-modules. We assume that we have a pairing A X B —
C which induces pairings A’ x B — C' and A” x B — C”. Then for all o' €
HP(G,A")and all 3 € H1(G, B), we have

(6aYU B =6 UB) e HPMTY(G, C),
where ¢ is the coboundary between the cohomology groups.

(b) Let 0> B - B —->B"—0 and 0> C'—- C - C"— 0 be exact
sequences of G-modules. Let A be a G-module. Assume we are given a pairing
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A x B — C which induces pairings A x B — C'and A x B" — C". Then for all
a€ HP(G,A) and all 3" € H1(G, B"), we have

aU @8 = (—D)Ps(au p’) e HPHHY(G, C).

Proof Let us for instance prove (b). Lift « to a cocycle a € Z”(G, A) and 5" to a
cocycle b” € Z(G, B”). We can lift b” to a homogeneous cochain b € K4(G, B)
(indeed, if M is a G-module, we have K9(G, M) = X9(G, M)°, where X7 (G, M)
is the induced G-module consisting of the functions from G9*! to M. It follows that
the functor K7(G, .) is exact).

Let us identify B’ with its image in B. Then §(3”) is represented by db €
Z9+1(G, B') and §(a U 3") is represented by d(a U b) € ZPT4+ (G, C'). Asda =
0, the formula (2.9) gives

d(aUb) = (=1)"(a Udb).

The result follows from this by passing to the cohomology classes. (I

Remark 2.24 Let A be a G-module. Then A embeds into the induced module /5 (A)
as a direct factor of it as a Z-module (Proposition 1.10). It follows that the sequence

0—> A —> Ig(A) —> A/IG(A) —> 0

remains exact when tensored with any G-module B. The Proposition 2.23, along
with the fact that the cup-product is “bifunctorial” and its definition for p = g = 0,
characterises the cup-product in a unique way (by shifting). It is also possible to go
in the other direction by Remark 1.11.

2.6 Cup-Products for the Modified Cohomology

We will now (using Remark 2.24), extend the definition of the cup-product to Tate
modified cohomology. This definition will be in particular used in the case p =
—2, g = 2 to apply the Tate—Nakayama theorem to the Galois cohomology of local
fields (Sect. 9.1).

Theorem 2.25 Let G be a finite group. Then there exists a unique family of bilinear
maps

H”(G, A) x HY(G, B) Y ABrae. o)

associated to all p, q € Z and any pairing A x B — C of G-modules, satisfying:
(1) For p = q = 0, these maps are induced by the natural map

A% x B¢ —s (6.
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(2) These maps are functorial in G-modules.
(3) These maps satisfy properties analogous to (a) and (b) of Proposition 2.23
with respect to the exact sequences for all p,q € Z.

Naturally, for p,q > 0, we recover the usual cup-product defined in Theo-
rem 2.21, which in this case gives us an explicit description in terms of cocycles.

Proof We immediately reduce to the case C = A ® B. Consider the complete stan-
dard resolution (X,, 9) (i.e., the complex (2.1)) of Z. For any G-module M, recall
that we denote by Homg (X,, A) the complex whose nth term is Homg (X, A), with
the same sign convention as for formula (2.2). We then have (using Definition A.51
of the appendix for the total tensor product of the two complexes) a morphism of
complexes

Homg(X,, A) ® Homg(X., B) — Homg (X, ® X., C). (2.10)
Lemma 2.26 There exists a family of homomorphisms
Cpg: Xprg — X, ®X,, p,qel
satisfying:

(a) Sf’p,q8 =0® 1)<Pp+l,q +(=DPa® 6)90p,q+l'
(b) (m ® Moo =,

where T : Xo = Z[G] — Z is the augmentation homomorphism.

Assume for now that Lemma 2.26 is proved. The ¢, , induce * a homomorphism
of complexes (where X, ® X, in the left side term designates, as above, the total
complex)

Homg (X, ® X., C) — Homg(X., C).

Composing with (2.10), we obtain a morphism
Homg(X., A) @ Homg(X., B) — Homg(X,,C), f®gr— f-g

between complexes of G-modules.
Then, the property (a) gives

of-9)=@Of)-g+(=DFf-(09),

2There is a subtlety here (pointed out by J.Riou): the ¢ p,q do not generally induce morphisms of
complexes X, — X, ® X, because X, is not a priori bounded from either side, and hence the image
of X, in [, ,_, Xp ® X4 is not contained in P, ,_, Xp ® Xg. Nevertheless, the passage to
Homg (., C) allows to define the desired homomorphism in an evident way.
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which implies that if f and g are cocycles, the same holds for f - g (and the coho-
mology class of f - g depends only on the classes of f and g). From this we deduce,
using formula, (2.2), a family of bilinear maps

H”(G, A) x HY(G, By — HP™(A, C)

which clearly satisfy property (2) of Theorem 2.25. Property (1) follows from prop-
erty (b) of Lemma 2.26. Lastly, property (3) is proved in exactly the same way as
Proposition 2.23. Thus we have proved the existence assertion in Theorem 2.25, and
uniqueness follows from property (1) and Remark 2.24.

It remains to prove Lemma 2.26. For this, we define

©p.q(gos - Gptq) = (G0 -2 9p) ® (Gps - > Gptq)
if p,g > 0.For p,q > 1, we set
O—p—q(G1s s Gprg) = (91 -, Gp) ® (Gpt1s -+ -5 Gptq)-
Lastly, the definition of the ¢, , if one of the indexes p, g is > 0 and the other

is < 0 depends on the sign of p + gq. More precisely, we set, for all p > 0 and all
qg=1

Cppq(@ts- )= D (g hi ) @y by grs L gy)
(hi,...sh ) EGP

Cpgp@n )= D GGy h) @ (L gy).
(hiyeeshp) €GP

Sop+q,*q(903-'~’gp): Z (g()v-~~1gpvhla~'-7hq)®(hq3""hl)~
(hi,...shg)€GY

P—q.p+q(90s -2 gp) = Z (his oo hy) ® (hy, -y By, Gos -5 Gp)-
(hy,..., hy)eG1

The lemma follows from a direct computation (which is not difficult but very
tedious). O

The following proposition provides a “set of formulas” describing the behaviour
of the cup-product with respect to the usual cohomological operations:

Proposition 2.27
(a) If we identify (A @ B) ® C with A @ (B ® C), then

(U Uy=aU(@BU7)

forall a € ﬁp(G, A), b€ ﬁq(G, B), v € ﬁ’(G, C) (“associativity” of the cup-
product).
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(b) Ifwe identify A ® B with B ® A, we have (o« U ) = (=1)?4 (8 U «) for all
o€ HP(G, A) and b e H%(G, B) ( “anticommutativity” of the cup-product).
(c) If H is a subgroup of G, A and B are G-modules and Res is the restriction,
then Res(a U 3) = Res(a) URes(B) forall « € HP(G, A) and 3 € HY(G, B).
(d) If H is a normal subgroup of G, A and B are G/H-modules and Inf is the
inflation, then
Inf(a U §) = Inf(a) U Inf(53)

forall« € HP(G/H, A" and 3 € H1(G/H, B).
(e) If H is a subgroup of G, A and B are G-modules and Cores the corestriction,
then Cores(a U Res(3)) = Cores(a) U Bforalla € HP (H, A)and 3 € H1(G, A).

Proof All these properties are proved by shifting, using Theorem 2.25 (which defines
the cup-product) and Remark 2.24. Let us prove (b), for example; we embed Ay := A
in the induced module I5(A) and set A} = Ig(A)/A, then, by induction, define
A, =15(A,_1)/A,_ forall p > 0. Denoting by J; the quotient module of Z[G]
by Z, we easily see that (the latter viewed as a submodule of Z[G] via 1l — ) e q9),
we have

Al AR J;. (2.11)

Corollary 2.7 implies that the iterated coboundary §” : H"(G, A,) - H "tP(G, A)
is an isomorphism for all n € Z. We adopt similar notations for B. Applying property
(3) of Theorem 2.25 (p times in the case (a) and g times in the case (b)), we obtain,
for p, g > 0, the following commutative diagram:

H°(G, A,) x H(G, B,) YV AG. (A® B, ~ HG,A,® B,)

o

A7(G. A) x H%G. B,) —2— A?(G. (A® B),) ~ H"(G.A® B,)

o e e

HP(G. A) x H1(G, B) —Y— Brt4(G. A ® B).

Indeed, we have isomorphisms (A ® B,), ~ A, ® B, and (A ® B), ~ A ® B, by
2.11).

As the desired formula is clear for p = g = 0, the result for p, ¢ > 0 then follows
from the fact that vertical arrows are isomorphisms. The case p < 0is similar: writing
the exact sequence

00— A | — Ig(A) — A — 0,

then setting A_,,_; = Ker[Ig(A_,) > A_,]foralln > 1.
The proof of (a), (c) and (d) is completely analogous, the formulas being clear for

p=q=0.



2.6 Cup-Products for the Modified Cohomology 49

To prove (e), the same shifting argument reduces it to verification of the commu-
tativity of the following diagram

H(H,A,) x H(H, B,) ~ Y BYH, A, ® B,)

Coresl TRes lCores

A%G. A,) x %G, B,) —2— HG. A, ® B,).

for which it is enough to verify the commutativity of

Al Bl N (A, ® B)"
NG/Hl Tld JNG/H
®

AS x B —— (A, ® B)°.
It follows from a computation which is valid for alla € A7, b e Af:

Ng/ua®b) = Z ga ® gb = Z ga®b = Ng/u(a) ®b.
9eG/H geG/H

Lastly, this is the final compatibility which will be used in the proofs of duality
theorems:

Proposition 2.28 Let
0—A—A—A—0, 0—B —B—B"—0
be exact sequences of G-modules. Let C be a G-module and ¢ : A x B —> C be
a bilinear map (compatible with the action of G) such that p(A’ x B') =0, so that ¢
induces pairings
0 A XxB"— C and ¢":A"xB — C.
Then, for p, q > 0, the induced cup-products

H?(G,A") x HY (G, B") — H'™(G, C)

and
H"Y(G, Ay x HI™Y(G, B") — H"*(G, C)

are compatibles (up to a sign) with the coboundaries 0. More precisely, we have



50 2 Groups Modified a la Tate, Cohomology of Cyclic Groups
(ba) U B+ (=D (@Udp) =0

foralla € HP(G, A”) and 3 € H*~\(G, B").

Proof Welift o to acocycle a” € ZP(G, A”) and similarly 8 to b” € Z9~'(G, B"),
then a” and b”, respectively, to cochains a and b of K?(G, A) and K9~!(G, B). Then
da and db come from a' € K?*1(G, A") and b’ € K9(G, B), respectively, which
represent d« and 63 respectively. Using formula (2.9) one then verifies that

aub"+ (D@ ub)=d@aUb)
is a coboundary; hence it is zero in H”™4(G, C). O

Remark 2.29 Let G = (s) be a finite cyclic group of order m. Consider the exact
sequence

0—7 - zi61 2= 71615z — 0,

where ¢ is the augmentation and i is the natural injection. This sequence of free
Z-modules remains exact when tensored with A. Cutting the thus obtained sequence
up into two short exact sequences, we obtain (by Corollary 2.7) isomorphisms 04(A) :
H(G,A) — H9"2(G, A). In particular, for ¢ =0 and A = Z, this gives us an
isomorphism 0 : Z/mZ = ﬁO(G, 7)) — ﬁZ(G, 7)) (which depends on the choice of
a generator s of G which we made at the beginning). Let a = 6(1). We then obtain
an explicit isomorphism (cf. Theorem 2.16) between He (G, A) and H? +2(G, A) by
forming a cup-product with a. Indeed, the compatibility of the cup-product with
the coboundaries (property (3) of Theorem 2.25) gives, for any G-module A, a
commutative diagram (up to a sign):

HY(G, A) ——— H9(G, A)

Ull JUa
0,(A

HY(G, A) L% HI12(G, A).

The cup-product by 1 € Z/mZ = H°(G, Z) is the identity in H7(G, A) (it is imme-
diate for ¢ = 0 and then can be deduced by shifting). As ,(A) is also an isomor-
phism, we obtain the desired isomorphism, using the formula (valid up to a sign)
0,(A)(x) =xUa.

Remark 2.30 Remark 2.22 extends easily to the modified cohomology classes a €
H°(G, A)and b € H"(G, B) for n € Z: one sees this, for example, by shifting from
the case n = 0.

We finish this chapter with two explicit computations of the cup-product in low
degrees. Proposition 2.32 will be in particular used in the proof of an important
compatibility formula that we will establish later on (Proposition 9.3). If A is a



2.6 Cup-Products for the Modified Cohomology 51

CA}—module and a € A has norm zero (resp. is in AY), we denote by @y its class in
H (G, A) (resp. @’ its class in HC(G, A)).

Lemma 2.31 Let G be a finite group. Let A and B be G-modules. Consider an
element a € A with_NG (a) =0 and a cocycle f € ZY(G, B), whose cohomology
class we denote by f € H'(G, B). We set

c:—Z(t-a)@f(t) € A® B.

teG

Then . N
U f=2¢"e H (G, A® B).

Proof We embed B into the induced module B’ = I(B) and we set B” = B'/B.
Recall that as B is a direct factor of B’ as an abelian group, the sequence

0— A®B— A®B — A®B’'— 0
remains exact.

As H'(G, B") = 0, the image of the cocycle f in Z'(G, B’) is a coboundary.
Thus we obtain an element b’ € B’ such that f(¢) = ¢t.b' — b’ forallt € G.Ift € G,
the image of t.b’ — b" in B” is zero as t.b’ — b’ € B. In other words, the image b”
of b’ in B” belongs to H°(G, B"). By definition of the coboundary d, we then have

d((®" =7F € H'(G, B),

hence . B
agU f=—d@u®"’

by property (3) of Theorem 2.25 (more precisely, by the modified cohomology
analogue of Proposition 2.23, b)

Remark 2.30 implies @ U (b")° = W. As the coboundary
d:H'(G,A®B") - H(G,A® B)
is induced by the norm, settingd = Ng(a ® b') = >, _;(t - a) ® (t - b') we obtain:
ayu f =-d°
Now, we observe that as Ng(a) = 0, we have

d=) (t-a)®(f()+b)=—c,

teG

whence the result. O
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Recall (Proposition 2.4) that the exact sequence

0 Ig — Z[G] - Z — 0 (2.12)

induces an isomorphism d : H2(G,Z) — H (G, Ig) = 1g/1%. Hence we have

an isomorphism s — 5 from G® to H —2(G, Z), obtained by sending s € G to
d~'(s — 1), i.e., to the element 5 such that d(5) = (s — 1),.

Proposition 2.32 Let B be a G-module. Let f : G — B be a cocycle in Z'(G, B),
whose class is f € H'(G, B). Let s € G. Then, with the above notations, we have

SUS = f(), € H'(G, B).

In particular, if G is abelian and the action of G on B is trivial, the cup-product
5U f is obtained by simply evaluating the morphism f = f : G — B at s. The
element of B thus obtained is then in the subgroup H! (G, B) of B consisting of
elements of norm zero.

Proof The exact sequence (2.12) splits as an exact sequence of abelian groups. Thus,
it induces another exact sequence

0— 1B —Z[G]®B — B—0
from which we obtain (Z[G] ® B being an induced module) an isomorphism
d:H (G, B) — HG, I; ® B).

Thus it suffices to show that the images of 5 U f and WO under this isomor-
phism, coincide. The description of d (cf. Proof of Theorem 2.6) yields (setting
¥ =Y, ® @ f($)): o

d(f(s)) ="

On the other hand, property (3) of Theorem 2.25 and Lemma 2.31 yield the
equality _ _
dSUf)=(s— 1)U f =75,
where y := — " (- (s — 1)) ® f(z). Thus

V=D t—t)@ =) 1® f(1) =) ts® (1)

teG teG teG
=D R F(M =D ts@ flts)+ Y ts® (t+ f(5))
teG teG teG

because f is a 1-cocycle. As ¢ > ts is a bijection from G to G, the two first terms
simplify and we finally find
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Y=Y ts®(t- f(s)).

teG
Hence
xX—y= Zl(l =) Q- f(s)) = Ng((1 —5)® f(s)),
teG
which implies that X0 = io as desired. O

2.7 Exercises

In all these exercises, G is a finite group.

Exercise 2.1 Let A be a G-module. We denote by A* the G-module Homyz (A, Q/Z)
(cf. Exercise 1.9). Show that for any G-module A and any integer i > 0, the group
H;(G, A)* is isomorphic to H' (G, A*) (start with the case i = 0).

Exercise 2.2 Extend Shapiro’s lemma to the modified cohomology H" foralln € Z.

Exercise 2.3 Let H be a subgroup of G. Let A be a G-module and B an H-
submodule of A. Forany o € G, weset°H = cHo ™.
(a) Show that the homomorphisms

°H—> H h+——> o0 'ho; B —> oB,b+—> cb
are compatible and induce isomorphisms
ox: H"(H,B) — H"(°H,0B)

foralln > 0.
(b) Show that if C is a G-module, we have forallo«o € H? (H, A),yv € HY(H, C),
o € G, the formula
o(aUy) =og,aUao.y.

Exercise 2.4 (sequel to Exercise 1.10) Let p be a prime number and G a finite
p-group.

(a) Show that H~'(G, Z) = 0.

(b) Show that H%(G, Z/ pZ) = G®/pG.

(c) With the notations of the Exercise 1.10, show that:

rg(H (G, Z)) = rg(H (G, Z/pZ)) — rg(H (G, Z/pZ)).
Exercise 2.5 Let G be a finite group. Let H be a subgroup of G. Let R be a system

of representatives of right classes of G modulo H, with 1 € R. Set H' = H — {1}
and R" = R — {1}. Let (n,, ;) per',ren be a family of integers.
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(a) Show that if we have:

> np(r—1peZlH],

peR’ . TeH'

then all the n,, . are zero.
(b) Deduce that if the family (m,, ;) ,cr,ren Of integers satisfies

Y myr=D(p—1) € lu,

peR,TeH

then this sum is in fact zero.
(c) Recover that Iyl NIy = 11%1 (observe that if 7,7 € H and p € R, then
(r—D@E'p—1)=(—-1)(p—1) mod I,%,).

Exercise 2.6 (after [47], Appendix to the third part, Lemma 4) Let B be a G-module.
We embed B into the induced module B’ = I;(B) and we set B” = B’/B. Let
u:G x G — B be a 2-cocycle with cohomology class # € H?*(G, B). For each

b e BY, we denote by 50 its image in ﬁO(G, B).Foreach s € G, we denote by s its
image in H (G, Z) via the isomorphism G** — H~2(G, Z) (cf. Proposition 2.32).
(a) Show that there exists a 1-cochain f’ : G — B’ satisfying

u(x,y) =x- f'(y) = f'(xy) + f(x)
forallx,y € G.
_(b) Show that the composite f” : G — B” is a 1-cocycle whose class ?” satisfies
d(f) =u, where d : H'(G, B") — H?(G, B) is the coboundary map. Verify that

Ng(f'(s)) € Bforalls € G.
(c) Using Proposition 2.32, deduce that for all s € G, we have

SUT=Ng(f'(s) € HG, B).
(d)Lets € G.Weseta =), ; u(t,s). Show that
suu =a’.

(You may use a) taking (x, y) = (¢, 5), and sum the equality you obtain over ¢ € G.)



Chapter 3 )
p-Groups, the Tate-Nakayama Theorem e i

Let p be a prime number. Recall that a finite p-group is a group whose cardinality is a
power of p. Such a group is nilpotent, in particular the centre and the abelianisation of
anon-trivial p-group are non-trivial. A p-Sylow subgroup (abbreviated as p-Sylow)
H of afinite group G is a subgroup which is a p-group whose index [G : H]is prime
to p. In this chapter we will see that the p-groups possess special cohomological
properties which often allow us to study the cohomology of a finite group by reducing
to that of its p-Sylows.

3.1 Cohomologically Trivial Modules

Lemma 3.1 Let p be a prime number. Let G be a finite p-group and A a nonzero
G-module. We assume that A is torsion and p-primary. Then A® # 0.

Proof Wereduce ourselves to the case where A is finite by considering the G-module
generated by a nonzero element of A. This module is finite as it is a torsion module
of finite type over Z.

Let Ay, ..., A, be the orbits other than the elements of AC for the action of G
on A. The cardinality of each A; is [G : G;], where G; is the stabiliser of an element
of A;. This cardinality is therefore divisible by p (recall that #A4; > 1). The class
equation

HA =#AC + ) #A;

1

then shows that A and AC have the same cardinality modulo p and their cardinality
is a power of p. It follows that A® can not be of cardinality 1. ]

Lemma 3.2 Let G be a finite group and let A be a G-module. Let p be a prime
number and let H be a subgroup of G. Then if p does not divide [G : H], the map
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Res : H1(G, A){p} - H9(H, A) is injective for all g > 0. The same result holds
for all g € Z if we replace the groups H? by the modified groups H4.

Proof This follows from the formula (Cores o Ees)(x) =[G : H]-x for all x in
H4(G, A) (Theorem 1.48). The argument with H? is identical by Theorem 2.9. [

Lemma 3.3 Let G be a finite group. Let A and B be G-modules.

(a) Assume that B is induced. Then the G-module Hom(A, B) := Homg(A, B)
is induced.

(b) Assume that A is a projective G-module. Then A ® B is a relatively injective
G-module.

Recall (Example 1.3, d) that the action of G on Hom(A, B) is given by
(g- /)x):=g- f(g~'-x)forallg € G, f € Hom(A, B), x € A.

Proof (a) (See also [47], Chap.IX, Prop.1 for a more general statement.) To say
that B is induced means (Remark 1.6, b) that it is a direct sum of the g - X for
g € G, where X is a fixed subgroup of B. Then Hom(A, B) is a direct sum
of the Hom(A, g - X) = g - Hom(A, X) (indeed, Hom(A, g - X) is simply the
subgroup of Hom(A, B) consisting of the f whose image is contained in g - X,
which is equivalent to Im(g~" - f) C X), hence is induced as it is the direct sum
of the g - Hom(A, X) (Hom(A, X) being a subgroup of Hom(A, B)).

(b) follows from the fact that if A is projective, it is a direct factor of a free
Z[G]-module B, Z[G], and from the fact that ® commutes with direct sums
(Appendix, Proposition A.30, b). O

We will also need the following notation (cf. Proposition 1.10, Remarks 1.11 and
2.24): let G be a finite group and A be a G-module. We have (Proposition 1.10)
a natural embedding A < I5(A). We denote by A; the quotient /G(A)/A. More
generally, we define by induction A; = (A,_1) forallg > 0. Similarly, we can write
A as a quotient of I (A) via the surjective homomorphism f dec g- fg™.
Let us then call A_; the kernel of Ig(A) — A and we set A; = (A,41)-1if g <O.
Then we have by shifting

HY(G,A) = H" (G, A,) 3.1

for all ¢, r € Z by Corollary 2.7.

Definition 3.4 Let G be afinite group. We say thata G-module A is cohomologically
trivial if for all n > 0 and every subgroup H of G, we have H"(H, A) = 0.

In particular, such a G-module is also a cohomologically trivial H-module for
any subgroup H of G. Note that an induced G-module is cohomologically trivial:
this follows from the fact that A is also induced as an H-module (Remark 1.35).

Lemma 3.5 Let G, be a p-Sylow of G. A G-module A is cohomologically trivial if
and only if A is a cohomologically trivial G ,-module for every prime number p.
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Note that if G/, is another p-Sylow of G, then A is cohomologically trivial as
G ,-module if and only if it is cohomologically trivial as G;-module.

Indeed, G, and G/, are conjugated (say by ¢ € G), which gives for any subgroup
H' of G/, a bijective homomorphism from A to A (defined by x — t~!. x) com-
patible with the isomorphism ¢ + tg¢~! from H' to H := tH't~'. We thus obtain
an isomorphism from H" (H, A) to H"(H', A) (see also Exercise 2.3). We could of
course limit ourselves to the primes that divide the cardinality of G since for the
others, the group G, is trivial.

Proof Let H be asubgroup of G. Let H,, be a p-Sylow of H. Then H,, is contained in
a p-Sylow of G, which we can assume to be G, by the above remark. The result then
follows from the fact that for n > 1, the restriction H"(H, A){p} — H"(H), A) is
injective (Lemma 3.2) as the index [H : H,,] is prime to p. [l

Theorem 3.6 Let p be a prime number. Let G be a finite p-group and A a p-torsion
G-module. Assume there exists q € Z suchthat H1(G, A) = 0. Then A is an induced
G-module (in particular it is cohomologically trivial).

(The proof will even show that A is a free F,[G] module.)

Proof We start by finding an induced G-module V such that V¢ is isomorphic to
AY. To do this, set A = F,[G], and choose a basis I of the F,-vector space AC . Set
V =@, A, then V isaninduced G-module (as a direct sum of induced G-modules).
As A% =F,, we obtain an isomorphism jg : A® >~ VY. We now try to extend this
isomorphism to a G-morphism from A to V.

As the functor Hom(., V) is exact in the category of F,-vector spaces, we have
an exact sequence of G-modules

00— Hom(A/AG, V) — Hom(A4, V) — Hom(A%, V) — 0

and on the other hand the fact that V is induced implies, by Lemma 3.3, that the
G-module M := Hom(A/A€®, V) is induced. Thus we have H'(G, M) = 0 hence
a surjection:

u : Homg(A, V) — Homg (A%, V) = Homg(AC, V9).

It follows that ji extends to a G-homomorphism j : A — V.

Observe that the G-module Ker j satisfies (Ker )¢ = 0 since the restriction of j
to A® is anisomorphism from A% to V. As G isa p-group, this implies Ker j = O by
Lemma 3.1. Hence j is injective. Let C be its cokernel. The long exact cohomology
sequence

0— A° —- V9 — c% — H'(G, A)

yields the following implications

H' (G, A)=0 = C°=0 = C=0
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since j induces an isomorphism AS ~ V¢ (the last implication comes again from
Lemma 3.1). We have shown that if H'(G, A) =0, then A ~ V is an induced
G-module.

Let g € Z such that HY (G, A) = 0. By shifting, we will reduce ourselves to the
case g = 1. We have, by formula (3.1):

HY(G, A) = H' (G, A,_)).

This shows that H'(G, A,—1) = 0. By what precedes, this implies that A,_; (which
is again p-torsion) is induced. But then we have

HY(G,A) = H>%(G,A, 1) =0
and A is induced by the case g = 1. (]

Theorem 3.7 Let G be a finite group. Let A be a G-module.

(a) Assume that for every prime number p, there exists an integer q € Z (which may
depend on p) such that

HY(G,, A) = H"*'(G,, A) =0,

where G, is a p-Sylow of G.
Then A is cohomologically trivial. Suppose moreover that A is a free Z-module,
then A is a projective Z| G]-module (hence relatively injective).

(b) Assume that A is cohomologically trivial; then H (H, A) = 0 for any subgroup
H of G and any q € Z. Moreover, there is an exact sequence

0O—R—F—A—0

of G-modules with F free over Z[G] and R projective over Z]G].

Proof We start by writing A as a quotient of a free Z[G]-module F', hence we have
an exact sequence of G-modules

00— R—F—A—0.

Fix a prime number p and let us first place ourselves in the situation of (a), i.e.,
H4 (Gp, A) = ﬁq+1(Gp, A) = 0. Then as F is in particular relatively injective, we
obtain

H"*Y(G,,R) = H"™(G,,R) =0 (3.2)

which, using the exact sequence

0—R—LyR— R/pR—0 (3.3)



3.1 Cohomologically Trivial Modules 59

(note that R is torsion-free since it is a submodule of F) implies the equal-
ity H"*'(G,, R/pR) = 0. Theorem 3.6 then implies that R/pR is an induced
G ,-module.

‘We start with the case where A is assumed to be free over Z. We will then show that
A is a direct factor of F' (hence a projective Z[G]-module). Let M be the G-module
M := Hom(A, R).

Lemma 3.8 We have H' (G, M) = 0.

Proof The exact sequence (3.3) and the fact that A is free over Z yield an isomor-
phism of G-modules
M/pM ~Hom(A, R/pR).

This shows that M/pM is an induced G ,-module by Lemma 3.3 since R/pR is
an induced G ,-module. It follows that H (G »» M)[p] = 0 by Theorem 2.6 and the
exact sequence of modified cohomology

0=H%G,, M/pM) — H'(G,. M) —L5 H'(G,. M)

associated to the exact sequence

O—>M—.—B—>M—>M/pM—>O.

Hence we have H'(G, M){p} =0 (recall that the restriction H'(G, M){p} —
H ‘(Gp, M) is injective by Lemma 3.2). This holds for all p, thus we obtain
H' (G, M) =0. O

Let us now proceed with the proof of the fact that A is a direct factor of F, keeping
the assumption that A is free over Z.
This assumption implies that we have an exact sequence of G-modules

0 — M =Hom(A, R) — Hom(A, F) — Hom(A, A) — 0

and H'(G, M) = 0 implies that Homg (A, F) surjects onto Homg (A, A), which
allows us to obtain (by considering Id4) a section of the surjective homomorphism
of G-modules ' — A.Thus F is isomorphic (as G-module) to the directsum A & R,
as desired. Thus we have proved a) in the special case where A is free over Z.

Let us now prove (a) in general. What precedes applies to R by (3.2) as R is
free over Z as a submodule of F. Hence we obtain that R is projective (in particular
relatively injective), hence cohomologically trivial. Since this also holds for ' (which
is induced), the G-module A = F/R is also cohomologically trivial (using the long
exact sequence) and (a) follows.

Let us show (b). Let A be a cohomologically trivial G-module. A fortiori, A
satisfies the assumptions of (a) (e.g. for ¢ = 1). Let us choose a surjection F — A
whose kernel is R with F free over Z[G]. We have just seen that R is then projective
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(as a G-module, hence also as an H-module for any subgroup H of G) hence for
any g € Z, we obtain

HY(H,A) = H"™*'"(H,R) =0
for any subgroup H of G, which proves (b). (]

Remark 3.9 By Theorem 3.7 (b), we could have defined cohomological triviality
of a G-module A (for G finite) by the property of vanishing (for any subgroup H of
G) of all Tate cohomology groups HY(H, A).

3.2 The Tate-Nakayama Theorem

In this paragraph, G is a finite group and for every prime number p, we fix a p-Sylow
G, of G.

Lemma 3.10 Let A be a cohomologically trivial G-module. Let B be a torsion-free
G-module. Then the G-module A ® B is cohomologically trivial.

Proof By Theorem 3.7, we have an exact sequence
0—R—F—A—0

with F free over Z[G] and R a direct factor of a free Z[G]-module. Then the
G-modules F ® B and R @ B are both relatively injective (Lemma 3.3, b). They
are therefore cohomologically trivial. As B is torsion-free, the sequence

00— R®B—FQ®B—AQB—0

remains exact. Using the long exact sequence, we immediately deduce that the
G-module A ® B is also cohomologically trivial. (]

Remark 3.11 The same proof shows thatitis sufficient to assume that Torz(A, B) =
0, where Torz(., B) is the first derived functor of the left functor . ®z B in the category
of modules over the ring Z (cf. Appendix, Proposition A.56).

Proposition 3.12 Let A and A’ be two G-modules. Let f:A" — A be a
G-homomorphism. Assume that for every prime p, there exists an integer n, such
that the homomorphism

i H(G,, A" — H'(G,, A)

is surjective for i = n,, bijective for i = n, + 1, and injective for i =n, + 2. Let
B be a torsion-free G-module. Then for any subgroup H of G, the homomorphism

H'(H,A' ® B) — H' (H,A® B)
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induced by f Q1 is bijective for all i € Z. In particular, the homomorphism
H(H,A') — H'(H, A) induced by f is bijective for all i € Z.

Proof We start with the case where f is injective. Let A” be its cokernel. The long
exact sequence associated to the exact sequence

0— A —A—A"—0
and the assumption made on the f! yields
H"(G,, A"y = H""(G,.A") =0

for every prime p.

By Theorem 3.7, the G-module A” is cohomologically trivial. By Lemma 3.10,
the G-module A” ® B is also cohomologically trivial. As B be is torsion-free, the
sequence

0—AQ®B—>A®B—>A"®@B—0

is exact. This implies that HY(H,A'® B) —> H1(H,A® B) is bijective for all
q € 7Z and all subgroups H of G, as desired.

The general case reduces to the special case where f is injective by the following
procedure: embed A’ into the induced module A= Ig(A)andsetA* = A @ A We
then obtain (via f and the embedding j : A’ — Z/) an injection 0 = (f, j) : A’ —
A* AsA and A’ ® B are cohomologically trivial, we have H4 (H,A) = H4 (H, A%)
and ﬁ"(H, AQ®B) = ﬁ"(H, A* ® B). This allows us to reduce ourselves to the
previous case by replacing f by 6. O

Note that the Proposition 3.12 remains valid provided Torz(A, B) =
Torz(A’, B) = 0 with a slightly different proof (the above argument goes not go
through directly since we can not a priori deduce that Torz(A”, B) = 0 from the
assumptions). See Exercise 3.6.

Proposition 3.13 Letr A, B, C be three G-modules. Let p :’1\4 x B — C beabilinear
map compatible with the action of G. Let q € Z and a € H1(G, A). For a subgroup
H of G and a G-module D, we denote by ay the restriction of a to H and by

f(n,H,D): H'(H,B® D) — H""(H,C ® D)

the homomorphism defined by the cup-product with ay (with respect to the bilinear
map induced by ).

Assume that for all prime numbers p, there is an integer n, such that f (n, G, Z)
is surjective forn = n, bijective forn = n, + 1, and injective forn = n, + 2. Then
f(n, H, D) is bijective for all n € Z, all subgroups H of G, and all torsion-free
G-modules D (here again Torz(B, D) = Torz(C, D) = 0 would suffice).
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Proof Consider first the case ¢ = 0. Thena € ﬁO(G, A) = A®/NgA comes from
an element (again denoted a) of A®. Let f : B — C be the G-homomorphism
defined by f(b) =(a,b). Then f:H"(G,, B)— H" (G, C) is simply
f(n,G,,Z) and the Proposition 3.12 implies that f(n, H, D) is bijective as
f(n, H, D) is then the homomorphism induced by f ® [d: BQ D - C ® D.

The case of an arbitrary ¢ is dealt with by shifting. Let us for example show
how to pass from ¢ — 1 to ¢ by embedding A into the induced module A = I (A)
(to go in the other direction, we write A as the quotient of the induced module A)
and C into C = I5(C). Set A; = Z/A and C| = G/C. This gives a bilinear map
1 : A; X B — C| induced by the bilinear map

P:AxB—C, (f,b)— (g— ¢(f(9),g-b)), VfeAbeB,geg.

We can then write a = §(a;) witha; € Hi! (G, A)) and a, defines, by cup-product,
homomorphisms

fi(n,H,D): H'(H,B® D) — H"""'(H,C, ® D).

As C x D is again cohomologically trivial (Lemma 3.10), the coboundary 0 :
H"4=1(H,C; ® D) — H"(H,C ® D) is an isomorphism. But, in view of the
compatibility of cup-products with the coboundaries (Proposition 2.23), we know
that f(n, H, D) is obtained (up to a sign) by composing f; with J. If the desired
result holds for aj, it holds therefore for a, hence the result follows by induction
ong. O

Theorem 3.14 (Tate—Nakayama) Let A be a G-module. We consider an element
a of H*(G, A). Assume that for all primes p, the following assumptions hold:

(a) We have Hl(Gp, A) =0.
(b) The group H2(Gp, A) is of cardinality m, :=#G, and is generated by the
restriction a, of a to H*(G , A).

Then for each torsion-free G-module D and each subgroup H of G, the cup-product
by ay = Resy(a) € H*(H, A) induces isomorphisms

H"(H,D) — H""*(H, A ® D)
for all n € Z. In particular, the cup-product by ay induces isomorphisms
H"(H,7Z) — H"2(H, A).

Proof We apply the previous proposition with B =7, C = A, g = 2, taking for
¢ : A®Z — A the obvious map. We choose n, = —1. The cup-product

H'(G,,Z) — H"™(G,, A)

induced by a,, is surjective for n = —1 (using assumption a). Forn = 0, it is the map
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Z/m,Z — H*(G,, A)

that sends the canonical generator of Z/m ,Z to a,. The assumption b) implies that
this map is bijective. For n = 1, the group H'(G ,, Z) is zero hence the cup-product
is injective. (]

The special case 22 "(H,Z) ~ H "+2(H, A) is due to Tate. Later we will apply
it with n = =2, G = Gal(L/K) and A = L* for a finite Galois extension L of a
p-adic field K (Sect.9.1). We will deduce an isomorphism from H=%(G, Z) = G*
to H'(G, L*) = K* /N L*, once we have verified the assumptions of the theorem in
this setting. We will also see (Sect. 15.1) that an analogous statement is valid in the
global case, replacing L* by the idéle class group of L.

3.3 Exercises

Exercise 3.1 Let p be a prime number. Let G be a finite p-group. Let A be a p-
torsion G-module.

(a) Show that if Hy(G, A) = 0, then A = 0 (consider the G-module A’ := Homy,
(A, Z/p) and apply Exercise 2.1).

(b) Does this result still hold if we only assume that A is p-primary, i.e., that each
element of A is of order a power of p? You may consider G = Z/2 and make
its non-trivial element act by multiplication by —1 on Q,/Z,.

Exercise 3.2 Show that the conclusion of the Lemma 3.1 can become false if one
removes either the assumption that G is a p-group, or the assumption that A is a
p-primary torsion group.

Exercise 3.3 Give an example of a finite group G and of a G-module A such that
there exists a g € Z satisfying H4(G, A) = H9*!'(G, A) = 0, but A is not cohomo-
logically trivial (you may take G = Z/6Z and make it act on Z/3Z by a well-chosen
action).

Exercise 3.4 Let G be a finite group. Let
00— X —X,—---—X,—0

be an exact sequence of G-modules. Let j € {1, ..., n}. Show that if X; is cohomo-
logically trivial for all i # j, then sois X ;.

Exercise 3.5 Let G be a finite group. Let A be a cohomologically trivial G-module.
Show that if N is a torsion-free G-module, then Hom(/V, A) is again a cohomolog-
ically trivial G-module.
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Exercise 3.6 (suggested by J. Riou) Extend Proposition 3.12 to the case where we
only assume Torz(A, B) = Torz(A’, B) = 0, and not that B is necessarily torsion-
free. You may first assume that f is surjective and show (using Proposition A.56 of
the appendix) that if we set K = Ker f, the G-modules K and K ® B are cohomo-
logically trivial. Then, reduce to this special case by replacing A by A @ F, where
F is a free Z[G] module.



Chapter 4 ®
Cohomology of Profinite Groups s

When studying Galois cohomology of a field &, one often needs to work with the
absolute Galois group I}, := Gal(k/k) (where k is the separable closure of k) and not
that of a finite extension. We will see that one can define cohomology of a profinite
group by a limit procedure from that of its finite quotients (which in the case of I';
correspond to finite Galois extensions of k).

4.1 Basic Facts About Profinite Groups

Definition 4.1 A topological group G is called profinite if it is a projective limit of
finite groups (each endowed with the discrete topology).

Recall that if (G;) is a projective system of topological spaces, the topology on
the projective limit is that induced by the product topology on [] G;. This product
topology, by definition, admits as a basis of open sets, the sets of the form [] U;,
where each U; is open in G; and almost all the U; (i.e., all but a finite number) are
equal to G;.

In addition, in any topological group, any open subgroup is closed (as complement
of the union of the other cosets). The same argument shows that a subgroup of finite
index is closed if and only if it is open. On the other hand, a subgroup of a topological
group is open if and only if it is a neighbourhood of the identity element. This implies
that a subgroup containing an open subgroup is itself open.

Let G be a profinite group whose identity element we denote by 1. Then 1 admits a
basis {G;} of neighbourhoods which are open, normal, finite index subgroups and G
identifies with the projective limit of the G/G;.

A topological group G is profinite if and only if it is compact and totally discon-
nected ([42], Prop. 1.1.3). Changing the projective system defining G does not affect
its structure as topological group.
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Profinite groups form a category where morphisms are the continuous group
morphisms. On the other hand, if H is a closed subgroup of a profinite group G,
it is profinite itself and the continuous map between compact topological spaces
m:G — G/H admits a section (i.e., a continuous map s : G/H — G such that
mos =Idg/p), cf. [49], Part.1, Sect. 1, Prop. 1. It follows:

Proposition 4.2 Let H be a closed subgroup of a profinite group G. Then the topo-
logical space G is homeomorphic to the product space H x G/H. In particular,
every continuous map on H extends to a continuous map on G.

Proof Lets : G/H — G be a section, then the map
HxG/H— G, (h,g1)—> s(gi)h

is a homeomorphism whose inverse is g+ (s(7(g)) ' g, 7(g)), where 7 : G— G/H
is the canonical surjection. (]

Below are some examples of profinite groups.

Example 4.3 (a) All finite groups are profinite (!).

(b) The absolute Galois group Iy = Gal(k/k) of a field k is profinite: it is by
definition the group of k-automorphisms of the field k, and identifies with the pro-
jective limit of the Gal(L/k) when L ranges through the finite Galois extensions of
k contained in k.

(¢c) If M is a torsion discrete abelian group, its Pontryagin dual M* :=
Hom(M, Q/Z) is a profinite group when endowed with the simple convergence
topology (that is, the “open-compact” topology). Indeed, M is the inductive limit of
its finite subgroups N, hence M* is the projective limit of finite groups N*. One can
show that M — M* induces an anti-equivalence of categories between discrete tor-
sion abelian groups and profinite abelian groups. This is a special case of Pontryagin
duality for locally compact abelian groups; cf. [42], Th. 1.1.11.

Note that the dual of an abelian profinite group G is by definition the discrete
torsion group Hom.(G, Q/Z) consisting of continuous homomorphisms from G to
Q/Z. This duality does not work very well for a discrete group which is not torsion.
For example for M = Z we have M* = Q/Z and M** = Z, the profinite completion
of Z (it is the projective limit of the Z/nZ).

(d) Every closed subgroup of a profinite group is profinite. Similarly, every quo-
tient by a closed normal subgroup is profinite (see Lemma4.7 for a slightly more
precise statement).

(e) The additive group of the ring of integers Ok of a complete local field K
(= field complete for a discrete valuation with finite residue field) is profinite. For
example Z, is profinite. Same for the multiplicative group O%.

(f) Let K be a p-adic field, that is, a finite extension of Q, (p-adic fields are
local fields of characteristic zero, see recollection of facts in Chap.7). Let A be an
abelian variety (:= a connected projective algebraic group; the case of dimension 1
corresponds to elliptic curves) over K. The group A(K) of K -points of A is profinite.
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In the last three examples, the easiest way to see that the groups in question are
profinite is the characterisation “compact+ totally disconnected”.

Remark 4.4 Note that in a profinite group G, open subgroups are of finite index but
the converse is generally false even when G is abelian. One example is the additive
group Ok = F,[[¢] of the ring of integers of the field of Laurent series K = F,((¢))
over a finite field. To see this, it is enough to take the kernel of a F,-linear form
which is not continuous on Og. Another example is when G is the multiplicative
group Oy (see Exercise 11.3) or the Galois group of the maximal abelian extension
of Q (that will be studied in Chap. 15).

It turns out that for a profinite group, it is possible to define the index of a subgroup
even when the subgroup in question is not of finite index. This is done using the
following notion.

Definition 4.5 A supernatural number is a formal product [ | » P"7, where p ranges
through the set of prime numbers and 7, € N U {4-00}. We define in an evident
manner the gcd, the lcm and the product for an arbitrary family of supernatural
numbers.

Definition 4.6 Let G be a profinite group. Let H be a closed subgroup of G. The
index of H in G (denotes by [G : H]) is the supernatural number defined as the
lcm of indexes [G/U : H/(H N U)] (the latter are usual integers) when U ranges
through the set of open normal subgroups of G. The order of a profinite group is the
supernatural number [G : {1}].

It is not entirely obvious that! the usual notion of “finite index” is the same as
“finite index” in the sense of the previous definition. The following lemma shows
that this is indeed the case.

Lemma 4.7 Let H be a closed subgroup of a profinite group G. Let (U;) be a family
of open normal subgroups of G. Set G; = G/U;. Let H; = H/(H N U;) be the image
of H in G;. Then:

(a) The group H identifies with 1(121 H;, and the set G/ H with 1<ir_n(G,-/H,-). More-
over, the transition arrows (associated with the inclusions U; C U;) are surjective
in both cases.

(b) The subgroup H is of finite index (in the usual sense) if and only if there
is an index j such that for all U; C U;, we have G;/H; = G;/H;. In particular,
this definition is equivalent to |G : H] (defined as in Definition4.6) being a natural
number. In this case |G : H] is the usual index of H. Hence H is open if and only if
the supernatural number [G : H] is a natural number.

Proof (a) The canonical map H — lim H; has a trivial kernel since (| U; = {1}
(the U; form a basis of open neighbourhoods of {1}). It is also surjective as every
element of 1(121 H; comes from a g € G (by definition of a profinite group). But, if

IThanks to Miaofen Chen for pointing out this difficulty, and to J. Riou for suggesting the simple
method relying on Lemma4.7 to deal with it. My initial argument was more complicated.
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g ¢ H, there exists an index i such that gU; N H = & (because H is closed), which
contradicts the fact that the image of g in G/ U, is in H;. Finally we have H >~ lim H;.
The other isomorphism is obtained in exactly the same way and the surjectivity of
the transition maps is in both cases evident.

(b) We observe that if U; C U;, then the cardinality of the finite set G;/U; is
at least equal to that of G;/U;. The first assertion follows from the identification of
G/H with 1<ir_n(G,- / H;), combined with the surjectivity of transition maps. The other
assertions are trivial. (]

Definition 4.8 We say that G is a pro-p-group if its order is a power of p (it comes
down to saying that G is the projective limit of finite p-groups). A p-Sylow subgroup
(or p-Sylow for short) of a profinite group G is a closed subgroup H of G which is
a pro- p-group and such that the index [G : H] is prime to p.

The proposition below follows from the properties of indexes and of Sylow sub-
groups. Its proof uses the following easy lemma ([6], Sect.9.6, Prop. 8).

Lemma 4.9 Every projective limit of a sequence (X,),en of non-empty finite sets
is itself non-empty. Same holds for the projective limit of a sequence of compact
non-empty topological spaces.

Proposition 4.10 (a)Let K C H C G be profinite groups. Then we have an equality
of supernatural numbers:

[G:K]=[G:H]-[H:K].

(b) Let G be a profinite group. For any prime number p, the group G admits
p-Sylows, and they are pairwise conjugate.

(c) Let G be a profinite group. Then any pro- p-subgroup of G is contained in a
p-Sylow.

(d) Let G be a profinite abelian group. Then it is a direct product of its p-Sylows.

Proof (a) Let U be an open normal subgroup of G. For any closed (hence profinite)
subgroup G’ of G, let G}, = G'/(G" N U) be its image by the canonical surjection
G — G/U. tis afinite group. By multiplicativity of the indexes for a finite group,
we have

[Gy : Kyl =[Gy : Hy] - [Hy : Kyl.

As any normal open subgroup of H contains a subgroup of the form H N U with
U a normal subgroup of G, we obtain the formula by taking the lcm over these U's.

(b) Let D be a family of open normal subgroups of G.

For all U € D, the set S(U) of p-Sylows of a finite group G/U is finite and
nonempty by the first classical Sylow theorem. By Lemma4.9, the projective limit
of the S(U) for U in D is then non-empty, which yields a projective system (Hy ) yep
where Hy is a p-Sylow of G/U. We see immediately that LigerD Hy is a p-Sylow
of G.
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Let H and K be two p-Sylow subgroups of G. The set C(U) of the c € G/U
such that cHyc~! = Ky is finite and non-empty by the second classical Sylow the-
orem (since Hy and Ky are p-Sylows of the finite group Hy). Hence we have
lim _ C(U) # @, which yields an x € G such that xHx~' = K.

(c) Let H be a pro-p-subgroup of G. Then, for all U in D, the set S'(U) of
p-Sylows of the finite group Gy containing Hy is finite and non-empty (again
by classical Sylow theorems). We obtain a projective system (S’ (U))yep and by
Lemma4.9, there exists an element (H|,)yep in the projective limit of this family.
Thus Hy; is a p-Sylow of Gy containing Hy. We then consider lim - H,. Itis a
pro-p-Sylow of G containing H.

(d) can be deduced easily from an analogous statement for finite abelian groups,
which follows for example from the theorem on the structure of these groups. U

UeD

Remark 4.11 Another consequence of Lemma4.9 (which will be used in the proof
of theorem 15.11, b) is the following. Let G be an abelian Hausdorff topological
group. Let A be a compact subgroup of G and let (B,) be a decreasing sequence of
compact subgroups of G. Then

A+()B.i=[)(A+By).

Indeed, the C is obvious. Conversely, if x € (,(A + B,), then the set X, of pairs
(a,b) of A x B, such that x = a + b forms a decreasing sequence of non-empty
compact sets, hence their intersection is non-empty. That means thatx € A + (), B,.

Example 4.12 (a) The group Z,, is a pro-p-group. It is the p-Sylow of

Z:= 1<i£1neN* Z/l’l = 1_[ Zp’
peP

where P denotes the set of prime numbers.

(b) Let G be a discrete group. The profinite completion G of G is the projective
limit of the finite quotients of G. The p-completion G p of G is the projective limit
of quotients of G which are finite p-groups. It is the largest quotient of G which is
a pro- p-group.

(c) Let K be a p-adic field. Let K, be its maximal unramified extension and
K™ be the maximal tamely ramified extension of K, (cf.Sects.7.3 and 7.4).
Let U = Gal(K /K, be the inertia group. The theory of ramification groups
(cf. Example 7.15) tells us that U, := Gal(K/K™) is the unique p-Sylow of U,
and the quotient U/ U, is isomorphic to [ [, 2p L.
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4.2 Discrete G-Modules

In what follows, G is a profinite group. Let A be a discrete abelian group endowed
with an action of G. We will say that G acts continuously on A if for all x in A, the
map g — ¢ - x from G to A is continuous.

Remark 4.13 As the G-module A is discrete, the property that G acts continuously
is here equivalent to require that the stabiliser of every element of A is an open
subgroup of A. Indeed, if G acts continuously, then for all x of A the stabiliser of
x is the inverse image of {x} (which is an open subset of the discrete module A)
via g — g - x. It is therefore an open subset of G. Conversely, assume that all the
stabilisers are open. Let then go € G and x € A. As the stabiliser of x is an open
subgroup U, the coset goU is open in G, it contains gy, and the map g > g - x is
constant on goU. It is therefore continuous at go.

Note also that we can consider the groups A endowed with another topology than
the discrete one and thus obtain “continuous cohomology”, but in this book we will
only consider the case where A is discrete.

Definition 4.14 A discrete G-module (or simply a G-module where there is no
ambiguity) is an abelian group A endowed with an action of G such that G acts
continuously on A.

We thus require, in addition to the usual definition of a G-module, that the stabiliser
of any point is open. Naturally, for G finite, this coincides with the usual notion of
G-module. We denote by C¢ the category of discrete G-modules (it is a full abelian
subcategory of Mod). It A is a discrete G-module, we have A = U AY, where
U runs through the set of all open subgroups of G.

Remark 4.15 Let A be a discrete G-module. Then A is of finite type over Z[G] if
and only if it is of finite type over Z. This is because the stabiliser of every element of
A is a subgroup of finite index in G. Therefore, we can refer to a discrete G-module
of finite type without any ambiguity.

Example 4.16 The case of particular interest to us is that of G = [}, = Gal(k /k),
the absolute Galois group of a field k or a quotient of this group.

The main theorem of “infinite Galois theory ” implies that the map I" — L’
establishes a one-to-one correspondence between the closed subgroups I” of I and
the field extensions L of k contained in k. Open subgroups (= closed of finite index)
are the ones corresponding to finite extensions of & (note that there may exist finite
index subgroups which are not closed. These subgroups do not correspond to any
extension of k).

(a) Take the trivial actiony - x = x forally € I';,x € M. We will use it often with
M =7 and M = Z/n’Z. By convention, when talking of the “I'y-module Z/nZ”,
we will understand that the action of I, is trivial.

(b) Let n be an integer coprime with the characteristic of k. We obtain discrete
TI'.-modules by taking the action of the Galois group on the multiplicative group k* or
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on the nth roots of unity in k (we will denote this latter I,-module by u,,). We can also,
for any integer m > 0, consider the discrete I;-module p®" := p, gz - -+ Qz in
(m factors), with the convention that uff’o =Z/nZ.

This yields I;-modules which are isomorphic to Z/nZ as abelian groups, but
not generally as I';-modules. Lastly, for all m > 0, we have a discrete I;-module
(Q/Z)(m) :=lim "

(c) More generally, if S is a commutative algebraic group over k, we can make
T act on the set S(k) of its k-points. If Car k = 0, the case of a finite group over k
(taken in the sense of schemes) corresponds to S (k) being finite. It is for example
the case of Z/nZ and j,,. The trivial action corresponds to the fact that all k-points
of § are defined over k.

The case of the module k* corresponds to the multiplicative group G,. We can
also take S to be an abelian variety.

(d) Assume Car k = 0. If M is a finite I;-module (corresponding to an algebraic
k-group again denoted, with a slight abuse of notation, by M), we can define its
dual M’ using the finite algebraic group Hom(M, G,,) (“Cartier dual”). That means
that the I';-module M’ consists of morphisms ¢ from M to k* (or to p, if M is n-
torsion). The action of I'; on M’ is given by (7 - ¢)(x) := fy(np(y’l -x)) forvy e Iy,
w € M', x € M (this formula may seem complicated, but is is necessary to send
M ® M’ to k* in a way which is compatible with the action of I. It is also consistent
with the formula in the Example 1.3, d).

For example, Z/nZ and p,, are I;-modules Cartier dual of each other. More gen-
erally, we can define the Cartier dual of a torsion I';-module M as Hom(M, Q/Z(1)).

4.3 Cohomology of a Discrete G-Module

There are several ways to define cohomology groups H" (G, A) where G is a profinite
group and A is a discrete G-module. The category C¢ possesses enough injectives
(cf. Appendix, Example A.35, c). We can hence use the derived functors of the functor
A — AC from Cg to Ab. Nevertheless, there is a small difficulty with computing it:
unlike Mod g, the category Cg does not possess enough projectives if G is infinite
(note for example that for G profinite and infinite, the module Z[G] is not a discrete
G-module, the stabilisers being trivial), cf. Exercise4.2. Since our aim is to reduce
ourselves to the cohomology of finite groups, it is easier to adapt the definition using
cochains.

Definition 4.17 Let A € C¢. For g > 0, we denote by K7(G, A) the set of continu-
ous maps (i.e., locally constant) from G% to A. Letd : K(G, A) — K97(G, A) be
the coboundary defined in the usual way (cf. Theorem 1.27). We then define coho-
mology groups HY9(G, A) as cohomology groups of the complex (K9(G, A)).
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We then have:

Proposition 4.18 Let (G;) be a projective system of profinite groups. Let (A;) be an
inductive system of discrete G;-modules, the transition maps being compatible with
those of the (G;)s. Let G = 1<£n G;iand A = li_n)lAi. Then for all g € N:

q — q . .
HY(G, A) = lim H(G;, Ap).

Recall that by convention, all the inductive systems considered in this book are
associated to ordered non-empty filtered sets.

Proof 1t is enough to show that the canonical homomorphisms
Uy : li_r)an(G,-, A;)) — K9G, A)

are isomorphisms. This is what we will now do.

The fact that we do not assume the transition map to be surjective complicates
the proof slightly.

(a) Injectivity of u,. Let f; : G! — A; be locally constant. By compactness of
G, the set F of values that it takes is finite. Assume that f; induces the zero function
on K9(G, A). By finiteness of F, after possibly increasing i, we can then assume that
the induced function: G¢ — A; is zero. For each j > i, let E; be the subset of G?
consisting of x whose image in A; (by the composite g; of the projection on G{ and
of f;)isnonzero. As F is finite, each E; is a finite intersection of closed subsets of the
G’f, hence is compact. The E; then form a projective system of compact sets whose
limit is empty. One of the sets E; is therefore empty (Lemma4.9). That means that
the map g; : G‘j- — A; is zero, hence a fortiori so is f : G‘; — Aj. This shows in
particular that the image of f; in lim K9(G;, A;) is zero. This proves the injectivity.

(b) Surjectivity of u,. We will need two lemmas.

Lemma 4.19 Let f : G! — A be a locally constant function. Then there exists an
index j such that for any y in G4, the image f (y) depends only on the image p;(y)
of x in G'j-.

Proof As f is locally constant and GY is compact, there exists a partition of G¢
into a finite number Vi, ..., V; of open sets, such that f is constant on each of these
sets. By definition of the topology of G7 = 1(£n G! (which is induced by the direct
product [ ] G?), we can assume that each Vi, ..., V; is defined by a finite number
of conditions of the type p;(x) € U;, where U; is open in G?. Let 7 be the finite
set of indexes thus obtained. Let j be an index larger than all the i € /. Then, if
two elements y, y’ of G satisfy p;(y) = p; ('), they satisfy p;(y) = p;(y") for all
i € I. Hence they belong to the same open set among the Vi, ..., V. Therefore,
f(») = f(y). This proves Lemma4.19.

Lemma 4.20 Let f : G! — A be a locally constant function. Then there exists an
index j and a locally constant function f; : G? — Asuchthat f = f; o p;.
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Proof Let j be an index defined as in Lemma4.19. By continuity of p;, the image
pj(G?)is a compact of G‘j. Let f; : p;j(G?) — Adefined by f;(p;(y)) = f(y) for
all y € GY. This makes sense since f(y) depends on p;(y) only. For all a € A, the
inverse image of a by f; is p;(f~'(a)), which is compact (by continuity of f and
p; and compactness of G¥), hence closed in p;(G?). As the map f; only takes (like
f) a finite number of values, it is continuous on p;(G?). The subgroup p;(G?) of
G(JI. is compact, thus we can extend (by Proposition4.2) f; to a continuous function
(still denoted f;) from G’]Z to A, which clearly satisfies f = f; o p;. This proves
Lemma4.20.

We can now finish the proof of the surjectivity of u,. Let f : GY — A be alocally
constant function. Then f only takes a finite number of values. We can, by definition
of A =lim A;, therefore find an index i so that all these values are in the image
of the map A; — A. Let j be as in Lemma4.20, that we may assume > i (replace
it with max(i, j) if necessary). Then, by construction, the function f; : G‘j — A
comes from a function g : G‘; — A, which then satisfies u,(g) = f. (I

We immediately deduce the following corollaries (the first of which can be taken
as a definition of the groups H?(G, A)).

Corollary 4.21 Let A be a discrete G-module. Then

q N H q U
H <G,A)—1%>nH (G/U, AY),

where U runs through the set of open normal subgroups of G.

Proof We indeed have G =lim (G/U) and A = lim AY. (Il
U —U

Corollary 4.22 Let A be a discrete G-module. Then
q — i q

where B runs through the set of finite type sub-G-modules of A.

Proof This follows from the fact that A is the union (hence inductive limit) of such
Bs. O

Corollary 4.23 For g > 1, the groups H1(G, A) are torsion.
Proof This follows from Corollaries4.21 and 1.49. ]

Remark 4.24 If I is an injective in Cg, it is immediate that the [ U are injective
in Cg,y for any open normal subgroup U of G. Thus, we see that the HY(G, A)
are obtained as derived functors of A — A¢ from Cg to Ab. Indeed, the H?(G, .)
form a cohomological functor which coincides with A — A in degree zero, and
is effaceable since if we embed a discrete G-module A in an injective I of Cg, by
Corollary4.21, we have for all ¢ > 0:
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HY(G,I) =lim H'(G/U, 1Yy=0
U

as 1Y is injective in Cg/y. We conclude using the Remark A.47 from the appendix.

Proposition A.36 from the appendix gives a converse to the first statement in the
above remark. Thatis, that a discrete G-module / isinjective in C if and only if there
exists a system of neighbourhoods of 1 in G consisting of open normal subgroups
U with IY injective in Cg su- We deduce from it the following statement (which
generalises Lemma 1.38). This statement is probably well-known but we were not
able to find a reference in the existing literature.

Proposition 4.25 Let G be a profinite group. Let H be a closed subgroup of G. Let
A be an injective in Cg. Then A is also injective in Cy.

Proof (after J. Riou, see Exercise4.4 for a similar result) We have already dealt with
the case where G is finite (Lemma 1.38). Let us deal with the general case. Let V
be an open subgroup of H. By Proposition A.36, it is enough to show that for any
open subgroup V of H, the H/V-module A" is injective. Let U be an open normal
subgroup of G; then AV is an injective G/ U-module (Remark 4.24) and by the case
of a finite group, AY is also injective as an H' := H/(H N U)-module.

Let V' := V/(V N U), itis an open normal subgroup of H’ and Remark 4.24 tells
us that (AY)Y" is an injective H’/V’-module. In other words AV is an injective
H/V-module where UV is the subgroup of G generated by U and V (it is the set
of products uv with u € U and v € V since U is normal in G). We conclude by
noting that A" is the inductive limit of H/V-modules AY" where U ranges through
normal open subgroups of G, and therefore A" remains an injective H/V-module
(Appendix, Example A.35, (f) or Exercise 1.4), since the group H/V is finite.  [J

Using Corollary 4.21, properties of the cohomology of a profinite group G can be
immediately deduced from that of a finite group. One just needs to be careful about
properties involving a subgroup H': to remain in the category of profinite groups,
H needs to be closed in G. For modules defined by functions from G or G" to a
G-module A, one also needs to take continuous functions. In particular:

(1) For any closed subgroup H of G and any discrete G-module A, we have a G-
module Ig (A) (the definition is the same provided we assume the functions
from G to A to be continuous). In particular, any induced G-module I5(A) is
acyclic for the functor H%(G, .) (this allows us to use the usual shifting argu-
ments). Note however that there is no good notion of co-induced module in Cg
since Z[G] is not a discrete G-module if G is infinite.

(2) For any closed subgroup H of G, the restriction and inflation homomorphisms
are defined as in Sect. 1.5, and Shapiro’s lemma is still valid (one directly veri-
fies that the functor A +— [ g (A) is still exact on Cg). Proposition 1.40 and the
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Hochschild—Serre spectral sequence (as well as its consequences) also continue
to hold” when H is a normal closed subgroup of G.

(3) When H is a closed finite index subgroup (i.e., an open subgroup) of G, the
corestriction HY(H, A) — HY9(G, A) is well defined. Theorem 1.48 and Corol-
lary 1.51 remain true in this context.

(4) For discrete G-modules A and B, the groups ExtiG(A, B) are still defined as
derived functors (applied to B) of Homg (A, .). We can no longer view them as
left derived functors (indeed, the category C¢ does not have enough projectives
when G is infinite). Nevertheless, Remark 1.37 is still valid. If H is an open
subgroup of G, Propositions 1.15 and 1.39 remain valid (with the same proofs).

(5) If p and g are two integers, the cup-product

HP(G,A) x H1(G,B) — H’™ (G, A® B)

is defined as in Sect.2.5 (one just needs to take continuous cochains in the
definition), and possesses the same properties.

In Chap.6 we will see examples of computations of cohomology groups when
G = I} is the absolute Galois group of a field. We can also extend the notion of coho-
mologically trivial G-module (cf. Exercise4.11 for basic properties of this notion).

Definition 4.26 Let G be a profinite group. We say that a discrete G-module A is
cohomologically trivial if for any n > 0 and any closed subgroup H of G, we have
H"(H, A) =0.

Remark 4.27 Until now, we have been using Proposition4.18 in the case where
transition maps between the groups G; are surjective, but there is another case of
interest. It is the case where the family G; is a filtered family of open subgroups
of a profinite group K, transition maps being the inclusions. Set G = (| G;.Itis a
closed subgroup of K. We then have 1<1r_n G; =[G, = G.This allows us to identify
H1(G, A) with h_n)l H9(G, A) for any K-module A. We will sometimes encounter
this situation when computing the Brauer group of infinite algebraic extensions of a
field.

We also sometimes need the group H 0(G, A). To define it, consider two normal
open subgroups of U and V of G with V C U.
We define a deflation map:
Def : H'(G/V, AY) — H(G/U, AY)

as the one induced on quotients by the identity, as we have

H(G/V.A") = A%/NgyvAY, H(G/U, AY) = A°/NgyA”

2There is a small subtlety here: to imitate the proof for G finite, we must either use Proposition 4.25,
or the slightly weaker fact that an induced G-module I (A) is acyclic for H 0(H, ), which is the
object of Exercise4.4.
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and NG/VAV C NG/UAU (group the elements of G/V in classes modulo U/ V).

Definition 4.28 Let G be a profinite group. Let A be a discrete G-module. We
define a modified cohomology group H 9(G, A) to be the projective limit of the
H°(G/U, AY) for U anormal subgroup of G, the transition maps being the deflation
maps.

Then the restriction and corestriction are still well defined (under the usual
assumptions) for ﬁo, with the formula CoresoRes = -[G : H] when H is an
open subgroup of G (we can also define the groups H? (G, A) for g < 0, cf. [42],
Déf. 1.9.3., but we will not use it. In particular, the definition of cup-products is more
delicate in this setting).

Remark 4.29 There is a subtlety here: if U and V are open normal subgroups of
a profinite group G with V C U, we also have an inflation map H %G/U, AY) —
H %G /V, AV) (which allows us to take the inductive limit), obtained via the norm
map. The situation is in some sense the inverse of the one which allows us to define
the deflation map. In the case where the groups G/U and G/ V are cyclic, the groups
H"(G/U, AV) and H"(G/V, AV) for n even are isomorphic to H*(G/U, AV) and
H(G / V., AV) respectively (Theorem 2.16). The isomorphisms are compatible with
the inflation maps. Thus, if G is procyclic (i.e., isomorphic to a projective limit of
cyclic groups), we can compute the H" (G, A) for n even as the inductive limits of
the H' O%(G/U, AY) where the transition maps are induced by the norms.

4.4 Exercises

Exercise 4.1 Show that the analogue of the Proposition 1.31 does not hold if G is
only assumed to be profinite, even if the G-module lim A, is assumed to be discrete
(you may take G = Z, and A, = Z/p"Z, endowed with the trivial action of G).

Exercise 4.2 Let G be an infinite profinite group. Let f : P — Z be a surjective
morphism of discrete G-modules. Let x € P be such that f(x) = 1. Let U be the
stabiliser of x.
(a) Show that there is an open normal subgroup V of G which does not contain U'.
(b) Consider the augmentation morphism 7 : Z[G/ V] — Z and assume that there
is a morphism of G-modules f:P— Z[G/V]suchthat f =7 o f Let

Fo=Y aw.

geG/Vv

with a, € Z. Show that 3/ a; = 1.
(c) Let go be a non-trivial element of U/(V N U). Show thatif 7 € G/V belongs
to the subgroup H C G/V generated by go, then a;., = a, forallg € G/ V.
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(d) Let m be the order of gg in G/ V. Making the subgroup H act by translation on
G/ V,show that there exists an integer d such thatmd = 1, and derive a contradiction.
Deduce that the category C does not have enough projectives.

Exercise 4.3 Solve Exercise 1.7 assuming this time that G is a profinite group and
H is an open subgroup of G.

Exercise 4.4 Let G be a profinite group. Let H be a closed subgroup of G. Let A
be an abelian group.

(a) Show that H is the projective limit of the H/V for V an open subgroup of H
normal in G.

(b) For such a V, show that I5(A)Y = Ig,v(A) (that one can view as a H/V-
module) is the inductive limit of a family of induced H/V-modules.

(c) Deduce from (b) that for all n > 0, we have H"(H, I5(A)) = 0.

Exercise 4.5 Using Proposition A.36 of the appendix, generalise Exercise 1.4 to the
case of a profinite group G.

Exercise 4.6 Let G be a profinite group. Let A be a finite G-module.
(a) Show that for any element f € I;(A), there exists a normal open subgroup U
of G such that for any x € G, the value f(x) of f atx depends only on the class of
xinG/U.

(b) Deduce that I5(A) is the inductive limit (or the union) of the 7, g (A), the limit
being taken over open normal subgroups U of G.

Exercise 4.7 Let G be a profinite group. Let A be a finite G-module. Let n > 0.
(a) Assume that H" (G, A) is finite. Show that there exists a finite G-module B and
an injective morphism i of G-modules from A to B, such that the map H" (G, A) —
H"(G, B) induced by i is zero.
(b) Give an example where the conclusion of (a) is no longer valid if we do not
assume that H" (G, A) is finite.

Exercise 4.8 Let G be a profinite abelian group. We assume that for any integer
n > 0, the group G/nG is finite.

(a) Show that nG is an open subgroup of G.

(b) Let U be an open subgroup of G. Show that nU is an open subgroup of G
(you may compare G/U and nG/nU).

(c) Deduce that if A is a discrete finite G-module, then H'(G, A) is finite.

Exercise 4.9 Let G be a profinite group.

(a) Let M be a G-module isomorphic to Z as an abelian group. Show that
there exists an open normal subgroup H of G, acting trivially on M, and such that
[G:H]<L2.

(b) Fix an open normal subgroup H of G with [G : H] = 2. How many isomor-
phism classes of G-modules M, isomorphic to Z as abelian groups, such that H acts
trivially on M there are?
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(c) Let H be an open normal subgroup of G with [G : H] = 2. Consider the
G-module M, isomorphic to Z as an abelian group, and such that the action of G on
M is definedby g-x =xif g€ Hand g-x = —x if g ¢ H. Show that there is an
exact sequence of G-modules:

0— Z—> Z[G/H] — M —> 0,

then compute HY(G, M).

Exercise 4.10 Let G be a profinite group. Let A be a discrete G-module. Suppose
that A is a free abelian group of finite type.

(a) Show that if the action of G on A is trivial, then H!'(G, A) = 0.

(b) Show that there exists an open normal subgroup U of G such that Inf :
H'(G/U, AY) - H'(G, A) is an isomorphism.

(c) Deduce that H' (G, A) is finite. Does this property extend to the H (G, A) for
i>1?

Exercise 4.11 Let G be a profinite group.

(a) Show that a G-module A is cohomologically trivial if and only if for all open
normal subgroups U of G, the G/U-module AV is cohomologically trivial.

(b) Show that an induced G-module is cohomologically trivial.

(c) Extend Exercise 3.5 to the case where G is profinite and N is torsion-free of
finite type.

Exercise 4.12 (suggested by A. Pirutka) Let k be a field of characteristic zero with
Galois group Iy = Gal(k/k). For any n-torsion I}-module of finite type C, we
denote by C(—1) the I',-module Hom(u,, C).

(a) Describe explicitly the I;-module p,(—1).

(b) Show that if m > 0 is an integer, then the I';-module u®™ (—1) is isomorphic
to p®=h,

(c) Let u®=Y = (Z/nZ)(—1) and for all m > 0 define p®=™ = ;D @,
oo ®z u®Y (m factors). Show that for all p, g € Z, the I';-module pEPre g
isomorphic to p2” ®z p?.

(d) What is the Cartier dual of the I;-module p®™?

(e) Let G be the Galois group of the extension k(u,)/k. Show that if m is a
multiple of the exponent of G (for example if m is divisible by the value of the Euler
totient function ((n) at n), then the I';-module pff"” is isomorphic to Z/nZ.

(f) Extend previous results to the case of a field k of characteristic p > 0 when p
does not divide n.



Chapter 5 ®)
Cohomological Dimension ek

The notion of cohomological p-dimension of a profinite group is very important.
Exercise 5.1 shows that it is mostly relevant in the case of an infinite group since the
cohomological p-dimension of a finite group is either zero (if p does not divide its
cardinality) or infinity (if p divides its cardinality).

5.1 Definitions, First Examples

Definition 5.1 A discrete G-module is simple if it is nonzero and admits no sub-G-
module other than {0} and itself.

Definition 5.2 Let G be a profinite group. For any prime number p, the cohomo-
logical p-dimension of G (denoted by c¢d,(G)) is the lower bound (in N U {+o00})
for the set of integers n € N satisfying:

For any discrete torsion G-module A and any g > n, the p-primary component
of H1(G, A) is zero (which is equivalent to the fact that the p-torsion subgroup
HY(G, A)[p] is zero).

The cohomological dimension of G is ¢d(G) = sup, c¢d,(G).

Example 5.3 The group G = Z/2 = Gal(C/R) is of cohomological p-dimension
0 if p # 2 (by Corollary 1.49), but infinite if p = 2 by Theorem 2.16 and the fact
that H(G, Z/2) = H'(G,Z/2) = Z/2 which is immediate. If p does not divide
the order of G, we have c¢d,(G) = 0 by Corollaries 4.21 and 1.49.

Theorem 5.4 Let G be a profinite group. Let p be a prime number and n € N. The
following conditions are equivalent:

(1) cd,(G) <n.
(2) Forall g > nand any discrete G-module A which is a p-primary abelian group,
we have H1(G, A) = 0.
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(3) We have H''(G, A) = 0 for any discrete G-module A which is simple and
p-torsion.

Note in passing that a simple and p-primary G module A is necessarily p-torsion
since A[p] is a non-trivial sub-G-module of A.

Proof Write A as a direct sum of the A{p}. Then for ¢ > 1 the group H?(G, A{p})
is the p-primary component of HY(G, A) (by Proposition 4.18). The equivalence
between (1) and (2) follows. It is straightforward that (2) implies (3). Assume (3).
Let us first show that H"*1(G, A) = 0 by induction on the cardinality of A when
A is finite and p-primary. It is trivial when A = 0, hence let us assume that A #
0. If A is simple, then A[p] (which is nonzero as A is p-primary) is equal to A
and the assumption (3) gives H "+1(G, A) = 0. Else, we have an exact sequence of
G-modules
00— A —A— A, —0

with A| and A, of cardinality strictly smaller than that of A. It follows again that
H"'(G, A) = 0 via the long exact sequence and the induction assumption.

Now we again have H"*'(G, A) =0 (by Corollary 4.22), for any discrete
G-module A which is p-primary. This is because a sub-G-module of A of finite
type is then finite (it is of finite type and torsion over Z).

We then prove (2) by induction on g embedding A in the induced module /5 (A)
(which indeed is p-primary since any continuous function from G to A is locally
constant, hence, by compactness of G takes only finitely many values), then applying
the induction assumption to the torsion p-primary module /;(A)/A. O

We deduce form Theorem 5.4 the following important criterion which allows us
to bound above the cohomological p-dimension of a pro- p-group:

Theorem 5.5 Let G be a pro-p-group and n € N. Then cd,(G) =< n if and only if
H""Y(G,Z/p) =0.

Proof If ¢d,(G) < n, then H"H(G, Z/p) = 0 by definition of the cohomolog-
ical p-dimension. Thus, assume that H"*!'(G,Z/p) = 0. By Theorem 5.4, we
are reduced to showing that if A is a discrete, simple, p-torsion G-module, then
H"1(G, A) = 0. To do this, we will in fact show that such an A is necessarily
isomorphic to Z/ p.

We already know that A is finite: indeed, the G-module M generated by a nonzero
element a of A is finite since it is of finite type over Z and torsion. But M = A by
simplicity of A. Thus we can consider A as a G/Umodule, where U is an open
normal subgroup of G. Applying the result to G/U and to the simple G/ U-module
A, wereduce ourselves to the case where G is a finite p-group. As A # 0, Lemma 3.1
implies that A # 0 and by simplicity of A, we obtain A® = A. In other words, the
action of G on A is trivial.

Now we necessarily have A = Z/p, since the abelian group generated by a
nonzero element of A is a sub-G-module of A, hence is equal to A (by simplic-
ity of A) and isomorphic to Z/p (since A is p-torsion). O
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Example 5.6 Take G = Z, =lim (Z/p"). We have H?*(G,Z/p) = 0 by Proposi-
tion 4.18: Indeed, by Theorem 2.16, we have H2(Z/p", Z/p) = H*(Z/p", Z/p) =
Z/ p, where the transition maps between the groups H>(Z/p", Z/ p) correspond to
multiplication by p (cf. Remark4.29). Hence we have limn H*(Z/p",Z/p) = 0.
Theorem 5.5 then implies that c¢d,(Z,) < 1, and the eqlgfity comes from the fact
that

HI(ZP, Z/p) =Hom.(Z,,Z/p) =Hom.(Z,/pZ,,Z/p) =1/p # 0.

When working with G-modules which are not necessarily torsion, we obtain the
notion of strict cohomological dimension.

Definition 5.7 Let G be a profinite group, p a prime number, and n € N. The strict
cohomological p-dimension of G is the lower bound for the set of n € N such that
for any discrete G-module A and any g > n, we have H?(G, A){p} = 0. We denote
itby scd,(G). The strict cohomological dimension of G is scd(G) = sup,, scd, (G).

5.2 Properties of the Cohomological Dimension

We will now compare cd,, and scd ,, and their behaviour under passing to a subgroup
or taking a quotient. We naturally have scd,(G) > cd,(G), but we can say a lot
more.

Proposition 5.8 Let G be a profinite group. Then scd,(G) < cd,(G) + 1 for any
prime number p. In particular, scd(G) < cd(G) + 1.

Proof Let M be a G-module. Let N = M[p] be the p-torsion submodule of M
and Q = M/pM. Let n be the p-cohomological dimension of G. Let I = pM.
Multiplication by p induces two exact sequences

O—N—M—1—0.
0O—I—M—Q—0.

Let g>n+1. As N and Q are p-primary torsion, we have H?(G,N) =
H? (G, Q) =0. Then the maps HY(G, M) — HY(G,I) and HY(G,I) —
HY(G, M) induced by the two exact sequences above, are injective. Hence so is their
composite, which is multiplication by p on HY(G, M). Lastly, H1(G, M)[p] =0
forall M,ie., scd,(G) <n+ 1. (Il

Lemma 5.9 Let G be a profinite group and A be a discrete G-module. Let p be a
prime number and H a closed subgroup of G.

(a) If p does not divide the supernatural number [G : H], the map Res : H1(G, A)
{p} > HI(H, A) is injective for all ¢ > 0.
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(b) If, in addition, H is open and n = cd,(G) (resp. n = scd,(G)) is finite, then
Cores : H"(H, A){p} — H"(G, A){p} is surjective for any discrete torsion
G-module A (resp. for any discrete G-module A).

Proof (a) If [G : H] is finite, it is Proposition 3.2. We reduce the general case to it
using Corollary4.21 and the definition of the index of a closed subgroup.
(b) LetI = Ig (A). We have a homomorphism 7 : I — A defined by

fremH)= Y g - flgh.

geG/H

This homomorphism is surjective since if a € A, we can define a preimage f of
a under 7 by setting f(h) =h-aforh € Hand f(g9) =0ifg ¢ H.

If A is torsion, I (and thus so is the kernel B of ) is torsion. On the other hand
the induced homomorphism

H'(G,I) = H"(H, A) — H"(G, A)

identifies with the corestriction (see Exercise 1.1: as usual, this follows from the fact
that we obtain two natural transformations of cohomological functors that coincide
in degree 0).

Assume now that c¢d,(G) =n. Since for a torsion module B, we have
H"(G, B){p} = 0, we conclude using the long cohomology sequence (note that
an exact sequence of torsion abelian groups remains exact when the functor {p} is
applied to it). The argument for scd, is identical. O

Proposition 5.10 Let G be a profinite group and let H be a closed subgroup of G.
Then for any prime number p, we have

cd,(H) <cdp(G); scd,(H) < scd,(G).

The equality holds if the index |G : H] is prime to p, or if H is open and cd ,(G) <
+o0.

Naturally, we have analogous results for cd(G) and scd(G). On the other hand,
there is no analogous inequality for a quotient. For example the group Z, has cohomo-
logical 2-dimension 1, but has a quotient isomorphic to Z/2, whose cohomological
2-dimension is infinite.

Note also that the last assertion of the proposition is generally false if c¢d,(G) is
not assumed to be finite (take for example G = Z/2, H = 0 and p = 2).

Proof Let us treat the case of cd, (the arguments for scd, are the same).

Let A € Cy,then Ig (A) (whichis p-primary if A is p-primary) belongs to C and
by Shapiro’s lemma H?(G, Ig (A)) = H1(H, A). This yieldscd ,(H) < cd,(G).If
we assume that [G : H] is prime to p, then we have the equality by Lemma 5.9 (a).
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Assume now that H is open and that cd,(G) = n is finite and > 0 (the inequal-
itycd,(H) > cd,(G) is straightforward if n = 0). We can then find a discrete torsion
G-module A such that H"(G, A){p} #0. It suffices then to show that
H"(H, A){p} # 0, which follows from Lemma 5.9 (b). O

Corollary 5.11 Let G, be a p-Sylow of G. Thencd,(G) = cd,(G,) = cd(G ) and
scd, (G) = scd,(Gp) = scd(G)).

Example 5.12 (a) By Corollary 5.11, we have cdp(z) =cd,(Z,) =1. On the
otherhand, HZ(Z,,, Z) # 0 (indeed, HZ(Z,,, Z) =Hom.(Z,,Q/Z) = Q,/Z,),
from which we deduce that scd, (Z) =scd,(Z,) = 2.

(b) Later on, we will see that if k is a p-adic field and G = Gal(k /k),then cd(G) =
scd(G) = 2.

Proposition 5.13 Let H be a normal closed subgroup of G. Then for any prime
number p, we have
cd,(G) <cd,(G/H) +cd,(H)

(the same holds for scd,,, cd(G), etc.).

Proof We will use the Hochschild—Serre spectral sequence (Theorem 1.44).

Let A be a discrete G-module of p-primary torsion. Let n > c¢d,(G/H) +
cd,(H). Thenif i + j = n, we have eitheri > ¢d,(G/H), or j > cd,(H). In both
cases, the group E5 = H'(G/H, H’(H, A)) is trivial. Lastly, H"(G, A) (which
admits a filtration whose successive quotients are subquotients of the E’z’ for
i+ j =n)istrivial. O

‘We have the following general criterion (due to Serre).

Proposition 5.14 Let G be a profinite group of cohomological dimension n. Then
the strict cohomological dimension of G is n if and only if for every open subgroup
U of G, we have H'*'(U,Z) = 0.

Naturally, we obtain an analogous result in the case of the cohomological
p-dimension by restricting ourselves to the p-primary torsion of H" (U, Z).

Proof The condition is clearly necessary.

Conversely, assume the condition is satisfied. Then (by Shapiro’s lemma)
H"1(G, A) = 0 for any G-module A of the form A = Ig(Z’) =Z[G/U] with
r > 0 and U an open normal subgroup of G. Let then M be a discrete finite type
G-module.

Then there exists an open normal subgroup U of G acting trivially on M. It follows
that we have an exact sequence

00— B—ZIG/U — M — 0
which implies H"*'(G, M) = 0 since H""2(G, B) = 0 by Proposition 5.8.

As any discrete G-module A is a union of discrete finite type G-modules, we
obtain H"*'(G, A) = 0. The result follows (again by Proposition 5.8). [l
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Computation of the cohomological dimension of the absolute Galois group
Gal(k/ k) of a field k is generally a difficult problem.

We have already seen that for k = R, the cohomological p-dimensionis Qif p 7% 2
and infinity if p = 2. The Galois group of a finite field is isomorphic to Z, whose
cohomological dimension is 1.

We will see that for a finite extension of Q,, this dimension equals 2. The same
is true for a totally imaginary finite extension of Q.

5.3 Exercises

Exercise 5.1 Let G be a profinite group and p a prime number.

(a) Show thatcd,(G) = Oif and only if the order of G is prime to p (as a supernatural
number).

(b) Show that the cohomological p-dimension of the finite group Z/ pZ is infinite.

(c) Show that if cd,(G)is neither zero nor infinite, then the exponent of p in the
order of G is infinite.

(d) Show that we can’t have scd,(G) = 1.

Exercise 5.2 Let G be aprofinite group and p a prime number such thatcd,(G) < n
withn € N.

(@) Show that if A is a discrete p-divisible G-module, then for any
q > n the p-primary component H9(G, A){p} is trivial.

(b) Deduce that if A is a discrete divisible G-module and cd(G) < n, then
H1(G, A) = 0for any g > n.

Exercise 5.3 Let G be the profinite group Z = LlnneN*

(a) Let A be a discrete G-module. Let F' be the automorphism of A induced by the
canonical topological generator s of G (corresponding to 1 € Z) and A’ be the
subgroup of A consisting of a such that there exists n € N* with

Z/n.

A+F+---+Fha=0.

Show that (F — 1)A is a subgroup of A’ and that we have H'(G, A) =
A'J(F — 1)A.

(b) Show that if A is torsion, then A’ = A.

(c) Compute the dual Hom.(G, Q/Z) of G.

(d) Show that if A is finite, then H>(G, A) = 0 and recover the fact that cd(z) =1
(cf. Example 5.12, a).

Exercise 5.4 Let G be a profinite group of finite cohomological dimension. Show
that G is torsion-free (that is, any element of G other than the identity is of infinite
order).
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Exercise 5.5 Let n be a strictly positive integer and p a prime number. Let G be a
profinite group with cd,(G) = n. Show that scd,(G) = n + 1 if and only if there
exists an open subgroup H of G such that H"(H, Q,/Z,) # 0.

Exercise 5.6 Let I" be a profinite group and p a prime number. Assume that the
cohomological p-dimension cd, (/") is an integer n > 0. Let U be a normal open
subgroup of I". Consider a p-primary torsion I"-module A.

(a) Consider a resolution
0—mA—X"— ... 5 X" — ...

by induced p-primary I"-modules and let A, = ker[X" — X n+17. Show that A,
is a cohomologically trivial I"-module.

(b) Consider the corestriction maps Cores : H' (U, A) — H'(I", A) fori > 0. Show
that they are obtained by taking the cohomology of the morphism of complexes
Nrjy : (XY — (X*)!" given by the norm of I'/U. Then show that Cores
induces a homomorphism (still denoted by Cores) H (U, A) - v — H Nr, A
on the group of co-invariants H (U, A)r,y for the action of I'/U on H (U, A).

(c) Show that we have a commutative diagram, where N denotes the norm N, y:

(X" HYNrjy —— (A rjy —— H"(U, A rjy —— 0

R .

(X"—Hr Al HY(I', A) —— 0.

(d) Show that the left vertical arrow in this diagram is surjective.
(e) Show that the middle vertical arrow is injective. Deduce that the corestriction
H"(U, Ayrjy — H"(I', A) is an isomorphism.



Chapter 6 ®)
First Notions of Galois Cohomology s

In this chapter, k denotes a field and k its separable closure. We denote by I} the
profinite group Iy := Gal(k/k). Our aim in this chapter is to introduce Galois coho-
mology, which is a special case of the cohomology of a profinite group, and to prove
some of its general properties. In particular, we will encounter the Brauer group of
a field, which will be used a lot in parts II and III.

6.1 Generalities

Let M be a discrete I;-module. The cohomology groups HY (I, M) for g > 0 (as
well as H O(I,, M)) have been defined in the previous chapters. Let now k; be an
extension of k whose algebraic closure is denoted by k; and let j : k — k; be
the field morphism extending the inclusion i : k — ki, then j defines a continuous
homomorphism f : Iy, —> I. Thus we obtain homomorphisms

HY(Iy, M) — HI(I},, M)

(cf. beginning of Sect. 1.5). If we change j, we change f by an inner automorphism
of I}. Therefore, Proposition 1.40 implies that these homomorphisms are in fact
independent of the choice of j. In particular, two separable closures of k define
canonically isomorphic H? (I}, M). We can thus simply write H?(k, M) instead
of H1(Iy, M). For any field extension k; of k, we have canonical homomorphisms
HY(k, M) — HY(k;, M).

Remark 6.1 If A is a commutative group scheme over k, we may consider the Galois
cohomology groups HY(k, A) :== HY(k, A(k)). If k, is an extension of k, the above
procedure yields canonical homomorphisms H?(k, A(k)) — H9(ky, A(ky)).
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This applies for instance to the additive group G, defined by G, (k) = k; and to
the multiplicative group Gy, defined by G, (k) = k7.

The following proposition and its corollary show that the cohomology of the
additive group is trivial.

Proposition 6.2 Let L be a finite Galois extension of k. The
H(Gal(L/k),L) =0

forall g € L.
Corollary 6.3 We have H4(k, k) = 0 for all ¢ > 0.

Proof The corollary follows from the proposition by Corollary 4.21. The propo-
sition follows from the fact that by the normal basis theorem (cf. [7], Sect. 10), the
Gal(L/k)-module L is co-induced (isomorphic to Z[Gal(L/k)] ®z k) and hence
induced since Gal(L/k) is finite. U

Proposition 6.4 (Artin-Schreier) Let k be a field of characteristic p > 0. Let ® be
the map from k to k defined by ®(x) = x? — x. Then k/® (k) ~ H'(k, Z/p) and
Hi(k,Z/p) =0forq = 2.

Proof As k is of characteristic p, the map @ is a morphism of I;-modules. It is
surjective as k is separably closed and for any a € k, the polynomial X? — X —a
is separable (its derivative is —1). The kernel of @ is the prime subfield of k, hence
isomorphic to the I';-module Z/p (with the trivial action of ;) and we have the
exact sequence of ;-modules:

O—>Z/p—>l€&l€—>0.

We conclude using Corollary 6.3 and the long exact cohomology sequence. ]

6.2 Hilbert’s Theorem 90 and Applications

We consider the natural action of the Galois group I on the abelian group k*, giving
k* the structure of a discrete I',-module.

Theorem 6.5 (Hilbert 90) Let L be a finite Galois extension of k. Let G be the
Galois group G = Gal(L/k). Then

HY(G,L*)=0 and H'(k,k*) =0.
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Proof The second statement is deduced from the first one using Corollary 4.21. Let
s + ag be a cocycle in Z!(G, L*). By Dedekind’s theorem on linear independence
of morphisms ([7], Sect. 7, no 5), we can find an element ¢ of L* such that the element

b= Z ast(c)

teG

is nonzero. We then have for all s in G:

sb) =) s(a) - (st)(c) =Y _a;'ay - (st)(c) = a;'b

teG teG
hence a;, = s(b~')/b~!, showing that s — a; is a coboundary. (]

Corollary 6.6 (“Kummer theory”) Let n be an integer, that we assume to be invert-
ible in k. Let ,, be the multiplicative group of nth roots of unity in k. Then

K/ k™ ~ H'(k, ).
Proof 1t follows from the long exact cohomology sequence associated to
1—>Mn—>1€*'—”>1€*—>1
and from Hilbert’s theorem 90. g

In the next paragraph, we will see that unlike the /;-module k, the cohomology
of k* is not always trivial.

Remark 6.7 For any discrete [;-module M, the set H I(k, M) can also be inter-
preted as the set of isomorphism classes of principal homogeneous spaces (or tor-
sors) of M, cf. [49], Part.1, Sect. 5.2. In this language, the Z/ pZ-torsor associated to
an element a € k/® (k) as in Proposition 6.4 is given by the equation @ (x) = a and
the p, torsor associated to an element b € k*/k*" as in the Corollary 6.6 is given by
the equation x* = b.

6.3 Brauer Group of a Field
Definition 6.8 Let k be a field with absolute Galois group I}, = Gal(k/k). The
Brauer group of k is the cohomology group H? (I}, k*). We denote it by Br k.

Thus Br £ is the inductive limit of the groups Br(L/ k) := Hz(Gal(L/k), L*) (for
L/ k afinite Galois extensions).
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Note also that if K is an extension of k, we have a homomorphism Brk — Br K
induced by the natural morphism i : I'yx — I and the inclusion k* — K*. Indeed,
even though i is only defined up to conjugation, the same arguments as in paragraph
Sect. 6.1 show that the homomorphism Brk — Br K is well defined.

Remark 6.9 The Brauer group of a field & can also be defined without using Galois
cohomology, using the equivalence classes of finite-dimensional central simple alge-
bras over k. See, for example, Sect. 2.4 of [16] or Chap. X (Sect. 5) of [47]. We
will not be using this characterisation in the book, even though it may sometimes be
useful (see, for example, the remark at the end of Exercise 6.1 and the preamble to
Chap. 8).

Proposition 6.10 Let L be a finite Galois extension of k. Then
Br(L/k) = ker[Brk — Br L].

Thus Br k is the union of the Br(L/k) for L/k a finite Galois extension.

Proof This follows from Theorem 6.5 (Hilbert 90) and Corollary 1.45 (when the
group G is profinite and H is a closed subgroup of G): take ¢ =2, G = I}, H =
I' = Gal(k/L) and A = k*. O

Remark 6.11 Previous proposition immediately extends to the case where L is a
Galois extension (not necessarily finite) of k.

Proposition 6.12 Let n be an integer which is invertible in k. Then
H?(k, jin) = (Brk)[n].

In particular, if we further have 11, C k, then H*(k, Z/n) ~ (Br k)[n] (via the choice
of a primitive nth root of unity in k).

Proof This follows from the long exact cohomology sequence associated to the exact
sequence

1—>/~Ln—>];*-—n>]€*—>l
using the fact that H'(k, k*) = 0 (Hilbert 90). U

Example 6.13 (a) The Brauer group of a separably closed field is by definition
trivial. As we will see later, the same holds true for a finite field.

(b) The Brauer group of the field R is Z/2 since H*(I'g, C*) is isomorphic to
ﬁO(FR, C*) = R*/R by Theorem 2.16 (as Ik is cyclic).

(c) We will later see that the Brauer group of a p-adic field is Q/Z.
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6.4 Cohomological Dimension of a Field

Let k be a field with absolute Galois group Iy = Gal(k/ k). For each prime number p,
we have the notion of cohomological p-dimension of the profinite group Iy defined
in Chap.5. We will use it to define the notion of cohomological p-dimension of a
field of characteristic different from p, or perfect of characteristic p.

Definition 6.14 Letk be afield and p a prime number. Assume that the characteristic
of k is different from p, or that k is perfect of characteristic p. The cohomological
p-dimension (resp. the cohomological dimension if k is of characteristic zero or
perfect of > O characteristic) of k is by definition that of the absolute Galois group
I';.. We denote it by cd, (k) (resp. cd(k)).

Naturally, we have an analogous definition for the strict cohomological dimension.

In this book, we will not be concerned with the cohomological p-dimension of
an imperfect field of characteristic p. The reason being that the previous notion is
in a certain sense “not the good one” in this case (even if certain texts such as [16],
[42] or [51] retain the convention cd, (k) = cd, (/%) in this case). In particular, we
have the following statement (while we do not necessarily want to say that any field
of characteristic p is of cohomological p-dimension < 1, cf. remark 6.18 below):

Proposition 6.15 Let k be afield of characteristic p > 0. Then we havecd ,(I;) < 1
(and therefore scd,(I) < 2).

Proof LetG,bea p-Sylow of I';.. By Galois theory, we have G, = Gal (k/K),where
K is an extension of k contained in k. Corollary 5.11 says that cd,(13) = cd,(Gp).

By Theorem 5.5, it is enough to show that H*(K, Z/p) = 0. But this follows
from Proposition 6.4, as K is of characteristic p. O

Remark 6.16 For imperfect fields of characteristic p, several substitutes to the
notion of cohomological p-dimension exist. We can replace Galois cohomology by
flat cohomology (cf. part III of [39]) and define cohomological p-dimension using
p-group schemes. We can also use the groups H, defined by Kato ([27]) and define
the separable cohomological p-dimension as in [50] Sect. 10, or [2].

The fields k£ of cohomological dimension < 1 are particularly important. It is
remarkable that this property can be characterised using only the Brauer group of
finite extensions of k.

Theorem 6.17 Let k be a field. Let p be a prime number different from the charac-
teristic of k. Then the following statements are equivalent:

(i) We have cd, (k) < 1.

(ii) For any algebraic separable extension K of k, the p-torsion (Br K)[p] of
Br K is trivial.

(iii) For any finite separable extension K of k, the p-torsion (Br K)[p] of Br K
is trivial.
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If k is of characteristic zero, we can of course replace everywhere cd, by cd and
BrK)[p]lby BrK.

Proof Assume that (i) holds.

Let K be an algebraic separable extension of k. Then the absolute Galois group
Tk isisomorphic to a closed subgroup of I}, hence cd, (K) < 1 by Proposition 5.10.
This implies (Br K)[p] = H*(K, ttp) = 0. The implication (ii) == (iii) is trivial.

Assume that (iii) holds. Let G, be a p-Sylow of I'; and K, C k its fixed field.
Then K, contains the group p, of pth roots of unity in k. This is because the
degree [K,(u,) : K] divides p and p — 1. Hence H*(K ,, Z/p) = H*(K ,, [1,)-
Let K’ C K, be an arbitrary finite separable extension of k containing r,, then
the property (iii) implies H*(K’, 1) = 0. As K, is the union of the extensions K’
as above, we obtain H>(K p» 1p) = 0 by remark 4.27 applied to open subgroups
Gal(lE/K’) of I';,, whose intersection is Gal(lE/K,,). Lastly HZ(K,,, Z/p) = 0, hence
cd, (k) = cd,(K,) < 1by Corollary 5.11 and Theorem 5.5. O

Remark 6.18 If k is a perfect field of characteristic p, we have seen thatcd, (k) < 1
(Proposition 6.15), and we also have (Br K)[p] = 0 for any algebraic separable
extension K of k: indeed, K is still perfect, hence x — x” is an isomorphism of
K* to itself, which implies (Br K)[p] = 0. Hence Theorem 6.17 remains true for a
perfect field of characteristic p.

On the other hand, we can have (Br k)[p] # O for an imperfect field k of charac-
teristic p. Later on we will see for example that the p-torsion of the Brauer group of
a local field of characteristic p is isomorphic to Z/ p.

This is why some authors, like Serre ([49], Part. II, Sect. 3), define, for any imper-
fect field k of characteristic p, the property dim(k) < 1 by combining the conditions
cd(Ix) < 1 and (Br K)[p] = 0 for any algebraic extension (or any separable alge-
braic extension, which comes down to the same) K of k.

6.5 (i Fields

The most frequent examples of fields of cohomological dimension 1 are the fields
C|, defined by the following very concrete property.

Definition 6.19 A field k£ is called C; if any homogeneous polynomial f €
k[X1, ..., X,] of degree d < n has at least one non-trivial zero.

Example 6.20 (a) A finite field is C (Chevalley’s theorem, [16], Th.6.2.6.).

(b) If k is an algebraically closed field, then k() (more generally, any extension
of k of transcendence degree 1) is C; (Tsen’s theorem, [16], Th.6.2.8.). The same
holds true for k((¢)) (this result is due to Lang, [16], Th.6.2.1.)

(c) Lang ([30]) has also proved that the maximal unramified extension of a p-adic
field is C;. This result holds more generally for the field of fractions K of a henselian
excellent discrete valuation ring (it is automatically excellent if Car K = 0) with
algebraically closed residual field.
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Lemma 6.21 Let k be a C field and let ki be an algebraic extension of k. Then k|
is Cl.

Proof Let F be a homogeneous polynomial of degree d in n variables with coeffi-
cients in ky, with d < n. We want to show that it admits a non-trivial zero. As the
coefficients of F' are algebraic over k, there exists a finite extension of k which
contains them all and we can thus assume that k; is a finite extension of k, whose
degree we denote by m.

Set f(x) = Ny, /x(F(x)). Then f is a homogeneous polynomial of degree dm
in nm variables with coefficients in k (take a basis (ey, ..., e,) of k| over k and
decompose x € ki in this basis). As k is Cy, the polynomial f has a non-trivial zero.
Thus we have x € kf such that f(x) = 0, which implies F(x) = 0. O

Theorem 6.22 Let k be a C| field.

(a) If k is of characteristic zero, or perfect of characteristic p >0, we have
cd(k) < 1. In particular Brk = 0.

(b) If k is imperfect of characteristic p > 0, we have cd([}) < 1 and Br K = 0 for
any algebraic extension K of k (in particular k is of cohomological dimension
< 1 in the “strong” sense of [49]).

Note that the converse is false: Ax has constructed a field of cohomological dimen-
sion 1 that is not Cy, cf. [49], Exer. p.90.

Proof Let K be an algebraic extension (that in the case (b) we do not assume sepa-
rable) of k. Let L be a finite Galois extension of degree d of K. Leta € K*. Let N
be the norm map from L to K. As K is C| by the previous lemma, the equation

N(x) = axg

for x € L, xo € K, has a non-trivial solution (x, x¢) (it is a polynomial equation of
degree d in d + 1 variables over K). We have xy # 0 (otherwise N(x) = O hence
x = 0). Itfollows that N (x /xo) = a.Lastly, thenorm N /¢ L — K*issurjective.
Combining this with the Hilbert 90 theorem, we obtain H”(G L*) =0 forn =
0, 1, where G := Gal(L/K). It also holds for any intermediate extension L/K’ of
the extension L/K by Lemma 6.21. Theorem 3.7 implies that the G-module L* is
cohomologically trivial. In particular, Br(L/K) = H*(G, L*) is trivial. Passing to
the limit, we obtain Br K = 0. The result follows from Theorem 6.17 combined with
the fact that cd, (/) < 1 in characteristic p is automatic. U

Remark 6.23 Note that in (b), we do not need to assume that K is a separable
extension of k. That is due to the fact that property C; extends to any algebraic
extension.

Corollary 6.24 A finite field is of cohomological dimension < 1. In particular; its
Brauer group is trivial.
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This corollary can also be obtained by noticing that the Galois group of a finite
field is isomorphic to Z.

Remark 6.25 It is possible to prove Theorem 6.22 without using the difficult Theo-
rem 3.7. One can show directly (using the interpretation of the Brauer group in terms
of central simple algebras) that the Brauer group of a C; field is trivial. This is the
method used in [16], Prop.6.2.3.

6.6 Exercises

Exercise 6.1 Let k be a perfect field (e.g. of characteristic zero).

(1) Show that the following properties are equivalent:

(a) cd(k) < 1.
(b) For any finite extension K of k and any finite extension L of K, the norm
N : L* — K™ is surjective.

(2) Show that if these properties are satisfied, then (b) continues to hold for any
algebraic extension (not necessarily finite) K of k.

(3) Show that for these properties to hold, it is enough to assume (b) for finite
extensions L of K which are Galois and of prime degree.

Remark. If we assume (b) only for finite extensions L of K which are Galois and
of prime degree, we can still deduce (a) without using the difficult Theorem 3.7
(cf. [16], Th.6.1.8). However, this approach does not imply (b) in its full generality
and does not prove the triviality of the p-primary torsion of the Brauer group of an
imperfect C field of characteristic p.

Exercise 6.2 Let k be a field (not necessarily perfect). Let p be a prime number. In
this exercise, the absolute Galois group of a field F will be denoted by G .

For any algebraic quasi-Galois field extension L/K ! (not necessarily separable),
we will still denote by Gal(L/K) the group of automorphisms of L inducing the
identity on K. One can use properties of quasi-Galois extensions found in no.3 of
[7], Sect. 9.

(a) Fix an algebraic closure k¢ of k and a separable closure F of k*(¢). Show that
G is isomorphic to Gal(k™2(t) /k(t)). What is the cohomological dimension of
Gal(F/k¥2(t))?

(b) Compare Gy, and Gal(F/k(t)).

(c) Show that cd,(Gr()) < cdp(Gy) + 1.

(d) Let &’ be an algebraic extension of k. Compare cd,(Gy) and cd,(Gy).

(e) Deduce that if K is an extension k of transcendence degree N, then

cd,(Gg) < N +cd,(Gy).

10ne also says normal instead of quasi-Galois.
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(f) What conclusions can we obtain when k is separably closed?

Exercise 6.3 Let p be a prime number and k a field of characteristic # p, with
separable closure k. Let n € N*. Prove the equivalence of the following properties:
(1) cdy (k) < n;

(ii) for every algebraic separable extension K C k of k, we have

H"™ (K, k) {p} =0

and H" (K, k*){p} is p-divisible;

(iii) same statement as in (ii) but restricted to extensions K / k which are in addition
finite and of degree prime to p. (You may first translate (ii) in terms of the Galois
module fip,).

Exercise 6.4 Let k be a C| field of characteristic p > 0. Show that [k : k7] is equal
to1or p.

Exercise 6.5 Let k be a perfect field with algebraic closure k and absolute Galois
group Iy = Gal(k/k). A k-torus T is an algebraic group over k that becomes iso-
morphic to G{, (for a certain integer r > 0) over k, where G, is the multiplicative
group. In particular, there is a finite Galois extension L of k such that T becomes
isomorphic to G/ over L. This implies that the I';-module T (k) consisting of the
lz-points of T is isomorphic to (k*)" with the natural action of I, := Gal(k/L).

In what follows, we will denote by H'(k, T) the Galois cohomology groups
Hi(k, T (k)).

(a) Letn > 0. Show that we have an exact sequence of I}-modules:
0 — T®)[n] — Tk — T&) — 0.
(b) Show thatif d := [L : k], then H'(k, T) is d-torsion.

(c) Assume that k is a perfect field of cohomological dimension < 1. Show that
H'(k, T) = 0 (show first that this group is divisible).



Part 11
Local Fields

This part concerns itself with the cohomological class field theory of local fields,
which are p-adic fields (finite extension of Q) and the fields of Laurent series over
a finite field.

After a chapter that recalls facts about local fields, we study in detail the Brauer
group of a local field, which, by Tate—Nakayama theorem, allows us to prove in
Chap. 9 the main properties of the reciprocity map. From this we deduce the structure
of the Galois group of a p-adic field. Chapter 10 is devoted to the local Tate duality
theorem and some of its applications. Lastly, in Chap. 11, we describe the construction
of Lubin—Tate which allows us to find some of the previous results in a more precise
form and extend the theorem on the structure of the abelian Galois group to the case
of a local field of strictly positive characteristic.

There exist different approaches to class field theory. Let us in particular mention
that of J. Neukirch [40] that works equally well in both local and global cases: it does
not use cohomology groups of degree 2 or the Tate—Nakayama theorem to construct
the reciprocity map. It is defined explicitly using the class field axiom (whose local
version, we will see in Proposition 8.2 and the global one in Theorem 13.23). Since
these cohomological notions will be essential to us in Part IV, we have chosen here
to freely use results proved in Part I (which are of independent interest) that also
provide us with a very useful computation of the Brauer group. This viewpoint will
be very fruitful in Part III.
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Chapter 7 ®)
Basic Facts About Local Fields g

In this chapter we recall some standard results on local fields. For more details, one
can consult the first two parts of [47].

7.1 Discrete Valuation Rings

Definition 7.1 A discrete valuation ring is a commutative principal ideal domain '
A, which has a single nonzero prime ideal m (m is then the unique maximal ideal of
A). The field A/m is called the residue field of A. Any generator 7 of m is called a
uniformiser of A.

From this definition it follows that the group A* of invertible elements of A
coincides with A — m. If we fix a uniformiser m, then up to multiplication by an
invertible element, the only irreducible element in A is 7.

Thus, any nonzero element x in A can be uniquely written as x = u - 7" with
n € N and u € A*. The integer v(x) := n is called the valuation of x. Convening
that v(0) = 400, we obtain the usual properties of valuations:

v(x 4+ y) = min(v(x), v(y)), v(xy) =v(x)+v(y),

from which we deduce that v(x + y) = min(v(x), v(y)) if v(x) # v(y).

We extend the valuation to K = Frac A by setting v(x/y) = v(x) — v(y), so that
v : K* — Z becomes a surjective homomorphism whose kernel is A*.

We say that A is the ring of integers of K. Note also that if the fraction field K of A
is of characteristic p > 0, then so is the residue field «, and if & is of characteristic
zero, it is also the case of K. On the other hand it may happen (the case of unequal

IRecall that, by definition this implies in particular that A is an integral domain.
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characteristic) that K is of characteristic zero and & is of characteristic p > 0 (it is
the case of the examples (b) and (c) below).

Example 7.2 (a) If k£ is a field, the ring k[[¢] of formal series with coefficients
in k is a discrete valuation ring, the valuation of a nonzero formal power series
Z@() a,t" is the smallest n such that a,, # 0. The residue field of k[[#]] is k and its
fraction field is the field k((¢)) of Laurent series, i.e., of formal sums ), _, a,t"
such that only finitely many a, with n < 0 are nonzero.

(b) Let p be a prime number. The subring Z,,y of Q, consisting of x/y withx, y € Z
and y not divisible by p, is a discrete valuation ring with field of fraction Q and
residue field Z/ pZ. The valuation (called p-adic valuation) of a nonzero x € Z
is the largest integer n such that p” divides x.

(c) Let p be a prime number. The ring Z, = limneN*Z/ p"Z of p-adic integers
is a discrete valuation ring, with residue field Z/pZ. The group of invertible
elements Z; consists of elements x = (x,,) with x; (which is in Z/ pZ) nonzero,
the maximalidealof Z, is pZ, = Z, — Z;,. The valuationof x # 0isOifx € Z,
and is the largest n such that x,, = 0 otherwise. We denote by Q, = FracZ,, the
field of p-adic numbers.

7.2 Complete Field for a Discrete Valuation

Let A be a discrete valuation ring with the field of fractions K and valuation v :
K* — Z. Let a be a real number with 0 < a < 1. Define an ultrametric absolute
value x — |x| on K by setting

lx| = a’™
(by convention |0] = 0). For all x, y in K, the three following properties characterise
such an absolute value:

lxyl = x|yl
|x + y| < max(|x], |y]),
x| =0<<=x=0.

This absolute value defines a metric (even ultrametric) space topology on K, asso-
ciated to the distance d(x, y) = |x — y|. Note that a different a defines an equivalent
absolute value (and hence distance). This metric space is totally disconnected.

Proposition 7.3 For the topology defined above, the field K is locally compact if
and only it is complete and its residue field is finite. In this case, the ring of integers
A of K is compact (it is thus a profinite abelian group).

For a proof, see [47], Chap.II, Prop. 1.
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Definition 7.4 A local field” is a complete field with respect to a discrete valuation,
with a finite residue field.

Note that if K is a local field with uniformiser 7, then its ring of integers A has a
basis of open neighbourhoods of 0 consisting of open subgroups 7" A forn > 0. We
will make the structure of local fields more precise later.

Example 7.5 (a) Let k be a field. Then k((¢)) is complete for the valuation defined
in the example 7.2 a). It is locally compact if and only if & is finite.

(b) Let p be a prime number. The field Q is not complete for the p-adic valuation.
Its completion is the field Q,, which is locally compact.

Remark 7.6 When K is complete for a discrete valuation v and finite residue field
K, it will be convenient (in particular to obtain the product formula for global fields)
to choose as absolute value x — ¢ "), where g is the cardinality of «. This absolute
value is called normalised.

7.3 Extensions of Complete Fields

In this paragraph, we denote by K a complete field with respect to a discrete valuation
v, ring of integers A and residue field x. We denote by p the prime ideal of A. The
following theorem (whose proof can be found in [47], Chap.II, Sect. 2) summarise
the properties of finite extensions of such a field.

Theorem 7.7 Let L be a finite extension of K and let B be the integral closure of A
in L. Then:

(a) B is a discrete valuation ring, and it is a free A-module of rank n .= [L : K].

(b) The field L is complete for the topology induced by B, and there exists a unique
valuation w of L inducing * on K the topology induced by v.

(c) Let pp be a prime ideal of B. Let pB = p% with e > 0 and let f be the degree of
the field extension (B/pp) of k. Then ef = n.

(d) Two elements of L conjugated over K have the same valuation. The valuation
w: L — Z U {400} of L is defined by the formula

w(x) = % V(N /k (x))

2This definition is not universal, some authors consider R and C to be local fields, or do not require
the residue field to be finite. The definition we adopt here is more common and better suited for
number theoretic question.

3 Sometimes one says w extending v, but it is important to note that in the case of a ramified
extension, one can not ask that w takes values in Z U {400} and that at the same time the restriction
of w to K is equal to v, see Remark 7.9 below.
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for all x of L, where Ny k denotes the norm from L to K. In other words, the
absolute value on K extends to L using the formula

IX|2 = [NL/k (¥)|x- (7.1)

Definition 7.8 With the notations of the Theorem 7.7, the integer e > 1 is called the
ramification index of the extension L, and the integer f > 1 its residual degree. An
extension is called unramified if e = 1, and in addition (B /pp) is a separable exten-
sion of k. It is called totally ramified if f = 1, tamely ramified if the characteristic
of k does not divide e.

Remark 7.9 If L isanunramified extension of K, then the restriction of the valuation
w: L — ZU{+o0} from L to K is exactly v (in the general case, it is e - v, where
e is the ramification index).

Example 7.10 (a) If a is an element of Z), which is not a square modulo p and
p # 2, then Q,(y/a) is an unramified quadratic extension of Q,,.

(b) The extension Q,(,/p) is totally ramified. It is tamely ramified if and only if
p#2

(c) Let k be a field. The finite and separable extensions of k((t)) are the k' (¢)) with
k'’ finite separable extension of k.

Example 7.11 Let A be a complete discrete valuation ring with field of fractions K
and residue field x. Let L be an unramified extension of K of degree n and let B be
the integral closure of A in L. Then there exists a monic polynomial f € A[X] (of
degree [L : K1), whose reduction in k[ X] is separable, and such that B is isomorphic
to A[X]/f and L to K[X]/f. This follows from [47], Chap. I, Prop. 16 and from the
fact that every finite separable extension of the residue field of A is generated by
one element by the primitive element theorem. Conversely, a field extension L of K
of this type is unramified (loc. cit., Cor. 2). For example, the unramified quadratic
extension of Q, is Q2 (v/3) = Qu[X1/(X% +3X + 1).

Example 7.12 Let R be a discrete valuation ring with maximal ideal m and field of
fractions F. An Eisenstein polynomial is a polynomial in R[X] of the form

P=X"+a,, X"+ +ay,

witha; e mforalli € {0,...,n — 1}and ay ¢ m?. Such a polynomial is irreducible
([47], Chap.1, Corollary to Proposition 17). If R is complete, the field L = F[X]/(P)
is a totally ramified extension of F (loc. cit.). Conversely, all totally ramified exten-
sions are obtained in this fashion (loc. cit., Prop. 18).
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7.4 Galois Theory of a Complete Field for a Discrete
Valuation

In this paragraph, we consider a field K complete for a discrete valuation, with ring
of integers A and residue field x. Assume for simplicity that « is perfect (for example
of characteristic zero or finite). The following result (Theorem 2 of [47], Chap.III,
Sect. 5) relates unramified extensions and extensions of the residue field.

Theorem 7.13 (a) Let k' be a finite extension of k. Then there exists a finite unram-
ified extension K', unique up to isomorphism whose corresponding residual
extension is isomorphic to k' / k. The extension K' /K is Galois if and only if k' / k
is.

(b) Let k be an algebraic closure of k. Let Ky, be the inductive limit of all unram-
ified extensions corresponding to finite subextensions of k. Then the field K,
is a Galois extension (generally infinite) of K, and we have Gal(K,/K) =~
Gal(k/k).

Definition 7.14 We say that K, is the maximal unramified extension of K. Fix a
separable closure K of K, then we can see Ky as a subextension of K. The subgroup
Gal(K /K ) of Gal(K /K) is called the inertia group of K.

Note that by Remark 7.9, the valuation of K extends uniquely to a discrete val-
uation v of K. Note though that K, is not necessarily complete for this valuation
(it remains henselian, in the sense that its ring of integers satisfies the conclusion of
Theorem 7.16 below), see Exercise 7.3.

Example 7.15 (a) Letk be a perfect field. Then the maximal unramified extension
of k((¢)) is the union of the k'((¢)) for k’ a finite extension of k (warning: this is not
the same as k (7)), which is generally larger). If k is assumed to be algebraically
closed, all the extensions of k((¢)) are totally ramified. If in addition k is of
characteristic zero, then the algebraic closure of k((¢)) is the union of the k(z'/"))
for n > 0 ([47], Chap.1V, Prop.2).

(b) Assume that K is alocal field, i.e., the residue field « is finite. Then for alln > 0,
there exists a unique extension of degree n of x and its Galois group is cyclic.
It follows that there is a unique unramified extension of K of degree n, it is
Galois with Galois group Z/nZ. We thus have Gal(K,;/K) >~ Gal(k/k) = Z.
The group Gal(k/k) has a canonical topological generator F, called the Frobe-
nius, which can also be viewed as an element of Gal(K,./K). It corresponds to
the automorphism x — x9 of K, where g is the cardinality of .

If L is a finite Galois extension of a local field K, then the group Gal(L/K) is
solvable ([47], Chap.IV, Cor.5). In the case where K is a finite field extension of
Q,, we have that ([47], Chap. IV, Cor.4 or [42], Prop. 7.5.2) the inertia subgroup I of
Gal(K /K) has aunique p-Sylow I, whichis normalin /, and the quotient V :=1/1,
is isomorphic to Z;, =] ttp Z,. More precisely, we have I, = Gal([? / Kmr), Where
Ky 1s the maximal tamely ramified extension of K.
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7.5 Structure Theorem; Filtration of the Group of Units

We begin by the following important result proved (under more general hypotheses)
in [47], Chap.II, Prop.7:

Theorem 7.16 (Hensel lemma) Let K be a complete field for a discrete valuation
with ring of integers A and residue field k. Let f € A[X] be a polynomial with
reduction f € k[X] modulo the maximal ideal of A. Then any simple root of f in k
lifts uniquely to a root of f in A.

The following theorem (proved in a much more general setting in [47], Chap.1I,
Th.2 and Th.4) describes the structure of local fields depending on whether their
characteristic is 0 or p > 0.

Theorem 7.17 Let K be a complete field for a discrete valuation whose residue field
K is of characteristic p. Then:

(a) If K is of characteristic zero, then K is a finite extension of the field Q. In this
case we call K a p-adic field.
(b) IF K of characteristic p, it is isomorphic to the field of Laurent series k((t)).

Let K be alocal field with ring of integers Ok and residue field k. Let Uy = O% be
the group of units of K. It is the multiplicative group of elements with zero valuation,
so that the multiplicative group K* is isomorphic (via the choice of a uniformiser)
to Z x Uk . We define a filtration of Uk by setting for each i > 1:

Ul ={x e K,v(l —x) >i}.

The groups Ug, Uj, ..., Uk, ... form a decreasing sequence of subgroups of Ug
whose intersection is {1}. Elements of U Il< are called principal units. By definition
of the topology induced by the valuation, the group Uy is profinite and the U form
a basis of neighbourhood of {1}. The group U}, is the projective limit of the U ,1( JUk
fori > 1.

Theorem 7.18 With the notations below:

(a) We have Ux /Uy ~ k* and fori > 1, the group U}}/U;}H is isomorphic to the
additive group k. In particular U}, is a pro-p-group.

(b) Assume that K is a p-adic field with [K : Q,] = n. Then Ug C K*? for m large
enough and the abelian group U,1< is isomorphic to a direct product Z, X F ~
Ok x F, where F is a finite cyclic group whose order is a power of p.

(c) Under the assumptions and notations of (b), the group Uk is isomorphic to
Uy x K% and the group K* to Z x Z, x F x K"

For a) (which holds true without the assumption that the residue field is finite), see
[47], Chap.1V, Prop. 6. Part (b) (which s classical when K = Q) is a straightforward
consequence of loc. cit., Chap. XIV, Prop.9 and 10.
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Let us prove (c). The multiplicative group x* of the finite field  is cyclic of order
m prime to p. Hensel lemma shows that the equation x™ = 1 has m distinct roots in
Uk, from which we deduce that the following exact sequence of abelian groups:

1 — U — Ug —> 5 —> 1

splits. Hence Ugx >~ U} x k*, and by (b) we obtain K* >~ Z x Z), x F x K.
‘We have the following complement to part (b) of Theorem 7.18:

Corollary 7.19 Let K be a p-adic field. Then for all n > 0, the subgroup K** of
nth powers is open in K*. Every finite index subgroup of K* is open.

Proof The second assertion follows from the first, since an index n subgroup of K*
contains K*". Let us prove the first assertion. For n prime to p, it follows immediately
from Hensel lemma. In the case where n is a power of p, the result follows from
Theorem 7.18, (b). |

Remark 7.20 If K is a local field of characteristic p, the subgroup K *” is no longer
open (it is still closed by compactness of Uk, since K* >~ Z x Uk), otherwise it
would contain Uy for m large enough. This is clearly not the case since the equation
1 4+ 7™ = x? implies 7" = (x — 1)?, which is not possible if the valuation m of the
left hand term is not divisible by p. On the other hand, one can show that the group
U }( is isomorphic to Zl;f (Exercise 7.4). In fact in this case K* contains finite index
subgroups which are not closed, cf. Exercise 11.3.

Nevertheless, Hensel lemma still implies that for n prime to p, the subgroup K*"
is open in K*.

7.6 Exercises

Exercise 7.1 Let K be alocal field with ring of integers Ok . Let mg be the maximal
ideal of Og.

(a) Show that an element x of K is in my if and only if for all n > 0 not divisible
by p, there existsay € K* such that | + x = y".

(b) Deduce that any field morphism f from K to K is continuous (show first that
for all s > 0, the ideal m}, of Ok is stable by f).

(c) What are the automorphisms of Q,?

Exercise 7.2 Let d € Z be a squarefree integer. Let p be an odd prime number.

(a) Show that Q, (+/d) is an unramified extension of Q » if and only if p does not
divide d.

(b) Show that d is a square in Q, if and only if d is congruent to 1 modulo 8 (for
the “if” part, you may use a formal series F with coefficients in Q such that
F?=1+X).
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(c) Show that Q,(+/d) is an unramified extension of Q, if and only if d is congruent
to 1 modulo 4.

(d) Let py, ..., pr be pairwise distinct prime numbers congruent to 1 modulo 4.
Let £ be any prime number. Show that the ramification index of the extension

Qi(/=p1- - Pr. /P1)/Qu is at most 2.

Exercise 7.3 Let K be a local field with residue field . Let < be the algebraic
closure of the finite field .

(a) Assumethat K = k((?)) is afunction field. Choose aninfinite set {ag, . .., d,, ...}
of elements of <. Show that the sequence (u,) defined by u,, = ZZ:O agt* is a
sequence of elements of K, which does not converge in K. Deduce from it
that K, is not complete (for the discrete valuation that extends that of K).

(b) What is the completion of K, for K = x((t))?

(c) Assume now that K is a p-adic field. Show that K, is not complete.

(d) Let K be a local field with separable closure K and valuation v. We endow K
with the (non discrete) valuation v : K — Q U {oo} obtained by passing to the
limit over finite separable extension L of K (each L endowed with the valuation
v, i L — (éZ /Z) U {oo} which extends v, where e is the ramification index
of L over K). Show that K is not complete for this valuation (observe that any
sequence of elements of K, that converges in K has its limit in a finite extension
L of K, and then show that this limit must remain in K).

Exercise 7.4 (after [55], Chap.11.3, Prop.10) Let K = k((t)) be a local field of
characteristic p > 0, with valuation v. Fix a uniformiser m of K and let m be its
maximal ideal. Let (a1, ..., o) be a basis of k over F,. The aim of this exercise is
to determine the structure of the multiplicative group U} = {x € K, v(l — x) > 0}.

(a) Show that U 11( can be endowed with a structure of a Z,-module by the formula

a-x = xlnz0@P" — I xP"
n>=0

forany x € Ug andanya = Y _ -, a,p" (witha, € Z)inZ,.
(b) LetN > 0,set N = np” withn notdivisibleby pandv > 0.Letay,...,ay € N.
Prove the formula

f ) /
[TA + a4 =1+ (Zaiﬂi)wNmod.mN“,

i=1 i=1

where f3; := )

(c) Let x; be any element of m. Show that one can inductively define a sequence
(xy) with xy € m" for any N > 0, by setting 1 + xy,; = (1 —i—xN)y,;l, where
yu 1s defined by the formula
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f .
yv = []A + a7,
i=1

and where the a; € {0, ..., p — 1} have been chosen so that yy = 1 + xy mod

mV*+! (we still set N = np” where n is not divisible by p). Show that additionally
such a yy is unique and that

o0
L+x =[] yn-
N=1

(d) Show that any element of U ,1< is uniquely written as an infinite product of factors
of the form (1 + o;7")? with 1 <i < f, n apositive integer prime to p, and
bel,.

(e) Deduce that U} is isomorphic (as Z p-module or as a profinite group) to Zg.



Chapter 8 ®)
Brauer Group of a Local Field s

Throughout this chapter, K is a local field, that is, a complete field for a discrete
valuation v with finite residue field x of characteristic p. Recall (see Theorem7.17)
that when K is of characteristic zero, it is a p-adic field (= finite extension of Q,);
else K is of characteristic p and it is then isomorphic to the field of Laurent series
w((1)).

We start developing the local class field theory whose aim is to describe abelian
extensions of a local field K, their Galois groups and their link to finite index open
subgroups of K*. The first step, which is the main objective of this chapter, is to
calculate the Brauer group Br K. The key point is to show that Br K = Br(K,/K),
for example by showing that the Brauer group of the maximal unramified extension
K, is trivial (or even that K, is of cohomological dimension 1). One can establish
this directly if one knows the (rather difficult) theorem of Lang stating that K, is C|
([30]) or else one can show it using the same technique as in Theorem 6.22 (see also
Exercise 6.1) by norm computations in local fields ([47], Sect. XII.1). Another option
is to use the characterisation of the Brauer group in terms of central simple algebras
([47], Sect. XI1.2). We will follow the method of [42] (see also Serre’s article in [9],
Chap. VI), which is slightly less general in as far as it uses the assumption that « is
finite, but has an advantage of only using what has been previously covered in this
book.

8.1 Local Class Field Axiom

Recall (Sect.7.5) that we have a filtration of the group of units Ux = Ok by sub-
groups U, i > 1.
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Lemma 8.1 Let L be a finite Galois extension of K with Galois group G. Then
there exists a sub-G-module V| of UL1 which is of finite index (in Uy, or ULI) and
cohomologically trivial.

Proof By the normal basis theorem ([7], Sect. 10), there exists « € L such that the
family (g - a)g4eg 18 a basis of the K-vector space L. For a € K* of sufficiently
large valuation, we then have M C Oy, where M is the Og-module generated by
(ag - @) gec. We note that the G-module M is isomorphic to Ok [G] and is an open
subgroup of the profinite group O, (indeed it is defined by a condition of the type:
x € M if and only if each of the coordinates x, in the basis (g - &) has valuation
greater or equal to that of a). In particular, M is of finite index in O, which yields
an integer m > 1 such that M D 7™ O, where 7 is a uniformiser of K. We then
define a sub-G-module V; of U Ll by V; = 1 + 7" M (the fact that it is indeed a
multiplicative subgroup follows from the property M D 7™ Op).
Each V;/V;, is isomorphic to M /7 M via

v — 7 " = 1) (7M)

which implies that these are finite and cohomologically trivial G-modules (isomor-
phic to the induced modules (Og /7)[G]). By induction, it follows that the same is
true for the V,/V; fori > 1. As the cohomology of a finite group commutes with
projective limits (indexed by the integers) by Proposition 1.31, we deduce that the
projective limit V; of the V;/V; is also a cohomologically trivial G-module. Further-
more, V) clearly has a finite index in U 1{ [l

Proposition 8.2 (“The axiom of the local class field theory”) Let L be a linite Galois
extension of K, with cyclic Galois group G. Then H' (G, L*) = 0 and H*(G, L*) is
of cardinality [L : K1].

Proof The first assertion follows from Hilbert 90. We now apply the preceding
lemma. The Herbrand quotient 4(G, V) is 1 since V| is cohomologically triv-
ial, and (G, UL/V)) =1 by Theorem?2.20, (b). We deduce that A(G,U,) =1
by Theorem2.20, (a). As the G-module Z (with trivial action) is isomorphic to
the quotient L*/U;, we obtain h(G, L*) = h(G,Z) =[L : K] as H'(G,Z) =0
and H(G,Z) =Z/[L : K|Z. As H'(G,L*) =0, it shows that the cardinality
HO(G, L*)is [L : K], as desired. O

8.2 Computation of the Brauer Group

We start with an important property of cohomology of the group of units.

Proposition 8.3 Let L be a finite Galois extension of K with Galois group G =
Gal(L/K). Assume that the extension L/K is unramified. Then U;, and U] are
cohomologically trivial G-modules. In particular, ﬁO(G, Up) =Uk/Nr/xUyp is the
trivial group.



8.2 Computation of the Brauer Group 111

Proof Let X be the residue field of L. As the extension L/K is unramified, we also
have G = Gal()\/k). Besides we have a filtration of the group of units of L:

ULDUIED"'DU};D"'

with an isomorphism of G-modules Ui /Ui*' ~ X for any i > 0 (by the Theo-
rem7.18, a). It follows that each U ZL / Ui“ is a cohomologically trivial G-module
by Proposition 6.2, and by induction on i we immediately deduce that the same
holds true for U} /U, and each i > 0. We deduce (using Proposition 1.31) that
U, =lim_ (U;/U;) is a cohomologically trivial G-module.

On tre other hand for every subgroup H of G (corresponding to a finite extension
k' of k), we have H'(H, \*) = 0 by Hilbert 90, and H>(H, \*) = 0 by the trivial-
ity of the Brauer group of the finite field «’. The 2-periodicity of the cohomology
of the cyclic group H (Theorem?2.16) implies that A* is a cohomologically trivial
G-module. It is then also the case for U, via the exact sequence

O—>U£—>UL—>/\*—>O.

O

For a generalisation of the statement about U ! see Exercise8.5.

Let now K;,; be the maximal unramified extension of K. The Galois group FK =
Gal(K,/K) ~ Gal(k/x) (that we will simply denote by I if there is no risk of
confusion) is isomorphic to Z. 1t is topologically generated by the Frobenius F
(Example 7.15, b). We have isomorphisms:

HA (P, K%) B N H'(F,Q/z) -1 Q/z.

Here (3 is induced by the exact sequence of I-modules (cf. Remark 7.9)
0—>UKm—>K:rL>Z—>O,

where Uk, C K is the subgroup of units, i.e., the group of invertible elements of
the ring of integers of K,,: indeed, H'’ (r',u k,.) = Oforanyi > 0 by Proposition 8.3,
passing to the limit by Proposition4.18. The isomorphism § comes from the triviality
of the cohomology of Q (Corollary 1.51). Lastly y is obtained by sending every
character x € Hl(F, Q/Z) to x(F).

Proposition 8.4 Let invg : H 2Ty, K*) — Q/Z be the composite of the above
isomorphisms. Let L be a finite extension of K. Then, we have the commutative
diagram
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~ inv
HX(Tk, Ki) ——— Q/Z

Resl l[l/ 1 K]

B[, L) — ).

Proof Let e be the ramification index of L/K and let f be the residual degree.
We have [L : K] = ef (Theorem7.7). As the 1somorphlsm Bk + H? (FK, K:) —
H 2(I"K, Z) is induced by the valuation (same for I"L) we have (with the Remark7 9)
BL oRes = e.Resofk. The compat1b1l1ty of Res with the long exact sequences
yields, with similar notations, &, . oRes =Res 06 ' Lastly, we have 7, o Res =

f-Res ok as the image of the Frobenius of Iy in FK is the fth power of the Frobe-
nius of FK. The result then follows from the definition of invg. O

Remark 8.5 Note that we do not need the assumption that L is a separable extension
of K in the above statement.

We know that H2 (I, K}) = Br(K,;/K)isasubgroup of the Brauer group Br K.
The next very important statement shows that it is in fact the whole of Br K. Our
method only uses general results on the cohomology of finite groups combined with
the basic properties of local fields. On the other hand it relies on LemmaS8.1 and
Proposition 8.2, which use in an essential way that the residue field of K is finite,
while other methods work for any complete field K with a discrete valuation and
perfect residue field.

Theorem 8.6 We have Br(K,./K) = BrK.

Proof Let L be a finite Galois extension of K with Galois group G.Letn = [L : K].
The proof uses two lemmas:

Lemma 8.7 The group H*(G, L*) is finite and its cardinality divides n.

Proof If G is cyclic, this follows immediately from Proposition8.2 and Theo-
rem2.16. If now G is an £-group with £ prime, its centre is non-trivial and thus
contains a normal subgroup H = Gal(L/K) of cardinality .

We obtain the result by induction on the cardinality of G via the exact sequence
(which follows from Proposition 6.10)

0 — H*(Gal(K,/K), K}) — H*(G,L*) — H*(Gal(L/K), L").
In the general case, let S be the set of prime numbers dividing n and consider, for

¢ €S, at-Sylow G, of G. As H*(G, L*) = @,.s H*(G, L*){¢}, the Lemma3.2
says that the restriction

H*(G. L") — P H*(G,. L")
tesS
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is injective. The case of £-groups (applied to the finite extension of K associated
with each G by the Galois correspondence) gives that the cardinality of H>(G, L*)
is finite and divides [ [, #G¢ = n. O

Lemma 8.8 Ler K,, be the unramified extension of K of degree n. Then we have
H*(G, L") = H*(Gal(K,/K), K),

where we have identified the two groups with their images in Br K.

Proof By Lemma8.7, the cardinality of H?*(G,L*) divides n=[L:K]=
[K, : K], which is the cardinality of H?*(Gal(K,/K), K¥) by Proposition 8.2 and
Theorem?2.16 since K,/ K is cyclic (cf. Example7.15, b). It is thus enough to prove
that H*(Gal(K,/K), K}) C H*(G, L*). By Proposition 8.4, we have a commutative
diagram whose arrows invg and inv;, are isomorphisms and the first line is exact:

0— HXG. L¥) Brk — RS .pr

| |

H> (P K2y RS, g2y L)

invg l linv L

Qz " Q/z

Let a € H*(Gal(K,/K), K). Then we have na = 0 and a € H2(I’x, K7) since
K, /K is unramified. The diagram then implies that the restriction of a to Br L is
zero, i.e.,a € H*(G, L*). O

End of Proof of the Theorem 8.6 As Br K is the inductive limit (over finite Galois
extensions L of K) of the H*>(Gal(L/K), L*), the preceding lemma implies that
Br K is contained in the inductive limit (over n > 0) of the H*>(Gal(K,/K), K R
hence in Br(K,,/K). U

We deduce

Theorem 8.9 Let K be a local field. Then we have an isomorphism
invg : Br K — Q/Z.

If L is a finite extension of K, the restriction Br K — Br L corresponds to the
multiplication by [L : K] on Q/Z. If furthermore L /K is separable, the corestriction
Br L — Br K corresponds to the identity of Q/Z.

Proof This follows from Theorem 8.6, and Proposition 8.4, and from the formula
of Theorem 1.48, which says that Cores o Res is the multiplication by [L : K]. [
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Corollary 8.10 Under the assumptions of Theorem8.9, an element a of Br K has
image zero in Br L if and only if na = 0, where n := [L : K].

If we furthermore assume that L/K is Galois, the image of Br(L/K) =
H?*(Gal(L/K), L*) by invg is the subgroup (%Z)/Z of Q/Z.

8.3 Cohomological Dimension; Finiteness Theorem

Let G be a profinite group. Recall that we have defined the order of G and the index
of a closed subgroup of G as supernatural numbers (Definition4.6).
We deduce from Theorem 8.6 the cohomological dimension of a local field.

Theorem 8.11 Let K be a local field. Let £ be a prime number. We denote by K
the maximal unramified extension of K.

(a)
(b)
(c)

Let L be an algebraic separable extension of K with absolute Galois group I7.
If £ divides [L : K], then cd,(I'L) < 1 and (Br L){¢} = 0.

The absolute Galois group I of Ky (which is the inertia group of K) satisfies
cd(l) < 1, and we have Br K, = 0.

If € is different from the characteristic of K, we have cd,(K) = 2. In particular,
cd(K) =2.

Proof (a) Note that if ¢ is the characteristic of K, the property cd,(I) < 1 is

(b)
()

automatic by Proposition6.15. It is then enough to prove that (Br L;){{} =0
for any algebraic separable extension L; of L (by Theorem6.17), and we are
immediately reduced to the case L; = L since £*° thendivides [L; : K]. Observe
that Br L is the inductive limit of the Br K’ for K’ finite extension of K contained
in L, the transition maps being the restrictions (this follows from Remark 4.27).
Let K’ be such an extension and let @ € Br K’ be a £™-torsion element with
m > 0. Then there exists an intermediate extension K| of L/K’, finite over K’,
and whose degree over K’ is divisible by £™ since £*° divides [L : K']. The
restriction of « in Br K is zero by Corollary 8.10, hence so is its image in Br L.
We have shown that (Br L){£} = 0, as desired.

We can apply (a) to L = K, since for any prime ¢ prime, the order of
Gal(K,/K) ~ Z is divisible by £.

Let 'y = Gal(K/K) and I = Gal(K /K,,). We just saw that cd,(I) < 1 and in
addition cdy(I'x /1) < 1 since 'k /I is the absolute Galois group of the residue
field x, assumed finite, hence of cohomological dimension < 1 by Corollary 6.24.
Thus we obtain cd,(K) < 2 by Proposition5.13. On the other hand for ¢ differ-
ent from the characteristic of K, we have H2(K, we) = (Br K)[£] # 0, hence
cdo(K) = 2. U

Remark 8.12 If K is of characteristic p > 0 and with the absolute Galois group
I'x, wehave cd,(I'x) = 1 by Proposition 6.15 but the Theorem 8.9 shows that we do
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not have (Br K)[p] = 0. Hence we do not have dim(K) < 1 in the “strong ” sense
of Serre ([49], Part.II, Sect.3). On the other hand the assertion (a) implies that an
algebraic separable extension of K such that p* divides [L : K] (e.g. K,) satisfies
this stronger property. We will see later (Theorem 10.6 and Remark 10.7) that for
£ # Car K, we have scdy(K) = 2.

Proposition 8.13 Ler K be a p-adic field. Let n > 0.

(1) The group H' (K, i) ~ K*/K*" is finite.
(2) We have H*(K, ) =~ Z/nZ.

Proof (1) We have already seen (via the Kummer exact sequence and Hilbert 90)
the isomorphism H'(K, p1,) ~ K*/K*'. The fact that these groups are finite
follows from Theorem 7.18, (b) and the isomorphism K* >~ Z x k* x U 11( (The-
orem 7.18, a), where « is the residue field of K.

(2) AsBrK ~ Q/Z, we have H*(K, it,) = Br K)[n] ~ Z/nZ. (I

Remark 8.14 If K = k((t)), with k finite of characteristic p > 0, it is no longer true
that K*/K*" and H'(K, Z/ p) are finite. On the other hand the Proposition 8.13 is
still true for n not divisible by p since the nth powers form an open subgroup of the
profinite group Uk (cf. Remark 7.20). Similarly the following corollary is still valid
if the order of M is not divisible by p.

Corollary 8.15 Let K be a p-adic field and M a finite I'x -module. Then H" (I'x, M)
is finite for any r > 0.

Proof Let n be the order of M. By what we have seen, H" (K, u,) is finite for
r =0, 1, 2, and zero for r > 3. As M is finite, we can find a finite Galois extension
L /K such that the action of I, on u,, and on M is trivial. In particular the "7 -module
M is isomorphic to a direct sum of the j,,. As, by the structure of the cohomology
of y,, the groups HY (I, M) are finite for any ¢ > 0, the Hochschild—Serre spectral
sequence (Theorem 1.44)

H?(Gal(L/K), HI(I', M)) = HP™(I'yx, M)

allows us to conclude that the H" (I'x, M) are finite. O

8.4 Exercises

Exercise 8.1 Let p be a prime number. Let K = F,((¢)) and K a separable closure
of K. We denote by Ik the absolute Galois group of K and I', a p-Sylow of I'k.
Let L C K be the fixed field of I, and I';, = Gal(K /L) its absolute Galois group.
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(a) Show thatcd(/7) < 1.
(b) Do we have Br L = 0?

Exercise 8.2 Let £ be a prime number. Let K be a finite extension of Q; with Galois
group G = Gal(K /K). Fix a prime number p (possibly equal to £).

(a) Let L be an algebraic extension of K. Assume that [L : K] is divisible by p*°.
What is (Br L){p}?

(b) Let Gk (p) = G/I be the largest quotient of G which is a pro- p-group: thus we
have Gk (p) = Gal(K(p)/K), where K (p) is an algebraic extension of K and
I = Gal(K /K (p)). Show that cd, (1) < 1.

(c) Show that every homomorphism from / to a pro- p-group is trivial. Deduce that
if A is a p-primary torsion G g (p)-module, we have H'!(I, A) = 0.

(d) Let A be a p-primary torsion G g (p)-module. Show that for any integer i > 0,
the inflation homomorphism H (G g (p), A) — H'(G, A) is an isomorphism.

Exercise 8.3 Let K be a p-adic field with absolute Galois group I'x. Let M be a
finite type I'x-module. Show that H (K, M) is finite.

Exercise 8.4 Let G be aprofinite group. Let M be a discrete and divisible G-module.
For any abelian group A, we denote by A[n] the n-torsion subgroup of A and by
A/n the quotient of A by the subgroup of elements of the form ny with y € A.

(a) Show that for any n > 0 and any i > 0, we have an exact sequence
0 — HYG,M)/n — H (G, M[n]) — H'(G, M)[n] — 0.

(b) Inthe rest of this exercise we suppose that G = Gal(K /K) is the absolute Galois
group of a p-adic field K, and that M is isomorphic as an abelian group to (K *)"
with m € N*. Show that for any integer n > 0, the group H' (G, M)[n] is finite.

(c) Assume furthermore that there exists a finite Galois extension L of K such that
M isisomorphic as a Gal(K /L)-module to (K*)™. Show that H' (G, M) is finite.

Exercise 8.5 (a) Let G be afinite group. Let M be a G-module filtered by a decreas-
ing sequence (M,),>1 of submodules

MZM]DMZD"'DMHD"’

such that the canonical map M — lim (M/M,) is an isomorphism. Let ¢
be an integer such that H(G, M,,/M,.,) = 0 for every n > 1. Show that
H9(G, M) = 0 (hint: one can work directly with the cocycles).

(b) Let K be a complete field for a discrete valuation with perfect residue field «.
Let L be a finite unramified Galois extension of K, let G = Gal(L/K). Let U g
be the multiplicative group consisting of those x € L such that v (1 — x) > 0,
where v, is the valuation of L. Show that H4(G, UL') = 0 for any ¢ > 0.
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Exercise 8.6 Let K be a local field of characteristic p > 0. Show that the group
H'(K,Z/pZ) is infinite. (If one considers the “fppf” cohomology, the group
H'(K, p,) is isomorphic to K*/K*", which is also infinite: the sheaf j, is non-
trivial and fits into an exact sequence 0 — p, — Gp LN G, — 0, where G, is
the multiplicative group, cf. [39], Part.III; while in Galois cohomology, we have
11,(K) = 0 in characteristic p.)



Chapter 9 ®)
Local Class Field Theory: The s
Reciprocity Map

Throughout this chapter K is a local field. We start our study of the abelian Galois
group Gal(K®/K) and complete it in the next two chapters.

General results on the reciprocity map will in particular be used in all the proofs
of the existence theorem, whose first proof will be given at the end of the present
chapter in the case of a p-adic field.

9.1 Definition and Main Properties

Definition 9.1 Let L be a finite Galois extension of K with group G. Let n :=
[L : K]. We call fundamental class of the extension L/K the unique element u /x
of Br(L/K) = H*(G, L*) such that invg(upx) =1/n € Q/Z.

Recall that we have an isomorphism invg : Br K — Q/Z (Theorem 8.9) and that
the group Br(L/K) is precisely the n-torsion subgroup of Br K (Corollary 8.10),
which justifies the definition. We can thus apply Theorem 3.14 (Tate—Nakayama)
to the G-module A = L* and the element u; /x of H?*(G, L*). Let indeed G,=
Gal(L/K,) be a p-Sylow of G. We have HI(G,,, L*) =0 by Hilbert 90, and
HZ(G,,, L*) = Br(L/K)) is of order #G ). It is generated by the restriction uy /x, of
uto H*(Gp, L*) (by Theorem 8.9). By taking n = —2 and applying Proposition 2.4,
we obtain the following result, where Nk (or simply N when there is no possible
confusion) denotes the norm of the extension L/K:

Theorem 9.2 Let L be a finite Galois extension of a local field K. Then the cup-
product with uy /x defines an isomorphism

01k : G® — K*/NL*,
© Springer Nature Switzerland AG 2020 119
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where G := Gal(L/K). The isomorphism
Wik = HZ/IK :K*/NL* — G®

is called the reciprocity isomorphism associated to the extension L/K.

For simplicity, we will also denote by wy /x the surjection K* — G® induced by
the reciprocity isomorphism. The following proposition establishes a link between
this isomorphism and the cup-product.

Proposition 9.3 Let L be a finite abelian extension of a local field K. Let G =
Gal(L/K) and let x : G —> Q/Z be a character of G. Denote by d, its image in
H?(G, Z) via the coboundary associated to the exact sequence

0—Z—Q—Q/Z— 0.
Leta € K* with image a € H*(G, L*) = K*/NL*. Then
X(wr/k (@) =invg(a Ud,),

where invg : Br(L/K) — Q/Z is the local invariant.

Note that here we do not need to worry about in which order we take the cup-
product (cf. Proposition2.27, b) as a Ud, = d, U a since the cohomology classes
we consider are in even degree.

ProofALet u=upg € H?(G, L*) be the fundamental class. Let s = wr/k(a) €
G = H™%(G, Z) (Recall that G is abelian). Let n := [L : K]. By definition of the
reciprocity isomorphism, we have

uUs=ae HYG, L")

hence, by the associativity of the cup-product (Proposition2.27, a) and compatibility
with the coboundaries (Proposition2.23)

ald,=uU(sUd,) =uU(d(sUx)),

where s Uy € H~'(G, Q/Z) and we still denote by d the coboundary H~'(G, Q/Z)
— H(G, Z). As the action of G on Q/Z i trivial, the group H~'(G, Q/Z) is simply
the subgroup %Z /Z of Q/Z and by Proposition 2.32, the cup-product s U x identifies
with x(s). Let then x(s) = r/n with r € Z. It is straightforward that d(r/n) =r €
H(G,Z) = Z/nZ, hence

uUdsUy)=uUr=r-ueBr(L/K)= HZ(G, L*).

On the other hand we have the equality invg (v - u) = r/n by definition of u and
hence finally invg (7 - u) = x(s), or in other words
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invg (a Udy) = x(s),

as desired. O

Corollary 9.4 Let L be a finite Galois extension of K. Let M be a finite Galois
extension of K containing L. We have a commutative diagram:

WM/K b
K*/NM/KM* —— Gal(M/K)?

| |

* * L/K b
K /NL/KL e Gal(L/K)a

where the vertical arrows are the canonical surjections.

Proof We are immediately reduced to the case where L and M are abelian exten-
sions of K (by if necessary replacing them by the maximal abelian extensions of K
contained in L and M, respectively). Let thena € K* withimage a; in K* /N g L*
and ay in K* /Ny xk M*. Let x an arbitrary character of Gal(L/K'). We still denote
by x the character it induces on Gal(M/K) (of which Gal(L/K) is a quotient). We
then have, by Proposition 9.3 and by the functoriality of the cup-product:

X(wr/k(ap)) =invg(ap Ud,) = invg(ay Udy) = x(wu/k(@m)).
This proves the desired compatibility as the character y is arbitrary.

The above corollary allows us to pass to the limit. This justifies the following
definition. (]

Definition 9.5 The homomorphism
w:K*— ¥

obtained from the wy,,x by passing to the limit over the finite abelian extensions L of
K, is called the reciprocity map. It has a dense image and induces an isomorphism
ofl(iLnL K*/NL* with Ff‘(b.

Here I"% is the abelianisation of I as a profinite group (it is the quotient of I'x
by the closure of its derived subgroup in the usual sense). The density of the image
of w follows from the surjectivity of the w;,x and from the fact that the groups
Gal(K® /L) (for L/K finite abelian) form a basis of open sets of {1} in F,?b.

We will see in Sect. 9.2 that, for a p-adic field, the reciprocity mapw : K* — '
induces an isomorphism of the profinite completion of K* with I'®®, and hence
this profinite completion is isomorphic to limL K*/NL* (the limit being taken over
the finite abelian extensions L of K). However this requires the knowledge of the
existence theorem, whose first proof in the case of a p-adic fields will be given at the
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end of this chapter. For now, we just deduce from the above results that 1(ir_nL K*/NL*

is a quotient of the profinite completion K* of K*.

Corollary 9.6 Let K be a local field with Galois group 'y = Gal(K /K). Let x be
a character of F,?b (or, what comes down to the same, of I'y). Let b € K*. Then:
(a) we have
invg (b U x) = x(w(d)),

where, in the cup-product, x is seen as an element of H>(K , Z) and b as an element
of HY(K, K*).

(b) Let n>0. Denote by T Igb /n the quotient of the group T ;}b (the group law
denoted additively) by its subgroup nI",?b. Let a be the class of b in H' (K, u,) =
K*/K*". Assume that x is in the n-torsion subgroup H' (K, Z/nZ) of H (K, Q/Z) =
H?*(K,Z), so that x induces a character (still denoted by x) of I}a(b/n. Let
wy : K*/K* — I'%/n be the map induced by w. Then we have

invg (x Ua) = x(wa(b)),
where x U a is seen in H*(K, j1,) = , Br K.

Proof (a) follows from the Proposition9.3 by passing to the limit over the finite
abelian extensions L of K. We obtain (b) from (a) and from the compatibility of the
cup-product, up to a sign change (Proposition2.28), with the exact sequences

0— pty — K* — K*—0;, 0—Z—7Z— Z/nZ — 0.

O

The next proposition provides another compatibility of the reciprocity maps and
an application to the subgroups of K* defined by the norms, that we will revisit in
Sect.9.2.

Proposition 9.7 Let K be a local field with separable closure K. Let E C K be a
finite separable extension of K. Let 'y = Gal(IE/K) and I' = Gal(I?/E) be the
absolute Galois groups of K and E, respectively.

(a) we have a commutative diagram:

WE
* ab
E* —=T%

| |

(09} 4
* ab
K* —%

where i is induced by the inclusion I'y — Tk.
(b) Let L be the maximal abelian extension of K contained in E. Then Ng,x E* =
NpxL*.
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Proof (a)Let F be a finite Galois extension of K containing E. Observe that the map
ir: Gal(F/E)ab — Gal(F/K)ab induced by the inclusion Gal(F/E) — Gal(F/K)
corresponds to the corestriction

H\(Gal(F/E),Z) = H *(Gal(F/E), Z)
—> H\(Gal(F/K),Z) = H%(Gal(F/K), Z),

by Proposition2.4 and the definition of the corestriction in homology given at the
beginning of Sect.2.2. As the norm

H’(Gal(F/E), F*) = E* — H°(Gal(F/K), F*) = K*

also corresponds to the corestriction, the compatibility of the cup-product to core-
strictions (Proposition 2.27, e) and the definition of 0,/ = w;/l ¢ yield acommutative
diagram:

WF/E ab
E* ———— Gal(F/E)*

NE/KJ/ lip .1

w
K — % Gal(F/K)®.

We obtain the result by passing to the limit over the finite Galois extensions F of K
containing E.

(b) The inclusion Ng,x E* C Ny x L* follows from the transitivity of the norms.
Let us show the reverse inclusion (that would easily follow from Corollary 9.4 if we
had further assumed E/K to be Galois). Let F be the Galois closure of E over K,
let G = Gal(F/K) and H = Gal(F/E). We thus have

KCLCECF.

Let G’ be the derived subgroup of G. By definition of L, Galois theory says that
Gal(F /L) is the smallest normal subgroup G of G such that H C G, and G/ G,
is abelian. This last condition is equivalent to G’ C Gy. In other words, we have
Gal(F/L) = G'.H.

Let a € Ny/xL*. Corollary9.4 applied to extensions K C L C F says that
wr/k (a) is in the image of the canonical map H® = H/H' — G/G’. The diagram
(9.1) and the surjectivity of wr, g imply the existence of a b € E* such that

wr/k (Ng/k (b)) = wryk (a).
As the cokernel of wr,k is Np/gx F*, we can find b’ € F* such that

a = Ng/k(b).Npk (D),
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which shows that a € Ng/x E* because Np/x (b') € Ng/x E* by the transitivity of
the norms. O

To finish this paragraph, we will prove a lemma about the reciprocity map which
will prove useful in the sequel (particularly for the Lubin—Tate theory).

Lemma 9.8 Let K be a local field with Galois group I'c = Gal(K /K). Let wg :
K* — I'® be the reciprocity map. Then:
(a) If K' is a finite unramified (hence cyclic) extension of K, we have, for any x
in K*
wgrk (x) = F}é(x), (9.2)

where Fy is the canonical generator of Gal(K'/K).
(b) The image by the reciprocity map wg of the group of units Ux = O is exactly
the abelian inertia subgroup 1 ;‘g’ = Gal(K®/Ky) of Fl‘gb.

We will later see (Corollary 9.15) that wg is in fact injective, and hence induces
an isomorphism of Uy with 1 ,a(b.

Proof (a) follows easily from the fact that for any character x of Gal(K’/K), we
have

X(wgryk (x)) = invg (x U x)

(Proposition 9.3) and from the definition of inv g given just before the Proposition 8.4.

To prove (b), it is enough to verify it at a finite level. More precisely, let L be a
finite abelian extension with group G over K, we need to show that the image of
Uk by the reciprocity map wy x : K* — G is exactly the inertia subgroup / of G.
Let I = Gal(L/K’), where K’ is the maximal unramified extension of K contained
in L. By identifying Gal(K’/K) with the Galois group of the residual extension
Gal(x'/k), we deduce from (a) that for x € Uk, the image of x by wg//k is trivial,
which means that wy jx (x) is in I = Gal(L/K").

Conversely, let t € 1. As wy k is surjective (with kernel Ny ,x L*), we can write
t =wr/k(a) witha € K*. Letm = [K' : K] = [ : k] (it is the residual degree of
the extension L/K). As the image of ¢ in Gal(K'/K) is trivial, the formula (9.2)
implies that m divides v(a). We know that for any b € L*, we have v(Npx (b)) =
mv(b) by Theorem 7.7 (d). Choose b in L* with valuation v(a)/m. We then obtain
that @ and Ny k(D) have the same valuation. Let thenu = a/Np g (b), thenu € Ug
and t = wy g (a) = wr,/k (u), which shows that 7 is in the image of Uk by wy k. [

9.2 The Existence Theorem: Preliminary Lemmas and the
Case of a p-adic Field

We start with a lemma, which is the first step in all proofs of the local existence
theorem. It will be generalised later to class formations (Proposition 16.31), which
can for example be useful for the global existence theorem (Theorem 15.9).
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Lemma 9.9 Let K be a local field.

(a) Let U be a subgroup of K*. Assume that U contains a subgroup V of the form
V = Np,k L*, where L is a finite abelian extension of K. Then U is itself of the form
U = Nk F* for some finite abelian extension I of K contained in L.

(b) Fix a separable closure K of K. Let L and M be two finite abelian extensions
of K, contained in K, and such that NpxkL* = NyygM*. Then L = M.

(c) Let F be a finite abelian extension of K. Then Np g F* is an open finite index
subgroup of K*.

Note that we already know (Corollary 7.19) that for K a p-adic field, every finite
index subgroup of K* is open. On the other hand, Proposition9.7, (b) implies that
any subgroup of K* of the form Ng,x E* (where E is a finite separable extension of
K) can also be written as Ny x L* with L/K finite abelian.

Proof (a) the image of U by the reciprocity map wy, g : K* — Gal(L/K) is of the
form Gal(L/F), where F is an intermediate extension between K and L. As by
assumption U contains V = Kerwy x, we have

U = wy ) (Gal(L/F)).

We deduce that U = Np/x F'* using the commutative diagram

K+ — K G K)

|

K 2K Gal(F/K)

and the fact that the kernel of wp/x : K* — Gal(F/K) is Np g F*.

(b) Let K® C K be the maximal abelian extension of K. The preimages of
Gal(K®/L) and Gal(K®/M) by the reciprocity map (whose image is dense)
w: K* — Gal(K®/K) coincide. We deduce that Gal(K®®/L) = Gal(K®/M), as
if we had for example an element x € Gal(K ab /L) withx ¢ Gal(K ab /M), we would
be able to find an open neighbourhood V of x in Gal(K*/K) which does not meet
the closed subgroup Gal(K®/M). As V meets Im w by density, we would obtain a
contradiction. We then conclude that L = M by Galois theory.

(c) We know that the reciprocity map induces an isomorphism between
K*/Np/k F* and Gal(F/K), which shows that Np/x F* is of finite index in K*.
On the other hand the norm Nk : F* — K* is continuous (if we fix a basis of
the K-vector space F, it is given by a polynomial in the coordinates) and proper
(the preimage of a compact is compact): indeed, the valuation in K of Ng/k (x) is
d.vp(x) (where vp is the valuation in F and d is the residual degree of F/K) by
Theorem 7.7 (d), which shows that the preimage of Ugx by N,k (which is closed in
F* by continuity of Nr,) is contained in Ur (which is compact), hence is compact
itself. But any compact of K* is contained in a union of finitely many translates of
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Uk since Uk is an open subgroup of K*, which shows that the preimage of a compact
by N,k is compact.

The properness of Nr,g then implies ([6], Sect. 10, Proposition7) that Ng/k
is closed, hence Np g F* is of finite index and closed in K*, i.e., open of finite
index. (I

The crucial step in the proof of the existence theorem that we will give here in the
case of a p-adic field uses Kummer extensions (that we will encounter again in the
global case, cf. Sect. 13.3); these are extensions obtained by extracting the nth roots.
It is convenient to formulate the results in terms of the local symbols. More precisely,
let k be a field with absolute Galois group I. Let n be an integer > 0 not divisible
by Car k, and such that k contains an nth primitive root of unity (. Let a € k*. The
choice of ( (that we fix once and for all in the remainder of this paragraph) allows us
to define a character x, of I, = Gal(k/k) associated to a, by identifying the image
a of a in k*/k* = H'(k, i) with an element of H'(k, Z/n). In particular, Y, is
a character of I, whose kernel is Gal(E/k(al/")), and Gal(k(al/”)/k) is a cyclic
group of order dividing n. Thus x, is an n-torsion element of the character group
of I} k-

Definition 9.10 Let a, b in k*. We define the symbol (a, b) € (Brk)[n] to be the
cup-product b U y, of b € H(k, k*) = k* withy, € H>(k,Z) ~ H'(k, Q/Z).Ttis
a bilinear map of the multiplicative group k* x k* to the additive group Br k.

Example 9.11 Forn = 2, the symbol (a, b) is the classical Hilbert symbol, that can
be thought of as taking values in Z/2Z or in {-1} when k is a p-adic field or the field
R. In the case where k = Q,, with p prime, we have explicit formulas to calculate
these symbols. These are obtained by local calculations following quite easily from
the Hensel lemma and its refinement, cf. [46], Chap.IIl, Theorem 1. The result is
as follows: for an odd prime p and an integer x not divisible by p (or equivalently
x € F}), define the Legendre symbol (%) by (%) = 1if x is a square modulo p, and
(%) = —1 otherwise. For x odd, denote also by €(x) the class of (x — 1)/2 modulo 2

and by w(x) the class of (x2 — 1)/8 modulo 2. Then, if we write a = p®u and
b= p*g v with a, 8 € Z and u, v € Z*, we have, by considering the Hilbert symbol
(a, b) as taking values in {£1}:

w1 ()

if p # 2 and
(a b) — (_1)s(u)e(v)-&-aw(v)-kﬁw(u)

if p = 2. For (a, b) in R*, naturally (a, b) is non-trivial if and only if a and b are
both < 0.

Proposition 9.12 Let k be a field containing a primitive nth root of unity, with n not
divisible by Cark. Let a, b € k*.
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(a) Ifb is a norm of the extension k(a'/™)/k, then (a, b) = 0.

(b) we have (a, —a)=0 and (a, b)=— (b, a),; Furthermore, we have (a,1 — a)=0
ifa # 1.

(c) Inaddition, assume that k is a p-adic field. If an element b of k* satisfies (a, b) =
0 forall a of k*, then b € k™.

Proof (a) Let L = k(a'/").Let G = Gal(L/k). Then ¥, identifies with an element
of H?(G, Z), so that (Proposition2.27, d) x, U b is also the cup-product of y,
with the image of b in ﬁO(G, L*) = k*/Nyp i L*. The result follows.

(b) Let x € k be such that x” — a # 0. Let « be an nth root of a, so that k(«) =
k(a'/™). Then

n—1
x"—a= l_[(x — (o).

i=0

Let d > 1 be the largest divisor of n such that a has a dth root in k. Let m =
n/d. Then the extension k(a'/")/k is cyclic of degree m and the conjugates of
(x — (') are the (x — (/) with j congruent to i modulo d. Thus

d—1

Xn —a = l_INk(al/n)/k(X — CiOé),
i=0

which shows that x" — a is a norm of the extension k(a'/") /k. By (a), we have
(a, x" — a) = 0. We obtain that (a, —a) = 0 by letting x = 0, and (a, 1 —a) =
0 by letting x = 1. We finally have:

(a,b) + (b,a) = ((a, b) + (a, —a)) + (b, a) + (b, —D))
= (a, —ab) + (b, —ba) = (ab, —ab) = 0.

(c) By (b), we have (b,a) =0, hence yx;, Ua = 0. By Corollary9.6, we have
X»(wi(a)) = 0 for any a in k*. This implies that x, = O (by density of the
image of the reciprocity map wy : k* — I}*°), or that the class of b in k*/ k™" ~
H'(k,Z/n) is trivial. O

Theorem 9.13 (existence theorem) Let K be a p-adic field. Fix its algebraic closure
K. Consider a finite index subgroup U of K*. Then there exists a unique finite abelian
extension L C K of K such that U = N,k L*.

Proof The uniqueness is the (b) of the Lemma9.9. Let us prove the existence. Let
U be a subgroup of finite index n in K*. Then U contains the subgroup K*" as any
element x of K*/U satisfies x" = 1. By Lemma?9.9, it is thus enough to show that
K*" is of the form N ¢ L* for some finite abelian extension L of K. To do this, we
can assume that K contains a primitive nth root of unity (: indeed, if F is a finite
extension of K containing ¢ and if F*" = Ng,pE* with E a finite extension of F,
then
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K™ D Np/x (F™) = Ng/k E™,

which is sufficient, by Proposition9.7 (b) and Lemma9.9 (a).

Assume that K contains a primitive root of unity. Let I" = Gal(K®/K) be the
Galois group of the maximal abelian extension of K, then the subgroup nI” of I is
closed (since it is compact), and the dual Hom.(I"/n, Q/Z) of the profinite group
I'/nis H'(K, Z/n) which is finite by Corollary 8.15. It follows that the group I'/n
is itself finite, and by Galois theory, we can write I'/n = Gal(L/K), where L is a
finite abelian extension of K. Consider the map

wyp: K*— T'/n

induced by the reciprocity map wg. Its kernel contains K**. Conversely, let b €
Kerw,.Leta € K*, we have (a, b) = b U x,. As x4 (wk (b)) = 0 since by assump-
tion wg (b) is in nl" and Y, is n-torsion, Corollary9.6 implies that (a, b) = 0.
As this holds for any a, Proposition9.12 (c) implies that b € K**. Finally K*"
is the kernel of the reciprocity map K* — Gal(L/K), and hence K*' = Ny ,x K*
(Theorem9.2). (I

Remark 9.14 Conversely we know that all the subgroups of the form Ny x L* for
L /K are open and of finite index (Lemma9.9, c).

Corollary 9.15 Let K be a p-adic field. The reciprocitymapw : K* — Gal(K®/K)
induces an isomorphism from the profinite completion (K*)" of K* to Gal(K®/K).
In particular, this group is isomorphic to the direct product ZxU k. Furthermore, w
is injective. In other words, the universal norm group (), Ny x L* (the intersection
is taken over the finite abelian extensions L of K ) is reduced to {1}.

Proof We know (cf. Definition 9.5) that w induces an isomorphism of
LiLnL K*/Np,xL* with Gal(K®/K). The existence theorem identifies
1(i£1L K*/Np,;xkL* to the profinite completion (K*)" of K*. We deduce (as K* is
isomorphic to the direct product Z x Uk, which injects into its profinite completion
7 x Uk) that the canonical arrow K* — l(ir_nL K*/Np,kL* is injective, hence so
is w. [l

Corollary 9.16 The reciprocity map w : K* — Gal(K®/K) induces an isomor-
phism between the group of units Uk and the abelian inertia group I;‘(b.

Proof Combine Corollary9.15 and Lemma9.8. (I

Remark 9.17 The method used in this paragraph to prove the existence theorem
based on Kummer extensions does not work for a characteristic p > 0 local field if
one considers open subgroups of K* of index divisible by p. Instead, one can use
the Artin—Schreier extensions, see [47], Chap. XIV, Sects. 5 and 6.
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9.3 Exercises

Exercise 9.1 We use the assumptions and notations of Proposition9.7.

(a) Show that the index [K* : N E*] divides [E : K], and is equal to it if and only
if E is an abelian extension of K.

(b) Do conclusions of Proposition9.7 (b) and part (a) of this exercise still hold if E
is no longer assumed to be separable over K ?
(For a generalisation of the results of Proposition9.7 and of this exercise to the
class formations, see Proposition 16.29.)

Exercise 9.2 Let K be alocal field. Let L be a non-trivial finite Galois extension of
K. Using the structure of the absolute Galois group of K (cf. Example7.15), show
that the group K*/Np,x L* is of cardinality at least 2. Would this result still hold if
the extension L /K is only assumed to be finite separable?

Exercise 9.3 Let K be a local field. Let E be a finite Galois extension of K and
L C E asubextension. Show that we have a commutative diagram:

K*%L*

WE/KJ/ J/WE/L

Gal(E/K)® —Y— Gal(E/L)®

where i is the inclusion, wg, ¢ and wg;, are reciprocity maps and v : Gal(E /K yab s
Gal(E/ L)® is the transfer map (cf. Definition2.11) associated to the inclusion
Gal(E/L) — Gal(E/K).

(Compare this to Proposition 9.7, a). This exercise will also be generalised to class
formations, see Proposition 16.30).

Exercise 9.4 Under the assumptions and notations of Proposition9.12, show the
converse of (a): if (a, b) = 0, then b is a norm of the extension k(a'/")/k.

Exercise 9.5 Let k be a field with separable closure k. Let n > 0 be an integer not
divisible by Car k. Assume that k contains a primitive nth root of 1. Fix such a root
¢, which identifies k*/k*" (resp. H?(k, j1,)) with H'(k, Z/n) (resp. H*(k, Z/n)).
For a,b in k*, denote by ¢,, ¢, their respective images in H'(k,Z/n). We
can thus consider their cup-product ¢, U ¢, € H*>(k, Z/n). Let i be the injection
H?(k,Z/n) —> Brk induced by the exact sequence

0— Z/n — & —% B — 0.

Show that i (i, U @p) coincides with the symbol (a, b).

Exercise 9.6 Let K be a p-adic field. Let n > 0 such that K contains a primitive nth
root of 1. Let a € K*. Show that (a, b) = 0 for any b € Uk if and only if K (a'/")
is an unramified extension of K.



Chapter 10 ®)
The Tate Local Duality Theorem s

In this chapter, we denote by K a p-adic field. Our aim here is to prove the Tate local
duality theorem. Combining this duality with the results of Chap.9, we will derive
a slightly different proof of the existence theorem for p-adic fields. In Chap. 11, the
existence theorem will be proved by another method (Lubin-Tate theory), which
works as well for local fields of characteristic p.

The first four paragraphs of this chapter are independent of Chap. 9 and in partic-
ular do not appeal to the Tate—Nakayama theorem.

10.1 The Dualising Module

Let G be a profinite group of cohomological dimension n < 400. Recall that if
B is a discrete torsion abelian group (e.g. a finite abelian group), we have B* =
Hom(B, Q/Z). The functor B — B* (from the category of torsion discrete abelian
groups to the category of abelian groups) is exact.

We consider the functor A — H"(G, A)* from the category C g of finite discrete
G-modules to the category of abelian groups. It turns out that there is a general result,
which ensures, under relatively weak hypotheses, that this functor is representable
by a discrete torsion G-module. More precisely:

Theorem 10.1 Let G be a profinite group of cohomological dimension n < +00.
Assume that for every A € Cé, the group H"(G, A) is finite. Then there exists a
discrete torsion G-module I such that the functors Homg (., I) and H" (G, .)* (from
C é to Ab) are isomorphic. We then say that I is the dualising module of the profinite
group G.

Proof 1t is a consequence of a general theorem of homological algebra, The-
orem A.26. Indeed, the category Cé is clearly noetherian and the assumption
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¢d(G) = n implies immediately that the functor H" (G, .) is right exact, hence that
the contravariant functor H" (G, .)* is left exact. Thus there exists an inductive sys-
tem (/;) of finite discrete G-modules such that the functors A — H"(G, A)* and
A 1i_r)nj Homg (A, I;) (defined on Cé) are isomorphic. Let I = li_II)lj I;;then [ is
a discrete torsion G-module and the condition that A is finite allows us to identify
li_n>1j Homg (A, I;) and Homg (A, I). O

In other words, we have Homg (A, I) ~ H" (G, A)* (the isomorphism is functo-
rial) for any finite discrete G-module A, or, to put it differently, a perfect pairing of
finite groups

(,)a : Homg (A, I) x H'(G, A) — Q/Z.

Note that if A is a discrete torsion G-module (not necessarily finite), we obtain by
passing to the limit that the discrete group H" (G, A) is the dual of the profinite group
Homg (A, I) (endowed with the topology of simple convergence), which allows us to
define (, ) 4 for such an A, for example for /. We also have a theorem and analogous
definitions with the cohomological p-dimension (restricting ourselves to torsion
p-primary modules).

For any G-module A, denote by A’ the G-module A’ = Homgz(A, I). We thus
have Homg (A, I) = H°(G, A’). We have the following compatibility1 of the duality
pairing with the the cup-product:

Proposition 10.2 Ler i : H"(G,I) — Q/Z be the homomorphism defined by
(Id;, .); : x — (Idj, x);. Then for any finite discrete G-module A, the pairing {, )
is the composite of the cup-product

H°(G, A x H' (G, A) — H"(G, )
with i.
Proof Let p: A — I be any element of H°(G, A") = Homg (A, I). This element
induces a map
ps« - H'(G,A) — H"(G, ),
and also for any G-module M a homomorphism

p* : Homg (I, M) —> Homg (A, M).

This in particular applies to M = I. By functoriality of the duality, we have a com-
mutative diagram:

I'Thanks to Demarche, who pointed out to me the necessity of this verification to prove Theorem 10.9.
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Homg (A, I) x H'(G. A) 14 Q/Z

ARG
(s 1

Homg (I, 1) x H'(G,I) ———— Q/Z.

We conclude by observing that p*(Id;) = p and that for any o € H"(G, A), the
cup-product p U av is p, () by Remark 2.22. ([l

Remark 10.3 From the above properties it immediately follows that the pair (7, i)
is unique up to isomorphism. Thus we can speak of the dualising module (rather than
simply a dualising module).

The existence of the dualising module does not in fact require the assumption of
finiteness of H" (G, A).Itis possible to describe it explicitly without a priori assuming
its existence (and hence without using Theorem A.26), but it requires a lot of work (see
[49], Part.1, Ann. 1, or [42], Sect.II1.4). We will be calculating the dualising module
of a p-adic field and deduce an application to the strict cohomological dimension
of a p-adic field and to the Tate duality theorem. As usual, the results will be valid
for a local field of characteristic p, provided we restrict ourselves to p-torsion-free
modules.

Proposition 10.4 Let G be a profinite group of cohomological dimension n € N¥,
satisfying the assumptions of Theorem 10.1. Let U an open subgroup of G. Let I be
the dualising module of G. Then:

(a) the dualising module of U is I viewed as a U-module.
(b) the homomorphism H" (U, A) — H"(G, A) obtained by dualising the canoni-
cal injection Homg (A, I) — Homy (A, I) is the corestriction.

Proof

(a) we have cd(U) = c¢d(G) by Proposition 5.10. The result then follows from
Shapiro’s lemma and Proposition 1.15 (which extends in a straightforward way to
the case of an open subgroup of a profinite group), by taking M = 15 (A) (where
A is a finite U-module) in the property characterising the dualising module.

(b) The corestriction H"(U, A) — H"(G, A) is obtained (see the Proof of
Lemma 5.9b, or Exercise 1.1) by applying the functor H" (G, .) to the morphism
of G-modules

ﬂ':lg(A) — A, fr— Z g-f(g_l).
9eG/U

Using (a) and the definition of the dualising module, we obtain that the dual of
the corestriction is the homomorphism

Homg (A, I) — Homg (1Y (A), I)
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induced by 7, which is identified, by Proposition 1.15, to the canonical injection
Homg (A, I) — Homy (A, I). [l

Let now K be a p-adic field. We have seen (Theorem 8.11) that its Galois group
I' := Ik is of cohomological dimension 2 and that H 2(I', A) is finite for all finite
I'-module A (Corollary 8.15). We can thus apply previous results with n = 2. The
next proposition calculates the dualising module of I".

Proposition 10.5 The dualising module I of I' is canonically isomorphic to the
I'-module 1 = Q/Z(1) of roots of unity of K*.

Proof Let n > 0, denote by I, the kernel of the multiplication by n on I. For any
open subgroup U of I', I is also the dualising module of U (Proposition 10.4, a)
hence, by applying the definition of the dualising module:

Homy (1, 1) = Homy (p, I) ~ H*(U, pu)* ~ Z/nZ,

where the isomorphism comes from Proposition 8.13. Furthermore these isomor-
phisms are compatible with each other for various U by Proposition 10.4 (b) and
Theorem 8.9. Thus the group Homy (u,, I,,) is independent of U; we obtain that
Hom(u,, I,) = Z/n’Z, and in addition the fact that I" acts trivially on this group (by
taking U = I') and that the isomorphisms for various n are compatible with each
other. Choose a generator f, of Hom(u,, I,) corresponding to le Z/nZ. The
homomorphism f,, is injective because it is of order n. It is also surjective, otherwise
there would exist an x in /,, which is not in its image, hence a homomorphism from
4, to I, which is not in the subgroup generated by f,. Define f by f,, = f.. We
thus obtain an isomorphism of I"-modules from p to I, using the functorial property
of the dualising module and the fact that in the isomorphism H?(K, p1,) ~ Z/nZ of
Proposition 8.13, the map H*(K, it,) — H?*(K, 11,,) induces the canonical injection
from Z/nZ to Z/mZ if m divides n. (]

We deduce:

Theorem 10.6 Let K be a p-adic field. Then it is of strict cohomological
dimension 2.

Proof We use Proposition 5.14. Let U be an open subgroup of I". We then have
H*(U,Z) = H*(U, Q/Z) (Example 1.52). By Proposition 10.5, this last group is
the dual of Homy (Q/Z, 11). Let L/K be the finite extension corresponding to U.
Then the image of a homomorphism f : Q/Z — p of U-modules is divisible and
contained in H°(L, ). But L (which is a p-adic field) contains only finitely many
roots of unity by Theorem 7.18, hence H oL, 1) is finite. We conclude that Im f = 0,
that is, Homy (Q/Z, 1) = 0, which finishes the proof. O

Remark 10.7 The same proof shows that if K is alocal field of characteristic p > 0,
then scd,(K) = 2si € # p.
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We conclude this paragraph with a topological remark:

Remark 10.8 The dual A* = Hom.(A, Q/Z) of a topological group A behaves
well (it coincides with the classical Pontryagin dual) if A is profinite or discrete and
torsion (cf. Example 4.3).

However, for arbitrary abelian locally compact and completely disconnected
groups, the situation is more complicated. For example with our definition, the dual
of Z is Q/Z but that of Q/Z is Z (which shows that to call A* the dual of A may be
dangerous!) Also, if

0—A—B—C—0

is a short exact sequence (the morphisms are assumed to be continuous) of locally
compact and completely disconnected abelian groups, the dual sequence

0—C"— B"— A" — 0

is exact (cf. [19], Lemma?2.4). Note though that this does not imply that the dual of
an injective continuous morphism between such groups is surjective. For example
Z — 7, is injective, but the dual morphism Q,/Z, — Q/Z is not surjective (the
problem is that the quotient Z,/Z is not Hausdorff, or that the morphism under
consideration is not strict. Thus we do not have a short exact sequence all of whose
three terms remain in the category under consideration).

10.2 The Local Duality Theorem

Let k be a field with absolute Galois group Iy = Gal(k/k). Let u C k* be the multi-
plicative group consisting of all the roots of unity. For any finite /';-module M whose
torsion is not divisible by Car k, we denote by

M’ := Homgz (M, k*) = Hom(M, 1)

its Cartier dual, which is a finite I';-module for the action defined in Example 4.16,
(d). If M is n-torsion, we also have M’ = Hom(M, p,). For a finite M, we can
identify (M’)’ to M, but one should remember that it is not the case in general when
M 1is only assumed to be n-torsion (cf. Exercise 10.8).

We have a pairing of I';-modules

MxM — ucCk*
which defines a cup-product.

Theorem 10.9 (Tate) Let K be a p-adic field with Galois group I', and M a finite
I"-module. Then fori = 0, 1, 2, the cup-product
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H!(I'yM) x H* (', M") — H*(K,K*) = Q/Z

is a perfect duality of finite groups.

Proof The finiteness of all the groups has already been seen (Corollary 8.15). For
i =2, the theorem states that the groups H*(I', M) and HO(I", M) are in per-
fect duality via the bilinear map (x, a) — x Ua from H>(I", M) x H°(I", M’) to
H?(I', 1) = Q/Z. This follows from Propositions 10.5 and 10.2. The case i = 0 is
symmetrical since (M’)" = M. To deal with the case i = 1, it is thus enough to show
that the homomorphism

H'(I', M) — H'(I', M")*

induced by the cup-product is injective (since by applying the same result to M’, we
will in addition obtain that the cardinality of the left-hand side group is at least that
of the right-hand side group). To do this, write an exact sequence

0O—M—B—C—0

such that B and C are finite and the map H'(I", M) — H'(I", B) is zero. To find
such a B (cf. also exercise 4.7), we start by embedding M into the induced module
I (M) (which is torsion), then we note that H'(I", M) is finite (Corollary 8.15) and
that 0 = H'(I", I-(M)) is the inductive limit of the H'(I", F) for F finite contained
in I-(M), by Proposition 4.18.

By properties of compatibility of the cup-product with respect to exact sequences
(Proposition 2.28), we have an exact (up to sign) commutative diagram:

H(I',B) —— H(I',C) ——— H'(I', M) —— 0

| J J

H*(I', B)* —— H*(I'", C"Y* —— HY\(I", M")*.

By the case i = 0, the first two vertical arrows are isomorphisms (note the impor-
tance of having chosen B and C to be finite, cf. Exercise 10.8). We deduce the
injectivity of the third arrow by diagram chasing. O

Remark 10.10 For local fields of characteristic p, the theorem remains true (with
the same proof) provided one restricts to M whose torsion is prime to p. Otherwise
an analogous result (due to Shatz) is much more difficult (see [51], Chap. VI, or [39],
Sect. I11.6), in particular because H'(I", M) is not in general finite.

Also, there is a generalisation of Theorem 10.9 to the case where A is only assumed
to be of finite type over Z (in this case the situation is no longer symmetrical, the
I'-module A’ is then the group of K-points of a group of multiplicative type over
K). See [49], Part.II, Sect. 5.8, as well as Theorem 16.26 and Exercise 16.3.
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10.3 The Euler—Poincaré Characteristic

Let K be a p-adic field with absolute Galois group I" = Gal(K /K). Let A be a finite
I'-module. Let A/ (A) be the cardinality of the finite group H (K, A) = H(I", A).

Definition 10.11 The Euler—Poincaré characteristic of A is the strictly positive

rational number
() M A
AR AT

If0 > A— B — C — 0is an exact sequence of finite I"-modules, then we
obtain x(B) = x(A).x(C) using the long cohomology exact sequence. A theorem
of Tate ([49], Theorem 5 p. 109) yields the equality

x(A) =1/[0k : aOk],

where a is the cardinality of A (in particular x(A) depends only on a). The proof of
this theorem is long and uses subtle results from representation theory of finite groups.
We will thus only treat a simpler special case, which will suffice for applications to
unramified cohomology. The refined version of Tate’s theorem is on the other hand
indispensable if one wishes to prove the other of his duality theorems concerning
abelian varieties over local fields ([39], Part. I, Chap. 3).

Proposition 10.12 Assume that the cardinality a of A is prime to p. Then x(A) = 1.

Proof Let I be the inertia group Gal(K /Kyy). The quotient I"/Ix is isomorphic
to Z and I has a unique p-Sylow I, which is normal in /g, such that the quotient
V := Ik /I, is isomorphic to Z’p = ]_[#p Z, (cf. Example 7.15, b).

Lemma 10.13 The group H' (I, A) is finite for any i > 0 and trivial if i > 2.

Proof The case i = 0 is straightforward. We know (Theorem 8.11, b) that /¢ is of
cohomological dimension < 1 hence H i(Ig, A) =0 for i > 2. On the other hand
H'(I,, A) = 0 fori > 1 by Theorem 1.48, since I, is a pro-p-group and the cardi-
nality of A is prime to p. Thus H'(Ig, A) = H'(V, A!») via the restriction—inflation
exact sequence and we are reduced to showing that H'(V, A’) is finite. By decom-
posing the finite V-module A’» as a finite direct sum of its £-primary components
(for £ prime different from p), we see (always using Theorem 1.48, and the inflation—
restriction exact sequence applied to the subgroup Z; of V) that it remains to check
that H'(Z,, B) is finite for any finite £-primary module B. Let W be an open sub-
group of Z, acting trivially on B. Then by the the inflation—restriction sequence it is
enough to see that H' (W, B) is finite (as Z,/ W is finite, hence so is H' (Z;/ W, B))
or in other words that Hom.(W, B) is finite. But if B is of cardinality ¢, then
Hom, (W, B) = Hom(W /¢" W, B) is finite since W /¢™ W is finite (the open sub-
group W of the profinite group Z; is of finite index in Z, and £™Z; is of finite index
in Zg; it is enough then to apply the five lemma). (]
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Let us take up again the Proof of Proposition 10.12. The exact sequence of the
first terms of the Hochschild—Serre spectral sequence

H(I'/Ix, H (Ix, A)) = H'Y (I, A)
yields (taking into account the above results and the fact that cdZ =1):
H(K, A) = H(Z, H'(Ix, A)); H*(K,A) = H'(Z, H' (I, A))
and an exact sequence
0 — H'(Z, H(Ix, A)) — H'(K, A) — H°(Z, H' (I, A)) —> 0.

To conclude, it is enough to apply the following lemma (cf. also Exercise 5.3) to the
finite Z-modules H(Ix, A) and H' (I, A).

Lemma 10.14 Let M be a finite Z-module. Then HO(Z, M) and H' (Z M) are finite
of the same cardinality.

Proof of the Lemma The canonical topological generator 1 of Z induces an auto-
morphism F of M. Let s = mn, where n and m are two integers chosen so that the
mth power F'" of F acts trivially on M and M = M|[n]. Then we can see M as a
Z./s-module and the norm Nz, : M — M is the zero map since for any x in M, we
have

Ngs)=(1+F+--+F" Yx=n(+F+---+F" . x=0.

Then H°(Z, M) is the kernel of the endomorphism F — 1 of M, while H' Z, M) is
the inductive limit over i of the H'(Z /i, MF "), where M*" is the submodule of M
consisting of elements fixed by F’. By definition of an inductive limit, we can restrict
ourselves to i which are multiples of s, so that H 1(2, M) is simply the inductive
limit for i multiple of s of the H'(Z/i, M).But H'(Z/i, M) = H='(Z/i, M) (The-
orem 2.16) is the cokernel of F — 1 since Nz/; is zero for i multiple of s, whence
the result. ([l

10.4 Unramified Cohomology

Definition 10.15 Let A be a I"-module. We call A unramified if the group Ik
Gal(K /K,;) acts trivially on A. In this case, we define the groups H! (K, A) :=
H'(Gal(Ky/K), A).

Proposition 10.16 Let A be a finite and unramified I'-module. Then we have
the equalities Hr?r(K, A) = HYK, A) and Hér(K, A) =0 for i > 2. The group
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Hl (K, A) identifies with a subgroup of H'(K, A) and its cardinality is that of
HO(K, A).

Proof The assertion about HY is straightforward. The assertion about the H i for
i > 2 follows from the fact that cd(Z) = 1. Lastly, the assertion about H' comes
from the restriction—inflation exact sequence and Lemma 10.14 applied to A. (]

Theorem 10.17 Let A be a finite unramified I"-module, of order prime to p. Then
its dual A’ has the same properties. Furthermore, in the duality between H' (K, A)
and H' (K, A", each of the subgroups Hnlr(K, A) and Hnlr(K, A’) is the orthogonal
of the other.

Proof Let u be the I'-module of roots of unity in K* (it is the dualising module of
I') and let ;1 be the submodule consisting of elements of order prime to p. As the
nth roots of unity for n prime to p are in K, the I'-module f is unramified, which
immediately implies that A” = Hom(A, ) is unramified. The cup-product

HI(K,A) x H (K, A"y — H*(k, )

factors through H2 (k, f1) whichis zero, which implies that H! (K, A)and Hl (K, A")
are orthogonal. To conclude, it is enough to show that the cardinality h'(A’)
of HY(K, A') is the product hir(A) . hrllr(A’) of cardinalities of Hnlr(K, A) and
H! (K, A"). Indeed, this will imply that the homomorphism

H)(K,A) — (H'(K, A")/H.(K, A")*

induced by the local duality is an isomorphism (we know already that this homomor-
phism is injective by Theorem 10.9). But hlllr(A) = h%(A) and hrllr(A’) =ho4) =
h?(A) by Proposition 10.16 and Theorem 10.9. The last theorem also implies that
h'(A) = h'(A’). The result then follows from Proposition 10.12. O

Remark 10.18 Proposition 10.12, Definition 10.15, and Theorem 10.17 extend
immediately, mutatis mutandis, to the case of a local field characteristic p > O and a
module A of cardinality prime to p. Furthermore, Milne proved these results under
much weaker assumptions, see [39], Chap.III.1 and IIL.7.

Example 10.19 Let K be a p-adic field with absolute Galois group I" and inertia
group Iy = Gal(K /Ky,). Let O¥ be the ring of integers of K. Then, for n prime
to p, the I"'-module p, is unramified. Hensel lemma (applied to finite unramified
extensions of K) provides an exact sequence

0—>un—>(9}r*'—n>0‘}§*—>0,
hence we deduce an exact sequence of I"'/Ix = Gal(K,;/K)-modules:

0 —> OF/OF — H'(I'/Ix), ptn) — H'((I'/Ig), OF),
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with H'((I'/I), pun) = HL(K, j1,). By passing to the limit in Proposition 8.3, we
obtain H'((I'/Ix), O%") = 0, hence finally

HL(K 1) = 0 /OF.

The result also holds (with the same proof) for a local field of characteristic p.

10.5 From the Duality Theorem to the Existence Theorem

In this paragraph, we will see a proof of the existence theorem for p-adic fields.
The final argument does not use Kummer extensions as in Sect. 9.2, but rests on the
local Tate duality (of which we have given a proof resting on the calculation of the
dualising module).

We first recover, using the local duality a statement which had been seen as a
consequence of the existence theorem (Corollary 9.15).

Theorem 10.20 Let K be a p-adic field with absolute Galois group I'. The reci-
procity map wg : K* — I'*® induces an isomorphism

(K*)/\ — l(ln(K*/K*n) ~ Fab.

neN*

Thus I'™ is isomorphic (not canonically) to ZxU K-

Note that the profinite completion (K*)* of K* is the projective limit of the
K*/K*" since they are finite (Proposition 8.13) and furthermore the subgroups K*"
form a cofinal family among the finite index subgroups of K* (indeed, if U and V
are two such subgroups, then U NV is also one, hence U N V contains K** for a
certain n > 0).

Proof Letn > 0. The reciprocity map induces a map
wp: K*/K* = HY(K, pp) — I'®/n = HY(K,Z/n)*
which, by Corollary 9.6 (b), is the map induced by the cup-product
H' (K. pin) x H'(K,Z/n) —> H*(K, py) = Z/n — Q/Z,

that is, the isomorphism given by the local Tate duality. We conclude by passing to
the projective limit on n. ([

Remark 10.21 Theorem 10.20 also holds for a finite extension of F,((#)) provided
we limit ourselves to the completion of K* for the topology defined by the open
subgroups of finite index.
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This can for example be deduced from the Shatz duality theorem or from the
results of the next chapter.

Theorem 10.22 (existence theorem) Let K be a p-adic field with fixed algebraic
closure K. We consider a subgroup U of finite index of K*. Then there exists a unique
finite abelian extension L C K of K such that U = Ny x L*.

Proof As we have seen at the beginning of the first proof (cf. Theorem 9.13), it is
enough to show that if n > 0 is an integer, then K*" is of the form Ny x L* for some
finite abelian extension L of K. As the subgroup nI"®® of I"® is compact (image of
a compact set by a continuous map), it is a closed subgroup of I"®. Theorem 10.20
says that the reciprocity map induces an isomorphism of the finite group K*/K*"
with I"® /n. This implies that n1"® is closed of finite index in I"®. It is thus (by
infinite Galois theory) of the form Gal(K /L), where L is a finite abelian extension
of K, hence I'*®®/n = Gal(L/K). This implies that K*" is the kernel of reciprocity
map wy g : K* — Gal(L/K), and hence K*" = Ny ;x L* by Theorem 9.2. O

Remark 10.23 The difference from the method of Chap.9 is just the way we are
showing that K*" is the kernel of a reciprocity map wy x : K* — Gal(L/K) (it
involves the local duality theorem). We also know that all subgroups Ny, L* are
closed (Lemma 9.9, c).

Note also that if n is divisible by p, this method does not work in the case of
a local field of characteristic p. In the next chapter we will see a uniform method
allowing to obtain the existence theorem in this case.

10.6 Exercises

Exercise 10.1 Using Exercise 5.5, recover the fact that a p-adic field K satisfies
scd(K) = 2.

Exercise 10.2 Let K be a p-adic field with absolute Galois group I". Let M a I"-
module which is free when seen as an abelian group. Assume that M is unramified.

(a) Show that H! (K, M) is equal to H' (K, M).
(b) Give an example where anr(K , M) is non-trivial and show that we have an exact
sequence
0 — H2(K,M) — H*(K,M) — (I})",

where I is the inertia group of K, I denotes the dual of the profinite group
Ik, and r is the rank of M as a Z-module.

Exercise 10.3 Let p an odd prime number.

(a) Show that the only solution to the equation x” =11in Q, is x =1.
(b) Show that H>(Q p» L/ pZ) = 0. Does this result re@in valid if wereplace Z/ pZ
by the Galois module y:,, of pth roots of unity in Q,?
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(c) Give an example of a p-adic field K such that H (K, Z/pZ) is non-trivial.
(d) Let K be a p-adic field. Can li_r>nn>I H?*(K, Z/p"Z) be non-trivial?

Exercise 10.4 Let p be a prime number and let K be a p-adic field with absolute
Galois group Gx = Gal(K/K). Let K(p) be the maximal p-extension of K: by
definition this means that the Galois group G (p) := Gal(K (p)/K) is the largest
quotient of G g which is a pro-p-group.

We will admit the following result (cf. Exercise 8.2): for any p-primary torsion
Gk (p)-module A and any i > 0, the inflation homomorphism

H (Gk(p), A) — H'(Gg, A)

is an isomorphism.

(a) To begin with, assume that K does not contain a primitive pth root of 1. Show
that H>(Gg(p),Z/pZ) = 0, and deduce the p-cohomological dimension of
Gk (p).

Compute, depending on the integer N = [K : Q,], the dimension of the Z/ pZ-
vector space H' (G (p), Z/pZ) (first compute F/pF, where F is the torsion
subgroup of the group of units Ug of K).

(b) We suppose now that the field K contains all the pth roots of 1. Show that
the cohomological p-dimension of Gk (p) is 2. What is (depending on N) the
dimension of the Z/ pZ-vector space H' (G (p), Z/ pZ)?

Exercise 10.5 Let K bea p-adic field. Let A be an abelian variety over K.Forn > 0,
let A, be the subgroup of A(K) consisting of the elements of n-torsion. Recall the
following facts: the multiplication by n on A(K) is surjective; the Galois module A,
is the dual (this follows from the properties of the Weil pairing) of A/, where A’ is the
dual abelian variety of A. The transpose of the inclusion A,, — A, for m dividing
n is the multiplication by n/m from A/ to A’ . Furthermore A(K) = H*(K, A(K))
is a p-adic compact Lie group (which in particular implies that it is isomorphic—as
a topological group—to the product of a finite group and of Zg for some N).

(a) Show that H*(K, A) = li_Ir)ln H*(K, Ap).
(b) Show that the torsion subgroup of A’(K) is finite.
(c) Deduce that H*(K, A) = 0.

Exercise 10.6 Let G be the profinite group Z, which is of cohomological dimen-
sion 1. Compute the dualising module of G (use Exercise 5.3).

Exercise 10.7 Let G be a profinite group with cd(G) = n, satisfying the assump-
tions of Theorem 10.1. Let I be the dualising module of G and let A be a finite
G-module. Show that the group Homgz (A, I) is the inductive limit of the duals of
the H"(H, A) for H ranging through the set of open subgroups of G, the transition
maps being the transposes of the corestrictions.
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Exercise 10.8 (suggested by Riou) Let K be a p-adic field with absolute Galois
group I'. Let £ be a prime number. We consider the {-torsion I'-module A =
n Z/¢Z (infinite countable direct sum of the Z/¢Z with a trivial action of I").

(a) What is the dual A’ = Hom(A, ) of A?
(b) Show that for any integer n > 0, there exists a I"-module B and a split exact
sequence of I"-modules

n
O—>HM1—>A/—>B—>O.

i=1

(c) Show that the canonical injection A — (A’)’ is not an isomorphism.

(d) Show that H>(I", A’) is a Z/£Z-vector space of infinite dimension and that A is
countable.

(e) Show that the map H oI, A) - H*(I", A))* induced by the cup-product
HO(I', A) x HX(I', A’) — H*(I", puy) ~ Z./LZ is not an isomorphism, despite
the fact that A’ is £-torsion.



Chapter 11 ®)
Local Class Field Theory: Lubin-Tate s
Theory

The aim of this chapter (which can be read independently of the preceding one) is to
give an explicit description, using formal groups, of the maximal abelian extension
of a local field. This, in particular, will allow us to give an easy proof (and valid for
any characteristic) of the existence theorem (already proved in the p-adic case in
Sects. 9.2 and 10.5 using slightly different approaches). Furthermore we will obtain
explicit formulas to compute local symbols (a, L/K) := wy /k(a) whena € K* and
L is an abelian extension of a local field K. These formulas will also be useful for
the global class field theory.

In what follows, K denotes a local field (i.e., complete for a discrete valuation,
with a finite residue field) with ring of integers Ok . Set also Ux = O% and let mg
be the maximal ideal of Ok.

11.1 Formal Groups

The multiplicative group law on U := 1 + mg corresponds to the additive group
lawonmg givenby (X, Y) — X + Y 4 XY . This observation justifies the following
definition.

Definition 11.1 Let A be a commutative ring. Let F' € A[[X, Y] be a formal series
in two variables. We say that F is a commutative formal group law if the following
properties hold:

(a) (associativity) F(X, F(Y, Z)) = F(F(X,Y), Z);

(b) (identity) F(0,Y) = Y and F (X, 0) = X;

(c) (symmetry) there exists a unique G(X) € A[X] such that:

F(X,G(X)) =0;

(d) (commutativity) F(X,Y) = F(Y, X);
e F(X,Y)=X+Y (mod deg2).
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(Two formal series are congruent modulo degn if they have the same terms of
degree < n. One can check that (c) and (e) can be deduced from the three other
properties. Recall also that if n is a positive integer, we can substitute a family of n
formal series without constant terms in any formal series in n variables.)

If we set A = Ok, we can then define x x y := F(x, y) for x, y in mg, which
turns mg into a commutative group that we will denote F(mg). Similarly, we can
define the group F'(my) (which can also be seen “concretely” as a subset of L) for any
finite extension L of K, and even for any algebraic extension by passing to the limit.
The case of 1 + mg corresponds to the formal group law F(X,Y) = X + Y + XY.

Remark 11.2 The above definition corresponds to formal group laws of dimen-
sion 1. More generally, we have a formal group law of dimension n (i.e., involving
a family of n formal series in 2n variables) associated to any commutative group
scheme of dimension n: the law is defined from coordinates, by taking the origin
as the neutral element. This in particular applies to abelian schemes, for example
elliptic curves over a field, to which are associated formal group laws in the sense of
Definition 11.1.

Let now « be the residue field of the local field K and let g be the cardinality
of k. Fix a uniformiser 7 of K. Let F;. be the set of formal series f € A[[X] such that
f(X) =7X mod deg?2 and f(X) = X? mod 7 (the second condition means that
f(X) — X9 isdivisible by 7 in A[ X]]). We can take for example f(X) = 7X + X9,
or f(X) =0+ X)? —1over K =Q,.

Theorem 11.3 Let f € F. Then there exists a unique formal group law Fy €
Al X, Y] such that

JFp(X,Y)) = Fr(f(X), f(Y))

(in other words, f is an endomorphism for the law Fy). We say that Fy is the
Lubin-Tate formal group law associated to f and .

The proof is based on the following proposition.

Proposition 11.4 Ler f, g € F,. Let n € N* and let ¢1(Xy, ..., X,) a linear form
in n variables with coefficients in A. Then there exists a unique formal series ¢ €
Al X1, ..., X, ] satisfying:

(a) = ¢; mod deg?2;

() FG(X1, ..., X)) = d(g(X)), -, g(X).

(we will denote by (g, g, . .., g) the family (g(X,), ..., g(X,)), and by ¢ o g the
formal series in n variables ¢ o (g, g, ..., g9) := o(g(X1), ..., 9(X»)).)

Proof We construct ¢ by successive approximation: we will prove by induction on
r > 1 that, for any r > 1, there exists a formal series " e A[Xy, ..., Xal, unique
modulo deg(r + 1), satisfying (a), and also (b) modulo deg(r + 1). This yields, as
a unique solution to the problem, the formal series ¢ defined by ¢ = ¢ modulo
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deg(r + 1) for any r > 1. In particular, note that ¢ +" — ¢ should be congruent
to 0 mod deg(r + 1).

We start by taking ¢’ = ¢, (and it is unique modulo deg 2 by a). Assume that
¢ has been constructed for i < r, and let ¢; = ¢ — $“~D (with the convention
#© = 0), so that we have ¢; + - - - + ¢, = ¢ Condition (b) yields f o ¢"=¢") o
g mod deg(r + 1), where we have, for simplicity, written g instead of (g, g, ..., g).
We are then looking for ¢ *V of the form ¢"+" = ¢ + ¢,,,, and as we have
seen ¢, is congruent to 0 modulo deg(r + 1). We have

fod” =" og+ E..; mod deg(r +2)
with E,;; = 0 mod deg(r + 1), and we need to deal with the error term E, .. As

the degree 1 term of f (its derivative at 0) is 7 and ¢, is congruent to 0 modulo
deg(r + 1), we obtain

fod"™V=foop" +1¢,,; mod deg(r +2)
and similarly
¢V og+driog=¢" og+a .1 mod deg(r +2)

hence

fod"™—¢"*Vog=food” +mpsr— (" 0g+dri10g)
=E. .+ @@ -7, mod deg(r +2).

We see that the unique solution is

¢r+l = —Er+]/7T(1 — 7Tr)

and we just need to check that ¢, | has coefficients in A, or that E, | is divisible by
7. As for ¢ € F,[X] we have ¢(X?) = (¢(X))? and f(X) = g(X) = X? mod T,
we have:

fod” =" og=©@"(X)! - ¢"(X) =0 modm,
which concludes the proof of the proposition. (]
Proof of Theorem 11.3 We apply last proposition taking for F;(X, Y) the unique
solution of Fr(X,Y) =X+ Y mod deg2 and f o Fy = Fy o (f, f). To check the

formal group axioms, we use the uniqueness in the proposition: for example for (a),
we note that F(Fy(X,Y), Z) and Fy(X, Fy(Y, Z)) are both solutions of
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H(X,Y,Z)=X+Y + Z mod deg?2
H(f(X), f(Y), f(2)) = f(H(X,Y, Z)). O

Proposition 11.5 Let f € F;. Let Fy be the formal group law associated to f as
in Theorem11.3. Then for any a of A = Ok, there exists a unique formal series
laly € ALX] satisfying: [alf o f = f olal; and al; = aX mod deg2. Further-
more, [aly is an endomorphism for the formal group law Fy. In particular, [1] 7 is
the identity and 7]y = f.

Proof For f, g in F;, we define [al;,(T) € A[T] as the unique formal series
(cf. Proposition 11.4) satisfying [a]f,¢(T) = aT mod deg2 and f([alsy(T)) =
[alfq(g(T)). Let [al; = [aly, ;. Then the uniqueness in Proposition 11.4 yields the
equality

Frlal4(X). [al14(Y)) = [al g (Fy(X, V).

Indeed, each member of this equality is a formal series H (X, Y) € A[[X, Y], con-
gruent to aX + a¥ mod deg?2, and satisfying H (g(X), g(Y)) = f(H(X, Y)). This
then means that [a] 4 is a homomorphism of formal groups from F; to Fy, and in
particular [a]; is an endomorphism of Fs. The two desired properties follow from
definition of [a], s. The uniqueness is clear, again by Proposition 11.4. (]

Proposition 11.6 The map a — [aly is an injective ring homomorphism from A to
End(Fy).

Proof As in the previous proposition, we show that

la + b1y g(T) = Fy(lals,y(T), [b]1,4(T))

and
[abl;n(T) = (laly,g4 o [D1y.n)(T). (11.1)

For example, the two members of the first equality are congruenttoa + bT mod
deg 2 and are solutions of the equation f(H(T)) = H(g(T)).Bytaking f =g=nh
we obtain that a +— [a] is a ring homomorphism from A to End(Fy). It is injective
since the term of degree 1 of [a]; is aX. O

Remark 11.7 To define a ring homomorphism from A to End(F’y) as above, can be
expressed by saying that we endow F; with a structure of formal A-module. Thus, if
L is an algebraic extension of K, then Fy(m, ) (defined as the union of the Fy(m;/)
for every finite extension L’ of K contained in L) is endowed with a structure of an
A-module.

Proposition 11.8 Let f, g € F. Then the group laws Fy and F, associated to f
and g, respectively, are isomorphic.

Proof By definition of [a] s, we have [1](T) = T. We deduce, using (11.1), that if
a is in A*, then [a];,, is invertible with inverse [a‘l]g,f, and [a],4 thus induces an
isomorphism from F, to Fy. O
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11.2 Change of the Uniformiser

We have seen in the last paragraph that a change of the element f in F,; produces
isomorphic formal group laws. This is no longer true if we change the uniformiser
of A := Og. We will nevertheless see that we find isomorphic laws provided we rise
to the ring of integers Anr := Og_ of the completion K, o of the maximal unramified
extension Ky, of K. As usual we denote by Ug the multiplicative group Anr and
the algebraic closure of «. Thus & is the residue field of the ring of integers of Ko
One denotes by o the continuous extension of the Frobenius (cf. Example7.15, b)
to Kyy.

Ifx e fnr, we denote by %x the transform of x by o, and similarly if 6§ € I’(\m[[X 1
is a formal series, we denote 0 the formal series obtained by applying o to all the
coefficients of 6. We also set 'x = o(x)/x for any x in I?:r

Lemma 11.9 Let ¢ € Zm (resp.c € Ug ). Then the equation °x — x = ¢ (resp.
"x = ¢) has a solution in Ay (resp.in Ug ).
Furthermore, if x is an element of Ay, satisfying °x = x, then x € A.

Proof Note that the uniformiser 7 remains of valuation 1 in I/(\m, hence we have
(Theorem7.18, a), valid without the finiteness assumption on the residue field)
o-equivariant isomorphisms of the multiplicative group Ug /U Lr with ®*, and
also of UI”? /U"Jrl with % for n > 1. Let ¢ € Ug_ with image ¢ in *. The equa-
tion “¥ = X - ¢ has a solution in &* because it is written ¥¢ = ¥ - ¢ (where g is the
cardinality of ) and ¥ is algebraically closed. This allows us to write ¢ = "x| - a;
with x; € Ug and a; € U}? By induction we can write ¢ = "(x; - - - x,) - @, With
X; € U;( ! and a, € U % ; hence ¢ = "x, where x is the infinite product of the x;
(which converges by completeness Ug ., since its general term goes to 1). The case
of the equation x — x = cin A, is similar, via the isomorphisms x +— x /7" (mod-

ulo mg ) of the additive group m’% /m'”rl on k.

If now x € Anr satisfies 7x = x, we show by induction on n > 0 that x can be
written as x = x,, + 7"y, withx, € Aand y, € an: for n = 1, the property x = x
shows that the image X of x in ¥ is in k, hence x is written as x = x; + wy; with
x; € Aand y; € ;fnr. It is then enough to apply the same reasoning to y, instead of
x. Then x is the limit of the x,,, hence remains in A since A is complete. |

Lemma 11.10 Let m and w be two uniformisers of K, let w = u - m with u € Uk.
Let f € F, and g € F,. Let H € A[X] be the unique formal series congruent to
uX mod deg?2, and satisfying f o H = H o f. Then there exists € € Ug _and a
formal series p(X) € ;\\nr[[X 1, congruent to e X mod 2, such that:

(a) °0 = ¢po H;

(b)°po f=god.
Proof The first step is to find a formal series a/(X) satisfying the condition (a). We
obtain it as a limit of the sequence of polynomials «, (x) = Z?zl a; X' in me[X 1,
satisfying
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%a,(X) — o (H(X)) = ¢, X" mod deg(r + 2),

withc, 41 € an. For r = 1, this just means that u = "a;, which has a solutiona; = ¢
in Ug by Lemmall.9. Assume that o, is constructed and let

1 (X) = 0y (X) + a4 X!

with a,4; = a - €1, where a € A,; is a solution of %@ — a = —c,41/(cu)’*' (such

a solution exists by loc. cit.). As % = cu, we obtain
U1 — aru’ = (@ —a) - (eu) = —c,4y
hence we deduce
"1 (X) = @ (H(X) = (et + Carpr — ™)X =0
modulo deg(r + 2), as desired.

Observe now that any formal series of type ¢ = J o« with § € A[X] and
[ = X mod deg?2 again satisfies condition (a), since we then have

%9="(foa)="Bo’a=FoaoH=¢oH.
We now need to choose [ such that ¢ also satisfies (b). To do this, let
h=%ofoa'=aocHofoa !,
where a~! is the formal series without constant term, inverse (for the composition of

formal series) of o (well defined since a(X) = €X mod deg 2 since ¢ is invertible).
We are looking for (3 such that g o § = (8 o h, which will imply

gop=gofoa=Fohoa=pFo% o0 f="pof

as desired.
Recall that we have °a = oo H, and hence a~! = H o %', First observe that

h="oHo fo’a ! =% o0 foHo% '=Caofloa=h

hence & € A[X] by Lemma11.9. On the other hand, h(X) = %ere ' X = urX =
wX mod deg 2, and

h(X) = %a(f(a (X)) =%l '(X)) =% ' (X9)) = X9 mod 7

(observe that modulo 7, the Frobenius o acts as raising to the gth power and that
(") = (“a)™"). We then define 3 = 3, b; X" as the limit of polynomials £, of
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degree < r, that we construct by induction to verify
9(B(X)) = B, (h(X)) = ¢, X+ mod X2,

with¢, ;1 € A, which will give g o § = o h. By what precedes, we can take b; = 1.
One notes that ¢, is zero mod 7 since

9(B-(X)) = B, (X)? = 3.(X9) = B,(h(X)) mod .
We then set 3,41 (X) = 3,.(X) + b1 X' +! with

1
byt = —Crp1 /(W —w'™),

which is in A. Then
9(Br1(X)) = Bt (h(X)) = (crp1 + (w — Wby ) X" = 0 mod deg(r +2)

as desired. This finishes the induction. O

Proposition 11.11 Let 7w and w = u - 7 be two uniformisers of K. Let f € F, and
g € F.. Then there exists € € Ug _and ¢ € Zm[[X]] with ¢(X) = X mod 2, such
that:

()%= 6o luly:

(b) $o Fy = Fyo (6, 0);

(c)polals = [a g0 ¢ foranya e Ok.

In particular, ¢ is an isomorphism of A-modules from Fy to F.

Proof We apply Lemma11.10 to H := [u] (see Proposition 11.5). We obtain ¢ €

m|IX]] with ¢(X) = eX mod 2 and ¢ € Ug _, already satisfying °¢ = ¢ o [u] s and
% o f = go¢. Let us for example prove (b) (the proof of (c) is analogous). Let
= Aml[X ]l be the formal series without constant term, inverse of ¢ (which exists
since ¢(0) = 0 and ¢/(0) is invertible). Let G(X, Y) = ¢(F; (¢~ (X), 7' (Y)). We
need to show that G = F,,. But G(X,Y) = X + Y mod deg2, we also have G €
A[X, Y] since we have G = ¢ o Fy o ¢! hence

G="poFro% ' =¢olulyoFsolul;lop™ =

(Recall that [u]; commutes with F). It remains (using the uniqueness in Proposi-
tion 11.4) to check that g o G = G o g. But

goG:goqﬁoFfod)*l:U(;SofoFfogb*l
:0¢0Ffog¢7log:UGog:Gog

(indeed, f commutes with F¢, and G € A[X, Y] gives °G = G). O
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11.3 Fields Associated to Torsion Points

In this chapter, we fix a separable closure K of K. All algebraic separable extensions
of K under consideration are assumed to be contained in K. We let A = Ok be the
ring of integers of K and we set Uy = A*. For any n > 0, we have a multiplicative
subgroup Ug of Uk, consisting of elements x such that v(1 — x) > n.

Let 7 be a uniformiser of K and f € F.. We have previously defined the formal
group (and even A-module) law Fr, and hence we can consider (cf. Remark 11.7)
the A-module Fr(mg).

LetE ; be the kernel of the endomorphism [7"] ;. It is thus a 77" -torsion submodule
of Ff(mg)and E; :=J, E ; is the torsion submodule of F'y (mg). We can also view

F;(mg) and E as subsets of K .

Letalso K!! = K(E yand K, =, K(E ). Note that, by Proposition 11.8 these
extensions do not depend on the choice f. Indeed we additionally have that an
isomorphism between formal group laws acts on mg by x — F(x), where F €
A[XT]; but for x € mg, such an F(x) remains in the field K (x) generated by K
and x (F(x) is a limit of elements of K (x), which is closed in K as it is a finite-
dimensional vector space over K).

Each extension K (E") is Galois over K since the conjugates over K of each
element of E% " remainin E ’;, by definition of E ; as " -torsion submodule of Fr(m):
indeed, 7" acts via the formal series [7"] s, which has coefficient in K. The Galois
group G, := Gal(K,/K) is the projective limitof G ,, := Gal(K(E )/K). We then
obtain a homomorphlsm G — Autu(E ) by making G act on torsmn points of
F f (m;) .

Recall also that the composite of two abelian extensions is an abelian extension.
This follows from the fact that if H and H' are two normal subgroups of a group G
with G/H and G/H’ abelian, then G/(H N H’) is abelian.

Lemma 11.12 There exists an isomorphism of A-modules from E; to K/A. In
particular, the group Aut 4 (E ) is isomorphic to A*.

Proof By Proposition 11.8, we are free to take any f in F,. Let f =7X + X9,
where g is the cardinality of the residue field x of A = Ok. We have [7]; = f by
Proposition 11.5, hence E'; is the set of roots of the nth iterated f, of f. Note that

for any o € my, the equation f(x) = « has ¢ distinct roots in K (the polynomial
f — ais separable) and its solutions remain of > 0 valuation, hence these solutions
belong to mg. Thus the A-module F,(mg) is divisible (the multiplication by 7 is
surjective), hence also its torsion submodule E . In particular, as A is a principal
ideal domain and its only irreducible (up to a unit) element is 7, the A-module E f is
isomorphic to a direct sum of copies of K /A ([8], Sect. 2, Exer.3). But as E; ! (which
is the -torsion subgroup of the A-module E ) has exactly g elements (the roots of
f), the only possibility is that E  is isomorphic to K /A. ([

Theorem 11.13 (a) The composed morphism @ : G — Auty(Ey) = A*isaniso-
morphism, which transforms the filtration of G, by subgroups Gal(K,/K?) into a
filtration of A* = Uk by subgroups Ug. In particular, the extension K / K is abelian.
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(b) For any n > 0, the uniformiser 7 is a norm of the extension K /K.

Proof (a) Let f and f, be as in the proof of Lemma11.12. Let 7 € G. It induces
an automorphism of the A-module E ;. This automorphism (by Lemma11.12) is
the multiplication by an element of A* = Ukx. We thus obtain a homomorphism
@ : G — Uk, which is injective by definition of K. It remains to check that @ is
surjective. Note that @ induces an injective map @, : Gal(K!/K) — Uk /Uy since
E'} corresponds to the 7"-torsion subgroup W—IHOK/OK of K/A = K/Ok, on which
Uk acts trivially. Let o € E \ E’}_l andleth = f,/fo_1. As f/X = X9~ + 7, we
have

h= f(fu)/foor = (fua () 4,

which shows that 7 is of degree ¢ — ¢"~! and is irreducible since it is an Eisenstein
polynomial (cf. Example7.12). As « is a root of &, the degree [K (o) : K] is that
of h (since h is the minimal polynomial of o). We thus obtain that the cardinality
of Gal(K"/K) is at least ¢" — ¢"~', which is the cardinality of Ux /U (indeed,
Uk / U}, is isomorphic to £*, and the quotients Uk /U ?1 fori > 0 are isomorphic to
k, by Theorem7.18). This implies that @, is an isomorphism and K (o) = K. By
passing to the limit, we obtain that G is isomorphic to Uk via ®@.

(b) Let a be as above, we have K = K () and the polynomial & constructed in
(a) is the minimal polynomial of «. Its constant term is 7, which implies that 7 is
the norm of —« for the extension K /K. g

11.4 Computation of the Reciprocity Map

In the last paragraph, we have defined an abelian extension K, of K associated to
a uniformiser m of A = Ok. It was constructed using the formal group of Lubin—
Tate associated to 7. The extension K, depends on the choice of the uniformiser 7.
Nevertheless, we have:

Proposition 11.14 Let m and w be two uniformisers of K. Let L, = Ky, - K, and
L,=Ky K, Then L, =1L,

Note that this result is easier if we assume the existence theorem (cf. [40], where
the existence theorem is proved directly in characteristic zero by the classical method
of Kummer extensions, the method that we have seen in Sect. 9.2). The approach that
we follow here is that of Serre ([9], Chap. VI) which has the advantage of providing
a quick proof of the existence theorem in any characteristic using the Lubin—Tate
theory.

Proof Let f € F, and g € F,. The Proposition11.11 says that the formal
A-modules Fy and F, are isomorphic over Ky In particular, the fields gener-
ated byI(nr and torsmn points of Fy(mg) and F,(mg) respectively are the same,
ie., Km K, = Krlr K., A fortiori, the respective completlons L, and L, (seen as
subfields of the completion K of K) are equal. We conclude using the following
lemma.
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Lemma 11.15 Let E be an algebraic extension (finite or infinite) of a local field,
with completion E. Let o € E. If o is algebraic and separable over E, then o € E.

Proof Let E be a separable closure of E. Let E’ be the topological closure of E in E.
We can then view « as an element of E’ (by definition of the completion). Observe
that any element of Gal(E/E) is a continuous map on E. Indeed, E is a union of
finite normal algebraic extensions of a local field F'. It is thus enough to check that
if L/F is a finite extension of local fields, then any automorphism of the F-vector
space L is continuous, which follows from the fact that the topology defined on L by
its absolute value is the same as its topology of a normed finite-dimensional F'-vector
space (one can also use Exercise7.1).

We deduce that any element of Gal(E/E) induces by continuity the identity on
E’, hence E’ = E by Galois theory, and thus o € E. O

We now have the following link between the abelian extension K, of K and the
reciprocity map.

Proposition 11.16 Let L, = K., - K be the abelian extension of K composite of
Ky and K. Let 0 = wy_jx : K* — Gal(Lr/K) be the reciprocity map, defined by
passing to the limit over the reciprocity maps wg:x for K' a finite extension of K
contained in L. Then K is the subfield of L, fixed by 6(m) and 0(r) induces the
Frobenius on K. Furthermore, the fields K. and K are linearly disjoint. In other
words, the group Gal(L,/K) is the direct product of the groups Gal(K,./K) and
G . In particular, all the intermediate finite extensions of K between K and K, are
totally ramified.

Proof As L. D K, we have an exact sequence
0 — H— Gal(L;/K) — Gal(K;/K) — 0,

where H := Gal(L,/K,) and Gal(K,,/K) is topologically generated by the Frobe-
nius 0. As 6(m) € Gal(L,/K) is a lift of 0 by Lemma9.8 (passing to the limit over
the finite extensions K’ C K, of K), we obtain that Gal(L, /K) is the direct product
of H and of the closed subgroup I, generated by 6(m). In other words, we have
L, = K, K’ with K;; and K’ linearly disjoint over K, where K’ is the fixed field of
L, by 0(m).

Foranyn > 0, thereciprocity map K* — Gal(K!/K) istrivial on the image of the
norm (K2)* — K*, whichimplies, by Theorem 11.13 (b), thatwg_,x () is trivial. By
compatibility between wy_,x and wg_,x (Corollary 9.4), we obtain that the restriction
of 8(m) to K, is the identity, hence K, C K'. As we also have L, = K, - K, the
only possibility is K, = K’ since the subgroup H' := Gal(L,/K) contains I, and
satisfies H N H' = {1}, hence is equal to I; as Gal(L,/K) is the direct product of
H and I,. O

We can now prove the main theorem of this paragraph, which relates the con-
struction of Lubin—Tate to the reciprocity map.
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Theorem 11.17 Let K be a local field. Let w be a uniformiser of K and f € F.
Let L, = K\,.K .. We define a homomorphism

ry . K* — Gal(L,/K)

by the properties:

(a) rr(m) is the identity on K, and coincides with the Frobenius o on K.,

(b) for any u of Uk, r;(u) is the identity on K, and acts by [u’l]f on K.

Then r, is independent of the choice of the uniformiser m and is equal to the
reciprocity map wi_x - K* — Gal(L/K).

Note that r; is well defined since K™ is the direct product of subgroups Ug and
7Z, and the extensions K, and K, are linearly disjoint. Recall also that [ £ can
be seen as an A-endomorphism of Er, hence induces an automorphism of K, by
Theorem 11.13 (a). We will see in the next paragraph that L is in fact the maximal
abelian extension of K.

Proof We have already seen (Proposition 11.14) that the extension L, does not
depend on 7. Let w = um be another uniformiser. We will prove that r, (w) = 7, (w),
which will show that for any uniformiser w, r; (w) is independent of 7 and hence that
r is independent of 7 since K* is generated by the uniformisers. We know already
that r; (w) and r,,(w) coincide on K as r;(w) = r(u).r;(m), which gives that r (w)
and r,(w) both induce the Frobenius on K. It remains to show that r,(w) is the
identity on K.

We have by definition K, = K(E,) withg € F,.Let ¢ € Knr[[X]] as in Proposi-
tion11.11. Every element A of E is writtenas A = ¢(p) withp € E¢. Lets = rr(w).
We have to check that s(\) = A, or in other words that *(¢(u)) = ¢(u). Note that
s = rp(m).r:(u). As ¢ has coefficients in I?I,r, we have

‘o="0=d¢oluly.

On the other hand
B = oCp) =" o([u~"17()

since i1 € K, hence

S(p() = ¢ o [ul (™" 1p(w) = d(w),

as desired. This proves that r, = r,,.

We know (Proposition 11.16, along with the equality L. = L) that the reciprocity
map 0 : K* — Gal(L,/K) satisfies, for any uniformiser w, the property that 6(w)
induces the Frobenius ¢ on K, and identity on K,. By what we have just seen,
0(w) = ry(w). As this holds for any uniformiser w, we obtain that r, = r, is the
same map as 6. O

To finish the description of the maximal abelian extension K of K, it remains
to prove that K*® = K, - K, which is the aim of the next paragraph.
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11.5 The Existence Theorem (the General Case)

In this paragraph, we recover the existence theorem proved in Sects.9.2 and 10.5 via
a different method (and we extend it to local fields of characteristic p > 0).

Fix a uniformiser w of K and f € F,. We have abelian extensions K (forn > 0)
and K, of K defined in the previous paragraphs. We set L = K, - K.

Definition 11.18 We call a subgroup M of the multiplicative group K* a group of
norms (or norm group) if there exists a finite abelian extension E of K such that
M = Ng/xkE*.

In fact any subgroup of the form N, F*, where F is a finite separable extension
(not necessarily abelian) of K is a group of norms by Proposition9.7, (b) (see also
Exercise9.1). The existence theorem gives at once a characterisation of the groups
of norms and an identification of the maximal abelian extension of K with K, - K.
The main step (which will follow from the Lubin—Tate theory) is the next proposition:

Proposition 11.19 Let K be a local field. Then every open finite index subgroup of
K* is of the form Ng,x E*, where E is a finite extension of K contained in L.

Proof Let M be an open finite index subgroup of K*. The fact that M is open
implies the existence of an n > 0 such that M D U}, and the fact that it is of finite
index implies the existence of an m > 0 such that 7 € M. Thus M contains the
subgroup V,, ,, generated by Uy and 7. Let K,, be the unramified extension of K
of degree m. Let E = K7 - K,: itis a subextensionof L. Letu € Ukx and a € Z. By
Theorem 11.17, the image (u - 7, E/K) of u - m under the reciprocity map wg /x is
[M_l]f on K7 and o (where o is the Frobenius) on K,,. It follows that the kernel of
wg/k is exactly V,, ,, (recall that Theorem 11.13 (a) shows that [u] s acts trivially on
K if and only if u € Ug), hence V,, ,, = Ng/x E*. We conclude using Lemma9.9
(a). O

Theorem 11.20 (existence theorem) Let K be a local field and let 7 be a uniformiser
of K. Fix a separable closure K of K. Set L=K-K . Then:

(a)themap E — N,k E* is abijection between the set of finite abelian extensions
E C K of K and the set of open finite index subgroups of K*.

(b) The extension L is the maximal abelian extension of K.

Proof Let F be a finite abelian extension of K. We know already (Lemma?9.9, c)
that the subgroup Ng/x F* of K* is open and of finite index. Part (a) follows: the
injectivity follows from Lemma9.9, (b) and the surjectivity from Proposition 11.19.

Let us prove (b). Proposition 11.19 says that we can write the open subgroup of
finite index Np g F* of K* in the form Np/x F* = Ng/x E*, where E is a finite
extension of K contained in L. Lemma?9.9, (b) then shows that E = F. In particular,
F C L and we have finally shown that L contains all the finite abelian extensions of
K contained in K, or that L = K2 since L is an abelian extension of K. O
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We also recover a statement that we have obtained in the case of a p-adic field
(Corollary 9.15 and Theorem 10.20).

Corollary 11.21 The reciprocity map wg : K* — Gal(K*/K) induces an isomor-
phism of the completion of K* (for the topology defined by open subgroups of finite
index) with Gal(K®/K). This last group is isomorphic to Z x Uk.

Indeed, the existence theorem says that open subgroups of finite index of K*
are precisely the groups of norms and we know that the reciprocity map induces
an isomorphism of limL K*/NL* with Gal(K®/K), the limit being taken over the
finite abelian extensions of K.

Remark 11.22 If K is a p-adic field, Corollary 7.19 implies that every subgroup
of finite index of K* is open. On the other hand, if K is a local field of character-
istic p > 0, the group K* contains subgroups of finite index which are not closed
(cf. Exercise 11.3) and we can only say that each subgroup of prime fo p finite index
of K* is closed.

Example 11.23 (The case of Q,) For K = Q,,, we can take 7 = p and
=X+ —1=pX+CoX°+ -+ X",
Then the formal group law F is simply
Fp(X,Y) =X +7Y + XV,

and Fy(mg) is thus isomorphic to the group 1 4+ M endowed with the usual mul-
tiplication. Thus E ; = U~ consists of roots of unity of order a power of p, and the
maximal abelian extension Q;b of Q, is obtained as Q;b = Q‘;.Q po, Where Qpe is
the field obtained by adjoining to Q,, the roots of unity of order a power of p. Finally,
ifu e Z;‘,, the associated element [u] = [u] s acts on U ,~ via an identification of U p~
with the additive group Q,/Z,,i.e., by x — x".If we write u = Zn>0 a, p" with ag
not divisible by p, this gives x* = [],5,x“"”", which makes sense when x € U .
Note also that Q‘;,b is simply the field obtained from Q,, by adding all the roots of
unity.

From this example and from Theorem 11.17 we deduce the following condition,
which will be useful for proving the global reciprocity law (Theorem 14.9).

Corollary 11.24 Let ¢ be a root of unity in Q_p. Let K = Q,(Q). Let Ok q, : Q, —
Gal(K /Q)) be the reciprocity map. Let x = p™ - u withm € Z and u € Z,. Then

Ok g, (x) - ¢ = ¢

if the order of C is prime to p, and

1

HK/Q/,(X) : C = CM_
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if the order C is a power of p.

Proof The condition that the order of  is prime to p means that ¢ €Q). To the
contrary,  is of order power of p if and only if (with the notations of Theorem 11.17)
¢ € (Qp)r- In the first case, Ok /q, (1) acts trivially on ¢ and 0k /g, (p™) acts by the
mth iterated Frobenius, i.e., by raising to the power p™. In the second case it is
Ok q,(p™) acting trivially on ¢ and 0k q, (1) acts by [u'],i.e., sends ¢ to (“71. O

11.6 Exercises

Exercise 11.1 Let K be alocal field. Let K| and K, be two finite abelian extensions
of K. Denote by E the composite field E = K K,. Show that N, E* = N,k Ki N
N](z/]( Kik

Exercise 11.2 Let K be a local field. Show that the group of universal norms
N . NpjkL* (where L ranges through finite abelian extensions of K) is reduced
to {1}. Deduce that the reciprocity map wx : K* — Gal(K®®/K) is injective and
induces an isomorphism between the unit group Uk and the abelian inertia group
1 ,a(b of K (cf. Corollaries9.15 and 9.16 for the case where K is p-adic).

Exercise 11.3 Let K be alocal field of characteristic p > 0.Recall (cf. Exercise 7.4)
that the profinite group Uy is then isomorphic to G = Z.

(a) Show that the subgroup D = Z;N) (consisting of almost zero sequences of
elements of Z,) is dense in G.

(b) Show that there exists a nonzero morphism of abelian groups G — Z/pZ,
which is zero on D.

(c) Deduce that K* has a non-closed subgroup of finite index p.



Part I11
Global Fields

This part is concerned with the global class field theory which is the analogue for
number field (finite extensions of Q) and function fields (of transcendence degree
1 over a finite field) of the local theory seen in Part II. The approach that we will
follow in this book makes heavy use of the cohomological machinery from Part I (in
particular, the Brauer group will play a very important role), as well as of the local
results from Part II. The procedure is, by the way, very similar to the local case but
technically much more complicated.

After a chapter where we recall basic facts of the theory of global fields (comple-
tions, ideles, class group, Dirichlet unit theorem), we present in Chap. 13 a detailed
study of the cohomology of the idele class group of a global field: the main results
are the two main inequalities of the class field theory, leading to the global class field
axiom (Theorem 13.23), for which we give a complete proof (including the case of
a function field, assuming the knowledge of a little bit of algebraic geometry). In
Chap. 14, we compute the Brauer group of a global field. An essential step is to show
(using local calculations of Lubin—Tate) the global reciprocity law (Theorem 14.9).
We finish the description of the abelian Galois group of a global field in Chap. 15,
using an existence theorem similar to that in the local case. We also explain an older
formulation of the results in terms of ideal and of ray class fields that we will revisit
in the appendix devoted to analytic methods.

The class field theory has been developing in a complex manner, with different and
complementary points of view. One can find good expositions of historical aspects'
in articles by Hasse (exposé X1 of [9]) and those by Iyanaga ([23, 24]) as well as in the
book by Roquette [44]. Let us mention in particular an analytic approach, going back
to Hey and Zorn, relying on the ¢ functions of skew fields ([28, 55]). This approach
remains relevant today with the development of the theory of automorphic forms and
Langlands program which can be seen as a vast non-commutative generalisation of
the class field theory.

1T am grateful to J.-B. Bost for having clarified these historical aspects to me and pointing me to
the appropriate references.
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Chapter 12 ®)
Basic Facts About Global Fields g

In this chapter we will give a quick overview of the basic notions concerning global
fields. For detailed proofs, we refer for example to the second article in [9].

12.1 Definitions, First Properties

Definition 12.1 A Dedekind ring is an integral domain A which is noetherian,
integrally closed and of dimension < 1 (this last property means that every nonzero
prime ideal is maximal).

Local Dedekind rings (other than fields) are exactly the discrete valuation rings.
More generally, an integral noetherian domain A is Dedekind if and only if for
every nonzero prime ideal p of A, the localisation Ay is a discrete valuation ring
([47], Chap.1, Prop.4). For example, every principal ideal domain is Dedekind (and
a Dedekind ring is a principal ideal domain if and only if it is a unique factorisation
domain).

Definition 12.2 Let A be a Dedekind ring with field of fractions K. A fractional
ideal I of A is a sub A-module of finite type of K (or equivalently, a sub A-module
of K satisfying: there exists a nonzero d in A with dI C A). The product 1J of
two fractional ideals 7 and J is the fractional ideal generated as an A-module by the
products ij withi € I and j € J. A fractional ideal is principal if it is of the form
xA withx € K*.

The next theorem is the analogue for Dedekind rings of the decomposition into a
product of irreducibles in unique factorisation domains. For a proof, see [47], Chap.1,
Prop.5 and 7.

Theorem 12.3 Let A be a Dedekind ring with field of fractions K. Then each non-
zero fractional ideal I in A is invertible (i.e., there exists a fractional ideal J of A
such that 1 J = A). Furthermore, such an I can be written uniquely as
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r= ] s>,

peSpec A,p£(0)

where Spec A denotes the set of prime ideals of A and (v, (1)) is an almost zero
Sfamily of integers. The v, (I) are all > 0 if and only if I is an ideal of A.

Corollary 12.4 The set of nonzero fractional ideals of a Dedekind ring A forms an
abelian group under multiplication. The quotient of this group by the subgroup of
nonzero principal fractional ideals is called the ideal class group of A.

The ideal class group will be denoted by CI(A), or Pic A (it is the Picard group of
Spec A in the language of algebraic geometry, cf. [21], Part.II, Chap. 6). Recall also
([51, Sect.?2, Prop. 1):

Proposition 12.5 Let A be a Dedekind ring. If A has only finitely many prime ideals,
it is a principal ideal domain (and hence its class group is trivial).

We arrive at the definition of a global field that we will use in everything that
follows:

Definition 12.6 A global field is either a finite extension of the field Q of rational
numbers (called a number field), or a finite separable extension of F,(¢) (called a
Sfunction field over F,). If k is a number field, its ring of integers Oy is the Dedekind
ring defined as the integral closure of Z in k.

A place of a global field k is an equivalence class of non-trivial absolute values
on k (two absolute values are equivalent if one is a power of the other). For any
o € k*, there are only finitely many places v for which the corresponding absolute
value |a|, of acis 7# 1 (cf. [9], Exp.II, Lem. p. 60). More precisely:

e In the case of a number field, there is a finite number of archimedean places v,
which may be either real or complex (the completion k, of k with respect to such a
place is either R or C, respectively). The other places (of which there are infinitely
many) are called non-archimedean or finite: they correspond to nonzero prime
ideals p of the ring of integers O of k. For such a p, the intersection p N Z is a
nonzero prime ideal of Z, hence p N Z = pZ, where p is a prime number. The
completion k, at the place corresponding to p is then a p-adic field with residue
field Oy /p and the absolute values associated with v are of the form |x| = a="» ™)
with a > 1, where v, is the valuation of k associated with the prime ideal p.

o In the case of a function field over F, all places are non-archimedean and the
completions k, are isomorphic to local fields of characteristic p = Cark. If X is a
smooth projective curve (here smooth means that the curve is non-singular in the
usual sense) over F, with function field &, the places of k correspond to closed
points (in the sense of algebraic geometry) of the curve X. For example, for k =
F, (), these closed points correspond to the point at infinity and to the irreducible
monic polynomials in F,[¢] (note though that there is no natural analogue of the
ring of integers of a number field). The absolute values associated with a closed
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point x are of the form | f| = a=*/) with a > 1, where v, is the valuation of the
discrete valuation ring Oy , (the local ring of the curve X at x). Note also that if
Xoo 18 a closed point of a smooth projective curve X, the curve ¥ := X — {x}
is affine in the sense of algebraic geometry (it corresponds to the spectrum of a
Dedekind ring, the ring of regular functions on Y), cf. [21], Part.IV, Exer. 1.3.

Definition 12.7 The normalised absolute value associated with a place v of a global
field k is in the case where v is real, the usual absolute value of R; in the case where
v is complex, the square of the usual modulus; in the non-archimedean case, the
absolute value given by |x|, = ¢ "), where ¢ is the cardinality of the residue field
of the local field &, and the corresponding valuation is still denoted by v.

One of the reasons for adopting these conventions is ([9], Exp.II, p. 60):

Theorem 12.8 (product formula) Let k be a global field. Let o € k*. Then we have
[Tlal =1,

where v ranges through the set of places of k and |, is the normalised absolute
value associated to v.

Note that by the above, we have |a|, = 1 for almost all places v of k (:= for all
but finitely many places v of k).

Remark 12.9 Letk be a global field. Then for any M > 0, there is only a finite num-
ber of places of k whose residue field is of cardinality < M (this follows immediately
from cases k = Q and k = F,(¢), which are obvious).

Definition 12.10 If S is a set of places of k (containing archimedean places in the
case of a number field), we denote by Oy g the ring of S-integers of k, consisting of
elements x of k which are integers outside S (i.e., such that v(x) > 0if v ¢ §).

Remark 12.11 Ifk is anumber field, then Oy g is alocalisation of the ring of integers
Ok. If k is a function field of a curve X over F,, then for § = @ the ring Oy 5 is a
field, the algebraic closure of F, in k. For § # @, the ring Oy s is a localisation of the
Dedekind ring of the regular functions on the affine curve X \ {vp}, where vy € S.
In all cases Oy s is a Dedekind ring.

For any place v of k and any finite separable extension K of k, we have a decom-
position

ky ®r K = Ky, X -+ x Ky, (12.1)
where wy, ..., w, are the extensions of v to K ([9], Exp.Il, Th.p.57). We say that
the places wy, . . ., w, divide v, or that they lie above v. In particular, » < [K : k] and

for a non-archimedean v, each local field K,, is a finite separable extension of the
local field k. If p is a prime ideal of O corresponding to v, the prime ideals of Ok
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corresponding to the w; are those that appear in the decomposition of the ideal pOg
of Ok. We will say that v is unramified in the extension K /k if all the extensions
K., / k, are unramified, which is the case for almost all places v of k. Indeed, if we
choose a finite non-empty set S of places of k (containing the archimedean places
if k is anumber field), and if v is a place of k notin S, then v is ramified in K / k if and
only if the prime ideal p corresponding to v does not divide the discriminant 64
(which is a nonzero ideal in the Dedekind ring A := Oy ) of the extension B/A,
where B is the integral closure of A in K ([47], Chap.III, Sect.5, Cor. 1 and 2).

Note that there is a difference from the situation where k is a local field (or
more generally a complete field for a discrete valuation, cf. Theorem 7.7): here the
extension of v to an extension K is (generally) not unique. We will also see in the
next paragraph that we can say a lot more if the extension K /k is Galois.

Example 12.12 Letk = Q and K = Q(+/—1). Let v be the place of Q correspond-
ing tothe prime 5. Then K ®q Qs = Qs x Qs (indeed —1 is a square in Qs by Hensel
lemma), hence there are two places of K above v. On the other hand for p = 2 or
p =3, K ®q Q, remains a field and there is one place of K above p (ramified for
p = 2, unramified for p = 3).

12.2 Galois Extensions of a Global Field

Let k£ be a global field. Let L be a finite Galois extension of k with group G =
Gal(L/k). The group G acts on the set of places of L according to the formula
|a|ow := |0 'al, foranya € L and any o € G, which agrees with the natural action
o -p = o(p) of G on the nonzero prime ideals of Oy in the case of a number field
(resp. closed points of a smooth projective curve associated with L in the case of a
function field"). In particular, we have (c7)w = o(7w) forall o, 7in G.Eacho € G
also induces a k,-isomorphism between the completions L,, and L.

Definition 12.13 Let w be a place of L above a place v of k. The decomposition
group G, of w (with respect to the Galois extension L/k) is the subgroup of G
consisting of ¢ such that cw = w.

Observe that G ,,, = 0G0, so that up to conjugation, the decomposition group
is determined by v (which allows for example to denote it G, if G is abelian). For
the proof of the next proposition, see for example the paper VII in [9], Prop. 1.2.

Proposition 12.14 Let w be a place of L above a place v of k. The extensionL,, [k,
is Galois and the injection G, — Gal(L,,/ k,) is an isomorphism. Furthermore, for
each place v of k, the group G acts transitively on the places of L above v.

IStricto sensu, as J. Riou has pointed out to me, this action on the closed points is a right action
as the functor which associates to a curve its function field is contravariant. By transforming this
action into a left action, we recover the natural action at the level of ideals.
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We deduce for example that the property that L,, is an unramified (resp. trivial)
extension of k, does not depend on the place w of L dividing v (if L.,/ k, is trivial,
we say that v is fotally split in the extension L/ k). More generally, the ramification
e and the residual degree f of L, over k, do not depend on v. Hence we have [L :
k] = n - ef, where n is the number of places of L above v ([47], Chap.I, Prop. 10).
The totally split case correspondston = [L : k],ande = f = 1.

In the case of a finite place v, unramified in the extensionL / k, we obtain that, for
any place w of L above v, the decomposition subgroup G,, of G is isomorphic to
the Galois group of the residual extension F, /F,, where F,,, F, denote the residue
fields of k,, k, respectively. In particular, the Frobenius x > x™ (where N, is the
cardinality of the finite field F,) admits a unique lift F,, to G, that we call the
Frobenius associated with w. Up to conjugation, it depends on v only and we will
denote by Fy i (v) its conjugacy class in G. As any element in this class is of order
the residual degree f, we obtain that v decomposes in L into [G : {o)] places, where
o € G is arepresentative of the Frobenius. In particular, it is totally split if and only if
Fr/x(v) is trivial. Note finally that for G abelian, the Frobenius at v is a well defined
element of G for any place v of k unramified in L.

Example 12.15 Let L be a finite Galois extension of a number field k. Write L =
k(c), with @ € Op. The minimal polynomial g of a over k (which is of degree
[L : k]) then has coefficients in Oy. Furthermore Oy [«] is a subgroup of finite index
of Oy (note that there does not always exist an « such that Op = O[a]). Let p be a
prime ideal of Oy. Assume that the discriminant of the polynomial g (it is the element
of Oy given by the resultant of g and ¢’) is not in p. In other words the reduction
g of g modulo p is a separable polynomial over the field k(p) := (O, /p). Then the
extension L/ k is unramified at p. Furthermore, if g = g,...g, is the decomposition of
g as a product of irreducible polynomials pairwise distinct, each g; has the residual
degree of the extension L/k at p and r is the number of prime ideals of L above p,
cf. [13], Th.5.1 and Exercise 5.6. A more general statement (where we do not assume
g to be separable nor L/ k to be Galois) relating the decomposition of pO; to that of
g is valid under the assumption that the prime number corresponding to p does not
divide the index [0} : Ox[a]], see Th.1.8.3 of [41].

12.3 Idéeles, Strong Approximation Theorem

Definition 12.16 Let k be a global field. Let §2; be the set of all places of k. An
idele of k is a family (x,),eg, In Hveﬂk k¥, satisfying v(x,) = 0 (i.e., [x,], = 1) for
almost all places v of k (In other words: x,, € O} for almost every v, where O, is the
ring of integers of the local field k,).

Note that as there are only finitely many archimedean places (in the case of a number
field), we can replace everywhere “almost every place” by “almost every finite place”,
which justifies talking of the valuation v(x,) or of the ring O, in the above definitions.
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The ideles form a multiplicative group that we denote I; (or simply / when there is
no ambiguity).

This group is thus the restricted product of the k7' relatively to the O}. Equipped
with its restricted product topology (for which a basis of open neighbourhoods of 1
consists of subsets of type [ [,c5 Uy x [, 45 Oy, Where S C £2; is finite and U, is an
open subset of k for v € S) is a locally compact group. This group is furthermore
totally disconnected in the case of a function field (in the case of a number field, the
group of finite ideles, consisting of ideles whose component at archimedean places
is 1 and is totally disconnected). Note that the topology on I is not that induced by
the product topology of [,.q, k-

Definition 12.17 A principal idéle is an idele of the form (x, x, ..., x,...) with
x € k*. The idele class group of k is the quotient Cy := I}/ k*, where we have still
denoted by k* the subgroup of principal ideles of k.

It is the group C; that will in global class field theory play the role comparable to
that of the multiplicative group in local class field theory.

The following theorem says that if S is a finite set of places (that we can assume to
contain the archimedean places if k is a number field), we can approximate a family
of elements (c,) of [, ¢k, by an element 5 € k (“weak approximation”, which
works in a much more general context, see [32], Th. XII.1.2.), imposing in addition
(which is specific to global fields) that 3 is integral outside of S and of a place vy
fixed from the start. We cannot expect better because of the product formula. More
precisely, we have (for a proof, see [9], Exp.1Il, Sects. 14 and 15):

Theorem 12.18 (strong approximation) Let k be a global field and let vy be a place
of k. Fix afinite set S of places of k with vy ¢ S, elements o, € k, forv € S,ande > 0.
Then there exists 3 € k with |3 — «f, < eforve Sand |B|, <1 (ie, v(B) = 0if
v is non-archimedean) for any v ¢ S U {vg}.

The proof of the strong approximation theorem uses the following lemma (similar
to Minkowski theorem in geometry of numbers) that we will use later on (see [9],
Exp.II, Lem. p. 66 for a proof).

Lemma 12.19 Letk be a global field. Then there exists a constant C > 0 (depending
only on k) satisfying: for any idéle (c,) € Iy such that ] lay |y = C, there exists
0B € k* such that |3, <|aw|, for any place v of k.

UEQ/‘

The next proposition implies in particular that the idele class group Cy, is Hausdorff
(and hence locally compact as quotient of I;).

Proposition 12.20 The group k* is discrete (and hence closed) in I.

Proof Let S be anon-empty set of finite places of k, containing the set of archimedean
places if k is a number field. Let U be an open neighbourhood of 1 in I defined
by (ay,) € U if and only if |a, — 1|, < 1 for all v € S and |a| =1 for v ¢ S.
Then if x € k* is not equal to 1, we have ]_[Uegk |x — 1|, = 1 by product formula,
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which excludes the case x € U—else we would have |[x — 1|, < 1 for v € § and
|x — 1], < max(|x|,, 1) for v ¢ S, which would imply Hve()k |[x — 1], < 1. Thus 1
is an isolated point of the image of k* in I;. This shows that this subgroup is discrete.

O

Consider the continuous homomorphism

Ll e — R, (@) — [ lawly

Ve

and let 7, ,? be its kernel. The product formula shows that we have k* C [ ,?. We thus
obtain a homomorphism |[.| : C; — R with kernel C,? =1 ,? /k*. This group will
play the role in the global class field theory, analogous to that of O} when K is a
local field (note for example that if £ is a number field, we have C >~ C,? x R%, just
like we have K* = O} x Z for a local field K). In particular, we have:

Theorem 12.21 The group C is compact.
To prove this theorem, we first recall the following:

Definition 12.22 An adéle of k is a family (o )ye, With o, € k, for every place v
and o, € O, for almost all v. We denote by A, the ring of adeles, endowed with the
restricted product topology with respect to the O,,.

We see immediately that the multiplicative group I; of the ideles is simply the
group of the invertible elements of A;. On the other hand the topology is different:
the topology of [ is not induced by that of Ay. The strong approximation theorem is
a statement about the density of k in the ring of “truncated adeles at vy” (restricted
product of the k, for v # vy) for the Ai-topology

The proof of the Theorem 12.21 relies on the following lemma, which compares
the two topologies on 1.

Lemma 12.23 The subset I,? is closed in Ay for the Ay-topology. Furthermore, the
topologies induced by Ay and I, on I,f) coincide.

Proof Let o = () be an adele which is not in I,? . We need to find an open neigh-
bourhood W of «a in A that does not meet I,? . Note already that as almost all the
|ay|y are < 1, the infinite product C = ]_[vegk |a,| makes sense in R, since the
series with general term log(]ay|,) has negative or zero terms after a certain rank.
Let us consider two cases separately:

(a) Let us set C < 1. As « is an adele, only a finite number of places v of k
satisfy |a, |, > 1. The property C < 1 then implies that we can find a finite set S of
places of k such that S contains all the places v such that |a, |, > 1, with furthermore
[l,es lowly < 1. Tt is enough to take W defined by |£, — a|, < € for v € S (for e
small enough) and |&,|, < 1 forv ¢ S.

(b) Suppose C > 1. Let us first show that « is necessarily an idele, and hence
C > 1 as by assumption o ¢ [ ,?. For v non-archimedean, the largest absolute value
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< link, is g~!, where q is the cardinality of the residue field of ©,. Remark 12.9
then says that there exists a finite set S of places of k such that, for v notin S, we have
layl, = 1,01 |ay |, < 1/2 (as acis an adele, we can assume that |a, |, < 1forv ¢ S).
But as the infinite product [ |a,|, converges to a > 0 real number, its general term
tends to 1, which implies that only a finite number of |« |, are < 1/2. Finally, after
if necessary enlarging S, we can assume that |a,|, = 1 for v not in S, and « is an
idele with C > 1.

After, if necessary, enlarging S, we can now also assume that for any v not in S,
the property |&,|, < 1 implies |£,], < (2C)~! (again, using Remark 12.9). Lastly,
by definition of C, we can impose that

1< []lewl <2c.

ves

Now, for € > 0 small enough, the condition |§, — ay|, < € for v € S implies that

1 < ]_[ 1Eoly < 2C. (12.2)

ves

Then we can take W defined by |&, — ay|, < e forv € S and [£,], < 1 forv ¢ S.
Indeed, an adele £ = (&,) of W cannot satisfy | |= 1, in view of the inequality (12.2)
and the fact that for v ¢ S, |£,| is either equal to 1 or < (2C)~'.

Finally, 7 is closed in Ay, and it remains to show that the topologies induced on
I by A and I are the same. Let v = («v,) € I0. It is straightforward to see that
an Aj-neighbourhood of « contains a I;-neighbourhood of « by definition of the
restricted product topologies since O} C O, for any finite place v of k. Conversely,
let H be a I;-neighbourhood of «. It contains an open I -neighbourhood of the type
€y — ayly < eforv e Sand |&,], = 1 forv ¢ S, where S contains the archimedean
places (if k is a number field) and all places v such that |a,|, # 1. In particular,
]_[v eslawl =lasa e I,? . We can assume, as above, that for v not in S, the condition
|€ly < 1implies [€,], < 1/2.The property [ [, ¢ || = 1 allows us to choose € such
that each element (&,) of I,? satisfying £, — o]y < € for v € S and &, < 1 for
v ¢ Ssatisfies [ [, [§ulv < 2, hence actually satisfies ||, = 1 forv ¢ S (otherwise
we would have a place v ¢ S with [£,], < 1/2, which would contradict (&,) € I,?).
It follows that H N I,? contains a Ag-neighbourhood of o in [, 0 as desired. U

Proof of Theorem 12.21 By Lemma12.23, it is enough to find a set which is
Ay-compact W C Ay such that the quotient map W N 1Y — I2/k* is surjective.
Choose an idele o = (ay) such that |a| := [], o is > C, where C is the constant
provided by Lemma 12.19. We then choose for W the compact (as product of com-
pacts) of Ay defined by [&,|, < |ay|, for every place v. Lemma 12.19 now says that
if 3 = (B,) is in I, then we have an 7 € k* such that |n|, < |3; '], for any place
v,i.e., nB € W, as desired. O

Theorem 12.21 allows torecover two fundamental results from the theory of global
fields: the finiteness of the ideal class group and the Dirichlet unit theorem (we can
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also do the reverse and prove Theorem 12.21 using these). Let us start by saying
a few words about the first of these results. To begin with, let us assume that k is
a number field and denote by §2 its set of finite places. Let Z; be the group of
ideals of k, i.e., the abelian group consisting of formal sums ) _ o, v withn, € Z
almost all equal to zero (in the language of algebraic geometry, it is the group of
divisors Div(Spec Oy), cf. [21], Part.II, Chap.6). The group Z; is isomorphic (by
Theorem 12.3) to the multiplicative group of fractional ideals of Oy, the ideals of
O (in the usual sense) correspond to formal sums ), n, - v with n,, > 0 (“effective
divisors ), almost all zero. The map

I — I, (o) —> Z v(ay) - v
UEQf

is continuous (Z; being endowed with discrete topology) by definition of the topology
of I;. Besides, the image of k* is by definition the group of principal ideals Py, and
the quotient Z; /Py is isomorphic to the group of ideal classes of O. We obtain a
continuous surjection (because there is at least one archimedean place ink) 1)/ k* —
Tk /Pr. Since a discrete and compact set is finite, Theorem 12.21 then gives

Theorem 12.24 Let k be a number field. Then the ideal class group Pic(O;) =
I/ Py is finite.

The same proof shows that in the case of the function field of a smooth projective
curve X over F,, the group Z,? /Pr = Pic® X is finite, where I,? is the group of degree
zero divisors on X. Here the group of divisors Z; consists of almost zero formal
sums Zveﬂk n,v with v € Z. The degree of such a divisor is ), n,d,, where d, is
the degree over F, of the residue field of X at v. In particular, if we remove a closed
point vy of X, the Dedekind ring of regular functions on the affine curve Y = X \ {vp}
has a finite ideal class group (indeed, if we denote by d the degree of the closed point
vo, the divisors of ¥ whose degrees are in dZ form a subgroup of finite index of
Div Y, and this subgroup is isomorphic to Div® X).

Let now k be a global field and let S be a finite set of places of &, such that (if k is
a number field) S contains the set £2, of archimedean places. It is sometimes useful
to work with the group I; g of S-ideles of k, defined as

qus = l_[k: X HO:
vesS vésS
Note in particular that J; is the union of the I; s for finite S.

Proposition 12.25 For S finite and large enough, we have Iy = I s - k* (and hence
Cr =I5 k*/k*).

Proof Let Oy be the ring of integers of & if k is a number field (resp. ring of regular
functions on the affine curve X \ {vg}, where X is a smooth projective curve over F,
with field of functions k, and vy is a closed point of X, in the case where k is a function
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field). The finiteness of the ideal class group of Oy allows to choose places vy, ..., v,
of k corresponding to prime ideals pi, ..., p, of O such that the p; generate this
ideal class group. Let S be a finite set of places of k containing archimedean places
in the case of a number field (resp. vy in the case of a function field) and places
Vly ooy Upe

Let o = («,) € I;. Denote by p, the prime ideal associated with a finite place v
of k. The fractional ideal [, pu‘™ (resp. [],.,, py* if k is a function field) of
Oy is written as (x) - I, where [ is a fractional ideal that belongs to the subgroup
generated by the p;. It follows that the idele o - x~! is such that all of its components
outside of § are invertible, and hence itis in /i g - k™. O

The following lemma is an easy consequence of Theorem 12.21 (cf. [9], Exp.1I,
Sect. 18) and will be useful to us later. Let S be a non-empty finite set of places of &,
containing all the archimedean places if k is a number field. Let E; s = k* N I s be
the group of S-units of k. It is the group of invertible elements O; ¢ of the ring Oy s
of S-integers of k.

Lemma 12.26 With the above notations, let V be the R-vector space of maps from S
toR. Let A : Ey s — V be the homomorphism defined by \(a) = f,, where f,(v) =
log |al, for any v € S. Then X has finite kernel, and its image is a lattice generating
the R-vector space V° consisting of f € V such that Doves f(W) =0.

Proof We first observe that if ¢ and C are constants with 0 < ¢ < C, then the set of
S-units 77 such that
YveS, c<Inh<C

is finite since it is the intersection of a compact subset in /; with the discrete subgroup
(cf. Proposition 12.20) k*. In particular, the elements x satisfying |x|, = 1 for any
place v are finite in number and form a multiplicative group. It is thus exactly the
group of roots of units. This shows that ker A is finite. To prove the statement about
its image, observe that we can define A by an analogous formula on S-ideles /i g, and
the image of 19 := I s N I generates” the R-vector space consisting of f satisfying
ZveS f(w) = 0, which is of dimension s — 1. The group A(Ey s) is discrete (since
there is a finite number of n € E; s with 1/2 < |n|, < 2 for every place v of S)
and A(I?)/A(Ek,s) is compact via the compactness of Ig/Ek,S that follows from
Theorem 12.21 (Note that I{/Ej s is an open subgroup, hence closed in 1/k*).
Finally A\(E; s) is a lattice generating the R-vector space V. ]

As corollary, we obtain the Dirichlet unit theorem.

Theorem 12.27 The group of S-units Ey s is isomorphic to a direct product of a
finite group (roots of unity in k*) and of Z*~", where s is the cardinality of S.

Let us finish this paragraph with a statement which will be useful for the proof of
the Poitou—Tate duality (Proposition 17.10).

2And is even equal to it if k is a number field and S is the set of archimedean places.
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Proposition 12.28 Let k be a global field. Let S be a finite set of places of k (con-
taining the archimedean places if k is a number field). Let n be a positive integer
prime to the characteristic of k if k is a function field. Let E be the set of elements
a € k*/k*" such that the image a, of a in k}/ k" is in O /O for all places v ¢ S
such that n is invertible in O,. Then E is finite.

Proof After possibly enlarging S, we can assume that # is invertible in all the O, for
v ¢ S (given the assumption made in the case of a function field), and also that the
ring of S-integers Oy s is principal (by finiteness of the ideal class group of Oy ).
One observes then that E is the set of a € k*/k*" whose image in &/ k" belongs to
O} /O™ for every place v ¢ S. This means that the valuation v(a) is a multiple of n
for every v ¢ S. As O, s is assumed to be principal, we can find an element b € k*
satisfying v(b) = v(a)/n for every v ¢ S. Then, the element c := a/b" satisfies
¢ € O; 5, which shows that E is contained in Of ¢/ O}";. This last group is finite by
Dirichlet unit theorem. O

A finer version of the preceding statement is the following classical theorem
(proved using the geometry of numbers, [41], Chap.III, Sect.2).

Theorem 12.29 (Hermite-Minkowski) Let k be a number field. We denote by 6y q
the discriminant of the extension of Dedekind rings Oy /Z, that we can see as a
positive integer. Then, for any integer N > 0, there is only a finite number of number
fields k C Q whose discriminant is at most N. Furthermore, the only number field
with discriminant 1 is Q.

Corollary 12.30 The only finite extension of Q unramified at every prime number

is Q.

Proof 1If k is an extension of Q of degree > 1, its discriminant is also > 1, hence
admits a prime divisor, which is then ramified in the extension k/Q. O

Hermite—-Minkowski theorem can be used to recover Proposition 12.28 (cf. [49],
Part.II, Sect.6, Lem.6) by proving the theorem of unramified extensions, which
says that if S D £2 is a finite set of places of k and d is an integer, there is only
a finite number of extensions of k unramified outside S of degree < d (see also
Exercise 12.5 for a special case). There is a version of this theorem for the function
fields of characteristic p > 0, provided we restrict ourselves to the extensions of
degree prime to p.

12.4 Some Complements in the Case of a Function Field

In this paragraph, we assume that the reader has some familiarity with the language
of algebraic geometry, in particular with the theory of algebraic curves. For more
details about divisors and the Picard group, one may consult Chapter II.6 of [21];
one can consult [37] and [38] for facts about abelian varieties and Jacobians. Results
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presented here will be useful in the proof of the class field axiom (Corollary 13.29,
see also Theorem 13.23) for the case of a global field of characteristic p, in particular
in the case where the degree of the extension we consider is divisible by p.

We consider a smooth projective geometrically integral curve X over a perfect
field « (the case we are interested in is when & is a finite field) with algebraic closure .
Thus « is algebraically closed in the field of functions k := x(X) of the curve. Let us
set X = X x, &.Denoteby ®(X) = k X, 7 the field of functions of X and by X ) the
setof its closed points. Let I, = Gal(%/x) be the absolute Galois group of «. If Div X
stands for the group of divisors on X (i.e., the group D,z w=P,x0 L),
we can associate to each function f € ®(X)* its divisor Div f € Div X, by taking
the valuation of f at each w € XV, The image of %(X)* by f is the subgroup of
principal divisors Divg X and the kernel of f consists of constant functions (because
X is prO_]eCthC) The group Div X has a structure of I';-module, isomorphic to
@ve X 1l I (Z), where k(v) designates the residue field of v. We thus obtain an
exact sequence of I';,-modules:

0 7 — BX)* 2% Divg X —> 0. (12.3)

On the other hand let us denote by Pic X the quotient of Div X by Divy X (it is the
Picard group of X, cf. [21], Part.II, Cor.6.16). We have another exact sequence of
I,.-modules:

0 —> Divy X —> DivX —> Pic X —> 0. (12.4)

Proposition 12.31 Assume that the field & is of cohomological dimension < 1 (for
example finite). Then the map H2(k, R(X)*) - H%(k, Divy X) induced by Div is
an isomorphism.

Proof As cd(k) <1, we have Brx = H*(k,R") =0 by Theorem6.17 and
Remark 6.18. Furthermore, H3(k, %) = 0 since scd(I7,) < 2 by Proposition 5.8.
The result follows from the long exact cohomology sequence associated to the
sequence (12.3). O

Besides, the structure of the group Pic X is as follows: we have an exact sequence
of I',-modules:

_ _d
0—> Pic" X —> PicX —2, 7 — 0, (12.5)

where deg is the degree map and the kernel Pic® X of deg is identified with the group
J () of k-points of a k- abelian variety J, called the Jacobian of X ([38], Th.1.1).
In particular, the group Pic® X = J(R) is divisible ([37], Th.8.2). Furthermore, the
dimension of the Jacobian is the genus of the curve X.

We have the following important theorem, due to Lang (12.32):

Theorem 12.32 Let A be a smooth algebraic group, assumed to be commutative
and connected (for example an abelian variety) over a finite field k. Then the group
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H'(k, A) := HY(I,, AR)) is trivia_l. In particular, under the above assumptions
and notations, we have H 1(,%, Pic® X )=0.

Remark 12.33 The theorem of Lang extends to non-abelian H' (that we do not
treat in this book) of connected non-commutative algebraic groups, but not to abelian
varieties over a field of arbitrary cohomological dimension < 1; it is for example not
true in general over C((?)).

Corollary 12.34 Assume that the field k is finite. Then H (k, Pic X) = 0. Further-
more the map H?(k, Divo X) = H?*(k, Div X) induced by the inclusion Divg X —
Div X is injective.

Proof Using the long exact sequence associated with (12.4), we see that it is enough
to show that H'(k, Pic X) = 0. As H'(k, Z) = 0, the sequence (12.5) and Theo-
rem 12.32 give the result. O

12.5 Exercises

Exercise 12.1 Show that the Dedekind ring Z[+/—5] is not a unique factorisation
domain.

Exercise 12.2 Let k be a global field. Let K be a finite separable extension (not

necessarily Galois) of k. We denote by F the Galois closure of K, and we set G =

Gal(F/k). For any place A of F, we denote by G, C G its decomposition group.
(a) Let H be the subgroup Gal(F/K) of G. Show that

(gHg™" ={1}.

geG

(b) Let v be a place of k and w be a place of K above v. We say that w is split in
K/kif K, = k,, and that v is fotally split in K/ k if all the places of K above v are
split (this is an extension to the non-Galois case of the classic definitions). Prove the
equivalence of the three properties:

(1) the place w is splitin K/ k.

(ii) for every place A of F above w, we have G, C H.

(iii) there exists a place A of F above w with G, C H.

(c) Show that a place v of k is totally split in K / k if and only if the decomposition
group G, of vin F/k is {1} (this is not ambiguous, indeed the group G, is defined
up to conjugation in G). We will see in Chap. 18, as an application of the Cebotarev
theorem, that there are infinitely many places v satisfying this condition.

(d) Let v be a place of k. Let D be the decomposition group of a place of F
above v. Let wy, ..., w, be the places of K above v. Show that the degrees [K,, : k]
fori =1,...,r are the indices [D : (DN gHg™")]for g € G (or for g € G/H).
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Deduce from the above that there exists a place w of K above v, split in K/k
if and only if there exists g € G such that G, C gHg~!. Show that if furthermore
v is unramified in the extension F'/k, the existence of such a place w is equivalent
to Gy C U,eq 9H g~" (we will see in Exercise 18.7 that there exist infinitely many
places v of k which do not satisfy this condition).

(e) Show that there exists a unique place of K above v if and only if the image of
G, by the canonical surjection G — G/H is the whole of G/H (show first that this
condition makes sense, even though G, is only defined up to conjugation).

Exercise 12.3 Let k be a global field.

(a) Find a sequence of elements of [; converging to 1 for the topology of A, but
not converging for the topology of I;.

(b) Is the set I closed in Ay for the topology of A;?

Exercise 12.4 Let k = Q(+/2).
(a) Show that the subgroup H of I; generated by {1} and 1 4+ +/2 is not compact.
(b) Deduce that k* is not closed in the restricted product of the & for v finite
(relatively to O}), that is, in “finite ideles”.

Exercise 12.5 Let n > 0 be an integer. Let k be a number field (whose algebraic
closure k is fixed) containing the nth roots unity. Let S be a finite set of places of k
(containing the archimedean places). Using Proposition 12.28, prove the following
special case of the theorem of unramified extensions: the field £ admits only finitely
many cyclic extensions k' C k of degree dividing n and unramified outside S. Gen-
eralise the above to the case where we do not assume that k contains the nth roots
unity, then to the abelian extensions (not necessarily cyclic).

Exercise 12.6 Recall (Corollary 12.30) that the only finite extension of the field Q
that is, unramified at every prime number p is Q. Let L be a finite abelian extension
of Q. The aim of this exercise is to show that L is a cyclotomic extension (Kronecker—
Weber theorem) by purely local methods.

(a) Let p be a prime number ramified in L/Q. Let L, be the completion of L at
a prime above p. Show that there exists an integer nn,, > 0 such that L, C Q,(p,),
where Q,,(1,,) is the extension of Q,, obtained by adjoining the 7 ,th roots of unity
(cf. Example 11.23).

In all that follows, we write n,, = p®».m, with m, prime to p, and we set n =
I1 » P’ the product taken over all the prime numbers ramified in L/Q (whose set
we denote by R). We also set M = L(,).

(b) Show that if a prime number p is ramified in M /Q, then it is ramified in L/Q.

(c) Let (for p € R) I, C Gal(M,/Q,,) be the inertia subgroup. Show that I, is
isomorphic to Gal(Q, (11p»)/Qp).

(d) Let I the subgroup of Gal(M/Q) generated by the /,. Show that the fixed
field M! est Q.

(e) Show that the cardinality of 7 is at most [Q(u,) : Q] and deduce that L C

Q(ptn).
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Exercise 12.7 (by [13], Lemma 5.32) Let E be a number field. Let u € Og. We set
F = E(/u). Let p be a prime ideal of O.

(a) Show that if 2u ¢ p, then p is unramified in the extension F/E.

(b) Let u = b> — 4c with b, c € Of. Show that if 2 € p and u ¢ p, then p is

unramified in the extension F/E.



Chapter 13 ®)
Cohomology of the Ideles: The Class ek
Field Axiom

In this chapter, we begin investigating cohomological properties of the groups I and
Cy defined in the previous chapter for a global field k. The aim is to prove the global
analogue of Proposition 8.2, where the idele class group will replace the multiplica-
tive group of a local field. It is this result that (like in local class field theory) is the
first step in the computation of the Brauer group of a global field.

13.1 Cohomology of the Idele Group

In this paragraph, we fix a global field k and a separable closure k of k. We will
consider finite separable extensions K of k, that will always be implicitly assumed
to be contained in k. For any place v of k, we fix a separable closure k, of k, and
a k-embedding i, : k — k,, which fixes a place v of k above v: for v we take the
restriction of the place of k, induced by v. This allows for any separable algebraic
extension K C k of k to have a distinguished place v* of K above v. For simplicity
we denote by K, :=i,(K)k, the field Kk, (for example k), = kk,), which is the
completion of K at v* if [K : k] is finite. We denote by Uk, the group of units of
K, and G,(K/k) (or even G, if there is no ambiguity) the decomposition group of
v®in G = Gal(K /k) if K is a Galois extension of k.

Let K be a finite Galois extension of k with group G. We can write the idele
group of K as the restricted product of the Ik (v) for v a place of k with respect to
the Uk (v), where we have set

Ix) =[] Kp Uk :=]]Uxw

wlv wlv

(Uk . 1s the multiplicative group of the ring of integers of K,, for w a finite place
of K). Each of the Ik (v) and the Uk (v) is a G-module via the k,-isomorphism
K, ~ K,, induced by each o € G. We can also view I (v) as the group of invertible
elements of the ring K ®y k,, on which the group G acts k,-linearly (via its natural
action on K).
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Proposition 12.14 easily implies that Ix (v) (resp. Ux (v)) identifies with the
induced module IGG”(K,j‘) of K (resp. to Ig“(UK,v)).

Proposition 13.1 With the above notations:

(a) we have I, = H°(G, Ix).
(b) foranyi € Z, we have

H'(G, Ix) = @ H' (G, k).

UEQk

Proof (a) We have a natural injection of [; into Ik via the decomposition (12.1). Let

(b)

a € I Forany o € G and any place w of K above a place v of k, the component
(cQ)sy of o at ow is ooy, = ayy = A4y, hence ca = «. Conversely, if a =
(ow) is in HY(G, Ik), then

(0Q) gy = OOy, = Qgy

for any o € G. For 0 € G, this already gives «,, € k. The fact that G acts
transitively on the places w above v (Proposition 12.14) then gives that the v,
for w|v come from the same «, € k; via embeddings k; — K, hence o € Ii.
Shapiro’s lemma gives

H'(G, Ix(v)) = H (G, K})
and besides if v is unramified in the extension K /k, we have
H'(G,Ux(v)) = H (G, Ug,,) =0

since Uk, is a cohomologically trivial G,-module by Proposition8.3. Con-
sider the finite sets S of places of k, containing places ramified in K /k and the
archimedean places. Let us set

Ix s = HIK(U) X 1_[ Uk (v).

ves vésS

Then Ik is the inductive limit of the Ik . We deduce (with the help of the
analogue for modified groups of Proposition 1.25, cf. also the comment after
Corollary 2.7):

H' (G, Ix) = li

=

H'(G, Ig s)

A, ]_[Uesl,((v)) x H (G, l_[v¢SUK(v))>

I
SR
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= lim (1_[ "G, Ix ) x [[ B'(G, UK(U))

—_
N ves vegS
=lim [[A(G.. k) = P H'(G.. K. 0
NN Ve

Corollary 13.2 We have H' (G, Ix) = H3(G, Ix) = 0.

Proof By the previous proposition, we need to see that for every place v of k, we
have H'(G,, K}) = H*(G,, K}) = 0. The first assertion follows from the Hilbert
90 theorem. The second follows from it for real v by Theorem 2.16. For v finite, Tate—
Nakayama theorem (Theorem 3.14) gives an isomorphism between H'(G,,Z) = 0
and H3(G,, K?). O

Note also the following lemma about the behaviour of the ideéle groups with respect
to the norm.

Lemma 13.3 Let K be a finite Galois extension of k. An idéle o = (o) € I is in
N iIk if and only if for every place v of k, its local component «, € k; is a norm
for the extension K,/ k, (recall that K, is the completion of K for a place w above

v).

Proof This follows immediately from Proposition 13.1(b) applied to i = 0. We can
also simply observe that the norm N, : Ix — I is obtained by taking the map
(wa Nk,/x,) : Ig (v) — kj oneach I (v), where v ranges through the set of places
of k. (]

We would like to “pass to the limit” in some of the above assertions. Denote by
I:= li_r)nK Ik the idele group of k, the limit being taken over the finite separable
extensions K of k (warning: note that it is not the restricted product of the (E)’;). We
also call C := I/k " the idele class group of k, which is the inductive limit of the
Ck . Proposition 13.1(a) and Hilbert 90 theorem yield:

Proposition 13.4 If K is a finite Galois extension of k with group G, we have
H°(G, Cg) = Cy. Similarly, we have HOk,I) = I and H(k, C) = C}.

By passing to the limit in Proposition 13.1(b), we obtain

H'(k, 1) = @ H' (G, (k/k), ®)})

UEQk

foranyi > 1. In this statement we would like to replace_(%)v by the separable closure
ky of k,. We effectively have that (k), = kk, is also k,, but this statement is non-
trivial; it uses the following lemma.
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Lemma 13.5 (Krasner) Let F be a complete field for an ultrametric absolute value
(not necessarily associated to a discrete valuation), with separable closure F. Let
a € F, we denote by oy = «, ..., oy, its conjugates over F. Let 3 € F satisfying

loo = Bl < o —

fori=2,...,n, where |.| is the unique extension of the absolute value of F to F.
Then we have the inclusion of fields F (o)) C F([3).

Proof Let L be the Galois closure over F((3) of the field extension F(«, 3)/F ().
Leto € G := Gal(L/F(p)). Then o(8 — o) = B — o(«). We also have that o pre-
serves |.| by uniqueness of the extension of the absolute value in the complete case,
which follows from the equivalence of the norms on finite dimensional vector spaces
over a complete field (the existence for a finite extension of a complete field can for
example be obtained using the formula (7.1) of Theorem 7.7). Thus we obtain

B —0o(@)|=|8—al <la—al
fori =2, ..., n. We deduce that
la —o(a)] < |a — i

fori =2,...,n since | - | is ultrametric. Finally o(a) = «, that is: a € F((3), as
desired. ([l

‘We deduce the announced result.

Proposition 13.6 Let k be a global field. Let v be a place of k. Then (k), (with the
conventions explained at the beginning of the paragraph) identifies with the separable
closure k, of the completion k, of k at v.

Proof We have a natural inclusion (k), — k,. We can assume that v is a finite place
(the archimedean case is trivial). Let « € k, with minimal polynomial f € k,[X].
As k is dense in k,, we can find a separable polynomial g € k[X] very close to f,
which implies that | g(cv) | can be made as small as we wish. Write g(X) = [[(X — 3;)
with 3; € k C (k),. Then g has a root 3 which can be made as close as we wish to «,
hence in particular made to satisfy |3 — a| < |o; — «| for all the conjugates o; € k,
of a other than «v. Krasner’s lemma then implies a € k,(3) = k(8), C (k). O

Corollary 13.7 Foranyi > 1, we have H'(k, 1) = @, H' (ky. k.), where k, is
the separable closure of k,. In particular, H' (k, I) = 0.

Note that by what we have just seen, the notation k, is not ambiguous.
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13.2 The Second Inequality

The aim of this paragraph is to show:

Theorem 13.8 Let k be a global field. Let K be a Galois extension of k with Galois
group G assumed to be cyclic of order n. Let h(G, Ck) be the Herbrand quo-
tient of the G-module Cg, where Cx = Ix /K™ is the idele class group of K. Then
h(G, Cg) =n.

We deduce:

Corollary 13.9 (“the second inequality”) Under the assumptions of the preceding
theorem, the cardinality of the group Cy/NgxCx = I/ k* Nk kI is at least n.

Proof Applying Hilbert 90 and Proposition 13.1(a), we have H %G, Cx) = Cy,
hence H*(G, Ck) = Ci/Nk/kCk = It/ k* Nk i Ik . The corollary then follows from
the definition of the Herbrand quotient. (]

The aim of this chapter is to show that we in fact have #ﬁO(G, Cg)=nin
the above corollary. To do this, we will need the first inequality. Even though it
can be proved using Corollary 13.9 (see next paragraphs), historically it was proved
earlier using analytic methods (cf. [9], Exp. VIII or Appendix B of this book, Corol-
lary B.23). This explains the terminology we adopt here (some authors use the inverse
convention, it is for example the case of [9], Exp. VII). Corollary 13.9 is mainly used
to show that K = k when one can verify that I; = k* Nk lg.

The Proof of Theorem 13.8 uses the following lemma.

Lemma 13.10 Let G be a finite group.

(a) Let M and M’ be two modules over the ring Q[G], of finite dimension over Q,
and such that the R[G]-modules Mg := M ®q R and My are isomorphic. Then
the Q[G]-modules M and M’ are isomorphic.

(b) Assume that G is cyclic. Let E be a finite dimensional R-vector space endowed
with an action of G. Let L and L' be two lattices in E, stables under the action
of G, and generating the R-vector space E. Then if one of the Herbrand quotients
h(L), h(L’) is defined, the other is too and we have h(L) = h(L').

Proof (a) Each Q[G]-homomorphism ¢ : M — M’ induces a R[G]-
homomorphism ¢ ® 1 : Mg — Mg and the map ¢ — ¢ ® 1 induces an iso-
morphism of R-vector spaces:

(Homgg1(M, M')) ® R —> Homgg) (Mg, Mg).

Fix bases of the Q-vector spaces M and M’ (which have the same dimension).
The determinant of an element of Homgg1(M, M’) or of Homg(g(Mr, Mg)
in these bases is then well defined. Let then (§;) be a basis of the Q-vector
space Homgqg(M, M'). The above isomorphism shows that it is a basis of
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the R-vector space Homg(g)(Mr, Mg). The assumption that Mg and My are
isomorphic implies that the polynomial

F(tr,....ty) = det()_t:&) € Qltr. ... tw]

is not identically zero on the whole of R™, hence it is nonzero on Q™ since Q is
infinite. Thus we have a Q[G]-isomorphism between M and M'.

(b) Letus set M = L ® Q and M’ = L' ® Q. Then Mg and My are both R[G]-
isomorphic to E. By a), there exists a Q[G]-isomorphism ¢ : M — M’. Then
 induces an injective homomorphism ¢ : L — (1/N)L’ for a certain integer
N > 0. This implies that f := N is an injective homomorphism from L to L'.
As L and L’ are lattices of the same rank, the cokernel of f is finite and we
conclude by applying Theorem 2.20, (c).

O

Proof of Theorem 13.8 By Proposition 12.25, we can find a finite non-empty set S
of places of k (containing the archimedean places and the places ramified in K/ k)
such that Iy = K*Ig g, where

Ixs =[x x [JUk@ = T[T &5 > [T T V.-

ves véS veS wlv vgS wlv

Let T be the (finite) set of places of K which are above a place of S. We then have
Cx =Ix/K* = Ig s/Ek. 1,

where we recall that Ex r := K* N Ig s is the group of T-units of K. By Theo-
rem 2.20, we have, shortening i (G, -) to h(-),

h(Cg) = h(g s)/h(Ek 1)

whenever the right hand side member is defined (the advantage to introduce S and
T is precisely that it allows this condition to be satisfied, while (K *) is not defined
since ﬁO(G, K*) = K*/NL* is in general infinite).

We first compute h(Ig s) purely “locally”. For v ¢ S, the place v is unramified
in K /k, which implies as we have already seen (consequence of Shapiro’s lemma
and of Proposition 8.3) that the G-module Uk (v) is cohomologically trivial. Let now
v € §, denote by n, := [K, : k,] the local degree of K/k at v. Shapiro’s lemma
implies that for v in S, we have:

h(Ix (v)) = h(Gy, Ky)) = ny

by local class field axiom (Proposition 8.2) hence finally
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h(Ig.s) = [ [ no-

veS

We now compute h(Eg 1), which is the “global” part of the proof. We need to
show that n - h(Eg 1) = HveS n,. To do this, we will use Lemma 13.10. Let V be
the vector space of maps from T to R, which is isomorphic to R’ with ¢t = #T.
The group G acts on V by the formula (o f)(w) = f(c~'w) forall f € V, 0 € G,
w € T. Let N be the lattice consisting of f € V whose image is contained in Z. It
is clear that N generates the R-vector space V and is stable for the action of G. The
G-module N is isomorphic to [ ], ¢([,,, Zw), with Z,, = Z. More precisely, if we
set (for a fixed vin S) N, := ]_[w‘v Z,, then N, is a sub-G-module of N and G acts
on N, by permutation of the Z,,. Shapiro’s lemma then yields, for any g € Z:

HY(G,N) =[] H(G.. Z)

ves

which implies immediately

h(N) = Hn

ves

Fora € Ek r,denoteby f, : T — Rthe mapdefined by f,(w) = log |a|, and apply
Lemma 12.26. It implies that the map

ANiExkr —V, ar— f,

has a finite kernel, and that the image of f is a lattice M° which generates the R-
vector space V? C V consisting of f such that Y wer f(w) =0.Wehave h(Eg 1) =
h(M®) by Theorem 2.20, (c). Let g € V bedefinedby g(w) = 1foranyw € T.Letus
set M = M° + Zg. Then the lattice M generates the R-vector space V = V° + Ry.
As M%and Z - g are both stable by G, we can write

h(M) = h(M°) - h(Z) = nh(M°) = nh(Eg 7).

As M and N generate the same R-vector space, Lemma 13.10 implies that h(N) =
h(M). Finally n - h(Ex 1) = h(N), or

n-h(Egr)= H”v,

vesS

as desired. O
We deduce:

Proposition 13.11 Let K be a finite abelian extension of a global field k. We assume
that there exists a subgroup D of Iy satisfying: D C Nk ilx and k* D is dense in Iy.
Then K = k.
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Proof 1f F is a cyclic extension of k contained in K, we have D C Ng,ilx C
NrpiIr by transitivity of the norms. Thus, if we can deal with the case of a cyclic
extension, we obtain that every subextension F' of K with F'/k cyclic is trivial, which
implies that K/ k is trivial by Galois theory as K/ k is assumed to be abelian. We can
thus assume that K is a cyclic extension of k.

Now, Theorem 11.20, (a) tells us that each N, /¢, K, is an open subgroup of K.
Furthermore Nk, ;«, K contains U, := O} for almost all places v since v unramified
implies ﬁO(GU, Uk.,) =0 with G, = Gal(K,/k,) (Proposition8.3). We deduce,
using Lemma 13.3, that NIk is an open subgroup of I, hence also k* Nk I
(union of open sets). Thus k* N /I is a closed subgroup (as itis open) and dense (as
itcontains k* D) of Iy, hence k* N /i Ix = Ii. Corollary 13.9 thenimplies [K : k]=1,
ie., K =k. |

Proposition 13.12 Let S be a finite set of places of k, containing all archimedean
places if k is a number field. Let K be a finite abelian extension of k, unramified out-
side S. Then the Galois group G = Gal(K / k) is generated by the Frobenii Fi ;i (v)
forv ¢ S.

Proof Note that since G is abelian, the Frobenius F, := F/,(v) is well defined
as an element of G (and not just up to conjugation). Let G’ be the subgroup of G
generated by the F), for v ¢ S and let E be its fixed field. Then the image of F), in
Gal(E/k) = G/G'istrivial forv ¢ S, which gives E, = k,, and hence each element
of kyisanormof E, /k, for v ¢ S. Denote then by D the subgroup of I; consisting of
the ideles («,) such that o, = 1 for all v € S. Then by Lemma 13.3 and what we just
saw, we have D C Ng,iIg. On the other hand, strong approximation Theorem 12.18
(or even its “weak” form, which is the one without a condition outside §) yields that
k*D is dense in I;. Proposition 13.11 then says that E = k, or that G’ = G. ]

Corollary 13.13 Let K be a non-trivial abelian extension of k. Then there are
infinitely many places v of k which are not totally split in K. If furthermore K / k is
cyclic of degree £ with £ prime, there are infinitely many places of k which are inert
in K / k (that is, unramified and such that the associated decomposition group is the
whole of G .= Gal(K /k)).

Note that an inert place v corresponds to a Frobenius Fg . (v) that generates
Gal(K /k), or to a place that is, unramified and there is only one place w of K
above v.

Proof The first assertion follows from Proposition 13.12 and the fact that places v
totally split in K correspond to Fg,.(v) = 1. The second assertion is obtained by
applying the first to the intermediate extension E/k of degree £, that corresponds to
the unique subgroup of order £”~! of Gal(K / k): we obtain infinitely many places v
for which the Frobenius F 4 (v) has a non-trivial image in the quotient of order £
of G, hence generates G. U

For example, the above corollary implies that an element of Z that is, not a square
can not become a square modulo all primes except finitely many. There is in fact
a more general and precise statement than Corollary 13.13, the Cebotarev theorem
(cf. Chap. 18).
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13.3 Kummer Extensions

In this paragraph, we establish general results on Kummer extensions, that will be
useful in the next paragraph and also in the proof of the global existence theorem.

Fix a field k and an integer n > 0 not divisible by the characteristic of k, such that
k contains a primitive nth root of unity (.

Definition 13.14 A Kummer extension of k is a field extension K of k of the form
K = k(3/A), where A is a subgroup of k*, containing k**, and such that A /k*" is
finite.'

Note that as ¢ € k, the notation k(\"/Z) is not ambiguous, and the choice of
a primitive nth root of unity in k identifies the Galois modules p,, and Z/n. As
for any a € A, the extension k(J/a) is cyclic of degree dividing n (it corresponds
to the element of H'(k,Z/n) ~ H'(k, pi,) = k*/k*" given by the class of a), a
Kummer extension is a finite abelian extension of k whose Galois group is of exponent
dividing n (isomorphic to a subgroup of (Z/n)", where r is the cardinality of A /k*").
Conversely, a cyclic extension of k of degree dividing n corresponds to an element
of H'(k, Z/n) >~ k*/k*", hence is of the form k(/a). More generally, we have:

Proposition 13.15 Let K be a finite abelian extension of k whose Galois G is of
exponent n. Then K = k(/A) with A = K*' N k*. Furthermore, we have an iso-
morphism

u:A/K" — Hom(G, Z/n).

Conversely, if A’ is a subgroup of k* containing k*" and if we set K = k(«/ A), then
we have A" = K*" N k*.

Thus, for an abelian extension K of k with Galois group of exponent n, we have
one and only one subgroup A of k* containing k*” such that K = k(/A).

Proof Weclearly have k(v/A) C K.Conversely, the extension K / k is the composite
of all its cyclic subextensions E/k as it is abelian (as a finite abelian group is a direct
product of cyclic groups). Such an extension E is of degree dividing n, hence is of the
form E = k(/a) with a € k* N K*", hence E C k(</A) and finally K C k(/A).
We define a morphism u : A — Hom(G, Z/n) by u(a) = x,, where

Xa(0) = c(Va)/a (13.1)

is defined using the identification of Z/n with the subgroup of nth roots of unity of
k*. The kernel of u is k*" since Yy, is trivial if and only if J/a € k*. It remains to
show that u is surjective. Let x € Hom(G, Z/n) = Hom(G, p,), then x becomes a
1-coboundary (by Hilbert 90) when viewed as a map from G to K*. This means that
we have b € K* such that x(¢0) = o(b)/b for any 0 € G. Then

ISome authors do not require this condition, but we will not need the infinite case.
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o(b") = (ob)" = x(0)"b" = V"

hence a :=b" € k* N K™ = A, and finally x = x,.

Lastly, let A’ be a subgroup of k* containing k** and K := k(3/A’). Let us
set A = K* Nk* and let us show that A = A’. The inclusion A’ C A is obvious.
Denote by H the subgroup of G = Gal(K /k) consisting of ¢ such that x,(c) = 1
for every a € A’. That means that H is the orthogonal of the family (x,)ear for
the duality between G and Hom(G, Z/n). By biduality, the orthogonal of H is
the subgroup of Hom(G, Z/n) consisting of the x, for a € A’, which means that
the image of A’/k* by the isomorphism u : A/k* — Hom(G, Z/n) is exactly
Hom(G/H, Z/n). Besides, the formula (13.1) shows that H fixes each element of
J A7, hence fixes the whole of K (which is the extension of k generated by </ A").
Galois theory then tells us that H is the trivial group. As u is an isomorphism, this
implies that A /k* = A’/k*" and finally A = A’, as desired. O

Remark 13.16 The link between the last proposition and cohomological Kummer
theory seen in Sect. 6.2 (Corollary 6.6) is the following: the group H'(G, Q/Z) =
H'(Gal(K / k), Z/n) is (by restriction-inflation sequence) given by

HY(G,Q/Z) = Ker[H'(k, Z/n) — HY(K,Z/n)].

Identifying (via a choice of () the Galois modules Z/n and p,,, we obtain an isomor-
phism between H' (G, Q/Z) and the kernel of the map k*/k* — K*/K™, that is,
with A /k*".

We will need the following “local” result.

Lemma 13.17 Let K be a local field. Let n > 0 be an integer not divisible by the
characteristic of the residue field  of K, Assume that K contains primitive nth roots
of unity (and hence n divides q — 1, where q = #k). Then, for x € K*, the extension
L = K(¥/x)/K is unramified if and only if x € Ug K*".

Proof Assume that x = u - y" with u € Ux and y € K*. We want to show that
K (/) is unramified over K. By Hensel lemma, the polynomial X" — u factors as
a product of linear factors over the unramified extension K’ of K whose residue
field is the decomposition field of the reduction X" — & over k. Thus &/u € K’ and
we have that K ({/u) is unramified over K. Conversely, if K ({/x)/K is unramified,
let us write x = u - " with u € Ug and 7 a uniformiser of K. Then the valuation
vy (Wu - ") is %UL (n") = %UK (7"), which shows that n divides r. O

Lastly, Kummer extensions are related to another “local” result, that we will use
in the next paragraph.

Proposition 13.18 Let k be a global field. Let v be a place of k. Let n > 0 be an
integer not divisible by the characteristic of k (which is automatic if k is a number
field), and such that 1, C k,. Then the cardinality of k}/k}" is n?/|n|, and if v is
finite, the cardinality of O} /O is n/|n|,.
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Proof The case where v is archimedean is straightforward, observing that for real v
we necessarily haven = 1 orn = 2, and for acomplex v |n|, = n? by convention. Let
us now assume that v is finite. Ask;; ~ Z x O}, itis enough to compute the cardinality
of O;/0;". To do this, make the group Z/n acts trivially on O, and consider the
corresponding Herbrand quotient £, (O}). As H Z/n, O?) = Hom(Z/n, O}) is of
cardinality n (because k, D ), we have

* kN

() = OO

n
We are reduced to showing that £, (O}) = |n|; U If k is a function field of charac-
teristic p, the assumption made on n implies that |n|, = 1. Besides, the subgroup
of finite index U of U, = OF is a pro-p-group (Theorem7.18, a), hence satisfies
hn(le) = 1 as p does not divide n. We conclude using Theorem2.20. If & is a num-
ber field, the group U! has a subgroup of finite index isomorphic to the additive
group O, (Theorem7.18, b). As H'(Z/n, ©O,) = O,[n] = 0, Theorem 2.20 implies
that

ha(Uy) = ha(U;) = hy(Oy) = #(O,/nOy) = ||,

as desired. O

13.4 First Inequality and the Axiom of Class Field Theory

We start with a linear algebra lemma:

Lemma 13.19 Let £ be a prime number and let m be a non negative integer. We set
n=1{". Let A be the ring Z/nZ. Let M be a free finite type A-module and M, a
sub-A-module of M such that M /M is free. Then M, is free of finite type.

Proof As M, := M /M, is free, we have M ~ M| & M,. As an abelian group, M
is isomorphic to (Z/nZ)" with r > 0. The theorem on the structure of finite abelian
groups implies that the abelian n-torsion group M is isomorphic to a direct sum of
groups of the form (Z/n'Z), where n’ is a power of £. But the uniqueness part of
this same theorem imposes that n’ = n (we could also have used a more advanced
theorem which says that every projective finite type module over a local ring is free
cf. [36], Part.1, Th.2.9). ]

We are going back to global fields. In the remaining part of this paragraph, & is
a global field; in all the statements before Theorem 13.23, we denote by n a power
of a prime number ¢ different from the characteristic of k, such that k contains a
primitive nth root of unity . The first aim will be to compute (by a method due to
Chevalley) the norm group Nk, Cg for a Kummer extension K /k (in the sense of
Definition 13.14) with Galois group G = (Z/n)". We start by fixing a finite set S of
places of &, containing all the archimedean places (if k£ is a number field), all places
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above ¢, all places ramified in K/ k, and such that [y = I sk* (cf. Proposition 12.25).
We denote by s the cardinality of S.

Proposition 13.20 With the above notation, we have s > r. Furthermore, there
exists a set T of places of k, disjoint from S and of cardinality s — r, such that
K = k(/A), where A is the kernel of the diagonal map

Evs — [ [Kki/K"

veTl
with A = K*' N Ek,S-
(Recall that 7 g is the group of S-ideles and Ey g = k* N I g is the group of S-units).

Proof We start by showing that K = k(J/A) with A=K*"nN Ers.
Proposition 13.15 gives K = k(~/D) with D = K*" N k*. For x € D, the choice of
S yields that k(/x)/ k is unramified for v ¢ S, hence x = u,y” withu, € U, := O}
and y, € k; (Lemmal3.17). Let us set y, =1 for v € S. We obtain an idele
y = (yy) (indeed, x is of valuation zero outside a finite number of places), that
we can write (again, by the choice of S) y = o - z with a € I} s and z € k*. Then
x/7" € Iy s Nk* = E; s hence x/z" € A. Thus D C A - k*, and the reverse inclu-
sion is obvious, hence K = k(«'VZ).

Letusset N = k(y/Exs),then N D K as Ex s D A.As Ey sk™ / k™ = E s/ E} ¢
(observe that k™ N Ey g = E,’{”S, where E,Z”S is the subgroup of nth powers in Ej ).
Proposition 13.15 yields

Gal(N/k) >~ Hom(Ey s/ E} 5, Z/n).

On the other hand Ej g contains the nth roots of unity and hence is an abelian group
isomorphic (by the Dirichlet unit theorem) to Z*~! x ftq, Where g is an integer such
that n divides g. This implies that Ey s/ E} ¢ is a free Z/n-module of rank s, hence
it is also the case for Gal(N/k). As its quotient G = Gal(K /k) is by assumption a
free Z/n-module of rank r, we already obtain that r < s and Gal(N/K) is a free
Z/n-module by Lemma 13.19.

Choose a Z/n-basis oy, ..., 0,—, of Gal(N/K), and call N; the fixed field of o;
fori=1,...,s —r.Then K = ﬂlglgkr N;. By Corollary 13.13, we can find for
each i a prime ideal p; of N;, above a finite place v; of k, such that: the places v; are
pairwise distinct, are not in S, and each p; is inert in the extension N /N; (Recall that
the N/N; are cyclic of order n, with n a power of a prime number £). This means that
the Frobenius associated to p; generates Gal(N /N;), or that there is only one prime
pi = p;Oy of N above N;. We will show that we can take T = {vi, ..., vs—,}.

Let us first show that Gal(N/N;) is the decomposition group D; of v; in N/k.
The place v; is unramified in the extension N/k by Lemma 13.17. In particular, D;
is cyclic, generated by the Frobenius Fiy ;¢ (v;). On the other hand D; D Gal(N/N;)
as every element of Gal(N/k) which induces the identity on N; fixes p;, hence p’.
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As Gal(N/N;) is of order n and D; is cyclic of exponent < n, the only possibility is
D; = Gal(N/N;), as desired.

As Gal(N/K) is the direct product of the Gal(N/N;), we obtain that K /k is the
maximal subextension of N /k in which all the places v; are totally split: indeed, this
property comes down to saying that K is the maximal subextension of N/k such
that all the Fy/(v;) are in Gal(N/K). Let then x € Ej 5. We obtain:

x €A k(Jx) CK &=k, (Jx) =k, Yi=1,....5s —,

which means exactly that A is the kernel of Ex s — [[;Z; &} / k3" O

We are coming to the most difficult result of this paragraph, which includes in
particular the “first inequality” [Cy : Ng/xCk] < [K : k] in the case of a Kummer
extension.

Theorem 13.21 Under the assumptions and notation of Proposition 13.20, we set

(for any non-archimedean place v of k) U, := O}, and
(s, Ty :=[]&k" x[]ki x [] Vv
ves veT vgSUT

Let Ci (S, T) = Ik (S, T) - k*/ k*. Then we have
Nk/kCx D Ci(S,T)

and [Cy : Ci (S, T)] = [K : k]. If furthermore the extension K / k is cyclic, we have
Ci(S,T) = Ng/kCk (and hence [Cy : Nk Ck| = [K : k]).

‘We start with a lemma.
Lemma 13.22 We have I,(S, T) Nk* = E} g -

Proof 1tis straightforward to see that we have the inclusion E}’ ¢ C It(S, T) N k*.
Let conversely y € I;(S, T) Nk*. Let us set M = k(/y). To show that M = k, it
is enough by Corollary 13.9 to see that Cy = Ny Cp. Let us first show that the
diagonal map f : Ex s — [, Uy/ U, is surjective, where U} is the subgroup of
nth powers in U,. Its kernel is A by Proposition 13.20, and we have

n
W/ ) = S s,
#A/E] g

As we have seen in the Proof of Proposition 13.20 (consequence of the Dirichlet unit
theorem), the cardinality of Ej g/ E,’j ¢ is n*. On the other hand, the cardinality of
A/E] ¢ = AK™ [k is that of G = Gal(K/k) by Proposition 13.15, it is thus n".
Finally the cardinality of E; s/A is n°~", and to obtain the surjectivity it is enough to
see that it is also the cardinality of [ [, ., U,/ U, This follows from Proposition 13.18,
since v does not divide £ if v € T and n is a power of £.
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Let now a = (ay) € Ix 5, with image [a] € C; = I sk™/k*. We want to show
that [a] € Ny Cy. By surjectivity of f we find an x € Ej g such that for every
place v in T, we have o, = x - u!} with u,, € U,. Let us set o' = o/x, it is enough
to see that o/ is in Ny Iy, which can be checked component by component by
Lemma 13.3. For v € S, we have y € k" hence M, = k,, which obviously implies
that o, is anorm of the extension M, / k,. Forv € T, italso works because o, = u? is
an nth power. Lastly, for v ¢ S U T, we have that M, / k, is unramified and v, € U,,
which is enough to guarantee that o, is a local norm, by Proposition 8.3. Finally we
have M = k, and therefore y € k™" N It(S, T) C E} g 7, as desired. O

Proof of Theorem 13.21 We use the exact sequence:

1 — I sur NK*/I(S, T) Nk* —> I sur /I (S, T)
—> Ix sur kLS, Tk — 1

and we calculate the cardinalities of various terms. As [ = Iy sur - k¥, the order of
the group on the right is [C : Cr (S, T)]. By Lemma 13.22, the order of the group on
the left is [Ey sur : E ,’j surl = n%~" as we have already seen (as the cardinality of
S UT is2s — r). Lastly, the cardinality of the middle group is that of [ [, [k} : &3],
which is [], s #?/|nl, by Proposition 13.18. But as S contains all the archimedean
places and those dividing ¢, by the product formula we have (recall that n is a power

of £):
L= T] ol =[] nh

vEL2 ves
hence [], s n%/Inl, = n*. We obtain
[Ck:Ci(S, T)]=n" =[K : k].

as desired.

Let us now show that Ci(S, T) C Nk Ck. Let o € I (S, T), it is enough to
check (Lemma 13.3) that each component «, of « is a local norm. For v € §, we
have «a, € k", which is a local norm via local reciprocity isomorphism k7 /N K¥ >~
Gal(K,/ k,) and the fact that Gal(K / k) is of exponent n. Forv € T, wehave K, = k,
since A C k", hence the required condition is automatically satisfied. Lastly, for
ve¢ SUT, a is a unit and K,/ k, is unramified by Lemma 13.17 and hence it still
works (Proposition 8.3).

If now K /k is cyclic, we have r = 1 and the Corollary 13.9 implies

[K : k]l < [Ci: NkjkCx] < [Cr : Ci(S, T)] = [K : k],

which proves the equality Ng,xCx = Cx(S, T). ([l

At last we deduce:
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Theorem 13.23 (The axiom of the global class field theory) Let k be a global field.
Let K be a finite Galois extension of k with cyclic Galois group G. Then H°(G, Cx)
is of cardinality [K : k], and H'(G, Cx) = 0.

We will see later on that the triviality of H'(G, Cx) remains true if G is an
arbitrary finite group. The assertion on H (G, Ck) is also true (in a more precise
form) when G is finite and abelian. This will be a consequence of results that we
will see in the next two chapters. We will deduce that in Theorem 13.21, the equality
Ci(S,T) = Ng/xCk remains true if we only assume that the extension K/k is
abelian.

Proof in the case where the characteristic of k does not divide [K : k] We post-
pone to the last paragraph the case where k is a field of functions of charac-
teristic p > 0 dividing [K : k], which needs to be treated separately. We can do
this using the method of [1], Chap.6, but we thought it would be more insight-
ful to use a geometric approach, based on the results of Sect.12.4. For now, we
assume that k is a number field, or a function field whose characteristic is prime
to [K : k]. As we know that the Herbrand quotient #(G, Ck) is n := [K : k] by
Theorem 13.8, it is enough to see that H~!(G, Cx) (which is also H'(G, Cx) by
Theorem?2.16) is of cardinality 1. We proceed by induction on n. Consider a sub-
extension M /k of K /k of prime degree ¢. If £ < n, the induction assumption and
the restriction-inflation exact sequence imply H'(G, Cx) = 0. Let us then assume
that n = £ is prime. Denote by i, the group of £th roots of unity (in the algebraic
closure of k) and let us set k' = k(ue), K’ = K(ue). Then K'/k’ is a cyclic Kum-
mer extension and Theorem 13.21 implies that the group H %(Gal(K'/ k'), Cg) is
of cardinality [K’ : k'], hence H'(Gal(K'/k’), Cx) = 0 (still by Theorem 13.8). As
[k" : k] < £ — 1, the induction assumption implies also that H L(Gal(k’' /k),Cr) =0
hence H'(Gal(K'/k), Cx') = 0 by the restriction-inflation sequence, and a fortiori
H'(G, Ck) = 0 by the same sequence. O

Corollary 13.24 (Hasse norm principle) Let k be a global field and let K be a finite
cyclic extension of k. Then an element x € k* is a norm of the extension K / k if and
only if its image x, in ki is a norm in K,/ k, for every place v of k.

Note that this result is not true for an arbitrary abelian extension (see for example
Exercise 5 of [9]).

Proof Let G=Gal(K/k). As H- (G, Cx) =0, the exact modified cohomology
sequence yields an injection H 0(G K*y > H 0(G Ix), which allows us to con-
clude using Proposition 13.1, (b). (]

Theorem 13.25 Let K/ k be a finite Galois extension of global fields with group G.
Then H' (G, Cx) = 0.

Proof For G cyclic, the result is part of the class field axiom (Theorem 13.23). On the
other hand, recall that (for any prime number p) the abelianisation of a non-trivial
p-group is a non-trivial p-group. Hence every non-trivial p-group has a quotient
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of order p. We deduce that the theorem is true when G is a p-group by induction
on the cardinality of G, taking a Galois degree p subextension E/k and using the
restriction-inflation exact sequence

0 — HY(Gal(E/k),Cr) — H'(G, Cx) — H'(Gal(K/E), Cg).

Finally, for an arbitrary G, we consider, for every p dividing #G, a p-Sylow G,
of G and its fixed fixed field K. Then, as H (G, Ck) is the direct sum of the
H'(G, Ck){p}, the map

HY(G, Cx) — ]_[Hl(Gal(K/Kp), Ck)
P

obtained via the restrictions is injective by Lemma 3.2, which yields the result by the
case where G is a p-group. (]

Corollary 13.26 Let C =lim  Cx = I/k . Then H'(k,C) = 0.

13.5 Proof of the Class Field Axiom for a Function Field

In this paragraph, we consider a global field k of characteristic p, that we view as the
field of functions £ = x(X) of a smooth projective geometrically integral curve X
over a finite field . We will follow the method of [39] (Part.I, App. A) to prove the
axiom of the global class field theory (Theorem 13.23) in this situation. In a certain
sense, class field theory for a function field is easier than for a number field, once one
knows some geometric results from Sect. 12.4. Indeed, this approach will for example
yield the axiom of class field theory (as well as Theorem 13.25 and Corollary 13.26)
much easier than with the method of Kummer extensions that we have followed in
the last paragraph. Furthermore it has the advantage to work in the case where p
divides the degree of the extension as well. The geometric approach also admits vast
generalisations to higher dimensions whose very complete exposition can be found
in [48].

The notations of this paragraph are analogous to those of Sect. 12.4. For any finite
extension k' C kK of k, set X, = X X, k' and denote by x'(X) = k(X) ®, k' the
field of functions of the curve X,,. Thus «/(X) is a finite extension of the global
field k. Let Izx) be the inductive limit over these « of the idele groups I, (x). We
have a natural inclusion i of K(X)* in Iz(x).

Proposition 13.27 The map H?(k, R(X)*) — H?(k, Izx)) induced by i is injec-
tive.

Proof A closed point w of X, defines a discrete valuation val,, on the completion
k' (X)y, hence by definition of /,/(x) an induced map
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@ valw . IH’(X) —> @ 7 w= DlVXh/

wEX(Vl,) (‘1,)
K/ K

weX

We thus have, by definition of the map Div (cf. Sect. 12.4), a commutative diagram:

K (X)) —— Lo

o ]

Divy X,y —— DivX,.

By passing to the limit on the «’, we obtain a commutative diagram:

E(X)* #} IE(X)
Divl l
Divy X — DivX.
Proposition12.31 and Corollary 12.34 tell us that the maps H 2(k, R(X)*) —
H?(k, Divg X) and H?(k, Divg X) — H?*(x, DivX) induced by this diagram are

injective. The result follows. U

Let us fix a separable closure k of k = k(X) containing x and consider a finite
Galois extension k' C k of k. Let ’ be the algebraic closure of « in k. Denote by
I» the group of ideles of the global field &', and similarly by I, (x) that of x'(X). We
have a commutative diagram:

K'——— I

|

K(X)* —— Lox)
hence, by passing to the limit over the £, we obtain the commutative diagram:

[,

]

R(X)* — L)

Here I := I is the idele group of k as defined in Sect. 13.1. We also have the idele
class group C = I/k" of k.
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Theorem 13.28 The group Brk is isomorphic to H?(k, "(X)*). The map Brk =
H?*(k, %*) — H%(k, I;) induced by the diagram (13.2) is injective.

Proof Consider the algebraic extensions (of infinite degree) of the field k = k(X) C
7(X) C k. The Galois group of ®(X)/k(X) identifies with I', = Gal(%/k). As
H' R(X),k)=0 by Hilbert 90, we have by Corollary 1.45 (in its profinite ver-
sion) an exact sequence

0 — H*(k, R(X)") _nf H2(k, k') = Brk — H*(®(X), k") = Br(&(X)).

But the field K(X) is C; by Tsen theorem (Example 6.20, b), hence has a trivial
Brauer group (Theorem 6.22), which yields an isomorphism

H?(k, (X)) ~ Brk.

The first statement follows.
Let us now show that the map

Inf : H*(k, Iyx)) —> H*(k, I)

deduced from the diagram (13.2) is injective. Let X’ C k be a finite Galois exten-
sion of k and ' be the algebraic closure of x in k’. It is enough to show that
Inf : H*(Gal(x/(X)/k), Ly(x)) — H?*(Gal(k'/k), I;) is injective (we then pass to
the limit on k). Let us set K = «/(X). We apply Proposition 13.1(b) to finite exten-
sions of the global fields K/ k and k’/ k, which reduces to showing that if v is a place
of k then the map

Inf : H*(Gal(K,/k,), K}) — H*(Gal(k,/k,), k.

is injective. This is the case by Hilbert 90 and Corollary 1.45.
We deduce from diagram (13.2) a commutative diagram:

Brk —— H(k, I)

Inf T Inf T

H*(k, R(X)*) —— H*(k, Lxx))-

We have seen that the vertical left hand side map is an isomorphism and the vertical
right hand side map is injective. Proposition 13.27 implies that the horizontal bottom
map is also injective. The result follows. (]

Corollary 13.29 (Class field axiom) We have H' (k, C) = 0. If K is a finite Galois
extension of k with Galois group G, then denoting by Ck the idéle class group of
K, we have H'(G, Cg) = 0. If furthermore G is cyclic, the group ﬁO(G, Ck)isof
cardinality [K : k].
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Proof The long cohomology exact sequence associated to
0—k —1—C—0

and Theorem 13.28 along with the fact that H'(k, I) = 0 (Corollary 13.7) yield the
equality H'!(k, C) = 0. The restriction-inflation exact sequence then implies (using
Proposition 13.4) that H'(G, Cx) = 0, and we then conclude that for G cyclic, the
cardinality of ﬁO(G, Ck) is [K : k] by Theorem 13.8. ([l

Note that we have proved the triviality of H L(k, C) and that of H'(G, Cx) directly
without having to deal with the case the case where G is cyclic like we did in the
case of a number field.

Remark 13.30 The exact sequence (12.3) shows that Brk is isomorphic to
H?(x, Divg X) since we just saw that it is isomorphic to H?(x, ®(X)*), while the
groups Br x and H(k, &*) are trivial since cd(x) < 1. As H' (k, Pic X) = 0 (Corol-
lary 12.34) and scd(x) < 2, the exact sequence (12.4) then yields the exact sequence

0 — Brk — H?(k,DivX) — H?*(k, Pic X) —> 0.

By Shapiro’s lemma, we have

H*(k, DivX) ~ @ H*(5(v), 2) ~ ) H'(5(v). Q/Z),

veX® veX®

and this last group is also isomorphic to €@, ya Brk, by Theorem8.9. On the
other hand we have H'(x, Pic’ X) = 0 for i > 2 since as Pic’ X is divisible, we
have for any #n > 0 a surjection from H' (k, (Pic® X)[n]) onto H' (x, Pic’ X)[n]. But
H(k, (Pic’ X)[n]) = 0 as cd(x) < 1. Using the exact sequence (12.5), we deduce
that H?(, Pic X) ~ H?*(k, Z) ~ Q/Z. Finally, we obtain an exact sequence

0 —> Brk —> @Brkv—>Q/Z—>0,

veX®

which is the Brauer—Hasse—Noether sequence that we will encounter a bit later (The-
orem 14.11). Here again, we see that this result can be obtained directly in the case
of a function field.

Nevertheless, the identification of the maps obtained by this method with those
of Theorem 14.11 is not completely obvious.
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13.6 Exercises

Exercise 13.1 Let K be a local field. Let n be an integer prime to the characteristic
of K, and such that K contains the nth roots of unity. We set L = K (~/K*). Show
that L is a finite abelian extension of K and that the group of norms Ny x L* is
exactly K*".

Exercise 13.2 Let k be a global field. Let K be a finite Galois extension of k. Show
that we have an injection

Br(K/k) — @ Br(K,/ky).

vEQk

Exercise 13.3 Let k be a global field. Let K be a finite non-trivial Galois extension
of k (not necessarily abelian). Show that there are infinitely many places v of k such
that the extension K /k is not totally split at v. Using Exercise 12.2, show that this
result (that will be refined in Exercise 18.7) still holds true for K/k which is not
Galois.

Exercise 13.4 Let k be a global field. Let F be a finite non-trivial Galois extension
of k with group G. For any place v of k, we denote by F, the completion of F at a
place above v. Show that we have an exact sequence

K*/NepF* — @Dk /Nrji, Fi — H°(G. Cp).

‘UE.Qk

Using Exercise 13.3, show that in this exact sequence, the middle term is infinite (for
the sequel, see Exercise 15.1).



Chapter 14 )
Reciprocity Law and the s
Brauer-Hasse-Noether Theorem

In this chapter, we compute the Brauer group of a global field, using a method
which is quite similar to the local case, except that the role played by the unramified
extensions will be played by cyclic extensions of a special type, called cyclotomic
(i.e., generated by the roots of unity). A very important step will be to prove the
global reciprocity law associated to the norm residue symbol (a very special case
of which is the classical quadratic reciprocity law). To do this, we will use local
calculations coming from the Lubin—Tate construction for Q,,.

In this chapter, we denote by k a global field, by I; the idele group of k, and by
Cr = I/ k* its idele class group. We will also use the groups

I=1I:=lim Iy and C=Cyp:=lim Cx =1/k",

the limit taken over all the finite Galois extensions K of k. We denote by £2; (resp. £2¢,
£2R) the set of places (resp. of finite places, of real places) of k.

14.1 Existence of a Neutralising Cyclic Extension

In this paragraph, we show that for any element « of the Brauer group Brk of a
global field, there exists a finite cyclic extension K/k of k such that the restriction
of a to Br K is zero.

Proposition 14.1 Let p be a prime number. Let L/ k be an infinite Galois extension
of k. If p = 2 and k is a number field, assume that L is totally imaginary (i.e., does
not have any real embeddings). We make the assumption that for every finite place v
of k, the extension L,/ k, is of degree divisible by p™ (as defined in Definition 4.5).
Then we have
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H*(L,D{p} =0, H*Gal(L/k), IL){p} = H*(k, D{p}.

where I;, = 199%/L) s the inductive limit of the Iy for the finite Galois subextensions
K/k of L/k.

Recall that L, is the field Lk,, which is also the union of the K, for K finite
extension of k contained in L (with the conventions recalled at the beginning of the
Sect. 13.1).

Proof As H' (K, I) = 0 (Corollary 13.2) for any finite extension K of k contained
in L, we have H'(L, I) = 0 by passing to the limit (Proposition4.18). We thus have
a restriction—inflation exact sequence

0 — H*(Gal(L/k), 1) — H?*(k,I) — H*(L, )

which reduces us to show that H?(L, I){p} = 0. Corollary 13.7 implies (again by
passing to the limit)

H(L, D{p} = @ H*(L,, L,){p}.

VES2

Suppose first that v is a finite place of k. Then the assumption that p*>° divides the
degree of L, over k, gives H*(L,, Zj){p} = (BrL,){p} = 0by Theorem8.11, (a).
If v is an archimedean place, we again have H 2(Ly, Z:){ p} = 0O:itis straightforward
if p # 2, and follows from the assumption for p = 2. O

Let k(1) be the extension of k obtained by adjoining all the roots of unity to k. If k
is the field of functions of a curve over F,, with F, algebraically closed in k (recall
that we can always reduce to this situation, by replacing F, by its algebraic closure
in k), the field k(x) is simply obtained by taking the field of functions Fq ) = kF
We then set k = k(u), and observe that Gal(k / k) is isomorphic to Z. In the case of
a number field, denote by (for any p prime) k(jip~) the field obtained by adjoining
to k all roots of unity of order a power of p. The group G, := Gal(k(up~)/k) is an
open subgroup of Gal(Q(up~)/Q) = Z7, hence I', := G, /(G )iors is isomorphic
(by Theorem 7.18) to the additive group Z,. Let ;( p) be the subfield of k(1 ,~) fixed
by (G, )ors- It is an extension of k with Galois group isomorphic to Z,,.

Definition 14.2 We call k( p) the Z,-cyclotomic extension of k. The comp051te k of
all extensions k( p) for p prime is called the Z- cyclotomic extension' of k.

We thus have Gal(k /k) ~ Z, which implies that each finite extension K of k
contained in k is cyclic (as finite quotients of Z are cyclic). In the case of a number
field, all archimedean places of & are totally split in k, since Z is torsion-free.

We also have:

I Thanks to JoéRiou for pointing out a lack of precision in the initial definition and in the first version
of Lemma 14.3.
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Lemma 14.3 Let v be a finite place of k. Then the decomposition group D, :=
G, (k/k) is isomorphic to Z.

Proof The group D, is a closed subgroup of Z. As every abelian profinite group is
the direct product of its pro-p-Sylow (cf. Proposition4.10, d), we obtain that D, is
isomorphic to a group of the form ]_[ »» where H), is a closed subgroup of Z, and
the product is taken over all the primes p It is then enough to show that each H,

is isomorphic to Z,, or that each H), is nonzero. But, by construction of k( p), there
exists a finite extension of k( p) (and hence also a finite extension L(p) of k) which
contains all the roots of unity of order a power of p. If one of the H,, were zero,
a completion of L(p) at a place above v would be a finite extension of ky (as E/ k
would be totally split at v), and hence a finite extension of Q, (where £ is the prime
number that divides v) would contain all the roots of unity of order a power of p,
which is impossible (e.g. by Theorem 7.18). (]

Proposition 14.4 The group H?(k, 1) is the union of the H*(Gal(K / k), Ix) where
K C k ranges through the finite cyclic extensions of k. We can furthermore restrict
to subextensions K of k if k has no real places (resp. of k1, where ky is any quadratic
totally imaginary extension of k, if k has at least one real place).

In particular, taking k| = k(+/—=1), we see that we can always choose for K a
cyclic cyclotomic extension (i.e., generated by the roots of unity) of k. The case
of a function field over F, is in a certain way more pleasant, since K can then be
chosen (like in the local case) everywhere unramified, which simplifies for example
the proof of the reciprocity law (Theorem 14.9).

Proof Let K be a finite Galois extension of k with group G. As H'(K, 1) =0
(Corollary 13.2), we have an exact sequence

0— H*(G,Ix) —> H*(k,I) > H*(K, ),

which allows us to identify H>(G, Ix) with the subgroup of H?(k, I) consisting of
elements whose restriction to H2(K, I)is zero.Letx € H?(k, I). By Corollary 13.7,
we can decompose x as x = x, + xy with

Xa € ®UEQR H2(kv’ E:) and Xf € @UGQf Hz(kv» %i)

Proposition 14.1 (or rather its proof) along with the last lemma implies that the
restriction of x ¢ to H? (k I) is zero. Hence we obtain a finite extension K C % such
that the restriction of x; to H 2(K, 1) is zero. This finishes the proof in the case
where k has no real places since the extension K /k is then automatically cyclic.

In the case where & is a number field with at least one real place and k; is a totally
imaginary quadratic extension of k, denote by K the cyclic extension of degree
2[K : k] of k contained in k. In particular K is a quadratic extension of K, and
it is disjoint from k; over k (as it is totally split at real places of k while k; has
no real places). We thus have K; = K(y/a) and k| = k(\/l_)) with a, b in K. We
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also have Gal(K/k) =~ Z/2n (where n := [K : k]) and Gal(k; K/ k) is isomorphic
to Z/2n x Z,/2. If we set L = K (v/ab), the extension L of k is cyclic: indeed, its
Galois group is isomorphic to the quotient of Z/2n x Z/2 by the subgroup of order
2 generated by (n, 1). The number field L is totally imaginary because for any real
place v of K, we have a, > 0 and b, < 0 since K is totally split at real places
of k and k is totally imaginary. This implies that the restriction of x to H>(L, I) is
Zero. O

We deduce the first step in the computation of Br k:

Proposition 14.5 The Brauer group Br k is the union of the Br (K / k) for finite cyclic
extensions K / k (we can even restrict ourselves to K as in Proposition 14.4).

Proof Let K be a finite Galois extension of k with group G. As the groups H (K, C),
H'(k, C), H'(G, Ck) are zero and so are H'(K, k*) and H'(K, I), we have a
commutative diagram with exact rows and columns:

0 Br K H*(K,I)
1 T
0 Brk H?>(k, I)

T T
0— H*(G, K*) — H*(G, Iy)

T T
0 0

We conclude with Proposition 14.4. O

14.2 The Global Invariant and the Norm Residue Symbol

In this section, we will construct analogues of the local invariant and of the local
reciprocity map in the global case.

Definition 14.6 Let K /k be a finite Galois extension with group G. For any place
v of k, we denote by G, = Gal(K,/k,) the decomposition subgroup associated to
v. We define

il’lVK/k : HZ(G, IK) —

T Z/)Z C Q/Z

by the formula:
invi/k(c) = Y invi, i, (),

vES2)

where ¢, is the component at v of ¢ € H?(G, Ix) = @ue.@k H?(G,, K.

Here invg, /¢, is the local invariant induced by inv, : Brk, — Q/Z (for a real
v it is simply the isomorphism between Br R and Z/2, and for a complex v it is



14.2 The Global Invariant and the Norm Residue Symbol 201

the zero map). On the other hand for any place v of k, we have the reciprocity map
(., Ky/ky) 1k — G;jb and its composite (still denoted by(., K,/ k,)) with the natural
map G — G® (if v is archimedean we take for (-, K, /k,) the map induced by the
surjective homomorphism from /k;kz to G™). We then define the norm residue
symbol associated to the extension K /k by

LCK/K) L= G® (o, K/k) = [] (aw, Ku/ky). (14.1)

I)G.Qk

The product is well defined since if v is unramified in K /k and o, € U, = O}, then
(o, Ky/ky) = 1 (indeed, all the elements of U, are norms of K,/k, by Proposi-
tion 8.3).

Proposition 9.3 easily implies the following:

Proposition 14.7 Let K / k be a finite Galois extension with group G. Then for any
x € H'(G, Q/Z) and for any o € Iy, we have

x((a, K/k)) = invg i (a U x),

where, for the purposes of taking the cup-product, o is seen as an element of
HO(G, Ix) and x as an element of H*(G, Z).

We deduce that if M is a finite Galois extension (that we can assume to be abelian)
of k containing K, there is a compatibility between (., K /k) and (., M/ k) analogous
to that of the local case (Corollary 9.4).

The properties of the local invariant (Theorem 8.9) also imply:

Proposition 14.8 Ler L be a finite Galois extension of k. Let K be a subextension.
Then we have the commutative diagrams:

5 inVL/[(
H*Gal(L/K), 1) —— iz Z/Z

Resw\ T[K 1 k]
invy

V/k

H*(Gal(L/k), I1) ——— == [L nZ/Z
and
invL/K
H*(Gal(L/K), I;) —— —— K] I(] 7/
Coresl lj
iIlVL/k
H*(Gal(L/k), 1) —— 75 Z/Z
where the map
j: 7)1 — YAY/

[L:K] [L: k]
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is the inclusion. If furthermore K [k is Galois, then invy . extends invg x via the
inclusion H*(Gal(K / k), Ix) — H*(Gal(L/k), Ip).

We also have, by passing to the limit over the finite Galois extensions K of k, a
map
inv: H*(k,I) - Q/Z.

An essential property for all this theory is the following theorem:

Theorem 14.9 (global reciprocity law) Let K be a finite extension of k with abelian
Galois group G. Then:

(a) the map invg,y : H*(G, Ix) — Q/Z is zero on the image of H%*(G, K*) in
H*(G, Iy).
(b) Let a be a principal idéle. Then we have: (a, K /k) = 1.

Proof Note first that (a) implies (b) by Proposition 14.7 and the fact that an element
of the abelian group G is trivial if and only if its image by every character of G
is trivial. To prove (a), it is enough to show that the map inv : H*>(k, I) — Q/Z is
trivial on the image of Brk = H?(k, k*) (by the last assertion of Proposition 14.8).

Let o € Br k. By Proposition 14.5, in the case of a function field, we can assume
that o € Br(K/k) with K = k((,), where n is prime to the characteristic of k. In
the case of a number field, we first reduce ourselves to k = Q by observing that if
o € Br(L/k) with L finite and Galois over k, then inv(c) = inv ,q(Cores «), where
Cores is the corestriction from Brk to Br Q (this follows from Proposition 14.8).
Proposition 14.5 allows to further assume that o € Br(K/Q), where K is a cyclic
subextension of Q((,)/Q for a certain n.

Let then G = Gal(K /k) and let y be a generator of the group H'(G, Q/Z). The
cup-product with ,, € H?(G, Z) is an isomorphism from ﬁO(G, K*)to H*(G, K*)
(Remark 2.29). Thus we can write every element of H>(G, K*) in the form a U Oy
with a € k*. By Proposition 14.7, we are reduced to prove the assertion (b) of the
theorem in two special cases:

(i) k function field over F, and K = k((,) with n prime to the characteristic of k;

(i) k = Q and K = k((), where ( is a root of unity (recall that if E is a subex-
tension of k((), then (a, E/ k) is the image of (a, k(()/k) in the quotient Gal(E / k)
of Gal(k(()/k)).

The case (i) is easier: indeed, for any place v of k, the extension K,/ k, is unram-
ified and Lemma 9.8(a) applies. We obtain that (a, K,/k,) is F(v)"®, where F (v)
is the Frobenius at v (which acts on (,, by raising to the power n(v), where n(v) is
the cardinality of the residue field at v). We thus have

(a, Kv/ku) . Cn — C,;l(v)"(“)

hence

[Tcg, neore
(Cl,K/k)-Cn: n o :Cn
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by the product formula since n(v)"® = |a|; !, which concludes the proof in this
case.

In the case (ii), we will use explicit local computations coming from the Lubin—
Tate theory. Let 0, : Q), — Gal(K,/Q,) be the local reciprocity map defined for p
prime or p = oo (with the convention that Q,, = R). We already have that

Ooo(x) - ¢ = W,

where £(x) is the sign of x. For p prime, let x = p™u with u € Z}, and m € Z.
Corollary 11.24 implies:

m

0,x)-¢=¢", YCeU,
0,(x)-C=C"", V(€ Ups,
where U I’, (resp. U~) is the set of roots of unity of order prime to p (resp. of order
a power of p). To prove the formula ]_[p 0,(a) = 1(a € Q%) in the group Gal(K / k)
(where the product corresponds to the composition of automorphisms), it is enough
to deal with the case a = —1 and the case a = g with ¢ prime, and look at the action

of ]—[p 0,(a) =1 on a root of unity ( € Ug~ with £ prime. This follows from the
formulas (for p prime or p = o0):

Os(—D) - ¢ =" O(=D-C=C" 0,(-1)-C=( Vp #L, .
For g # ¢:
0,(q) C=C Vp#£Lg; 0u(q)-C=CT"5 0,(q)-C =

and lastly:

Corollary 14.10 Let K be a finite cyclic extension of k with group G. Then we have
the exact sequence

inv 1
0 — H(G,K*) — HG, Iy) —25 T

Z/Z — 0. (14.2)

Proof Let us first show the surjectivity of invg ; in the case where [K : k] = p”
with p prime. By Corollary 13.13, there exists a finite place v of k which is inert in
K. As we then have [K, : k,] = [K : k], the fact that the local invariant invg, /¢, is

an isomorphism from H?(G,, K) onto ﬁ Z,/Z implies that invg  is surjective

onto [Kl—k] Z/Z. We deduce immediately the same surjectivity for any cyclic G by

Proposition 14.8.
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Now, the equalities H'(G, Cx) =0 and H3(G, K*) = H'(G, K*) = 0 (recall
that G is cyclic) yield the exact sequence

0 — H*(G,K*) - H*(G, Ix) - H*(G,Cg) — 0.

Thus the cokernel of the map H2(G, K*) — H?(G, Ix) has the same cardinality
as HZ(G, Cg) = ﬁO(G, Ck), which is [K : k] by the class field axiom. On the
other hand, Theorem 14.9 implies that the sequence (14.2) is a complex and we have
furthermore seen that its last arrow is surjective. We finally deduce that this sequence
is exact. ]

We deduce the main theorem of this chapter:

Theorem 14.11 (Brauer—Hasse—Noether) Let k be a global field. Then we have the

exact sequence

0 — Brk — @Brkv—nlv—k»Q/Z—)Q

UEQk

where the map invy, is defined as the sum of local invariants inv,, : Brk, — Q/Z.

Proof We take the limit over the cyclic extensions K of k in Corollary 14.10. Propo-
sitions 14.4 and 14.5 tell us that we obtain an exact sequence

0— Brk — H*(k, 1) - Q/Z — 0.

The map H*(k, I) — Q/Z is obtained by identifying H*(k, I) with @, Brk,
(cf. Proposition 13.1), and then taking the sum of local invariants (by Definition 14.6,
which constructs invg,; when K is a finite Galois extension of k). The result fol-
lows. O

Remark 14.12 Letn > 0. If k£ contains a primitive nth root of unity, then fora, b €
k*, the sum (over all the places v of k) of the local symbols (cf. Definition9.10)
(a,b), € Brk, — Q/Z is zero.

Let us take n =2 and k = Q. If p and ¢ are two distinct odd primes, we can
compute local Hilbert symbols (p, q), for any place v of Q by the formulas of the
Example9.11. For any odd integer x, let (x) be the class of (x — 1)/2 modulo 2. We
obtain, using multiplicative notation (i.e., considering local Hilbert symbols (p, q),
as taking values in {£1}):

(P02 = OO =1 gy = () P =(7):

and (p, q); = 1 for primes numbers ¢ ¢ {p, gq}. The global reciprocity law then
yields the classical quadratic reciprocity law:

(B) = (2) (= 1)EP@) = (1) (= 1)(PD@-D/4,
q P P



14.2 The Global Invariant and the Norm Residue Symbol 205

Remark 14.13 There exists a geometric interpretation of the Brauer group of a field
k: it classifies the Severi—Brauer varieties, that is, algebraic k-varieties that become
isomorphic to the projective space over the separable closure k. In particular, over a
field of characteristic different from 2, the Hilbert symbol (a, b) corresponds to the
projective conic with equation x> — ay* — bz*> = 0. Saying that this Hilbert symbol
is trivial is equivalent to saying that the conic has a k-point (or that it is isomorphic
over k to the projective line).

When £ is a number field, the injectivity of the map Brk — &, o, Brk, from
Brauer—Hasse—Noether theorem means that a projective conic which has a k,-point
for every place v has in fact a k-point. This result (originally due to Legendre) extends
to a projective quadric of arbitrary dimension: it’s the Hasse—Minkowski theorem,
whose complete proof over Q can be found in [46], Chap. IV.

Corollary 14.14 Let p be a prime number. Let L be an algebraic separable field
extension of k,, assumed totally imaginary if k is a number field and p = 2. Assume
that p™ divides [L, : k,] for every finite place v of k. Then cd,(L) < 1.

Recall that L, := Lk,. Of course, this corollary does not apply to finite extensions
of k.

Proof Ttisenough to check that (Br L"){ p} = 0 for any separable algebraic extension
L' of L by Theorem6.17. As L’ satisfies the same assumptions as L, we are reduced
to proving that (Br L){p} = 0. But Br L injects into the direct sum (for v a place
of k) of the Br L, (pass to the limit in Brauer—Hasse—Noether theorem). We conclude
using Theorem 8.11. O

14.3 Exercises

Exercise 14.1 Let k be a number field. Let p be a prime number. Assume that p # 2
or that k is totally imaginary. Show that the cohomological dimension cd, (k) is 2
(use Corollary 14.14 for a well chosen extension of k). State and prove an analogue
for global fields of positive characteristic.

Exercise 14.2 Let k be a global field. Let S be a set of places of k. Give a necessary
and sufficient condition on S for the diagonal map

Brk — @Brku

vesS

to be surjective. Same question replacing “surjective” by “injective”.



Chapter 15 ®)
The Abelianised Absolute Galois Group e i
of a Global Field

We keep the notations of the previous chapter. In particular k is a global field whose
idele group is denoted by I; and idele class group is denoted by Cy. We denote
by G, = Gal(k/k) the absolute Galois group of k. We also denote by I = I the
inductive limit of the Ix for K finite Galois extensions of k, and C = 1 /Z* that of
the CK.

15.1 Reciprocity Map and the Idele Class Group

In the last chapter we have defined a map inv; : H?(k, I) — Q/Z by passing to the
limit over the maps invg  : H?*(Gal(K / k), Ix) — Q/Z. We would like to deduce
from it analogous maps on H2(k, C). One difficulty is that in general the group
HZ(Gal(K/k), Ix) does not surject onto HZ(GaI(K/k), Ck), but we will see that
this problem disappears when we pass to the limit.

Lemma 15.1 Ler K be a finite Galois extension of k with group G. Then the cardi-
nality of H*(G, Cx) divides [K : k].

Proof This is very analogous to the corresponding local statement (Lemma 8.7). The
case of a cyclic extension is part of the class field axiom (Theorem 13.23). We prove
the statement in the case where G is a p-group by induction on [K : k], using the
exact sequence (which is valid by Corollary 1.45, because H 1(Gal(K /E),Cg) =0
for any Galois subextension E of k):

0 — H*(Gal(E/k), Cz) — H*(G,Cx) — H*(Gal(K/E), Cg).

The general case is dealt with by considering (for p dividing #G) a p-Sylow G|, =
Gal(K /K ) of G and using the injectivity of the restriction map

H*(G, Cg) — EB H*(Gal(K /K ), Ck).
P O
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Let now k be the Z- -cyclotomic extension of k (Definition 14.2). Let us set G =
Gal(k/k) AsscdZ =2 (Example5.12), we have H3(G k*) = 0, hence we have an
exact sequence

0 — H*(G,k*) — H*(G, It) — H*(G, Cp) —> 0.

But on the other hand by passing to the limit in the Corollary 14.10, we also have an
exact sequence

0 — H*(G,k*) — H*(G, ) — Q/Z —> 0,

where the last map is induced by invg. Recall that if K C k is a finite extension
of k, the map HZ(Gal(K/k), Ckx) — H?*(k, C) is injective by Corollary 1.45 as
H'(K, C) = 0. We obtain an isomorphism

invg,, : HA(G, Cy) ~ Q/Z.
The next proposition is a global analogue of the local Theorem 8.6.

Proposition 15.2 The sequence
0 — Brk — H*(k,I) — H*(k,C) — 0

is exact.

Proof Let K be a finite Galois extension of k of degree n, with Galois group
G = Gal(K/k). Let K be the Z—cyclotomic extension of K. Let k, be the unique
subextension of k of degree n over k. We will prove exactly as in Lemma 8.8 that
the subgroups H(G, Cx) and H*(Gal(k,/ k), Cy,) of H(k, C) coincide. The class
field axiom implies that the cardinality of H?(Gal(k,/k), C ,) (which is also this of
H O(Gal(kn / k), Cx,) ask,/k is cyclic) is n, and Lemma 15.1 then says that the cardi-
nality of H2(G, Cg) divides n = #H?(Gal(k,/ k), C,). We observe that H? (G (609)
is asubgroup of HZ(GaI(K/k) C) by Theorem 13.25 and Corollary 1.45. Similarly,
we have inclusions

H*(Gal(k,/k), Cy,) —> H*(G, Cp) —> H*(k, C).

Using Proposition 14.8, we obtain a commutative diagram whose first line is exact:
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0— 3 HXG, Cx) — H (k, C) — R, g2k C)

| |

H2(Gal(k, / k), Cr.) —— H2(G, Cp) X H2(Gal(R /K, C)

invg, kl Jinv R/K

QzZ — " ,Q/z.

As H*(Gal(k,/k), Cy,) is of cardinality n and inv g sk 1s an isomorphism, the second
row of the diagram is a complex. We deduce that H?(Gal(k,/k), Cy,) is included
in H>(G, Ck) and as we already know that the cardinality of H?(G, Cx) divides
that of H*(Gal(k,/k), Cy,), we finally obtain H*(G, Cx) = H*(Gal(k,/k), Cy,),
as desired.

This implies that H 2(k, C) is the union of the H*(Gal(k, / k), C,) and, in partic-
ular, the union of the H?(Gal(K /k), Cg) for K a cyclic extension of k. Besides, we
have an analogous statement for K* and /¢ (Propositions 14.4 and 14.5). We obtain
the desired result by taking the limit of the exact sequence

0 — Br(K/k) — H*(G, Ix) — H*(G,Cg) — 0

which is valid for any cyclic extension K of k. (]

Corollary 15.3 The map inv : H*(k, I) — Q/Z induces an isomorphism invy :
H?(k, C) - Q/Z.

Proof This follows immediately from Brauer—Hasse—Noether theorem, combined
with the last proposition. (]

Let now K/k be a finite Galois extension with group G. As the restriction
H?(k,C) — H?*(K, C) corresponds to multiplication by [K : k] in Q/Z by Propo-
sition 14.8, we obtain an isomorphism

invg /1 HX(G, Cx) —

& Z/Z.

As in the local case, we call the fundamental class of H 2(G, Ck) the element which
issentto 1/[K : k] by invg /.

The above properties along with the fact that H'(G, Cx) = 0, will in Chap. 16
imply that the isomorphisms invg : H>(Gg, C) — Q/Z form a class formation on
the Gx-module C. The next theorem is by the way a special case of a general result
on class formation (Proposition 16.6) and it is analogous to the one we saw in the
local case (Theorem9.2).

Theorem 15.4 Let K be a finite Galois extension of k with group G. The cup-
product with the fundamental class ug, of H 2(G, Cx) induces an isomorphism
G™ — Cy/Ng1Ck. The reciprocal isomorphism



210 15 The Abelianised Absolute Galois Group of a Global Field
wik = (., K/k) : Co/NgjCx — G™

is obtained by passing to the quotient from the norm residue symbol (., K /k) : I, —
G™. We call it the reciprocity isomorphism.

Proof The fact that the cup-product wit ug,; induces an isomorphism between
G* ~ H (G, Z) and Cy/Nk /i Ck =~ ﬁO(G, Ck) is an immediate consequence of
the Tate—Nakayama theorem (Theorem 3.14). The second assertion follows from the
definition of the local reciprocity maps and that of the norm residue symbol given
by the formula (14.1). (]

Remark 15.5 Let K be a finite abelian extension of k. Let S be a finite set of places
of k, containing the archimedean places and the ramified places in the extension K / k.
Let Z; be the group of fractional ideals of Oy and Z;} the subgroup of Z; generated by
the prime ideals of O which are not in S. In the traditional formulation of the class
field theory in terms of ideals (cf. for example [26], Sect. IV.8 of [40], or Sect.B.5
of the Appendix B of this book), the Artin map is defined by

Vit Ly —> Gal(K/k), [l 1 ol
i=1 i=1

where for each prime ideal ; notin S, we denote by o, € Gal(K/k) the Frobenius
at g; (which is well defined as the extension K /k is abelian and unramified at ;).
The disadvantage of this definition is that it does not extend to the whole of 7,
and therefore one has to work hard to show that 1k is surjective (this can be
deduced easily from the analytic statement of the Appendix B, Proposition B.20)
and determine its kernel (which is more difficult). This is one of the reasons why
the cohomological definition of Theorem 15.4 and the idelic approach (rather than
in terms of ideals) is more convenient. Note that by formula (14.1) and Lemma 9.8,
(a), the map g/ allows to recover the reciprocity map w x on the ideles whose
component at each place of S is 1, by sending such an idele (x,) to [], ¢s pYaln) ¢
Z7, where val(x,) designates the valuation of x, € k¥ at the place v (this place
corresponds to a prime ideal of O not in S).

The compatibility of the norm residue symbols (which follows from Proposi-
tion 14.7) allows, by passing to the limit to define a reciprocity homomorphism

recy =rec : Cp —> Gib

which is continuous. Its image is dense and its kernel () Ng /kCk (the intersection
taken over all the finite Galois extensions or all finite abelian extensions; we will
see in Lemma 15.8(c) that this is also the intersection of the Ng,xCg over finite
separable extensions K) is the universal norm group. Theorem 15.4 immediately
implies:

Cogpllary 15.6 For any finite abelian extension of k with group G, the cardinality
of H(G, Cg) is [K : k].
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Thus the statement of the axiom of global class field theory generalises to each
abelian extension (not necessarily cyclic). We also deduce Lemma 15.7, which will
be useful in the next paragraph.

Lemma 15.7 With the assumptions and notation of Theorem 13.21, the equality
Ci(S,T) = Nk, Ck

is valid without the assumption that K / k is cyclic.

Indeed, the theorem says that [Cy: Ci(S,T)]=[K : k] and Ci(S,T) C
Nk xCk, but we know that [Cy : Ng/xCg] = [K : k] as soon as K is a finite abelian
extension of k.

15.2 The Global Existence Theorem

The aim of this paragraph is to state the global version of the local Theorem 11.20,
and to prove it in the case of a number field (in the case of characteristic p > 0, we
will see that there is a difficulty related to subgroups of Cy, of index divisible by p).
If k is a global field, we define a group of norms (or norm group) in Cy as a subgroup
of Cy of the form Nk, Ck, where K is a finite abelian extension of k. We start with
a lemma which collects the results analogous to the local case. These results will be
extended later to class formations (Propositions 16.31 and 16.29).

Lemma 15.8 (a) Each subgroup of Cy containing a norm group is a norm group.

(b) The intersection of two norm groups is a norm group.

(c¢) If K is a finite separable extension of k (not necessarily Galois), then Nk ;xCg
is a norm group.

Proof (a) The argument is exactly the same as in the local case (Lemma9.9, a).
(b) (cf. also Exercise 11.1 for the local case). If K and L are two finite abelian
extensions of k and E = K L is the composite field, then we have by transitivity
of the norms:
Ni/kxCxk " NpjkCr O NgjiCeg,

which allows to conclude using (a). The above inclusion is in fact an equality:
indeed, the two members correspond to the kernel of the reciprocity map wg,x
by compatibility of the reciprocity maps (which comes from Proposition 14.7)
and the triviality of the kernel of Gal(E/k) — Gal(K/k) x Gal(L/k).

(c) Once we know Theorem 15.4, the argument is identical to the one in the local
case, which is given in Proposition9.7, (a) and (b). ([l

Recall also that we denote by Cp = I/k* the kernel of the homomorphism
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[-]:Cx —> Rj_a () —> 1_[ [y ly-
ver

It is a compact subgroup of Cy (Theorem 12.21).

Theorem 15.9 (global existence theorem) Let k be a global field. Then the open
subgroups of finite index of Cy are exactly the norm subgroups, i.e., subgroups of the
Jorm N, Ck, where K is a finite abelian extension of k. Furthermore, every norm
subgroup N is associated to a unique finite abelian extension K C k of k, that we
call the class field of N.

Proof Let K be a finite abelian extension of k. Then Nk Ck is of finite index in
Ci by Theorem 15.4. Let us show that N ;Ck is a closed subgroup of Ci. The map
Nk is continuous on Cg, which means that the image of the compact subgroup C%
is compact. Besides, if k is a number field, the topological group Cy is isomorphic
to C,? x R : more precisely we obtain a subgroup I" of representatives of Cy/ C,?
isomorphic to R’} by considering an archimedean place vy of k, then by defining I
as the image in Cy of the id¢les of the form (x, 1, 1, ..., 1,...), withx in R} , where
the first component is that at vg. The image of I" in Ck is then also a subgroup of
representatives of Cx /C% and we have

NK/kC[( = N](/kc% X NK/kF = NK/kC,O( x " = NK/kC?( x I

with n := [K : k], since I is divisible. As Ng/xC% is compact, Nx/ C% x I' is
closedin Cy = C]? x I". The argument is analogous in the case where k is the function
field of a smooth projective curve X over a finite field, by choosing a closed point vy
of X and replacing I" by the subgroup dZ of Z, where d is the degree of vy.

On the other hand if N is a norm group, the uniqueness of the extension K such
that N = NgCg is proved exactly as in the local case (cf. Lemma9.9, (b), which
will be generalised to class formations in Proposition 16.31). Let N be an open finite
index subgroup of C. We wish to show that N is a subgroup of norms. We distinguish
two cases.

(a) The case of a number field, or of a function field when the index [Cy : N] is
not divisible by the characteristic of k.

It remains, by Lemma 15.8 (a), to show that N contains a norm group. We first
reduce to the case where n is a power of a prime number ¢ (different from Car k), by
factoring n as n = [, pi"" (with p; prime), and then by observing that if N; C Cy
is the subgroup of index p™ containing N, then N is the intersections of a (finite)
family of the N; (and each N; contains N, hence is open). Hence by Lemma 15.8(b),
it is enough to know that each »; is a norm group.

Let J C I; be the preimage of N. It is an open subgroup of I;. This implies that
J contains a subgroup of the form

US = [1{1} x [1 U,

ves ve¢S



15.2 The Global Existence Theorem 213

where § is a finite set of places of k, containing the archimedean places. We can
furthermore assume that S contains the places dividing £ and (by Proposition 12.25)
that [, = I; sk*.Besides, as J is of index n in Iy, it also contains the group [ [, ¢ k" X
[1,¢s{1}, and hence J contains the group

L(S)=T1k" x I Us.
ves vgS

It is thus enough to show that C(S) := I (S).k*/k* contains a norm group.
We start with the case where k contains the nthroots of 1. Letusset K = k({/ Ey s).
It is a Kummer extension (cf. Chap. 13, Sect. 13.3) which, by Proposition 13.15, sat-
isfies
Gal(K /k) ~ Hom((Exs/E} 5), Z/n).

In particular, the extension K / k is of degree [Ex s : E ,’f’ ¢] =n’, where s is the cardi-
nality of S (cf. Proposition 13.20). Theorem 13.21 and its consequence (Lemma 15.7)
apply with 7 = 5, which means 7" = {. We thus obtain C;(S) = Nk« Ck.

In the general case, we denote by k' the cyclotomic extension of k obtained
by adjoining to k the nth roots of 1. By the case where yu, C k, we can suppose
(enlarging S if necessary) that Iy = I;; k" and Cy(S') = N jwCgr, where S is
the set of places of k’ above a place of S and K’ := k’(\VkTS,). The formula (easy to
check), valid for 3 € I

(Ney(B)y = l_llNk;D/kl,ﬁw

gives Ny (I (S)) C Ix(S) hence
Nk (Cx') C Niyik(NgyiwCgr) = Nk (Crr (S7)) C Cr(S).

Thus Cy(S) contains Ng+/x(Ck’). Even if we do not even know whether K’ is Galois
over k, we can conclude using Lemma 15.8, (c).

(b) The case of a global field k of characteristic p and a subgroup of Cy. of index
divisible by p.

In this book we will not give a complete proof in this case (see also Remark 15.15
below) but in the next paragraph we will explain how this theorem can be deduced
from the triviality of the universal norm group for such a field k£ (which is shown in
[1], Sect. 6.5). O

We will deduce from the existence theorem a description of the abelian Galois
group of a number field.

Theorem 15.10 Let k be a number field with Galois group Gy. Then we have an
exact sequence of topological groups:

0 —> Dy —> Cp —=> G — 0, (15.1)
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where Dy is the neutral connected component Cy. The group Dy is equal to the
universal norm group

Ng, C = m Nk/kCk,
K

where K ranges through finite abelian extensions of k (or all finite extensions of k), it
is also the kernel of the profinite completion morphism C, — C{, i.e., the intersection
of open subgroups of finite index of Cy.

Proof AsR doesnot have a non-trivial finite quotient, the image of C; = C? x R*
by the reciprocity map rec is the same as that of Cy. This image is thus dense and
compact, i.e., it is the whole of G}’;‘b. Besides we know that the kernel of rec is Ng, C.

We define Dy as the neutral connected component of C;. Observe that in the
decomposition Cy = C,? x R, we have RY C Dy (because R is connected) hence
we have a decomposition Dy = D,? x R, where D,? is the neutral connected com-
ponent of Dy. The group C; /Dy is compact since it is isomorphic t0~C,? /D). Tt is
profinite since it is completely disconnected. All its open subgroups U; are thus of
finite index and their intersection is trivial. Thus the intersection of their inverse
images U; in Cy is Dy and each open subgroup of Cj contains Dy (its intersection
with the connected subgroup Dy is non-empty, open, and closed in Dy, hence this
intersection is Dy). Finally Dy, is the intersection of the open subgroups of finite index
of Cy. Theorem 15.9 then gives that Dy is also the intersection of norm subgroups,
i.e., Dy = Ng,C (that we can define by taking the intersection of Nk ,Ck over all
the finite extensions of K or over the finite abelian extensions, by Lemma 15.8c).
Besides, the compactness of Cj/D; implies that the topology on the profinite group
G corresponds to the quotient topology on Ci/ Dy, which means that (15.1) is an
exact sequence of topological groups. (]

For global duality theorems, we will need some supplementary properties of the
neutral connected component Dy.

Theorem 15.11 With the above notation:

(a) forany finite extension K of k, the norm Nk : D(I){ — D,? is surjective, and the
same holds for Nx,x : Dx — Dy.
(b) the abelian group Dy is divisible and we also have

Dy =(Ct.
n>0

where C;! C Cy is the subgroup of nth powers in Cy.
(c) the map rec induces an isomorphism between Cy modulo its maximal divisible
subgroup' and G,ﬁb.

Recall that an abelian group A always possesses one largest divisible subgroup D, which is a
subgroup of D’ := (1), o nA. But it may happen that D is strictly contained in D’.
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Proof (a) Theorem 15.10 and the decompositions

(b)

Ck=C,?xRi; DkzDngi

seen above, give that D,‘() is the group of universal norms Ng, C® = (N Nk, xC%
of C°. Let us fix a finite extension K of k. Leta € D}. For any finite extension L
of K, let E(L) be the set of elements b € C ?( such that Nk ,xb = a and such that
furthermore there exists ¢ € CE such that b = Ny k c. Then E(L) is non-empty
since as a is a universal norm of C?, it can be writtenasa = N, /k(c) withe € C 2
and the element b = Nk (c) is then in E(L) by transitivity of the norms. The
E (L) then form a filtered decreasing family of non-empty compacts (as C%, Cg
and C are compact and the norm is continuous). Their intersection is therefore
non-empty (Lemma4.9), and any element b in this intersection satisfies N/ b =
a, as well as b € NG, C° = D%. Finally Nk : D% — D} is surjective (for a
similar statement in the case of class formations, see Proposition 16.33). The
analogous assertion for Nk : Dx — Dy is deduced immediately, noting that
the map induced by Nk x on R% is x — x!®*1 which is also surjective.

As R is divisible, it is enough to show that D,? is divisible, or that for every
prime number ¢, the map x — x© is surjective from D to itself. Let K be
a finite extension of k containing all the £th roots of 1. For S a finite set of
places of K (containing the archimedean places and places above £), let us set
K’ = K(\YEk.s), where Eg s is the group of S-units in K. We define, as in the
proof of Theorem 15.9:

Ix($) =1 K x [1 O}

ves veES

and Cg(S)=Ix(S)K*/K* CCk. For S large enough, we have Ix =1x sK*
(Proposition 12.25), and then (Lemma 15.7) Cg (§) =Nk k (Cg'). As Dy is the
universal norm group in Cg, we deduce that Dg C Ck (S), hence Dx C (Cg)‘Us,
where Ug consists of idele classes (u,) with u, =1if v € S and u, € O} if
v ¢ S. Aseachelement u of Uy satisfies |u| = 1, we thus obtain D?( C (C%)KUS.
AsUgand (C 2 )¢ are compact, Remark4.11 implies that the intersection (over all
the S large enough) of the (C?()ZUS is (C%)‘Z (N Us) = (C%)Z. Thus D% C
(C%)* and, by taking the norm, we find

DI? C (]\]](/](COK)Z
by (a).

Let us fix a € DY. For any finite extension K of k containing the £th roots of 1,
denote by X the set of the x € Nk, C% C C? such that x* = a. We just saw
that the X ¢ are non-empty and they are compact by compactness of C,? and C ?(
(and the continuity of the norm). Their intersection is then non-empty. But, if b
is in this intersection, we have b’ = a and b is also a universal norm, hence by
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Theorem 15.10, we have b € C) N Dy = D). Finally DY is ¢-divisible.

Conversely, if x € ﬂn>0 C}, then x is in the kernel of C;y — C kA since it is in
every subgroup of finite index in Ci, and hence x € Dy by Theorem 15.10.

(c) By (b), the group Dy is the maximal divisible subgroup of C;. We conclude
using Theorem 15.10. O

Remark 15.12 For k = Q, we easily see that Do >~ R} and for k imaginary
quadratic, we have D; >~ C* (cf. Exercise 15.2), But in general the structure of Dy
can be very complicated. For other properties of Dy, see [42], Chap. VIII, Sect.2.

15.3 The Case of a Function Field

In this paragraph, assume that & is a global field of characteristic p > 0. To obtain
the existence theorem, also for subgroups of C; with index divisible par p, the key
step is the following theorem, whose proof can be found in [1], Sect. 6.5:

Theorem 15.13 For a global field k of characteristic p > 0, the reciprocity map
rec : Cy — Gj:b is injective. In other words the group of universal norms Ng,C is
trivial.

Let us recall the following topological result ([22], Theorem 3.5 of Chap. I and
Theorem 7.11 of Chap. II).

Proposition 15.14 Let G be a locally compact topological group which is totally
disconnected. Let H be a closed subgroup of G. Then the quotient G/H is also
locally compact and totally disconnected.

Remark 15.15 Proposition 15.14 implies that Cy, is totally disconnected (as a quo-
tient of a locally compact and totally disconnected group I by the closed subgroup
k*), hence C,? is profinite. The quotient C; /C ,9 is isomorphic to Z, which implies that
Ng, C is contained in C,?, and therefore is profinite (it is closed in C,?). In order to
prove Theorem 15.13, it is enough to know that Ng, C is £-divisible for every prime
number £. The method of Theorem 15.11, (b) still works for £ # p, but one needs
specific arguments for the case £ = p.

‘We would now like to deduce the existence theorem from Theorem 15.13, also
for subgroups of index divisible by p. To do this, it is more convenient (unlike
what we have done in the case of a number field) to first determine the structure
of the abelianised Galois group of k. Consider k to be the field of functions of a
curve (projective and smooth) C over a finite field x = F,. We can assume & to be
algebraically closed in & (i.e., the curve C is geometrically integral over x). For any
place v of k, corresponding to a closed point of C, denote by «(v) the residue field
of v; it is a finite extension of x. We define the degree map



15.3 The Case of a Function Field 217

deg: I — Z, o= (aylyeq, —> Z v(ay) - [kK(V) : K].

UEQk

Lemma 15.16 (a) Let o € Ii. Let F be the canonical topological generator x +—
x4 of Gal(k/k). Then the image of rec(a) € sz by the canonical surjection
T sz — Gal(k/k) ~ Z is F&2_ In other words, w(rec(c)) corresponds to
the integer (dega) € Z C Z.

(b) the map deg factors as a surjective map (still denoted by deg) from Cy, to Z, with
kernel C?.

Proof (a) Let us set a = (ay)veq,. For any finite abelian extension K of k, let
wg/k - Iy — Gal(K / k) be the normresidue symbol. We have, by formula (14.1):

wik(@) = [ wk,/k, (),
‘UEQk

where wg, /i, : ki — Gal(K,/k,) C Gal(K/k) is the local reciprocity map
associated to the extension K, /k,. Let us set f, = [x(v) : k]. Let Fx/; be the
automorphism x > x? of Gal(K /k) and 7g/; : Gal(K /k) — Gal(K (v)/k(v))
the projection, where K (v) is the residue field of K,. By Lemma9.8(a), we have
in Gal(K /k):

Tr k(Wi e, (0n) = (Fi )"

as F 1?/ « 1s the canonical generator of Gal(K (v)/x(v)). We deduce:

Trewi k(@) = T F;{”/'Z(a”)~
vEQk

By passing to the limit over the K in the last equality, we obtain in Gal(k/k):

m(rec(a)) = [] Fhvle) _ pdega

UEQk

(b) By point (a), the integer deg o depends only on the image of « by rec. The global
reciprocity law (Theorem 14.9) implies that deg factors as a map from Cy to Z.
Furthermore, as rec has dense image and 7 is surjective, the image of 7 o rec is
dense in Gal(k/k) =~ Z which, by formula from (a), shows thatdeg : Iy — Zis
surjective. Lastly, the kernel of deg : I; — Z is by definition 70, which implies
the last assertion since C = I0/k*. ]

Remark 15.17 To prove (b), we can also use [21], Part.II, Corollary 6.10 and (for
surjectivity of deg) the fact that the curve C has points over F . for n large enough
(corollary of the Lang—Weil theorem [34]).
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We deduce a description of the abelianised Galois group of k, which is in a certain
sense simpler than the case of a number field since it is completely analogous to the
local case.

Theorem 15.18 Let k be a global field of characteristic p > 0. Then, we have an

exact sequence

0—>Ck£>sz—>’Z\/Z—>O.

Furthermore, the reciprocity map rec induces an isomorphism of profinite groups
between C) and GY := ker[r : G — Z].

Proof By Lemma 15.16, we have a commutative diagram with exact rows:

0 v Ci zZ 0
J/I'GC JI’CC J/l (152)
0 G? G T 7 0.

Let us fix an element ¢ of C; with degc = 1. Theorem 15.13 implies that rec is
injective. Its image is dense and Cy is the direct product of CY and the subgroup
generated par ¢, which implies, using the diagram, that the image of C{ by rec is
dense in G{. As C is compact and G is separated, we deduce that rec induces
an isomorphism between C; and G). We immediately obtain the desired exact
sequence. O

Proof of Theorem 15.9 for a function field, from Theorem 15.18 We cannow deal
with the general case of the existence theorem for a global field of characteristic p > 0
(keeping in mind that we have not in this book given a proof of Theorem 15.13, which
is the difficult point). As we have seen in Sect. 15.2, it remains to show that every
finite index open subgroup of Cy is a norm subgroup (including the case where the
index is divisible by the characteristic p of k).

Let U be an open finite index subgroup of Ci. The image of U by the map
deg : Cy — Zis of the form dZ withd > 0. Letusset Uy = U N C,?. Then Uj is an
open subgroup (hence compact) of C?, and by Theorem 15.18, the map rec induces
an isomorphism between U, and a compact subgroup l~70 of Gﬁ. Let U be the closure
of rec(U) in sz. The diagram (15.2) implies that 7(U) = dZ. The same argument
as in the Proof of Theorem 15.18 (using the fact that U is the direct product of the
compact subgroup Uy and a subgroup isomorphic to dZ) shows thatrec(Uy) is dense
in the kernel of 7 : U — dZ, which means that this kernel is exactly Up. We thus
have an exact sequence

O—>ﬁ0—>ﬁi>d2—>0.

This shows that U is a compact subgroup of finite index (hence also open) of G“lb
This implies that U= Gal(k*®/K), where K is a finite abelian extension of k.
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Let us show that U = Nk, Cy. We have by construction rec(U) C U , hence the
image of U by the reciprocity map wg x : Cx — Gal(K/k) is reduced to the neutral
element, which shows that U C N Cy. On the other hand

[Ci:Ul=[Co:Upl-d=1[G:Upl-d=1[GP®:Ul=I[K :kl=I[Cs: NxsCxl,

which allows to conclude that U = Nk Cy. O

15.4 Ray Class Fields; Hilbert Class Field

In this paragraph, we will use the existence theorem to establish a relation between
the abelian extensions of k and ray class fields which historically came about before
the idelic formulation of theory. To simplify notation, we will assume that k is a
number field. Similar results hold for a field of functions of a smooth projective
curve C over F, with a few alterations (in particular replacing cycles by cycles of
degree 0, the ideal class group of Oy by Pic’C, etc.).

Definition 15.19 Let k be a number field. A cycle M of k is a formal product
M= Huer v™, where n, € N, n, is zero for almost all v, and n, € {0, 1} if v is
archimedean. We say that a place vy of k divides the cycle M if n,, > 1.

For a finite v and n,, > 1, we denote by U'* the multiplicative group consisting
of x € O} such that v(x — 1) > n,, and we also set U? = U, = O}. For a complex
v, we set U™ =k} ~ C*. For a real v, we set U} = R} C k} and U = k} ~ R*.
The notation o, = 1 mod v" will mean v(a, — 1) > n, if vis finite and n, > 1 (by
convention for n,, = 0 the condition is always satisfied). For a complex v or a real v
with n, = 0, this condition will by definition always be satisfied and for a real v with
n, = 1, will simply mean that o, > 0. Let M = [, v™ be a cycle and let @ € I.
We will write « = 1 mod M to indicate: o, = 1 mod v" for every place v of k.

Definition 15.20 Let M be a cycle of k. Let us set

IM={ael,a=1 mod M}= [] U™.

UEQk

The image C ,f"‘ = IkM -k*/k* of the group IkM in Cy is called the congruence
subgroup modulo M of Cy. The quotient Cy/C ,f\/l is the ray class group modulo M.

The case where M =1 is the trivial cycle is particularly interesting: we then
have I} = [leq, ki < ]_[Uegf U,, hence we deduce that Cy/C| = T; /P (an iso-
morphism is obtained by sending the class of an idele (x,) to the class of the fractional
ideal [, e, vl of Remark 15.5) is the ideal class group of Oy. Its cardinality is
the class number /4 (k).

Theorem 15.21 A subgroup of Cy is a norm group if and only if it contains a
congruence subgroup C ,f\’l
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Proof Let M =[], v™ be acycle. The group Ck/‘/1 is an open subgroup of C; since
IkM = Hveﬂk U;'» isopenin I;. Besides, C,ﬁ\" is of finite index in Cy since [Cy, : C,i] =
h(k) is finite and [C,ﬁ : C,f\/‘] is bounded above by the order of Ikl/Ik/‘/l =1, U,/ U}
which is finite (recall that n,, = O for almost all places v and U? := U,). Finally, C,{"‘
is a norm group by Theorem 15.9.

Conversely, let N be a norm group. Then its inverse image J in I is open, hence
J contains a subset of the form [ [, ¢ W, x Hu¢s U,, where § D Q4 is a finite set of
places and W, is an open neighbourhood of 1 in k7. For v € § finite, we can assume
that W, = U]» withn, € Nsincethe U}, m > 0form abasis of neighbourhoods of 1.
For v archimedean, the only subgroups of k' generated by an open neighbourhood
of 1 are k} or RY if v is real. We deduce that J contains a subgroup of the form /!,
and hence that N contains a congruence subgroup C,;M. ([

Definition 15.22 The class field k™ associated to the congruence subgroup C,f\/‘ is
called the ray class field modulo M. The field k' is called the Hilbert class field of k.

We thus have Gal(k™ /k) ~ C;/C ,{V‘ and any finite abelian extension of k is
contained in a ray class field. We also have

MM = M ciM = cMocM.

In particular, we have Gal(k'/k) ~ T /Py, which implies that the degree [k!: k]is
the class number /4 (k) of k.

Definition 15.23 Let K be a local field and let L be a finite Galois extension of K
with group G. The conductor F(L/K) of the extension L/K is the smallest integer
n > 0 such that the reciprocity map wyx : K* — G® is trivial on U} (with the
usual convention that Uy = Uk).

Note that as the kernel of w; /¢ is an open subgroup of K*, this subgroup contains
Uy for n large enough and the conductor is well defined. Besides, the computation
of the reciprocity map via Lubin—Tate theory (Theorem 11.17) implies:

Proposition 15.24 The conductor F(L/K) is trivial if and only if the extension
L/K is unramified.

We generalise the notion of conductor to K = Ror K = C, by taking 7(L/K) =
0 or F(L/K) = 1 depending on whether the extension L is equal to K or not.

Definition 15.25 Let k be a number field. Let K be a finite abelian extension of k,
associated to the norm group Nk := Nk Ck. The conductor F of the extension
K /k (or of Ng) is the greatest common divisor of cycles M such that K C k™ (or
that C{' C Nk« Ck).

In other words, k7 is the smallest ray class field containing K . Note that this does
not imply that the conductor of k™ is M as M +— C ,/(V‘ is decreasing, but not in
general injective (see Exercise 15.3).
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Proposition 15.26 Let K be a finite abelian extension of a number field k, with

conductor F. Then we have
F= [[ o &/k,

UEQk
Proof We start with a lemma:

Lemma 15.27 For x, € k), denote by [x,] the ideéle (1,...,1,x,,1,...,). Let K
be a finite abelian extension of k. Then the class of [x,] in Cy is in Ng,xCg if and
only ifx, € Nk, /k, K. Furthermore, if o is an idéle such that the class of [ow,] in Cy
is in Nk ;xCk for every place v of k, then the class of o in Cy is also in Nk Ck.

Proof of the lemma. Assume that x, € N, ¢, K. Then we have by definition of
the norm residue symbol:

([xu], K/k) = (xy, Ky /ky) = 1

which shows that the class of [x, ] belongs to Ng,Ck by Theorem 15.4. Conversely,
assume that the class of [x,] is in Ng,xCg. This means that there exists 3 € Ix and
a € k* such that [x,] - @ = Nk/3. This implies that a is a norm of K, /k, for any
place u of k other than v. But then, we obtain that a is also a norm of K, /k, by
reciprocity law (Theorem 14.9, b), which proves that x,, € Nk, /i, K.

To prove the second assertion, we note that if o = («,) is an idele such that for
every place v of k, we have o, € Ng, s, K7, then o € Nk, Ix by Lemma13.3, and
hence a fortiori the class of o in Cy isin Ng;;Ck. O

We can now prove Proposition 15.26. Let N = Ng 4Ck and let M =[], v be
a cycle. For any idele o € I, consider the following three conditions:

(i) « = 1 mod M.

(ii) the class of [« ] in Cy is in N for every place v of k.

(iii) the class of avin Cy isin N.

By second part of Lemma 15.27, (ii) implies (iii). Furthermore, if « satisfies (i),
then [« ] also satisfies (i) for any place v. Hence the two following conditions are
equivalent:

(a) Each a € I satisfying (i) also satisfies (ii).

(b) Each « € I, satisfying (i) also satisfies (iii).

Now, the condition C,{"‘ C N means precisely that (b) is satisfied. It is then equiv-
alent to saying that (a) is satisfied, and with the first part of Lemma15.27, it is
equivalent to saying that:

o, = 1 mod v™ for every place v implies o, € Nk, /«, K, for every place v,
or that:
for every place v, we have U,"» C Nk, /i, K.

Finally, we have shown that C ,ﬁ\" C N is equivalent to F(K,/k,) < n, for every
place v, which exactly means that F = [], v7Kv/k), O
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Remark 15.28 Note on the other hand that, as J. Riou pointed out, the above condi-
tion (iii) does not imply condition (ii). To see this, it is enough to take a principal idele
a € k* which is not a local norm at some place v. It is to overcome this difficulty
that we have introduced ideles of the form [« ] instead of working with the «, € k).

Corollary 15.29 Let K be a finite abelian extension of a number field k, with con-
ductor F. Then a place v is ramified in K / k if and only if v divides F (with the con-
vention that for an archimedean place, unramified means totally split). The Hilbert
class field is the maximal abelian extension of k which is unramified at all places
of k (including archimedean places).

Proof If v is a finite place, the previous proposition says that it divides F if and
only if the local conductor F(K,/k,) is nonzero, in other words if and only if
K, /k, is ramified (by Proposition 15.24). If v is complex, we automatically have
F(K,/ky) = 0, hence Proposition 15.26 says that v does not divide F, while by
definition K,/k, is a totally split extension. If v is real, we obtain that v divides F
if and only if F(K,/k,) = 1, i.e., if and only if K,/k, is a non-trivial extension,
which is equivalent to v being ramified in K /k in the sense of the statement of this
corollary.

Propositions 15.26 and 15.24 say that a finite abelian extension K of & is unrami-
fied at every place of k if and only if its conductor is 1, or in other words (by definition
of the conductor) if and only if the Hilbert class field k' contains K. Thus k! is the
maximal abelian extension of k unramified at every place of k. ]

We also have the following property of the Hilbert class field:

Proposition 15.30 Let p be a prime ideal of the ring of integers Oy of k. Then g is
a principal ideal of Oy if and only if it is totally split in the extension k' / k.

Proof We already know that g is unramified in k! / k. We also know that we have an
isomorphism between Ck/C,i = Ci/Ny 1 Cyr and the ideal class group Z; /Py, the
isomorphism that sends the class of an idele of the forma := (1,1, ..., 7, 1,...)
(where 7, is a uniformiser of k, at the place v that corresponds to g) to the class
of . The reciprocity map wyi /¢ : Cy/C} — Gal(k'/k) is an isomorphism, and we
thus have that g is principal if and only if w1/, (a) = 0. As k'/k is unramified at v,
this means by the formula (14.1) and Lemma 9.8, (a) that the local extension ki /ky
is trivial, which is that v is totally split in k' / k. ]

The properties of the Hilbert class field have applications to questions about rep-
resentation of an integer by a quadratic form: see the book by D. Cox [13] (Chap. 2).
In Exercises 15.7 and 15.8 we give a foretaste of these applications.

The following statement is the famous principal ideal theorem. The reduction
of this statement to a result from group theory that we have already encountered
(Theorem 2.13) is due to Artin.

Theorem 15.31 Let k be a number field. Let K| be its Hilbert class field. Then every
ideal of Oy becomes principal in Ok,.
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Proof Let K; be the Hilbert class field of K, which is an abelian extension of K.
The definition of the reciprocity map and the interpretation of transfer (resp. of the
inclusion i : Cy C Ck,) as the restriction

H 2(Gal(K,»/k), Z) — H *(Gal(K»/K}), Z)
HO(Gal(Kz/k), Ck,) — HO(Gal(Kz/Kl), Ck,) resp.

yields a commutative diagram?:

w
Cr — L Gal(K,/ k)

li lV
WK /K,

Ck, —— Gal(K»/K1)™,

where V is the transfer. We have seen that K is the maximal abelian extension of k
everywhere unramified and totally split at archimedean places. It is then the maximal
abelian subextension of K,/k. In other words, Gal(K;/k) is the abelianisation of
Gal(K;/k) and Gal(K,/K,) is the derived subgroup of Gal(K,/K). As K is an
abelian extension of K, we finally obtain a commutative diagram:

WK, /k
Ly /Py = Cr/Ng, /1 Cx, — Gal(K/ k)

/| ) v

K2/ K
Tx,/Pk, = Ck,/Nky/x,Cx, ———— Gal(K2 /K1),

where horizontal maps are isomorphisms. Theorem 2.13 then says that the map V of
the diagram is zero, which yields the result. (I

Remark 15.32 When contemplating the last theorem, one can naturally wonder
whether the tower of class fields Ko = k C K1 C K, C --- (where,fori > 0, K; 4 is
the Hilbert class field of K;) is necessarily finite, which would imply that the last field
in the tower has class number 1 (and not just that the ideals of Oy become principal
there). This question, asked by Furtwingler, was finally solved in the negative by
Golod and Shafarevich in 1964. See Exercises 15.5 and 15.6, which are taken from
[49], Part. 1, Sect. 4.4 and Ann. 3.

Remark 15.33 Let S be a non-empty set of places of k, containing the archimedean
places. The same proof yields a result analogous to Theorem 15.31 (which corre-
sponds to the case S = Q2) for ideals of the ring Oy s of S-integers: they all become
principal in a finite extension of k, namely in the maximal abelian extension of k

2We have an analogous diagram for any class formation, see Proposition 16.30, and also Exercise 9.3
in the local case.
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unramified outside S and totally split at places in S. This also holds for a function
field (by assumption S # @, which ensures the finiteness of the class group of Oy g).

We conclude this paragraph with the Kronecker—Weber theorem (that can also be
deduced from its version over Q,,, cf. Exercise 12.6).

Theorem 15.34 The maximal abelian extension of the field Q is the extension Q(jixo)
generated by all the roots of unity.

Let (,, be a primitive mth root of unity. Note that if a prime number p does
not divide m, then the extension Q((,,)/Q is unramified at p (indeed the reduction
modulo p of the polynomial X™ — 1 is then a separable polynomial over F ). We
already know that every cyclotomic extension Q((,,) is abelian. It is thus enough to
show that every finite abelian extension of Q is contained in Q((,,) for a certain m.
To do this, we will prove the following more precise form.

Theorem 15.35 Letm =[] p"» € N*. Let ps be the real place of Q. Let M be the
cycle m - poo. Then the ray class field modulo M of Q is Q((n).

Proof Let us set m = m' - p"» (for p fixed). Then UZ” is contained in the norm

group of the unramified extension Q,((,»')/Q,, and also in that of Q, (¢, )/Q, by

Lubin-Tate (cf. Example 11.23). We deduce that U,r,l/’ is contained in the norm group

of Q,(¢n)/Q), as by compatibility of the reciprocity maps, its image by wq, (,)/Q,

is trivial. As Iévl =[1,zp. U," x R*, we obtain Cé/l C NCq,) by Lemma 13.3.
Besides, we have

[Co: CHT=115-Q" - I'.Q* 1 =1y : 13" / 1N Q* : 1§ N Q*]

since [Cq : Cyl = 1 as Z = Oq is principal. But Ié” NQ* = {1} and I} NQ* =
{£1} hence

[Co:C"N=1/2- T] WU, :U,"1-2= TI @(p") = @(m).
P#P P#DPso

Finally, we have [Cq : CSA] = [Q(¢n) : Q] =[Cq : NCq(,], which concludes. [

15.5 Galois Groups with Restricted Ramification

It is often useful in applications to work not with the absolute Galois group Gy of a
global field k, but with certain quotients G g of Gy, associated to non-empty subsets S
of the set €2, of all places of k. This in particular will occur when we will be obtaining
a relatively general version of the Poitou—Tate duality.

In all that follows, we denote by S a non-empty subset of €24, containing all the
archimedean places if k is a number field. We attract the readers attention to the fact
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that here (contrary to the conventions we have usually adopted before), the set S is
not assumed to be finite. We denote by Q. the set of archimedean places of k£ and
by Qg the set of its real places. We fix an algebraic closure k of k and we denote by
Oy.s the ring of S-integers of k. For example, if S = 2, we simply have Oy s = k;
if k is a number field and S = Q,, we have Oy s = O. If v is a finite place of k, we,
as usual, denote by O, the ring of integers of k, (and by convention we set O, = k,
if v is archimedean).

Definition 15.36 We denote by kg the maximal extension of k contained in k which
is unramified outside S and we set Gy = Gal(ks/k). We say that G is the Galois
group with ramification restricted to S of k.

Example 15.37 If S is finite, the extension kg is “mildly ramified”. In the language
of algebraic geometry, the group Gy is the étale fundamental group of the affine
scheme U = Spec(Oy s). Here U is a Zariski open set of Spec(Oy) if k is a number
field (resp. an affine open set of X if k is the function field of a smooth projective
curve X over a finite field). If for example S = Q4,, then kg is the maximal extension
of k, unramified at every prime ideal of Oy. If we furthermore assume that k£ does not
have real places, the extension kgq_ is the Hilbert class field of k (cf. Corollary 15.29)
and Gq_, is the ideal class group of Oy.

If on the other hand, S contains almost all places of k (i.e., all places with the
exception of a finite number of them), the extension kg is “close” to k. The case
S = € corresponds to kg = k.

We would like to generalise some results of Sect. 15.2 to the restricted ramification
group Gs. We will work with finite extensions F of k (that we will usually assume
to be Galois). To simplify notations, we will often still denote by S the set of places
of F dividing a place of k that belongs to S. It appears that we have an analogue of
the idele class group in this context, which is the following.

Definition 15.38 Let F be a finite extension of k, with idele group /7 and idele
class group Cp = Ip/F*. Let Up g =~ ]_[w¢5 O: be the subgroup of Iy consisting
of families (a,)weq, Whose component at w is trivial (resp. invertible) if the place
w € Qp isin § (resp. is not in §). We set

Cs(F):=1p/F*Urs

(in other words Cs(F) is the quotient of Cr by the image of U s modulo F*), and
we call Cg the inductive limit of the Cs(F) whenF runs through the finite Galois
extensions of k contained in kg.

Note that the assumption S # ¢ implies F* N Up g = {1}, which allows us to
view Uy s as a subgroup of Cp.

We begin with a lemma which compares Cs(F) with a group Cr s which may
seem more natural to define. The reason why Cg(F') is more useful is that, as we
will see (Proposition 15.40, c), it satisfies a good Galois descent property, which is
not the case for Cr g in general.
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Lemma 15.39 We define Jr s as the subgroup of Ir consisting of families (a.,)weg,
whose component at w is trivial for any place w € Qp not in S. Let

Crs:=Jrs/OFs

be the quotient of Jg s by the group of units of OF s. Then there exists an exact
sequence
0— Cps — Cs(F) — Clps — 0,

where Clp g is the ideal class group of OFfs. If S contains almost all places of k,
then CF,S = Cg(F).

Note that Jr s is a kind of the “ideéle group truncated at S”: indeed it identifies
with the restricted product of the F); for w places of F above places of S. One should
not confuse it with the group Ir s of S-ideles introduced in Proposition 12.25.

Proof The group O ¢ identifies with a subgroup of Jr s via the map i : a
(a,a,...,a,1,1,...) (where the a appears at places of S and the 1 at places not in
S). In I, we then have

Jrs N (F* - Urs) =i(Ofg) ~ Of .
We deduce an embedding
J:Crs—> Crp/Ups=Cs(F).

On the other hand the group Jg s - Ur s is the subgroup of I consisting of ide¢les
whose component at each place v ¢ S is in O}. The cokernel of j identifies with
Ir/Jps - Ups.F*, ie., to the quotient of Ir/Jp s - Ups =~ EBU¢S Z by the image of
F* under the map
F*— @PZ. ar— w@)ugs.
v¢S

Thus this cokernel is isomorphic to the ideal class group of OF g (note that the nonzero
prime ideals of O s correspond to places of F notin S; in geometric language Clz g
is the class group of divisors of Spec(OF ), cf. Theorem 12.24).

Finally if S contains almost all places of k, then O s is a Dedekind ring with
only finitely many prime ideals, it is thus a principal ideal domain (Proposition 12.5),
which implies that its class group is trivial. (|

Next proposition will be useful later to define a P-class formation associated to
G (Theorem 17.2).

Proposition 15.40 (a) The group Cs = h_r)nFck Cs(F) is also the inductive limit of
N
the Cpﬂg.
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(b) For any finite Galois extension F of k, the Gal(F / k)-module U g is cohomo-
logically trivial. The G g-module Ug := li_I)nFck Ur. s is cohomologically trivial.
N

(c) We have CJ* = Cs (k).

Proof (a) By the last lemma, it is enough to check that li_r)npcks Clp s = 0. This
is an immediate consequence of the principal ideal theorem (Theorem 15.31 and
Remark 15.33).

(b) The same argument as in Proposition 13.1 yields

H'(Gal(F/k), Ur.s) = @ H' (Gal(F,/k,). O})
v¢S

for any i € Z. With this, the result for Uy g follows from Proposition 8.3 since for
v ¢ §, the extension F),/k, is unramified. We deduce the result for Ug by passing to
the limit, since Up g = Ug’al(ks /0,

(c) Let C(ks) be the inductive limit of the Cg for F finite Galois extension of k
contained in kg. By passing to the limit in the definition of Cs(F’), we obtain an exact
sequence

0— Us — C(ks) — Cs — 0. (15.3)

We then apply the cohomology exact sequence for the action of the group G (note
that USGS = Uy, s is obvious and we also have C(kg)%s =Cy, cf. Proposition 13.4). As
Us is a cohomologically trivial G s-module, we have H'(Gg, Ug) = 0 and hence
CY* = Ci/Urs = Cs(k). 0

Lemma 15.41 Let A be a locally compact abelian group, with neutral connected
component A°. Let K be a compact subgroup of A. Then the image B of A° by
the projectionm : A — A/K is the neutral connected component of A/K (endowed
with the quotient topology).

Proof We already know that B is connected, since it is the image of the con-
nected set A? by the continuous map . It is then enough to check that the quo-
tient (A/K)/B = A/(K + A°) is totally disconnected. But the topological group
A/(K + A°) is the quotient of the locally compact and totally disconnected group
A/ A by the compact (and hence closed) subgroup (K + A®)/A°, which allows us
to conclude using Proposition 15.14. ]

Below are analogues of Theorems 15.11 and 15.18.

Proposition 15.42 (a) Let k be a number field. Let Dg(k) be the connected compo-
nent of the identity in Cg(k). Then we have Ds(k) = DUy s/ Uy s. The group Dg(k)
is divisible and we have an exact sequence

0 —> Ds(k) — Cs(k) —> G — 0,

where w is the morphism induced by the reciprocity map recy : Cp — sz
(cf. Theorem 15.4).
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(b) Let k be a function field over ¥,. Then we have an exact sequence
0 — Cs(k) -2 G — Z)Z —> 0.

Proof (a) The group Cg(k) is the quotient of Cy by the compact subgroup Uy s.
Lemma 15.41 then implies that the image of the neutral component Dy of Cy by p
is the neutral component of Cg(k), which proves the first assertion. Then Dg(k) is
divisible as it is a quotient of Dy, which is divisible by Theorem 15.11(b).

Now, we see that the image of Uy s by recy : Cy — sz is, by Lemma9.8 and
formula (14.1), the subgroup H of sz generated by the inertia subgroups 7, for
v ¢ S, which means that the fixed field of H is the maximal subextension of k2b
unramified outside of S, which is k§b (indeed, a subgroup of Gib contains [, if
and only if the corresponding extension of k is unramified at v). We thus have, by
Theorem 15.10, a commutative diagram whose rows are exact and vertical arrows
are injective:

0 —— Dy NUys — Ups — Gal(k®/ ki) —— 0

Ll

recy
0 Dy, Cy Gal(k®/k) — 0.

As Dg(k), Cg(k) and ng are the respective cokernels of the left, middle and right
vertical arrows, the result follows from the snake lemma.

(b) The argument is exactly the same as in (a). Simply apply Theorem 15.18
instead of Theorem 15.10. O

15.6 Exercises

Exercise 15.1 Let k be a global field. Let F be a finite Galois non-trivial extension
of k. Using Exercise 13.4, show that the group k*/Npg, F* is infinite (see Exer-
cise 18.8 for a generalisation to the non-Galois case).

Exercise 15.2 Let k = Q(v/—d) (with d a strictly positive squarefree integer) a
quadratic imaginary field. Let C; = I/ k* be the idele class group of k and Dy be
the neutral connected component of Cy.

(a) Show that k has one and only one archimedean place, which is complex.

(b) We denote by / kf the restricted product of the &, for v a finite place of k (with
respect to the O}). Show that there exists an injective group morphism C* — Cy
such that the topological group quotient Cy/C* is isomorphic to / kf Jk*.

(c) Deduce that Dy, is isomorphic to C*.

Exercise 15.3 Let k = Q. We denote by M the cycle p,, where po is the real
place of Q. Show that the conductor of kM is 1, so it is not M (use Corollary 12.30).
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Exercise 15.4 Let K be a cyclic extension of Q of degree £ with ¢ prime. Let
F C K be the intermediate extension such that [F' : Q] = £. Let p # £ be a prime
number ramified in the extension F/Q. We denote by K, the completion of K at a
place dividing p.

(a) Show that the extension K, /Q, is totally ramified.

om

(b) Show thatevery x € 1+ pZ, satisfies x € Q, .

(c) Deduce that the conductor of the extension K,/Q,, is 1.

(d) Show that p = 1 mod £™ (you may first show that the reciprocity map induces
a surjection from Z; to Gal(K ,/Q))).
(e) Let E be a quadratic extension of Q, unramified and inert at 2. Show that E
can be written as E = Q(\/m), where m is an integer with m = 5 mod 8 (use
the Example7.11).

(f) Deduce from (d) and (e) that if K is a cyclic extension of Q of degree 8, then 2
cannot be unramified and inert in K /Q (“Wang’s counter-example to Grunwald’s
theorem”, 1948).

Exercise 15.5 Letk be anumber field. In this exercise we will say that a finite Galois
extension of k is unramified if it is unramified at every finite place of k, and totally
split at every archimedean place of k. Fix a prime number p.

Let K be a finite Galois unramified extension of k, whose Galois group G =
Gal(K /k) is a p-group. Assume that K has no extensions which are unramified
and cyclic of order p at the same time. We denote by Q o (resp. Qx, r) the set of
archimedean (resp. finite) places of K.

(a) (i) Show that the cardinality /4 (K) of the ideal class group CI(K) of K is not
divisible by p.

(i) Compute HY (G, CI(K)) for any g € Z.

(b) Let Ik be the idele group of K. We denote by I the subgroup of /x defined
by

Iy:= [ K:x [] Un

WERK 0o wek r

where U,, = O} is the group of units of the ring of integers of K.

We denote by Cx = Ix/K* the idele class group of K and Ex = K* N1}, the
group of units of Ok.

(i) Show that H 1G, 1 ,'<) =0 for any ¢ € Z (you can draw inspiration from
Sect. 13.1).

(ii) Show that forany g € Z, we have anisomorphism H4 (G,Cg) ~ Hat! (G, Eg).

(c) (i) Show that the groups ﬁO(G, Eg) and I:I\’3(G, Z) are isomorphic.

(ii) Deduce that the rank of H3 (G, Z) (whichis its minimal number of generators)
is at most r, where r is the number of archimedean places of k. Show that the same
is true of the group H*(G, Z) (use Exercise2.1).

(iii) With the notation of Exercise 1.10, show that

r(G) —n(G) < [k : Ql.
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Exercise 15.6 (sequel to the previous one) Let p be a prime number. We admit the
Golod—Shafarevich inequality ([49], Part. 1, Ann. 3) which says that with the notations
of Exercises 1.10 and 15.5, we have

r(G) > n(G)*/4

for any finite p-group G # {1}.

(a) Let k be a number field, assumed to be totally imaginary if p = 2. Let k(p) be
the largest unramified Galois extension of k whose Galois group G is a pro-p-group.
Show that there exists a constant C(d) (depending only on the degree d := [k : Q])
such that if the degree [k(p) : k] is finite, we have

n(G) < C(d).

Deduce that the rank of the p-primary component of the ideal class group Cl(k) is
at most C(d).

(b) We take p = 2.

We consider the imaginary quadratic fields k = Q(y/—pi - - - pn), Where the p;
are pairwise distinct prime numbers congruent to 1 modulo 4, and their extensions
ki = k(/p;). Show that the extension k; / k is unramified at every place of k (you can
use Exercise 7.2). Show that there exists such a field k such that the degree [k(2) : k]
is infinite (analogous examples exist for any prime number p).

(c) Deduce that for such a field &, every finite extension of k has class number
divisible by 2. In particular, the “tower of class fields”, obtained by ky = k and
ki1 := the Hilbert class field of k; for i > 0, is infinite. It is the famous negative
answer to the class field tower problem posed by Furtwiéngler, which remained open
for about forty years until it was solved in 1964 by Golod and Shafarevich, see also
article IX in [9].

Exercise 15.7 (After D. Cox, [13], Theorem 5.1 et 5.26) Letn be a squarefree natural
number, not congruent to 3 modulo 4. Set K = Q(,/—n) and denote by  the class
number of K. Recall that the ring of integers of K is then Og = Z[/—n]. We denote
by L the Hilbert class field of K. For any odd prime number p not dividing n, we
say that p verifies property (E) if there exists x, y € Z such that p = x? + ny?.

(a) Show that O% = {£1}.

(b) For any prime ideal g of Ok, we denote by g the prime ideal consisting of
x with x € o, where X is the conjugate of the complex number x. Show that
p verifies (E) if and only if there exists a principal prime ideal g of Ok with
POk = pp and p # p.

(c) Let 7 be the complex conjugation. Show that 7(L) = L (observe that L is an
unramified extension of 7(K) = K), then show that L is a finite Galois extension
of Q.

(d) Deduce that p verifies (E) if and only if it is totally split in the extension L/Q.
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(e) We view L as a subfield of C and set L; = L N R. Show that L, is an extension
of Q of degree h = [L : K], then show that there exists a real algebraic integer
a satisfying: L1 = Q(«a) and L = K ().

(f) We denote by f the minimal polynomial of o over Q (by e), it is a monic
polynomial in Z[X] of degree h). Let disc(f) € Z be the discriminant of f
(which is the resultant of polynomials f and f”). Let p be an odd prime number
not dividing n.disc(f).

Prove the equivalence of the two assertions: (i) p verifies (E); (b) the Legendre
symbol (=2) is 1 and the equation f(x) = 0 mod p has a solution in Z/ pZ. You can
use Example 12.15.

Exercise 15.8 (sequel to the previous exercise) Let K = Q(+/—14). We admit
(cf. For example [13], Theorem 5.30, where the link is established between the class
group of a quadratic imaginary field and the theory of integral binary quadratic
forms due to Gauss) that the class number of K is 4. We set 3 = 2\/5 — 1 and
B = —2+/2 — 1, then @ = /B. Consider the fields K; = K (+/2) and L = K (o) =

K(H/2v2—1).

(a) Show that K; = K(v/—7) and L = K (o)) = K; (/).

(b) Deduce that L/K is a finite Galois extension with group Z/4Z.

(c) Using Exercise 12.7, show that the extension L /K is unramified at every prime
ideal of Ok, and deduce that L is the Hilbert class field of K.

(d) Let p a prime number different from 2 and 7. Using Exercise 15.7, show that p
can be written as p = x2 4 14y? (with x, y € Z) if and only if: (’714) =1 and
the equation (x2 + 1)> = 8 has a solution in Z/ pZ.



Part IV
Duality Theorems

In this last part, we are interested in the arithmetic duality theorems. Our aim is to

prove the Poitou—Tate theorems, which are essential tools in many modern number
theoretic questions. We attain this objective in Chap. 17, after a chapter devoted to
class formations in which we present an abstract duality theorem which will be a
crucial step in the proof of the Poitou—Tate theorems and also allow us to recover
and extend the Tate local duality theorem of Chap. 10. We end this book with a
chapter devoted to a few classical applications, such as Grunwald—Wang theorem
and a calculation of the strict cohomological dimension of a number field.

There is a number of generalisations of duality theorems covered in this book.
One finds a very complete exposition, within particular many extensions to étale and
flat cohomology in [39]. Let us mention that the étale cohomology is a powerful
tool which provides for example a proof of the Poitou—Tate theorems which is in a
certain way more natural, via what we call the Artin-Verdier duality theorem (loc. cit.,
paragraph I1.3). A complete proof of Theorem 17.13 using this approach is covered
in [25]. Duality theorems and their applications are still objects of active research;
see for example papers [10, 17, 19] and [20].
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Chapter 16 ®)
Class Formations Check for

In this chapter, we develop a kind of “abstract” class field theory, by introducing the
general formalism of class formation. The main goal is to prove the general duality
Theorem 16.21 (due to Tate), which allows to recover and extend the local duality
Theorem 10.9, and will be an important tool in the proof of Poitou-Tate duality
theorems for global fields. The main examples of class formations are associated to
the absolute Galois group of a local or global field, using properties proved in parts
IT and III (cf. Example 16.5).

16.1 Notion of Class Formation

Let G be a profinite group. Let C be a discrete G-module. We consider a family! of
isomorphisms invy : H>(U, C) ~ Q/Z indexed by the open subgroups U of G.

Definition 16.1 We say that the system (C, {invy}) (that we will also denote by
(C, G)) as above is a class formation (associated to G) if the two following properties
are satisfied:

(a) for every open subgroup U of G, we have H!(U, C) = 0.
(b) for all open subgroups U, V of G with V C U, the following diagram is com-
mutative:

HXU,C)—R% . (v, ¢)
inVUl lmVV (16.1)

Qz—" q/z

where n := [U : V].

IThe definition that we adopt here is that of [39], §I.1. It is slightly less general than that of Artin
and Tate ([1], Chap. 14; [47], Chap. XI), but it will be sufficient for applications.
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Let (C, {invy}) be a class formation. Definition and Corollary 1.45 yield, for any
pair of open subgroups U and V of G with V normal of index » in U, a commutative
diagram with exact rows:

0— s HXWU/V,C") — HX U, C) RSy g2(v, ) —— 0

linVU % linvu JiHVv

0 172 Q/Z Q/Z 0.

In particular, if U is an open normal subgroup of G of index n, we have an isomor-
phism invg,y : H*(G/U,CY) ~ 1Z/Z.

Definition 16.2 We denote by u¢,y the unique element of H 2(G/U, CY) which is
sent to 1/n by invg,y; We say that ug,y is the fundamental class of G/U.

Remark 16.3 We note that with our definition, the existence of a class formation
associated to G implies that the order of G (as a supernatural number) is divisi-
ble by each element of N*. Assume indeed there was a prime number p such that
this order is not divisible by p"*! with r € N. Then for U open and normal in G,
H?(G/U, CY){p} would be killed by p" (since each element of H*(G/U, CV){p}
is killed by the order of G/U and by a power of p, hence by their gcd). Thus
H?(G, C){p} wouldbekilled by p” and hence would not be isomorphic to (Q/Z){ p}.

Proposition 16.4 Ler (C, {invy}) be a class formation. Let U, V be open subgroups
of GwithV C U. Then:

(a) We have a commutative diagram:

H2(v,C) —C%S L p2 v, ¢)
iIlei lian
1d

Q/Z —— Q/Z.

(b) Assume furthermore U and V to be normal in G. Then the image of the fun-
damental class ug;y € HZ(G/U, CY) by the inflation map H2(G/U, cY —
H*(G/V,CY)is[U : V]-ug,v.

Proof (a) follows immediately from the axioms of class formation and the formula
CoresoRes = - [U : V1. For (b), we write a commutative diagram:

H2(G/U, vy s g2 o) Nz

Infl H

w(G/v,cVy g2 o) NG L gz
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and the result then follows from the definitions of ug,y and ug, v, that are sent to
1/[G : U] and 1/[G : V] (respectively) in Q/Z. [l

Example 16.5 (a) Let G = Gal(K /K) be the absolute Galois group of a p-adic
field K. Let us set C = K*. Then by Hilbert 90 and Proposition 8.4, the iso-
morphisms inv; : Br L — Q/Z (defined for any open subgroup U = Gal(K /L)
of G, i.e., for any finite extension L of K) define a class formation.

(b) Let G = Z (for example G may be the Galois group of a finite field). Take
C = Z, endowed with the trivial action of G. Let o a topological generator of G.
For m > 0, the unique subgroup U of index m of G is topologically generated
by o™. The exact sequence

0—7Z—>Q—Q/Z—0

induces an isomorphism § : H' (U, Q/Z) — H?*(U, Z). We obtain a class for-
mation by taking invy : H>(U,Z) — Q/Z as the composite of 67 ':
H?*(U,Z) — H'(U, Q/Z) with the evaluation x — x(¢™) of H (U, Q/Z) in
Q/Z.

(c) Let k be a global field with absolute Galois group Gy. Let C be the inductive
limit (for K / k finite separable extension) of the idele class groups Cx = Ix /K*.
The properties we saw in Sect. 15.1 tell us that the isomorphisms

invg : H*(Gg,C) — Q/Z

constitute a class formation on the Gi-module C.

Proposition 16.6 Let (C, {invy}) be a class formation. Let U be an open normal
subgroup of G. Then for any torsion-free G/U-module M, the cup-product with

uGg)u- R R
H (G/U, M) — H(G/U, M ®CY)

is an isomorphism for any r € Z.
Proof 1t is the Tate-Nakayama theorem (Theorem 3.14). O

Proposition 16.7 Let (C, {invy}) be a class formation. Then we have a canonical
homomorphism
wg:C¢ — G*®

with dense image, and such that the kernel is the group of universal norms
Ny NG/UCU (the intersection is taken over open normal subgroups U of G). We
say that wg is the reciprocity map associated to the class formation (C, {invy}).

Proof 1t is exactly the same argument as the one we have used in Theorem 9.2 and
Definition 9.5. We take r =—2 and M =Z in the previous proposition. We obtain
isomorphisms (G/U)*® — C%/Ng,yCY, and converse isomorphisms
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wGu - CG/Ng/UCU —> (G/U)db

which are compatible with each other in an obvious way (cf. Corollary 9.4, a), by the
same calculation as in Proposition 9.3. This allows us to pass to the limit to obtain
an isomorphism

G U ab

l(%n C / N, G /UC — G™.

We then obtain wg by composing the canonical homomorphism

G : G U
CcC”" — l(%nC /NG/UC

with this isomorphism. The assertion about the kernel of wg is then evident and
the density of Im wg follows from the fact that its composite with the projection
G® — (G/U)™ is surjective for any U. O

Remark 16.8 The same argument as in Corollary 9.6 gives, for any ¢ in C and for
any character x of G®, the formula

invg(c U x) = x(wg(c)),

where, to form the cup-product, c is viewed as an element of H°(G, C) and y of
H*(G, 7).

Remark 16.9 To define the universal norm group, we can limit ourselves to form-
ing the intersection of the N,y CY for the U which satisfy the additional condition
that the G/U are abelian. This will follow from Proposition 16.29 (b) below (also
see Exercise 9.1). In the case of class formation associated to a local field (Exam-
ple 16.5, a), the universal norm group is trivial as a corollary of the existence theorem
(cf. Exercise 11.2 or Corollary 9.15 for the p-adic case).

16.2 The Spectral Sequence of the Ext

In this paragraph, we will recall some standard results on a spectral sequence which
often occurs in group cohomology. We always denote by G a profinite group and
by C¢ the category of discrete G-modules. The category of abelian groups will be
denoted .Ab. Consider objects M and N of Cg. A difficulty is that if M is not assumed
to be of finite type the G-module Hom(M, N) = Homz(M, N) (the action of G is
defined by the usual formula, cf. Example 1.3, d) is in general not discrete (in other
words, the stabiliser of an element is not always open), cf. Exercise 16.1.

Definition 16.10 Let M and N be discrete G-modules. We define the discrete
G-module Hom (M, N) by the formula
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Hom(M, N) = |_JHom(M, N)",
U

where U runs through the set of open subgroups of G (or that of normal open
subgroups, which is the same as these form a basis of neighbourhoods of 1). For any
normal closed subgroup H of G, we similarly denote

Homy (M, N) = Hom(M, N) = U Hom(M, N)V,
UDH

where the union is taken over the set of open subgroups of G containing H. It is a
discrete G/ H-module.

Definition 16.11 Let H be a closed subgroup of a profinite group G. We assume
H to be normal in G. Let M be a discrete G-module. For any r > 0, we define
Ext’y (M, N) to be the rth right derived functor of the functor

N +—— Hompg(M, N) : C¢ — Cgyg.

Thus Ext’y (M, N) is a discrete G/ H-module.

Remark 16.12 The G/H-module Homy (M, N) corresponds to the internal Hom
in the category Cg,, for the G/H-modules M* and N¥, and the Exty (M, N)
to the corresponding internal Ext. When G is the Galois group of a field k, we
can identify M and N to étale sheaves on Spec k ([36], Part.II) and we recover the
distinction between Hom (resp. Ext) and Hom (resp. Ext) for sheaves.

Remark 16.13 Recall that we also have the Ext), (M, .), defined as derived functors
of Homy (M, .) (from the category Cy to the category Ab of abelian groups). By
Proposition 4.25, we see? that if we restrict these functors Ext!,; (M, .) to the category
C¢ (viewing the discrete G-modules as discrete H-modules), we also obtain derived
functors of Homy (M, .) from the category Cg to Ab (or to Cg, ). If furthermore
M is of finite type, we have Homy (M, N) = Homy (M, N) for any N € Cg, and
there is thus no need to distinguish between Exth’M and Ext’, (M, N). Recall also
that Remark 1.37 still applies to a profinite G, and so does Proposition 1.39 if the
subgroup H is assumed to be open. Lastly, we prove in exactly the same way as
Shapiro’s lemma (cf. also Exercise 1.5) that we have, for any discrete G-module A
and any discrete H-module B, canonical isomorphisms

Extl (A, 12 (B)) ~ Ext, (A, B).

When H = {1}, we will write Ext" (M, N) instead of Extfl}(M, N). We also
denote by Ext"™-M) or Ext}, (M, N) the Ext in the category of abelian groups (cor-
responding to Ext%M’N) for H = {1}).

2The importance to know here Proposition 4.25 does not seem to have been observed in the earlier
texts.
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Theorem 16.14 Let H be a closed normal subgroup of a profinite group G. Let
N, P € Cg and let M be a discrete G/ H-module without torsion. Then we have a
spectral sequence

ES* = Exty,, (M, Extyy (N, P)) = Extg” (M ® N. P).

As usual Torz(M, N) = 0 (instead of M torsion-free) would be enough.

Proof Let M be any discrete G/H-module (for now we do not assume it to be
torsion-free). We can consider M as a discrete G-module with a trivial action of H.
We then have

Homg,y (M, Hompy (N, P)) = Homg(M, Hompy (N, P))

(16.2)
= Homg(M ® N, P)
since
Homg (M, Hompy (N, P)) = Homg (M, Hom(N, P))

(the action of H on M is trivial) and
Homg (M, Hom (N, P)) = Homg (M, Hom(N, P))

(since M is a discrete G-module, union of the MY for U open subgroup of G). We
deduce that for any injective / of C and any N € Cg torsion-free, the G/ H-module
Q :="Hompyg (N, I) is injective in Cg,y since Homg, 4 (., Q) is the composite of
three exact functors: M > M from Cg/p to Cg, . ® N and Homg (., I).

Assume now that M is torsion-free and N is any module in Cg. To apply the
Grothendieck spectral sequence of composed functors (Appendix, Theorem A.67),
itis enough to check that for every injective I of Cg, the G/ H-module Hom g (N, I)
is acyclic in Cg, g for the functor Homg,y (M, .). To do this, we write a resolution
of N by discrete torsion-free G-modules N; and Ny

00— Ny — Ny— N — 0.

This is possible since every x of N generates a G-module which is a quotient of
Z[G/ U] for a certain open subgroup U of G, which implies that N is a quotient of
a direct sum of such modules (which are torsion-free). Then I remains injective as
a U-module for any open subgroup U of G (it is a special case of Proposition 4.25,
which by the way can be dealt with directly as the special case where G is finite,
cf. Lemma 1.38). For such a U, we thus obtain an exact sequence

0 — Homy (N, I) — Homy (Ny, I) — Homy (N, I) — 0.

By passing to the inductive limit over the U which contain H, we obtain an exact
sequence
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0 — Homy(N,I) — Homy(Ny, 1) — Homy(N{, 1) — 0

which is then (by what has been seen above regarding Q) an injective resolution
of the G/H-module Hompy (N, I). This already implies that if r > 2, we have
Ext’G/H(M, Hompy (N, I)) = 0. For r = 1, we just need to check that the map

Homg, g (M, Homy (No, 1)) — Homg,u (M, Homyg (Ny, I))
remains surjective. By (16.2), this map identifies with to the natural map
Homg(M ® Ny, I) —> Homg(M ® Ny, I)

which is surjective since [ is injective and the map M ® Ny — M ® N, remains
injective since M is torsion-free (the kernel is Torz (M, N)). Finally we have

Ext’G/H(M, Homy(N,I)) =0
for any r > 1. In other words Hompg(N,I) is acyclic for the functor
HOI’IlG/H(M, ) O

Example 16.15 (a) For M = N = Z, we recover the Hochschild-Serre sequence
since Ext,(Z, ) = Exty,(Z,.) = H"(H, .) forany r > 0.
(b) Let M = Z and H = {1}. We obtain a spectral sequence

H'(G,Ext°(N, P)) — Extg”(N, P).
Proposition 16.16 Let N and P be discrete G-modules. Assume N to be of finite
type.
(a) We have an exact sequence
0 — H'(G,Hom(N, P)) — Ext{(N, P) — H°(G,Ext,(N, P))
— H*(G,Hom(N, P)) —> -
(16.3)

Furthermore, the Exty; (N, P) are torsion for any r > 1.
(b) If furthermore N is torsion-free, we have

H"(G,Hom(N, P)) = Exty(N, P)

foranyr > 0.

(c) Let (G;) be a projective system of profinite groups. Let (P;) be an inductive
system of discrete G;-modules, the transition maps being compatible with those
of the (G;). Let G = 1(1r_n Giand P = h_I)n P;. Then we have isomorphisms
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@Extgi (N, P;) ~ Ext;(N, P).

1

Proof (a) As N is of finite type, the spectral sequence of the Example 16.15 (b)

(b)

(©)

De

As

becomes
H (G,Ext’(N, P)) = Ext’GH(N, P).

Using the fact that Exty (N, P) is zero for s > 2 (Appendix, Proposition A.54),
we obtain the desired exact sequence by Proposition A.65 (c) of the appendix.

As the abelian group N is the direct sum of copies of Z/n and of Z, and
ExtIZ(Z, P) =0, this implies that there exists an integer m > 0 such that
ExtIZ(N , P) is m-torsion; using the exact sequence, all Exty; (N, P) are also
m-torsion for r > 1.

Note that ExtIZ(N , P) = 0is zero if N is furthermore torsion-free, since as an
abelian group N is then isomorphic to the direct sum of a finite number of copies
of Z. Then (a) yields

H'(G,Hom(N, P)) = Ext(N, P)

forany r > 0.

We write the exact sequence (16.3) for G; and P;, then we pass to the inductive
limit. As N is of finite type, the functors Hom(X, .) and ExtIZ(N , .) commute
with inductive limits. Proposition 4.18 then yields for any » > 0 isomorphisms

li_r[)lHr(Gia HOm(N, })l)) = Hr(G7 HOm(N, P))v

h;)n H'"(G;,Exty(N, P;)) ~ H" (G, Ext,(N, P)).

We conclude with the five lemma. O

Let now M, N and P be discrete G-modules. We have a pairing (cf. appendix,
finition A.57, see also [39], p.4)

Exty; (M, N) x Ext;(P, M) —> Ext;;”*(P, N).
H*(G, .) = Exty;(Z, .) for any integer s, we deduce (taking P = Z) a pairing

Exty y : Ext;(M, N) x H*(G, M) — H"**(G, N) (16.4)

which, for r =0, is the map (f,a) — fi(a) of Homg(M, N) x H*(G, M) in

HS
wa

(G, N). This pairing is functorial in M and N. Itis also compatible (in an obvious
y) with the long exact sequences associated to the exact sequences
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0O—M-—>M—M —0
(“left” compatibility) and to the exact sequences
00— N-—N —N'—0

(“right” compatibility).
This pairing also admits the following compatibility with the cup-product:

Proposition 16.17 Let M, N, P be discrete G-modules. Let
p:MxN—P

be a pairing of G-modules (i.e., bilinear map compatible with the action of G).
Denote by u : M — Hom (N, P) the corresponding homomorphism of G-modules.
Let

v: H (G, M) — Ext;(N, P)

be the composite of u, : H (G, M) — H" (G, Hom(N, P)) with the map
H" (G, Hom(N, P)) — Ext;(N, P)

coming from the spectral sequence of Theorem 16.14. Then the following diagram
is commutative:

H'(G. M) x H (G, N) —2— H"+(G, P)

(v, Id)J Jld
E

Xt
Ext;(N., P) x H*(G, N) ——"s H™+5(G, P).

For a pI‘OOf3 (in a more general case), see [36], Prop. V.1.20.

We will also need the following compatibility between the above pairings, Shapiro
isomorphisms, and those of the Proposition 1.39 (in their version where G is profinite,
cf. Remark 16.13):

Proposition 16.18 Let G be a profinite group. Let U be an open subgroup of G. Let
M and N be discrete G-modules. Let M, = Ig (M). Then we have a commutative
diagram:

3This type of verification is much simpler when one knows the formalism of derived categories,
see Remark A.58 of the appendix.
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Ext) (M, N) x HI(U, M) — HP*(U, N)

Zli ZTSh lCores

Ext?.(M., N) x H1(G, M,) —— HP*(G, N),

where the left vertical map is the isomorphism given by the profinite version of the
Proposition 1.39, the middle one is the isomorphism of Shapiro’s lemma and the
right one is the corestriction.

Proof We start with the case ¢ = 0. We need to show that the diagram

Exty, (M, N) x MY ——— HP(U, N)

Zli H JCores

Extl(M,, N) x (M,)¢ —— H?(G, N)

commutes. For p = 0, this follows from the explicit definition of the left isomor-
phism, given by Proposition 1.15 (which extends immediately to the case of an open
subgroup of a profinite group), and from the definition of the corestriction in degree
zero: indeed we find that for all o € Homy (M, N) and any a € MY = (M,)°, the
pairing at the top ¢ - a is p(a) € NY; while the image of ¢ in Homg(M,, N) is
f— dec v 9-e(f (g~")) which, paired at the bottom with the constant function
f =a,gives deG/U g-p(a) € NS . But this last term is Cores(ip(a)). To deal with
the case of an arbitrary p (still in the case g = 0), we proceed by shifting, writing
an exact sequence
0O— N—I— N —0

with I injective in Cg. Assume the result to be true for p, and let us prove it for
p + 1. The induction assumption and the compatibility of the pairing (16.4) with the
“right” coboundaries yield a commutative diagram:

Ext2t (M., N) x (M,)¢ —— H?*'(G, N)

o] | 0
Extl.(M,, N1) x (M,)¢ —— HP(G, Ny)

iTZ H Cores (16.5)
Ext!,(M, N\) x MY ——— HP”(U, N))

o] H 9

Ext/t (M, N) x MY —— HPTY(U, N).

Besides, the compatibility with the coboundaries of the corestriction and of iso-
morphisms i (Proposition 1.39, in profinite version) yield commutative diagrams:
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H?(G, Ny) AN H"(G, N) Ext} (M, Ny) 9, Ext/t' (M, N)

CoresT TCores li Ji
0

HY(U,N) —== H'T' U N)  Exd (M, N — 2 Extt (M, N).

In addition, the coboundary 0 : Extf] (M, Ny) —> Ext‘f,+1 (M, N) is surjective (and

even bijectiveif p > 1) as Ext,‘"jrl (M, I) = Osince [ is injective in C (hence also in
Cy, Proposition 4.25 in the special case of an open subgroup). We obtain the desired
commutative diagram (which corresponds to the rectangle relating the first row of
the diagram (16.5) to the last) for ¢ = 0, by induction on p.

The case where g is arbitrary is dealt with using exactly the same shifting method

(i.e., by induction on ¢) writing an exact sequence
O—M-—>1—>M —0
with I injective of Cg. The sequence
0O— M, — I, — (M), — 0
then remains exact. Consider the diagram

Ext}, (M, N) x HI™' (U, M) ——— HP*T1(U, N)

Extf,+1(M1,N) x H1(U, M}) —— HPTT(U, N)

a|? 0

il ¢| Sh lCores

Ext’™ (M), N) x HI(G, (My),) — HPT+1(G, N)

Ext’.(M,, N) x HI™(G, M) —— HP™*1(G, N).

0 0

It is commutative by compatibility of the “left” pairing (16.4) with the cobound-
aries and the induction assumption. The coboundary H? (U, M) — H9*' (U, M) is
surjective (since [ is an injective of Cg, hence of Cy), and we also have compati-
bility of Shapiro isomorphisms with the coboundaries of the long exact cohomology
sequences and the compatibility of isomorphisms i with the boundaries of long exact
homology sequences (cf. the last assertion of the Proposition 1.39). We deduce the
desired commutative diagram (with ¢ + 1), which again corresponds to the rectangle
relating the first row to the last. (]
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16.3 The Duality Theorem for a Class Formation

In this paragraph, G is a profinite group and (C, {invy }) is a class formation associated
to G. The expression “G -module” as usual refers to a discrete G-module. To simplify
the notation, we set H'(G, ...) = 0if i is a strictly negative integer.

For any G-module M, we have (for r € N) a pairing

Exty,(M,C) x H* (G, M) — Q/Z

obtained by composing Exty ¢ : Exti;(M, C) x H>™" (G, M) — H*(G,C) with
invg : H*(G, C) — Q/Z. We deduce, for r € N, a homomorphisms of abelian
groups (functorial and compatible with coboundaries associated with short exact
sequences):

o’ (G, M) : Ext;(M, C) — H*7"(G, M)*.

For r =0 and M = Z, the homomorphism o°(G,Z) goes from C¢ to G* =
H?(G, Z)*. We also have Extg(Z/m, C) = C%/m. This follows from the exact
sequence

0—272Z—-"572—7Z/m—0 (16.6)

and the axiom H'(G, C) = 0. Similarly, Ext(Z/m, C) = H*(G, C)[m].
We begin by writing explicitly the o (G, M) for M =Z and M = Z/m.

Lemma 16.19 (a) The map o°(G, Z) is the reciprocity map wg : C¢ — G®. The
source and the target of the homomorphism o' (G, Z) are zero and a*(G,Z) :
H*(G,C) — Q/Z is equal to invg.

(b) The composite of the map o°(G,Z/m) : (C®)[m] — H*(G,Z/m)* with the
natural map H*(G,Z/m)* — H*(G,Z)*[m] = G®[m] is the restriction
C% m] = G®[m] of the map wg. The map o"(G,Z/m):C%/m
— HY(G,Z/m)* = G®/m is induced by wg and the map

o*(G,Z/m) : H*(G,CO)[m] — 12/Z
is induced by invg.

Proof The statements about the maps o'(G,Z) and o*(G, Z) are straightforward.
Proposition 16.17 along with the fact that the homomorphism wg : H*(G, C) —
H?(G, Z)* is induced by the cup-product (Remark 16.8) imply the assertion about
a®(G, Z). The assertions about the o’ (G, Z /m) then follow immediately from those
onthe o’ (G, Z) from identifications Ext(lj (Z/m,C) = C®/mand EthG (Z/m,C) =
H?*(G, C)[m], which result from long exact sequences associated to the exact
sequence (16.6). (I

Lemma 16.20 Let M be a finite type G-module. Then Ext, (M, C) =0 ifr > 4. If
we assume furthermore M to be torsion-free, then Ext3G (M,C)=0.
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Proof We can find an exact sequence of G-modules
O— M — My— M —0

with M, of finite type and torsion-free, and hence M| is also of finite type (as it is
a submodule of a finite type module over Z) and torsion-free. Using the long exact
sequence, we are thus reduced to showing that if » > 3, we have Ext;(M,C) =0
for M of finite type and torsion-free. Let then N be the G-module N = Hom(M, Z).
The G-modules N ® C and Hom(M, C) are isomorphic, via the map

p®c+— (mr+— p(m)c), ¢ € Hom(M,Z),ce C,me M,
hence we get an isomorphism
Ext;(M,C) =~ H"(G,N ® C)
by Proposition 16.16 (b). As N is of finite type, we have N = NV (and hence the

U-module N is isomorphic to Z™ with m € N) for U an open normal small enough
subgroup of G, which means that we have

H (G, N®C) = li_n)lH’(G/U,N(X) cYy,
U

where the limit is taken over open normal subgroups U of G such that N = NV,
Proposition 16.6 (immediate consequence of the Tate-Nakayama theorem) implies
then that for any r» > 3 (this assumption is necessary to guarantee that the Tate

modified groups coincide with the usual cohomology groups), the cup-product with
the fundamental class ug,y provides an isomorphism

H 2(G/U,N)~H' (G/U,N ® CY).

We then have, for V open and normal contained in U, a commutative diagram, whose
horizontal arrows are isomorphisms:

UMG/U
H*(G/U,N)———— H'(G/U,N®CY)

[U :V] ~Infl Jlnf
U

u
H2G/V,N) —Y s i GV, Ne ).

The fact that the diagram is commutative follows from the formulas
Inf(u(;/(/) = [U . V] UGV

(Proposition 16.4) and
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Inf(a U b) = Inf(a) U Inf(b)

(Proposition 2.27, d). On the other hand for r > 3, the group H =2(G /U, N) is
torsion and the order of U (as a supernatural number) is divisible by any integer
n (Remark 16.3). We deduce that the inductive limit of the H"~>(G/U, N) (for
transition maps [U : V] - Inf) is zero: indeed, if « is an m-torsion element (with m >
0)inan H"~2(G/U, N), we can find an open normal subgroup V of G contained in
U such that the index [U : V]is divisible by m, and the image of a'in H"~2(G/V, N)
is then zero. Finally H" (G, N ® C) is zero, as desired. O

We are now reaching the main theorem of this chapter, which is the general duality
theorem for a class formation.

Theorem 16.21 (Tate) Let M be a finite type G-module.

(a) The homomorphism
o' (G, M) : Exti;(M, C) — H*7 (G, M)*

is bijective for any r > 2 and if M is torsion-free, o' (G, M) is also bijective. In
particular, Ext;(M, C) = 0 for any r > 3.

(b) Assume o' (U, Z/m) to be bijective for every m > 0 and every open (normal)
subgroup U of G. Then o' (G, M) is bijective.

(c) Keep the assumptions of (b) and assume furthermore M to be finite. We also
make the assumption that o®(U, Z/m) is surjective (resp. bijective) for every
m > 0 and every open (normal) subgroup U of G. Then o°(G, M) is surjective
(resp. bijective).

Proof By Lemma 16.20, we have the result if r > 4. Assume then r < 3. Let us
first prove the theorem when G acts trivially on M. In this case, M is a direct sum
of G-modules isomorphic to either Z or to Z/n and it is enough to treat these two
cases. For M = Z (where we limit ourselves to 1 < r < 3 as Z is not finite), this
is Lemma 16.19 (a) and Lemma 16.20. For M = Z/n, this is Lemma 16.19 (b) if
r = 2 and assumption (b) (resp. c) of the theorem if » = 1 (resp. r = 0). Lastly, for
r = 3, we deduce Ext};(Z/m, C) = 0 from Ext;;(Z, C) = 0 (Lemma 16.20) using
the exact sequence

0 —> Ext%(Z, C)/m —> ExtL(Z/m, C) —> Ext}(Z, C)
(which follows from the exact sequence (16.6)) and the fact that Ext2G (Z,C)~Q/Z
is divisible. We obtain that the theorem is valid when the action of G on M is trivial.
Let us now treat the general case. As M is of finite type, we can find an open

normal subgroup U with G acting trivially on M. Write the exact sequence

O—M-—>M,— M —0
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with M, = Ig (M). Shapiro’s lemma implies H" (G, M,) >~ H" (U, M). On the other
hand we have Exty, (M, C) =~ Ext;(M,, C) (profinite version of Proposition 1.39).
We obtain a commutative diagram (the non-obvious commutations* come from
Proposition 16.18 and the fact that the corestriction H>(U, C) — H?(G, C) induces
via invy and invg the identity on Q/Z by Proposition 16.4 (a)) with exact rows:

-+« — Extl,(My, C) — Ext}, (M, C) — Ext};(M, C) — Ext;;"' (M, C) > - --

o (G, M1)l o' (U, M)l o' (G, M)l o t(G, MI)J/
< HY (G, My)* 5 H> (U, M)* ~ H*" (G, M)* - H'™" (G, M))* - - --

For r = 3, we already know, by Lemma 16.20 and the case where the action of G
is trivial, that Ext},(M, C) and Ext, (M, C) are zero. The same then holds true for
Ext3G (M, C). As this is true for any G-module of finite type M, it also applies to M,
hence Ext3G(M 1, C) = 0. Finally all the terms in the diagram are zero for r = 3. For
r = 2, we now know that (G, M) has zero as both source and target. On the other
hand (U, M) is an isomorphism (the action of U on M is trivial). Thus a?(G, M)
is surjective (for any M), hence also o*(G, M;). The five lemma then implies that
a?(G, M) is an isomorphism. If furthermore M is torsion-free, it is also the case for
M, and M, and we show in the same way that o' (G, M) is an isomorphism. Lastly
the proof of assertions (b) and (c) follows exactly the same scheme. U

Remark 16.22 We easily verify that in the assertions (b) and (c), it is enough to
assume that for a fixed m, the assumptions on ol (U, Z/m) and (U, Z/m) are
valid for U small enough. Indeed, in the proof of the general case, we can always
replace the subgroup U by any open subgroup contained in U.

Example 16.23 (a) Let G be a group isomorphic to Z (for example the absolute
Galois group of a finite field) and let C be the class formation associated to a topo-
logical generator o of G (cf. Example 16.5, b). Here the reciprocity map is the
inclusion n +— ¢" of Z into G. By Lemma 16.19, the source and the target of the
map o’ (U, Z/m) are zero for any integer m and any open subgroup U of G (indeed,
cd(G) = 1, hence also cd(U) < 1, which implies that H>(U, Z/m) = 0). The map
a'(U,Z/m) is also an isomorphism since it is the natural map Z/m — z/m.
The theorem then implies that if » > 1, then o/ (G, M) is an isomorphism for any
G-module of finite type M, and the same property is valid when r = 0 if M is finite.

(b) Let K be a field with the absolute Galois group G = Gal(?/ K) and assume
we have a class formation (G, C) associated to G. Let M be a finite type torsion-
free G-module, and let N be the G-module N = Hom(M, Z) (M can be seen as
the Galois module of characters of an algebraic K -torus T and N as its module of
co-characters). By Theorem 16.21, we have isomorphisms

Ext;(M, C) — H*7 (G, M)*

4Thanks to Clément Gomez for pointing out this difficulty.
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for any » > 1. But on the other hand Ext; (M, C) = H" (G, Homz(M, C)) (Propo-
sition 16.16). As Homz(M, C) = N ® C, Proposition 16.17 yields that the cup-
product

H (G,N®C) x H* (G, M) — H*(G,C) ~Q/Z

induces an isomorphism H' (G, N ® C) — H>"(G, M)* forr > 1.Forr = 1, we
even obtain a perfect duality of finite groups (use the fact that H!(U, Z) = 0, and
hence by restriction-inflation sequence we have H YG,M)=H'(G /U, M), where
U is a open normal subgroup G such that M = M. Then apply Corollary 1.50).
For r € {0, 2}, one has to be slightly careful since if for example we take for K a
p-adic field (with the usual class formation associated to C = K*yand M = Z, we
obtain N = Z hence

H°(G,N®C) =K*; H*G,M)=(G™*

but the dual of the discrete group (G™)* is the profinite group G* = K* (Corol-
lary 9.15), profinite completion of K*. Similarly H>(G, N ® C) = BrK ~ Q/Z,
whose dual is Z, the completion of H 9(G, M) = Z. The fact that we have to “com-
plete the H°” to obtain good duality theorems involving these groups is a frequent
problem when we no longer work with finite modules.

A bit later we will see how Theorem 16.21 applies to the Galois group of a local
field to recover (and extend) the Tate duality theorem (Tate’s initial proof used the
cohomology of tori, mentioned in Example 16.23 b). At the end of this book we will
apply Theorem 16.21 to prove the Poitou—Tate duality over global fields.

16.4 P-Class Formation

It is sometimes useful to consider a slightly more general notion than that of class
formation as we have defined it. For a profinite group G and a set P of prime
numbers, we define a P-class formation (C, {invy}) by the same axioms as a class
formation except that instead of asking for the invy to be isomorphisms, we are only
asking for them to be injections satisfying the following two axioms:

(a) for open subgroups U and V of G with V normal in U, the map
invy,y : HX(U/V,CY) — [U : VI7'Z/Z

is an isomorphism.
(b) for every open subgroup U of G and every £ € P, the restriction

invy : H*(U, O){¢} — Qu/Z

is an isomorphism.
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Remark 16.24 (a) If P is the set of all primes, a P-class formation is then a class
formation as we have defined it previously, and if P = & it is a class formation
as defined by Artin and Tate (cf. [47], Chap. XI).

(b) If all the other axioms are satisfied, the axiom (b) is equivalent to the requirement
that the order of G is divisible by £*° for every £ € P. Note also thatif (G, C) is
a class formation and H is a closed normal subgroup of G, then (G/H, C*)isa
P-class formation, where P is the set of prime numbers £ such that £*° divides
[G: H].

Theorem 16.21 extends immediately to the P-class formations provided one
restricts everywhere to £-primary components of groups under consideration with
£ € P (recall that, for r > 1, the groups Extj; (M, N) are always torsion when M is
a G-module of finite type by Proposition 16.16. For r = 0, we limit ourselves to M
finite). This will be useful for the Poitou-Tate duality, when we will have defined
the P-class formation associated to a restricted ramification group (Theorem 17.2).

16.5 From the Existence Theorem to the Duality Theorem
for a p-adic Field

In this paragraph, we follow a somehow reverse procedure to that of Chap. 10: assum-
ing known the existence theorem, we will reprove (and even slightly generalise)
Theorem 10.9 (Tate local duality) from the general duality Theorem 16.21 for class
formations.

In all that follows, we denote by K a p-adic field and we set I = Gal(K /K). We
have defined in Sect. 16.3 the maps o, for which we have the duality Theorem 16.21,
that we will now apply.

Proposition 16.25 Let M be a discrete I'-module of finite type. Then the maps
o (I, M) : Ext".(M, K*) — H* " (I", M)*

are isomorphisms for every r > 1. If furthermore M is finite, then o° is also an
isomorphism (of finite groups).

Proof We apply the duality Theorem 16.21 to the class formation (I, K*). Let
U = Gal(K /L) be an open subgroup of I". Then o' (U, Z/n) is the map

L*/L* — U™ /n

induced by the reciprocity map w; (Lemma 16.19, b). The existence theorem (Theo-
rems 9.13 and 11.20) identifies the profinite completion (L*)" = 1(i£1n L*/L*" with
the projective limit of the L*/ Nk, F’*, the limit being taken over the finite abelian
extensions F of L. It follows that the reciprocity map w; induces an isomorphism
1 between (L*)" and U?®, and hence (viewing this isomorphism modulo n) that
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a' (U, Z/n) is an isomorphism. Theorem 16.21 then says that o (I', M) is an iso-
morphism for » > 1.

If now M is finite of order s it is enough to check that a®(U, Z/n) is bijective
for any n dividing s and any U sufficiently small (see Remark 16.22). We can thus
assume that L contains the nth roots of unity. Then we have maps

pin(L) —> H*(L,Z/n)* —> (U™)[n]

and we know that the composed map (induced by the reciprocity map via
Lemma 16.19, b) is an isomorphism, since &y is an isomorphism, while L* and
its profinite completion have the same n-torsion subgroup.

We deduce that the first map (which is (U, Z/n)) is injective, but as
H*(L, Z/n) = H?*(L, wn) = (BrL)[n] >~ Z/n is of cardinality n, we deduce that
a®(U, Z/n) is also surjective. O

We obtain a new proof (and an extension to modules of finite type) of the Tate
local duality theorem:

Theorem 16.26 (Tate) Ler K be a p-adic field. Let M be a finite I"-module with
dual M' = Hom(M, K*). Then for any r > 0 the cup-product

H (K,M)x H*"(K,M') — BrK = Q/Z

is a perfect pairing of finite groups. For r = 1, the same statement is true if we only
assume M to be of finite type.

Proof Assume first M to be finite. We already know that all the intervening groups
are finite (Corollary 8.15). Besides, we have the compatibility of pairings defined
by the Ext and the cup-products (Proposition 16.17). It is then enough to apply the
preceding result noticing that

Ext;-(M,K*) = H' (K, M)

for any r > 0 by Proposition 16.16, since Ext}, (M, K*) = 0fori > 0 by divisibility
of K* (this point is essential and has no analogues in the case of a totally imaginary
number field, cf. [49], Part.1, Ann. 1).

The proof for M of finite type when r = 1 is exactly the same, provided we check
that H'(K, M) remains finite (cf. Exercise 8.3). To do this, we first reduce to the
case where M is free by noticing that M,y is finite and M /M,y is free of finite
type. If L is a finite Galois extension of K such that the action of Gal(K /L) on M is
trivial, we obtain H'(K, M) = H'(Gal(L /K), M) by restriction-inflation, and we
conclude with Corollary 1.50. ]

Remark 16.27 For M of finite type (but not finite), we need, for r =0 or r = 2,
to replace the H® by their profinite completions to find a good duality theorem, see
Exercise 16.3 or [49], Part.II, Sect.5.8.
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16.6 Complements

In this paragraph, we provide some complements on class formations, which gener-
alise the properties already seen in the special case of a class formation associated
to a local field or to a global field.

In what follows, we will denote by (C, G) a class formation (one can check that
all results in this paragraph remain valid for a P-class formation, where P is any set
of prime numbers, for example P = & which is the minimal assumption. The point
being, Proposition 16.6 remains valid as stated).

For any pair (U, V) of open subgroups of G with V C U, we have a norm
homomorphism

Ny :C" — CY x+— Z X,
seU/v

We also have the transitivity of the norms: if W C V C U, then Ny,w is the com-
posite of Ny,w and Ny, y.

Definition 16.28 A norm subgroup of CY is a subgroup of the form Ny, (C") for
a certain open subgroup V of U.

The next proposition generalises Proposition 9.7 (in the global case, we have also
seen it in the proof of the existence theorem). Its proof is very similar.

Proposition 16.29 Let (C, G) be a class formation. Let (U, V) be a pair of open
subgroups of G with V C U.

(a) Assume that V is normal in U. Then we have a (reciprocity) isomorphism
CY/Ny,yC" — (U/V)™.

In particular, if U/ V is abelian (i.e., if V contains the profinite derived subgroup
D(U) of U), we obtain an isomorphism between CU/NU/VCV andU/V.

(b) In the general case, let W be the smallest closed subgroup of U containing V,
normal in U, and such that U/ W is abelian (W is the subgroup generated by V
and D(U)). Then we have

Nyv(C") = Nyw(C™).

(c) The group ofnorms Ny v (CY) is offinite indexin CY. This index divides [U : V],
and is equal to it and only if V is normal in U with U/ V abelian.

Note that if U is the absolute Galois group of a field K and V corresponds to an
extension L of K, then W corresponds to the largest abelian extension of K contained
in L. When V is a normal subgroup of U, we denote by (x, U/ V) the image of an
element x of CY by the reciprocity map CV — (U/V)® of (a).
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Proof (a) This is Proposition 16.6 (which is a corollary of Tate-Nakayama) applied
to the class formation (U, C) and to the subgroup V of U, withr = —2and M = Z.

(b) The inclusion Ny, v (C Vyc Ny yw(C Wy follows from the transitivity of the
norms. Let a € Ny,w(C"), let us show that a € Ny,y(CY). Let Z be an open
subgroup of U contained in V and normal in U. Let us set / = U/Z and H =
V/Z. Then W/Z = J'.H, where J' is the derived subgroup of J. The inclusion
H — J induces a canonical homomorphism i : H*® = H/H' — J® = J/J'. The
image (a, U/W) of a in U/W = J/J'H is trivial, which means that (a, U/Z) €
(J/J') is coming from H/H'. We have a commutative diagram, which follows
from the definition of the reciprocity map as the inverse of the map “cup-product
with the fundamental class”, and from the compatibility of the cup-product with the
corestrictions (Proposition 2.27, e):

CV NU/V CU

c,V/Z)l lc,U/Z) 16.7)
H/H —— /1.

As CV is surjective onto H/H’ by the reciprocity map, the diagram then provides
the existence of an @’ in C" such that

(@.U/Z) = (Ny,va .U/ Z).
Thus Ny,va’ — a can be written as Ny, z(a”) witha” € CZ, hence
a = Ny,v(a@ — Nz;v(a")).

(¢) By (b), we have CY/Ny,v(CY) = CY/Ny;w(C"), which is finite with car-
dinality [U : W] by (a). The result follows. U

We also have the following compatibility formula (that we will compare with that
of diagram (16.7)), which in the global case appears in the Proof of Theorem 15.31.

Proposition 16.30 Let U and V be open subgroups of G with V. C U and V normal
in G. Then we have a commutative diagram:

c6__ L v

WG/VJ JUJU/V

G/ V) L /vy

wherei is the inclusion, wg v and wy vy are the reciprocity maps and v : (G/ V)
(U/ V)™ is the transfer (cf. Definition 2.11) associated to the inclusion UV —
G/V.
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Proof This follows immediately from the definition of the reciprocity map and
from the fact that the transfer (resp. the inclusion i) corresponds to the restric-
tion I’-I\’Z(G/V, 7)) — I/-I\’Z(U/ V,Z) (resp.to the restriction ﬁO(G/ v,cV) —
HOWU/V,CY)). O

We also have a generalisation of the Lemma 9.9, (a) and (b) (and in the global
case these arguments have also been used in the proof of the existence theorem):

Proposition 16.31 Let U be an open subgroup of the group G. We denote by Aby
the set of open subgroups V of U such that V is normal in U and U/V is abelian
(i.e., such that V contains the derived subgroup D(U) of U). For V in Aby, set
Iy = NU/VCV. Then the map V +— Iy is an increasing bijection from Aby to the
set of norm subgroups of CU. We furthermore have, for all V, W in Aby:

Iynw = Iy N Iy

and any subgroup of CY which contains a norm group is a norm group.

Proof Note that if V and W are in Aby, then VN W is too. The fact that
V Iy is increasing follows from the transitivity of the norms, which in particular
gives the inclusion Iynw C Iy N Iy. Conversely, if a € Iy N Iy, then the element
(a,U/(VNW)) of U/(VNW) has a trivial image in U/V and U/ W, hence is
trivial, which implies that a € Iyny.

If now Iy D Iy, then Iynw = Iy hence VN W and W have the same index
in U, which gives V O W. Using Proposition 16.29 (b), we finally obtain that the
correspondence is bijective.

Let I be a subgroup of CY which contains a subgroup of norms Ny,vC". We
can assume (always by Proposition 16.29, b) that U/ V is an abelian group. Then
the image of I by the reciprocity map CY — U/ V is a subgroup W/V, where W
is an open subgroup of U which contains V. We deduce that [ is the kernel of the
reciprocity map CY — U/W, hence I = Ny,wC" is a norm group. (]

Assume furthermore that we have a structure of a Hausdorff topological group on
each CY, such that for V C U the topology on CY is that induced by C¥ > CY, and
for every s of G the map CY — C sUs™' 4 +> s - a is continuous (which implies that
Nyyv : C V' — CVY is continuous). A typical example is where G = Gal(E/ K) is the
Galois group of local field K and C = K. Then the open subgroups U correspond to
finite extensions L of K and we endow CY = L* with the usual topology associated
to its valuation. The map Ny, y is the norm (in the usual sense) Ny g : L* — K*.
Another example is that of the class formation (C, Gy) associated to a global field &
(Example 16.5, c¢), by endowing each Cx = Ix /K™ with the quotient topology.

Let us make one further assumption, which is satisfied in the two previous exam-
ples (cf. Proof of the Lemma 9.9, ¢) and the Proof of Theorem 15.11).

Hypothesis (H) For every pair V. C U of open subgroups of G, the norm Ny, :
CY — CVY hasa closed image and a compact kernel (if we work with locally compact
countable at infinity groups, this means that Ny v is a proper map).
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This assumption implies that Nyy,vC" is an open subgroup of CY: indeed, it is
of finite index by Proposition 16.29, (c).

Definition 16.32 Let U be an open subgroup of G. We denote by Dy, the intersection
of all the subgroups of norms of U. This is also the kernel of the reciprocity map
cU —» U,

For U = G, we have already encountered D¢, the group of universal norms of
CY,in Sect. 16.1.

Proposition 16.33 Assume (H) to be satisfied. Then for any pair V. C U of open
subgroups of G, we have Ny,y Dy = Dy.

Proof The inclusion Ny,v Dy C Dy follows from the transitivity of the norms. Let
conversely a € Dy. For any open subgroup W of V, denote by K(W) the set of
b of CV of norm a (in CY), and which are the norm of some element of W. The
assumption (H) implies that K (W) is compact. It is non-empty since a € Dy, hence
a is the norm of an element ¢ of C" and we can take » = Ny sw(c) via the transitivity
of the norms. As the family of the K (W) is filtering and decreasing, its intersection
over all of the W is non-empty. But an element b of this intersection clearly satisfies
tob € Dy and Ny,v(b) = a. O

To obtain the general existence theorem for a class formation , it is necessary to
make a few further assumptions. This is the object of [47], Chap. XI, Sect. 5, that we
have taken up in the Exercises 16.5 and 16.6.

16.7 Exercises

Exercise 16.1 Give an example of a profinite group G and of discrete G-modules
M, N, such that the G-module Homz (M, N) is not discrete (we can take for G the
absolute Galois group of a field and for M an infinite direct sum of copies of Z).

Exercise 16.2 (a) Let A be a finite abelian group. Show that Ext;, (A, Z) = 0 if
r # 1 and ExtIZ(A, 7Z) = A*, where A* = Hom(A, Q/Z) is the dual of A.

(b) Let G = Z, endowed with its usual class formation. Show that for r = 0, 1, the
cup-product

H" (G, M) x H"™"(G,M*) — H'(G,Q/Z) = Q/Z

is non degenerate if M is a finite G-module.

Exercise 16.3 (after [39], pages 26-28) Let G =Gal(K /K) be the Galois group
of a p-adic field K. Let M be a discrete G-module of finite type. We denote by
M’ = Hom(M, K*) the Cartier dual of M. You can use the fact that if
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0—A—B—C—0

is an exact sequence of abelian topological groups with B locally compact, totally
disconnected, generated by a compact subset, such that A — B is a strict morphism
(this notion is recalled in the notations and conventions at the beginning of the
book) with closed image and the map B — C is open, then the sequence of profinite
completions

0—A"—B"—C"—0

remains exact (cf. [20], Appendix).

(a) With the notation of the Proposition 16.25, show that a®(G, M) induces an
isomorphism between the profinite completion Homg (M, K*)"and H*(G, M)*
(you may first deal with the case where G acts trivially on M).

(b) Show that the cup-product induces a Pontryagin duality between the profinite
group H°(K, M)" and the discrete group H*(K, M’) and also between the
profinite group H°(K, M")" and the discrete group H?(K, M) (you can use
Proposition 16.16 and (a) of this exercise).

(c) Suppose furthermore that M is unramified and of prime to p torsion. Let N be
the submodule Hom(M, O%") of M’. We denote by I C G the inertia group of
K. Show that in the duality

HY (G, M) x H'(G,M') — Q/Z,

the groups HY(G/I, M) and H'(G/I, N) are orthogonal to each other (you
may reduce to the finite case by showing first that if M is torsion-free, then N is
cohomologically trivial and H'(G/I, M) = H'(G, M)).

Exercise 16.4 Let (C, G) be a class formation. In this exercise, we have adopted
the notation of Sect. 16.6. Let U and V be open subgroups of G with V a normal
subgroup of U. Let s € G. Show that we have a commutative diagram:

CU S1 CSU:’1

WU/VJ/ J/wsUs“/sVs“

UV 22y (sUs sV sy,

where s, sends every c € CY tos - c and s, sends g € (U/ V)™ to sgs ™.

Exercise 16.5 Consider a class formation (C, G). Assume that the CY are endowed
with a structure of topological group as at the end of Sect. 16.6 and that the assumption
(H) is satisfied. Furthermore assume that for every prime number p and every open
subgroup U of G, the kernel of the multiplication by p in CY is compact. Lastly,
assume that G contains an open subgroup U, such that for every open subgroup V
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of U, the image of the multiplication by p in CV contains Dy (intersection of all
the subgroups of norms of V).

(a) Show that if p is a prime number, then Dy = pDy (let a € Dy. You may
consider, for any open subgroup V of U N U, the set L(V) of b € CV such that
pb =aandb € Nu/vcv).

(b) Show that Dy = (),_,nCY.

We now additionally assume that for every open subgroup U of G, there exists
a compact subgroup H of CY such that every closed subgroup of finite index
of CY which contains H is a norm group. Let I be a closed subgroup of finite
index n of CV.

(c) Show that Dy C I.

(d) Let I’ be the complement of 7 in CU. Show that there exists a subgroup of norms
N of CY suchthat ' "N NN H = &, i.e.,suchthat I D NN H.

(¢) Showthat NN (H+ (NNI)) CI.

(f) Show that if A is a Hausdorff topological abelian group, F is a closed subgroup
of A, and G is a compact subgroup of A, then F + G is a closed subgroup of A.

(g) Deduce that H 4+ (N N I) is a closed subgroup of finite index in CY, then that
I is a norm group.

Exercise 16.6 (sequelto Exercise 16.5) Let K be a p-adic field with absolute Galois
group 1. Let (f*, I') be the associated class formation. The aim of this exercise is
to recover the existence theorem for K directly from the general existence theorem
of Exercise 16.5. You may not assume known Theorem 9.13 or its corollaries.

(a) Let £ be a prime number (distinct or not from p). Let K, be the field obtained
by adjoining to K all the £th roots of unity, we set U, = Gal(K /K;). Let V =
Gal(K /L) be an open subgroup of U,. Show that if x € L* is a universal norm,
then x € L* (you may use Proposition 9.12).

(b) Let H = Uk be the group of units of Og. Let I be a subgroup of finite index
of K* that contains H. Show that there exists an integer n such that [ is the
preimage of nZ by the valuation. Then show that if K’ denotes the unramified
extension of K of degree n, the group [ is the kernel of the reciprocity map
wgyk - K* — Gal(K'/K).

(c) Apply the result of the Exercise 16.5 (g) to recover the existence theorem for K .



Chapter 17 ®)
Poitou-Tate Duality s

This chapter is devoted to the statement and to the proof of the difficult Poitou—Tate
theorems, which are the duality theorems for the Galois cohomology of global fields.
Even though totally imaginary number fields and function fields are of cohomological
dimension 2 (cf. Exercise 14.1, or Corollary 17.14 and Remark 17.15), the method
using the dualising module (that we have used in Chap. 10 for the local fields) does
not work very well here. The problem is that the dualising module is not divisible.
The same obstacle makes it difficult to obtain the Poitou—-Tate duality as a direct
application of the duality theorem for class formations, unlike in the local case
(Theorem 16.26). Instead, we will therefore follow the method of [39], Chap.1.4,
which uses in an essential way the duality Theorem 16.21 for a (P)-class formation.
For another method (relying on more elaborate notions, namely étale cohomology,
but more readily generalisable), one can consult [25].

17.1 The P-Class Formation Associated to a Galois Group
with Restricted Ramification

We use notations and conventions of Sect. 15.5, which will be used throughout this
chapter. In particular, k is a global field and S is a non-empty set of places of k,
containing all the archimedean places if k is a number field. The readers wishing to
familiarise themselves with the Poitou—Tate duality are invited to skip this paragraph
in the first reading and to assume for the rest of this chapter that S is the set £2; of
all the places of k. This avoids some complications due to restricted ramification.

We have the maximal extension kg of k unramified outside S and the Galois group
Gs = Gal(kg/ k). We denote by P the set of prime numbers £ such that £ divides
the order of G (as a supernatural number).
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Remark 17.1 Ifkis af function field over F, the set P contains all the prime numbers
since Gal(F,/F,) = Z is a quotient of G. If k is a number field, we have at least
that P contains all the £ invertible in Oy s (i.e., such that S contains all the places
dividing ¢) since for such an ¢, the field ks contains all the roots of unity of order
a power of £ and we know that if (= is a primitive £"th root of unity, then Q((m)
is of degree £ ' (£ — 1) over Q. Besides, if S contains almost all places of k, then
(Exercise 17.1) P contains all the prime numbers.'

For any finite extension F of k, we have (Definition 15.38) the group Cs(F),
quotient of the idele class group Cr by Up s >~ [], ¢s Oy, We have seen (Proposi-
tion 15.40) the properties of the limit Cg of the Cs(F) and of the limit Uy of the
Ur s, when F ranges through all finite Galois extensions of k contained in ks. The
following theorem says that we can define a P-class formation (Gg, Cy), as defined
in Sect. 16.4:

Theorem 17.2 The class formation (G, C) from Example 16.5, (c) induces a P-
class formation (Gg, Cy).

Proof Let Hg := Gal(k/ks). We know (given the definition of P and Remark 16.24,
b) that the class formation (G, C) induces a P-class formation (G, C"s). Here Cis
is the inductive limit C (kg) of the Cr (for F a finite Galois extension of k£ contained
in kg). As (by Proposition 15.40) the G g-module Uy is cohomologically trivial, the
exact sequence (15.3) shows that the cohomology groups H' (G, C ) identify with
the H (Gg, Cy) fori > 1, the result follows. O

Let us finish this paragraph with a consequence of Remark 17.1, which will be
useful in the proof of the Poitou—Tate duality (specifically in Proposition 17.25):

Lemma 17.3 Let € be a prime number, invertible in Oy s. Let v be a place of k
(which may or may not be in S). For any finite Galois extension F of k contained in
ks, let F, be the completion of F at a place above v. Let r > 1 be an integer. Then

lim H' (Gal(k,/F,), k;){¢} = 0.

FCks

Proof As by assumption ¢ € Oy , we know (Remark 17.1) that £ then divides the
order of Gg. We deduce, by Proposition 8.4, that:

lim (Br F,){¢) = 0,
FCkg

that is, 3 3
lim H*(Gal(k,/F,). k;){e} = 0.
FCkS

'We actually have much better: G. Chenevier and L. Clozel have in [11] proved that if there exist at
least two primes p, g such that S contains all the places above p and ¢, then the set P contains all
the prime numbers.
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We also have on the other hand

lim H'(Gal(k,/F,), k;){¢} = 0
F Cks

for r = 1 (Hilbert 90), and also for » > 3: indeed, if v is finite it follows from the fact
that the absolute Galois group of F, is of strict cohomological dimension at most 2
(Theorem 10.6, Remark 10.7 and Proposition 6.15). If v is real, this follows from
Theorem 2.16 along with the cases r = 1 and r = 2. (]

17.2 The Groups PiS (M)

In this section, we consider discrete G g-modules (as usual we will simply say “G s-
module” instead of “discrete G g-module”) of finite type M, whose torsion subgroup
Mo is of cardinality invertible in Oy s. This condition is always satisfied in the case
of a number field if § = 2, and is equivalent to the fact that the cardinality of My
is prime to the characteristic of k in the case of a function field. In this paragraph we
define groups obtained from “local” Galois cohomology groups H' (k,, M).

If v is a place of k, we denote by G, C Gy the decomposition subgroup at v,
which identifies with the absolute Galois group of the completion &, (cf. Sect. 13.1).
If v is finite, we denote by k(v) the residue field at v, and by G (v) the absolute Galois
group of k(v). We have restriction maps H (G, M) — H'(G,, M) (defined for any
place v of k; we will mainly use them for v € S).

Definition 17.4 Caution. In this chapter we make the convention that H' (k,, M)
denotes H' (G, M) exceptfori = 0and v archimedean.In this case, by convention it
will be the modified Tate group H(G,, M ), which is {0} if v is complex and the quo-
tient of M % by the group of norms Ng, M if v is real, where Gg := Gal(C/R). The
reason for this convention is that it is adapted to duality theorems, see Lemma 17.9
below.

Let now v be a finite place of a global field £ and assume furthermore that M is
non ramified at v (i.e., unramified for the induced action of G,: cf. Definition 10.15
and Remark 10.18). For i > 0, we have the groups of unramified cohomology
H! (k,, M). For simplicity we also write H, (k,, M) = H'(k,, M) if v is an
archimedean place. Note that M is unramified outside a finite number of places
(as it is of finite type, and any element of M is fixed by an open finite index sub-
group of G. But a finite extension of k is ramified only at finitely many places, see
background material of Sect. 12.1). This justifies the following definition.

Definition 17.5 Let M be a G s-module of finite type such that #M,, is invertible in
Ok.s- We define Pg (k, M) (or PiS(M ) if it is clear what k is) as the restricted product
for v in S of the H' (k,, M) with respect to the H, (k,, M).
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Thus Pg(k, M) consists of families (x,),es wWith x, € H'(k,, M) for every place
ves, and x, € H} .(k,, M) for almost every v. When S = §2;, we will shorten
Pka (k, M) to P! (k, M). The definitions and the fact that, for v finite, the absolute
Galois group of the field &, is of strict cohomological dimension 2 (Theorem 10.6,
Remark 10.7 and Proposition 6.15) immediately imply:

Proposition 17.6 We have P}k, M) = [],.g H(ky, M). If furthermore M is finite,
this group is compact and we also have Pé (k, M) = @ves H?(k,, M), which is then
a discrete group. For i > 3, we have PiS(k, M) =66 Hi(k,, M), where 2R is
the set of real places of k.

‘UEQR

Remark 17.7 (a) If we do not assume that M is of finite type, the definition of
the P’ is more complicated, and is better interpreted in the language of the étale
cohomology. We therefore will not be using this notion in this book (nevertheless,
see Exercise 17.8).

(b) If M is a Gg-module of finite type (with #M, invertible in Oy 5) and v ¢ S,
then M is unramified at v as kg is unramified outside S.

(c) Assume M to be finite (and always of order invertible in Oy g). The group
Pé(k, M), endowed with its restricted product topology (each H'(k,, M) is
considered as discrete), is then locally compact. Let indeed T be a part of
S with § — T finite and M non ramified at places of 7. Let us set Pr =
[Myes_r H'(ky, M) x [1,cr Ha(ky, M). Then all the H'(k,, M) (and hence
also the Hnlr(kv, M)) are finite by Corollary 8.15 and by the Remark 8.14, which
shows that Py is compact (product of compacts). This argument extends easily
to the case where M is of finite type (cf. Exercise 8.3).

Lemma 17.8 Let M be a Gs-module of finite type such that # My is invertible in
Ok.s- Let i > 0. The image of the diagonal map (induced by the restrictions)

B H (Gs, M) — [ [ H' (ky. M)

ves

is contained in Pg (k, M).

Proof Let x € H (Gg, M). There exists a finite Galois extension F C kg of k such
that the action of Gal(ks/ F) on M is trivial and x is in the image of H' (Gal(F/k), M).
The restriction of x to H' (k,, M) is then in H/ (k,, M) as soon as v is unramified in
the extension F/k, hence for almost all places v of k. O

The following lemma is the analogue of the local duality Theorem 10.9 for the field
of real numbers (for the field of complex numbers, the assertion is trivial, because
of our convention on H'(k,, M)).

Lemma 17.9 Let M be a finite Gg-module with Cartier dual M'. Then the cup-
product N o
H' (Gr, M) x H(Gg, M) — BrR ~Z/2Z

is a perfect duality of 2-torsion finite groups for all i € Z.
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Note that by Theorem 2.16 (and Remark 2.29, which describes explicitly the
periodicity isomorphism as a cup-product), the modified cohomology of the cyclic
group Gr is 2-periodic. It is then enough to prove the result fori € {0, 1, 2} to deduce
itforanyi € Z.

Proof As the Galois group Gy of R is of order 2, we can assume (by Corollary 1.49)
that M is 2-primary torsion. We can also assume M to be simple using induction on
the order of M and the five lemma (along with the compatibility of the cup-product
with exact sequences, Proposition 2.28) to show that the cup-product induces an
isomorphism between H'(Ggr, M) and the dual of H*~/(Gg, M'). Now, the only
simple Gr-module is Z/2Z with the trivial action (use Lemma 3.1 to first see that
the action is trivial) as G is a 2-group. Finally for M = Z /2Z with trivial action, all
the groups under consideration are Z/2Z and it is enough to show that the pairing is
not zero. This is straightforward for i = 0 and i = 2 by Remark 2.22. Fori = 1, the
cup-product of the classes of a, b € R* in H'(Gg, Z/2Z) ~ R* /R*2 is the Hilbert
symbol (a, b), which is nonzero if one chooses a and b both negative (Example 9.11,
see also Exercise 9.4). O

Proposition 17.10 Let M be a finite G s-module whose cardinality n is invertible in
Ok,s. Then the map
8" H'(Gs, M) — Py(k, M)

is proper (i.e., the preimage of a compact subset of Pé(k, M) is finite).

Proof Let T be a part of S with S — T finite and M unramified at the places of T'.
We set Pr = [1,c5_7 H' (k. M) x [],cr HL(ky, M). It is compact (Remark 17.7
¢) and any compact subset P of P}g (k, M) is contained in a Py (cover P by the open
sets P N Pr, and extract a finite covering noticing that Pr C Pr if T C T). It is
then enough to show that the preimage X1 of Pr by 3! is finite. There exists a finite
Galois extension F' C kg of k such that Gal(kg/ F) acts trivially on M and F contains
the nth roots of unity. For v € T, the image of X in H'(F, M) is unramified at every
place of F above v. But H'(Ggy, M) is a subgroup of H'(k, M) and the kernel of
H'(k, M) — H'(F, M) is finite (Theorem 1.42). It is therefore enough to show that
the image of X7 in H'(F, M) is finite. We are thus reduced to the case where the
action of Gy on M is trivial and where k contains the nth roots of unity. One can
restrict to the case where M = y1,,. An element of H'(Gg, t,) C H'(k, 1) whose
image in H'(k,, i) is unramified for every place v € T also has an unramified
image for every v ¢ S (by definition of Gg), hence foreveryv ¢ S —T.As S —T
is finite, the result follows from Proposition 12.28 (one can also directly use the
unramified extension Theorem, cf. [49], Part.II, Sect. 6, Lemma 6). O

For a_ﬁnite Gs-module M whose order n is invertible_ in Oy, the nth roots of
unity of k are in kg. Thus the G g-module M’ = Hom(M, k*) (the Cartier dual of M)
is also Hom(M, k%). Recall that the action of G5 on M is defined by the formula:

(V- @) = v(p(y " - x)
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for v € Gg, p € M', x € M (Example 4.16, d). We will also use in what fol-
lows the notion of dual A* = Hom.(A, Q/Z) of an abelian topological group A
(cf. Remark 10.8).

Proposition 17.11 Let M be a finite G s-module with #M invertible in Oy s. Then
Tate local duality induces isomorphisms between:

(a) the dual P(S’(k, M)* of the compact group Pg(k, M) and the discrete group
Pi(k, M');

(b) the dual P}q (k, M)* of the locally compact group P}g (k, M) and the locally com-
pact group PL(k, M").

Proof We apply the classical formula which describes the dual of a restricted product
(cf. [42], Proposition 1.1.13). The proposition then follows from Theorems 10.9 and
10.17 (note that for almost all places v of k, the cardinality of M is prime to the residual
characteristic of O,), combined with Lemma 17.9, Remarks 10.10 and 10.18. I

17.3 Statement of the Poitou-Tate Theorems

This paragraph is devoted to the statement of the main duality theorem for the Galois
cohomology of a global field. More precisely, fix a non-empty set S of places of k
(containing the archimedean places if k is anumber field) and in what follows consider
a G g-module M which is finite and whose order is invertible in Oy g. In particular, all
primes ¢ dividing the order of M belong to the set P associated to S as in Sect. 17.1
(Remark 17.1). One may in the first reading only consider the case S = £2;. In this
case there is no restriction on the order of M and P is the set of all prime numbers.
Using Proposition 17.11, we have fori = 0, 1, 2 continuous maps

v Pk, M) — H*7'(Gs, M')*

obtained by dualising the maps 5>~/ (associated to M’) of the Lemma 17.8. For
i = 1,2, we define

I (k, M) = Ker[3' : H (Gs, M) —> Pi(k, M)]
(we sometimes write 1115 (M) for LI (k, M) if k is understood).

Remark 17.12 For S= 2., the group I115(M) is the subgroup of H'(k, M) con-
sisting of elements which are “everywhere locally ” zero. The Cyrillic letter 11
(pronounced “Sha”) refers to the Russian mathematician I.R. Shafarevich. The group
1! (k, M) is analogous to the classical Tate—Shafarevich group of an abelian variety
(cf. for Example [39], Chap.1.6).

We can now state the main result of this chapter (and possibly of this whole book!).
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Theorem 17.13 (Poitou-Tate) Let M _be a finite G g-module whose cardinality is
invertible® in Oy 5. Let M' = Hom(M, k*) be the Cartier dual of M. Then:

(a) Forr =3, we have H" (Gg, M) ~ @UGQR H" (k,, M).

(b) The groups H_Ils(k, M') and Hl%(k, M) are finite and dual to each other.

(c) we have a 9-term exact sequence of topological groups (called the Poitou—Tate
exact sequence):

0 0
0 HOGs. M) s [Los HOky, M) 5 HX(Gg, M')* )

ves

1 1
41@5, M)~ PLk, M) — 5 H'(Gs, M')* )

2 2
42(0& M) @, H2(ky, M) 5 HO(Gg, M')* — 0,

ves

where the “unnamed” maps come from the assertion (b).

Note that the first term is finite, the next two terms are compact, and the fourth
term is discrete. Symmetrically, the last term is finite, the two preceding terms are
discrete, and the sixth term is compact. The “middle term” P§(k, M) is only locally
compact. If we dualise the sequence, we obtain the same sequence with M and M’
swapped (by Proposition 17.11).

Corollary 17.14 Let p be a prime number invertible in Oy s, that we assume dif-
ferent from 2 if k has real places. Then G is of p-cohomological dimension < 2.

Proof This follows from assertion (a) of Theorem 17.13. O

Remark 17.15 Let p be a prime number, assumed to be odd if K is a number field
which is not totally imaginary. For § = £2;, we have more precisely cd ,(Gy) = 2ifk
is a number field since H?(Gy, tp) = (Brk)[p] is nonzero (Brauer-Hasse-Noether
theorem), and similarly for a function field of characteristic # p. We thus recover the
results of Exercise 14.1. On the other hand, the computation of scd,(Gs) (which is
2 or 3 by Corollary 17.14 and Proposition 5.8) in the case of a number field is a very
difficult problem, which is still open in general and is related to the Leopoldt conjec-
ture ([42], Chap. X, Sect. 3). In the next chapter we will see (Theorem 18.15) that if
S contains almost all places of k, then scd, (Gs) = 2 (always under the assumptions
of the previous corollary). For a function field, we have scd,(G ) = 2 for any prime
number £ as soon as S is non-empty, but this result does not seem to (for an arbitrary
S) be easily deduced from the class field theory, even if one knows the theorems of
Poitou-Tate; see [42], Theorem 8.3.17 or [39], Remark1.1.12.

2K. Cesnaviius [10] has obtained a version of the Poitou—Tate exact sequence without this assump-
tion; see also Gonzélez-Avilés [17] for the case of a function field.
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Example 17.16 If k is a number field and p is not invertible in O s, the question
of deciding whether cd,(Gy) is finite is also difficult, see [42], Chap.X. If § =
§2, it can happen that the group Gy is finite and non-trivial even for a quadratic
imaginary field, see Yamamura [56]. For example, if k = Q(+/—771), we obtain
Gs = 84 x Z/3Z. When G is finite, Exercise 5.1 shows that cd, (G s) is infinite for
any prime number p dividing the cardinality of Gg.

Corollary 17.17 Assume S to be finite. Let M be a finite G s-module of order invert-
ible in Oy . Then the groups H" (G g, M) are finite for any r > 0.

Proof Here the groups Pi(k, M) are finite by Corollary 8.15 and Remark 8.14. The
result follows from the finiteness of II;(k, M) for r =1, 2, and assertion (a) of
Theorem 17.13 for r > 3. [l

17.4 Proof of Poitou-Tate Theorems (I): Computation
of the Ext Groups

In this paragraph we start proving Theorem 17.13. We will work with finite Galois
extensions F of k contained in kg. In Lemma 15.39 we have defined the group Jr g
(the idele group truncated at S) as the subgroup of the idele group I consisting of
families (ay)wep, Whose component at w is trivial for every place w € §£2p notin S.
Let Ef s := O} ¢ be the group of invertible elements of Or 5. Set Cr s = Jr s/ EF 5.
We denote by I the inductive limit (over the F C k) of the J, r.s and Eg that of
the Er s. The Gg-module Cs of the P-class formation of Theorem 17.2 satisfies
(Proposition 15.40, a):
Cs = h_n)l Crs.
F

The exact sequence
00— Erps— Jps— Cprs—0
then gives, by passing to the limit, the exact sequence
0— Eg— I — Cg —> 0. (17.1)

Theorem 17.13 will be proved by writing the long exact sequence obtained by apply-
ing the functor Homg(M’, .) to this exact sequence, and by calculating the Ext that
occur. In this paragraph, we deal with the Ext with values in Cs and Eg. Those with
values in Iy (which are more complicated) will be dealt with in the next paragraph.

Theorem 17.18 Let M be a Gg-module of finite type. Let £ € P. Then the homo-
morphism
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o’ (Gs, M){€} : Exty (M, Cs){€} — H*>7"(Gs, M)*{¢}

(cf. Theorem 16.21) is an isomorphism for any r > 1. In particular, the groups
Extg (M, Cs){¢} are zero forr > 3.

Note that the assumption on M in this statement is very slightly more general than
that of the Poitou—Tate theorems (we allow M to be of finite type, possibly infinite).
For a finite M whose cardinality is invertible in Oy g, the set P contains all the prime
numbers dividing #M by Remark 17.1, and Theorem 17.18 applies to an arbitrary £.

Proof We apply the version “P-class formation” of Theorem 16.21. After if nec-
essary passing to a finite extension of k contained in kg (corresponding to an
open subgroup U of Gy), it is enough to check that for every m > 0, the map
al(GS,Z/E’") is bijective. Note that H(Gg, Cs) = Cs(k) (Proposition 15.40,
c). Then, by Lemma 16.19 (b), the map o' (Gs, Z/€™") : Cs(k)/€" — G‘;b/ﬁm is
induced by the reciprocity map rec; and Proposition 15.42 shows that it is an iso-
morphism (note the importance of the fact, which was proved in Proposition 15.42,
that in the case of a number field, the kernel Dg(k) of the map w : Cs(k) — G'j‘gb
induced by recy is divisible. In the case of a function field, we just use the fact that
2/ Z is uniquely divisible). (]

Remark 17.19 For v € S finite, we can also consider M as a G,-module. The iso-
morphisms o (Gs, M) of Theorem 17.18 are compatible with the isomorphisms
o’ (G, M) of Proposition 16.25, which give the local Tate duality. Indeed the
a"(Gy, M) also come from the duality Theorem 16.21 (applied to the class for-
mation associated to G,). We have an analogous compatibility for the archimedean
places provided we consider the modified groups.

Remark 17.20 It looks likely that a°(G, Z/€™) is surjective for a totally imagi-
nary number field (or if £ 7 2), but this seems conditional on the assumption that
H?(Gs,Q¢/Z;) = 0 (cf. Exercise 17.2). Unfortunately this result (which is a ver-
sion of the Leopoldt conjecture) is not known in general. It is true over a function
field, but does not seem to be easily deduced from class field theory. The cardinality
argument used in the local case (Proposition 16.25) does not work here. See also
Remark 17.15.

Let us look at the Ext with values in Es. Recall that if v is a place of k, we denote
by G, >~ Gal(k,/k,) the decomposition group at v. If v is finite, we denote by k(v)
the residue field at v and G (v) the absolute Galois group of k(v).

Lemma 17.21 Let M be a finite G s-module, whose cardinality is invertible in O s.
Letr > 0 be an integer. Then:

(a) We have Ext; (M, Es) ~ H"(Gs, M").

(b) For any place v not in S, we have Extg,, (M, (93‘*) ~H"(k(v), M), and both
groups are zero forr = 2.
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(c) Let v be any place of k. Then
Exty (M. k}) ~ H'(Gy, M')

(recall that this last group is also denoted by H" (k,, M) if r > 1 or if v is
non-archimedean).

Note that in assertion (a), M’ denotes the Gg-module Hom(M, k), which is also
Hom(M, k*) or Hom(M, Ey) since #M is invertible in Ok.s-Inassertion (b), we view
M as a G(v)-module (since v ¢ S, M is unramified at v) and M’ designates its dual
Hom(M, W*). The notation O}" means that we consider the maximal unramified
extension of O,, i.e., the ring of integers of k})". Lastly, in assertion (c), we view M
as a G,-module, the dual of M’ = Hom(M, k*) = Hom(M, Ej).

Proof (a) Let us first show that Eg is ¢-divisible for any prime number ¢ invert-
ible in Oy g. The assumption implies that k(i,)/k is unramified outside S. If
a € Eg, let K = k(u¢, @). Then K /k is unramified outside S, and K (/a) is a
Kummer extension of K, unramified at all places which are not above those in S,
by Lemma 13.17 and the assumption thata € Es N K = O% . Thus Ja € ks,
hence we conclude by noticing that \/a remains of valuation zero at each place
vé¢S.
Now, the multiplication by such an ¢ is surjective in Ext}, (M, Es) via the exact
sequence

0—>E5[€]—>ESJ+ES—>O

and the fact that Ext% are always zero (Appendix, Proposition A.54). We deduce
that the multiplication by #M is surjective and zero in Ext} (M, Es), hence
finally Extlz(M , Eg) = 0. The exact sequence (16.3) of the Proposition 16.16
then yields the result.

(b) Let £ be a prime number dividing #M. As v ¢ S, v does not divide ¢ because
of the assumption that #M is invertible in Oy s. We deduce that (’)Er* is -
divisible by applying the Hensel lemma to finite unramified extensions of k,
(cf. Example 10.19). The argument is then similar to (a). On the other hand
H"(k(v), M) = 0 if r > 2 because the cohomological dimension of the finite
field k(v) is 1.

(¢) The proof is completely analogous to that of (a) since k is a divisible group.

O
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17.5 Proof of the Poitou-Tate Theorems (II): Computation
of the Ext with Values in I and End of the Proof

We complete the Proof of Theorem 17.13. We always denote by M a finite G-
module whose cardinality is invertible in Oy g. The most difficult step is to compute
Extg, (M, Is). We can then use the exact sequence (17.1).

Definition 17.22 We denote by £ the set of pairs (F, T'), where:

(a) T is afinite subset of S, containing all the archimedean places, the places where
M is ramified, and the places above the prime numbers dividing #M (in particular
M is a Gr-module whose order is invertible in O 7 and we also have k7 C kg),

(b) F isafinite Galois extension of k with ' C kr, such that the action of Gal(ks/ F')
on M is trivial.

For (F,T) € &, we set

=11 rFx [l o

wETp wGSF—TF

where Tr (resp. Sr) is the set of places of F above T (resp. above S), F), is the
completion of F at w and O, its ring of integers. We can view J/ (which is a
subgroup of the idele group I of F') as a Gal(F/ k)-module.

Note that the pairs (F,T) in £ form an ordered filtered set for the relation:
(F,TYX(F,Thif FCF'andT C T'.

The next lemma allows us to identify Extg; (M, I5) as an inductive limit over the
& of the Ext “defined at finite level ”. For simplicity, as usual, we denote by F), the
completion of F at a place above v.

Lemma 17.23 With the above notations, we have for any integer r > 0:
Exts (M, Is)

~ lim [HEXtEaMF,,/ku)(M’F;)X [ EXtEal(F,,/m(MvOE)} (17.2)
(F.T)eE “veT veS—T

These groups also identify with the inductive limit (taken over the pairs (F,T) € £)
of the Extgy g4 (M, Jh.

Proof Recall that for any fixed finite extension F' C kg of k, the group Jr, g (defined
in Lemma 15.39) identifies with the restricted product of the F;; for w a place
of Sg, or with the inductive limit (over the T satisfying the condition (a) of the
Definition 17.22) of the J/. Such an extension F of k is unramified outside a finite
number of places, it is then contained in k7 for T finite large enough. As Ig is by
definition the inductive limit of the Jr s for F as above, we obtain:
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Is = lim JE.
(F,T)eE
We also have Gg = 1(i£1(F’T)E < Gal(F/k). Proposition 16.16 (c) then implies

Extg (M, Is) = lim  Extgy e, (M, Jh.
(F,T)eE

Now, we use the fact that the Extg /4, (M, .) commute with products (Appendix,
Proposition A.53). On the other hand if w; is a place of F above v € S, the
group Gal(F),, /k,) identifies with a decomposition subgroup of Gal(F/k), and
the Gal(F/k)-module [],,, F, (resp.[],,, O;) with the induced module of F

(resp. Oy, ) relatively to this subgroup (cf. Propositions 12.14 and 13.1). The result
follows by “Shapiro’s lemma for the Ext” (see the end of Remark 16.13). O

We now need to compute local terms in the formula (17.2). The second one is
easier:

Lemma 17.24 Let (F,T) € £ Letve S —T. Then
EXtGa(r, /1) (M5 OF,) = H' (G (v), M)

for any integer r > 0, and this group is zero if r > 2.

Recall that here M’ denotes the dual Hom(M, k(v)*) of the G(v)-module M,
which is meaningful as M is unramified outside 7.

Proof By definition of £, the extension F'/k is unramified outside 7 hence F, C k"
and Oy C O™ Write the spectral sequence of the Ext (Theorem 16.14) with N = Z,
G = G(v) = Gal(k)"/k,), H = Gal(k]"/F,) and P = Oﬁr*, we obtain a spectral
sequence

ExtGar, k) (M. H (H, O))) = Extgs (M, O)).

The G-module (’)ﬂr* is cohomologically trivial by Proposition 8.3; besides Z is of
finite type, hence all the terms

Extl (Z, O™) = Ext;(Z, O™ ) = H*(H, O™)

are zero for s > 0. For s = 0, this term is equal to H'(H, O™") = O}.. We thus
obtain
EXtGar, /1, (M, OF,) = Extg,, (M, Oy )

which equals H" (G (v), M') by Lemma 17.21 (b), which is applicable since v ¢ T
and M is a Gr-module of order invertible in Oy 7. If furthermore r > 2, then
H"(G(v), M) is zero since G (v) (absolute Galois group of a finite field) is of coho-
mological dimension 1. O
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To compute Ext"GS (M, Ig), we consider the cases r > 2 and r = 1 separately:

Proposition 17.25 Letr > 2. Then

Exty (M, Is) ~ €D H' (k,, M").

ves

Observe that @, ¢ H" (k,, M") is here P, (k, M') as r >2. In this statement, we
again denote by M’ the Cartier dual Hom(M, k*) of the G g-module M.

Proof By Lemmas 17.23 and 17.24, we have

Extg, (M, Is) = lim [ [ ExtGacr, e, (M. F).
(F,T)eE veT

We observe (in particular using that inductive limits commute with direct sums) that
this inductive limit is also

lim @EXtrGal(Fv/kv)(M’ )~ @ lim Bxtgr, i, (M, F)),
FCks veS veS FCks

the limit taken over the finite Galois extensions F C kg of k. Let £ be a prime
divisor of the cardinality of M and let v be a place of S. As by assumption ¢ € Of g,
Lemma 17.3 gives B _

lim H*(Gal(k,/Fy). kp){€} =0

FCkS

for any s > 1. As this is valid for any prime number ¢ dividing the order of M, the
spectral sequence of the Ext (Theorem 16.14, again applied with N = Z) then gives,
by passing to the limit over the finite extensions F C kg:

lim ExtGy /) (M, Fy) = Extg (M, k)
FCks

and this last term is H"(G,, M')=H" (k,, M'), by Lemma 17.21 c). The result
follows. (Il

Proposition 17.26 We have Extg, (M, Is) ~ Pi(k, M").

Proof By Lemmas 17.23 and 17.24, we know that the group Ext};S (M, Iy) is iso-
morphic to

lim [HExtéal(Fv/kl)(M, F¥) x ]—[ HI(G(v),M’)i|.

—
(F,T)eE “ver veS—-T

The sequence of terms of low degree of the spectral sequence of the Ext and Hilbert
90 give, forv € T:
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1 ~ 1 7
ExtGar, /1, (M, F)) >~ Extg (M, k)

which is again H'(G,, M) by Lemma 17.21 (c). This term is independent of F.
On the other hand for v € S — T, the group H' (G(v), M') = Hnlr(k,), M) is again
independent of F. This implies that the term to be computed is

lim [HH'(kU,M’)x I1 Hn'r(k,,,M’):|,
T

veT veS—-T

the limit taken over the finite 7 C S. By definition of the restricted product, this limit
is precisely P§(k, M"). O

Proof of Theorem 17.3 We use the short exact sequence
00— Eg—Ig— Cg—0 (17.3)

and previous results to calculate the terms of the long exact sequence Exty; (M', —)
associated to (17.3).

Letus prove (a). Assume first that 7 > 4. Theorem 17.18 says that Ext’G;1 (M’, Cys)
and Ext’GS (M’, Cg) are zero, hence we have an isomorphism between Ext’GS (M', Ey)
and Extg (M ', Is), which implies the result using Proposition 17.25 and
Lemma 17.21.

Applying Proposition 17.25 with r = 2, 3, Lemma 17.21 with r = 3, and Theo-
rem 17.18 with r = 2, 3, we obtain an exact sequence

2 3
Pi(k, M) —— H(Gg, M')* — H*(Gs, M) —— P}(k, M) —> .

The map 5/?/1/ H%(Gg, M) — [Toes HO(k,, M) is injective as for M nonzero, S
contains at last one finite place (Recall that the cardinality of M is invertible in Oy g
by assumption). As it is a map between profinite groups (the first one is actually
finite), its dual map is surjective. By Proposition 17.11, this dual map is precisely
the map +* : P3(k, M) — H°(Gg, M’)*, which is thus surjective. Finally the map
3 H¥*(Gs, M) —» Pz (k, M) is an isomorphism, which finishes the proof of (a).

Let us show (b). We apply Proposition 17.26, Theorem 17.18 for r = 1, and
Lemma 17.21 for r = 1, 2. Using what we have already seen, this gives the last six
terms of the Poitou—Tate exact sequence. We have, using Proposition 17.11, an exact
sequence

Pi(k, M")* — H'(Gs, M')* —> TIT3(k, M) —> 0,

which shows that H.I% (k, M) is the dual of H_Ié(k, M), which is finite by Proposi-
tion 17.10. Whence (b).
Let us show (c). In view of the above, it remains to prove the exactness of

0— HGs, M) — [ [ H' (k. M) — H*(Gs, M')* —> TIIg(k, M) — 0.

ves
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But this is obtained (with b) and Proposition 17.11) by dualising the end of the
following sequence applied to M":

0 — I3k, M') — H*(Gs. M") — EPH?(ky. M) — H"(Gs. M)* — 0,

ves

which is not problematic since we are dualising a sequence of discrete torsion
groups. (]

Remark 17.27 (a) The identification of the maps 3 in the Poitou—Tate theorems is
immediate (they are induced by the inclusions F* — F, justlike themap Es — I5).

The fact that it is the maps ~/ that appear in the sequence is the consequence of
their definitions, of the compatibility between the pairings given by the cup-products
and those given by the Ext (Proposition 16.17), and from Remark 17.19.

The “unnamed” maps are more difficult to write down. We can make them precise
using an explicit description of the pairing between I11L(M) and I112(M’), cf. [39],
p.65.

(b) The finiteness of H_Ié(M ) allows to immediately deduce the analogue of the
Proposition 17.10 in degree 2 as in this case Pé(M ) is discrete. It seems difficult
(impossible?) to prove this finiteness statement without using the Poitou—Tate dual-
ity!

(c) The Poitou—Tate theorems have many generalisations to more general modules
M than the finite ones: modules of finite type and tori (Exercise 17.8 and [42],
Chap. VIII, Sect.6), abelian varieties ([39], Part.I, Chap.6), or even “l-motives”
([17, 20]).

d) Instead of obtaining the beginning of the Poitou-Tate sequence by duality
from the last six terms, it is also possible (As in [39], pages 61-62) to compute them
directly by applying Homg,(M’, .) to the exact sequence (17.3). This approach has
the advantage to give the whole of the Poitou-Tate sequence from the Extg; (M’, .)
applied to (17.3), but the computation of the third term is significantly more difficult
(cf. Remark 17.20).

17.6 Exercises

Exercise 17.1 Let k be a number field. Let S be a subset of £2;, containing 2.
Assume that S contains almost all places of k. Recall the weak version of the Dirichlet
arithmetic progression theorem: for any integer b > 1, there are infinitely many prime
numbers congruent to 1 modulo b.

(a) Assume that k = Q. Show that the set P of prime numbers associated to S
(cf. Remark 17.1) contains all the primes (consider cyclotomic extensions Q((,,)
with well chosen n).

(b) Using (a), generalise to an arbitrary number field.
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Exercise 17.2 Let k be a number field. Let S be a subset of £2; containing the
archimedean places. Let £ be a prime number invertible in O, g. We suppose that
H?(Gs, Q¢/Z,) = 0(with the notation of the text). Show that the homomorphism o
of Theorem 17.18 is surjective (it is an open question as to whether H*(Gs, Q¢/Z;) =
0 for an arbitrary S, under the usual assumption that £ # 2 if £ has real places).

Exercise 17.3 Extend Proposition 17.10 to the case where M is only assumed to be
of finite type. Same question with Lemma 17.9.

Exercise 17.4 Using the notations of this book, let k be a global field and M be
a finite G g-module whose cardinality is invertible in Oy s. Let T be a finite subset
of S such that there is at least one finite place of S which is not in 7. Fix such a
place w.

(@) Lety : H(k, M') — Q/Z be a character of H’(k, M’). Show that there exists
a, € H?(k,, M) such that for any b of H%(k, M’), we have

—invy (a, U by,) = x(b),

where b,, is the image of b in H(k,,, M").
(b) Deduce that the diagonal map

H*(Gs, M) — @D H*(k,. M)

veT

is surjective.

Exercise 17.5 Let k be a global field with absolute Galois group Gy. Let M be
a finite Gy-module, whose cardinality is prime to the characteristic of k if k is a
function field. We denote by M’ the Cartier dual of M. Let T be a finite set of places
of k. We set

i (r, M) := Ker[H' (k, M) — @ H'(k,, M)).
vgT

(a) Using the Poitou-Tate exact sequence, show that there is an exact sequence
m'(r, M) — @ H'(k,, M) N H'(k, M)*.
veT

Give a description of the map 6.
(b) Deduce from it an exact sequence

H'(k, M) — P H' (k,. M) — 11T, M')* — LII*(M) —> 0,
veT

where IT12(M) = Ker[H?(k, M) — I1 H?(k,, M)].

ver
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Exercise 17.6 Letk = Qand letthe set S be reduced to the infinite place. Set M = Z
and M’ = Gy, (which plays the role of the dual of M, cf. Exercise 17.7 below). If K
is a field with separable closure K and with absolute Galois group 'y = Gal(K /K),
we then have (cf. Remark 6.1) H' (K, G,) := H'(I'x, K*). Using Corollary 12.30,
show that the analogues of Propositions 17.25 and 17.26 are false in this context
(when S contains almost all places of k, we will see in Exercise 17.8 that the situation
is better).

Exercise 17.7 Let k be a number field with absolute Galois group G; = Gal(k/k).
Let M be a G-module of finite type. For any integer » > 3, we consider the diagonal
map

0" (M) : H (k, M) —> QB H' (k,, M)

VESRR

induced by the restrictions H" (k, M) — H" (k,, M).
(a) Assume that the G;-module M is torsion-free. Show that for any integeri > 2,
we have an isomorphism

H' ™' (k, M ®2 Q/Z) ~ H' (k, M).

Show that for any integer n > 1, the Gy-module M ®z Z/nZ is finite, then that
for any r > 4, the homomorphism 6" (M) is an isomorphism.

(b) We no longer assume M to be torsion-free. Show that there exists an integer
s > 0 and an exact sequence of G-modules

O—N-—P —>M—70

with P of the form Z[G;/U]* ~ (ng (Z))* for a certain open normal subgroup U of
Gy, and N of finite type and torsion-free.

(c) Let r > 4. Show that the homomorphism 6" (M) is an isomorphism.

(We will see in Exercise 18.1 that the result of (c) remains valid for r = 3).

Exercise 17.8 Let k be a number field. In this exercise we keep the notation used in
the book: in particular S is a set of places containing all the archimedean places and for
any finite place v, we respectively denote by G, and G (v) the groups Gal(k, / k,) and
Gal(k;" / k), this last being the absolute Galois group of the residue field k (v) at v. We
denote by M a G s-module of finite type, such that n := #M, is invertible in O .
We denote by N the G s-module Hom(M, E), and for v such that M is not ramified
at v (For example v ¢ §), we denote by N(v) the G(v)-module Hom(M, (’)'U”*).
Lastly, for any place v of k, we denote by N, the G,-module Hom(M, Eﬁ).
(A) (a) Show that there exists an exact sequence of G (v)-modules:

00— F— N(@w) — Ny — 0,

with F cohomologically trivial and N; finite of n-torsion (use Exercise 3.5 and its
generalisation to profinite groups).
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(b) Deduce that H2(k(v), N(v)) = 0andif M is torsion-free, we have furthermore
H'(k(v), N(v)) = 0.

(c)Forr > 1, we call Pi(k, N) the restricted product of the H" (k,, N,) forv € S,
with respect to the images of the H" (k(v), N (v)) in H" (k,, N,). Show that

Pk, N) = @ H(ky, Ny)

ves

and that if M is torsion-free, we have furthermore

Py(k. N) = @ H' (ky. Ny).

vesS

(d) Show that for any r > 0, the analogue of the Lemma 17.21 remains valid,
which is:
(i) we have isomorphisms:

Ext; (M, Es) ~ H"(Gs, N);
(ii) for any place v of k, we have:
Exty (M, k%) ~ H'(Gy, Ny);
(iii) for any place v not in S, we have:
Ext(;, (M, O)) = H' (k(v), N (v)),

with furthermore H" (k(v), N(v)) =0if r > 2.

You can use Exercise 17.3.

(B) We assume until the end of this Exercise 17.8 that S contains almost all places
of k. In particular (Exercise 17.1), the set P associated to G as in Remark 17.1
contains all prime numbers.

(a) Show that if v € §, we have

: * _ Tk
h_r)n Fv _kv’
F Ckg

the limit taken over all the finite Galois extensions F of k contained in kg (if L is a
finite extension of k,,, write L = k,[T]/Q(T), where Q is a separable polynomial in
ky[T1]; then apply the weak approximation theorem and Krasner’s lemma, drawing
inspiration from the proof of Proposition 13.6).

(b) Drawing inspiration from the proof of Proposition 17.25, show that for any
r > 2, we have
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Exty; (M, Is) ~ Py(k, N) = €D H' (k. N,).

vesS

(c) Drawing inspiration from the proof of Proposition 17.26, show that we have
Extg (M, Is) ~ Pg(k, N).

(d) Deduce that we still have a Poitou-Tate type exact sequence

HY(Ggs, Ny ——PL(k, N) —— H'(Gs, M)* )

42(@, N) —— P%(k, Ny —— H°(Gs, M)* —— 0.

(To prove the surjectivity of the last map, proceed by duality using Exercise 16.3,
(b).)

(d) Show that the groups IH§ (N) and IH;(M ) (with similar notations to those
used in the book) are finite and dual to each other (use Exercise 16.3, c).

(e) Assume furthermore that M is torsion-free. For any abelian group B, denote
by B” its profinite completion. Show that we have another exact sequence of Poitou—
Tate type

0—— H'(Gs, M) ——T]

ves

41(G5, M) ——T]

(C) How can one extend the previous results to the case of a function field?

Ho(kva M)/\ - Hz(Gst)*>

H'(k,, M) —— H'(Gs, N)*.

vesS

Remark. We can view N as a group scheme of multiplicative type over Spec(Ox s),
and the pair (N,, N (v)) as a group scheme of multiplicative type over Spec O, when
M 1is not ramified at v. The case where M is torsion-free corresponds to the case
where N is a forus. In this language, it is possible to extend (by putting in a little bit
more effort, a good context being that of the étale cohomology) the above sequence
to a 9-term sequence, and thus obtain a duality between LH%(M ) and LHIS(N ); cf. for
example [20]. The method of this exercise does not apply directly to this extension,
because of the problem with applying Theorem 17.18 with r = 0. Another approach
consists of using a version of the duality theorem for class formations which uses
Tate modified cohomology of profinite groups; this requires to properly define the
cup-products in this context; see [42], Theorem3.1.11, 8.4.4. and 8.6.7.

Exercise 17.9 Let k be a number field. Let K be a finite extension (not necessarily
Galois) of k. We set G, = Gal(k/k) and U = Gal(k/K). We define a G;-module of
finite type M by the exact sequence:
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0—>Z—>ng(Z)—>M—>O,
where the map Z — ng (Z) sends a € Z to the function f € ng (Z) defined by

f(x) = a for any x of Gy.

(a) Show that M is torsion-free. 3 3
(b) Let T := Hom(M, k*) and R := Hom(I§ (Z), k*). Compare R and 17 (k*).
Show that we have an exact sequence of G-modules

0—>T—>RLE*—>O,

where N is induced by the norm (K ®; k)* — k* (cf. Remark 1.47).
(c) Show that H'(k, R) = 0, and deduce that

H'(k,T) = k* /N kK*.
Show that if v is a place of k and K, denotes the k,-algebra K ®; k,, then
H'(ky, T,) = ky/Nk, /1, K7,

where N, /i, : K¥ — k" is the norm and T, := Hom(M, k%).

(d) Using Exercises 4.10 and 17.8, show that if there are infinitely many places v
of k such that the group &}/ Nk, /«, K is non-trivial, then the group k*/Ng /. K*
is infinite.

We will see in Exercise 18.8 that this condition is in fact always satisfied if
[K : k] > 2, which generalises Exercise 15.1 to the non-Galois case.



Chapter 18 ®)
Some Applications s

We keep the notation of the last chapter. In particular, k denotes a global field, S anon-
empty set of places of k (containing all the archimedean places if k is a number field)
and G = Gal(ks/ k) is the Galois group of the maximal extension of k unramified
outside S. We also denote by Ogs = Oy s the ring of S-integers, £2; (or simply by £2)
the set of places of k, and £2 the set of finite places.

18.1 Triviality of Some of the IIT¢

The aim of this paragraph is to present some vanishing results for the groups
I’ (Gg, M) when M is a finite Gg-module and the set S is “large”. We will in
particular see that if S contains almost all places of k, then I11 g(M ) = 0if the action
of Gg on M is trivial, and the same result is valid if the action of G on the Cartier
dual M’ is trivial provided we avoid one special case. We begin by recalling the
following important number theoretic result.

Theorem 18.1 (Cebotarev) Let L be a finite Galois extension of k, whose Galois
group is denoted by G. Let C be a conjugacy class of G. For any finite place v of
k which is not ramified in the extension L]k, we denote by Frob, the Frobenius at
v (it is an element of G, well defined up to conjugation). Then the Dirichlet density
01/x(C) of the set of places v such that Frob, € C is

dr/k(C) = #C /#G.

For a proof of this result (which is analytic in nature), see for example [15],
Theorem 5.6. or Theorem B.32 in the appendix. Recall that the Dirichlet density of
S C $2; is the limit (if it exists)

. Dpesne, (N
§(S) = lim =22 1
s—1 Zpe()f(Np) $
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where the absolute norm Ny is the cardinality of the residue field of p.

Cebotarev theorem implies that the “proportion” of places v totally split in the
extension L/k is 1/[L : k]. We can also restrict ourselves to places v of absolute
degree 1 of k (i.e., such that k, is of degree 1 over Q,, where p is the prime number
dividing v) as the other places form a set of density zero among places of k.

Proposition 18.2 Let S be a set of places of k containing all the archimedean places.
Let A be a finite abelian group equipped with the trivial action of Gs. Let T C S be
a set of places such that §(T) > 1/p, where p is the smallest prime divisor of #A.
Then the natural map (induced by the restrictions H Y(Gg, A) — H'(k,, A))

H'(Gs, A) — [] H'(k,, A)

veT
is injective. In particular, if §(S) > 1/p, we have HIIS(A) =0.

Proof We are immediately reduced to the case where A = Z/¢"Z withr € N* and £
prime. The kernel of the map under consideration corresponds to continuous homo-
morphisms

0:Gs — Z/U'L

whose restriction has a trivial decomposition subgroup at v for every place v of T.
The kernel of ¢ is thus of the form Gal(ks/L), where L is a finite extension of k
which is of degree £° (with s < r and £ > p) and totally split at places of 7. Let X
be the set of places of k where L/k splits totally. Then T C X. Cebotarev theorem
implies that 6(X) = 1/£°, hence

1 1
- <0(T) <6(X) = —.
7 <01 <0X) =

Thus s = 0, which means that  is the trivial homomorphism. (]

Remark 18.3 In the case where T contains almost all places of &, Cebotarev theo-
rem is not necessary, it is enough to apply Corollary 13.13 instead, which is its weak
version. From this fact, Theorems 18.9 and 18.15 below, as well as their corollaries,
only require Corollary 13.13, and not the full Cebotarev theorem.

Corollary 18.4 Let T be a set of places of k of density > 1/2 (for example containing
almost all places of k). Let A be a finite abelian group endowed with the trivial action
of Gy = Gal(k/k). Then the natural map

H'(k, A) — [] H'(k,, A)

veTl
is injective.

It is the special case S = §2; in Proposition 18.2.
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Corollary 18.5 Let S be a set of places of k containing all archimedean places. Let
A be a finite Gg-module of order invertible in Og, and such that the action of G
on the Cartier dual A’ is trivial. We further assume that §(S) > 1/ p, where p is the
smallest prime divisor of #A. Then H.I%(A) =0.

Proof This follows from previous proposition and from the Poitou—Tate duality
(Theorem 17.13, b) between 1112 (A) and III{(A"). O

The study of HI;(A) when the action of Gy on A’ is non-trivial (for example
A = u,) is more complicated. We will need the following lemma:

Lemma 18.6 Ler p be a prime number. Let r be a positive integer and let G be a
subgroup of (4] p"Z)* that we can also view as a subgroup of Aut(Z/p"Z). Let A
be the G-module isomorphic to 2/ p” Z as abelian group, with the natural action of
G. Then

H(G,A) =0, Viel

except in the case p =2, r > 2, and —1 € G, in which case H (G, A) =1Z/2 for
anyi € L.

Naturally, the fact that p = 2 is an exceptional case is due to the non-cyclicity of
the group (Z/2"Z)* for r > 3.

Proof We denote by v, the p-adic valuation on Z. Assume first p # 2. Then the
group (Z/p"Z)* is cyclic of order p"~'(p — 1).Let7 : (Z/p"Z)* — (Z/pZ)* be the
canonical surjection, then the p- Sylow of G isthe group G| = ker[G =5 (Z)pZ)*).
As the restriction H' (G, A) - H (G, A) isinjective by Lemma 3.2, we are reduced
to the case where G C G.Letus then fix & € Z whose class a modulo p”Z generates
G and denote by p”"~* the order of & (we have s > 1). We can write o = 1 4 p°u
with v, («) = 0. Then A€ is the kernel of @ — 1 : A — A, which gives A® = p" ™ A.
On the other hand we have

pri—1 r—s
.ol =1

with v, (v) = 0: indeed, we have

pr+s(prfs _ 1) )

o =14 pu+ 5 w4 (18.1)

which shows that v,,(a” T —1) =pas p>3ands > 1. We deduce Ng(A4) =
p'*A = A®. Finally H 0(G A) = 0. As A is finite, its Herbrand quotient is 1 (The-
orem 2.20, b) hence H'(G, A) = 0 and we conclude using the 2-periodicity of the
cohomology of a cyclic group (Theorem 2.16).
Assume now p = 2 (and r > 2). Then the group (Z/2"Z)* is a direct product
of the subgroup {#1} and a cyclic subgroup C of order 2"~2. Three cases present
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themselves. If G C C, then G is cyclic and generated by the class of an a € Z such
that vo(av — 1) = s > 2. This case is dealt with in exactly the same way as the case
p # 2 since we again have v;(a? " — 1) = 2" by formula (18.1).

The second case is when G is cyclic and generated by an element which is not in
C,i.e.,bytheclassof an o € Z congruent to 3 modulo 4 and such that & # —1.Letus
set3=—a,thenf e Candv,(B—1) =swith2 <s <r—1.Asv(a—1) =1,
we have A® = 2"~1 A. Furthermore, the order of G is twice the order of &% = BZ,

that is, 2"7°. Then
2r-s_|

T
2=

i=0

is of 2-adic valuation » — 1 (always by the formula (18.1), applied to 3). We deduce
that Ng(A) = 27! A, and we conclude in the same way as above.

There remains the case where G is of the form G = {£1} x (@) with « congruent
to 1 modulo 4, which is the only case where p = 2 and —1 € G. Let then H be the
subgroup generated by &. It is of order 2" ~° with s > 2, and s is the largest integer
< r such that 2¢ divides o — 1. In this case, we have

or=s_1 2r=s_q

Z o + Z —a' =0,
i=0

i=0

vy\hich implies NgA = 0. Furthermore, AG =214 and IQ\A =2A, hence
H (G, A) =7/2 for i = —1,0. As by what precedes we have H'(H, A) = 0 for
any i, Corollary 1.45 implies that for any i > 1,

H (G, A) = H ({£1}, A"y = H'({£1},2"5A)

whose cardinality is that of ﬁo({il}, 2" A) (as {1} is cyclic)/,\ which is 2. The
same argument using homology shows that the cardinality of H'(G, A) is 2 for
i<-—1. |

We will apply the above lemma to cyclotomic extensions of a field F. Letm > 2
be an integer. Let F(u,,) be the field obtained by adjoining the mth roots of unity
to F. The choice of a primitive mth root of unity allows to identify the group of
roots of unity y,, to the additive group Z/mZ. The group G,, := Gal(F (4)/F)
then embeds into Aut(Z/mZ) and the action of G,, on u,, corresponds to its action
by automorphisms of Z/mZ, as in Lemma 18.6.

Remark 18.7 Let F be a field and r > 1. If Car F = 0, we say that the field
Q(u2r) N F is real if it has a real place, which is equivalent to saying that all its
archimedean places are real, as it is a finite (abelian) Galois extension of Q. The
group Gy = Gal(F (uor)/F) is a subgroup of Gal(Q(u2r)/Q). It can happen that it
is not cyclic but isomorphic to the product of Z/2Z by a cyclic group if » > 3, while
G, is always cyclic for p prime > 3.
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If F is a field of positive characteristic £ # p, The extension F (j1,-)/F is always
cyclic as its Galois group G- is isomorphic to that of the extension of finite fields

Fo(up )/ Fe(pp) N F).

Corollary 18.8 Let p be aprime numberandr € N. Let F be a field of characteristic
# p. We set G := Gal(F(p,r)/ F). Then we have

H (G pp) =0

foranyi € Z, except in the cases, that we call exceptional, where p = 2, r > 2, and:

e FEither (case “Exy”) F is of characteristic zero and Q(uy) N F is real;
e or (case “Ex;”) F is of characteristic £ > 3, we have £ = —1 mod 2", and
F((lu,zr) NF = F[.

Furthermore, in the exceptional cases, we have
H (G, py) =Z)2Z

foranyi € Z.

Proof First assume F is of characteristic zero and set Fyp = F N Q(u,r). The
group G- is isomorphic to Gal(Q(u,r)/Fp), and we can view it as a subgroup
of Aut(Z/p"Z) >~ (Z/p"Z)*. We then apply Lemma 18.6. The exceptional case
occurs when p = 2 and r > 2, when the element —1 € (Z/2"Z)* is in G,-. This last
condition is equivalent to the condition that the complex conjugation (that sends a
root of unity ¢ to (~') over Q(u ») induces the identity on Fj, in other words, that
Fy is real.

Assume now that F' is of characteristic £ > 3. Let F, = F N F,(j1),), then the
finite field F, C F¢(u,r) is an extension of F,. The group G - is now isomorphic to
Gal(F¢(pr)/F,), which is a subgroup of (Z/p”Z)*. Lemma 18.6 again implies that
the exceptional case correspondsto p = 2andr > 2,ifinaddition —1 € Gyr. As Gy
is generated by the Frobenius x — x4, the condition can be expressed as follows:
the multiplicative subgroup generated by ¢ in (Z/2"Z)* contains —1. But the only
cyclic subgroup of (Z/2"Z)* ~ (Z/2Z) x (Z /2”2Z) containing —1 is {£1} (Note
that {£1} correspond to a subgroup (Z/2Z) x {0} C (Z/2Z) x (Z/2'~*Z)). If we

setn = [F, : F¢], the condition is ¢ = £" = —1 mod 2". As n (which is a power of
2) is equal to 1 or is even, the only possibility is » = 1 and £ = —1 mod 27, since
r > 2 and —1 is not a square modulo 4. |

Theorem 18.9 Let k be a global field. Let S be a set of places of k containing all
the archimedean places. Let py, ..., p, be pairwise distinct prime numbers in O}
and m an integer of the formm = p'' --- p'. Let T be a subset of S, we assume that
T contains almost all the places of k. We finally assume that if k is a number field,
we are not in the following exceptional case:

(Exo,7) One of the p; is 2 with r; > 3, the exceptional case (Exg) of Corollary
18.8 occurs for the extension k(i) / k, and no place of T is inert in k(1) / k.
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Then the homomorphism

/BS,T,m : HI(GS’ ,LLm) —> 1_[ Hl(kva Nm)

veT

(induced by restrictions H' (G, i) — H'(k,, m)) is injective. In particular,
LT, (k. 1) = 0.

Remark 18.10 We can weaken the assumption on T (by stating it in terms of Dirich-
let density. In particular the proof works if we assume 7 to be of Dirichlet density
1, provided we know the Cebotarev theorem). We can also describe more precisely
the exceptional case for a number field, and in particular show that in this case we
have IITL (k, ) = Z/2Z, cf. [42], Theorem9.1.9.

Proof As the Gg-module i, is isomorphic to the product of the 1 Pl Weare reduced
to the case where m = p” with p prime. Let K = k(u,,). Then K is a subextension
of ks as m is invertible in Og. We set G = Gal(K /k), and we denote by G, the
decomposition subgroup of K /k at v, which is well defined as G is abelian. Denote
by III{(T, m) the kernel of B35 7, and by IITI' (K, T, m) that of the homomorphism
HY(G, L) — ]_[veT H'(G,, m) induced by the restrictions. Let Tk be the set of
places of K above a place of T'. We have (via the restriction-inflation exact sequence)
a commutative diagram with exact rows and columns, whose maps i, i, and i3 are
injective:

0—— YK, T,m) —— HY(G, pi) —— [Lyer H' (Gy, i)

ili izi is |

0 —— IIL(T, m) —— H' (G, ttm) —— [,ep H' kv i)

L |

iy
HI(GK,S9 Mm) — l—lweTK Hl (Kun Mm)

where Gk s := Gal(ks/K) and the bottom right vertical map is induced by the maps
H'(ky, ftm) — Mo H' (K, pim) for v € T. As the action of G _g on j,, is trivial,
Proposition 18.2 implies that the map i4 is injective. By diagram chasing, we get that
LT, m) = OIY(K, T, m).

On the other hand, if we are not in one of the exceptional cases of Corollary
18.8, then H'(G, j1,,) = 0 and we immediately obtain III' (K, T, m) = 0, hence
Hl;(T, m) = 0. If we are in one of the exceptional cases, then p =2 andr > 2. In
the case of a number field, the assumption made if » > 3 ensures that there exists
a place v € T which is inert in the extension k(uo-)/k, and if r = 2 this remains
true by Corollary 13.13 as this extension is then quadratic or trivial. In the case of a
function field, this extension is always cyclic (cf. Remark 18.7), and the assumption
that T contains almost all places of k implies again (with Corollary 13.13) that one
of the places v of T is inert for k(uo)/k. We then have III' (K, T, m) = 0 as the
groups G and G, are equal. This finishes the proof. O
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Remark 18.11 The exceptional case of Theorem 18.9 can effectively happen if m
is divisible by 8, evenif T = § is the set of all places, see Exercise 18.6 (d). However
it does not exist when 4/—1 € k, as the field k(+/—1) is then not real.

Corollary 18.12 Let S be a set of places of k containing all the archimedean places
and such that 2y — S is finite. Let m € OF be an integer. We furthermore assume
that if k is a number field, we are not in the exceptional case (Exg s) of Theorem

18.9. Then 1%(k, Z/m) = 0.

Proof This follows directly from Poitou-Tate duality between the groups
Hlé(k, Z/m) and IHé(k, Im), and from Theorem 18.9 appliedto T = S. U

Corollary 18.13 (Grunwald-Wang) Let m > 1 be an integer. Let T be a subset of
places of k with §2; — T finite. We furthermore assume that if k is a number field, we
are not in the exceptional case Exo r of Theorem 18.9. Then the map

K/ — T kK

veTl

(induced by the restrictions k* — k) is injective.

m

Proof Wehave H'(k, j1,,) = k*/k*" and H'(k,, p1,) = k*/k*". We then apply The-
orem 18.9 with § = £2;. ([l

Remark 18.14 The same result is valid (with the same proof, provided we know
Cebotarev theorem) if 7' is only assumed to have Dirichlet density 1. Similarly, in
Corollary 18.12, it is enough to assume S to be of Dirichlet density 1. Historically,
the first example of the exceptional case of Corollary 18.13 is due to Wang (1948): it
happensfork = Q,T = £2¢ — {2}, m = 8andisrelated to the fact that the restriction
H'(Q,Z/8) — H'(Q,, Z/8) is not surjective; see Exercise 15.4 and Exercise 18.6,
(b) and (c).

18.2 The Strict Cohomological Dimension
of a Number Field

Let S be a set of places of k such that S contains all the archimedean places. As we
have already pointed out (Remark 17.15) to determine scd,(Gs) for p invertible in
Oy is an open problem in general (in the case of a number field). Nevertheless, there
is an answer when S contains almost all places of k.

Theorem 18.15 Let k be a global field. Let S be a set of places of k containing all
the archimedean places and such that §2; — S is finite. Let p be a prime number
invertible in Og. Furthermore we assume that k is totally imaginary if k is a number
field and p = 2. Then scd,(Gs) = 2.

In particular, we have scd(k) = 2 for totally imaginary number fields.
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Proof By Corollary 17.14, we have cd,(Gs) < 2. On the other hand p (and even
p*™°) divides the order of Gg by Remark 17.1, which implies that there exist
cyclic extensions of degree p of k contained in kg, and hence in particular that
H*(Gs,Z)[p] = H'(Gs, Q/Z)[p] is nonzero. We deduce that scd,(Gs) > 2. By
Proposition 5.14, it is enough to check that H*(U, Q,/Z,) = 0 for any open sub-
group U of Gg. As each finite extension k" of k contained in kg satisfies the assump-
tions of the theorem (replacing S by the set of places of k" dividing a place of S), we
are reduced to showing that H?(Gy, Q,/Z,) =0.1If pis odd or V=1 €k, orifkis
a function field, Corollary 18.12 implies, by passing to the limit, that the map

HZ(GS: Qp/Zp) - I—[ Hz(kv, Qp/Zp)

ves

is injective. We conclude using the fact that (Theorem 10.6, Remark 10.7 and Propo-
sition 6.15) the absolute Galois group I', of k, verifies scd,(I',) = 2 for v finite,
along with the observation that for an archimedean v, the assumptions we have made
imply scd, (k) = 0.

Assume now that k is a totally imaginary number field with p = 2 and v/—1 ¢ k.
By what we have seen, if we set K = k(v/—1), we have H*(Gg.s, Q2/Z>) =0,
where Gk s = Gal(ks/K). But we know that the corestriction

H*(Gk s, Q2/Zy) — H*(Gs, Q2/Z>)

is surjective (Lemma 5.9) as cd,(Gs) = 2. The result follows. U
Remark 18.16 Here again, it is enough to assume that S is of Dirichlet density 1.

Corollary 18.17 Let k be a global field. We have H?(k, Z) = 0 and for r > 4, the
natural map
H (k. Z) — @D H' (ky, Z)

UEQR

is an isomorphism. In particular, for r > 3, the group H" (k, Z) is zero if r is odd,
and isomorphic to (Z/2)" if r is even, where t is the number of real places of k.

Proof Assume first r > 4 (cf. also Exercise 17.7 for this case, in a slightly more
general context). Then

H' (k,Z) ~ H '(k,Q/Z) ~ lim H ' (k,Z/n)

n

is also isomorphic to
lim P v k. Z/n).

n vef2g

Indeed, this follows from Theorem 17.13 applied to the Z/n (since we have
(r—1)>=3). But h_r)nn @UGQRH’*I(kU,Z/n) is also @UEQRH’*I(kv,Q/Z). This
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follows from the fact that inductive limits commute to direct sums. The result follows
(for the last assertion, observe that for v real, the group H" (k,, Z) is isomorphic to
H'(R, Z) if r is odd and to ﬁO(R, Z) if r is even by Theorem 2.16).

It remains to show that H3(k, Z) = 0.If «/—1 € k, then k is totally imaginary and
the result follows from Theorem 18.15. Otherwise, let G, = Gal (IE /k),letusset L =
k(+/—1) and U = Gal(k/L). The field L (and thus the profinite group U) is of strict
cohomological dimension 2, which implies, for any r > 3, H" (G, Z[G/U]) =
H"(U,Z) = 0. Let o be the generator of the group G;/U (which is of order 2), we
have an exact sequence of G;-modules

0—7 1% 71601 =% 26 u1 2= 72 o

which (by cutting this exact sequence into two short exact sequences) yields iso-
morphisms H"(Gy, Z) ~ H'*?(Gy, Z) for any integer r > 3. In particular, we have
H3*(Gy,Z) = H (G, Z) = 0. (]

18.3 Exercises

Exercise 18.1 Show that the result of Exercise 17.7, (¢), still holds true for r = 3
(use Exercise 17.7, b).

Exercise 18.2 (after [45], Sect. I) Let k be a global field with absolute Galois group
Gy. Let A be a finite Gi-module. We denote by 111! (A) the subgroup of H'(k, A)
consisting of those a whose image a, € H'(k,, A) is zero for almost all places v
of k.

(a) Show that if the action of G on A is trivial, then I_Hi) (A)=0.

(b) Fix afinite Galois extension K of k such that the action of G ¢ = Gal(k/K) on A
is trivial. Show that I11} (A) is a subgroup of H'(G, A), where G := Gal(K / k),
and deduce that 111! (A) is finite.

(c) Show that HIL(A) is the subgroup of H'(G, A) consisting of those b such that
the restriction of b to H'(H, A) is zero for every cyclic subgroup H of G.

(d) Show that HIL(A) is also the subgroup of H'(k, A) consisting of those a whose
restriction to H'(C, A) is zero for every procyclic (i.e., topologically generated
by one element) closed subgroup C of Gy. Deduce that if b € I1I! (A), then for
any real completion k, of k, the restriction b, € H'(k,, A) is zero.

(e) Can previous results be generalised to the case where A is only assumed to be
of finite type?

(f) In an analogous manner, we define HIZJ(A) as the subgroup of H?(k, A) con-
sisting of elements whose image in H 2(k,, A) is zero for almost all places v of
k. Show that for a finite A, we have Hli (A) = H*(k, A) (this group is infinite if
A # 0, see next exercise), but if A is a free Z-module of finite type, the results
analogous to (a), (b), (c), and (d) still hold true.
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Exercise 18.3 Let k be a number field with absolute Galois group Gy. Let A be a
finite nonzero G-module.

(a) Letnbeaninteger > 2. Show thatif v is a finite place of k, the groups H' (k,, 1),
H'(k,,Z/n) and H 2(k,, 1) are nonzero. Can we say the same thing about
H?(k,,Z/n)?

(b) Using the Cebotarev theorem, show that there exist infinitely many places v of
k such that the group H'(k,, A) is nonzero. Same question with H?(k,, A).

(c) Show that the group H?(k, A) is infinite.

Exercise 18.4 (sequel to the previous exercise) Let k be a number field with absolute
Galois group Gy and A be a finite nonzero G-module. We endow [ [, o H L(ky, A)
with the product topology (each finite group H'(k,, A) is endowed with discrete
topology) and we denote by H!(k, A) the closure of the image of H'!(k, A) in

[Moco, H' (ks A).

(a) With the notation of Exercise 18.2, show that we have an exact sequence

0 — H'(k, A) — [] H'(k,, A) — TII! (A)* — MI*(A) — 0,

vG.Qk

where * as usual denotes the dual (use the Exercise 17.5).
(b) Using Exercise 18.3, show that H'!(k, A) is infinite.

Exercise 18.5 (around Grunwald-Wang, cf. [42], Theorem9.2.3) Let k be a number
field. Let S be a set of places of k containing all the archimedean places and let T be
a finite subset of S. Let A be a finite G g-module whose order is invertible in Oy .
We denote by A’ the Cartier dual of A.

(a) We denote by N the kernel of the natural map

H' (Gs,A) — T[] H'(k,,A)

veS—-T

and by C the cokernel of the map ﬁé.r : HY(Gs, A) — P
Show that we have an exact sequence

H''(k,, A).

veT

0 — Ik, A') — N — C* — 0.

(see also Exercise 17.5).

(b) Assume that the action of G5 on A’ is trivial and that the density §(S) is > 1/p,
where p is the smallest prime divisor of #A. Show that 3 é’T is surjective.

(c) Assumethat A = Z/mZ (with the trivial action of G g) with m invertible in Oy .
We make an additional assumption that S contains almost all the places of k.
Show that if m is odd or /=1 € k, then 3§ ; is surjective.

Exercise 18.6 (a) Show that —1 is not a square in Q,, but that Q,(+/7) is a field
extension of Q; in which —1 becomes a square (observe that —1 = 7(1 — 8/7)).
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(b) Let a be the class of 16 in Q*/Q*® ~ H'(Q, ug). Show that the restriction a »
ofato H'(Q p» 118) is zero for p an odd prime and p = oo, but that it is nonzero
for p = 2 (observe that 16 = 2* = (—2)* = (1 + +/—1)?%).

(c) Using Exercise 17.5, recover the result of the Exercise 15.4, that is, that the
restriction H'(Q, Z/8) — H'(Q,, Z/8) is not surjective.

(d) Letk = Q(ﬁ). Show that the class of 16 in k*/ k*8 is in the kernel of the natural
homomorphism

k* [k — ] k*/k:S.

ver

Exercise 18.7 This exercise shows some applications of the Cebotarev theorem.

(a) Leta and m be two strictly positive coprime integers. Considering the cyclotomic
extension Q(¢)/Q, where ( is a primitive mth root of unity, recover Dirichlet
theorem saying that there exists a strictly positive density of prime numbers
congruent to @ modulo m.

(b) Let G be a finite group. Let H be a subgroup of G with H # G. Show that

UgHg' #6

geG

(observe that gH g~! only depends on the left H-coset of g).

(c) Letk be anumber field. Let K be a finite extension (not necessarily Galois) of k
with [K : k] > 2. Show that there is a strictly positive density of places v such
that no place w of K above v satisfies K, = k, (use Exercise 12.2).

(d) Let L/k be a finite extension (not necessarily Galois) of number fields and L’
a Galois cyclic extension of L. Show that there exists a strictly positive density
of places v of k such that there exists a place w; of L above v satisfying: wy is
splitin L/k, and inert for the extension L’/L.

Exercise 18.8 Let G be a finite group. Let H be a subgroup of G with H # G.
We admit the following result from the theory of finite groups' [14], that uses the
classification of simple finite groups, and extends Exercise 18.7 (b): there exists a
element of G whose order is a power of a prime and is not in UgeG gHg™".

Let k be a number field and K be a finite non-trivial extension of k.

(a) Show that there exists a prime number p such that for infinitely many places v
of k, all the degrees [K,, : k,] (for w place of K above v) are divisible by p (use
Exercise 12.2, d).

(b) Using Exercise 17.9, show that k*/ Nk, K* is infinite.

(c) Show that the kernel of the restriction Brk — BrK is infinite.

I'Thanks to J.-L. Colliot-Theléne and O. Wittenberg for providing a reference.



Appendix A
Some Results from Homological Algebra

In this appendix, we recall (without proof, except when a complete reference could
not be found) some basic results from homological algebra that we have used in this
book. One may consult [35] for generalities on categories and [54] for more details
on homological algebra.

A.1 Generalities on Categories

Definition A.1 A category C is the following data:

e aclass Ob(C) of objects;

e for any pair (A, B) of objects in C a set Hom¢ (A, B) (or simply Hom(A, B) when
it is clear what C is) of morphisms from A to B; an element f of Hom(A, B) will
be denoted f : A — B;

e for any object A € Ob((C), an identity morphism Id, : A — A;

e for any triple (A, B, C) of objects, a composition function

Hom(A, B) x Hom(B, C) — Hom(A, C)

denoted (f, g) — go f (we will often shorten g o f to gf), verifying the two
following axioms:

— (hg) f = h(gf) for all morphisms f : A —- B,g: B— C,h:C — D;
— f=1dpof = f old, for any morphism f : A — B.

Example A.2
(a) The sets form a category (that we denote by Ens), taking as morphisms the
usual functions.

(b) The groups form a category (denoted Gr), the morphisms being the group
morphisms. The same is true for abelian groups, or for rings (the morphisms are then
the ring morphisms). We denote by .Ab and Ann these categories.
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(c) If R is a ring, left R-modules form a category that we denote by Modg, the
morphisms are the morphisms of R-modules. Naturally, we have an analogous result
for the right R-modules.

(d) Topological spaces form a category Zop, the morphisms being the continuous
maps.

Note that in general Ob(C) is not a set (otherwise we very quickly run into para-
doxes of the type “the set of all sets”). A category whose objects form a set is called
small.

Definition A.3 An isomorphism in C is a morphism f : A — B such that there
exists a morphism g : B — A (necessarily unique, denoted by g = f~') satisfying
fg=Idpand gf =1d4.

A monomorphism in C is a morphism f : B — C such that for every pair ey, e,
of morphisms A — B, the equality fe; = fe, implies e; = e;.

An epimorphism in C is a morphism f : B — C such that for every pair ey, e, of
morphisms A — B, the equality e; f = e, f implies e; = e5.

For example, in the category Ab (resp. in Mod g, in Top), the monomorphisms
are the injective morphisms. The epimorphisms in .4b and Mody are the surjective
morphisms, but this is no longer true for example in the category of rings (for example
take the inclusion Z — Q) or Hausdorff topological spaces (take for example the
inclusion Q — R).

Definition A.4 Let B be an object in a category C. A subobject A of B is an object
endowed with a monomorphism i : A — B (we will identify i : A — B and i’ :
A’ — B if i’ factors through i and i factors through i’).

Similarly, we define the notion of quotient object by replacing a monomorphism
by an epimorphism and reversing the arrows.

Definition A.5 An object A in a category C is noetherian if any increasing sequence
(for the ordering “being a subobject”) of subobjects of A is stationary. A category C
is noetherian if it is equivalent (cf. Definition A.15) to a small category and all its
objects are noetherian.

For example, the category of modules of finite type over a noetherian commutative
ring is a noetherian category. Similarly we have a definition of an artinian category
by working with the quotient objects and reversing the arrows.

Definition A.6 We say that an object A of C is initial (resp. final) if for any object
B of C, there exists one and only one morphism A — B (resp. one and only one
morphism B — A). An object which is both initial and final is called a zero-object
(or simply zero, or null object), that we generally denote by 0.

Note that two initial (resp. final) objects are isomorphic in C and the isomorphism
between them is unique. We can then talk of “the initial (resp. final) object” of C
when it exists.
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Example A.7
(a) In Ens, the only initial object is &, the final objects are the singletons (hence
there is no zero).

(b) In Ab or Mod g, the trivial group (resp. the trivial R-module) O is a zero-object.

Definition A.8 Let C be a category which has a zero 0. If A and B are two objects
of C, we denote again by 0 the morphism A — B which is the composite of A — 0
and 0 — B.

(a) A kernel of amorphism f : B — Cisamorphismi : A — B satisfying fi =
0, and which is universal for this property (meaning: for any morphism i’ : A" — B
with fi’ = 0, there exists a unique morphism g : A’ — A such thati’ = ig).

(b) A cokernel of a morphism f : B — C is a morphism p : C — D such that
pf = 0, and universal for that property (meaning: for any morphism p’ : C — D’
with p’ f = 0, there exists a unique morphism g : D — D’ such that p’ = gp).

Note that each kernel is a monomorphism, and two kernels of the same morphism
are isomorphic (in an obvious way). Similarly, a cokernel is an epimorphism and two
cokernels of the same morphism are isomorphic. Naturally, the notions of kernel and
cokernel in the category Ab or Mod g coincide with the usual notions. We can also
define the notion of co-image of f as an epimorphism p : B — D such that there
exists f : D — C verifying f = fo p, with p universal for this property.

Definition A.9 Let C be a category. The opposite category CP of C is the category
whose objects are the same as those of C, but the morphisms and their composites
are reversed.

For any morphism f : A — B in C, we thus have a morphism f°? : B — A in
C°P. The morphism f is a monomorphism if and only if f°P is an epimorphism
(and vice versa). Similarly, to pass to the opposite morphism transforms the kernels
into cokernels (and vice versa), and the passage to the opposite category swaps the
notions of initial and final objects.

Definition A.10 A subcategory of a category C is a category C’ whose objects are
objects of C, and such that for all objects A, B of C’, the set Hom¢: (A, B) is a subset
of Hom¢ (A, B). We say that such a subcategory is full if we have Hom¢ (A, B) =
Hom¢ (A, B) for all objects A, B of C'.

For example, abelian groups form a full subcategory of the category of groups.

Definition A.11 Let C be a category. Let (A;);c; be a family of objects of C. A
product A = ]_[l.e, A; is an object in C, endowed with morphisms p; : A — A;,
such that for any object B of C and any family of morphisms f; : B — A;, there
exists a unique morphism f : B — A such that p; o f = f; foranyi € I.

By definition, if a product [ [, _, A; exists, it is unique up to an isomorphism. The
products exist for example in the category of sets, groups, abelian groups, R-modules
(if R is a ring), but not in the category of fields. The product of two objects A x B
exists in the category of Z-modules of finite type, but a product of an infinite family
does not.
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Definition A.12 Let C be a category. Let (A;);c; be a family of objects of C. A
coproduct A = [];, A; is an object of C, equipped with morphisms u; : A; — A,
such that for any object B of C and any family of morphisms g; : A; — B, there
exists a unique morphism g : A — B suchthat gou; = g; foranyi € I.

A coproduct in C is thus a product in C°? (and vice versa). The coproduct in the
category of sets is the disjoint union, in Mod, it is the direct sum.

A.2 Functors

Definition A.13 A functor (sometimes called “covariant functor”) F from a cate-
gory C to a category D is the data for any object A of C of an object F(A) (that we
will also denote by FA) of D, and for any morphism f : A — B in C of a morphism
F(f): F(A) — F(B), satisfying:

F(Ids) = Idp(a) for any object A of C.

F(gf) = F(g9)F(f) for all morphisms f, g inC.

A contravariant functor from C to D is a functor from C° to D.

We define in an obvious way the composite G F of two functors F : C — D and
G : D — &, and the identity functor Id : C — C. It will often happen that to define
a functor, we only define F (A) for objects A of C, the definition of morphisms F ( f)
when f is a morphism in C being completely obvious.

Example A.14

(a) We define a functor from Gr to Ab by associating to every group G its abelian-
isation G (i.e., the quotient of G by its derived subgroup).

(b) By associating to every abelian group G the product group G x G, we obtain
a functor from Ab to itself.

(c) We can construct functors called forgetful by retaining only some structures
on the objects of a category (and forgetting others). For example, we obtain such a
functor from Ab to Gr (resp. from Gr to Ens) by only considering the underlying
group of an abelian group (resp. the underlying set of a group).

(d) Let k be a field. We obtain a contravariant functor from the category of k-vector
spaces to itself by associating to every k-vector space E its dual E*.

Definition A.15 Let C and D be two categories. Let ' and G be two functors from
C to D. A natural transformation (or a morphism of functors) 7 from F to G is the
assignment for any object A of C of a morphism 74 : F(A) — G(A) in D, so that
for any morphism F : A — A’ in C, the following diagram is commutative:

F(A) —>F(f) F(A)

oo
G(f)

G(A) —— G(A)
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If furthermore all of the 14 are isomorphisms, we say that 1 is a natural isomor-
phism. An equivalence of categories is a functor F' : C — D such that there exists a
functor G : D — C and natural isomorphisms Id¢ >~ GF and Idp ~ FG.

Example A.16

(a) Let T be the functor from Ab to itself that associates to every abelian group
A its torsion subgroup T (A). Then the inclusion 7 (A) — A induces a natural trans-
formation from 7T to Id 4.

(b) Let k be a field. Let C be the category of finite-dimensional k-vector spaces.
The contravariant functor £ — E™* is an equivalence of categories from C to its
opposite category (one sometimes speaks of an anti-equivalence of categories from

CtoC).

(c) The forgetful functor which to a Z-module associates the underlining abelian
group is an equivalence of categories between Modz and Ab.

Definition A.17 A functor F : C — D is faithful if for all morphisms f|, f, in C
with f; # f>, the morphisms F'(f}) and F( f) are distinct. The functor F is called
full if every morphism g : F(A) — F(B)inDis of the form F(f) with f : A > B
morphism in C. A functor which is both full and faithful will be called fully faithful.
We say that the functor F is essentially surjective if each object in D is isomorphic
to F(A) for a certain object A in C.

The following theorem ([35], Sect. IV.4, Th. 1) gives a useful criterion to obtain
an equivalence of categories.

Theorem A.18 Let F : C — D be afunctor. Then F is an equivalence of categories
if and only if it is fully faithful and essentially surjective.

Lastly, the following notion often plays an important role, namely in the abelian
categories (which figure in the next paragraph).

Definition A.19 Let C and D be two categories. Two functors L : C — D and R :
D — C are called adjoint if for all objects A in C and B in D, we have a natural
bijection

7 = T4p : Homp(L(A), B) ~ Hom¢ (A, R(B))

between A and B, meaning that for all morphisms f : A - A’inCandg: B — B’
in D, the following diagram commutes:

Homp(L(A). B) =+ Homp(L(A). B) —* s Homp(L(A), B

P S

Homg(A', R(B)) —— Home (A, R(B)) —2* , Home (A, R(B)).

In these cases we also say that L is a left adjoint of R, or that R is a right adjoint
of L.
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For example, if R is aring and B is a left R-module, we can for any abelian group
C consider the group Homz (B, C) as a right R-module via the left action of R on
the first factor. The left adjoint functor of Homgz(B, .) (from abelian groups to right
R-modules) is A — A ®z B (cf. [4], Sect. 4.1).

A.3 Abelian Categories

Definition A.20 An additive category C is a category whose sets Hom¢ (A, B) (for
A, B objects of C) are endowed with a structure of abelian group, satisfying the
following properties:

(i) The composition of morphisms is distributive with respect to the addition: if
A,B,C, D are objectsof Cand f :A—-> B,g: B—>C,g:B—>C,h:C—> D
are morphisms, we have

h(g+9g)f =hgf +hg f € Hom(A, D).

(ii) C has a zero-object 0.
(iii) If A and B are objects of C, the product A x B exists.

In particular, in an additive category, for any object A, Hom(A, A) is endowed
with the structure of a ring (the unit being the identity morphism). Furthermore, it is
easy to see that the product A x B is also the coproduct of A and B; it will often be
denoted by A @ B (in Modp, it corresponds to the usual direct sum).

Definition A.21 An abelian category (denoted by C) is an additive category addi-
tionally satisfying:

(1) Every morphism in C has a kernel and a cokernel.

(ii) Every monomorphism is the kernel of its cokernel.

(iii) Every epimorphism is the cokernel of its kernel.

We easily see that in an abelian category, every morphism f : A — B factors
uniquely as f =i o p, where p : A — B’ is an epimorphism and i : B" — B is a
monomorphism, with i defined as the kernel of the cokernel of f. The subobject
B’ :=Im f of B is called the image of f.In particular, the notion of exact sequence
(finite or infinite)

o Ay = Ay = A —>

is given by the usual property that the image of a map is the kernel of the next one.
Injective morphisms (= with zero kernel) coincide with monomorphisms and surjec-
tive morphisms (= with zero cokernel) with epimorphisms. We can also synthesise
axioms (a) and (b) by the statement that the morphism that f induces between its
co-image and its image is an isomorphism.
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Example A.22
(a) The category of abelian groups Ab is abelian.

(b) If R is a ring, the category Mody is abelian.
(c) The opposite category of an abelian category is abelian.

(d) Let R be a commutative ring. The R-modules of finite type form an additive
subcategory of Mod . This subcategory is abelian if and only if R is noetherian.

(e) A full subcategory of an abelian category containing O and stable by direct
sums is additive. If furthermore it is stable by kernel and cokernel, it is an abelian
category.

An additive functor F between two abelian categories C and D is a functor such
thatif A and B are objects in C, the map induced between abelian groups Hom¢ (A, B)
and Homp(F(A), F(B)) is a morphism of abelian groups. When we speak of a
functor between two abelian categories, it will be understood (except an explicit
mention to the contrary) that this functor is additive.

Definition A.23 Let F : C — D be a functor defined between two abelian cate-
gories. We say that F is left exact (resp. right exact) if for every exact sequence

0— A — Ay — A3z — 0,

the sequence
0— F(A)) — F(Ay) — F(A3)

(resp. the sequence F (A1) — F(Ay) — F(A3) — 0)isexact. We will say that F is
exact if it is both left and right exact. We similarly define the notion of contravariant
left exact (resp. right exact, resp. exact) functor F by that the corresponding covariant
functor F’ : C°? — D has the same property.

We easily see that the left exactness of a functor F is equivalent to the property
that for every exact sequence

0— A — Ay — Aj,

the sequence
0— F(A)) — F(A;) — F(A3)

is exact. A similar statement holds true for right exactness.

Example A.24

(a) If C is an abelian category and A is an object of C, the covariant functor
Home¢ (A, ) from C to Ab is left exact. Same is true for the contravariant functor
Home¢ (., A). Si D is a divisible abelian group, the functor Hom(., D) from Ab to
itself is exact (consequence of Zorn theorem, see also [54], Cor.2.3.2).



298 Appendix A: Some Results from Homological Algebra

(b) Let R be a commutative ring. Let A be an R-module. The functor . ® A from
Mod g toitself is right exact. We say that A is flat if this functor is exact. For example
it is the case if R is a principal ideal domain and A is torsion-free.

(c) If G is a finite group, the functor A — A (from the category of G-modules
to the category of abelian groups) is left exact.

Definition A.25 Let C be an abelian category. A functor F : C — Ab is called rep-
resentable by an object A of C if there exists a natural isomorphism from F to the
functor Hom¢ (A, .). A contravariant functor from C to Ab is called representable by
an object / from C if it is naturally isomorphic to Hom¢ (., I).

The following theorem (essentially “formal’) (cf. [18], Sect. 3: here we consider the
case of a noetherian category, which is the opposite category of an artinian category)
was used in the book to prove the existence of the dualising module (paragraph
Sect. 10.1).

Theorem A.26 Let C be a noetherian abelian category. Let F be a contravariant
Sfunctor which is right exact from C to Ab. Then the functor F is Ind-representable,
meaning the following: there exists a filtered inductive system (I;) of objects of C
such that the functor F is naturally isomorphic to the functor

A +—— limHom(A, I;).
-

1

Proof Consider the pairs (A, x) with A € C and x € F(A). We will say that such a
pair is minimal if for every epimorphism A — B in C which is not an isomorphism,
we have x ¢ F(B) (recall that as F is contravariant and right exact, we can view
F(B) as a subgroup of F(A)). If now (A, x) and (A’, x’) are pairs as above (not
necessarily minimal), we will say that (A, x") dominates (A, x) if there exists a
morphism u : A — A’ such that x = F(u)(x"). Observe that as the category C is
noetherian, each pair (A, x) is dominated by a minimal pair: indeed, to obtain such
a pair, it is enough to consider a subobject Ay of A, such that A/A contains an
element y satisfying F(p)(y) = x (where p: A — A/Aj is the projection), with
Ao maximal for this property.

Let us now prove a lemma:
Lemma A.27 A morphismu : A — A’ as above is unique if we further assume that
(A’, x) is minimal.

If v:A— A’ satisfies x = F(v)(x’), then (F(u —v))(x’) =0. As F is left
exact, the epimorphism (4 — v) : A — Im(u — v) induces an injection F(u — v) :
F(Im(u —v)) — F(A), which shows that x’ is in the kernel of F(i) : F(A') —
F(m(u — v)), where i : Im(u — v) — A’ is the canonical injection. Let us set
B = Coker(u — v). The exact sequence

0—Imu—v) > A —B—0
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implies, applying F, that F(B) is the kernel of F (i), and hence finally that x € F(B).
The minimality of (A’, x’) imposes then B = A’, i.e., u = v. This finishes the proof
of the lemma.

We thus have an order relation on the set of minimal pairs by setting (A, x) <
(A’, x") if (A’, x") dominates (A, x). This order relation is filtering since if (A, x1)
and (A», xp) are two minimal pairs, then they are dominated by (A; & A,, (x1, x2)),
which is itself dominated by a minimal pair as we have seen above. Let then (1;, x;)ics
be the associated inductive filtered system. Set (1) := lim. F'(I;). The x; then define
a canonical element x = (x;) of F(I). If A is an objectl of C and f = (f;) is in
Hom(A, I) :=lim, Hom(A, I;), we have associated to f the element F(f)(x) of
F(A). We thus define a homomorphism @ of Hom(A, I) in F(A), which is clearly
functorial in A.

It remains to prove that @ is an isomorphism. It is injective since as f;: A— [; isa
morphism with F (f;)(x;) = 0, the fact that the pair (/;, x;) is minimal implies f; = 0
by Lemma A.27 (indeed, the zero morphism A in /; induces the zero morphism from
F(I;) to F(A)). Let us prove that @ is surjective. Fix x € F(A). We know that
the pair (A, x) is dominated by a certain minimal pair (/;, x;). Then, the relation
(A, x) < (I;, x;) provides a morphism f; : A — [; such that F(f;)(x;) = x, which
means that x = @(f), where f € Hom(A, I) is induced by f;. (I

A.4 Categories of Modules

Abelian categories that we meet most often are subcategories from Mod g, where R
is aring. The following theorem (see [54], Th. 1.6.1) in practice allows, even when we
are in an abelian category which is not small, to reduce to a subcategory of a category
of modules. For example, we can prove many properties by “diagram chasing” by
considering the abelian category generated (in an obvious way) by the objects and
morphisms of the diagram in question.

Theorem A.28 (Freyd-Mitchell) Let C be a small abelian category. Then, there
exists a ring R and a fully faithful exact functor from C to Mod g, that identifies C
with a full subcategory of Mod .

This allows in particular to extend the following lemma to every abelian category,
that we can easily prove by diagram chasing in the category of modules:

Lemma A.29 (Snakelemma) Let C be an abelian category. Consider a commutative
diagram in C with exact rows:

A’ B’

I
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Then there is an exact sequence

Ker f — Kerg — Kerh —8—> Coker f —> Coker g —> Coker £,
where 0O is defined by the formula:
a(c) =i"gp™ ()

forany ¢’ € C' (by abuse of notation, we denote p~'(c’) any lift of ¢ in B' by p, and
i~! the converse morphism fromi : A — Imi C B).

Furthermore, if A — B’ is a monomorphism, the same is true of Ker f — Ker g.
If B — C is an epimorphism, the same is true of Coker f — Coker g.

Let R be a ring. In the category Modg, the inductive limit (or direct limit, or
colimit) limi ; A; of an inductive system (A;);c; indexed by a filtered ordered set
I is well defined, the inductive limit of the sets A; being naturally endowed with a
structure of an R-module by the assumption that [ is filtered. Furthermore, by [54],
Th.2.6.15 we have (a) below, and we get (b) by the universal property of tensor
product:

Proposition A.30 (a) The functor li_n>1iel (from the inductive systems of R-modules
indexed by I to Modg) is exact.

(b) If R is a commutative ring, (A;)ics is an inductive system of R-modules, and
B is an R-module, we have:

(1;_11)1 A;) ®r B = Ig)n(Ai ® B).

iel iel

In particular (b) applies to the direct sum of a family (A;);<; of R-modules, which
is a special case of the inductive limit.

The situation is more complicated for projective limits. Let (A,,),eN be a projective
system of R-modules indexed by the integers, i.e., a family

e Apgt —> Ay —> - —> A —> Ay

of R-modules equipped with morphisms d,, : A,,+1 — A, for any n € N. The pro-
Jjective limit (or simply the limit) l(il_n’1 A, is well defined in Mod g, but it is generally
only a left exact functor (from the abelian category ./\/lodl,\g of projective systems of
R-modules to Modg).

Definition A.31 We say that a projective system (A,, d,) as above satisfies the
Mittag—Leffler condition (abbreviated ML) if for every n € N, the image of the tran-
sition maps A,+,, — A, is the same for any m sufficiently large.

Note that the condition (ML) is automatically satisfied if the modules A, are all
finite, or if all the transition maps d,, are surjective.
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Proposition A.32 (cf. [42], Prop.2.7.4) Let
0— (An) - (Bn) — (Cn) — 0

be a short exact sequence in /\/lodg. Assume that the projective system (A,) satisfies
(ML). Then the sequence

0—1lim A, — 1lm B, —1lm C, — 0
<—n <—n <—n

is exact.

A.5 Derived Functors

In this paragraph, we denote by C an abelian category.

Definition A.33 An object [ in C is called injective if the contravariant functor
Home/(., I) (from C to Ab) is exact. An object P in C is called projective if the covari-
ant functor Hom¢ (P, .) is exact. We say that C has enough injectives (resp. enough
projectives) if any object is isomorphic to a subobject of an injective object (resp. for
any object A, there exists a surjection P — A with P projective).

The next proposition ([54], Prop.2.3.10) follows easily from the definitions.

Proposition A.34 Let C and D be two abelian categories. Let F : D — C be a
Sfunctor. If F has a left adjoint functor which is exact, then for any injective object
I of D, the object F(I) is injective in C (we say that F preserves the injectives).
Similarly, a functor which has an exact right adjoint preserves the projectives.

For example, if / is an injective abelian group, the R-module (right or left)
Homgz(R, I) is injective in Modg, since the forgetful functor from Modg to Ab
is the left adjoint of Homz(R, .).

Example A.35 (a) The injectives in the category .Ab are the divisible abelian groups
([54], Cor.2.3.2). The projectives are the free abelian groups. The only projective in
the category of finite abelian groups is the trivial group O.

(b) More generally, the projectives in the category Mod  are projective modules
in the usual sense, i.e., direct factors of a free module. Thus the category Mod
has enough projectives. It also has enough injectives ([54], Cor.2.3.11 and Exer-
cise 2.3.5): let indeed / be a divisible abelian group, for example I = Q/Z. Then
every right R-module A is a quotient of a free R-module, which implies (apply-
ing Homg(., I)) that every left R-module embeds into a module M of the form
Homgz(R, J), where J is an injective abelian group (as a product of injectives). Such
an M is injective in Mod g by Proposition A.34.
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Besides, Baer criterion ([54], Crit.2.3.1, p.39) says that a left R-module A
is injective as soon as for every left ideal J in R, the induced homomorphism
Hompg (R, A) — Homg(J, A) is surjective, in other words as soon as every mor-
phism of R-modules from J to A extends to a morphism of R-modules from
Rto A.

(c) If G is a finite group, the category of discrete G-modules (which is equivalent
to the category of left modules over the ring Z[G]) has enough injectives and also
enough projectives. If G is only profinite, this category C still has enough injectives
([54], Lem. 6.11.10): the point is that if A is a discrete G-module, it embeds into a
G-module I which is injective in the category of G-modules. It is easy to see that
then A also embeds into | J,, IV (where U ranges through open subgroups of G) and
that this last one is injective in Cg. On the other hand for G profinite and infinite,
the category C does not have enough projectives (Exercise 4.2).

(d) The category Shx of sheaves of abelian groups on a topological space X has
enough injectives ([54], Ex.2.3.12).

(e) An object is injective in C if and only if it is projective in C°?, and vice versa.

f) If R is a left noetherian ring (for example the ring Z[G], where G is a finite
group), an inductive limit of injective left R-modules is an injective left R-module.
This can be easily seen using the Baer criterion and the fact that every left ideal J
in R is generated by a finite number of elements: indeed, this last property implies
that a morphism from J to an inductive limit h_r)n A; of left R-modules comes from
a morphism J — A; for a certain .

In the book, we have used (to prove Proposition 4.25) the following characterisa-
tion of the injectives of Cg:

Proposition A.36 Let G be a profinite group. Let A be a discrete G-module. Then A
is injective in Cg if and only if G has a basis B of neighbourhoods of 1 consisting of
normal open subgroups U satisfying the following : the G | U -module AUY is injective.

Proof (by J.Riou). If A is injective in CY, then it is straightforward that for any
open subgroup U of G, the G/U-module AY is injective. Assume conversely that
for every U in B, the G/U-module AY is injective. We use the following lemma.

Lemma A.37 Assume that for every U in BB and for every injective morphism of
G-modules M — Z[G /U], the induced homomorphism

Homg(Z[G/U], A) — Homg(M, A)

is surjective. Then the G-module A is injective.

Assume for now that the lemma is proved. Let B < Z[G /U] be an injective
morphism of G-modules. Let B — A be a morphism of G-modules. As B is a
sub-G-module of Z[G/U], we have B = BY, and the morphism B — A factors
through a morphism B — AY, that we can view as a morphism of G/U-modules.
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As AY is injective in Cg,y, this morphism extends to a morphism of G/U-modules
Z[G/U] — AY,that we can also view as a morphism of G-modules Z[G /U] — A.
Thus the criterion of the lemma is satisfied.

It remains to prove the lemma. The argument is the same as the one used to
prove the Baer criterion. Leti : B < C be an injective morphism of G-modules. Let
f : B — Abeamorphism of G-modules, that we would like to extend to a morphism
C — A. Zorn’s lemma implies that there exists a sub-G-module B’ of C endowed
with amorphism f’ : B’ — A extending f, and maximal with respect to this property
(meaning that if f; : B — A is a morphism of G-modules with B’ C B; C C and
fi extends f’, then By = B’ and f; = f’). Assume for contradiction that B’ # C.
We thus have an element ¢ € C which is not in B’, and as C is a discrete G-module,
there exists an open subgroup U of G (that can be assumed to be in B, by shrinking
it if necessary) fixing c. This implies that we have a morphism of G-modules j :
Z[G/U] — C whose image is not contained in B’. Let M C Z[G /U] be the inverse
image of B’ by j. The assumption then says that the morphism f'oj: M — A
extends to a morphism g : Z[G/U] — A. Let us set By = B’ + Im j. We can then
extend f’ to a morphism of G-modules f; : By — A by setting

Hx+j) = f(x)+g90»)

for any x € B’ and any y € Z[G/U]. This makes sense since if x € B’ verifies
x = j(y), then y € M and f'(x) = g(y) as g extends f' o j on M. We obtain a
contradiction since B; contains B’ strictly. (]

Definition A.38 A complex A*in C is a family of objects A’, i € Z and morphisms
(called coboundaries, one also sometimes calls them (co)differentials) d' : A' —
A1 such that d'*! o d’ = 0 for every i (when the objects are only defined on a
certain interval, ex. i > 0, we set A’ = 0 for other superscripts i). A morphism of
complexes f : A* — B*is afamily of morphisms f’ : A" — B’ that commute with
the coboundaries d'.

We see immediately that the complexes in C form an abelian category. We call a
morphism of degree d between two complexes A* and B* a morphism from A* to the
shifted complex B*[d] (defined by (B*[d])' = B'*9).

Definition A.39 The ith cohomology object of a complex A* is
h'(A®) :=Kerd' /Imd'~".

If f:A* — B* is a morphism of complexes, it induces a natural map h’(f) :
h' (A% — K (B").

Remark A.40 The above definitions correspond to cochain complexes and to their
cohomology, which will be those we are mostly concerned with in this book. We
can also define chain complexes (A;);cz for which we have boundaries (instead of
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coboundaries) d; : A; — A;_; satisfying d; o d;y; = 0, and for which we can con-
sider the homology objects h;(A*) := Kerd;/Im d'*!. One passes from one notion
to the other via the identification A’ = A_;, which amounts to passing to the opposite
category.

An application of the snake lemma is ([54], Th.1.3.1):

Theorem A.41 Let

0aLop Lo

be a short exact sequence of complexes. Then we have natural maps 5 : h' (C*) —
hi*1(A*) that give rise to a long exact sequence

_)hl(A.)_th)_)hz(B.)_hlq)_)hl(Co)i}hHl(Ao)_)

Definition A.42 We say that two morphisms of complexes f, g are homotopic (we
will write f ~ g) if there exists a family of morphisms k' : A’ — B/~! (not necessarily
commuting with the d’) such that f — g = dk + kd. If f ~ g, the morphisms A’ ( )
and /' (g) induced on the cohomology are the same. Two complexes A* and B* are
homotopic if there exist morphisms f : A* — B*and g: B* — A® such that fog
and g o f are homotopic to the identity (in this case the cohomology of the two
complexes is the same, cf. [54], Lem. 1.4.5).

The theory of derived functors is based on the following proposition ([54],
Lem.2.2.5, Th.2.2.6, Lem.2.3.6 and Th.2.3.7).

Proposition A.43 Let C be an abelian category with enough injectives. Then every
object A of C admits an injective resolution; i.e., there exists a complex

I'=0—1°—71"— ...

(defined in degrees i > 0) and a morphism A — I1° such that all the objects of I'
are injective and we have an exact sequence

0—A—I1"——>T1" — ...

Furthermore, two injective resolutions are homotopic. We have an analogous result
if C has enough projectives, replacing injective resolutions by projective resolutions,
i.e., exact sequence

-—> P — Pyp— A — 0,

where each P; is projective.

We deduce the following definition.
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Definition A.44 LetC be anabelian category with enough injectives.Let F : C — D
be a covariant left exact functor. The (right) derived functors R'F,i > 0 are defined
as follows: for any object A of C, fix an injective resolution /* of A and set

R'F(A) = h' (F(I")).

This definition is justified by the fact that the derived functors are independent of
the chosen realisation up to an isomorphism of additive functors ([54], Lem.2.4.1
applied to F°P : C°? — D°P), which follows from Proposition A.43. Note that the
functor F is isomorphic to R°F as

(R°F)(A) = Ker[F(I°) — F(IY)] = F(A)

since F is left exact. On the other hand, we have R F(I) = 0 if I is injective and
i > 0, an injective resolution of / being then simply

0—1I1—1—0.

In an analogous way, we define left derived functors of a right exact covariant
functor in a category with enough projectives by working with the homology of a
projective resolution. We also have the same notions for a contravariant functor (if it is
left exact, we obtain right derived functors by working with projective resolutions. If
itis right exact we obtain left derived functors by working with injective resolutions).

Example A.45

(a) Let G be a finite group. For any G-module A, the cohomology groups H' (G, A)
are derived functors of the functor A — A€ (which is right exact) from the category
of G-modules to that of abelian groups. Same holds true if G is profinite.

(b) If X is a topological space and F is a sheaf of abelian groups on X, then the
groups H' (X, F) are derived functors of the functor “global section” F +— I' (X, F)
from the category of sheaves of abelian groups on X to .4b.

(c) Let R be aring. If A and B are left R-modules, the groups Ext’)i,(A, B) are
defined as right derived functors of the functor Homg (A, .) (applied to B) from
Modg to Ab. In particular this applies to R = Z, or to R = Z[G] for any finite
group G. More generally, we can define the groups ExtiC(A, B) if A and B are
two objects of an abelian category with enough injectives, considering derived
functors from Hom¢ (A, .). The Extic(A, .) then form a cohomological functor
(cf. Theorem A.46 below), and the Exté (., B) form a homological functor (the argu-
ment is the same as in Remark 1.37).

(d) Let R be a ring. The category /\/lodl,\g of projective systems of R-modules
(indexed by N) has enough injectives. The first derived functor l(ir_n1 of functor 1(i£1n
(from Mod 1,\5 to Mod ) may be nonzero; however, all the higher derived functors are

always zero ([42], Prop.2.7.4).If (A,) is a projective system of R-modules satisfying
(ML), then its l(iLn1 is zero.
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The following theorem ([54], Th.2.4.6, Theorem 2.4.7, and Exercise 2.4.3 applied
to F°P : C°? — D°P) summarise the main properties of derived functors.

Theorem A.46 LetC be an abelian category with enough injectives. Let F : C — D
be a left exact covariant functor.

(a) The family of the (R'F )i>o0 forms a cohomological functor (also called
o-functor), which is: for any exact sequence

0— A —A— A" —0 (A1)

in C, we have coboundary morphisms 6' : R'F(A”) — R'T'F(A') inducing a long
exact sequence

.—s R'F(A) — R'F(A) — R'F(A") N RHTIF(A) — ...

and such that if we have a morphism from a short exact sequence (A.1) to another
short exact sequence 0 — B’ — B — B” — 0, then the §' induce a commutative
diagram:

RIF(A") L RTIF(A)

L,

. i .
R'F(B"y ——— R F(B).

(b) The family of the (R F); >0 forms a universal d-functor, meaning the following:
if S = (S");>0 is another é-functor and f°: R°F = F — S is a natural transfor-
mation, then there exists a unique morphism of d-functors (fi)i>ofr0m (R! F)ixo to
S which extends f° (“morphism of -functors” means a family of natural transfor-
mations f' : R'F — S' commuting with the §').

(c) If (J7) >0 is a family of acyclic objects for the functor F (i.e., such that
RIF(J7) =0 for every i > 0) inducing a resolution

0—A—J'—J— ...

of an object A, then for any i > 0, we have R'F(A) ~ hi(F(J*)) (thus we can
compute the derived functors using acyclic resolutions, not necessarily injective).

We have analogous results with other derived functors (starting with a contravari-
ant or right exact functor F’), which give cohomological or homological derived
functors.

Remark A.47 We have in fact a more general result than (b): each cohomological
d-functor T such that the T' for i > 0 are effaceable (i.e., such that for every object
A, there exists a monomorphism u : A — [ such that T (1) = 0) is universal, [54],
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Exer.2.4.5. The proof of this fact is similar to that of the universality of derived
functors.

We sometimes need (in particular to define the tensor product of two complexes,
or to define spectral sequences) the following notion:

Definition A.48 Let C be an abelian category. A double complex A* is a fam-
ily of objects (A??),, ,ez equipped with morphisms (in general called differentials)
d'P4 : APl — AP+Ld and d"P1 : APY — AP4F] satisfying (with obvious notation):
dod =0,d"od" =0,and d’ od” + d" o d’" = 0 (the last equality is often called
the rule of signs).

Definition A.49 We furthermore assume that C is a category Modg of modules
over aring R. The total complex T* = Tot(A*") associated to a double complex A*
is defined by 7" = P, ,_,, A??, the differentials d : A" — A"+ are given by the
sum of maps

d=d +d": AP — APTL4 g AP

The fact that 7 is complex follows from the rule of signs of Definition A.48 ([54],
alinéa 1.2.6).

Remark A.50 We have here given the definition of Tot(A*") which uses the direct
sum (and not the product) of the A”? since it is that definition that allows to define the
tensor product of two complexes (cf. definition A.51 below). The definition with the
product (denoted Tot'? or simply Tot in [54]) would be indispensable if we wanted for
example to consider the internal Hom between the complexes. See also the footnote
in the proof of Theorem 2.25.

Definition A.51 Let R be a commutative ring. Let C* and D* be two complexes in
the abelian category Mod g. The tensor product

A.. — C.®R Dt
is the double complex defined as A”? := C? ®g D1, with differentials
d" =dl @ ldps;; d"" = (—1)"Idcr @rd},.

If there is no risk of confusion, we will also denote by C* ®x D the total complex
associated to A*.

A.6 Ext and Tor

Let R be aring. Let A be aleft R-module. Recall that in the category Mod g, the func-
tors Extz (A, .) are defined as the right derived functors of the functor Homg (A, .)
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from Modg to Ab. We can in fact compute Extl, (A, B) by deriving “on the other
side” using the following result ([54], Th.2.7.6):

Theorem A.52 Let A and B be two R-modules. Then, for any i >0, we have:
Exti (A, B) = (R' Homg(A, ))(B) = (R Homg(., B))(A),

where the R Hompg (., B) are the right derived functors of the contravariant functor
(which is left exact) Homg (., B). In particular, if A or B is m-torsion (for a certain
integer m > 0), then the groups Ext’z (A, B) are m-torsion.

The Ext behave well with respect to products and direct sums ([54], Prop.3.3.4):

Proposition A.53 Let (A;) and (B;) be two families of R-modules. Let A and B be
two R-modules. Then, for any n > 0, we have

Exty (D Ai. B) = [ | Exty(4;, B).

Ext’ (A, ]_[ B) = ]_[Ext';(A, B)).
j j

In the special case R = Z, the category Mody is simply that of abelian groups.
We have in this case the following vanishing result ([54], Lem. 3.3.1), which easily
follows from the fact that the injectives of .Ab are the abelian divisible groups and
that a quotient of a divisible abelian group is divisible:

Proposition A.54 Let A and B be abelian groups. Then ExtiZ(A, B) =0fori > 2.
Corollary A.55 If B is an abelian group, we have Ext'(Z/pZ, B) = B/pB.

If R is a commutative ring, we can also define the ToriR(A, B) as the left derived
functors of . @z B as well as those of A®Qg. ([54], Th.2.7.2). These derived functors
are thus trivial if A or B is a flat R-module. We have in particular the following
proposition, when R = Z ([54], Prop.3.1.2, 3.1.3. and 3.1.4):

Proposition A.56 Let A and B be two abelian groups. Then the group Torz(A, B) :=
TorIZ(A, B) is a torsion abelian group, and ToriZ(A, B)=0ifi > 2. The group
Torz(Q/Z, B) is the torsion subgroup B of B. If A or B is torsion-free, we also
have Torz(A, B) = 0.

It is on the other hand possible to define groups Exté (A, B) when A and B are
two objects of an arbitrary abelian category C, in terms of Yoneda r-extensions ([54],
Vista 3.4.6). When C has enough injectives (or enough projectives), they coincide
with the groups Ext’ defined using derived functors.

Definition A.57 LetC be an abelian category, that we assume, for simplicity, to have
enough injectives. Let M, N, P be objects of C. We have for all r, s > 0 a bilinear
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map (compatible with the structure of cohomological functor of the “right” Ext and
the structure of homological functor of the “left” Ext):

Ext; (N, P) x Ext;(M,N) — Ext’C“(M, P), (foor— f-g

which can for example be defined via the interpretation of the groups Ext, in terms of
Yoneda r-extensions: for f € Ext;(N, P) and g € Ext;(M, N), we obtain f - g €
Extg“" (M, P) by concatenating the r-extension of N by P corresponding to f and
the s-extension of M by N corresponding to g.

Remark A.58 The bilinear map (f, g) — f - g is easily understood in the language
of derived categories. The group Ext, (M, N) can then be seen as Hom(M, N[r])
(in the derived category of C) where N[r] is the complex with one term obtained by
placing N in degree —r, cf. [54], Sect. 10.7. It is equivalent to view Ext; (M, N) as
the set of homotopy classes of morphisms M* — N* of degree r between complexes,
where M* and N* are injective resolutions of M and N, respectively.

It turns out that the interpretation of spectral sequences in the language of derived
categories (loc. cit., Sect. 10.8) is very useful to check some compatibilities, like for
example the one in Proposition 16.17.

A.7 Spectral Sequences

Spectral sequences (in particular the spectral sequence of composed functors of
Grothendieck, that we will see below) are a powerful tool allowing to obtain infor-
mation about cohomology groups, that they endow with filtrations. They are notably
used to obtain vanishing or finiteness theorems about these groups. Here we will
limit ourselves to spectral sequences concentrated in the first quadrant, which are
the only ones we use in this book, and for which the results are slightly easier to state
than for example for bounded spectral sequences in the sense of [54], Déf. 5.2.5. (and
a fortiori for the not necessarily bounded spectral sequences).

In all this paragraph, C is an abelian category.

Definition A.59 Leta € N. A cohomological spectral sequence concentrated in the
first quadrant (in the sequel we will simply say spectral sequence), starting with E,,
is the data:

(i) of a family (EF?) of objects of C defined for » > a, p > 0, ¢ > 0 (by conven-
tion, for the other indices, EF? = 0).
(i1) of morphisms
4ri - Ep4 s pprng-rtl
such that the composites d”? o d” """ are zero. In other words, if for r fixed we
place the object E/ to the point with coordinates (p, ¢) of the lattice Z?, the objects
on the right with slope (1 — r)/r form a cochain complex, the maps going from left
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to right. We sometimes say that for a fixed r, the EF? form a page E, of the spectral
sequence.

(iii) of an isomorphism between E//, and the cohomology at E/? of the complex
defined above, that is,

EM =Kerd’!/Imdl—"4t 1,

Such a spectral sequence will be denoted by (EF?),,, or simply (EZ?). To avoid
mixing up of indices, we will also denote E/Y by E/*?.

For example, for r = 1, we obtain a complex on each horizontal line (= line with
slope 0) of the lattice. The objects of the “page” E, ;| are deduced from the preceding
page E, by taking cohomology of different complexes of E,. Note also that the slope
of differentials d, changes at each page, and that each differential d’? increases the
total degree p + g of the object E/? by 1. Besides, the fact that we have imposed
El =0if por q is < 0 implies immediately that for fixed p, ¢, there exists ry > a
such that EP? = EP? for r > ro.

Definition A.60 We denote by EL! the “stable” value of E/?, i.e., the object E}*
for r large enough.

Remark A.61 For any p, the object EX' isa subgroup of the object EJ? of the
initial page, and for any ¢, the object EZ isa quotient of the object E¢ 0 of the initial
page. More generally EZ? is always a subquotient of the object EF* by point (iii)
of the Definition A.59.

Definition A.62 Let H* = (H"),>; be a family of objects of C. We say that a
spectral sequence (EX?),, converges to H* if each H" admits a finite filtration

0:Fn+]Hn cC Fan cC.---C FlHn C FOHnZHn
such that for each p, ¢, we have
EPY ~ FPHPT ) priligrta,

We will then often write
(EPy = H .

The maps H" — E%" C E%"and E"° — E".° C H" are called the boundary maps
of the spectral sequence converging to H".

Example A.63 Let A* be a double complex in the category of modules Mod g, with
AP =0if p <0org < 0. Let T* be the total complex associated to A*. Let

Ef* = HI(A™,d")

be the cohomology groups of A** “in the direction ¢”. Then we have (cf. [54], Sect.
5.6 for the homology version) a spectral sequence
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E}! = HPY(T).

We can also start this spectral sequence with
E = HP(H(A™)).

The next proposition is an immediate consequence of the fact that if a spectral
sequence converges to H*, then each object H" is filtered by the objects whose
successive quotients are the E5 with total degree p + g = n.

Proposition A.64 Assume that the spectral sequence (E}'?),>, converges to H* =
(H")n>1. Letn > 1 be fixed. If all the initial EF? of total degree n is zero (resp. finite),
then H" is zero (resp. finite).

We will often apply the above proposition to Grothendieck spectral sequences
(that start at E,), obtained using the spectral sequence of composed functors (see
below), as for example in the Hochschild—Serre spectral sequence (Theorem 1.44)
where the H" are cohomology groups of degree n.

Spectral sequences that converge to a family H* are mainly interesting when
families EF? have many zero terms. Here is a proposition that we easily deduce from
the definitions and which illustrates the most common situations in which we can
compute the H".

Proposition A.65 Let (E/?),>, be aspectral sequence converging to H*=(H"),>1.

(a)(collapse). Letr > a be fixed. Assume that there exists an index qo such that we
have EP" = 0 ifq # qo (resp. there exists an index pg such that EF = 0if p # py).
Then H" is the term E; "% (resp. EI*""°). One says in this case that the spectral
sequence collapses at the page E,.

(b) (spectral sequence with two columns). Assume that E}? = 0 if p > 1. Then
we have, for any n > 1, an exact sequence

0— Ey"' — H" — EJ" — 0.

(c) (spectral sequence with two lines). Assume that EY" = 0 if ¢ > 1. Then we
have a long exact sequence

0— E’—H — EY — Ey° — H> — E)* — ...

It is also possible, by writing out definitions of filtrations on H! and H?, to obtain
the exact sequence of lower degrees associated to a spectral sequence beginning at
the page E.

Proposition A.66 Let (E/?),>» be a spectral sequence converging to H* =
(H"),>1. Then we have an exact sequence
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0— E,° — H' — EY' — E;* — Ker[H? — EY?] — E;°

and the sequence
Ker[H? — EY*] — E3° — H?

is a complex.

All spectral sequences used in this book are obtained from the following general
theorem ([54], Th.5.8.3), which is the spectral sequence of composed functors of
Grothendieck.

Theorem A.67 Let A, B, C be abelian categories such that A and B have enough
injectives. Let G : A — B and F : B — C be left exact covariant functors. Assume
that G sends each injective object of A to an F-acyclic object B (i.e., an object B of
B such that R'F(B) = 0 for any i > 0, for example an injective object in B). Then,
if A is an object in A, we have a convergent spectral sequence (starting at the page
Ez).’

EJ" = (RPF)((R1G)(A)) = RPTI(FG)(A).

Some examples of application of this theorem are:
(a) the Hochschild—Serre spectral sequence (Theorem 1.44).
(b) the spectral sequence of the Ext (Theorem 16.14).

In these two cases, we often use Propositions A.64 and A.65 to obtain interesting
information about cohomology groups or the groups Ext, when we have vanishing
or finiteness theorems for the terms E}?.



Appendix B
A Survey of Analytic Methods

This appendix gives an introduction to analytic methods, including Dirichlet series
and the Cebotarev density theorem.

In this appendix, we outline how analytic methods are used in class field theory.
In addition to their historic importance, these methods provide for example a direct
proof of the first inequality (that we have proved in this book using the second
inequality and Kummer extensions, see Theorem 13.21). These methods also prove
the very important Cebotarev theorem, that we have already encountered (without
proof) in Chap. 18. These two results are the main objectives of this appendix. For
notational convenience, we will restrict ourselves to the case of a number field.

B.1 Dirichlet Series

In this paragraph, we collect some classical results from complex analysis, which
will be used in what follows. For any complex number z # 0, we denote by arg z €
[—m, 7[ its argument. For all strictly positive real numbers b, c, €, we set

D(b,c,e):={s € C,Re(s) 2 b+c, |arg(s — b)| < /2 —€}.

Definition B.1 A Dirichlet series is a series (of complex variable s) of the form

[ee]

fo =32

nS

n=1

where a(n) € C and n* := exp(s logn), the symbol log denoting the Neperian log-
arithm.

Example B.2 The Riemann ( function corresponds to the case where a(n) = 1 for
any n. That is, it is defined by
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n=1

Theorem B.3 Let f(s) = > .-, a(n)/n® be a Dirichlet series. For any positive real
number x, let us set
S(x) := Z a(n).

n<x

Suppose that there exists a positive real constant b such that |S(x)| = O (x") when
x tends to +00. Then, for all c, € > 0, the series converges uniformly on D(b, c, €),
and the function f(s) is holomorphic on the half plane Re(s) > b.

For a proof, see for example [26], Prop.IV.2.1.

Example B.4 The Riemann ¢ function is holomorphic on the half plane Re(s) > 1,
since in this case the associated function § sends any x € R to its integral part.
Furthermore, ¢ extends to a meromorphic function on the half plane Re(s) > 0,
admitting a unique pole (which is simple) at s = 1 with residue 1 (see for example
[40], Th. V.1.3).

We immediately deduce from the previous example and from Theorem B.3
(applied to the series f(s) — a((s)) the following corollary:

Corollary B.5 Let f(s) = Zfii] a(n)/n’® be a Dirichlet series. Assume that there
exists o € C and a real number b with 0 < b < 1, such that

IS(x) — ax| = O(x?)

when x tends to +00, where S(x) = me a(n). Then the function f is holomorphic
on the halfplane Re(s) > 1 and extends to a meromorphic function on the half plane
Re(s) > b, admitting a unique possible pole at s = 1 with residue .

In what follows, if z is a complex number which is not a < 0 real (hence with
argument arg z €] — 7, w[), we set log z := log |z| + i arg z. Recall that for a z with
modulus < 1, we have a power series expansion

“log(1 — 2) =Z% (B.1)
n=1

Recall also that if (u,),> is a sequence of nonzero complex numbers, we say that
the infinite product [ ] u,, is absolutely convergent if the series Y |u,, — 1| converges.
This implies in particular that [ u, converges (to a nonzero complex number). If
u, is of the form u,, = 1/(1 — v,) with |v,| < 1, then log u,, is well defined and the
absolute convergence of []u, is equivalent to that of the series Y —log(1 — v,).
We have an analogous statement for the absolute uniform convergence if (i, (s)) is
a sequence of functions of complex variable s.
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B.2 Dedekind ¢ Function; Dirichlet L-Functions

Let £ be a number field, whose group of fractional ideals we denote 7;, and
Specm(Oy) the set of nonzero prime ideals (we will identify Specm(Z) with the
set of prime numbers). Let a be a nonzero ideal of the ring of integers Oy. Denote
by N (a) the absolute norm of a, which is the cardinality of (O/a).

Definition B.6 The Dedekind ( function of k is the Dirichlet series

1
Ck(s) = Z W’

a
the sum being taken over all nonzero ideals a of Oy.

Remark B.7 Note that we can identify the expression of (i (s) to that of a Dirichlet
series, by collecting for any n € N* the ideals a of norm 7 in the above sum.

Proposition B.8 The function (i is holomorphic on the half plane Re(s) > 1, with:

1
G(s) = 1_[ W

peSpecm(Oy)

Proof Let ¢ > 1. We will show that the infinite product

1
[l —wem

peSpecm(Oy)

converges absolutely and uniformly on the half plane Re(s) > ¢ (which will give the
desired result by [46], Chap. VI, Sect. 2, Lemma 1). This is equivalent to showing
this property for the series

> —log(1=N®m™).

peSpecm(Ox)

But we have | — log(1 — N(p)~*)| < —log(1 — N(p)~°) as soon as Re(s) > c (use
for example the series expansion (B.1)) and it is thus enough to show that the series
with positive terms

Y —log(l—=N(p™)

peSpecm(Oy)

converges. As —log(1 — N(p)~°) ~ N(p)~° when N (p) tends to 400, is it equiva-
lent to saying that
> O N®

peSpecm(Ox)
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converges. Above each prime number p, there are at most d := [k : Q] prime ideals
of Oy. Each such prime ideal p verifies N (p)~° < p~°. We deduce that

Yo ON@T< ), d-p<d-y n,

peSpecm(Oy) peSpecm(Z) n>1

which proves the desired convergence with the Example B.4.

‘We then obtain the equality of (i (s) with the desired infinite product forRe(s) > 1,
using the identity

1 1 1 1
- - 1 c) = .
i =10 5 v -0~ 3w

a

The last equality follows from the existence and the uniqueness of the decomposition
of any nonzero ideal of Oy as a product of prime ideals. ]

We will now extend the definition of these functions (j to a more general context.
Let €2 be the set of all places of k and 2 s be the set of finite places (they correspond
to nonzero prime ideals of Oy). Recall (paragraph Sect. 15.4) that a cycle M of k is
a formal product M = ]_[v o v", where n, € N, n, is zero for almost every v, and
n, € {0, 1} if v is archimedean. If v is a place of k, the notation (vy, M) = 1 means
that vy does not divide M, in other words n,,, = 0.

Let I,f\" C Zj be the subgroup of Z; consisting of fractional ideals I of k which
are prime to M (that is: such that no prime ideal p dividing M appears in the
decomposition of 7). We denote by P,ﬁ\’l the group of principal fractional ideals
(a) verifying a = 1 mod v™ for every place v dividing M (with the notation of
paragraph Sect. 15.4). We have defined (Definition 15.20) the group of ray class
field HM 1= Cy/CM = I /IM - k* in terms of ideles. We will often shorten the
notations ZM, PM, 1M, M. to M, PM, 1M, CM... when there is no ambiguity
on the field k. Lastly, denote by 11/\’l the group of ideles o = () of k satisfying
a, = 1 for every place v (including the archimedean places) dividing M.

Proposition B.9 Let I := I} be the group of idéles of k and C := Cy its group of idéle
classes. Let M =[], cq, V" beacycle of k. Then we have an isomorphism i between
HM = C/CM and the finite group T JP™M. Furthermore, if K / k is a finite Galois
extension, this isomorphism is compatible with the norm maps Nk : Cx — Cy and
Nk i : Ik — Iy (inanobvious sense). If c € C/C/Vl isthe class ofanidéle o« = (o)
of I lM we have

i(©=i(@:= [] v. (B.2)

(v, M)=1

Note that we have already encountered the special case M = 1 of this statement in
Sect. 15.4. The finiteness of ZM /PM is classical, see for example [26], Cor.IV.1.6.
Recall also that Nk /i : Zx — I is the homomorphism sending each nonzero prime
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ideal q of Ok to pf, where f is the residual degree of the extension K /k and
p:=qNO.

Proof Firstobservethat = [ 1M - I - k*.Indeed, if o € I, we can find (by approx-
imation Theorem 12.18) an a € k* such that a,,a = 1 mod v™ for any place v divid-
ing M. Thus we can write a,a = 3,7,, where 3, and ~, are defined by: 3, = 1 if
v divides M, 3, = a,a otherwise; v, = a,a if v divides M, -y, = 1 otherwise. We
obtain that the idele 3 := (3,) is in I;*! and the idele y := (v,) is in I™™. Thus we
canwritta = 3-v-a"' e M. M. k"

We deduce

HM = 171" = 1M M e M = My aM ok n M.

The homomorphism i : I{}** — ZM/PM defined by the formula (B.2) is clearly
surjective. Its kernel N consists of the (o) € IlM such that there exists b € k*
verifying
(b) — 1_[ vval(al,) c PM,
(v, M)=1

that is: such that there exists b € k* such that a,b~' = 1 mod v™ for every place
v. Thus N = (IM - k%) N IIM, and i induces an isomorphism i between HM and
TM/PM. The compatibility of i with the maps N sk when K is a finite Galois
extension of k is straightforward. ]

Definition B.10 A Dirichlet character is a homomorphism  from the group of ray
class field HM to C*. In other words  is a character of Z**! whose kernel contains
PM  for a certain cycle M. The Dirichlet L-function associated to  is the series

L) =Y ]i,‘((z))

the sum being taken over the nonzero ideals a of Oy (we make a convention that
x(a) = 0if a ¢ Z™, which is if a is not prime to M).

Example B.11 For M = 1 and x = 1, we recover the Dedekind ¢, function of the
number field k. For k = Q and M = m - po, (Where m € N* and p is the infinite
place), we have H™™ = (Z/mZ)* and we recover the classical Dirichlet series ([46],

Chap. VI, Sect. 2)
Z x(n)
ns ’

n>1

where Y is a character of (Z/mZ)* (extended by O to the integers non-prime to m).

In a way identical to Proposition B.8, we show that the function L (s, x) is holo-
morphic on the half plane Re(s) > 1, and in this region can be written as an infinite
product
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1
tev= 1 =ew

(p, M)=1

the product taken over all the nonzero prime ideals of Oy not dividing M. We will
see that unlike in the case of (;, the function L(s, x) does not have a pole at 1 if x
is different from the trivial character x.

Definition B.12 Let M be a cycle of k. Let £ an element of Hpq = ZM/PM. We
define the partial ¢ function associated to £ by

1
(s, 8) =) N

act

The sum is taken over the ideals a C @y of Z™ which are in the class ¢ modulo PM.

We thus have for any Dirichlet character x of Ha4:

L(s,) = ) x(®)(s,®).

teHpaq

In particular, we obtain

Gls) =Y (s, B).

BEHM

Note that ((s, £) is a Dirichlet series (cf. Remark B.7) whose associated function S
(as in Theorem B.3) is

S(x,®) :=#{aect aC O N(a) < x}.

Theorem B.13 Let d := [k : Q). Let M be a cycle of k. There exists g € R}
(depending on M but not on ) such that for any class € € Hy:

1S(x, &) — gaux| = O(x'1)

when x tends to +o0.

The proof of this statement (which is certainly the most technical of this appendix)
uses methods of geometry of numbers (notably Minkowski theorem); see [33], Chap.
VI, Theorem 3. The value of ga( (which depends on [k : Q], on the discriminant of
k, its class number and its unit group) is related to the analytic class number formula,
cf. [40], remark after Th2.2.

Corollary B.14 The function ((s, £) is holomorphic for Re(s) > 1, admits a mero-
morphic extension to the half plane Re(s) > 1 — 1/d, with a unique simple pole at
s = 1, the residue being the strictly positive real number g 4.
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Proof This follows from Theorem B.13 and Corollary B.5. (]

Corollary B.15 The Dedekind (. function admits a meromorphic extension to the
half plane Re(s) > 1 — 1/d, with a unique simple pole at s = 1.

Proof Indeed, we have (;(s) = ZéeﬂM ((s, ). O

Corollary B.16 Let x be a non-trivial character of H . Then the function L(s, x)
extends to a holomorphic function on the half plane Re(s) > 1 — 1/d.

Proof We have
L(s,x) = Y x(&)C(s, b).

EEHM

By Corollary B.14, it is enough to show that

> X® - grm=0.

EEHM

But as g, does not depend on &, this follows from the orthogonality relation (cf. [46],
Chap. VI, Prop.4) :
> x® =0,

teH

which holds for any non-trivial character of the finite group H 4. (]

B.3 Complements on the Dirichlet Density

Let T C Specm(Oy) be a set of nonzero prime ideals of Oy. Recall that the Dirichlet
density (that we will simply call density in this appendix) of T is the limit (if it exists)

N -
lim ZPET (#)

oT) = .
s=>1% ZpeSpecm(Ok) N(p)—v

The notation lim,_, ;+ means that s tend to 1 from the right as a real variable. Simi-
larly, a notation such as f(s) ~+ g(s) will in what follows mean that the function
f(s)/g(s) tends to 1 when s tends to 1 from the right as a real variable.

Note that, by definition, we have §(T} U Ty) = 6(T}) + 6(T3) if T and T, are
disjoint (when at least two of the densities §(7}), (7T3), and 6(T; U T») are defined).

Proposition B.17 Let T C Specm(Oy) be a set of nonzero prime ideals of Oy. Set

1
G (8) = l_[ =N~

peT
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(a) The function
g(s) :=log((er () = Y NP~

peT

is holomorphic in the region defined by Re(s) > 1/2.
(b) We have
> (Np)T e~ —log(s — 1)

peSpecm(Oy)
(c) The density of T is the limit (if it exists)

2 per (NP
s— 1+ —log(s — 1) '

In particular, if T is finite, we have §(T) = 0.

(d) Let m be a strictly positive integer. Assume that ;1 (s)™ extends to a mero-
morphic function in a neighbourhood of 1 with a simple pole at s = 1. Then T has
density 1/m.

(e) Assume that i 7(s) extends to a holomorphic function in a neighbourhood
of 1. Then T is of density 0.

Proof (a) Using the series development (B.1), we obtain

log(Ck,T(S)) = Z Z nN(lp)sn ’

peT n>1

hence {

g(s) = ZZW

pel n>2
Let ¢ > 1/2. If Re(s) > ¢, we have the inequality

!
N(p)"

1
v

for any n > 2 and any p € Specm(Oy). We deduce, using the formula for the sum
of a geometric series

1 1
ZZ‘nN(P)” < 2 (1= NmEIN@*

peT n>2 peSpecm(Ox)

As ¢ > 1/2, this last series is convergent since N (p) > 2, hence (1 — N(p)~°) >
1 —1/4/2 >0 and we know that Zpespecm(ok) N(p)~2¢ is convergent by Propo-
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sition B.8 since 2¢ > 1. We finally deduce that g is holomorphic in the region
Re(s) > 1/2.

(b) Let us apply (a) with T = Specm(O;). We then know (Corollary B.15) that
Ck.7 = (x has a simple pole at s = 1. Thus we can write

a

C(s) = —— + h(s)
s—1

with a#0 and & a holomorphic function in a neighbourhood
of 1. We necessarily have a > 0 since for s > 1 real, we have (;(s) > 1. We deduce

log(Gx(5)) ~1+ —log(s — 1). (B.3)

as in the right neighbourhood of 1, we know that loga is negligible compared to
—log(s — 1). On the other hand (a) gives

> N®) T =log(G(s)) — g(s)

peSpecm(Oy)

with g holomorphic in a neighbourhood of 1, which along with (B.3) implies

> N@™ ~ —log(s — 1),

peSpecm(Oy)

(c) follows immediately from (b).

(d) We have by assumption

Cor()" = —2— + g(s),
s —1

with g holomorphic in a neighbourhood of 1 and a # 0 (hence a € R%). We deduce
that

mlog(C,r(s)) ~1+ —log(s — 1).

The assertion (a) then implies that

m Z N(p)~™ ~p+ —log(s — 1),
peT
which by (c) means that §(T) = 1/m.

(e) The assumption is now that (; r is holomorphic in a neighbourhood of 1. As
for s > 1 real, we clearly have (; 7(s) > 1, we also have log((x,7) holomorphic in a
neighbourhood of 1, which by (a) means that



322 Appendix B: A Survey of Analytic Methods

Y ONE™

peT
is holomorphic in a neighbourhood of 1, hence by (c) that §(T) = 0. [l

Remark B.18 The same proof shows that if i 7(s)” extends to a meromorphic
function in a neighbourhood of 1 with a pole of order r > 0 at 1, then §(T) = r/m.
In such cases, we sometimes say that T is of polar density r/m.

Recall that the absolute degree of a nonzero prime ideal p of Oy is the degree
[k, : Q,], where p is the prime number that p divides.

Corollary B.19 (a) Assume that T contains no prime ideal of absolute degree 1.
Then (i 1 is holomorphic in a neighbourhood of 1 and 6(T) = 0.

(b)If S C Specm(Oy) contains all the prime ideals of absolute degree 1, then (i s
extends to a meromorphic function in a neighbourhood of 1 admitting a simple pole
at 1, and we have 6(S) = 1.

Proof (a) By assumption, if p € T, we have N (p) = p/ with f > 2, where p is the
prime number such that p divides p. If d = [k : Q], there are at most d prime ideals
above each prime number p. Thus, the infinite product

1
Gr@) =] =N~

peT

can be written as a product of d infinite products, each of those products being of

the form |
l—[ —_ _fv ’
peA 1 P '

where f,, > 2 and A is a subset of Specm(Z). Such a product converges absolutely
and uniformly (by domination) on every region of C of the form Re(s) > ¢ with

c > % because
1
[T —==¢eo
peSpecm(Z) P

converges. Thus ¢ 7 is holomorphic at 1 (with ¢; 7 (1) € R’ ) and we conclude with
Proposition B.17, (e).

(b) Let T be the complement of S in Specm(O;). Then by definition we have
Ck(s) = Ck.7(5).Ck.5(s). The result then follows from (a) and Proposition B.17, (b)
along with Corollary B.15. (I
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B.4 The First Inequality

We begin with a special case of the Cebotarev theorem, whose proof in the general
case will be given in Sect. B.6.

Proposition B.20 Let k be a number field. Let K be a finite Galois extension of k.
Then the set of prime ideals of Oy totally split in the extension K / k has density ﬁ

Proof Let S be the set of prime ideals of O totally splitin K /k. Let T be the set of
prime ideals of Ok which are above a prime ideal of S. Let us setd := [K : k]. For
any p € S, there are exactly d prime ideals q which are above p and they verify by
definition: Ng/x(q) = p, hence

N(q) = N(Nk/k()) = N(p).

‘We deduce
Cror(s) = Gos(s)?. (B.4)

Besides, T contains all the prime ideals of Ok unramified in K/k which are of
absolute degree 1 (since a fortiori, such an ideal is above an ideal of Oy totally split
in K / k). Furthermore, the prime ideals ramified in K /k are finite in number, hence
their density is zero by Proposition B.17 (¢). By Corollary B.19 (b) and equality (B.4),
the function ;g (s)? extends to a meromorphic function in a neighbourhood of 1 with
a simple pole at 1. We conclude with Proposition B.17, (d). O

We are now ready to prove a partial equidistribution result (which will be made
precise in Theorem B.28) on prime ideals in different classes of Z™ /PM (the nota-
tions are those of Proposition B.9):

Proposition B.21 Let M be a cycle of k. Let H be a subgroup of T™ containing
PM. Let § be the density of the set H N Specm(Oy.) of prime ideals which are in H.
Then:

(i) if L(1, x) # O for every non-trivial character x of T/ H, then

§=1/[7M: HY;

(ii) otherwise, 6 = 0. In this case, L(1, x) = 0 for one and only one non-trivial
character x = x1 of T/ H, and the zero of L(s, x1) at s = 1 is simple.

We will see in paragraph Sect. B.5 (as a consequence of the translation of the
existence Theorem 15.9 in terms of ideals) that we are in fact always in the case (i).

Proof Letusseth = [Z™ : H]. Let x be a character of Z™/ H, which is a character
of T™ whose restriction to H is 1. The function

1
Leo= ]I I—x(mN(p)—

(p, M)=1
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(the product being over the set of prime ideals of O, not dividing M) verifies

xX(p)
N(p)*

log(L(s, \)) — Y =g(s), (B.5)

(p. M)=1

with g(s) holomorphic for Re(s) > 1/2 (the proof is exactly the same as that of
Proposition B.17, (a)).

In addition we know, via the orthogonality relation ([46], Chap. VI, Corollary
of Prop.4) that for any prime ideal p € Specm(O;) not dividing M, the expression
Zx X (p) (the sum being over all the characters y of Z* /H) is h or 0 depending on

whether p is in H or not. Summing (B.5) over all the characters of Z* /H, we thus
obtain

Zlog(L(s XD =hY N@E™ +gi),
peH
with g, holomorphic in a neighbourhood of 1.

If now  is not the trivial character xo, then L(s, x) is holomorphic in a neigh-
bourhood of 1 (Corollary B.16), and we can write L(s, x) = (s — 1)"®y(s) with
m(x) € N and u(1) # 0, hence we deduce

log(L(s, x)) = m(x) log(s — 1) + g, (s),

where the function g, is holomorphic in a neighbourhood of 1. On the other hand
we have

Gi(s) = L (s, xo) - H N(p)é

which shows that (as there are only finitely many factors in the product) that
log(L (s, xo)) is the sum of log({y (s)) and a function holomorphic in a neighbourhood
of 1. We conclude using Corollary B.15 that

log(L(s, x0)) = —log(s — 1) + go(s),

where g¢ is holomorphic in a neighbourhood of 1. Putting it all together, we obtain

hY NE™ =—(1=) mO))logls — 1) + g:(s),

peH X#X0

with g, holomorphic in a neighbourhood of 1. In the case (i), this gives

1
D N~ = log(s = 1),

peH
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and hence § = 1/h using Proposition B.17, (c). In the case (ii), as ZpeH N({p)~* e
R?, the only possibility is that one and only one of the m(x) is nonzero (and it is
necessarily equal to 1), in which case & ZpeH N(p)™ = g2(s) and § = 0 by loc. cit.

(I

From this we will deduce the first inequality (cf. Theorem 13.21), initially in the
language of ideals. If K is a finite extension of a number field k£ and M is a cycle
of k, then the set S of prime ideals dividing M is finite. Let S be the set of prime
ideals of K above a prime ideal in S. Denote by IkM (resp. Iﬁ/‘) the group of those
fractional ideals of k (resp. of K) that contain no element of S (resp. of Sk) in their
decomposition (in Proposition B.21, we have shortened Z, ,g\’t as ™). Recall also that
P,g\/l is the group of principal fractional ideals (a) of Z; verifying a = 1 mod v™ for
every place v dividing M.

Theorem B.22 (First inequality, “classical” form) Let k be a number field. Let K
be a finite Galois extension of k. Let M be a cycle of k. Then

[ZM : PM Nk (D] < [K : k.

Furthermore, for any non-trivial character x of I,f\/t / P,f\".N K/ k(II/(V'), we have
L, x) #0.

Proof Letd = [K : k]. Letusset H = P,f‘/l . NK/k(I,/;"), this is a subgroup ofI,fV‘
which contains ’PkM. Let § be the density of the set of prime ideals of O, which are
in H.If a prime ideal p of O is totally splitin K /k, then p is the norm of each ideal
of O above it, therefore p € H. By Proposition B.20, we have § > d~! > 0.

We are therefore necessarily in the case (i) of Proposition B.21, which implies
that § = [1',{‘/l : H]~!'. As we have seen that § > d~!, we conclude that

[ZM: H] <d.

Proposition B.21 also gives L(1, x) # 0 for any non-trivial character x of I,g\’l /H.
]

Corollary B.23 (First inequality, “idelic” form) Let k be a number field. Let K be
a finite Galois extension of k. Let Cy = Iy /k* and Cx = Ix /K™ be the ideal class
groups of k an K respectively. Then

[Ck : Ng/iCx] < [K k]

Proof Let S be a finite set of places of k containing all archimedean places and all
those ramified in K/ k. Letus setn, = 1if v is archimedean and choose, for v finite in
S, asufficiently large n,, > 0 so thateach element x, of k}; verifying val(x, — 1) > n,
is a norm of the local extension K,/ k, (such an n, exists by Proposition 9.7 (b) and
Lemma 9.9 (c)). If v is a finite place of k not in S, each element of O} is a norm of
K,/k, by Lemma 9.8 (a).
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For v ¢ S, let us set n, = 0 and consider the cycle M := [],q, v". With the
notation of the paragraph Sect. 15.4 (in particular Definition 15.20), we then have
IkM C Nkl , hence we deduce that C,ﬁw C Nk iCk. Let HkM = Ck/C,f’t be the
ray class group modulo M, and H 1?" =Cg/C ,/;A’(, where M is the cycle of K
obtained by associating to each place w of K the integer n, with w|v (thus H}! is
the ray class group modulo M ). We obtain

Ci/Ng/Cx = HM /N H' = TM/PM - Nk (T

by Proposition B.9. It is then enough to apply Theorem B.22. (]

Remark B.24 We have obtained the first inequality totally independently of the
global class field theory developed in part III of this book. We will now use this
theory (in particular the existence theorem) to make precise certain analytic results
encountered above.

B.5 Class Field Theory in Terms of Ideals

As observed in Remark 15.5, a disadvantage of the classical definition of the Artin
reciprocity map vk for an abelian extension K /k is that we cannot a priori define
it on the whole group of fractional ideals Z;, but only on the subgroup generated
by the prime ideals which are unramified in K/k. Furthermore, it is necessary (in
particular to obtain the desired kernel of 1k /) to work with a cycle M such that K
is contained in the ray class field & modulo M. Such a cycle is called a declaration
cycle for the extension K / k. As we have seen (Theorem 15.21 and Definition 15.22),
such a cycle always exists (but note that to obtain this result, we had to use the fact
that N, Ck is a subgroup of finite index of C, which follows from cohomological
theory of global class field theory). Once we have the existence Theorem 11.20, we
have the following statement:

Proposition B.25 Let M be a cycle of k. Let x be a character of the ray class group
Hk/‘/1 =7M/ PkM (cf. Proposition B.9). Then, there exists a finite abelian extension
K of k such that the kernel of x is NK/kHI?A.

Proof By definition, we have H™ = C;/C{™ and the kernel of x is thus of the form
U/CiM, where U is a subgroup of Cy containing C{*'. Theorem 15.21 (the part using
the existence Theorem 11.20) implies that there exists a finite abelian extension K
of k suchthatU=NK/kCK,henceKerszK/kaM. O

Corollary B.26 For any cycle M of k and any non-trivial Dirichlet character x :
HkM — C*, we have L(1, x) # 0.

Proof This follows immediately from the second assertion of Theorem B.22 and of
the Proposition B.25. O
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Remark B.27 It is possible to obtain Corollary B.26 by purely analytic methods,
without using class field theory: see [9], Exp. VIII, theorem 2.

We can now state a theorem about the equidistribution of prime ideals in a more
precise form than Proposition B.21:

Theorem B.28 Let M be a cycle of k. Let ¥y be an element of HkM = I,f\’l /PI(M.
Then, the set of prime ideals of Oy which are in the class €y has density 1/#HkM.

Proof Let x be a character of H*. The formula(B.5) gives:

x(p)
log(L(s. X)) = Y _ - =g(s),
o= NP
with g(s) holomorphic near 1, that we can rewrite
1
log(L (s, = 14 + .
gL =Y x®Y SR

te HM pet

If y is not the trivial character o, observe that x (& ") - log(L(s, x)) is holomorphic
near 1 by Corollary B.26, while for o we have with the formula (B.3):

Xo(8™") - 1og(L(s, x0)) ~ log (i (s) ~ —log(s — 1).
Summing over different characters, we obtain
1

—1 ~ _ _
2 DX ) s~ —logls — ).

eeHM X pet

As we have by orthogonality of characters ([46], Chap. VI, Corollary to Prop.4)
Zx X(EEO_I) = 0 except for £, "' = 1, we obtain

HHM D

petoy

1
N(p)*

~ —log(S - 1)7

which means exactly (with Proposition B.17, (c)) that the desired density is 1/#H,<M.
O

We can also reformulate the reciprocity law in terms of the Artin map constructed
in Remark 15.5:

Theorem B.29 (Reciprocity law in the langage of ideals)
Let K / k be an abelian extension of a number field. Let M be a declaration cycle
for K/ k. Then the Artin map (defined in the Remark 15.5)
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Yk k1 I — Gal(K /k)

induces an isomorphism ofI,f’t/NK/kl'I/(\/l . P,f\/‘ with Gal(K / k). Furthermore, g /i
is compatible with the norm residue symbol, that is: the diagram

(., K/k)
Cr =122 Gal(K / k)

zi lld
TM/pM Wk Gal(K /k)

is commutative.

To simplify the notation, we have again denoted by i : C; — Ik/‘/‘ / PkM the homo-
morphism induced by the isomorphism C;/C{M — T /PM of Proposition B.9.

Proof The assumption that M is a declaration cycle for K/k means that K is
a subextension of the ray class field k™, or that the congruence subgroup C,{"‘
verifies rec; (C{*) C Gal(k®/K), where recy : C, — Gal(k®/k) is the reciprocity
map (induced by passage to the limit of the norm residue symbols (., k' / k) for k' finite
abelian extension of k). Thus, the isomorphism i : C;/C ,j\’t = IkM /P,j\/l induces a
commutative diagram

Cy/CM L K7R), Gal(K /k)

q ¥

TM/PM —2 s Gal(K/k)

and we need to show that u is the Artin map 1k . For any place v of k and any
ay € k,, denote by [a,] theidele (1, 1,...,a,, 1,...). We have seen in the proof of
Proposition B.9 that every class of Cy/ C,{” is represented by an idele («,) of I,{,\f,
which is an idele verifying o, = 1 for every place v dividing M. This implies that
Cy/C ,ﬁ"t is generated by the classes of the ideles ¢ of the form [, ], where v is a finite
place of k (corresponding to a p € Specm(O;)) not dividing M (hence unramified)
and 7, a uniformiser of k,. For such a class ¢, we have zT(c) =pin I,f‘/‘ / PkM via the
formula (B.2). Thus

u(i(e)) = (¢, K/k) = (Im), K/k) = ¥k /i (p) € Gal(K /)

is the Frobenius at v by definition of 9k« (Remark 15.5) and of the norm residue
symbol (., K /k) (cf. formula (14.1) and Proposition 9.8, (a)). We thus have u = ¢k«
and vk« is surjective as (., K /k) is.

It remains to show that the image of Nk,xCk by the mapzT Cr — Z,(/V‘/Pk/v‘ is
exactly NM/PM, where NM := Ng , I3 - PM. We already have C{M C Ng /i Cx
as C,ﬁ\/‘ is in the kernel of the reciprocity map (., K/k) : Cx — Gal(K/k). Let us
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denote by [/ ,?’11 the subgroup of Ix consisting of ideles (/3,,) verifying 3, = 1 for
every place w above a place of v dividing M. As we have seen in the proof of the
Proposition B.9, we have Ix = Ilj(\f‘l . I,?’t - K*, hence:

NkiCx /CM = Nijlg - k* /LM k" = Ngpelg - 1Mk Mk

The elements of Nk, Cg/ CkM are the classes represented by the elements of
Ng il [/{\/11 in I,{}f. By formula (B.2), they are exactly the classes sent by i to the
ideals belonging to N/, kI,/(V‘ c IM, hence

i(Ng i C/CIMY = NIt - PM M = NMPM,

which finishes the proof. (]

Remark B.30 The kernel NM = NK/kI,/?" . P,j\’t of the Artin map 9k /x : I,f‘/‘ —
Gal(K / k) is called the group of declared ideals modulo M for the extension K/ k.
The correspondence K +> N/ is a bijection between the subextensions of the ray
class field k™ and the subgroups of Z™ containing PM.

We can now prove the “abelian” case of the Cebotarev theorem:

Corollary B.31 Let K /k be a finite abelian extension of a number field with Galois
group G. Let 0 € G. Then, the density of the set of prime ideals p € Specm(Oy)
which are unramified in K / k and such that 1k ;i (p) = o (in other words: such that
the Frobenius atp is o) is 1/[K : k].

Proof Choose a declaration cycle M of the extension K /k. By Theorem B.29,
the Artin map vk, induces an isomorphism of Z/NM with G for a certain
subgroup N of ZM containing PM. Let ¢ € ZM/N™ be the class sent to o by
this isomorphism. Proposition B.21 implies that the density of the set of prime ideals
whose class modulo N*™ is ¢ is

1
[ZM : PM]

CINM . pMy 1 _L_ 1
N 'P"]_[I,g‘/‘:NM]_#G_[K:k]'

B.6 Proof of the Cebotarev Theorem

We have already encountered (Theorem 18.1) the Cebotarev theorem, but we have
not provided a proof. To conclude this appendix, we are going to fill this gap here.

Theorem B.32 (Cebotarev theorem) Let K /k be a finite Galois extension of a
number field, whose Galois group we denote by G. Let C be a conjugacy class in G.
Let § be the density of the set T of prime ideals p € Specm(Oy), unramified in K / k
and such that Frob, € C. Then § = #C /#G.
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Recall that Frob, € G is the Frobenius at p, whichis well defined up to conjugation
so that the condition Frob, € C makes sense. In this statement, we can also restrict
to prime ideals of absolute degree 1 by Corollary B.19.

Proof Leto e C,then C is the setof To7~! with 7 € G. Denote by d the cardinality
of G, m the order of ¢ in G and c the cardinality of C. Let M C K be the field fixed
by o, then K is a cyclic extension of M of degree m. In the remainder of the proof,
we only consider prime ideals that are unramified in the various finite extensions of
number fields that appear, a finite set of prime ideals being of zero density.

Let Ty be the set of prime ideals q € Specm(Oy) which are split in M/k and
whose Frobenius (relatively to the abelian extension K /M) is 0 € Gal(K/M). By
Corollaries B.19 and B.31, the density of Ty is % Denote by Tk the set of prime
ideals ¢ € Specm(O ) whose Frobenius in Gal(K / k) (cf. Definition 12.13) is 0. We
will need a lemma:

Lemma B.33 (a) The map u, : ¢ — €N Oy is bijective from Tk to Ty.

(b) The map u, : ¢ — €N Oy is surjective from Tk onto T, and the preimage of
each element of T under u;, has cardinality d /cm.

Assume that the lemma is proved. Then the map q — q N Oy is surjective from
Ty onto T, and there are d/cm prime ideals of T); above each prime ideal of T.
Furthermore, if q € Ty, we have Ny, (q) = p hence N(q) = N (p). It follows that

_, cm s cm 1 c
ZNp =— Z Na™> ~1e ===« —logls — 1) = = log(s — 1),

peT qely

which shows that the density § of 7" is 7.

It remains to prove the lemma. Let us first show thatif ¢ € Tx,thenq: =t N Oy
isin Ty . Let us set p := €N Oy. The group Gal(K¢/ k) is generated by o and as ¢
fixes Mg, we have My = k;,, which proves that q is split in M/k and the Frobenius
associated to q in Gal(K /M) is o, which implies q € T),. Furthermore, the residual
degree of K¢/M, is the same as that of K¢/ k,, that is, m, which means that £ is the
only prime ideal of K above ¢, hence the injectivity of u;. Finally if q € Ty, there
exists a prime ideal £ of Ok above q. As by definition of Ty, we have M, = k,, we
obtain that the Frobenius at £ in Gal(K / k) is also its Frobenius in Gal(K /M), which
is 0. Thus ¢ € Tk, which shows that u; is surjective and concludes the proof of (a).

Let us prove the item (b) of the lemma. Fix po € T and choose a prime ideal

£y € Specm(Ok) above p. By definition, we have ¢, € Tk . For any 7 € G, we have
(cf. Definition 12.13)

Frob..¢, = 7 Frobg, V=7l

Thus Frob,.;, = o if and only if 7 is in the centraliser Z of o in G. The cardinality
of Z is % as G/Z is in bijection with C (G acts transitively by conjugation on C and
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Z is the stabiliser of an element). If Dy C G is the decompositions subgroup of €,
we have a bijection 7 — 7.8y of Z/ Dy over the set of prime ideals of Tx above py.
Thus, this last set has cardinality

#Z #Z d

’

#Dy T om cm
since Dy is the cyclic group generated by o. This proves (b) of the lemma and
concludes the proof of the Cebotarev theorem. ]
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