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Preface

This book is a self-contained introduction to the core of the theory of dynami-
cal systems, with emphasis on the study of maps. This includes topological, low-
dimensional, hyperbolic and symbolic dynamics, as well as a brief introduction to
ergodic theory. It can be used primarily as a textbook for a one-semester or two-
semesters course on dynamical systems at the advanced undergraduate or beginning
graduate levels. It can also be used for independent study and as a rigorous starting
point for the study of more advanced topics.

The exposition is direct and rigorous. In particular, all the results formulated in
the book are proven. We also tried to make each proof as simple as possible. Some-
times, this required a careful preparation or the restriction to appropriate classes of
dynamical systems, which is fully justified in a first introduction. The text also in-
cludes many examples that illustrate in detail the new concepts and results, as well
as 140 exercises, with different levels of difficulty.

The theory of dynamical systems is very broad and is extremely active in terms
of research. It also depends substantially on most of the main areas of mathematics.
So, in order to give a sufficiently broad view, but still self-contained and with a
controlled size, it was necessary to make a selection of the material. In view of the
necessary details or the need for results from other areas, some topics have been
omitted, most notably Hamiltonian and holomorphic dynamics, although we have
indicated references for these and other topics. We have also provided references
for further reading on topics that are natural continuations of the material in the
book. These suggestions, together with a short description of the contents and of the
interdependence of the various chapters, are grouped together in the introduction.

Lisbon, Portugal Luis Barreira
Claudia Valls
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Chapter 1
Introduction

This introductory chapter is a user’s guide for the book. It includes a brief descrip-
tion of the contents of each chapter and of the interdependence of the various topics.
It also includes suggestions for further reading and for specific courses based on the
book.

1.1 Contents and Suggestions for Further Reading

We first summarize the contents of each chapter. We emphasize that we do not strive
for completeness. Instead, the idea is to give a brief overview of the contents, high-
lighting the main topics and pointing out those that can be considered more ad-
vanced. We also indicate references for further reading on topics that are natural
continuations of the material in the book.

1.1.1 Basic Notions and Examples

Chapter 2 forms the basis for the rest of the book. It is here that we introduce the no-
tion of a dynamical system, both for discrete and continuous time. We also describe
many examples that, together with other examples introduced throughout the book,
are used to illustrate new concepts and results. The examples include rotations and
expanding maps of the circle, endomorphisms and automorphisms of the torus, and
autonomous differential equations and their flows. In addition, we describe some ba-
sic constructions that determine new dynamical systems. This includes going back
and forth between discrete and continuous time.

The emphasis of the book is primarily on dynamical systems with discrete time,
although we still develop to a reasonable extent the corresponding theory for flows.
A natural playground for the study of flows is the theory of ordinary differential
equations. In particular, any (autonomous) differential equation x" = F(x) with

L. Barreira, C. Valls, Dynamical Systems, Universitext, DOI 10.1007/978-1-4471-4835-7_1, 1
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unique global solutions determines a flow. A natural continuation for the study of
topics in the theory of flows, such as topological conjugacies, Lyapunov functions
and stability theory, index theory, bifurcation theory, and Hamiltonian dynamics,
would be our book [12] since the level and philosophy of the presentation are quite
similar. We refer the reader to the books [3, 5, 21, 23] for additional topics in the
theory of dynamical systems with continuous time.

1.1.2 Topological Dynamics

In Chap. 3 we consider the class of topological dynamical systems, that is, of con-
tinuous maps or homeomorphisms of a topological space. For example, one can ask
whether there are dense orbits or whether all orbits are dense. One can also ask
whether a given orbit returns arbitrarily close to itself, which corresponds the con-
cept of recurrence. In particular, we study the notions of «-limit set and w-limit set,
which to some extent capture the asymptotic behavior of a dynamical system. We
also consider several notions of topological recurrence, such as topological transi-
tivity and topological mixing.

Then we introduce the notion of the topological entropy of a dynamical system
(with discrete time), which is a measure of the complexity of a dynamical system
from the topological point of view. We also illustrate its computation in various
examples. Topological entropy and some of its modifications and generalizations
stand as principal measures of the complexity of a dynamics, from various points
of view. The topics in Sects. 3.4.3 and 3.4.4 on alternative characterizations of the
topological entropy and on the particular case of expansive maps are somewhat more
advanced.

For additional topics in topological dynamics, topological recurrence and topo-
logical entropy we refer the reader to the books [17, 18, 32, 53].

1.1.3 Low-Dimensional Dynamics

In Chap. 4 we consider several classes of dynamical systems in low-dimensional
spaces. This essentially means dimension 1 for discrete time and dimension 2 for
continuous time. In particular, we consider homeomorphisms and diffeomorphisms
of the circle, continuous maps of the interval and flows defined by autonomous dif-
ferential equations in the plane. For the orientation-preserving homeomorphisms of
the circle, we introduce the notion of rotation number and we describe the behavior
of the orbits depending on whether it is rational or irrational. We also study the ex-
istence of periodic points for the continuous maps of the interval and we establish
Sharkovsky’s theorem relating the existence of periodic points with different peri-
ods. Finally, we give a brief introduction to the Poincaré—Bendixson theory of flows
on surfaces. The topics in Sects. 4.2 and 4.3.2 on diffeomorphisms of the circle
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with irrational rotation number that are topologically conjugate to rotations and on
Sharkovsky’s theorem are somewhat more advanced. For additional topics in low-
dimensional dynamics we refer the reader to [2, 25, 32] for the case of discrete time
and to [12, 23] for the case of continuous time.

In certain cases, the low-dimensionality of the space allows one to present some
notions and results without the technical complications of arbitrary spaces. On the
other hand, one should be aware that some of the methods and results only work
precisely because of the low-dimensionality of the space. For example, the use of
conformality for a smooth dynamics of the circle, which means that the derivative
at each point is a multiple of an isometry, or the use of Jordan’s curve theorem
for a flow in the plane make some of the results in Chap. 4 belong strictly to low-
dimensional dynamics.

1.1.4 Hyperbolic Dynamics

Chapter 5 is an introduction to hyperbolic dynamics, which can be described as
the study of the properties of a smooth dynamics that expands or contracts in some
privileged directions. All the pre-requisites from the theory of smooth manifolds
are fully recalled in the chapter. After introducing the notion of a hyperbolic set,
we describe the Smale horseshoe and some of its modifications. This allows us to
illustrate some notions and results without the additional complications arising from
considering arbitrary hyperbolic sets. We also establish the continuity of the stable
and unstable spaces on the base point. Moreover, we discuss the characterization of
hyperbolic sets in terms of invariant families of cones. In particular, this allows us
to describe some stability properties of hyperbolic sets under sufficiently small per-
turbations. The relations between invariant families of cones, Lyapunov functions
and hyperbolicity are in fact important in much more general classes of dynamics.

Chapter 6 is a natural continuation of Chap. 5 and considers topics that are some-
what less elementary. In particular, we describe the behavior of the orbits of a dif-
feomorphism near a hyperbolic fixed point, establishing two fundamental results
of hyperbolic dynamics: the Grobman—Hartman theorem and the Hadamard—Perron
theorem. The proofs are somewhat simple-minded but also long and unavoidably
more technical. We also establish the existence of stable and unstable manifolds for
all points of a hyperbolic set, with an elaboration of the proof of the Hadamard—
Perron theorem, and we show how they give rise to a local product structure for any
locally maximal hyperbolic set.

Section 6.3 is an introduction to the study of geodesic flows on surfaces of con-
stant negative curvature and their hyperbolicity. All the pre-requisites from hyper-
bolic geometry are fully recalled in the section. In particular, we consider isometries,
Mobius transformations, geodesics as the shortest paths between two points, quo-
tients by isometries and the construction of compact surfaces of genus at least 2.
The material showing that the geodesic flow on compact surfaces is hyperbolic is
somewhat more advanced.
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For additional topics in hyperbolic dynamics, such as transversality and gener-
icity, homoclinic behavior, and growth of the number of periodic points, we refer
the reader to the books [28, 31, 32, 44, 45, 55, 60]. See also [12, 21] for the case of
continuous time.

We refer the reader to [4, 13, 34] for background and further developments of
hyperbolic geometry.

1.1.5 Symbolic Dynamics

Chapter 7 is an introduction to symbolic dynamics, with emphasis on its relations to
hyperbolic dynamics. In particular, we illustrate how one can associate a symbolic
dynamics (also called a coding) to a hyperbolic set and how it can be used to solve
certain problems related to the counting of periodic points (without actually find-
ing them). The examples include expanding maps, quadratic maps and the Smale
horseshoe. We also consider topological Markov chains, and their periodic points,
topological entropy, recurrence properties and zeta functions.

For additional topics in symbolic dynamics and its relations to hyperbolic dy-
namics we refer the reader to the books [17, 32]. Good references for the core of
symbolic dynamics are [36, 37]. See also [48] for a detailed study of zeta functions
in hyperbolic dynamics.

1.1.6 Ergodic Theory

Chapter 8 is a first introduction to ergodic theory and the consequences of the ex-
istence of a finite invariant measure. After introducing the notions of a measurable
map and of an invariant measure, we establish two basic but also fundamental results
of ergodic theory: Poincaré’s recurrence theorem and Birkhoff’s ergodic theorem.
We also introduce the notion of entropy and we illustrate its computation in various
examples.

All the pre-requisites from measure theory and integration theory are fully re-
called in the chapter. Nevertheless, due to the necessary familiarity with standard
arguments of measure theory, the whole chapter should be considered more ad-
vanced. Further developments of ergodic theory clearly fall outside the scope of the
book.

For additional topics in ergodic theory and its applications we refer the reader to
the books [9, 38, 51, 61, 63, 65] and for further developments to [24, 47, 52, 56, 62].
In particular, [9, 65] include introductions to the thermodynamic formalism and its
applications and [38, 52] include introductions to smooth ergodic theory (also called
Pesin theory).
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1.2 Further Topics and Suggested References

We emphasize that each of the topics discussed in the former section, that is, topo-
logical dynamics, low-dimensional dynamics, hyperbolic dynamics, symbolic dy-
namics and ergodic theory can be (and are) the object, by itself, of several books. So
it would be impossible to be much more detailed in a self-contained introduction to
the core of the theory of dynamical systems and choices had to be made. Certainly,
our particular selection of topics may also reflect a personal taste. But it would be
very hard to argue, perhaps with the exception of ergodic theory, that any of the
topics considered in the book should be omitted from a first introduction.

The following is an incomplete list of topics that were left out of the book to-
gether with recommendations for further reading:

holomorphic dynamics (see [14, 19, 39-41, 54]);

bifurcation theory and normal forms (see [5, 12, 22, 28]);
Hamiltonian dynamics (see [1, 6, 12, 32, 42]);

dimension theory and multifractal analysis (see [7, 49]);
thermodynamic formalism and its applications (see [8, 16, 35, 57]);
hyperbolicity and homoclinic bifurcations (see [46]);

partial hyperbolicity and stable ergodicity (see [50]);

nonuniform hyperbolicity and smooth ergodic theory (see [10, 11, 15]);
hyperbolic systems with singularities and billiards (see [20, 33]);
algebraic dynamics and ergodic theory (see [58]);
infinite-dimensional dynamics (see [29, 30, 59, 64]).

1.3 Suggestions for Courses Based on the Book

The book can be used as a basis for several advanced undergraduate or beginning
graduate courses. Other than some basic pre-requisites from linear algebra, differen-
tial and integral calculus, complex analysis and topology, all the notions and results
used in the book are recalled along the way.

The interdependence of the chapters is indicated in Fig. 1.1. An arrow going
from Chapter A to Chapter B means that part of the material in Chapter A is used in
Chapter B. This leads naturally to the following courses:

topological dynamics and symbolic dynamics: Chaps. 2, 3 and 7;
hyperbolic dynamics and symbolic dynamics: Chaps. 2, 5 and 7;
low-dimensional dynamics: Chaps. 2, 3 and 4;

hyperbolic dynamics, including geodesic flows: Chaps. 2, 5 and 6;
symbolic dynamics and ergodic theory: Chaps. 2, 7 and 8.

Nk =

Other selections are also possible, depending on the audience and on the available
time. Moreover, some sections can be used for short expositions, such as for example
Sects. 3.4.3, 3.4.4,4.2 and 4.3.2, and all sections in Chaps. 6 and 7.
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Chapter 2
Basic Notions and Examples

In this chapter we introduce the notion of a dynamical system, both for discrete
and continuous time. We also describe many examples, including rotations and ex-
panding maps of the circle, endomorphisms and automorphisms of the torus, and
autonomous differential equations and their flows. Together with other examples in-
troduced throughout the book, these are used to illustrate new concepts and results.
We also describe some basic constructions determining new dynamical systems, in-
cluding suspension flows and Poincaré maps. Finally, we consider the notion of an
invariant set, both for maps and flows.

2.1 The Notion of a Dynamical System
In the case of discrete time, a dynamical system is simply a map.

Definition 2.1 Any map f: X — X is called a dynamical system with discrete time
or simply a dynamical system.

We define recursively

M=oyt
for each n € N. We also write f0 = Id, where Id is the identity map. Clearly,
fm+n — fm o fn (21)

for every m, n € Ny, where Ny = N U {0}. When the map f is invertible, we also
define f~" = (f~!)" for each n € N. In this case, identity (2.1) holds for every
m,n €.

Example 2.1 Given dynamical systems f: X — X and g: ¥ — Y, we define a new
dynamical system h: X x Y — X x Y by

h(x,y) = (f(x),8(»).

L. Barreira, C. Valls, Dynamical Systems, Universitext, DOI 10.1007/978-1-4471-4835-7_2, 7
© Springer-Verlag London 2013


http://dx.doi.org/10.1007/978-1-4471-4835-7_2
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We note that if f and g are invertible, then the map # is also invertible and its
inverse is given by

A ey = (1@, e 7' ).
Now we consider the case of continuous time.

Definition 2.2 A family of maps ¢;: X — X for ¢ > 0 such that ¢y = Id and
Qr+s =@ oy foreveryt,s >0

is called a semiflow. A family of maps ¢, : X — X for ¢ € R such that ¢y = Id and
Qs =@ oy foreveryt,s e R

is called a flow.

We also say that a family of maps ¢; is a dynamical system with continuous time
or simply a dynamical system if it is a flow or a semiflow. We note that if ¢, is a
flow, then

prop =@ ro@=¢o=1Id

and thus, each map ¢ is invertible and its inverse is given by ¢, P=g_,.
A simple example of a flow is any movement by translation with constant veloc-

ity.

Example 2.2 Given y € R", consider the maps ¢, : R" — R”" defined by
pr(x)=x+1ty, teR, xeR".

Clearly, ¢o = Id and

Qrys(X)=x+ (t+5)y
= (x +sy) +1y = (¢ 0 @5)(x).

In other words, the family of maps ¢; is a flow.

Example 2.3 Given two flows ¢;: X — X and ¢, : Y — Y, for ¢ € R, the family of
maps oy : X X ¥ — X x Y defined for each ¢ € R by

ar(x, y) = (¢ (x), ¥4 (1))

is also a flow. Moreover,
—1 _
o (L, y) = (0 (). Y ().

We emphasize that the expression dynamical system is used to refer both to dy-
namical systems with discrete time and to dynamical systems with continuous time.
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2.2 Examples with Discrete Time

In this section we describe several examples of dynamical systems with discrete
time.

2.2.1 Rotations of the Circle

We first consider the rotations of the circle. The circle S! is defined to be R/Z, that
is, the real line with any two points x, y € R identified if x — y € Z. In other words,

S'=R/Z=R/~,

where ~ is the equivalence relation on R defined by x ~ y <> x — y € Z. The cor-
responding equivalence classes, which are the elements of S!, can be written in the
form

[x]={x+m:meZ}.
In particular, one can introduce the operations
(x]+[yl=[x+y] and [x]—[y]=I[x—y]

One can also identify St with [0, 1] /{0, 1}, where the endpoints of the interval [0, 1]
are identified.

Definition 2.3 Given o € R, we define the rotation R, : S I, gl by
Ro([x]) =[x + ]

(see Fig. 2.1).

Sometimes, we also write
Ry(x) =x+a mod 1,

thus identifying [x] with its representative in the interval [0, 1). The map R, could
also be called a translation of the interval. Clearly, Ry : S I 5 1 is invertible and
its inverse is given by R, '=R_,.

Now we introduce the notion of a periodic point.

Definition 2.4 Given g € N, a point x € X is said to be a g-periodic point of a map
f: X — Xif f9(x) = x. We also say that x € X is a periodic point of f if it is
g-periodic for some g € N.

In particular, the fixed points, that is, the points x € X such that f(x) = x are g-
periodic for any ¢ € N. Moreover, a g-periodic point is kg-periodic for any k € N.
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Fig. 2.1 The rotation R,

—

R (x) 1

Definition 2.5 A periodic point is said to have period q if it is g-periodic but is not
[-periodic for any / < q.

Now we consider the particular case of the rotations R, of the circle. We verify
that their behavior is very different depending on whether « is rational or irrational.
Proposition 2.1 Given o € R:

1. ifa e R\ Q, then Ry has no periodic points;
2. ifa = p/q € Qwith p and q coprime, then all points of S' are periodic for R,
and have period q.

Proof We note that [x] € S! is g-periodic if and only if [x + ga] = [x], that is, if
and only if g € Z. The two properties in the proposition follow easily from this
observation. g

2.2.2 Expanding Maps of the Circle

In this section we consider another family of maps of S'.
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Fig. 2.2 The expanding
map E>

—

Ex(x) 8

D=
—_
=

Definition 2.6 Given an integer m > 1, the expanding map E,,: S' — S! is defined
by

E,(x) =mx mod 1.

For example, for m =2, we have

2x if x € [0, 1/2),

B0 = {Zx 1 ifxe[l/2,1)

(see Fig. 2.2).
Now we determine the periodic points of the expanding map E,,. Since E, (x) =
m?x mod 1, a point x € S! is g-periodic if and only if

mix —x=(m?—1)xeZ.
Hence, the g-periodic points of the expanding map E,, are

x=—2 _ forp=1,2,... mi—1. 2.2)
md —1

Moreover, the number n,,(q) of periodic points of E,, with period g can be com-
puted easily for each given g (see Table 2.1 for ¢ < 6). For example, if g is prime,
then

nm(q) =m? —m.
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Table 2.1 The number

nm (q) of periodic points of q nm(q)

E,, with period g
1 m—1
2 mr—m=m*-1—(m-—1)
3 m*—m=m?>—-1—(m—1)
4 m*—m?P=m*—1—@m%2-1)
5 m>—m=m>—-1—(m—1)
6 mb —m3 —m2+m

2.2.3 Endomorphisms of the Torus

In this section we consider a third family of dynamical systems with discrete time.
Given n € N, the n-torus or simply the torus is defined to be

T" =R"/Z" = R"/~,

where ~ is the equivalence relation on R" defined by x ~y < x —y € Z". The
elements of T" are thus the equivalence classes

[x]:{x+y:yeZ”},
with x € R". Now let A be an n x n matrix with entries in Z.
Definition 2.7 The endomorphism of the torus Ty : T" — T" is defined by
Ta(lx]) =[Ax] for [x]€T".
We also say that T4 is the endomorphism of the torus induced by A.
Since A is a linear transformation,
Ax —AyeZ" whenx—yeZ".

This shows that Ay € [Ax] when y € [x] and hence, T4 is well defined.

In general, the map T4 may not be invertible, even if the matrix A is invertible.
When T4, is invertible, we also say that it is the automorphism of the torus induced
by A. We represent in Fig. 2.3 the automorphism of the torus T2 induced by the

matrix
2 1
A=)

Now we determine the periodic points of a class of automorphisms of the torus.

Proposition 2.2 Let Ty: T" — T" be an automorphism of the torus induced by a
matrix A without eigenvalues with modulus 1. Then the periodic points of T4 are
the points with rational coordinates, that is, the elements of Q" /Z".
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A([0,17%)

A([0,17%)

[0, 1%

Fig. 2.3 An automorphism of the torus T?

Proof Let [x] =[(x1,...,x,)] € T" be a periodic point. Then there exist ¢ € N and
y=O1,...,¥n) € Z" such that A%x = x + y, that is,

(Aq — Id)x =y.

Since A has no eigenvalues with modulus 1, the matrix A? —Id is invertible and one

can write
x=(A7— Id)ily.

Moreover, since A9 — Id has only integer entries, each entry of (A4 —Id)~! is a
rational number and thus x € Q".
Now we assume that [x] = [(x1, ..., x,)] € Q"/Z" and we write

(xl,...,xn)=<ﬂ,...,@>, (2.3)

r r
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where p1,...,pn €{0,1,...,r — 1}. Since A has only integer entries, for each
g € N we have

p/ /
Aq(xla-"’xll):(Tl"”’ %)‘F()}l,a)’n)

for some pi,..., p, €{0,1,...,r =1} and (y1, ..., y,) € Z". But since the number
of points of the form (2.3) is r", there exist g1, g2 € N with g1 7 ¢ such that

AN (x1,...,xp) — AL (xq,...,x,) €Z".
Assuming, without loss of generality, that g; > ¢, we obtain
AT (e, o x,) — (X1, ..., x,) €Z"

(see Exercise 2.12) and thus TZ' T2 ([x]) = [x]. O

The following example shows that Proposition 2.2 cannot be extended to arbi-
trary endomorphisms of the torus.

Example 2.4 Consider the endomorphism of the torus 74 : T2 — T2 induced by the

matrix
31
a=( ).

We note that T4 is not an automorphism since det A = 2 (see Exercise 2.12). Now
we observe that

(0. )= (L), it =00 m m0.0=00
A( ’§>—<§,5>, A(E,E)-( ) ) an A( s )_( ) )

This shows that the points with rational coordinates (0, 1/2) and (1/2, 1/2) are not
periodic. On the other hand, the eigenvalues of A are 2 + V2 and 2 — «/f, both
without modulus 1.

2.3 Examples with Continuous Time

In this section we give some examples of dynamical systems with continuous time.

2.3.1 Autonomous Differential Equations

We first consider autonomous (ordinary) differential equations, that is, differential
equations not depending explicitly on time. We verify that they give rise naturally
to the concept of a flow.
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Proposition 2.3 Ler f: R" — R" be a continuous function such that, given xgy €
R”, the initial value problem

x'=f(x),

0 = xo (2.4)

has a unique solution x(t, xq) defined for t € R. Then the family of maps ¢;: R" —
R" defined for each t € R by

@1 (x0) = x (1, x0)
is a flow.
Proof Given s € R, consider the function y: R — R” defined by
y(@)=x(t+s,x0)-
We have y(0) = x(s, x9) and
Y'(@) =x'(t +5,x0) = f(x(t +5,%0)) = f(y(®))

for ¢ € R. In other words, the function y is also a solution of the equation x’ = f (x).
Since by hypothesis the initial value problem (2.4) has a unique solution, we obtain

y(0) =x(t, y(0)) =x(t, x(s, x0)),
or equivalently,
x(t+s,x0) =x(l,x(s,xo)) 2.5)
for ¢, s € R and x¢ € R”. It follows from (2.5) that ¢, = ¢; o ¢5. Moreover,
®o(x0) = x(0, x0) = xo,

that is, ¢o = Id. This shows that the family of maps ¢; is a flow. 0

Now we consider two specific examples of autonomous differential equations
and we describe the flows that they determine.

Example 2.5 Consider the differential equation

!/
x'=—y,

y =x.
If (x, y) = (x(¢), y(¢)) is a solution, then

(x* + %) =2xx" +2yy’ = —2xy + 2yx =0.
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Thus, there exists a constant » > 0 such that
x()? +y@)? =r2.
Writing
x(t)=rcosf(t) and y(t)=rsind(zr),
where 6 is some differentiable function, it follows from the identity x’ = —y that
—7r6'(t)sinf(t) = —rsinO(¢).

Hence, 0'(t) = 1 and there exists a constant ¢ € R such that 0(z) = r + c. Thus,
writing

(x0, yo) = (rcosc, rsinc) € R?,

(x(t)) _ (r cos(t + c))
y(@)) ~ \rsin( +c)

(cost -rcosc — sint - rsinc)

we obtain

sint - r cosc + cost - rsinc
__[cost —sint) (Xo
“ \sint cost v/

R(t) = (cpst —sin t)
sint  cost
is a rotation matrix for each ¢ € R. Since R(0) =Id, it follows from Proposition 2.3
that the family of maps ¢; : R> — R? defined by

o(5)=ro ()
Yo Yo

is a flow. Incidentally, the identity ¢;1; = ¢; o @, is equivalent to the identity be-
tween rotation matrices

Notice that

R(t +5) = R({)R(s).
Example 2.6 Now we consider the differential equation
[x’ =Y,
y =x.
If (x, y) = (x(¢), y(¢)) is a solution, then

(x2 — y2)/ =2xx — Zyy/ =2xy —2yx=0.
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Thus, there exists a constant » > 0 such that

x> —y®)r=r* or x()?—y@)?=—r> (2.6)
In the first case, one can write

x(t) =rcoshf(¢t) and y(t) =rsinh6(z),
where 0 is some differentiable function. Since x’ = y, we have
r6’(t)sinh O (¢) = r sinh 6(¢)

and hence, 6(t) =t + ¢ for some constant ¢ € R. Thus, writing

(x0, yo) = (r coshe, rsinhc) € R?,

we obtain
x(1) (T cosh(t +c¢)
y(t))  \rsinh(r +¢)
__(cosht -rcoshc + sinht - rsinhc
~ \ sinht - rcoshc + cosht - sinhc
_ cgsht sinhz\ (X0 — 50 X0 ’
sinhz coshz ) \ y, Yo
where

sinht cosht

S = (cosht smht) '

In the second case in (2.6), one can write
x(¢t) =rsinhf(t) and y(¢r) =rcoshf(¢).

Proceeding analogously, we find that 6(¢) =t + ¢ for some constant ¢ € R. Thus,
writing

(x0, yo) = (rsinhc, r coshc) € R?,

x(t)\ _ (rsinh( +0)
y())  \rcosh(r +¢)
sinht - r coshc¢ + cosht - r sinhc¢
cosht - rcoshc + sinht - rsinhc

= S(;)(’“’).
Y0

we obtain
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Notice that S(0) = Id. It follows from Proposition 2.3 that the family of maps

Wt . R ad R deﬁned by

is a flow. In particular, it follows from the identity v, s = v o V¥ that

Sit+s)=S@)S(s) fort,seR.

2.3.2 Discrete Time Versus Continuous Time

In this section we describe some relations between dynamical systems with discrete
time and dynamical systems with continuous time.

Example 2.7 Given a flow ¢;: X — X, foreachT e R, themap f=¢r: X - X
is a dynamical system with discrete time. We note that f is invertible and that its
inverse is given by f~! = ¢_r. Similarly, given a semiflow ¢,: X — X, for each
T >0, the map f = ¢7: X — X is a dynamical system with discrete time.

Now we describe a class of semiflows obtained from a dynamical system with
discrete time f: X — X. Given a function 7: X — R™, consider the set ¥ obtained
from

Z={x,HeXxR:0=<r=<7(x)}
identifying the points (x, t(x)) and (f(x), 0), for each x € R. More precisely, we
define Y = Z/~, where ~ is the equivalence relation on Z defined by

x,H)~(@y,s) & y=f(x),t=t(x)ands=0

(see Fig. 2.4).

Definition 2.8 The suspension semiflow ¢,: Y — Y over f with height t is defined
for each t > 0 by

@or(x,s)=(x,s+1t) whens—+1tel0,7(x)] 2.7)

(see Fig. 2.4).

One can easily verify that each suspension semiflow is indeed a semiflow. More-
over, when f is invertible, the family of maps ¢; in (2.7), for t € R, is a flow. It is
called the suspension flow over f with height 7.

Conversely, given a semiflow ¢; : ¥ — Y, sometimes one can construct a dynam-
ical system with discrete time f: X — X such that the semiflow can be seen as a
suspension semiflow over f.
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Fig. 2.4 A suspension flow A

(x,7(x))

(1) = @ (x,0)

»
L Lt
X

(x,0) (f(x),0)

Fig. 2.5 A Poincaré section

Definition 2.9 A set X C Y is said to be a Poincaré section for a semiflow ¢, if
t(x):=inf{r >0:¢,(x) € X} eR" (2.8)

for each x € X (see Fig. 2.5), with the convention that inf @ = +o00. The number
T(x) is called the first return time of x to the set X.

Thus, the first return time to X is a function 7: X — R*. We observe that (2.8)
includes the hypothesis that each point of X returns to X. In fact, each point of X
returns infinitely often to X.

Given a Poincaré section, one can introduce a corresponding Poincaré map.

Definition 2.10 Given a Poincaré section X for a semiflow ¢;, we define its
Poincaré map f: X — X by

fx)= Pr(x) (x).
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2.3.3 Differential Equations on the Torus T?

We also consider a class of differential equations on T2. We recall that two vectors
x, y € R? represent the same point of the torus T? if and only if x — y € Z2.

Example 2.8 Let f, g: R> — R be C! functions such that

fx+ky+Dh=f(x,y) and glx+ky+)=gx,y)

for any x,y € R and k,[ € Z. Then the differential equation in the plane R? given
by

x'=f(x,y),

2.9
v =g(x,y) @9

can be seen as a differential equation on T2. Clearly, Eq. (2.9) has unique solutions
(that are global, that is, they are defined for ¢ € R since the torus is compact). Let
@+ T2 — T2 be the corresponding flow (see Proposition 2.3).

Now we assume that f takes only positive values. Then each solution ¢, (0, 7) =
(x(1), y(t)) of Eq. (2.9) crosses infinitely often the line segment x = 0, which is
thus a Poincaré section for ¢; (see Definition 2.9). The first intersection (for ¢ > 0)
occurs at the time

T, :inf{t >0:x(t) = 1}.
We also consider the map #: S' — S! defined by
h(z) = y(T) (2.10)

(see Fig. 2.6). One can use the C' dependence of the solutions of a differential
equation on the initial conditions to show that 4 is a diffeomorphism, that is, a
bijective (one-to-one and onto) differentiable map with differentiable inverse (see
Exercise 2.20).

For example, if f =1 and g =« € R, then

¢:(0,2) = (t,z+ta) mod 1.
Thus, T; = 1 for each z € R and

h(z) =z+amod 1 =Ry, (2).

2.4 Invariant Sets

In this section we introduce the notion of an invariant set with respect to a dynamical
system.
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Fig. 2.6 The Poincaré map A

determined by the Poincaré Yy

section x =0

1 4
Pt
(0,2) ¢.(0,2)
‘/ »
1 X

Definition 2.11 Givenamap f: X — X, aset A C X is said to be:
1. f-invariant if f_lA = A, where

fA={xeX: f(x)eA};

2. forward f-invariant if f(A) C A;
3. backward f-invariant if f~'A C A.

Example 2.9 Consider the rotation Ry : S I 5 8! Forae @Q, each set
y()={Ry(x):neZ}

is finite and R, -invariant. More generally, if « € QQ, then a nonempty set A C X is
Ry -invariant if and only if it is a union of sets of the form y (x) (see the discussion
after Definition 2.12). For example, the set Q/Z is R,-invariant.

On the other hand, for « € R \ Q, each set y(x) is also R,-invariant, but now
it is infinite. Again, a nonempty set A C X is Ry-invariant if and only if it is a
union of sets of the form y (x). One can show that each set y (x) is dense in ! (see
Example 3.2) and thus, the closed R,-invariant sets are & and S L

Example 2.10 Now we consider the expanding map E4: S' — S!, given by

4x if x € [0, 1/4),
4x —1 ifxe[1/4,2/4),
4x —2 ifx €[2/4,3/4),
4x —3 ifx €[3/4,1)

Eq(x) =
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Fig. 2.7 The expanding map
E4 E4 (x) A

|/

Al

N—=

Bl
—
=

(see Fig. 2.7). For example, the set

A=) E;"(10.1/41U[2/4,3/4)) @2.11)

n>0

is forward E4-invariant. We note that A is a Cantor set, that is, A is a closed set
without isolated points and containing no intervals.

‘We also introduce the notions of orbit and semiorbit.

Definition 2.12 For amap f: X — X, given a point x € X, the set
y @ =y @) ={f"x):neNo}
is called the positive semiorbit of x. Moreover, when f is invertible,
Yy~ @ =y; @) ={f""(x):neNo}
is called the negative semiorbit of x and
y@) =yrx)={f"x):neZ}

is called the orbit of x.

We note that when f is invertible, a nonempty set A C X is f-invariant if and
only if it is a union of orbits. Indeed, A C X is f-invariant if and only if

xeA & xeflA o fx) eA.
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By induction, this is equivalent to
xeA & {f'):neZlcA & yxeA

since f is invertible. Thus, a nonempty set A C X is f-invariant if and only if

A= U y(x).

xeA

Now we introduce the notion of an invariant set with respect to a flow or a semi-
flow.

Definition 2.13 Given a flow @ = (¢;);ecr of X, a set A C X is said to be
@-invariant if

o7 'A=A forteR.

Given a semiflow @ = (¢;);>0 of X, aset A C X is said to be @-invariant if

<pt_1A:A fort > 0.

In the case of flows, since (pt_l =¢_,;fort e R,aset A C X is @-invariant if and
only if

o (A)=A forteR.

Example 2.11 Consider the differential equation

] 3
;C/_ _y3); (2.12)

Each solution (x, y) = (x(t), y(¢)) satisfies
(3x2 + y4)/ = 6xx' +4y%y
=12xy® — 12y*x =0.
Thus, for each set I/ € RT, the union

A= J{x.y) eR?:3x* +y* =a

ael

is invariant with respect to the flow determined by Eq. (2.12).
We also introduce the notions of orbit and semiorbit for a semiflow.

Definition 2.14 For a semiflow @ = (¢;);>0 of X, given a point x € X, the set

Y @) =yg @) ={ex):1 >0}
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is called the positive semiorbit of x. Moreover, for a flow @ = (¢;);cr of X,
Y0 =vp ) = {p(x) 1120}
is called the negative semiorbit of x and
y(@) =yo () ={p(x) 1 R}

is called the orbit of x.

2.5 Exercises

Exercise 2.1 Determine whether the map f: R — R given by f(x) = 3x — 3x>
has periodic points with period 2.

Exercise 2.2 Determine whether the map f: R — R given by f(x) =x? + 1 has
periodic points with period 5.

Exercise 2.3 Given a continuous function f: R — R, show that:

1. if [a, b] C f([a, b]), then f has a fixed point in [a, b];
2. if [a,b] D f([a, b]), then f has a fixed point in [a, b].

Exercise 2.4 Let f: R — R be a continuous function and let [a, ] and [c, d] be
intervals in R such that

[e,d1C f(la,bl), [a.b1C f(lc,d]) and [a,b]N[c,d]=2.
Show that f has a periodic point with period 2.

Exercise 2.5 Show that if f: [a, b] — [a, b] is a homeomorphism (that is, a con-
tinuous bijective function with continuous inverse), then f has no periodic points
with period 3 or larger.

Exercise 2.6 Determine whether there exists a homeomorphism f: R — R with:
1. a periodic point with period 2;

2. aperiodic point with period 3.

Exercise 2.7 Show that any power of an expanding map is still an expanding map.

Exercise 2.8 Show that the set of periodic points of the expanding map E,, is dense
in S'.
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Exercise 2.9 For each g € N, find the number of g-periodic points of the map
f: R — R defined by f(z) =z in the set

R={zeC:z|=1}.

Exercise 2.10 Show that the number of periodic points of the expanding map E,,
with period p = ¢", for g prime and r € N, is given by
nw(p) =mP —mP/?.

Exercise 2.11 Find the smallest E3-invariant set containing [0, 1/3]U[2/3, 1].

Exercise 2.12 Show that the following properties are equivalent:

1. the endomorphism of the torus 74 : T" — T" is invertible;
2. x €Z" if and only if Ax € Z";
3. |detA|=1.

Exercise 2.13 Let T4: T" — T" be an endomorphism of the torus. Show that for
each x € Q" /Z", there exists an m € N such that T} (x) is a periodic point of T4.

Exercise 2.14 Show that the complement of a forward f-invariant set is backward
f-invariant.

Exercise 2.15 Given amap f: X — X, show that:

1. aset AC X is f-invariant if and only if f~'A C A and f(A) C A;
2. aset A C X is f-invariant if and only if X \ A is f-invariant.

Exercise 2.16 Show that if X is a Poincaré section for a semiflow ¢;, then:

1. ¢ has no fixed points in X;
2. f isinvertible when ¢y is a flow.

Exercise 2.17 Find the flow determined by the equation x” + 4x = 0.

Exercise 2.18 Find the flow determined by the equation x” — 5x’ + 6x = 0.
Exercise 2.19 Show that the equation x” = x> does not determine a flow.

Exercise 2.20 Use the C' dependence of the solutions of a differential equation on

the initial conditions' together with the implicit function theorem to show that the
map h defined by (2.10) is a diffeomorphism.

ITheorem (See for example [12]) If f: D — R” is a C! function in an open set D C R" and
(-, x0) is the solution of the initial value problem (2.4), then the function (¢, x) — ¢(¢, x) is of
class C'.



Chapter 3
Topological Dynamics

In this chapter we consider the class of topological dynamical systems, that is, the
class of continuous maps of a topological space X. For simplicity of the exposition,
we always assume that X is a locally compact metric space with a countable basis
(this means, respectively, that each point has a compact neighborhood and that there
exists a countable family of open sets such that each open set can be written as a
union of elements of this family). In particular, we consider the notions of «-limit set
and w-limit set, as well as some basic notions and results of (topological) recurrence,
including the notions of topological transitivity and topological mixing. Finally, we
introduce the notion of topological entropy, which measures the complexity of a
dynamical system, and we illustrate its computation in several examples. We also
show that the topological entropy is a topological invariant and we give several
alternative characterizations, including for expansive maps.

3.1 Topological Dynamical Systems
In this section we introduce the notion of a topological dynamical system.

Definition 3.1 A continuous map f: X — X is said to be a topological dynamical
system with discrete time or simply a fopological dynamical system. When f is a
homeomorphism (that is, a bijective continuous map with continuous inverse), we
also say that it is an invertible topological dynamical system.

For example, each rotation R, : S' — S! is a homeomorphism of the circle, with
the topology and the distance on S! = R/Z induced from R. More precisely, the
topology of S! is generated by the sets of the form (a, b) and [0, @) U (b, 1], with
0 <a < b < 1, and the distance d on S is given by

d(x,y) =min{|(x +k) — (y +1)| : k,1 € Z}

=min{|x—y—m|:m€Z}. 3.1
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28 3 Topological Dynamics
Now we consider the case of continuous time.

Definition 3.2 Any flow (respectively, any semiflow) ¢; : X — X such that the map
(t, x) — @ (x) is continuous in R x X (respectively, in ]R(J)r x X) is said to be a topo-
logical flow (respectively, a topological semiflow). Any topological flow or semiflow
is also said to be a topological dynamical system with continuous time or simply a
topological dynamical system.

In particular, the continuity assumptions imply that each map ¢, : X — X is con-
tinuous (in the case of flows it is even a homeomorphism).

Example 3.1 Let f: R" — R”" be a Lipschitz function with f(0) = 0. We recall
that f is said to be a Lipschitz function if there exists an L > 0 such that

If ) = fODI < Lix =yl

for x, y € R". Now we consider the initial value problem (2.4), which has a unique
solution x (¢, xg) for each xo € R”". It follows from

t
x(t, x0) = X0 +/ fx(s,x0))ds
0

that

t
ety x0)ll < ol + ' /0 1 f (e, x0)) | ds

t
< xoll + LUO (s, o)l ds

1

By Gronwall’s lemma,’ we obtain

Lt
lx (2, x0) | < [lxolle=!!

for ¢ in the domain of the solution. This implies that the solution ¢; (xg) = x (¢, x0)
is defined for € R. It follows from the continuous dependence of the solutions

ITheorem (See for example [12]) If u, v: [a, b] — R are continuous functions with v > 0 such
that

t
u(t)fc‘+/ u(s)v(s)ds forte€la,b],
then

t
u(t)§cexp/ v(s)ds fort €la,b].
a
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of a differential equation on the initial conditions” that the flow ¢, : R” — R" is a
topological dynamical system.

3.2 Limit Sets and Basic Properties

In this section we introduce the notions of ¢-limit set and w-limit set for a dynamical
system. These sets contain information about the asymptotic behavior of each orbit.
More precisely, the w-limit set of a point x is formed by the points that are arbitrarily
approximated by the images f” (x) while the -limit set of x is formed by the points
that are arbitrarily approximated by the preimages f~"(x).

3.2.1 Discrete Time

We begin with the case of discrete time. Let f: X — X be a map (it need not be
continuous).

Definition 3.3 Given a point x € X, the w-limit set of x is defined by

o) =) =) {f"@) :m=>n}.

neN

Moreover, when f is invertible, the «-limit set of x is defined by

ax)=oar(x)= m {f*m(x) m zn}.

neN
Now we give some examples.
Example 3.2 Let Ry: S I _5 S! be a rotation of the circle. For o« € Q, we have
w(x)=alx)=y(x)
for x € S. On the other hand, for « € R \ Q, we have
o) =ax) =S (3.2)
for x € S!. In order to establish (3.2), we show that the sets

{R;"(x):mzn} and {R;’”(x):mzn} 3.3)

2Theorem (See for example [12]) If f: D — R" is a Lipschitz function on an open set D C R"
and ¢(-, xg) is the solution of the initial value problem (2.4), then the function (¢, x) > (¢, x) is
continuous.
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are dense in S! for every x € S! and n € N. We first assume that Ry ' (x) = Ry > (x)
for some integers m| > my > n. This is the same as

X +mia=x+mya mod 1

or equivalently,
mio —moo =m

for some m € Z. Then « = m/(m; — m>), but this is impossible since « is
irrational. Thus, for each n € N, the points RJ'(x) are pairwise distinct for
m >n. Now let us take ¢ > 0 and N € N such that 1/N < ¢. Since the points
Rl (x), RZ_H(X), el Rg"’N (x) are distinct, there exist integers i; and iy such that
0<ii<ip) <N and

: . 1
d(Ry™(x), Ry (x)) < v <& (3.4)

where d is the distance in (3.1). Hence,
d(R271(x), x) = d(RZ7 (R (x)), R (x))

=d(RI2(x), RITI (x)) <

and the sequence x,, = R('f(iz*i‘)(x), with m € N, is e-dense in S! (in other words,
foreachy € § ! there exists an m € N such that d (v, xm) < €). Since ¢ is arbitrary,
we conclude that the first set in (3.3) is dense in S!. In order to prove that the second
set is also dense in S! it is sufficient to repeat the above argument to show that there
exist no integers m| > my > n with Ry (x) = Ry "?(x) (or to observe that this
identity is equivalent to Rgy'' (x) = Ry (x)).

Example 3.3 Given o € R\ Q and § > 0, we show that there exist integers p € Z
and g € (0, 1/8] such that

p
a—-LZ

q

Take an integer N > 1 such that 1/N < §. Proceeding as in (3.4), we find that there
exist integers m and n such that 0 <n <m < N and

5
<2, (3.5)
q

d(Rm 0), R (0)) !
o , Iy < N
Taking ¢ = m — n, we obtain
d(R%(0),0) =d(RI(R(0)), R}(0))

=d(R™(0), R"(0 1<5
=d (R} (0), Ri( ))<N— .
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Finally, it follows from (3.1) that there exists a p € Z such that
|R%(0) — p| < 1 <.
o N —
Since 1/N < 1 and RZ(0) = ga mod 1, we obtain
| | ! )
a—pl<— <4,
q p N =
which establishes inequality (3.5).

Example 3.4 Now we consider the expanding map E,: S! — §! and the point

+=ofo] oo [o1 [10][ 11000 001 010 -

whose base-2 expansion comprises the sequence of all length 1 binary strings (0, 1)
followed by all length 2 binary strings (00,01, 10, 11), then all length 3 binary
strings (000, 001, 010, ...), and so on. Since

E5(0.x1x2--+) =0 X 1Xm42- -+

each set {Eé"(x) :m >n}is dense in S! and thus w(x) = S!.
We note that the same happens when x is replaced by any point in S' whose
base-2 representation contains all finite binary strings, in any order.

Example 3.5 Let f: R?> — R? be the map given by

0 rsing) — r P b4 r (o T
J(reosf, rsin “(mm( +Z>’m“( +Z>>

(see Fig. 3.1). One can easily verify that f is invertible and that

f"(rcosf,rsin®)

B r P nmw r (o nmw
_<r+<1—r>/2" COS( +T)’r+(1—r>/2n Sm( +T>)

for each n € Z. Clearly, the origin (» = 0) and the circle r = 1 are f-invariant sets.
For r > 0, we have
i r
lim — =
n—toor+ (1 —r)/2"

and thus, the w-limit set of a point p = (r cosd, r sinf) outside the origin is given

by
niw . nw
w(p) = {(cos(@ + T),sm(@ + T)) n=0, 1,2,3,4,5,6,7}.
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Fig. 3.1 The map f in
Example 3.5
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On the other hand, for r € (0, 1), we have

lim —— =
n—s—oor—+(1—r)/2"

and thus, the «-limit set of any point in the region 0 < r < 1 is the origin.

Now we establish some properties of the «-limit sets and w-limit sets. We recall
that X is a metric space, say with distance d.

Proposition 3.1 Given amap f: X — X, for each x € X the following properties
hold:

1. y € w(x) if and only if there exists a sequence ny /' oo in N such that
f(x) > y when k — o0;
2. if f is continuous, then w(x) is forward f-invariant.

Proof We have o (x) = (), A, where

Ap = {f"(x) n zm}.
Now let y € w(x). We consider two cases:

1. if y ¢ (), Am, then there exists p > 1 such that y ¢ A,,. Hence, y € A_,,\Ap
and there exists a sequence n; ' oo in N such that f™ (x) — y when k — oo.

2. if y €(),,» Am, then there exists p > 1 such that y = f”(x). Since y € A, for
m > p, there exists ¢ > p such that y = f9(x). Thus,

fUPE(fPx) =y forkeN

and the increasing sequence ny = (¢ — p)k + p satisfies f"*(x) = y.
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On the other hand, if there exists a sequence ny ' oo in N such that f*(x) — y
when k — oo, then y € ‘A, for every m € N. Hence, y € w(x).

Now let us take y € w(x) and n € N. By the first property, there exists a sequence
ng /' oo in N such that f*(x) — y when k — oo. It follows from the continuity
of f that f™¥"(x) — f"(y) when k — oo and hence f"(y) € w(x). This shows
that w(x) is forward f-invariant. O

Proposition 3.2 Given a continuous map f: X — X, if the positive semiorbit
yT(x) of a point x € X has compact closure, then:

1. w(x) is compact and nonempty;
2. infld(f"(x),y):y € w(x)} > 0 when n — oo.

Proof For the first property, we note that by definition the set w(x) is closed. Since
o(x) C y*(x) and the closure of the semiorbit y ¥ (x) is compact, the set w(x) is
also compact.

Now we consider the sequence f"(x). Since it is contained in the compact subset
y+(x) of the metric space X, there exists a convergent subsequence " (x), with
ng /' oo when k — oo. Thus, one can apply the first property in Proposition 3.1 to
conclude that the limit of f"*(x) is in w(x). This shows that w(x) is nonempty.

Finally, if the last property did not hold, then there would exist § > 0 and a
sequence ny /' oo such that

inf{d(f”"(x), y) = a)(x)} >4 3.6)

for k € N. Since the set y+(x) is compact, there would exist a convergent subse-
quence f™k(x) of f™(x) whose limit, by the first property in Proposition 3.1, is a
point p € w(x). On the other hand, it follows from (3.6) that

d(f™(x),y) =38

for k € N and y € w(x) and thus, d(p, y) > § for y € w(x). But this is impossible
since p € w(x). This contradiction yields the last property in the proposition.  [J

For invertible maps, we have the following results for the «-limit set.
Proposition 3.3 Given an invertible map f: X — X, for each x € X the following

properties hold:

1. y € a(x) if and only if there exists a sequence ny / o0 in N such that
f7%(x) > y when k — 00;
2. if f has a continuous inverse, then a(x) is backward f-invariant.

Proposition 3.4 Given an invertible map f: X — X with continuous inverse, if the
negative semiorbit y~ (x) of a point x € X has compact closure, then:
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1. a(x) is compact and nonempty;,
2. inf{d(f"(x),y):y €a(x)} > 0 when n — —o0.

In order to obtain these two propositions, it suffices to apply Propositions 3.1
and 3.2 tothe map g = f 1.

3.2.2 Continuous Time

Now we introduce the notions of «-limit set and w-limit set for a dynamical system
with continuous time.

Definition 3.4 Given a semiflow @ = (¢;);>0 of X, the w-limit set of a point x € X
is defined by

w(x)=we(x) = ﬂ {gos(x) 1S > t}.

t>0

Moreover, given a flow @ = (¢;);cr of X, the «-limit set of a point x € X is defined
by

a(x)=agp(x) = ﬂ {(ps(x) s < t}.

t<0

Example 3.6 Consider the differential equation in polar coordinates

(3.7)

r=rir—1F —2),
0 =1.

We note that »’ > 0 for r € (0, 1) U (2, +00) and that v’ < 0 for r € (1,2). Now we
consider the sets

Cr={x,y) eR*:x* +y*=r%}
for r > 0. Given p € C,, we have

a(p)=w(p)={0,0)} forr=0,
a(p)={0,0}, w(p)=Ci forre(,1),
a(p)=w(p)=Cy forr=1,
a(p)=C1, w(p)=Cy forre(l,?2),
a(p)=w(p)=Cy forr=2,
a(p)=Cr, w(p)=9g forr>2

(see Fig. 3.2).
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Fig. 3.2 The phase portrait
of Eq. (3.7)

&
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We also describe some properties of the «-limit set and the w-limit set for flows
and semiflows. With the exception of the connectedness of these sets, all the remain-
ing properties are analogous to those already obtained for dynamical systems with
discrete time.

Proposition 3.5 Given a semiflow @ = (¢;):>0 of X, for each x € X the following
properties hold:

1. y € w(x) if and only if there exists a sequence t; /' +oo in RT such that
¢y (x) = y when k — 00;
2. if @ is a topological semiflow, then w(x) is forward ®-invariant.

Proof Both properties can be obtained repeating arguments in the proof of Proposi-
tion 3.1. O

Proposition 3.6 Given a topological semiflow @ = (¢;);>0 of X, if the positive
semiorbit y T (x) of a point x € X has compact closure, then:

1. w(x) is compact, connected and nonempty;
2. inf{d(¢;(x),y):y € w(x)} = 0 when t — +00.

Proof With the exception of the connectedness of the w-limit set, the remaining
properties can be obtained repeating arguments in the proof of Proposition 3.2.

In order to show that w(x) is connected, we proceed by contradiction. If w(x)
was not connected, then we could write it in the form w(x) = A U B for some
nonempty sets A and B such that

ANB=ANB=4g.
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Fig. 3.3 The set
CN{ps(x):s >t} C

b
%
=

Since w(x) is closed, we have
A=ANwx) =AN(AUB)
=(ANAUMANB =A

and analogously B = B. This shows that the sets A and B are also closed. This
implies that they are at a positive distance, that is,

§ ::inf{d(a,b) ta€A, be B} > 0.
Now we consider the closed set
C={zeX:d(z y)=8/4forycwx)} (3.8)

We note that
Cﬂ{(ps(x):s>t}7é® 3.9)

for t > 0. Otherwise, the set {p;(x) : s > t} would be completely contained in the
8/4-neighborhood of A or in the §/4-neighborhood of B. Hence, by the first prop-
erty in Proposition 3.5, we would have w(x) N B = @& or w(x) N A = &. But this
is impossible since w(x) = A U B with A and B nonempty. It follows from (3.9)
that there exists a sequence #; ' 400 such that ¢;, (x) € C for k € N (see Fig. 3.3).
Hence, it follows from the compactness of C Ny *(x) and again from the first prop-
erty in Proposition 3.5 that C N w(x) # @. On the other hand, it follows from (3.8)
that C Nw(x) = &. This contradiction shows that the set w (x) is connected. O

In the case of flows, we have analogous results for the o-limit set.

Proposition 3.7 Given a flow @ = (¢;),er of X, for each x € X the following prop-
erties hold.:



3.3 Topological Recurrence 37

1. y € a(x) if and only if there exists a sequence ty \y —o0 in R™ such that
@y (x) = y when k — o00;
2. if @ is a topological flow, then o(x) is backward @ -invariant.

Proposition 3.8 Given a topological flow @ = (¢;):cRr of X, if the negative semior-
bit y~(x) of a point x € X has compact closure, then:

1. a(x) is compact, connected and nonempty;
2. inf{d(¢;(x),y):y €a(x)} = 0 when t - —o0.

3.3 Topological Recurrence

In this section we discuss some recurrence properties of the orbits of a topological
dynamical system (with discrete time). Roughly speaking, a point x is recurrent if
its orbit returns arbitrarily close to x.

3.3.1 Topological Transitivity

Let f: X — X be a continuous map.

Definition 3.5 A point x € X is said to be (positively) recurrent (with respect to f)
if x € w(x).

It follows from Proposition 3.1 that a point x is recurrent if and only if there exists
a sequence ny /' oo in N such that f* (x) — x when k — oco. Moreover, the set of
recurrent points (with respect to f) is forward invariant. Indeed, if f"* (x) — x with
ny /' 0o when k — oo, then also ™" (x) — f*(x) when k — oo, for n € N.

For example, any periodic point x is recurrent since x € ¥+ (x) = w(x).

Example 3.7 Consider the rotation Ry : S I 5 $1. When « is rational, all points are
periodic and thus, they are also recurrent. When « is irrational, for each x € § 1 we
have w(x) = S! and again all points are recurrent.

More generally, each point x € X with w(x) = X is recurrent. Moreover, its
positive semiorbit y T (x) is dense in X (see Exercise 3.2).

Now we show that in compact metric spaces without isolated points, the existence
of a dense positive semiorbit is equivalent to the following property.

Definition 3.6 A map f: X — X is called topologically transitive if given
nonempty open sets U, V C X, there exists an n € N such that f"U NV # @.

The following result establishes the desired equivalence.
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Theorem 3.1 Let f: X — X be a continuous map of a locally compact metric
space with a countable basis. Then the following properties hold:

1. if f is topologically transitive, then there exists an x € X whose positive semior-
bit y T (x) is dense in X;

2. if X has no isolated points and there exists an x € X whose positive semiorbit
yT(x) is dense in X, then f is topologically transitive.

Proof We first assume that f is topologically transitive. Given a nonempty open set
U C X, the union | J, .y f7"U is dense in X since it intersects all open sets. Now
let {U;};cN be a countable basis of X. Since any locally compact metric space is a
Baire space (that is, it has the property that any countable intersection of dense open

sets is dense), the set
Y= m U fU;
ieNneN

is nonempty. Given x € Y, we have x € |, f " U, fori € N and thus,
ytTx)NU; #@ forieN.

This shows that the positive semiorbit of x is dense in X.

Now we assume that X has no isolated points and that there exists an x € X with
dense positive semiorbit. Let U, V C X be nonempty open sets. Since X has no
isolated points, the semiorbit y+(x) visits infinitely often U and V. Hence, there
exist m,n € N with m > n such that f”(x) € U and f"(x) € V. Therefore,

xefUNfTV = (M ny) (3.10)
and the set £~ NV is nonempty. O

For example, it follows from Theorem 3.1 together with Example 3.2 that for
each o € R\ Q the rotation R, : S' — S is topologically transitive.

It is also common to use as an alternative definition of topological transitivity the
existence of a dense positive semiorbit.

Finally, we show that for homeomorphisms of a compact metric space without
isolated points, the existence of a dense orbit implies the existence of a dense posi-
tive semiorbit, possibly of another point.

Theorem 3.2 Let f: X — X be a homeomorphism of a locally compact metric
space with a countable basis and without isolated points. If there exists an x € X
whose orbit y (x) is dense in X, then there exists a 'y € X whose positive semiorbit
yT(y) is dense in X.

Proof A dense orbit y(x) visits infinitely often each open neighborhood of x
(since x is not isolated). Thus, there exists a sequence ny with |ny| /' oo such that
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f™(x) — x when k — oo. Since f is a homeomorphism, we also have
frtm(x) - f™(x) when k — oo, (3.11)

for each m € Z. We note that the sequence nj takes infinitely many positive values
or infinitely many negative values (or both). In the first case, it follows from (3.11)
that the positive semiorbit ¥ (x) is dense in X, which establishes the desired result.
In the second case, the negative semiorbit y ~(x) is dense in X. Now let U, V C X
be nonempty open sets. Since ¥~ (x) is dense and X has no isolated points, there
exist negative integers m > n such that f™(x) € U and f"(x) € V. Hence, prop-
erty (3.10) holds and the set £~ U NV is nonempty. This shows that the map f
is topologically transitive and it follows from Theorem 3.1 that there exists a dense
positive semiorbit. O

3.3.2 Topological Mixing

In this section we consider a recurrence property that is stronger than topological
transitivity.

Definition 3.7 A map f: X — X is called topologically mixing if given nonempty
open sets U, V C X, there exists an n € N such that f ™™ U NV # & for m > n.

Clearly, any topologically mixing map is also topologically transitive. The fol-
lowing example shows that the converse is false.

Example 3.8 Let Ry: S' — S' be a rotation of the circle with & € R \ Q. Given
& < 1/4, we consider the open interval

U=(x—-—¢x+e)cCS.

Since each preimage R, " U is an open interval of length 2¢ < 1/2 and the orbit of x
is dense, there exists a sequence n; 7 oo in N such that Ry ¥ (x) — x + 1/2 when
k — o0o. Thus, Ry"*U N U = & for any sufficiently large k. This shows that the
rotation R, is not topologically mixing.

Example 3.9 Now we consider the expanding map E>: S' — S'. By Example 3.4,
there exists a point x € S! whose positive semiorbit y ¥ (x) is dense in S'. Hence, it
follows from Theorem 3.1 that the map E3 is topologically transitive.

Now we show that E is also topologically mixing. Let U, V C S' be nonempty
open sets and consider an open interval / C V of the form

I = (O.x1x2~--xn,O.x1x2-~-xn11~--),
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with the endpoints written in base-2. Given y =0.y1y2 --- € U, the point
x=0.x1x2--xpy1y2--- €1

isin E;"U since E%(x) = y. Therefore,
E;"UNVDOE"UNIT #@.

This shows that the map E» is topologically mixing.

Example 3.10 Let T4: T?> — T? be an automorphism of the torus T2 with
|tr A| > 2. By Exercise 2.12, we have det A = +1. We also have

det(A — Ald) = A% — tr AA + det A,

and since |tr A| > 2, the eigenvalues of the matrix A are the real numbers

trA++/(trA)2 —4detA trA —/(trA)?2 —4detA
A= > and A= .

2

In particular, there exists a > > 1 such that {|11], [A2]} = {A, 2~ 1}. Now we show that
A1 and Ap are irrational. Clearly, A1 and A, are rational if and only if m?+4=]?
for some integer [ € N, where m = tr A. Hence,

(m—0(m+1)==4
and thus,
m+l=4 and m-—-I=1
or
m+l=—1 and m—I[=-4

(since m+1 > m —1). It is easy to verify that these systems have no integer solutions.
This implies that 1 and A; are irrational. In particular, the eigendirections of A have
irrational slopes.

Now let U, V C T? be nonempty open sets and let / C U be a line segment
parallel to the eigendirection of A corresponding to the eigenvalue with modulus
271 <1.Then A="I c R?is aline segment of length A" ||, where |/] is the length
of 1. On the other hand, since the eigendirection of A corresponding to A~! has
irrational slope, one can show that for any straight line J C R? with this direction,
the set J/Z? is dense in T2. This implies that, given & > 0, there exists an L > 0
such that for any line segment J’ C R? of length L with that direction, the set J'/Z?
is e-dense in T?. In other words, the e-neighborhood of J'/Z? coincides with T?
(see Fig. 3.4). Now take ¢ > 0 such that V contains an open ball B of radius ¢
and take n = n(e) € N such that A" || > L (recall that A > 1). Since A"|I| > L for
m > n, we obtain

T,"UNVOT,"INB#@
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Fig. 3.4 An e-dense line A
segment in T2

\

for m > n (since TA_'”I is e-dense in T2). This shows that the automorphism of the
torus T4 is topologically mixing.

3.4 Topological Entropy

In this section we introduce the notion of the topological entropy of a dynamical
system (with discrete time). Roughly speaking, topological entropy measures how
the orbits of a dynamical system move apart as time increases and thus, it can be
seen as a measure of the complexity of the dynamics. In addition to establishing
some basic properties of topological entropy, we also illustrate its computation with
several examples. The emphasis of this section is on the computation of topological
entropy. In particular, we describe several alternative characterizations of topolog-
ical entropy that are particularly useful for its explicit computation. We also show
that topological entropy is a topological invariant, that is, it takes the same value for
topologically conjugate dynamical systems.

3.4.1 Basic Notions and Examples

Let f: X — X be a continuous map of a compact metric space X, say with dis-
tance d. For each n € N, we introduce a new distance on X by

dy(x, y) = max{d(f*x), f*(3)):0<k<n—1}.
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Definition 3.8 The topological entropy of f is defined by

h(f)=lim hmsup—logN(n ), (3.12)

e—=0 n—soo

where N (n, ¢) is the largest number of points py, ..., p, € X such that
dy(pi,pj) >¢e fori#j.

We note that N (n, ¢) is always finite. Indeed, let By, B, ... be a cover of X by
open balls of radius ¢/2 in the distance d,,. Since X is compact, there exists a finite

subcover, say Bi, ... Bm, and thus N (n, ) < m. We also note that the function
. 1
&> limsup —log N(n, €) (3.13)
n—oo N

is nonincreasing and thus, the limit in (3.12) when ¢ — 0 always exists.

Example 3.11 Let Ry: S' — S! be a rotation of the circle. For the distance d
in (3.1), we have

d(Ry(x), Ry(y)) =d(x,y)
forx,y e S!. Thus, d, =di =d forn € N and

1
h(Ry) = hm hmsup logN(1l,e) =0

n—o00

Example 3.12 Now we consider the expanding map E>: S' — S'. Since the func-
tion in (3.13) is nonincreasing, we have

h(E) = hm hmsup log N (n, ax)

k—o00 n—0Q

for any sequence (ax)ren C RT such that @ — 0 when k — oco.
Now let us take a; = 2~ %+ We show that

N(n,2=® Dy =27t forn k e N. (3.14)
We first observe that if d(x, y) < 27", then
dn(x, y) =d(E5 ™ (1), E5 7 (1) =2"1d(x, ). (3.15)

Now consider the points p; =i /2"+* fori =0, ..., 2"k — 1.1t follows from (3.15)
that

du(pi, pis1) =27 D fori=0,... 2" 1.
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Since there is no point p; between p; and p; 41, we have
dn(pi, pj) =27 D fori#j

and thus,
N (n, 27 *FDY) > ontk, (3.16)

Now consider a set A C S with cardinality at least 2"+tK 4 1. Clearly, there exist
points x, y € A with x # y such that d(x, y) < 2~"*% _This implies that d, (x, y) <
2=*+D and hence,

N(n, 27 %Dy <otk 3.17)
It follows from (3.16) and (3.17) that property (3.14) holds. Thus,

1
h(E>) = hm lim sup — log N(n, 2_(k+1))

k=00 p—osoo N

k
— lim limsup — = log2 = log2. (3.18)

k=00 p—o0

3.4.2 Topological Invariance

In this section we show that topological entropy is a topological invariant. We first
introduce the notion of topological conjugacy.

Definition 3.9 Two maps f: X — X and g: Y — Y, where X and Y are topolog-
ical spaces, are said to be topologically conjugate if there exists a homeomorphism
H: X — Y such that

Hof=goH.
Then H is called a ropological conjugacy.
Example 3.13 Consider the map f: R — R defined by f(z) = z? on the set
R={zeC:[z|=1}
(see Exercise 2.9). We also consider the continuous map H : S' — R defined by
H(x) = &¥7%,
One can easily verify that H is a homeomorphism, with inverse given by

argz
= —— mod 1.
) 2y o
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We have
(f o H)(x) = f(e271ix) — Amix
and
(H o E»)(x) = H(2x) = "%,
This shows that
HoEy=foH

and thus, the maps E> and f are topologically conjugate.

We say that a certain quantity, such as, for example, topological entropy, is a
topological invariant if it takes the same value for topologically conjugate dynami-
cal systems. Now we show that topological entropy is a topological invariant.

Theorem 3.3 Let f: X — X and g: Y — Y be continuous maps of compact metric
spaces. If f and g are topologically conjugate, then h(f) = h(g).

Proof Let H: X — Y be a homeomorphism such that
Hof=goH. (3.19)
Since the map H is uniformly continuous, given ¢ > 0, there exists a § > 0 such that
dy(H(x), H(y)) <e& whendyx(x,y) <, (3.20)

where dy and dy are, respectively, the distances on X and Y. We note that § — 0
when & — 0. On the other hand, it follows from (3.19) that

H(f"(x))=g" (Hx))
for m € N and x € X. Hence, by (3.20), if py, ..., p, € Y are such that
max{dy(g’"(qi), g’"(qj)) m=0,...,n— 1} >¢ fori#j,
where g; = H(p;), then
max{dx(fm(p,-), f’"(pj)) :m=0,...,n— l} >48 fori#j.
This shows that

Nf(n,8) = No(n,¢), (3.21)

where we indicated the particular dynamical system used in Definition 3.8. It fol-
lows from (3.21) that

1 1
limsup — log Ny (n, 8) > limsup — log Ng(n, €)
n

n—oo N n—o0
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for each & > 0. Letting ¢ — 0, we have § — 0 and thus i(f) > h(g). Now we
rewrite identity (3.19) in the form

H'og=foH

Repeating the previous argument with H replaced by H~!, we obtain h(g) > h(f).
Therefore, h(f) = h(g). O

Example 3.14 The map f in Example 3.13 is topologically conjugate to the ex-
panding map E;. Hence, it follows from Theorem 3.3 together with Example 3.12
(see (3.18)) that

h(f) = h(E») =log?2.

3.4.3 Alternative Characterizations

In this section we describe several alternative characterizations of topological en-
tropy. These are particularly useful in the computation of the entropy.

Definition 3.10 Given n € N and ¢ > 0, we denote by M (n, ) the least number of
points pi, ..., pm € X such that each x € X satisfies d, (x, p;) < & for some i.

Definition 3.11 Given n € N and ¢ > 0, we denote by C (n, €) the least number of
elements of a cover of X by sets Uy, ..., U, with

sup{d,(x,y):x,ye Ui} <e fori=1,...,m. (3.22)

The supremum in (3.22) is called the d,,-diameter of U;.
We have the following relations between these numbers and N (n, €) (see Defini-
tion 3.8).

Proposition 3.9 For each n € N and ¢ > 0, we have

Cn,2e) <M(n,e) <N(n,e) <M(n,e/2) <C(n,e/2). (3.23)

Proof We establish successively each of the inequalities:

1. Take points py, ..., pm € X such thateach x € X satisfies d,, (x, p;) < ¢ for some
i, where m = M(n, ¢). Clearly, the d,-open balls

By(pi.€) = {x € X 1dy(x. pi) <}

cover X. Since B, (p;, ¢) has d,-diameter 2¢, we conclude that m > C(n, 2¢).

2. Now let pi1,..., pn € X be points such that d,(p;, pj) > € for i # j, where
m = N(n, ¢). We note that each x € X \ {p1, ..., pn} satisfies d, (x, p;) < ¢ for
some i. Hence, M (n, &) <m.
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3. For the third inequality, we note that no d,,-open ball of radius /2 contains two
points at a d,,-distance €. Thus N(n,¢) < M(n, e/2).

4. Finally, let Uy,...,U, be a cover of X by sets of d,-diameter less than
e/2, where m = C(n,¢/2). Now take a point p; € U; for each i. Clearly,
B, (pi,€/2) D U; and these d,-balls form a cover of X. Hence, M (n, ¢/2) <
C(n,e/2).

This completes the proof of the proposition. U

Now we obtain several alternative formulas for the topological entropy of a dy-
namical system.

Theorem 3.4 If f: X — X is a continuous map of a compact metric space, then
N |
h(f) = lim liminf —log N(n, €)
e—>0 n—>o0 n

1
= lim limsup — log M (n, ¢)

e—>0 psoco N

1
= lim liminf — log M (n, €)
g0 n—>00 n

1
= lim lim —logC(n,¢). (3.24)
n

g—>0n—>00

Proof We first establish the existence of the limit when n — oo in the last expres-
sion in (3.24).

Lemma 3.1 Given m,n € N and ¢ > 0, we have
Cm+n,e) <C(m,e)C(n,e).

Proof Let Uy, ..., U be a cover of X by sets of d,-diameter less than e, where
k=C(n,¢).Letalso Vi, ..., V; be a cover of X by sets of d,,-diameter less than ¢,
where | = C(m, ¢). Then the sets U; N f~"V;, withi =1,...,kand j=1,...,[,
form a cover of X and have d,,,-diameter less than ¢ since

dmtn(x,y) =max{d, (x, y), dn(f"(x), ")}
Thus,
Cim+n,e)<lk=C(m,e)C(n,e),

which yields the desired inequality. 0

Now we establish an auxiliary result.
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Lemma 3.2 If (c,)neN is a sequence of real numbers such that

Cm+n < Cm +Cn (3.25)

for m,n € N, then the limit

lim C—":inf{c—":neN}

n—-oo n n

exists.

Proof Given integers n,k € N, write n = gk + r with ¢ € NU {0} and r €
{0,...,g — 1}. We have

C_n<qu+Cr<qu+Cr
n~ qgk+r = qgk+r

and thus,

. Cn Ck
limsup — < —
n—oo N k

since ¢ — oo when n — oo (for a fixed k). Since k is arbitrary, this implies that

limsupc—” < inf{%k ke N} < liminfc—n,
n

n— 00 n—>oo n
which yields the desired result. g
It follows from Lemmas 3.1 and 3.2 that the limit
.1 .1
lim —logC(n,e)=inf{ —logC(n,¢):n e N
n—-oon n
exists. Using (3.23), we obtain
.1 o1
lim —logC(n,2¢) <liminf—logM(n, ¢)
n—oon n—-oo n

1
<liminf —log N (n, ¢)
n—-oo n

1
<limsup —log N(n, &)
n

n—0o0

1
<limsup —log M (n, e/2)

n—oo N

1
< lim —logC(n,¢&/2)
n—-oon



48 3 Topological Dynamics

and letting ¢ — 0 yields the inequalities

1 1
lim lim —logC(n,2¢e) < hm hmmf— log M (n, €)

e—>0n—oon e—0

1
< lim hmmf—log N(n,e¢)
g—>0 n—>o0

<h(f)

1
< lim lim sup logM(n, e/2)

e—>0 p—soo

< lim lim —logC(n e/2).
xon

e—>0n—

The equality of the first and the last terms establishes the desired result. U

Now we use Theorem 3.4 to compute the topological entropy of a class of auto-
morphisms of the torus T2,

Example 3.15 Let Ta: T?> — T2 be an automorphism of the torus as in Exam-
ple 3.10. We recall that along the eigendirections of A the distances are multiplied
by X or A~ L for some A > 1.

Now we consider a cover of T2 by d,,-open balls B, (p;, ). We have

n—1
Bu(pi,e) =) Ty *B(T4(pi), ¢)
k=0

and thus, there exists a C > 0 (independent of n, ¢ and i) such that the area of the
ball B, (p;, €) is at most C)"¢%. Hence,

1
M, e) > —
(. &) 2 Cr"g?
and it follows from Theorem 3.4 that

1
h(f) = lim liminf — log M (n, €) > log A. (3.26)
e—>0 n—>o0 n

We also consider partitions of T? by parallelograms with sides parallel to the
eigendirections of A (see Fig. 3.5). More precisely, we consider a partition of T2 by
parallelograms P; with sides of length eA™" and &, up to a multiplicative constant,
along the eigendirections of A and A~!, respectively. Now we note that there exists
a D > 1 (independent of n, ¢ and 7) such that each P; has area at least D1y g2
and has d,-diameter less than Deg. Thus,

COnDO = piimne
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Al <1 / /

Fig. 3.5 A partition of the A
torus T2 into parallelograms

A>1

eA "

and by Theorem 3.4, we have
o1
h(f)=1lim lim —logC(n,¢) <logh.
e—~>0n—oon

Together with (3.26) this shows that 2(f) = logX.

3.4.4 Expansive Maps

In this section we describe a class of maps for which the limit when ¢ — 0 in the
definition of topological entropy is not necessary.

Definition 3.12 A map f: X — X is called (positively) expansive if there exists a
& > 0 such that if

d(f"(x),f”(y)) <48 foralln >0,

then x = y.

Example 3.16 The expanding map E,,: S' — S! is expansive. Indeed, if d(x, y) <
1/m? and x # y, then there exists an n € N such that

1
d(Ep, (), By, () =m"d(x, ) = —.
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Fig. 3.6 A quadratic map A

\j

This implies that if
1
d(Ep(x), Ep(y)) < — foralln >0,
m

then x = y and the expanding map E,, is expansive.

Example 3.17 Given a >4, let f: [0, 1] — R be the quadratic map
fx)=ax(l—x)
(see Fig. 3.6). The set

X=()f"0.1] (3.27)

n=0

is compact and forward f-invariant. In particular, one can consider the restriction
fIX: X — X.
Since f(x) =1 forx = (1 £¢)/2, where c = /1 — 4/a, we have
| f'(x)|=all —2x|>ac forxeX. (3.28)

Now let us assume that @ > 4 is so large that ac > 1, or equivalently thata > 2++/5.
Given x, y € X such that

| A — 5| < ¢ fork e NU{0},
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we have
ffo ffoyen o ff@), fforen,
where
L=[0,(1-¢)/2] and L=[1+¢)/2,1].
It then follows from (3.28) that
c> 5@ — )| = (@c)x —y| forkeN.

Since ac > 1, we conclude that x = y and the map f|X is expansive.

Now we consider the particular case of the expansive maps in the definition of
topological entropy and we show that the limit when & — 0 is not necessary in any
of the formulas in (3.24), provided that ¢ is sufficiently small.

Theorem 3.5 Let f: X — X be a continuous expansive map of a compact metric
space. Then

1
h(f) = lim —logN(n,c)
n—oon

1
= lim —logM(n,a)
n

n—oo

1
= lim —logC(n,®) (3.29)
n—oon
for any sufficiently small o > 0.

Proof Take constants ¢, > 0 such that 0 < ¢ < o < §, where § is the con-
stant in Definition 3.12. Now let A C X be a set with card A = N(n, ¢) such
that d,(x,y) > ¢ for any x,y € A with x # y. We show that there exists an
m =m(e, ) € N such that if d(x, y) > ¢, then

d(f'(x), f'(y)) >a forsomei€{0,...,m}. (3.30)
Given
qu::{(x,y)eXxX:d(x,y)ze},

there exist an open ball B(gq) C X x X centered at g and an integer i = i(g) € NU{0}
such that if (x, y) € B(g), then

d(f'x), ff[()>8>a

(recall that f is continuous and expansive). The balls B(g) cover the compact set K
and hence, there exists a finite subcover B(g;), with j =1, ..., p. Taking

m:max{i(qj):jzl,...,p},
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we obtain property (3.30) for (x,y) € K. This implies that when d,(x,y) > ¢
and hence, for x, y € A with x # y, we have

dn(f/(x), f/(»)) > forsome j €{0,...,m}.
Thus, for z, w € f~" A with f"(z) # f™(w), we have
dntom(z, w) = max{d, (f'(2), f'(w)) :i=m,...,2m}
=max{d, (f/T" (), f/T"w)):j=0,....m} >«
since f(z), f™(w) € A. This yields the inequality
Nmn+2m,a) > N(n,e).
It follows from Proposition 3.9 that
N(n,e) <Nn+2m,a)

<Mmn+2m,a/2)
<Cm+2m,a/2)
<Cm+2m,e/2).

Thus, applying Theorem 3.4, we conclude that

1 1
limsup —log N(n, &) <limsup —log N(n + 2m, o)

n—oo N n—oo N

1
<limsup —log M (n 4+ 2m, o /2)
n

n—oo

1
< lim —logC(n +2m,a/2)
n—oon

1
< lim —logC(n+2m,¢e/2). (3.31)

n—-oon
Letting £ — 0 yields the inequalities

1
h(f) <limsup —log N (n, @)

n—oo N

1
<limsup —log M (n, ®/2)

n—oo N

< lim l1ogC(n,o:/2) <h(f). (3.32)
n—-oon

One can also replace each limsup in (3.31) by liminf and letting ¢ — 0, we obtain
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o]
h(f) <liminf—log N (n, )
n—»oo n

1
<liminf —log M (n, «/2)
n—oo n

1
< lim —logC(n,a/2) <h(f). (3.33)
n—-oon
The identities in (3.29) now follow readily from (3.32) and (3.33). O

By Example 3.16, the expanding maps E,, are expansive and thus, their topolog-
ical entropies are given by (3.29). In particular, this implies that the limits in (3.18)
when k — 0o are not necessary.

Now we consider another expansive map.

Example 3.18 Consider the restriction E4|A: A — A, where A is the compact for-
ward E4-invariant set in (2.11). We proceed in an analogous manner to that in Ex-
ample 3.12. We first note that if d(x, y) <47", then

dy(x,y) =d(E} ' (0), Ef 7 (0)) =4"d(x, y). (3.34)

Given k € N, consider the 2"tK+1 points x; on the boundary of the set

n+k—1

[ E;™(10.1/41U12/4,3/4]).

m=0

It follows from (3.34) that

1
dy(xi, xj) > gn=1. o iE = 4= k+1)

for i # j and thus,
N(n, 47(k+1)) > 2n+k+l )

On the other hand, given a set B C A with at least 2tA+1 1 points, there exist
x,y € B with x # y such that d(x, y) < 4~"*% and thus d, (x, y) <4~ * D This
implies that

N(n, 47Dy = 2"+ forpn, k e N.

Since E4 is an expansive map (by Example 3.16), the same happens to the restriction
E4|A. It then follows from Theorem 3.5 that

1
h(E4|A) =n1_i)néoglogN(n,4_(k+l))

k+1
= lim u10g2=10g2.

n— 00 n
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3.5 Exercises

Exercise 3.1 Show that if f: X — X is a homeomorphism, then for each x € X
the sets a(x) and w(x) are f-invariant.

Exercise 3.2 Given a map f: R" — R", show that the positive semiorbit y T (x) is
dense if and only if w(x) =R".

Exercise 3.3 Determine whether there exists a differential equation in R?> whose
flow:

1. has an w-limit set that is the boundary of a square;
2. has a disconnected w-limit set.

Exercise 3.4 Sketch the phase portrait of a differential equation in R* whose flow
has an w-limit set that is the boundary of a triangle.

Exercise 3.5 Let ¢, be a flow determined by a differential equation x’ = f(x) for
some C! function f: R? — R2. Show that if L C R? is a transversal to f (that is,
a line segment such that for each x € L the directions of L and f(x) generate R2),
then for each x € R? the set w(x) N L contains at most one point.

Exercise 3.6 Show that no increasing homeomorphism f: I — I, where I C R is
an interval, is topologically transitive.

Exercise 3.7 Let f: I — [ be a continuous onto map, where / C R is an interval.
Show that the following properties are equivalent:

1. f is topologically transitive;
2. for any open interval J C I, the set oo, f~"J is dense in I;
3. for any open interval J C I, the set |2, f™(J) is dense in I.

Exercise 3.8 Show that:

1. for each o € Q, the rotation R, : S' — S! is not topologically mixing;

2. the expanding map E, is topologically mixing.

Exercise 3.9 Determine whether the maps f, g: R — R are topologically conju-
gate for:

1. f(x)=xand g(x) = x?;
2. f(x)=x/3 and g(x) =2x;
3. f(x)=2x and g(x) = x°.

Exercise 3.10 Given an integer m > 1, consider the map f: R — R defined by
f(z) = 7™ on the set
R={zeC:|z|=1}.

Show that E,, and f are topologically conjugate.
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Exercise 3.11 Compute the topological entropy of the map f: T" — T" defined
by f(x) =x 4+ v, where v € R".

Exercise 3.12 Show that #(E,,) = logm for each integer m > 1.

Exercise 3.13 Show that if f: X — X is a homeomorphism of a compact metric
space, then h(f~1) = h(f).

Exercise 3.14 Let f: X — X be a continuous map of a compact metric space.
Show that if X = Ul’»":l X;, where each set X; is closed and forward f-invariant,
then

h(f)=max{h(f|X)):i=1,....,m}.

Exercise 3.15 Show that if 74 : T" — T" is an automorphism of the torus induced
by a matrix A without eigenvalues with modulus 1, then

n
h(Tx) =" max{0,log|x;}.
i=1

where Aq, ..., A, are the eigenvalues of A, counted with their multiplicities.

Exercise 3.16 Compute the topological entropy of the endomorphism of the torus
T? induced by the matrix
2 0
=2 9)

Exercise 3.17 Show that if f: X — X and g: Y — Y are continuous maps of
compact metric spaces (X, dx) and (Y, dy), then

h(v) =h(f)+h(g)

for the map v: X x ¥ — X x Y defined by

v(x, y) = (), g(»)),

with the distance on X x Y given by
d((x,y), (x',y)) =max{dx (x,x"), dy (y,y)}.

Exercise 3.18 Let f: X — X be a continuous map of a compact metric space and
take k € N.

1. Writing d,, y =d, and N¢(n, &) = N(n, ¢), show that d,,,fk (x,y) <dp, r(x,y)
and thus,

Nyk(n,e) < Ny(nk,e).
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2. Conclude that h(fk) <kh(f).
3. Show that

1
lim limsup — log N (nk, ) < h(f*).
—o0 N ’

e—>0 p

Hint: By the uniform continuity of f, given ¢ > 0, there exists a §(¢) € (0, €)
such that di (x, y) < ¢ when d(x, y) < §(¢). Hence, it follows from

duk. p (x. y) = max{di (f* (), f5():0<i <n—1}
that
d, pr(x,y) >8(e) whendu g(x,y)> ¢,
which yields the inequality

Ny(nk, &) < Np(n,8()).
4. Use inequality (3.23) and Theorem 3.4 to conclude that A ( f Ky > kh( ).
The exercise shows that h(fk) =kh(f).

Exercise 3.19 Show that if f: X — X is a continuous map of a compact metric
space and A(f") <an + b for any n € N, then h(f) <a.

Exercise 3.20 Let f,g: X — X be continuous maps of a compact metric space.
Show that if

h(") ~ (") < Vi
for any n € N, then h(f) = h(g).



Chapter 4
Low-Dimensional Dynamics

In this chapter we consider several classes of dynamical systems in low-dimensional
spaces. This essentially means dimension 1 for maps and dimension 2 for flows. In
particular, we consider homeomorphisms and diffeomorphisms of the circle, con-
tinuous maps of a compact interval and flows defined by autonomous differential
equations in the plane. For the orientation-preserving homeomorphisms of the cir-
cle, we consider the notion of rotation number and we describe the behavior of the
orbits depending on whether it is rational or irrational. We also show that any suf-
ficiently regular orientation-preserving diffeomorphism of the circle with irrational
rotation number is topologically conjugate to a rotation. For the continuous maps of
an interval, we study the existence of periodic points and we establish Sharkovsky’s
theorem relating the existence of periodic points with different periods. Finally, we
establish the Poincaré—Bendixson theorem for differential equations in the plane.

4.1 Homeomorphisms of the Circle

In this section we consider orientation-preserving homeomorphisms of the circle
and we introduce the notion of rotation number. Essentially, it gives the average
angular speed with which a point of the circle rotates (or translates) under the action
of the homeomorphism.

4.1.1 Lifts

In order to introduce the notion of a lift, we consider the projection 7: R — S!
defined by

w(x)=[x].

We often represent the equivalence class [x] by its representative in the inter-
val [0, 1), that is, by the number x — | x|, where | x| is the integer part of x.
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Fig. 4.1 The construction of a lift

Now let f: S' — S! be a homeomorphism of the circle.
Definition 4.1 A continuous function F: R — R is said to be a lift of f if
fomr=moF 4.1)

(see Fig. 4.1).

Example 4.1 Given « € R, consider the rotation R, : S' — S' given by
Ry(x)=x +a mod 1. 4.2)
Clearly, R, is a homeomorphism. Given k € Z, the function F': R — R defined by

Fx)=x+a+k 4.3)
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satisfies
T(F(x)=n(x+a+k)

=x+oa+kmod 1

=m(x)+a mod 1

= Ro (7 (x)).
Hence, F is a lift of R,.
Example 4.2 Given B € R, consider the continuous function f: §' — §' defined
by

f(x)=x+ Bsin(2rx) mod 1. “4.4)

We first show that f is a homeomorphism for |8| < 1/(27). The function F: R —
R defined by

F(x)=x+ Bsin(2mrx) 4.5)
is increasing since
F'(x) =14+ 2nBcosQRmx)>1—-2m|8| > 0.
In particular, for x € [0, 1), we have
Fx)y<F()=1 (4.6)

and thus, the function f is one-to-one and onto. Since f is continuous, it maps
compact sets to compact sets. Thus, it also maps open sets to open sets, which shows
that its inverse is continuous. Hence, it is a homeomorphism. Moreover, it follows
from (4.6) that

m(F(x)) =x+ Bsin(2rx) mod 1
=x — |x] + Bsin(2zx)
=x — |x] + Bsin(27 (x — [x]))
= f(w(x))
and F is alift of f.

The lifts of a homeomorphism have the following properties.

Proposition 4.1 Let f: S' — S be a homeomorphism. Then:

1. f has lifts;
2. if F and G are lifts of f, then there exists a k € Z such that G — F =k;
3. any lift of f is a homeomorphism of R.
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Proof We define a function F: R — R by

F(x)= f(x = [x]) + LxJ, 4.7)

where f(x — |x]) is the representative in the interval [0, 1). Since x — |x] and | x|
are continuous functions on R \ Z, so too is F. Moreover, for each k € Z, we have

F(k)y=fO)+k, F(k™)=f1)+k and F(k")=f(0) +k.
Since the function f takes values in § ! we have f(0)= f(1) and thus,
F(ky=F(k™)=F(k")
for k € Z. This shows that the function F is continuous on R. We also have

n(F(x) = f(x —x]) = fr(x)

and hence, F is a lift of f.
Now let F and G be lifts of f. Then

mToF=nmoG=fomn. 4.8)

It follows from the first identity in (4.8) that for each x € R, there exists a p(x) € Z
such that

Gx) — F(x) = px).

Since F and G are continuous, the function x — p(x) is also continuous. Moreover,
since it takes only integer values, it must be constant and thus, there exists a k € Z
such that

Gx)—F(x)=px)=k

for any x e R.

For the last property, since the lifts are unique up to an additive constant (by the
second property), it is sufficient to show that the lift F constructed in (4.7) is a
homeomorphism. Consider the continuous function H : R — R defined by

Hx) = f'(x = Lx]) + Lx],
where f~!(x — |x]) is the representative in the interval [0, 1). We note that
L~ e = Lel) + Lx) | = L)

and

Lf(x = L)) + Lx] ] = Lx].
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Fig. 4.2 An A
orientation-preserving
homeomorphism

Thus,
(FoH)(x)=F(f'(x = Lx]) + Lx])
= f(f7(x = Lx]) + Lx]
=x—|x]+|x]=x
and
(HoF)(x)=H(f(x— [x])+ Lx])
= 7' (f(x = Lx])) + Lx]
=x—|x]+|x]=x

for x € R. This shows that H is the inverse of F'. Hence, F is a homeomorphism. [J
Now we consider the class of orientation-preserving homeomorphisms.

Definition 4.2 A homeomorphism f: S' — S is said to be orientation-preserving
if it has a lift which is an increasing function (see Fig. 4.2).

It follows from Proposition 4.1 that f is orientation-preserving if and only if all
its lifts are increasing functions.

For example, the homeomorphisms of the circle considered in Examples 4.1
and 4.2 are orientation-preserving since the lifts in (4.3) and (4.5) are increasing
functions. We also give an example of a homeomorphism that is not orientation-
preserving.
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Example 4.3 Given a € R, consider the homeomorphism f: S! — §! defined by
f(x)=—x+amod 1.

One can easily verify that the function F: R — R defined by F(x) = —x +« isa
lift of f. Since it is decreasing, the homeomorphism f is not orientation-preserving.

4.1.2 Rotation Number

In this section we establish the existence of a limit that can be described as an
average speed for any lift of an orientation-preserving homeomorphism of the circle.

Theorem 4.1 Let f: S' — S' be an orientation-preserving homeomorphism. If F
is a lift of f, then for each x € R the limit

Fr(x) —
p(F) = lim D "X gy (4.9)
n—00 n

exists and is independent of x. Moreover, if G is another lift of f, then
p(G) — p(F) € Z.

Proof We first assume that F'(x) > x for every x € R. Given a point x € R, consider
the sequence a,, = F"(x) — x. For each m,n € N, we have

Am+n = Fm+n(x) - X

= F"(F"(x)) — F"(x) + ay. (4.10)
Since
lan] < F"(x) — x < lan) + 1, (4.11)
we obtain
F"(F"(x)) < F™(x + lan]) + 1. (4.12)

On the other hand, we have
Fm(x + Lanj) - (x + LanJ) =F"(x)—x=ay,
and it follows from (4.10) and (4.12) that
Aman < Fm(x + Lanj) +1—F"(x)+a,
=ay+a, +x+la,| — F"(x)+ 1.
Finally, by (4.11), we obtain

Am+n = apm +a,+1
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and the sequence ¢, = a, + 1 satisfies condition (3.25) in Lemma 3.2. Hence, the
limit

F(x) —
fim )T g a—":inf{a—n:neN} (4.13)
n n

n—00 n n—00
exists. Since
ap,=F"(x)—x>0

(recall that F is increasing), the limit in (4.13) is finite.
Now we show that the limit in (4.13) is independent of x. Given x,y € R and
k € N with |x — y| <k, we have

F(x) < F(y+k)=F(y) +k

and
F(x) = F(y—k)=F(y) —k.

Hence, | F(x) — F(y)| <k and it follows by induction that
|F"(x) — F"(y)| <k forneN.

This implies that

F" — F" - F" — F" — 2k
) —x  F'() y’=’ () W y=x) 2%k,
n n n n n
when n — o0 and thus,
. F'x)—x . F"'"(y)—vy
lim —— = lim ————
n—o00 n n—o0 n

for x, y € R (given x, y € R, one can always choose k € N such that |x — y| <k).

It remains to establish the last property in the theorem. By Proposition 4.1, if F
and G are lifts of f, then there exists a k € Z such that G — F = k. It follows by
induction that

G"(x) = F"(x) + nk.

Therefore,
G"(x) —
0(G) = lim M
n—00 n
F'(x) —
—im O T (P 4k,
n— 00 n

which establishes the last property in the theorem. g
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For each x € R, we also have

. F"(x)
p(F)= lim .
n—00 n

Now we introduce the notion of the rotation number.

Definition 4.3 The rotation number of an orientation-preserving homeomorphism
f: 8" — S!is defined by

p(f)=m(p(F)), (4.14)

where F' is any lift of f and where 7 (x) = [x].

It follows from the last property in Theorem 4.1 that the rotation number is well
defined, that is, p(f) does not depend on the lift " used in (4.14).

Example 4.4 Given a € R, consider the rotation Ry in (4.2). For the lift F in (4.3),
we obtain

F"(x) —x _x+n(a+k)—x
n - n o

and thus, p(F) =« + k. Hence,

o+k

P(Ry) =m(p(F)) =a mod L.

Example 4.5 Now we consider the homeomorphism f: §' — S! defined in (4.4),
with |8] < 1/(2m). Since the limit in (4.9) does not depend on x, for the lift F
in (4.5), we obtain

F'(0)—0

p(F)= lim =0.
n

— 0 n

4.1.3 Rational Rotation Number

Here and in the next section, we verify that the properties of an orientation-
preserving homeomorphism of the circle strongly depend on whether the rotation
number is rational or irrational.

In this section we consider the homeomorphisms with rational rotation num-
ber. We recall that x € S! is said to be a periodic point of a map f: S — S! if
f4(x) = x for some g € N.

Theorem 4.2 Let f: S' — S! be an orientation-preserving homeomorphism. Then
p(f) € Qifand only if f has at least one periodic point.
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Proof We first assume that p(f) = 0 and we show that f has a fixed point. Other-
wise, if f has no fixed points and F is a lift of f, then

F(x)—xeR\Z (4.15)
for x € R. Indeed, if F(x) — x € Z for some x € R, then
T(x)= rr(F(x)) = f(n(x))

and thus, m(x) would be a fixed point of f. Since F is continuous, it follows
from (4.15) that there exists a k € Z such that

k<Fx)—x<k+1 forxeR. (4.16)

On the other hand,
Fx+1)—-x+1)=Fkx)—x “4.17)

for x € R and thus, the continuous function x +— F(x) — x is completely deter-
mined by its values on the compact interval [0, 1]. Hence, it follows from (4.16) and
Weierstrass’ theorem that there exists an € > O such that

k+e<Fx)—x<k+1-—¢ (4.18)
for x € R. Since
n—1 ' '
F'(x) —x = Z[F(F’ ™) - F ()],
i=0
it follows from (4.18) that
F'(x) —x

k+e<————<k+1—¢
n
and thus,

Fi(x) —
=X odlelel—el
n

p(f) =ngngo

This contradicts the hypothesis that p(f) =0 and thus, f must have a fixed point.
Now we assume that p(f) = p/q € Q. Since F1 is a lift of f9, we obtain

FO)"(x) —
p(fq) — lim M mod 1
n—o00 n
. FI"(x)—x
=q lim ———— mod 1
n—oo qn
=gqp(f) mod 1

=pmod 1 =0.
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It follows from the above argument for a zero rotation number that the homeomor-
phism f4 has a fixed point, which is a periodic point of f.

For the converse statement, we assume that f has a periodic point. Then there
exist y € R and ¢ € N such that

fHry)=7(®y).
It follows from (4.1) by induction that f¢ o r =7 o F¢ and thus,
7 (Fi(y) =n(y).

Hence, F4(y) =y + p for some p € Z. On the other hand, it follows from (4.17)
that

Fx+p)=Fx)+p
for x € R and thus, we also have
Fi(x+p)=Fi(x)+p (4.19)
for x € R and ¢ € N. In particular, taking x = y, we obtain
F2(y)=FI(FI(y)) = F1(y + p)
=Fl(y)+p=y+2p
and it follows by induction that

F'(y)=y+np forneN.

Thus,
Fna(y) —
o(F)= lim M
n—o00 nq
—lim PP
= lim —=-—.
n—00 ngq q
This completes the proof of the theorem. g

We continue to consider a homeomorphism f: S' — S!. We recall that, given
g €N, apoint x € S! is said to be a ¢g-periodic point of f if f9(x) = x. It follows
from the proof of Theorem 4.2 that ¢ has a fixed point, that is, f has a g-periodic
point if and only if p(f) = p/q for some p € N. Thus, f has a periodic point with
period ¢ if and only if p(f) = p/q with p and ¢ coprime. Indeed, by the previous
observation, f has no [-periodic points for any [/ < g.

We also have the following result.

Theorem 4.3 Let f: S' — S' be an orientation-preserving homeomorphism. If
o(f) = p/q with p and q coprime, then all periodic points of f have period q.
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Proof Let x € S' be a periodic point of f. It follows from the former discussion
that x has period [ = dg for some d € N. On the other hand, it follows from the
proof of Theorem 4.2 that if F is a lift of f, then

Flx)=x+dp+ml (4.20)

for some m € Z. In fact, one can always assume that m = 0. Indeed, if G is another
lift of f, then F = G + m for some m € Z and thus, Fl =G +ml. Hence, it is
sufficient to replace F by G.

Now we show that F9(x) = x + p. Since F is increasing, if F7(x) > x + p, then
it follows from (4.19) that

FX(x)>Fi(x+p)=Fl(x)+p>x+2p
and by induction,

Fl(x)=F%(x) > x + dp.

This contradicts (4.20) (with m = 0). We obtain in an analogous manner a contra-
diction when F9(x) < x + p. Thus, F4(x) = x 4+ p and the point x has period g. [J

4.1.4 Irrational Rotation Number

In this section we consider the homeomorphisms of the circle with irrational rotation
number. We first show that the orbits of these homeomorphisms are ordered as the
orbits of the rotation R, where p is the rotation number.

Theorem 4.4 Let F be a lift of an orientation-preserving homeomorphism of the
circle f: St — St wirh o(f) eR\ Q. For each x € R and ny,na, mi,my € Z, we
have

F"(x)+my < F"(x) +my 4.21)
if and only if
nip(F)+my <nyp(F)+ ms. 4.22)

Proof 1t is sufficient to take n] # ny since otherwise there is nothing to prove.
We first assume that (4.21) holds. For n; > n,, we have

FM7™2(x) <x +mp —my
for x € R. Thus,

F2m=m2) () < FM7"2(x) 4 my —my < x + 2(my —my)
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and by induction,
FM=m)(x) < x + n(m; —ma).
‘We obtain

. OFMmIm(y —x o ompy —my
p(F)= lim < ,
n—oc  n(ny —ny) ny—np

with strict inequality since p(f) is irrational. This shows that inequality (4.22)
holds. Analogously, for n; < ny, we have

F 27" (x) > x +m; —myp
for x € R and thus,
F27m) (x) > x + n(my —my).
Hence,

Frou=n)(xy —x  my—m
p(F) = lim x) —x _mi—m
n—ooc  pn(ny —ny) ny —ny

and inequality (4.22) also holds in this case.
In the other direction, we must show that if

F"'(x) +my > F"(x) + ma,
then

nip(F)+my >nap(F)+ms.

But since p(f) is irrational, none of these inequalities can be an equality. Thus, this
is equivalent to show that if

F"' (x) +my > F"(x) +ma,
then

nip(F)+my >nyp(F)+mo.

For this it is sufficient to reverse all inequalities in the previous argument. g

Now we establish a more precise relation between a homeomorphism of the circle
with irrational rotation number p and the rotation of the circle R,.

Theorem 4.5 Let f: S' — S! be an orientation-preserving homeomorphism with
rotation number p(f) € R\ Q. Then there exists a nondecreasing and onto contin-

uous function h: S' — S such that ho f = Ry(ry o h.

Proof Given alift F' of the homeomorphism f and a point x € R, consider the sets

A:{F"(x)+m:n,meZ} and B:{np+m:n,meZ}, (4.23)
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where p = p(F). We define a function H: R — R by
H(y):sup{n,o+m:F”(x)+m§y}. (4.24)

It follows from Theorem 4.4 that H is nondec_reasing. Moreover, H is constant on
each interval contained in the complement of A. Indeed, if [a,b] C S 1 \ A, then

F'x)+m<a <& F'x)4+m<b
for every n, m € Z and thus H (a) = H(b).
Lemma 4.1 The set B is dense in R.

Proof Since y € B if and only if y +m € B for some m € Z, it suffices to show that
B N[0, 1] is dense in [0, 1]. Clearly, the set B N [0, 1] is infinite. Otherwise, there
would exist pairs (n1,m1) # (n2, m3) in 7?2 such that

nip+mp=nzp+my,

but this is impossible since p is irrational (if n| = ny, then m| # my). Let then x,
be a sequence in B N [0, 1] with infinitely many values. Since [0, 1] is compact,
one can assume that the sequence x,, is convergent. Hence, given & > 0, there exist
m, n € N such that 0 < |x, — x;,,| < &. Writing

Xp=nip+m; and Xx,=nyp+my,

we obtain
Xp— Xy = (n1 —n2)p + (my —my) € B.

This shows that the set B D {k(x,, —x;,) : k € Z} is e-dense in R. Since ¢ is arbitrary,
we conclude that B is dense in R. O

Since p is irrational, it follows from Theorem 4.4 that
H(F"(x)+m)=np+m. (4.25)
This implies that the function H has no jumps. Indeed, by (4.25), we have
HR)DH(A) =B

and by Lemma 4.1, the set B is dense in R. Since H is monotonous, this implies
that it is also continuous.

Now we consider the lift §: R — R of R, given by S(x) =x + p. By (4.25), we
have

(HoF)(F"(x)+m)=H(F"™ (x)+m) =0+ Dp+m
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and
(SoH)(F"(x)+m)=Smnp+m)=(n+1)p+m.
Thus,
HoF=SoH inA. (4.26)

Since the maps H, F and S are continuous, identity (4.26) holds in ‘A and thus al_so
in R (recall that H is constant on each interval contained in the complement of A).
That is, we have

HoF=SoH inR. “4.27)
On the other hand,

H(y+1)=sup{np+m:F"(x)+m=<y+1}
=sup{np+m: F"(x)+m—1=<y}
=sup{np+m—1:F'(x)+m—1=<y}+1
=H(y)+ 1.

The function H is also onto. Indeed, since it is continuous, we have
HR)=H([0,1]) D B=R.
Hence, the function /: S' — S! defined by
h(y) = H(y) mod 1

is continuous, nondecreasing and onto. Moreover, it follows from property (4.27)
thatho f =R, 0 h. 0

If the homeomorphism has a dense positive semiorbit, which by Theorem 3.2 is
equivalent to the existence of a dense orbit, then Theorem 4.5 can be strengthened
as follows.

Theorem 4.6 (Poincaré) Let f: S' — S' be an orientation-preserving homeomor-
phismwith p(f) € R\ Q. If f has a dense positive semiorbit, then it is topologically
conjugate to the rotation R,r), that is, there exists a homeomorphism h: § I gl
such that ho f = Ry(r) o h.

Proof Let x € S' be a point whose positive semiorbit is dense in S'. Now consider
the function 4: S' — S' constructed in Theorem 4.5 taking the point x in (4.23)
and (4.24). Now the set A is dense in S! and thus, the function H in (4.24) is
bijective (we recall that H is constant on each interval contained in R \ ‘A, which
now is the empty set). Thus, the function 4 is also bijective. It remains to show that
h is open, that is, that the image A (U) of an open set U is also open. Since # is
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continuous, it maps compact sets to compact sets. Hence, given an open set U, the
image h(S! \U) = s! \ h(U) is compact and thus, #(U) is an open set. This shows
that & is a homeomorphism. g

4.2 Diffeomorphisms of the Circle

In this section we consider the particular case of the diffeomorphisms of the circle
(we recall that a diffeomorphism is a bijective differentiable map with differentiable
inverse). We show that any sufficiently regular diffeomorphism f: §' — S! with
irrational rotation number is topologically conjugate to a rotation. More precisely,
there exists a homeomorphism 4: S' — §' such that

hof=Ryyoh.

We first recall that a function ¢: S' — R is said to have bounded variation if

Var(p) =sup Y _ |¢(xi) — ()| < +o0,
k=1

where the supremum is taken over all disjoint open intervals (x1, y1), ..., (Xn, Yn),
with n € N.

Example 4.6 Let ¢: S' — R be a differentiable function with bounded derivative.
Then there exists a K > 0 such that |¢'(x)| < K for x € SUIF (i, yi), for i =
1,...,n, are disjoint open intervals with y; <x3, y» <x3,..., Vp—1 < Xy, then

n n

Y ol =] =Y |¢ @i —x)

i=1 i=1

n
SZK(yi—Xi)SK,

i=1

where z; is some point in the interval (x;, y;). Thus, Var(¢) < K and ¢ has bounded
variation.

The following result gives conditions for a diffeomorphism of the circle to be
topologically conjugate to a rotation.

Theorem 4.7 (Denjoy) Let f: S' — S' be an orientation-preserving C' diffeo-
morphism whose derivative has bounded variation. If p(f) € R\ Q, then f is topo-
logically conjugate to the rotation Ry (r).

Proof By Theorem 4.6, it suffices to show that there exists a point z € S! whose
positive semiorbit is dense, which is equivalent to w(z) = S L If w(z) # S', then
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the set S' \ w(z) is a disjoint union of maximal intervals (we say that an open
interval 1 C S'\ w(z) is maximal if any nonempty open interval J such that I C
Jc St \ w(z) coincides with I). Moreover, since f is a homeomorphism, the set
w(z) is f-invariant and thus, the image and the preimage of any of these intervals
are also maximal intervals.

Now let I C S! \ w(z) be a maximal interval. We show that the sets f"(I), for
n € 7, are pairwise disjoint. By the former paragraph, if there exist integers m > n
such that f™(I) N f"(I) # @, then

NN £ D
and thus f™~"(I) = I. Since f is continuous, we also have f"~"(I) =1.

Lemma 4.2 Let g: J — J be a continuous function on some interval J C R. If
K C J is a compact interval such that g(K) D K, then g has a fixed point in K .

Proof Write K = [«, B]. Since g(K) D K, there exist a, b € K such that
gl@a=a<a and gb)=p>0b.

Since g(a) —a <0 and g(b) — b > 0, the continuous function x — g(x) — x has a
zero in K. U

It follows from the lemma that f” " has a fixed point in 1, but this is impossible
since the rotation number is irrational. Thus, the intervals f" (/) are pairwise disjoint
and their lengths A, satisfy

D=l (4.28)

nez

Now we establish some auxiliary results.

Lemma 4.3 There exist infinitely many n € N such that for each x € S the intervals
J=, f7"x), f(),..., f(J) are pairwise disjoint.

Proof Foreachk=0,...,n, we have
A= (. 7 w)

since f is orientation-preserving. Hence, the intervals f*(J) are pairwise disjoint if
and only if fk(x), fk_” (x) ¢ fl(J) fork,l=0,...,n with [ <k, or equivalently,

frx)y ¢ g for |kl <n.

We note that this property only depends on the ordering of the orbit of x. By The-
orem 4.4, this is the same as the ordering of the orbits of the rotation R,, where
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o = p(f). Since p is irrational, all negative semiorbits are dense. Thus, there exist
infinitely many » € N such that

RE() ¢ (y.R,"(»)) for|k|<nandyesS'.
This yields the desired result. U
Lemma 4.4 If J C S' is an open interval such that the sets J, f(J), ..., f*~1(J)
are pairwise disjoint, then

(f") 6)) e
(f”)’(Z) -
forany y, z € J, where ¢ = exp Var(log f) < +o0.

(4.29)

Proof We define a function ¢: S! — R by ¢ =log f’ (f is orientation-preserving
and hence f’ > 0). Since the sets J, ..., f"~1(J) are pairwise disjoint, given y, z €
J, the open intervals determined by the pairs of points f*(y) and f*(z), for k =
0,...,n — 1, are also disjoint. Thus,

n—1

Var(p) > Z ’tp(fk(Y)) - ¢(fk(2))|

k=0

n—1
> e(ff) - w(fk(z))‘
k=0

v

n—1
= long L) —1ong f"(z)‘

(f") )
E@|

This implies that
"m'»
SUY@

which yields inequality (4.29) provided that Var(p) is finite. Since S! is compact
and f’ is continuous, we have inf f’ > 0. Hence,

— Var(p) < log < Var(g),

9 — 9(0)| = [log /() — log f'(e)| < L =L@
inf f

forx,yeS I and since f’ has bounded variation, we obtain
Var(f)
inf f7

This completes the proof of the lemma. g

Var(p) < < 400
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Applying Lemma 4.4 to the intervals J = (x, f " (x)) in Lemma 4.3, with y =
x €I and z = f~"(x) (with n independent of x), we conclude that

=M@ e
Since
a+b>+~ab fora,b>0,

we obtain
An +Aop = /(f”)/(x)dx + /(f*")’(x)dx
1 1

= [l @+ () as

I

= [V @ was

for the integers n given by Lemma 4.3. This implies that

Z)Lm =+o00,

mez

which contradicts (4.28). Thus, there exists a point z € S! with w(z) = S'. O

4.3 Maps of the Interval
In this section we consider the class of continuous maps of a compact interval.
In particular, we study the properties of their periodic points. We also establish

Sharkovsky’s theorem, which describes how the existence of periodic points with
a given period determines the existence of periodic points with another period.

4.3.1 Existence of Periodic Points

Let f: I — I be a continuous map of an interval / C R.

Definition 4.4 Given intervals J, K C I such that f(J) D K, we say that J cov-
ers K and we write J — K.

This notion can be used in the study of the existence of periodic points.
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Proposition 4.2 Let f: I — I be a continuous map of a compact interval I C R.
If there exist closed intervals Iy, 11, ..., I,—1 C I such that

Io—->1L—>5L— ---—I,_1— I,
then f has an n-periodic point x € I such that f™(x) € I,,, form=0,1,...,n—1.

Proof We first show that there exists a closed interval Jo C Iy such that f(Jo) = I.
Since f(lp) D I, there exist points ag, by € Iy whose images are the endpoints of
1. If Jy is the closed interval with endpoints ag and by, then f(Jo) = I;.

Now let us assume that we constructed closed intervals

JoDODNIh D DIu1

contained in I, for some m < n, such that fk“(.lk) =Ii41 fork=0,....,m— 1.
Then

P Uet) = ) D Iy

and an analogous argument shows that there exists a closed interval J,,, C J;,—1 such
that f mly )= I, +1. Thus, we obtain closed intervals

JoDJ1iD-- DIy
such that f**1(Jy) = 141 fork=0,...,n — 1, where I, = Iy. In particular,
" Un=1) =102 Jp— (4.30)
and each point x € J,_; satisfies
S @) € M (Un=1) C " Um—1) = I (4.31)

form =0, ...,n — 1. On the other hand, it follows from (4.30) and Lemma 4.2 that
f" has a fixed point in J,_1. Thus, f has an r-periodic point in J,_1, which also
satisfies (4.31). O

Now we consider a quadratic map.

Example 4.7 Given a > 4, consider the map f: [0, 1] — R defined by

f(x)=ax(1—x).
We have

and
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R
—=[Nnjl1—-—=,1|=g,
a 2 a

it follows from Proposition 4.2 that f has a periodic point in [1/a, 1/2] with pe-
riod 2.

Since

The criterion in Proposition 4.2 can be used to establish the following particular
case of Sharkovsky’s theorem (Theorem 4.9).

Theorem 4.8 Let f: I — I be a continuous map of a compact interval I CR.If f
has a periodic point with period 3, then it has periodic points with all periods.

Proof Let x1 < x2 < x3 be the elements of the orbit of a periodic point with pe-
riod 3. We first assume that f (x2) = x3. We have f2(x2) = x; and thus,

[x1, x2] © [x2, x3] O .
On the other hand, if f(x2) = x1, then

[x2, x3] < [x1, 2] O.
In both cases, we have I — [ taking, respectively, I = [xp,x3] or I = [x1,x2]. It
follows from Proposition 4.2 that f has a fixed point.

Furthermore, given an integer n > 2 with n # 3, we have
L—->L—>0Lh— - —>D0L—>1L—I, (4.32)
with n + 1 elements, taking, respectively,
I =[x1,x2] and I, =[x2,x3]

or
Iy =[x2,x3] and I =[x, x2].

It follows from Proposition 4.2 that f has an n-periodic point x € I;. If it did not
have period n, then x € I) N I = {x3}, that is, x = x,. The orbit of x» belongs
successively to the intervals

LiLhLLI1 L1 I

and thus, it cannot belong successively to the intervals in (4.32) unless n = 3 (but
we took n #£ 3). This contradiction shows that the periodic point x has period n. [
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Fig. 4.3 A periodic point
with period 3

Fig. 4.4 A periodic point
with period 5
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Figures 4.3 and 4.4 give examples on the interval [0, 1] with periods 3 and 5,

respectively.
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4.3.2 Sharkovsky’s Theorem

In this section we establish Sharkovsky’s theorem relating the existence of periodic
points with different periods. We consider the ordering < on N defined by

1<2<22<23<...<om < ...

< <2"2n+ 1)< - <27 <2"5<2"3 < -

<---=<2@2n+1)<---<2-7<2-5<2-3<---

< <2n+1=<---<7<5<3.

Theorem 4.9 (Sharkovsky) Let f: I — I be a continuous map of a compact inter-
val I C R.If f has a periodic point with period p and q < p, then f has a periodic
point with period q.

Proof We first establish two auxiliary results.

Lemma 4.5 Let x € I be a periodic point with odd period p > 1 such that there
exist no periodic points with odd period less than p. Then the intervals determined
in I by the orbit of x can be numbered I, ..., 1,1 so that the graph obtained from
the covering relations between them (see Definition 4.4) contains the subgraph

G Ip—1 Ip—
12 ’
JE! Iy Is
that is,
h—-h—>hL—--—1, 1 and I, 1— I
for any odd k.

Proof Consider the interval 11 = [u, v], where

u =max{y eyx): f(y)> y} and v:min{y eyx):y >u}
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(recall that y (x) is the orbit of x). By the definition of u, we have f(v) < v (note
that x is not a fixed point and thus f(v) # v). Moreover, f(u) > v (since f(u) > u)
and f(v) <u (since f(v) < v). Therefore,

I — 1. (4.33)

Moreover, the inclusion f (/1) D I; is proper (otherwise x would have period 2).
Since

Py PNy fUND L

and x is p-periodic, we have f?(I;) D y(x) and so f”(I}) contains all intervals
determined by adjacent points in the orbit of x.
Now let r =card I/~ and s = card I, where

I " =y(x)N(—=oo,u] and It =y(x)N[v,+00).

Since r + s = p, we have r # s (recall that p is odd). This implies that there exist
adjacent points of y(x) in I~ or in I, thus determining an interval J, such that
only one of them is mapped by f to the other interval. Otherwise, we would have
fU™)cITand f(I*) C I~ (since f(u) > u and f(v) < v), but this is impossible
since r # s. We also note that J — I.

Now let

L—-5hL— - -—>I;—> 1

be the shortest cycle of the form Iy — --- — [ that is different from I; © (it
follows from the former discussion that such a cycle always exists). Clearly, k <
p — 1 since the orbit of x determines p — 1 intervals. Let g be the odd element of
{k,k + 1}. Since

L—---—>hLK—>0L4 and 1> ---—>L—> 1~ 1,

it follows from Proposition 4.2 that f9 has a fixed point y. We note that y is not a
fixed point of f. Otherwise,

yelhin--NLchnh (4.34)

(recall that k > 2) would be in the orbit of x, which yields a contradiction since x is
not a fixed point. It follows from the minimality of the odd period p that ¢ > p and
thus k = p — 1. This shows that

Lh—-h—- - —=1I,_1—1 (4.35)

is the shortest cycle of the form /1 — --- — I that is different from /| .
Now we show that /,_1 — I for k odd, which includes 7,1 — I, since p is
odd. We first verify that the intervals /; are ordered in / in the form

Ip—1,Ip—3,....0, 1,13 ....1, > (4.36)
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(up to orientation). Since Iy — --- — I, — I} is the shortest cycle of the form
I — --- — I that is different from I; O, we conclude that if I — I;, then [ <
k + 1 (or there would exist a shorter cycle of this form). This implies that /; only
covers I1 and I (see (4.33) and (4.35)) and hence, I, is adjacent to I (since f(I})
is connected). Since I1 = [u, v], we have I, = [w, u], with f(u) = v (recall that
f(u) > u) and f(v) = w, or we have I, = [v, w], with f(u) = w and f(v) = u.
We analyze only the first case since the second one is entirely analogous. Since
f(u) = v and I, does not cover I, we obtain f(I>) C [v, +00). But since I covers
I3, we conclude that I3 = [v, t], with t = f(w) = fz(v) (since I covers no other
interval). Continuing this procedure yields the ordering in (4.36). This implies that

Up—1 <Up 3 < - <U<U<U <U3<- - <Up-2,

where u; = f"(u). Thus, we obtain I, 1 = [up—1,up—3] — Iy for k odd since
fup—1)=wuand f(up-_3) =up_». This completes the proof of the lemma. O

Lemma 4.6 If f has a periodic point with even period, then it has a periodic point
with period 2.
Proof Let x be a periodic point with even period p > 2. We consider two cases:

1. We first assume that there are no adjacent points in the orbit of x determining
an interval J 5 I that covers 1. Let y and z be, respectively, the minimum and
maximum of the orbit of x, that is,

y=miny(x) and z=maxy(x).

By construction, f(u) > v and thus, f([y, u]) intersects [v, +00). On the other
hand, by hypothesis, the interval [y, #] does not cover I; and thus, f([y,u]) C
[v, +00). One can show in an analogous manner that f ([v, z]) C (—oo, u]. Since
f permutes the points in the orbit of x, we obtain

[y,ul = [v,z] = [y, ul

and it follows from Proposition 4.2 that f has a periodic point with period 2.
2. Now we assume that there are adjacent points in the orbit of x determining an
interval I} # I that covers [;. If

L — =L —> I

is the shortest cycle of the form I} — --- — I that is different from I O, then
k < p —1.Now take q € {k, k 4 1} even. Clearly g < p. Since

Lh—--—>hL—1 and I » - -— Iy — I = I,

it follows from Proposition 4.2 that 7 has a fixed point y. We note that y is not
a fixed point of f (see (4.34)). If p was the smallest even period, then ¢ = p and
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thus kK = p — 1. Proceeding as in the proof of Lemma 4.5, one could then show
that the intervals /; must be ordered in [ in the form

Ip—2,....0, 11, I3,..., 11

(up to orientation) and that /,,_; — Ii for k even. In particular, we would obtain
the cycle I, 1 — I, » — I, and, by Proposition 4.2, f would have a periodic
point with period 2 (since I, N I, = &). This contradiction shows that p
cannot be the smallest even period. So one can consider a periodic point with
smaller even period and restart the process.

This yields the desired result. U

We proceed with the proof of the theorem.
Casel. p=2%and g =2' < p withl <k.

Take [ > 0. If x is a periodic point of f with period p, then it is a periodic point of
£4/% with period 2¥~+1_ Since k — [ + 1 > 2, it follows from Lemma 4.6 that f7/2
has a periodic point y with period 2, which is a periodic point of f with period g.

Now take / = 0. It follows from Lemma 4.6 that f has a periodic point with
period 2. It determines an interval /) in I whose endpoints are permuted by f.
Since f is continuous, it must have a fixed point in /;.

Case 2. p=2%r and g =2*s < p with r > 1 odd minimal and s even.

We note that r is the smallest odd period of the periodic points of f 2 1t follows
from Lemma 4.5 that there exists a cycle of length s. More precisely, when s < r,
take

Loy —>l—s—> > L 2—> 1
and when s > r, take
L—-hLh— - > 1 ->L—->1LHL—> - -— 1.
It follows from Proposition 4.2 that f 2 hasa periodic point with period s, which is
a periodic point of f with period 2%s = g.
Case 3. p=2r and q= 2L < p with r > 1 odd minimal and | < k.

Taking s = 2 in Case 2, we obtain a periodic point of f with period 2Xs = 25*1 1t
follows from Case 1 that f has a periodic point with period 2/ for each I < k.

Case 4. p=2%r and g =2*s < p with r > 1 odd minimal and s > r odd.

Again, r is the smallest odd period of the periodic points of f 2, By Lemma 4.5, we
obtain the cycle of length s given by

L—->L— --—>1L_ 1—>L—>1— ---— 1.
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It follows from Proposition 4.2 that f > hasa periodic point x with period s. If x is
a periodic point of f with period 2¥s, then the proof is complete. Otherwise, x has
period 2's for some I < k. Take p = 2's and g = 25 = ¢, where 5 = 25, Since
s is even, it follows from Case 2 that there exists a periodic point of f with period
q9=9q. O

4.4 The Poincaré-Bendixson Theorem

In this section we establish one of the most important results of the qualitative theory
of differential equations in the plane: the Poincaré—Bendixson theorem.
Given a C! function f: R? — R2, consider the initial value problem

/
¥ =1, (4.37)
x(0) =xo

for each xg € R%. We assume that the unique solution x (¢, xo) of (4.37) is defined
for t € R. It follows from Proposition 2.3 that the family of maps ¢;: R?> — R?
defined for each € R by ¢, (xp) = x(¢, x0) is a flow.

Now we establish the Poincaré-Bendixson theorem. We recall that a point x € R?
with f(x) =0 is called a critical point of f.

Theorem 4.10 (Poincaré—Bendixson) Let f: R*> — R? be a C' function. For the
flow @, determined by the equation x' = f(x), if the positive semiorbit y¥(x) of
a point x € R? is bounded and w(x) contains no critical points, then w(x) is a
periodic orbit.

Proof Since the positive semiorbit ¥ (x) is bounded, it follows from Proposi-
tion 3.6 that w(x) is nonempty. Take a point p € w(x). Since w(x) is contained
in the closure of yT(x), it follows from the first property in Proposition 3.6 that
w(p) is nonempty and it follows from the second property in Proposition 3.5 that
w(p) C w(x). Now take a point ¢ € w(p). By hypothesis, g is not a critical point
and thus, there exists a line segment L containing ¢ that is a transversal to f (see
Exercise 3.5). Since g € w(p), it follows from the first property in Proposition 3.5
that there exists a sequence #x /' +o0 in R™ such that ¢;, (p) = ¢ when k — oo.
One can also assume that ¢;, (p) € L for k € N. On the other hand, since p € w(x),
it follows from the second property in Proposition 3.5 that ¢, (p) € w(x) for k € N.
Since ¢, (p) € w(x) N L, it follows from Exercise 3.5 that

0. (P) =y (p)=¢q

for k,l € N. This implies that y (p) C w(x) is a periodic orbit.
Now we show that w(x) = y(p). Let us assume that w(x) \ y(p) # . Since
w(x) is connected (by Proposition 3.6), in each open neighborhood of y (p) there
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exist points of w(x) that are not in y(p). Moreover, any sufficiently small open
neighborhood of y (p) contains critical points. Thus, there exists a transversal L’
to f containing one of these points, which is in w(x), and a point of y(p). This
shows that @ (x) N L’ contains at least two points since y (p) C w(x), which contra-
dicts Exercise 3.5. Thus, w(x) = y (p) and the w-limit set of x is a periodic orbit. []

The following example is an application of Theorem 4.10.

Example 4.8 Consider the differential equation

{x::x(3—2y—x§—y§)—y, 438)
YV=y@-2y—x"—y)+x
that in polar coordinates takes the form
{r’ =r(3—2rsinf —r?),
0 =1.
For any sufficiently small r, we have
r’:r(3—2rsin9—r2)zr(3—2r—r2)>O (4.39)
and for any sufficiently large r, we have
r'=r(3—2rsing —r?) <r(3+2r —r?) <0. (4.40)

Since the origin is the only critical point, for any 7o > r; > 0 there are no critical
points in the ring

D={xeR2:r1 < |lx]| <r2}.

Moreover, provided that ; is sufficiently small and r; is sufficiently large, it follows
from (4.39) and (4.40) that any positive semiorbit y T (x) of a point x € D is con-
tained in D. By Theorem 4.10, the set w(x) C D is a periodic orbit for each x € D.
In particular, the flow determined by Eq. (4.38) has at least one periodic orbit in the
set D.

We have an analogous result for bounded negative semiorbits.
Theorem 4.11 Let f: R? — R? be a C' function. For the flow ¢; determined by the

equation x' = f(x), if the negative semiorbit y~(x) of a point x € R? is bounded
and a(x) contains no critical points, then o(x) is a periodic orbit.

4.5 Exercises

Exercise 4.1 Find the fixed points of the map f in (4.4) for |8| < 1/(2m).
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Fig. 4.5 An A
orientation-reversing
homeomorphism

Exercise 4.2 Determine whether the map f in (4.4) has dense orbits for |8| <

1/@2n).

Exercise 4.3 A homeomorphism f: S' — S! is said to be orientation-reversing
if at least one of its lifts is a decreasing function (see Fig. 4.5). Show that f is
a orientation-reversing homeomorphism if and only if all its lifts are decreasing
functions.

Exercise 4.4 Show thatif f,g: S I ST are homeomorphism with lifts ' and G,
respectively, then F' o G is alift of f o g.

Exercise 4.5 Show that the composition of two orientation-preserving homeomor-
phisms of the circle is still an orientation-preserving homeomorphism.

Exercise 4.6 Show that the composition of two orientation-reversing homeomor-
phisms of the circle is an orientation-preserving homeomorphism.

Exercise 4.7 Show that if f: S! — S! is an orientation-preserving homeomor-
phism, then p(f") =np(f) mod 1 forn € N.

Exercise 4.8 Let f, g: S' — S! be orientation-preserving homeomorphisms. Show
thatif fog=go f, then

p(fog)=p(f)+p(g) mod 1.
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Exercise 4.9 Let f, g: S' — S! be orientation-preserving homeomorphisms. Show
that if f and g are topologically conjugate, then p(f) = p(g).

Exercise 4.10 Show that each orientation-reversing homeomorphism of the circle
has exactly two fixed points.

Exercise 4.11 Let f: S' — S! be an orientation-preserving C? diffeomorphism.
Show that if p(f) € R\ Q, then f is topologically conjugate to the rotation R, ).

Exercise 4.12 Show that any monotonous function ¢: §' — R has bounded varia-
tion.

Exercise 4.13 Given a function ¢: S I 5 R, show that if there exists L > 0 such
that

lox) —p()| < Lix —yl

forx,yeS ! then ¢ has bounded variation.

Exercise 4.14 Consider the continuous function ¢: S' — R defined by
@) xsin(mw/x) if x #0,
X) =
v 0 if x =0.
1. Given n € N, show that

n—1 n 1
;\cp(x»—w(xi_l)\:zt;ZiH

for the disjoint open intervals (x;_1, x;) with

2 2 2
x():o’ x1=2n+15 x2=2n_17 ceey xn71=§5
2
Xn =3 Xpt1 = 1.

2. Conclude that ¢ does not have bounded variation.

Exercise 4.15 Determine whether there exists a homeomorphism f of the circle
such that f o Ey = E3o0 f.

Exercise 4.16 Given o € R, determine whether there exists a homeomorphism f
of the circle such that f o Ry = R_4 o f.
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Exercise 4.17 Verify that the flow determined by the equation

{x/=y+x3’

/ 4

y=—-1-—x
has no periodic orbits contained in the first quadrant.

Exercise 4.18 Verify that the flow determined by the equation

X =xQ2—-x—x2-2y% —y,
Y=yQ2-x—x*=2y)+x

has a periodic orbit.

Exercise 4.19 Determine whether the flow defined by the equation

" =r(1+cosH),
' =1

has a periodic orbit.

Exercise 4.20 Determine whether there exists a differential equation in R? deter-
mining a flow with a dense orbit.



Chapter 5
Hyperbolic Dynamics I

This chapter is an introduction to hyperbolic dynamics. We first introduce the notion
of a hyperbolic set. In particular, we describe the Smale horseshoe and some of its
modifications. We also establish the continuity of the stable and unstable spaces on
the base point. We then consider the characterization of a hyperbolic set in terms
of invariant families of cones. In particular, this allows us to describe some sta-
bility properties of hyperbolic sets under sufficiently small perturbations. The pre-
requisites from the theory of smooth manifolds are fully recalled in Sect. 5.1.

5.1 Smooth Manifolds

In this section we recall some basic notions of the theory of smooth manifolds.

Definition 5.1 A set M is said to admit a differentiable structure of dimensionn € N
if there exist injective maps ¢; : U; — M in open sets U; C R” for i € I such that:

L. U,’e](Pi(Ui)ZM§
2. forany i, j € I such that

V=9¢i(U)Ng;Uj) #2,
the preimages (pfl (V) and w;] (V) are open and the map (qu og; is of class C'.

Each map ¢; : U; — M is called a chart or a coordinate system. Given a differ-
entiable structure on M, we consider the topology on M formed by the sets A C M
such that <pl._1 A C R" is open forevery i € I.

Definition 5.2 A set M is said to be a (smooth) manifold of dimension n if it admits
a differentiable structure of dimension »n and is a Hausdorff topological space with
countable basis.
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We recall that a topological space is said to be Hausdorff if any distinct points
have disjoint open neighborhoods, and that it is said to have a countable basis if
there exists a countable family of open sets such that each open set can be written
as a union of elements of this family.

Example 5.1 Let ¢: U — R™ be a function of class C! in an open set U C R”.
Then the graph

M:{(x,go(x)):er}CR" x R™

is a manifold of dimension n. A differentiable structure is given by the single map
Y U — R" x R™ defined by ¥ (x) = (x, ¢(x)).

Example 5.2 The set
']I‘:{(x,y)eRZ:xz—i—yz: 1}

is a manifold of dimension 1. A differentiable structure is given by the maps
vi:(-1,1)—>T, i=1,2,3,4

defined by

S.D

1) = (x. V1= x2), P2(x) = (x, V1 —x?),
o3 =(VI—-x2x), @) =(=V1-x%x).

We note that T can be identified with S'. In particular, the map x: S' — T
defined by

x(x) = (COS(ZJTx), sin(271x))

is a homeomorphism.

Example 5.3 The torus T” = S! is a manifold of dimension n. A differentiable
structure is given by the maps v : (—1, 1) — T" defined by

Y xm) = (0 e v D (x 7 o ) (),
where each ; is any of the functions ¢y, g2, ¢3 and ¢4 in (5.1).
Now we introduce the notion of a differentiable map.

Definition 5.3 A map f: M — N between manifolds is said to be differentiable at
a point x € M if there exist charts ¢: U — M and ¢: V — N such that:

1. x € pU) and f(pU)) CY(V);
2. ¥~ lo fogis differentiable at ¢! (x).
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Moreover, f is said to be of class C* in an open set W C M if all maps ¥ ' o f o
are of class C¥ in <p’1 (W).

We also recall the notion of a tangent vector. Let M be a manifold of dimension n
and let D, be the set of all functions g: M — R that are differentiable at x € M.

Definition 5.4 The tangent vector to a differentiable path «: (—¢,&) — M with
a(0) = x at r =0 is the function vy : Dy — R defined by

d(goa)

vy (g) = 7 .
=0

We also say that v, is a rangent vector at x.

One can show that the set 7, M of all tangent vectors at x is a vector space of
dimension n. It is called the tangent space of M at x. Moreover, the set

TM={(x,v):xeM, veT .M}

is a manifold of dimension 2n, called the tangent bundle of M. A differentiable
structure can be obtained as follows. Let ¢ : U — M be a chart and let (x1, ..., x;,)
be the coordinates in U. Consider the differentiable paths «;: (—¢,¢) — M fori =
1,...,n defined by «; (¢t) = ¢(te;), where (eq, ..., e,) is the standard basis of R”.
The tangent vector to the path ¢; at r = 0 is denoted by 9/9x;. One can show that
(8/9x1,...,3/dxy) is a basis of the tangent space Ty M and that a differentiable
structure on 7'M is given by the maps ¢ : U x R" — T M defined by

n
a
w(-xlv-"a-xl’hylv'--vyl‘l): ((p(xl»'--vxn)v E lyla_xl>
i=

5.2 Hyperbolic Sets

In this section we introduce the notion of a hyperbolic set. We also give some ex-
amples of hyperbolic sets and we establish the continuity of the stable and unstable
spaces on the base point.

5.2.1 Basic Notions

Let f: M — M be a C! diffeomorphism of a manifold M (this means that f is an
invertible C'! map whose inverse is also of class C 1). For each x € M, we define a
linear transformation

dif: TyM — TroM
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between the tangent spaces Ty M and Tr)M by
dy fv="fon

for any differentiable path o : (—¢, &) = M such that «(0) = x and v, = v (one can
show that the definition does not depend on the path «).

We always assume that M is a Riemannian manifold. This means that each
tangent space Ty M is equipped with an inner product (-,-), such that the map
TM > (x,v) — (v, v), is differentiable. It induces the norm

vl = (v, )% forve T, M.

For simplicity of notation, we always write (-, -) and ||-]|, without indicating the
dependence on x (which can easily be deduced from the context).
Now we introduce the notion of a hyperbolic set.

Definition 5.5 A compact f-invariant set A C M is said to be a hyperbolic set for
f if there exist A € (0, 1), ¢ > 0, and a decomposition

TM =E*(x)® E"(x) (5.2)
for each x € A such that:
1.
de fE*(x) =E*(f(x)) and dyfE"(x)=E"(f(x)); (5.3)
2. ifve E*(x) and n € N, then
ldx f"v]| < ea™vli;
3. ifve E¥(x) and n € N, then
lde " < ex ol (54)

The linear spaces E*(x) and E"(x) are called, respectively, the stable and unstable
spaces at the point x.

We first consider the particular case of the fixed points.
Example 5.4 Givena € (0,1) and b > 1, let f: R? — R? be the linear transforma-
tion defined by
f(x,y)=(ax, by).

We have f(0) =0 and hence, the origin is a fixed point. We also consider the de-
composition R? = ES @ E*, where E° and E are, respectively, the horizontal and
vertical axes. For the linear transformation A =dy f = f, we have:



5.2 Hyperbolic Sets 91

Fig. 5.1 A diffeomorphism f on an open neighborhood of the square Q

1. AE* =E° and AE* = E";
2. ||Av]|| < a]lv] for v € E¥;
3. |A” || < b7 ||v| for v € E¥.

This shows that {0} C R? is a hyperbolic set for the diffeomorphism f, taking A =
max{a,b '} andc=1.

More generally, one can show that if x € M is a fixed point of f, then {x} is a
hyperbolic set for f if and only if the linear transformation dy f: Ty M — T, M has
no eigenvalues with modulus 1 (see Exercise 5.14).

5.2.2 Smale Horseshoe

In this section we consider other examples of hyperbolic sets. More precisely, we
consider the Smale horseshoe and some of its modifications (see also Sect. 7.4).

Let f be a diffeomorphism on an open neighborhood of the square Q = [0, 1]?
with the behavior shown in Fig. 5.1. Consider the horizontal strips

H;=[0,1]x[0,a] and Hy=][0,1] x [l —a,l]
and the vertical strips

Vi=1[0,a] x[0,1] and V>=[l—a,l1]x[0,1], (5.5)
for some constant a € (0, 1/2). We assume that

fH)=V, and f(H)=W (5.6)
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/ Vi Vs

Fig. 5.2 Horizontal and vertical strips

H N

(see Fig. 5.2), which yields the identity

oNf@)=ViuV,. (5.7)

We also assume that the restrictions f|Hy are f|H> are affine, with

| (ax, by) if (x,y) € Hy,
JOD =N b1 —by+b) if (x.y) € o, >8)

where b = 1/a. We shall see that the construction of the Smale horseshoe only
depends on the restriction f|(H; U Hy).
Now we consider the diffeomorphism f~!. By (5.6), we have
flvy=Hi and  fTI(V2)=H)
and thus, it follows from (5.7) that
N = vpu fTi(v) = HiUH. (5.9)
Combining (5.7) and (5.9), we conclude that
1
() (@)= (H UH) N (ViNVy)
k=—1

is the union of 4 squares of size a (see Fig. 5.3 for an example with a = 1/3).
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Fig. 5.3 The intersection
H@nen Q)

Fig. 5.4 The intersection
A=V, Q)

Fig. 5.5 The intersection

Az =Ni=_3 Q)
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Iterating this procedure, that is, considering successively the images f”(Q) and

the preimages f~"(Q), we find that the intersection

A=) 1@

is the union of 4" squares of size a”. For example, for n =2 and n = 3 we ob-
tain, respectively, the sets in Figs. 5.4 and 5.5 (again for a = 1/3). Since A, is a
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decreasing sequence of nonempty closed sets, the compact set

A=(Na=r"Q (5.10)

neN keZ

is nonempty. It is called a Smale horseshoe (for f).

Clearly, the set A has no interior points since the diameters of the 4" squares
in A, tend to zero when n — 00. One can also verify that A has no isolated points.
Hence, it is a Cantor set (it is closed and has neither interior points nor isolated
points).

Proposition 5.1 A is a hyperbolic set for the diffeomorphism f.

Proof 1t follows from (5.10) that A is f-invariant, thatis, f~' A = A. On the other
hand, it follows from (5.8) that

0
dxf=<g b) for x € H, (5.11)
and
df=("% °) forxen (5.12)
xJ] = 0 b T X € 1. .
For each x € A, consider the decomposition
R? = E*(x) ® E*(x),

where E*(x) and E"(x) are, respectively, the horizontal and vertical axes. Since the
matrices in (5.11) and (5.12) are diagonal, the identities in (5.3) hold. Moreover, it
follows from (5.11) and (5.12) that

alv|| ifve ES(x),
ldy foll = . .
bllv|| ifve E*(x).
Hence, one can take A = a and ¢ = 1 in the definition of a hyperbolic set. g

One can also consider other types of constructions. For example, let g be a dif-
feomorphism on an open neighborhood of the square Q with the behavior shown in
Fig. 5.6. We assume that the identities in (5.6) hold and that

(x/3,3y) if (x, y) € Hi,

g(x9y)={(x/3+2/3’3y—2) if(X,y)eHz'

Then the compact g-invariant set

Ag={g"(Q@

nez
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Fig. 5.6 A diffeomorphism g on an open neighborhood of Q

L

Vi \%3

b

Fig. 5.7 A diffeomorphism % on an open neighborhood of Q

coincides with the set A in (5.10). One can also show that it is a hyperbolic set.
Proposition 5.2 Ag is a hyperbolic set for the diffeomorphism g.

We mention still another modification of the initial construction of the Smale
horseshoe. Let i be a diffeomorphism on an open neighborhood of the square Q
such that O N A(Q) has a finite number of connected components. More precisely,
consider pairwise disjoint closed horizontal strips Hy, ..., H,, C Q (see Fig. 5.7 for
an example for m = 3). We assume that the images V; = h(H;), fori =1,...,m,
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are vertical strips in Q (they are necessarily disjoint since % is invertible). Moreover,
we assume that .| H; is an affine transformation of the form

(hH;)(x, y) = (hix +ai, uiy + bi),
fori =1,...,m, with |A;] < 1and |u;| > 1. Now let
% :max{l)ﬂ, |,u,'|_1 =1, m}
One can easily verify that for each n € N the intersection
n
A= n(Q
k=—n

is the union of m?" rectangles with sides of length at most 11" This implies that the
compact h-invariant set

Ap=[1"(Q)

nez

has no interior points. One can also verify that Aj; has no isolated points.

Proposition 5.3 Ay, is a hyperbolic set for the diffeomorphism h, taking . = u and
¢ = 1 in Definition 5.5.

5.2.3 Continuity of the Stable and Unstable Spaces

In this section we establish the continuity of the stable and unstable spaces E*(x)
and E"(x) on the point x. We first introduce a distance between subspaces of R”.
Given E C R? and v € R?, let

d(v, E) =min{|lv—w|:we E}. (5.13)
Moreover, given subspaces E, F C R”, we define

d(E,F):max[ max  d(v, F), max d(w,E)}.
veE,|v|=1 weF,|w|=1

Example 5.5 If E, F C R? are subspaces of dimension 1, then d(E, F) = sina,
where « € [0, /2] is the angle between E and F. Indeed, in this case, we have

max d(v, F)=dwg, F) and max d(w, E)=d(vr, E),
veE, |v]=1 veF, |lwll=1

where vg € E and vy € F are any vectors with norm 1. These numbers coincide
and hence,

d(E,F)=d(g, F)=d(vr, E) =sina.
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Now we consider the stable and unstable spaces E*(x) and E“(x) for x in a
hyperbolic set A C R”.

Theorem 5.1 If A C R? is a hyperbolic set, then the spaces E*(x) and E"(x) vary
continuously with x € A, that is, if x,, — x when m — 0o, with x,,, x € A for each
m €N, then

d(E*(xm), E*(x)) > 0 whenm — o0
and

d(E”(xm), E”(x)) — 0 whenm — oo.
Proof Let (x;,)meN be a sequence as in the statement of the theorem.

Lemma 5.1 Any sublimit of a sequence vy, € E*(x,) C RP with ||v,| =1 is in
E*f(x).

Proof Since the closed unit sphere of R” is compact, the sequence v,, has sublimits.
On the other hand, since v,, € E*(x,,), we have

”dxm S om ” < cA"||un
for m, n € N. Letting m — 0o, we obtain
lde £ < ex™lv]

for n € N, where v is any sublimit of the sequence v,,. Finally, it follows from (5.4)
that v has no component in E*(x) and thus, v € E*(x). O

Lemma 5.2 There exists an m € N such that
dim E* (x) =dim E* (xy) and dim E"(x),) = dim E* (x4)
forany p,q > m.

Proof Since the dimensions dim E*(x,,) and dim E*(x,,) can only take finitely
many values, there exists a subsequence y,, of x,, such that the numbers dim E* (y,,)
and dim E*(y,,) are independent of m. Now let

Vims - Vkm € Es(ym) CRP

be an orthonormal basis of E*(y,), where k = dim E*(y,,) (that by hypothesis
is independent of m). Since the closed unit sphere of R” is compact, the se-
quence (Vi, - .-, Vkm) has sublimits. Moreover, each sublimit (vy, ..., vg) is still
an orthonormal set. It follows from Lemma 5.1 that vy, ..., v € E*(x) and thus
dim E* (x) > k (since (vy, ..., vg) is an orthonormal set). Proceeding analogously
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for the unstable spaces, we obtain dim E*(x) > dim M — k. It follows from (5.2)
that

dimE*’(x)=k and dimE"(x)=dimM —k. (5.14)
In particular, the vectors vy, ..., vx generate E°(x). We also note that each vector
v € E*(x) with norm ||v|| = 1 is a sublimit of some sequence v,, € E*(y,,) with

[vm || = 1. Indeed, writing v = Y"*_ o v; with YF_, a? =1, one can take

k k
Um :Zaivim/ Zaivim
i=1 i=1

If z,, is another subsequence of x, such that the dimensions dim E’(z,,) and
dim E*(z,,) are independent of m, respectively, with values / and dim M — [, then
we also have

dmE*(x)=! and dimE"“(x)=dimM —I.

Comparing with (5.14), we conclude that / = k. This shows that dim E*(x,,) and
dim E*(x,,) are constant for any sufficiently large m. g

Now we estimate the distance d (E* (x,,), E* (x)).

Lemma 5.3 Given § > 0, there exists a p € N such that

max d(w, Es(x)) <8 form > p. (5.15)

WEE? (xpm), [lw]l=1

Proof We note that given ¢ > 0 and a sequence w,, € E*(x,,) with |w,|| =1, we
have d(w,,, E*(x)) < e for any sufficiently large m. Otherwise, there would exist a
subsequence wy,, such that

d(w,, E°(x)) =& formeN.

By (5.13), any sublimit w of the sequence wy,, satisfies d(w, E*(x)) > ¢. But this
is impossible since by Lemma 5.1, we have w € E* (x).

Now we consider orthonormal bases (vi, ..., Vim) of ES(x;,) (for each suffi-
ciently large m such that dim E*®(x,,) = k). It follows from the former paragraph
that there exist integers pi, ..., px € N such that

d(vim, Es(x)) <¢ form > p;. (5.16)

We also take vectors w,, € E*(x,,) with norm ||w,,|| = 1 and we write

k
Wm = E AimVim
i=1
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with Zleaizm =1.By(5.16),foreachi =1, ..., kandm > p := max{py, ..., pi},
there exists a w;,;, € E*(x) such that ||v;, — winm| < &. Then

k
Wy — E AimWim
i=1

d(wn, E*(x)) <

k
< 1| - 1im — wim | < ke

i=1

and hence,
max d(w,ES(x)) <ke form > p.
WeES (xp), lwll=1
This establishes the desired result. O

Lemma 5.4 Given § > 0, there exists a q € N such that

max d(v,ES(xm)) <8 form>gq. (5.17)
veES (x),[lv]l=1

Proof Given ¢ > 0 and v € E®(x), we show that d(v, E®(x,,)) < ¢ for any suffi-
ciently large m. Otherwise, there would exist a sequence xi,, such that

d(v, Es(ka)) >¢ formeN.

Now we consider a sequence wy, € E*(x,) with ||w,,| = 1 having v as a sublimit
(we recall that each element of E¥(x) is obtained as a sublimit of vectors w,, of this
form). But this is impossible since then we would have ||lv — w;,|| > ¢ for m € N
and thus also 0 = ||v — v|| > . Now we consider an orthonormal basis vy, ..., v; of
E*(x) and we take integers q1, ..., gx € N such that

d(vi, E*(xm)) <& form > g;.

For each i, there exists a v;,, € E(x;,) with ||lv; — vi; || < €. Given v € E¥ (x) with
norm |[v|| = 1, we write v = Zf.‘:l a;v; with Zle oci2 = 1. Then

k
v— E i Vim

i=1

d(v, E*(xp)) <

k
< lel - llvi — vinll < ke
i=1

for m > ¢q := max{qq, ..., qx} and hence,

max  d(v, E’(xn)) <ke form>gq.
vEES(x),[lv[I=1

This establishes the desired result. O
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Finally, it follows from (5.15) and (5.17) that
d(ES (xm), E* (x)) <28 form > max{p,q}.
We obtain in a similar manner the corresponding result for the unstable spaces. [

Lemma 5.2 says that if x,,, — x when m — oo, with x,,, x € A for each m € N,
then dim E* (x,,) and dim E*(x,,) are constant for any sufficiently large m.

5.3 Hyperbolic Sets and Invariant Families of Cones

In this section we describe a characterization of hyperbolic sets in terms of invariant
families of cones.

5.3.1 Formulation of the Result

Let f: M — M be a C! diffeomorphism and let A C M be a compact f-invariant
set. For each x € A, we consider a decomposition

ToM = F*(x) ® F*(x) (5.18)

and an inner product (-,-) = (-, ), in Ty M. We emphasize that this may not be
the original inner product. We always assume that the dimensions dim F*(x) and
dim F*(x) are independent of x. On the other hand, we do not require that

de fFP(x)=F'(f(x)) and dyfF"(x)=F"(f(x))

for x € A.

Definition 5.6 Given y € (0, 1) and x € A, we define the cones

C'x)={,w) e FF(x)® F'(x) : [lw]" < yllv]"} U {0} (5.19)
and

C'(x) ={(v,w) € F*(x) & F*(x) : o]l < ylw]'} U{0} (5.20)
(see Figs. 5.8 and 5.9).

The following result gives a characterization of a hyperbolic set in terms of cones.

Theorem 5.2 Let f: M — M be a C' diffeomorphism and let A C M be a com-
pact f-invariant set. Then A is a hyperbolic set for f if and only if there exist

a decomposition (5.18) and an inner product (-,-). in TyM, for each x € A, and
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F(x)
C'(x)
F(x)
Fig. 5.8 The cone C*(x)
constants |, y € (0, 1) such that:
1. forany x € A,
d fCT(0) CCU(f(x)) and difT'T D cC(FT ) (52D
2. forany x € A,
lde foll" = ol forve C*(x) (5.22)
and
Ide £ 0| = ntvll” for ve C5(x). (5.23)

Theorem 5.2 is an immediate consequence of Theorems 5.3 and 5.4 proven, re-
spectively, in Sects. 5.3.2 and 5.3.3.

5.3.2 Existence of Invariant Families of Cones

In this section we show that any hyperbolic set has associated families of cones
C*(x) and C“(x) with the properties in Theorem 5.2.

Theorem 5.3 Let f: M — M be a C' diffeomorphism and let A C M be a hyper-
bolic set for f.Then there exist an inner product (-, -, in Ty M varying continuously
with x € A and constants ., y € (0, 1) such that, taking

F'(x)=E*(x) and F"(x)=E"(x) (5.24)

in (5.19) and (5.20), the cones C*(x) and C"(x) satisfy properties (5.21), (5.22)
and (5.23) for any x € A.



102 5 Hyperbolic Dynamics I

Fi(x)

Cu(x)

Fi(x)

Fig. 5.9 The cone C*(x)

Proof We divide the proof into steps.
Step 1. Construction of an inner product.

Take m € N such that cA™ < 1. Given v, w € E¥(x), we define

m—1

(v, w) = Z(dxf"v,dxf”w).

n=0

For each v € E¥(x), we have

(I fol')® Z |de "o

—led £ = ol + [ de o)

< (Il = (1 = 22 lv) .
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On the other hand,
5 m—1
(Il)” = Y- 2w ))> < mllv])? (5.25)
n=0
and thus,
ldx foll" < zlvll’s (5.26)
where
1— CZ)LZm
T=,/1—— <1.
cZm

Analogously, given v, w € E*(x), we define

m—1

(v, w) = (de f v, dy f " w).

n=0
One can verify that
ldef=" o] < zloll (5.27)
for v € E*(x). Now we consider the inner product (-, -) = (-, -) in T, M defined by

/

(v, w) =, w) + (v, w) (5.28)
for each v, w € Ty M, where
v=v"+v" and w=w’+w",

with v¥, w® € ES(x) and v*, w" € E"(x). We also take F’(x) and F“(x) as
in (5.24), and we consider the cones C*(x) and C*(x) in (5.19) and (5.20), with
the norm ||-||" induced from the inner product in (5.28).

Step 2. Invariance of the families of cones.

Given (v, w) € C¥(x), we have
oll" < yllwl’
and it follows from (5.3) that
de f (v, w) = (dx fv. de fw) € E*(f(x)) ® E"(f (x)).
Using (5.26) and (5.27), we obtain
Idx foll” < Tl
<ztylwl’

< *yldy fwl
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and thus, d f (v, w) € C*(f(x)). Analogously, given (v, w) € C5(x), we have
lwl” < ylvll’
and thus,
ldef~ w]" < 2wl

<yl

<2y fdef Mo
This shows that d, f ~! (v, w) € C*(f~'(x)) and we obtain the inclusions in (5.21).

Step 3. Estimates inside the cones.

Given (v, w) € C*(x), it follows from (5.26) and (5.27) that

s f(w, w2 lldy fwll = lidx foll’
—1

>7 wl =zl
—1

=7 lwl’ =y lwl

Since
(v, w)|I" < 1+ p)llwll’,

we have
1

T Ty
lld f (v, w)|" = ﬁll(v, w)ll".

Taking y sufficiently small so that

)
wi=(—— > 1,
I+vy
we obtain property (5.22). Analogously, given (v, w) € C*(x), it follows from (5.26)
and (5.27) that

ldef ', w)| = et 0| = e ]
>t ol = llw)

-1

T —‘[)/ ’
> —— (v, w
= (v, w)|
=p ! w, wll,

which yields property (5.23). This completes the proof of the theorem. g
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5.3.3 Criterion for Hyperbolicity

The following result shows that the existence of cones C*(x) and C*(x) as in The-
orem 5.2 guarantees that the compact f-invariant set A is a hyperbolic set for f.

Theorem 5.4 Let f: M — M be a C! diffeomorphism and let A C M be a com-
pact f-invariant set. If there exist a decomposition (5.18) and an inner product
(.Y in TyM, for each x € A, and constants p,y € (0, 1) such that the cones

X

C*(x) and C"(x) satisfy properties (5.21), (5.22) and (5.23) for any x € A, then A
is a hyperbolic set for f, taking A =  and ¢ = 1. Moreover, the stable and unstable
spaces are given by

ES () =) dprio C(f7(x))

n=0

and

E*“(x) =) dpn Ct(f ().

n=0

Proof We divide the proof into steps.
Step 1. Construction of invariant sets.

For each x € A, we consider the sets

G () =()dpwf"C(f(x)

n=0

and

G"(x) = (") dfne [ CH(f " (x)).

n=0
By (5.21), we have

G’'(x)CcC’(x) and G"(x) CcC*(x), (5.29)
and thus,
def'G ) CC(fTN ) and  do fG"(x) C CH(f(x)).
Writing y = f~!(x), we obtain

dof7IG () =C () Ndy f G ()

=C'(y)N ﬂ dfn(x)f—(n+l)cs (f”(x))
n=0
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=C ) N[ \dpmsiy f"TVC (71(3) =G (y)  (5.30)
n=0

and analogously,

d fG"(x) = G*“(f (x)). (5.31)

Step 2. Construction of stable and unstable spaces.

Since the dimensions k = dim F*(x) and [ = dim F*(x) are independent of x, for
each m € N the sets

m
(s f T Co (F1(x)) =d iy f 7" CH (7 (x))
n=0
and
m - -
(N dg-r " CH(f 7)) = d pme S CH(f 7 ()
n=0
contain subspaces E} (x) and E} (x), respectively, of dimensions
dimE} (x)=k and dimE, (x)=I.

Given an orthonormal basis vy, ..., Uk of E), (x) for each m € N, there exists a
convergent subsequence, say with limits vy, ..., vg that also form an orthonormal
set. This shows that G*(x) contains a subspace E*(x) of dimension k (generated by
V1, ..., V). Analogously, one can show that G*(x) contains a subspace E*(x) of
dimension /. On the other hand, it follows from (5.29) that

E*(x)NE"(x) c G*(x) NG"(x)
CC*(x)NC*(x) = {0}
since y < 1. Moreover, it follows from (5.18) that
dim M = dim F*(x) + dim F*(x)
=k+1
=dim E®(x) +dim E" (x)

and thus, the spaces E*(x) and E*(x) generate T, M. Hence, we obtain the direct
sum in (5.2).
Step 3. Estimates on the spaces E*(x) and E"(x).

Given v € E*(x) and n € N, it follows from (5.21) together with (5.29) and (5.30)
that

dy ffv € dy f5G* (0) = G5 (F* () € C*(f* ()



5.4 Stability of Hyperbolic Sets 107

for k =0, ..., n. Hence, it follows from (5.23) that
lde o] < w ol (5.32)
Analogously, given v € E¥(x) and n € N, it follows from (5.22) that
ldef "o < w" oIl (5.33)
Now we show that
E'(x)=G*(x) and E"(x)=G"(x)

for any x € A. If there existed a v € G*(x) \ E*(x) C C*(x), then one could write
v =v* + v, where v* € E*(x) and v* € E*(x) \ {0}. For each n € N, we would
have

n7 0| < e s
< [def™o] + de s
<u" (ol + v |).
This implies that
[ < w2 (ol + o) > 0

when n — oo and thus v* = 0. This contradiction shows that ES(x) = G*(x).
One can show in an analogous manner that E*(x) = G"(x). Finally, it follows
from (5.30) and (5.31) that

df @ =E(f7 ) and dyfE"(x) = E"(f ().

Therefore, A is a hyperbolic set, taking the constants A = u and ¢ = 1, in view
of (5.32) and (5.33). 0

5.4 Stability of Hyperbolic Sets

In this section we describe briefly some stability properties of a hyperbolic set un-
der sufficiently small perturbations. In particular, we consider diffeomorphisms for
which the whole manifold is a hyperbolic set.

Given differentiable maps f, g: M — M, we define

d(f.8) = sup d(f(x),g(x))+ suplld, f —dygll. (5.34)
xeM xeM

Theorem 5.5 Let A be a hyperbolic set for a C' diffeomorphism f: M — M.
Then there exist ¢ > 0 and an open set U D A such that if g: M — M is a C!
diffeomorphism with d(f, g) < & and A" C U is a compact g-invariant set, then A’
is a hyperbolic set for g.
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Proof By Theorem 5.1, the stable and unstable spaces E°(x) and E¥(x) vary con-
tinuously with x € A. Hence, by Tietze’s extension theorem,! one can consider
continuous extensions F*¥(x) and F"(x), respectively, of E¥(x) and E“(x), for x
in some open neighborhood U of A such that

T\M=F'(x)®F“(x) forxeU. (5.35)

Given y > 0, consider the cones C*(x) and C*(x) in (5.19) and (5.20) associated
to the decompositions in (5.35). By Theorem 5.3, there exist constants u, y € (0, 1)
and an inner product (-, -)’ = (-, -}, in Ty M varying continuously with x such that:

1. foreachx € A,

de fC* () S C*(f(x)) and def'C ) S C(fT)):
2. foreachx € A,
lde foll" > ™ lv]l" for v e C¥(x) \ {0}
and
ldef"v]" > w7 vl forve €0\ {0).

Denoting by S, the closed unit sphere in 7 M (with respect to the norm [|-|| = [|-/%.),
these properties are equivalent to:

1. foreachx € A,
de f(SeNCH (X)) S C*(f(x)) and dyf~'(SeNC () S C*(f~');
2. foreachx € A,
lds foll > p~" forve S NC(x)
and
”dxf_lvnl > ,u_l forve S, NCS(x).

Now we note that the set
{(x,v) e AXTM : |||, =1}

is compact since the inner product (-, -)". and thus also the norm |||/, vary continu-
ously with x. For any sufficiently small open neighborhood U D A, the properties
above hold for any x € U (and some continuous extension of the inner product).
Moreover, for any sufficiently small ¢ the same properties also hold for any x € U

ITheorem (See for example [43]) If f: A — R is a continuous function in a closed subset A C X
of a normal space (that is, a space such that any two disjoint closed sets have disjoint open neigh-
borhoods), then there exists a continuous function g: X — R such that g|A = f.
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with f replaced by g. It follows from Theorem 5.4 that any compact g-invariant set
A’ C U is a hyperbolic set for g. O

Now we consider the particular case of the Anosov diffeomorphisms.

Definition 5.7 A diffeomorphism f: M — M of a compact manifold M is called
an Anosov diffeomorphism if M is a hyperbolic set for f.

For example, any automorphism of the torus induced by a matrix without eigen-
values with modulus 1 (called a hyperbolic automorphism of the torus) is an Anosov
diffeomorphism (see Exercise 5.15).

The following result is an immediate consequence of Theorem 5.5.

Theorem 5.6 The set of Anosov diffeomorphisms of class C' of a compact mani-
fold M is open with respect to the topology induced by the distance d in (5.34).

5.5 Exercises

Exercise 5.1 Use Theorem 5.1 to show that if A is a hyperbolic set, then
inf{é(ES(x), E”(x)) 1x € A} > 0.

Exercise 5.2 Find explicitly the 2-periodic points of the Smale horseshoe.

Exercise 5.3 Let T: X — X be a map of a complete metric space X. Show that if
T2 is a contraction, then T has a unique fixed point in X.

Exercise 5.4 Determine whether the set of all bounded C! functions f: R — R is
a complete metric space with the distance

d(f,8) =sup{|f(x) —g(x)| : x € R}. (5.36)

Exercise 5.5 Determine whether the set of all bounded functions f: R — R such
that

lf)—fI<lx—yl forx,yeR (5.37)

is a complete metric space with the distance d in (5.36).
Exercise 5.6 Repeat Exercise 5.5 with condition (5.37) replaced by
()= fDWIZclx—y|* forlx —y|<d.
Exercise 5.7 Determine whether there exists a diffeomorphism 4 : R — R such that

hof=goh
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for the maps:

1. f(x)=2x and g(x) =3x;
2. f(x)=4x and g(x) = —2x;
3. f(x)=3x and g(x) = x°.

Exercise 5.8 Give an example of a hyperbolic set for which not all spaces E*(x)
have the same dimension.

Exercise 5.9 Determine whether S! is a hyperbolic set for some diffeomorphism of
the circle.

Exercise 5.10 Show that the stable and unstable spaces of a hyperbolic set are
uniquely determined.

Exercise 5.11 Find spaces F*(x), F*(x) C R? and an inner product (-, -)" such that
C*(x) = {0} U {(v, w) e R? : vw > 0}

Exercise 5.12 Show that if A is a hyperbolic set for a diffeomorphism f, then it is
also a hyperbolic set for f2.

Exercise 5.13 Identify the following statement as true or false: if A is a hyperbolic
set for f2, where f is a diffeomorphism, then A is a hyperbolic set for f.

Exercise 5.14 Let x be a fixed point of a diffeomorphism f: M — M. Show that
{x} is a hyperbolic set for f if and only if the linear transformation

def: TeM — TeM

has no eigenvalues with modulus 1. Hint: Since d, f|Tx M can have nonreal eigen-
values, consider the complexification

TM® ={u+iviu,veT M)

of the tangent space Ty M, with the norm

lu+iv] =/ lul?>+v|?> foru,veTM,

and consider the extension A: Ty M € .M Cof dy f defined by
A(u+iv)=dy fu+id fu.

Exercise 5.15 Given an automorphism of the torus 74 : T" — T”, show that T” is
a hyperbolic set for 74 if and only if A has no eigenvalues with modulus 1 (with the
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inner product in each tangent space 7, T" induced from the standard inner product
in R"). Hint: Consider the extension of A: R” — R” to C" defined by

A(u+iv)=Au+iAv.

Exercise 5.16 Let x be a periodic point with period n of a diffeomorphism f. Give
a necessary and sufficient condition in terms of dy f” so that the periodic orbit

{f*@) :k=0,....n—1}

is a hyperbolic set for f.

Exercise 5.17 Let f: M — M be a C' diffeomorphism and let A C M be a com-
pact f-invariant set. Show that A is a hyperbolic set for f if and only if there exist
a decomposition (5.18) and an inner product (-, -}, in Ty M, for each x € A, and a
constant y € (0, 1) such that:

1. forany x € A,
dy fC*(x) CC*(f(x)) and dyf'C(x) c C* (7' ));
2. forany x € A,
ldy foll" > vl forve C*(x)\ {0}
and

|de f="0|" > Ivll” forve C3(x)\ {0}.
Exercise 5.18 Consider the set

N=5"x{x,yeR:x*+y* <1}

and the map f: N — N defined by

1 1
fO,x,y)= <29, Ax + 3 cos(2m ), uy + 3 sin(2n9)>

for some constants A, u € (0, 1/2). Show that:

1. the map f is one-to-one;
2. the solenoid A = (), f"(N) is a compact f-invariant set;
3. the restriction f|U: U — f(U) of f to the set

U=S"x{(x,y)eR*:x* +y? <1}

is a diffeomorphism;
4. A is ahyperbolic set for f.
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Exercise 5.19 Determine whether the map f|A in Exercise 5.18 has periodic points
with period 3.

Exercise 5.20 Show that the periodic points of the Smale horseshoe A are dense
in A.



Chapter 6
Hyperbolic Dynamics II

This chapter is a natural continuation of the former chapter. We consider topics that,
in view of the necessary details or in view of the need for results from other areas,
may be considered less elementary. We first describe the behavior of the orbits of a
diffeomorphism near a hyperbolic fixed point. More precisely, we establish two fun-
damental results of hyperbolic dynamics: the Grobman—Hartman theorem and the
Hadamard—Perron theorem. We also establish the existence of stable and unstable
manifolds for all points of a hyperbolic set and we show how they give rise to a local
product structure for any locally maximal hyperbolic set. We conclude the chapter
with an introduction to geodesic flows on surfaces of constant negative curvature
and their hyperbolicity. In particular, we consider isometries, Mobius transforma-
tions, geodesics, quotients by isometries and the construction of compact surfaces
of genus at least 2.

6.1 Behavior Near a Hyperbolic Fixed Point

Let x be a fixed point of a diffeomorphism f. When {x} is a hyperbolic set for f,
we say that x is a hyperbolic fixed point. In this section we describe the behavior of
the orbits of a diffeomorphism in an open neighborhood of a hyperbolic fixed point.
For simplicity of exposition, we consider only diffeomorphisms on R”.

6.1.1 The Grobman—Hartman Theorem

We first establish a result showing that in a sufficiently small open neighborhood of
a hyperbolic fixed point x the orbits of f are obtained from the orbits of the linear
transformation d, f applying a homeomorphism. This corresponds to the notion of
a local topological conjugacy (compare with Definition 3.9).
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Definition 6.1 Twomaps f: X — X and g: Y — Y, where X and Y are topologi-
cal spaces, are said to be (locally) topologically conjugate, respectively, in open sets
U C X and V C Y if there exists a homeomorphism h: U — V with h(U) =V
suchthatho f=gohinU.

The Grobman—Hartman theorem establishes the existence of a (local) topological
conjugacy between f and d, f in open neighborhoods, respectively, of x and O.

Theorem 6.1 (Grobman—Hartman) Let x € R? be a hyperbolic fixed point of a C!
diffeomorphism f: RP — RP. Then there exists a homeomorphism h: U — V with
h(U) =V, where U and V are, respectively, open neighborhoods of x and 0, such
that

hof=difoh inU. (6.1)

Proof We divide the proof into steps.
Step 1. Preliminaries.

Without loss of generality, one can always assume that x = 0. Indeed, the map
f: RP — R? defined by

fO=f+x)— fx)

is also a diffeomorphism and it satisfies
f(0)=0 and dof=df.

In particular, 0 is a hyperbolic fixed point of f. Now we modify the diffeomor-
phism f outside an open neighborhood of 0 (already assuming that O is a hyperbolic
fixed point of f). More precisely, given § > 0, take r € (0, 1) so small that

sup{lldy f —dofll:y € BO,r)}=<8/3 (6.2)

(recall that the function y — dy f is continuous). Consider also a C ! function
o: RP — [0, 1] such that:

1. a(y)=1forye B(0,r/3);
2. a(y)=0fory e R”\ B(0,r);
3. sup{lldya| :y e RP} <2/r.

We define a map g: R” — R” by
gy =Ay+a(F(y),

where

A=dof and F(y)=f(y)—Ay.
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Note that

g =Ay+FQy)=f(©)

for y € B(0,r/3), thatis, g coincides with f on the ball B(0, r/3). Since F(0) =
it follows from (6.2) and the mean value theorem that

sup{IF()Il : y € B(O,r)} < r/3.
Since r < 1 and the function « is zero outside the ball B(0, r), we have
sup{||a(y)F(y)|| 1y € B(0, r)} <dr/3 <3. (6.3)
Moreover,

ldy(@F)|| = |dye F(y) + a(y)dy F |
< sup |ldyee]| sup [[F()| + sup |ldyF]

yeRP yeB(0,r) yeRP
2 or n ) 5

<-4+ =-=
r 3 3

and it follows again from the mean value theorem that

leF») —a@F@)| <8lly -zl (6.4)

for y,z e R?.
Step 2. Construction of a norm.

Now we consider a norm that is analogous to the one introduced in the proof of
Theorem 5.3. Namely, given m € N such that cA™ < 1, for each v € R?, let

)

where v = v* + v*, with v* € E¥(0) and v* € E*(0), and where

vl = max{

m—1

(1)’ ZHA" | 6:5)

and

([ || Z A" v (6.6)

It follows from (6.5) and (6.6) that

[o' < o < v ©6.7)
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and

Jo | < o] < o] 6.8)
where C = c/m (see (5.25)). Moreover, it follows from (5.26) and (5.27) that

/

Jav] < efo'] and A=t < o] 69)
where
1—62)\2’"
T = —2—<l.
cem

Step 3. Formulation of an abstract problem.

Let X be the space of bounded continuous functions v: R? — R? with v(0) = 0.
One can easily verify that X is a Banach space (that is, a complete normed space)
with the norm

Ivlloo = max{[[vs lloo, 1vullos }

where
V() = (vs(), vu(y)) € E*(0) & E"(0)
and
Vs loo = sup{llosWI', ¥y €RP},  lvulloo = sup{ v (WMI’, y e R7}.
We write

Ay = A|E*(0), A, = A|E"(0), (6.10)
and we consider functions G, H : R? — R? with G(0) = H(0) = 0 such that
Gl <34, IHW)I <38 (6.11)
and
IGy) —G@II=<élly —zl, IH () —H@I| <8lly—zll, (6.12)

for y, z € R”. We note that, by (6.3) and (6.4), the function G = « F satisfies these
properties. Writing

G(y) =(Gs(y), Gu(y)) € E*(0) ® E"(0)
and

H(y) = (Hs(y), Hu(y)) € E*(0) ® E*(0),
it follows from (6.11) together with (6.7) and (6.8) that

G = CIGWII = CIIGWII = C8 (6.13)
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and analogously,
IGuWI" < ClIG.WI = CIGW < C8, (6.14)

with identical inequalities for H; and H,,. On the other hand, since

Va2 +b? < /2max{a?, b2} < v2max{|al, |b|},
it follows from (6.12) together with (6.7) and (6.8) that

1Gs(y) — Gs(@)|' < CIGs(y) — Gs(@) | < CIIG(y) — G(2)||
< Célly — zll < C8v2max]||y* —2*|, |y — 2}

v =2} = Ccsv2ly -zl (6.15)

’

/
’

< CS«/Emax{ ly* —z*

and analogously,
1Gu(») = Gu(@' < C8v2|ly -z, (6.16)

again with identical inequalities for H; and H,,.
Now we consider the equation

(A+G)oh=ho(A+ H), (6.17)
where h = Id + v. It is equivalent to the system of equations

Asohy+Gsoh=hs;o(A+ H),
Ayohy, +Gyoh=h,0o(A+ H).

(6.18)

Since
Agohg=As+ Agyovy; and hso(A+H)=A;+ Hs+vs0(A+ H),
the first equation in (6.18) is equivalent to
Asovs+Ggoh=H;+vs0(A+ H). (6.19)
Analogously, the second equation in (6.18) is equivalent to
Ayov,+G,oh=H,+v,0(A+ H). (6.20)

Now we show that the functions A + G and A + H are invertible for any sufficiently
small §. It follows from (6.4) that

[(A+G) () — A+ 6@ = A6 -2 +G) - G@)|
>[A7 7y =2l = 1GG) - G

> (a7 =)y -zl
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and thus, the function A + G is invertible for § < ||[A~!||~'. Likewise for the func-
tion A + H. This allows us to write Egs. (6.19) and (6.20) in the form

vy = (Ay 0 v+ Gy o (Id+v) — Hy) o (A+ H) ', 621
vu=A,"o(vyo(A+ H)+ H, — G, o0 (Id+)).

Step 4. Existence of a fixed point.
We define a map T in the space X by T (v) = w = (wy, w,, ), where

wy = (Ag 0 vy + Gy o (Id+v) — Hy) o (A+ H) ™!,
wy =A, " o (v o (A+ H)+ Hy, — G, o (Id+v)).

We note that v is a fixed point of T, that is, T (v) = v if and only if system (6.21)
holds, which is equivalent to identity (6.17).

Now we show that T (X) C X and that T is a contraction. It follows from (6.9),
(6.13) and (6.14), together with the analogous inequalities for H; and H,,, that

[wslloo < TlVslloo +2C8 < 400

and
lwulloo < Tllvulloo +27C8 < +o00.

Moreover, w(0) =0 and w = (wy, w,) € X. On the other hand, given functions
v = (vg, V), U = (s, ) € X, we have

T (v) — T(9) = ([As 0 (v — B5) + Gy 0 (Id +v) — Gy o (Id+ 1) ] o (A + H) ™',
A o[y —tu) o (A+ H) = Gy o(d+v)+G, 0 (Id+1))).
It follows from (6.9) and (6.10) that
(A o (s = T5) o (A+ H) )W) < 1A¢ 0 (v — T5)lloo < Tllvg — Ul
and
[(Ar" o u =B o (A+ H)W| <[ A" o wu = )| o < Tllow = Bulloo
Moreover, it follows from (6.15) and (6.16) that
|Gs 0 (1d+v) — Gy 0 Id+ D) |, < C8v2]v — Blloo

and

|=Guo(d+v) + Gy od+ )| < C8V2[Iv — D]l
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Hence, we obtain

IT@) =T )l
<max{tv; — Vslloc + COV2[[v — Dl00s TlVw — Dulloo + TCV2|v — Vloo}
< (T+C8VD v = Blco.
If necessary, one can go back and take 8 > 0 such that 7 + C8+/2 < 1, which guar-
antees that 7' is a contraction in the Banach space X. By the contraction mapping

principle,! there exists a unique function v € X such that T (v) = v, that is, such that
Eq. (6.17) holds with 2 =1d + v.

Step 5. Conclusion of the proof.

Finally, we consider several particular cases of Eq. (6.17). Taking G =0 and H =
aF (which is possible in view of (6.3) and (6.4)), we obtain a unique function v € X
such that & = Id + v satisfies

Aoh=hog (6.22)

(we recall that g = A + o F). Si_milarly, taking G =« F and H = 0, we obtain a
unique function v € X such that & = Id + v satisfies

goh=hoA. (6.23)
‘We show that
hoh=hoh=Id.
It follows from (6.22) and (6.23) that

Ao(hoh)y=hogoh=(hoh)oA (6.24)
and
(hoh)yog=hoAoh=go(hoh). (6.25)
Since
lhoh —1dlleo = | dd + v) o (Id + ) — Id|
=|o+vodd+v)|
< Vlloo + lIvlloe < +00
and

lhoh =Tdlloo < [[V]leo + |Tllec < +00,

ITheorem (See for example [12]) If T: X — X is a contraction (that is, there exists a A € (0, 1)
such that d(T (x), T (y)) < Ad(x,y) for x, y € X) in a complete metric space, then T has a unique
fixed point.
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the continuous functions 4 o i —Id and /1 o h —Id belong to X . It follows from (6.24)
and (6.25) together with the uniqueness of the solutions v € X of the equations

Ao(Id4+v)=(0d+v)oA and go(Ild4+v)=(Ad+v)og, (6.26)
taking, respectively, G = H =0 and G = H =« F, that
hoh—Id=hoh—1d=0.

Indeed, v = 0 is a solution of both equations in (6.26). This shows that / is a home-
omorphism, with inverse 4. Since g = f in B(0, r/3), it follows from (6.22) that
property (6.1) holds for U = B(0,r/3). 0

Theorem 6.1 establishes a precise relation between the orbits of f and the orbits
of the linear transformation A = d, f. Namely, it follows from (6.1) that

h(f"(y)) = A" (h(y)) (6.27)
whenever
n—1
neZ' and ye()f"U
m=0
or

n—1
neZ  and yeﬂfmU.

m=0

In other words, the points of the orbit y¢(y) that are in U are mapped by the home-
omorphism £ to corresponding points of the orbit y4 (h(y)), that is,

h(yrMNU)=yath(m))NV. (6.28)
We also have
hyfDNU)=yi h)NV and h(y; MNU) =y, )NV

for each y € R”.

6.1.2 The Hadamard—Perron Theorem

In this section we continue the study of the behavior of the orbits of a diffeomor-
phism in an open neighborhood of a hyperbolic fixed point.

Let f: R” — R” be a C! diffeomorphism and let x € R” be a hyperbolic fixed
point of f. It follows from the Grobman—Hartman theorem (Theorem 6.1) that there
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exists a homeomorphism 4: U — V with h(U) =V, where U and V are, respec-
tively, open neighborhoods of x and 0, such that

hof=Aoh inU, (6.29)

where A =d, f. In view of (6.28), identity (6.29) establishes a relation between the
orbits of f and the orbits of A.
Now let E*(x) and E*(x) be the stable and unstable spaces at x. We have

E*'(x)={yeR’: A"y — 0 when n — +oo} (6.30)
and
E'(x)={yeR’: A"y — 0whenn — —oc}. (6.31)
Moreover, one can always assume that the neighborhood V is such that
A(E°(x)NV)CE'(x)NV (6.32)
and
ATYE"®x)NV)CE“(x)NV. (6.33)

Indeed, let (-, -}’ be the inner product constructed in the proof of Theorem 5.3 with
dy f replaced by A (and thus with d, f" replaced by A™). By (5.26) and (5.27),
given r > 0, any open neighborhood V of 0 such that

Ex)NV={veEx): vl <r}
and
E'0)NnV={veE"x): vl <r}

satisfies (6.32) and (6.33). It follows from (6.30) and (6.31) together with (6.32)
and (6.33) (using, for example, the Jordan form of A) that

E‘Y(x)ﬂVz{yeV:A"erforn>O} (6.34)
and
E'x)NV={yeV:A"y eV forn<0}. (6.35)
We also consider the sets
Vi) =h Y (E*(x)NV) and VY()=h"Y(E“x)NV)

(both are contained in U). We note that x € V¥(x) N V¥(x). It follows from (6.34)
and (6.35) together with (6.27) that

Vix)={yeU: f"(y) €U forn >0}
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and
Vix)={yeU: f"(y) e U forn <0}.
Combining these identities with (6.32) and (6.33), we conclude that

F(VF@)) c Vi) and  fH(V*(x)) C V(). (6.36)

The Hadamard—Perron theorem says that the sets V*(x) and V¥(x) are mani-
folds, tangent, respectively, to the spaces E*(x) and E*(x).

Theorem 6.2 (Hadamard—Perron) Let x € R? be a hyperbolic fixed point of a C'
diffeomorphism f: RP — RP. Then there exists an open neighborhood B of x such
that the sets V*(x) N B and V*(x) N B are manifolds of class C' with

T (VSx)NB)=E*(x) and T.(V"(x)NB)=E"(x). (6.37)
For simplicity of exposition, we divide the proof into two steps.

Proposition 6.1 Let x € R? be a hyperbolic fixed point of a C' diffeomorphism f .
Then there exists an open neighborhood B of x such that the sets V*(x) N B and
V¥(x) N B are graphs of Lipschitz functions.

Proof We establish the result only for V*(x) since the argument for V*(x) is en-
tirely analogous. Again we divide the proof into steps.

Step 1. Preliminaries.

Consider the map F: R? — R? defined by
Fy)=f(y+x)— fx).
It can be written in the form
F(v,w)=(Av+g(v,w), Bw +h(v,w)) € E*(x) & E*(x) (6.38)
for each (v, w) € ES(x) ® E"(x), where
A=d.fIE°(x): E*(x) > E*(x)

and
B=d, fIE*(x): E"(x) > E"(x).

We note that A and B are invertible linear transformations and that g and & are C'!
functions with

g(0) =0, h(0) =0, dog =0, doh =0.
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Proceeding as in Step 1 of the proof of Theorem 5.3, one can always assume that
the inner product (-, -}, on the tangent space T,R? is such that

IAll<7 and [B7'| <t
for some constant t € (0, 1) (independent of x). Moreover,

& =FfO+x)— flx)—dify
and the function

G:y— dy(gvh):dy+xf_dxf

is continuous since f is of class C'. Given ¢ > 0, let

Dg(x) = B;,(x) ® By, (x),
where
B3.(x) CE*(x) and Bj (x) C E"(x)

are the open balls of radius 2¢ centered at the origin. Since G (0) = 0, we have

K :=sup{IG)I:y € De(x)} =0
when ¢ — 0. We also have

ldwwgll <K and [ldwuhl <K (6.39)
for (v, w) € DS @ D¥, where

D!=B!(x) and D!=B"(x). (6.40)

Step 2. Formulation of an abstract problem.

Given o € (0, 1], let X be the space of functions ¢ : D{ — E"(x) such that ¢(0) =0
and

o) =)l <olflv—wl (6.41)

for v, w € DJ. One can easily verify that X is a complete metric space with the
distance

d(g, ¥) = sup{llp(v) — ¥ (V)| : v € D}.

We want to show that there exists a function ¢ € X such that

V) Dx+{(v.o():ve DL} (6.42)
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We first proceed formally, assuming that (6.42) holds. It follows from (6.38) and the
invariance property in (6.36) that

F(v,9() = (Av+g(v. (), Be(v) + h(v, 9()))
and
Bo(v) +h(v,0(v)) = (Av+g(v, p(v))).
Thus,
o(v) =B 'p(Av+g(v,0(v))) — B~ h(v, p(v)).

This leads us to introduce a map 7 on X by

T(p)(v) =B 'p(Av+g(v,0(v))) — B 'h(v, p(v)).

We note that ¢ is a fixed point of T if and only if the graph of the function ¢ in (6.42)
satisfies the invariance property in (6.36). Hence, if we show that 7 has a unique
fixed point ¢ € X, then the set on the right-hand side of (6.42) coincides with V*(x)
in some open neighborhood of x, which yields the desired result.

Step 3. Existence of a fixed point.

We first show that the map T is well defined. This amounts to verifying that each
point Av + g(v, ¢(v)) is in the domain of ¢, that is,

[Av+g(v, o) <e.
We have
lel =l — )| <olv|| <e

and it follows from (6.39) that

|Av+g(v. )] < Tllvll + K| (v, o(v))
<[t+ K1 +0)]lvl

<[r+K(1+0)]e.
Since K — 0 when ¢ — 0, taking ¢ sufficiently small, we obtain
[r—i—K(l—l—o)]s <e

and hence, the map T is well defined.
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Now we show that 7'(X) C X. We first observe that T'(¢)(0) = 0 since g(0) =0
and /(0) = 0. Moreover, given v, w € D}, we have

IT @@ = T@)w)| < ]p(Av+g(v, 9(v))) — ¢(Aw + g(w, p(w)))|
+ [ (v. o) = h(w. p(w))|
<10 A —w) +¢g(v, ) — g(w, p(w)) |
+7K | (v. 0)) = (w. o (w))|
<tlollv—wl+ 1+ 0)K | (v.0®) — (w, pw))]|
<[r%0 + (1 +0)*K]llv — w.
Since K — 0 when ¢ — 0, taking ¢ sufficiently small, we obtain
20 +1(1+0)°K <o
and hence,

[T (@) (v) = T(@)(w)| <ollv—w]|

for v, w € Dj. This shows that T (X) C X.
Finally, we show that T is a contraction. Given ¢, ¥ € X and v € D}, we have

IT@) @) =T )| < t]e(Av+2(v, o)) — ¥ (Av+g(v, ¥ ()|
+1|h(v, 0@) — h(v, ¥ ()]
<to(Av+g(v. o)) —p(Av+g(v, ¥ ()]
+rfe(Av+g(v, ¥y @)) = ¥ (Av+g(v, v )|
+ 7K o) =¥ )|
<70 |g(v, () —g(v, ¥ ()| + td(p, ¥) + tKd(p, ¥)
<[r+t(+0)K]d(p, V).
Taking ¢ sufficiently small so that
t+7(l+0)K <1,

the map 7 is a contraction in the complete metric space X. Thus, T has a unique
fixed point ¢ € X. 0

Now we show that the function ¢ obtained in the proof of Proposition 6.1 is of
class C'.

Proposition 6.2 Let x € R? be a hyperbolic fixed point of a C' diffeomorphism f.
Then there exists an open neighborhood B of x such that the sets V°(x) N B and
V¥(x) N B are manifolds of class C' and satisfy (6.37).
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Fig. 6.1 The vector
u=w,pw)) — (v, )

a (pW

Proof We divide the proof into steps.

Step 1. Preliminaries.

Given v, w € D} with v # w, let

_ (w,p(w)) — (v, (V)
[(w, p(w)) — (v, (W)l

(see Fig. 6.1, where A, , = u/|lu||). We denote by S, the set of all vectors w € Ty M
such that A, ,, — w when m — oo, for some sequence (vy,),en converging to v.
When ¢ is differentiable at v, each of these vectors w is tangent to the graph of ¢ at
the point (v, ¢(v)) and has norm 1. We also consider the set

v, w

Tw,p) V'’ = {Aw we Sy, A€ R}, (6.43)

where
VS = {(v,q)(v)) ‘v e Dg}

Lemma 6.1 The function ¢ is differentiable at v if and only if T(y o)) V* is a sub-
space of dimension dim E® (x).

Proof By the former discussion, if ¢ is differentiable at v, then the vectors Aw
in (6.43) are exactly the elements of the tangent space to the graph of ¢ at the point
(v, ¢(v)). Hence, T(y,u)) V* coincides with this tangent space and has dimension
dim E* (x).

On the other hand, if 7(,, ¢(v))V* is a subspace of dimension dim E*(x), then for
each vector u € Dj \ {0} with v 4+ u € D}, the limit

C(v,u):= mli_)moo Ay vtspu (6.44)

exists for any sequence s, such that s,, — 0 when m — oo. Moreover, C (i, v) is
independent of the sequence s,,. Indeed, since each vector A, 4, has norm 1,
it follows from the compactness of the closed unit sphere of R? that the sequence
(Ay,vtsmu)m has sublimits. Moreover, since 7(y,o(v)) V" is a subspace, for each u
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there exists a unique vector w = wy, , € E"(x) such that (4, w) € 7(y,4v)) V?*. This
implies that the limit in (6.44) exists and

C(v,u) = (u, wy )/l (, wy )l
In other words, d,pu = w,_, and the function ¢ is differentiable at v. O

Now we observe that A, ,, — w when m — oo if and only if

- Fn, ¢n) = F,0®) _ dwgonFw
m—=00 || F (U, @(vm)) — F(v, DIl ldw. gy Fwll’

This implies that

(@w.pw) F)Tw.on V'’ = trwewn F (V). (6.45)

Step 2. Invariant cones.

Given y € (0, 1), consider the cones
C*={(w,w) € E°(x) x E"(x) : [lw| < yllv]} U{0}

and

C" ={(v,w) € E*(x) x E"(x) : ||vll < y |lw]} U{O}.
Lemma 6.2 For any sufficiently small e, given (v, w) € D x D}, we have
dwuwyF~'C° C C* and dgy.,)FC" C C*. (6.46)
Proof Given (y,z) € ES(x) x E*(x), let

(y.2) =dwwF(y,2)

= (Ay + dw,uw&(y. 2), Bz + dw,uh(y, 2)). (6.47)
We have
Iyl =<lyl + Kl 2l (6.48)
and
12l ==zl = K (v DIl (6.49)

For (y, z) € C* \ {0}, we also have || y|| < y|/z| and thus,
Iyl =tylzll+ K1+ py)lzll

and

Izl =t yllzll = Ky (1 + )izl
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Hence, taking ¢ sufficiently small so that
v+ K1+ <y,

we obtain [|y|| < y|zll and (¥,Zz) € C*. This establishes the second inclusion in
(6.46). The first inclusion can be obtained in a similar manner. O

Step 3. Stable and unstable spaces.

Given (v, w) € D x D¥, consider the intersections

o0
E*(.w)=()dwwF/C (6.50)
j=0
and
o0
E*(v,w) = ﬂ d(v.w) F/CH. (6.51)
j=0

It follows from Lemma 6.2 that
Ef(v,w)Cc C’ and E"(v,w)C CH.

Lemma 6.3 For any sufficiently small ¢ and y, the sets E* (v, w) and E" (v, w) are
subspaces of Ty M, respectively, of dimensions dim E* (x) and dim E" (x). Moreover,
they vary continuously with (v, w) and

E'(v,w)® E*(v,w) =Ty M.
Proof We note that each set
Hj =d,)F/C"

contains a subspace F/“ of dimension k = dim E*(x). Now let vyj,..., vt be an
orthonormal basis of F]'.’. Since Hj; is nonincreasing in j (by Lemma 6.2) and the
closed unit sphere of E“(x) is compact, there exists a sequence k; such that

Vik; = Vi when j — o0,

fori =1,...,k, where vy, ..., vg is some orthonormal set in E“ (v, w). This shows
that E“(v, w) contains a subspace G“ of dimension k. An analogous argument
shows that E*(v, w) contains a subspace G* of dimension dim M — k. By (6.50)
and (6.51), we have

G'CE'(wv,w)cC’ and G"CE“(v,w)CC".
Since C* N C* = {0}, we obtain

G'eG"=T:M.
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Now we show that the inclusions
G'C Ef(v,w) and G" C E"(v,w)
are in fact equalities. Given
(y,2) € E*(x) x E"(x),
let (y,z) be asin (6.47). If (y,z) € C*, then it follows from (6.48) and (6.49) that

Iy D0 =1zl =Nyl

>zl = Kl )l = Tlyl = Kl (v, 2.

Since ||ly[l < v llzll, we have

I DI < Iyl + llzlh = T+ )izl

and thus,
1G, DI = (r" = yo)lzll — 2K (3, D)

7! — YT
— —2K - 6.52
z( T+ )Il(y 2l (6.52)

On the other hand, if (y, z) € C%, then ||z|| < y||y|| and

1G5, DI < 151+ 11z
<zllyl+ Kl 2l + 1zl + KL 2l
<(t+yr )yl + 2K, DIl

Since

I, =Nyl = llzll = A =)yl

we obtain

. T+yt!
13,2 < (% + 2K> I DI (6.53)
Now we assume that E*(v, w) \ G" # @. Each vector g € E¥(v, w) \ G* can
be written in the form ¢ = g5 + ¢y, with g, € G* \ {0} and g, € G". It follows
from (6.52) and (6.53) that
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t+yr! " _
llgsl < (ﬁ +2K> ”d(v,w)F "qs ”

+yr! "
- (% + 2K> ldw.uw F " (@ — a4

<a"llg —qull (6.54)

where
v (t+ytH/d—y)+2K
- @l =yo/d+y) -2K
Taking ¢ and y sufficiently small so that @ < 1 and letting m — oo in (6.54), we
obtain g; = 0. This contradiction shows that G¥ = E* (v, w). One can show in an
analogous manner that G* = E* (v, w).

Finally, we establish the continuous dependence of the spaces E*(v,w) and
E"(v, w) on the point (v, w). By (6.52) and (6.53), we have

+yr! "
ldew.w F" (.2 = (% +2K> Iy, 2l

for (v, z) € E*(v, w) and m > 0, and

—1 _ m
ldevm) F" (v, 2] < (% = 2K) Iy, 2l

for (y,z) € E*(v, w) and m < 0. One can now repeat the arguments in the proof
of Theorem 5.1 to establish the continuity of the spaces E*(v, w) and E*(v, w)
on (v, w). O
Step 4. C! regularity.

It remains to show that the function ¢ is of class C!. Taking o < y, we have
Twpw) V" CCF. (6.55)
On the other hand, it follows from (6.50) and (6.51) that
dw,w) FE* (v, w) = E*(F (v, w)) (6.56)
and

dw,w) FE" (v, w) = E"(F (v, w)) 6.57)

(compare with (5.30) and (5.31)). In particular, £*(v, w) and E"(v, w) are the
largest sets contained, respectively, in C* and C* and satisfying (6.56) and (6.57).
It follows from (6.45) and (6.55) that

Tw.pan V' CE* (v, 0(v))
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for v € Df. But since 7(y,4v)) V* and E°(v, ¢(v)) project both onto D7 (we recall
that V¥ is a graph over D7), we obtain

TV = E* (v, 9()) (6.58)
and thus, T(y,(v)) V* is a linear space of dimension
dim E* (v, ¢(v)) = dim E* (x).

It follows from Lemma 6.1 that the function ¢ is differentiable. Moreover, by
Lemma 6.3, the function v — E*(v, ¢(v)) is continuous since it is a composition
of continuous functions and thus, V* is a manifold of class C!. One can show in
an analogous manner that V* is a manifold of class C 1 Taking v = 0, it follows
from (6.58) and the corresponding identity for V* that

ToVS=E® and TyV"=E"
This establishes the identities in (6.37). Il

Definition 6.2 The manifolds V*(x) and V*(x) or, more precisely, the manifolds
VS (x) N B and V*(x) N B are called, respectively, stable and unstable manifolds at
the point x.

By (6.36), V*(x) is forward f-invariant and V*(x) is backward f -invariant.
Theorem 6.2 is a particular case of a more general result (Theorem 6.3) for arbi-
trary hyperbolic sets.

6.2 Stable and Unstable Invariant Manifolds

In this section we establish a basic but also fundamental result on the behavior of
the orbits of a diffeomorphism with a hyperbolic set. It is in fact a substantial gener-
alization of the Hadamard—Perron theorem (Theorem 6.2) on the existence of stable
and unstable manifolds for a hyperbolic fixed point. More precisely, it establishes
the existence of stable and unstable manifolds for all points of a hyperbolic set.

6.2.1 Existence of Invariant Manifolds

Let A be a hyperbolic set for a C! diffeomorphism f: R? — R”. Given ¢ > 0, for
each x € A, we consider the sets

Vi) ={yeBx.e): | ") — f*x)| <& forn>0} (6.59)
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and

Vi) ={yeBx,e): || f*(y)— f"(x)| <eforn <0}, (6.60)

where B(x, ¢) C RP? is the ball of radius ¢ centered at x. Clearly, x € V¥ (x)NV*(x).
We also have

F(VS@)) CVE(f(x) and  fH(V*@) c VE(F ). (6.61)

Example 6.1 Let A be the Smale horseshoe constructed in Sect. 5.2.2. For any point
x € A outside the boundary of the square [0, 112, given & > 0 sufficiently small, the
set V*(x) is a horizontal line segment and the set V*(x) is a vertical line segment.
In order to determine V*(x) and V*(x) at the remaining points, we would need to
know explicitly the diffeomorphism f outside the square.

Now we consider arbitrary hyperbolic sets.

Theorem 6.3 (Stable and Unstable Manifolds) Let A be a hyperbolic set for a
C! diffeomorphism f: R? — RP. For any sufficiently small & > 0, the following
properties hold:

1. for each x € A, the sets V*(x) and V*(x) are manifolds of class C' satisfying
T.Vi(x)=E*(x) and T,V"(x)=E"(x);
2. there exist p € (0, 1) and C > 0 such that
| ") = @ | <Coly —xIl fory e Vi)

and

1£7") — @) =Cp"lly — x|l fory e V' (x),

forany x € A andn € N.

Proof The proof is an elaboration of the proof of Theorem 6.2 and so we only
describe the changes that are necessary.
For each x € A, consider the map f, : R? — R” defined by

) =f+x)— fx).
One can write f, in the form
fr(v,w) = (ASv+ g3 (v, w), Alw + g% (v, w)) € E*(x) ® E*(x)
for each (v, w) € E*(x) & E"(x), where

Ay =d fIES(x): E*(x) > E*(f(x)
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and
AY=d, fIE"(x): E"(x) > E"(f(x)).

We note that A5 and A% are invertible linear transformations and that g} and g¥ are
C! functions with

8:(0) =0, 8¢ (0)=0, dog, =0, dogy = 0.

Moreover, one can always assume that the inner products (-, ), in the tangent spaces
T R? are such that

[as] <7 and (407 <7

for any x € A and some constant T € (0, 1).
Now we consider separately each orbit of f. Given x € A and n € Z, write the
map F, = fyn(y) in the form

Fp(v,w) = (Agv + gn (v, w), Byw + hy (v, w)), (6.62)
where
An=Amr Ba=Al  @a=8my n=8e

We also consider the spaces

ES=E*(f"(x)) and E=E"(f"(x)).
The linear transformations

Ay Ey—E,. and B,: Ej— E})
satisfy

Azl <t and ||Bn_1||<r

for each n € Z. Moreover,
(2, 8) N =F+x) = f(x) —di fy

and the function
G:(x,y)>dy(gh.8Y) =dysx f —di f

is continuous since f is of class C!. Since A is compact, given ¢ > 0 and open balls
B5.(x) CE*(x) and Bj, (x) C E"(x)

of radius 2¢ centered at the origin, the function G is uniformly continuous on the
set

{(x, y):x€A,ye D,s(x)}, where D¢ (x) = B;,(x) @ B}, (x).
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Since G (x, 0) =0, we have
K :=sup{|G(x, )|l : (x,y) € A x De(x)} -0
when ¢ — 0. Moreover,
ldw,w)gnll <K and ||dwuhnll < K
forn € Z and (v, w) € D_g ® D_é‘, where
D;=B;(f"(x)) and D =B;(f"(x).

Given o € (0, 1], let X be the space of sequences ¢ = (¢,)nez of functions
¢n: D — EY such that ¢, (0) =0 and

llon (V) —@p(w)l <ollv —wl|

for n € Z and v, w € D}. One can easily verify that X is a complete metric space
with the distance

d(@, ¥) =sup{llgn(v) =¥ (W)l :n € Z, v € D;}.

We want to show that there exist functions ¢,, such that
Vs(f”(x))Dx—i—{(v,gon(v)):veDg} (6.63)

for n € Z. We first proceed formally, assuming that (6.63) holds. It follows from
(6.62) and the invariance in (6.61) that

Fy (U, ‘Pn(v)) = (Anv + &n (U’ Pn (U))a By (v) + hy (v, @n(v)))
and

Bngn(v) + hy (U» (pn(v)) = $n+1 (Anv +&n (U, @n (U)))
Thus,

00 (V) = B ' 0ni1 (Anv + 80 (v, 00 (v))) = By 'ha (v, 0u (v)

for each n € Z. This leads us to introduce a map 7 on X by

T(@)n(V) = By '@ 1 (Anv + 80 (v, 02 (v))) = By 'ha (v, 00 (v)).

We note that ¢ = (¢,),ez is a fixed point of T if and only if the graphs of the
functions ¢, in (6.63) satisfy the invariance property in (6.61). Hence, if we prove
that 7 has a unique fixed point ¢ € X, then the sets on the right-hand side of (6.63)
coincide with V¥(f"(x)) in some open neighborhood of 1" (x).

The remaining steps are analogous to those in the proof of Theorem 6.2 and thus
are omitted. 0
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6.2.2 Local Product Structure

In this section we show that some hyperbolic sets have what is called a local product
structure. Let A be a hyperbolic set for a C! diffeomorphism f: R? — R”. Given
X,y € A, we write

[x,y]=Vix) N V().

Definition 6.3 A is said to have a local product structure if there exist ¢ > 0 and
& > 0 such that

card[x,y]=1 and [x,y]le A

for any x, y € A with ||x — y|| < § (with the constant ¢ as in Theorem 6.3).
When A has a local product structure, we obtain a function
[l { ) edx Ax -yl <8} —> A.

Now we consider a class of hyperbolic sets for which there exists a local product
structure.

Definition 6.4 A hyperbolic set A for a diffeomorphism f: R” — RP? is said to be
locally maximal if there exists an open neighborhood U O A such that

A= ﬂ FHU).

nez

In other words, a hyperbolic set is locally maximal if all orbits remaining in some
open neighborhood of A are in fact in A.

Theorem 6.4 Any locally maximal hyperbolic set A for a C' diffeomorphism f has
a local product structure.

Proof By Theorem 5.1, the spaces E*(x) and E¥(x) vary continuously with x € A.
This implies that the map

Asx Z(ES(x), E“(x)) € (0, 7/2]

is continuous since it is a composition of continuous functions. On the other hand,
since A is compact, there exists an « > 0 such that

Z(E*(x), E"(x)) >a forx € A.
Now we show that there exists a § > 0 such that

Z(E*(x), E“(y)) > % (6.64)
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for any x,y € A with ||[x — y|| < 4. Given x € A, let Uy C A x A be an open ball
centered at the pair (x, x) such that

Z(E*(y), E“(2)) > % for (y,z) € Uy. (6.65)

This is always possible since the function (y, z) — (E*(y), E*(z)) is continuous.
Moreover, since A is compact, the diagonal

D:{(x,x):xeA}CAXA

is also compact and there exists a finite subcover Uy, , ..., Uy, of D. Now take § > 0
such that any open ball of radius 2§ centered at a point (x, x) € A X A is contained
in some open set Uy, (it is sufficient to assume that 26 is a Lebesgue number? of the
open cover of D formed by the sets Uy, N D, fori =1,...,n). Givenx, y € A with
lx — yll <38, we have

G, y) = ) =110,y =)l < ly — x| < 6.

Hence, the point (x, y) is in some open set Uy, and it follows from (6.65) that
inequality (6.64) holds.
Now take & > 0 in (6.59) and (6.60) such that

UV muviw) cu, (6.66)

xXeA

with the open set U as in Definition 6.4. By Theorem 6.3, the manifolds V*(x)
and V(x) are graphs of C! functions. Moreover, they are tangent, respectively, to
the spaces E*(x) and E*(x). This implies that taking ¢ sufficiently small, one can
make the constant o in (6.41) as small as desired. Since the angle between E*(x)
and each tangent space to V*(x) is at most tan~! o, the angle between E*(y) and
each tangent space to V¥ (x) is contained in the interval

d —tan'o i —i—tan*1 o
2 )

(see Fig. 6.2). Thus, the angle between each tangent space to V¥ (x) and each tangent
space to V*(y) is contained in the interval

“_ 2tan”! o, ad +2tan" o
2 2

(see Fig. 6.2). Taking o sufficiently small so that

1 1

E—Ztan* o>0 and g+2tan* o<z,
2 2 2

2Theorem (See for example [43]) Given an open cover of a compact metric space X, there exists
a positive number § (called a Lebesgue number of the cover) such that any subset of X of diameter
less than § is contained in some element of the cover.



6.3 Geodesic Flows 137

E'(x)

E*(y)

Fig. 6.2 Tangent spaces to the manifolds V*(x) and V¥ (y)

we obtain
card[x, y] = card(V*(x) N V¥(y)) < 1

for any x, y € A with ||[x — y|| < §. Since the sizes of the open neighborhoods D}
and DY (see (6.40) and (6.42)) only depend on ¢, taking 6 sufficiently small yields
that card[x, y] = 1 for any x, y € A with ||x — y|| <.

Finally, it follows from (6.61) and (6.66) that f"([x, y]) € U for n € Z. Since the
set A is locally maximal, we conclude that [x, y] € A. O

6.3 Geodesic Flows

In this section we consider the geodesic flow in hyperbolic geometry. In particular,
we show how it gives rise to examples of hyperbolic flows. More precisely, after a
brief introduction to hyperbolic geometry and its geodesic flow, we introduce the
notion of a hyperbolic set for a flow and we show how to obtain examples of hy-
perbolic sets from the geodesic flow. We note that some basic results of hyperbolic
geometry are formulated without proof.

6.3.1 Hyperbolic Geometry

Consider the upper half-plane
H={zeC:Imz >0},

with the inner product in each tangent space T,H = C = R? given by

~ (v,w)
~ (Img)?’

(v, w), (6.67)
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where (v, w) is the standard inner product in RZ2. The inner product in (6.67) induces
the norm

ol
ole =1 (6.68)
mz

Hence, the length of a C! path y : [0, 7] — H is given by

y:/T ly' ()] it
o Imy ()

Definition 6.5 The hyperbolic distance between two points z, w € H is defined by

d(z,w) =infL,,

where the infimum is taken over all C! paths joining z to w, that is, all C! paths
y:[0,7] > H with y(0) =z and y (1) = w.

Now let S*L(2, R) be the group of matrices

a b
(e a)
with real entries and determinant 1 or —1, and define maps 74 on H by

az+b or T()_aZ—i—b
Tz td S

(6.69)

respectively, when ad — bc =1 or ad — bc = —1. Clearly, the matrices A and —A
represent the same map, thatis, T_4 = T4.
We also recall the notion of an isometry.
Definition 6.6 A map 7 : H — H is said to be an isometry if
d(T(2), T(w)) =d(z, w)

for any z, w € H.

Now we show that the elements of the group S*L(2, R) or, more precisely, the
maps in (6.69), are isometries.

Proposition 6.3 The maps T4 in (6.69) take H to itself and are isometries.

Proof We first show that S*L (2, R) is generated by the group SL(2, R) of matrices

(e a)
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with real entries and determinant 1 and by the matrix

B=<_01 ‘f)

Indeed, if A has determinant 1, then the matrix

a by(—-1 0 —a b
=2 2) (5 V)= 0)
has determinant —1. This yields the desired result since all matrices with determi-
nant —1 can be written in this form.

Now we show that the maps T4 defined by matrices A with determinant 1 (called
Mobius transformations) and the map z +— —z = Tp(z) take H to itself. If

az+b
cz+d

w="Ta(z) =

)

then
_(az+b)(cz+d)
ez +d)?

_ aclz|? +adz + bcz + bd
N lez +d|?

and thus,

w—w
2i
_ (ad —bc)z — (ad — be)z
o 2ilcz +d|?
-z
" 2ilez+d|?
I
—_me > 0.
lcz +d|?

Imw =

(6.70)

This shows that w € H. We also have

. —I—=z
Im(—Z) = 2—1

-7
= =1Im 0.
2i £z

It remains to show that these maps preserve the hyperbolic distance. For this it
is sufficient to show that the length of any C! path is preserved under their action.
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Indeed, the image of a C! path under a map T} is still a C! path and all C! paths
are of this form. Hence,

d(Ta(z), Ta(w)) =infLg,
where the infimum is taken over all paths @ = T4 o y obtained from a C! path y
joining z to w. Now let y : [0, 7] — H be a C! path and let

ay(t)+b

at) =Ta(y (@) = m,

with A € SL(2,R). We have
_ay' Oy @) +d) —cy' ) (ay @) +b)

@« ® (cy () +d)?
_ad—bc "
ey +a2’
= 7(6)/0) +d)2y’(t) (6.71)
and, as in (6.70),
_ Imy(@)
e =@ v ar
Hence,
La:/t |a (t)l dl
o Ima(r)
Z/f YOI ley@+dP?
o ley@®+d?  Imy@)

=/T ly'(®)] di=1,.
o Imy(?)

Finally, if a(¢) = —y (1), then
a'(t)=—y'(t) and Ima(r) =Imy(2).

La:/f o/ ()] dt:/’ YOl
o ma) "~ Jy Imy@)

This completes the proof of the proposition. g

Hence,

Since the matrices
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Fig. 6.3 Geodesics of H

N

PSL(2,R) = SL(2, R)/{1d, —1d}

represent the same map, we also consider the groups

and
PS*L(2,R) = S*L(2,R)/{Id, —1d},

where two matrices are identified if one is the negative of the other. Proposition 6.3
says that P S*L(2, R) and its subgroup PSL(2, R) are formed by isometries.
Now we consider the geodesics, that is, the shortest paths between two points.

Proposition 6.4 The geodesics between two points of H are the vertical half-lines
and the semicircles centered at points of the real axis (see Fig. 6.3). More precisely,
given z € Hand v € C\ {0}:

1. if v is parallel to the imaginary axis, then the geodesic passing through z with
direction v at this point is the half-line {z + vt : t e R} N H;

2. if v is not parallel to the imaginary axis, then the geodesic passing through z
with direction v at this point is the semicircle centered at the real axis that is
tangent to v at the point 7.

Proof Take z =ic and w = id, with d > ¢. Let y: [0, 7] — H be a C' path with
y(0) =z and y(r) = w. Writing y (¢) = x(¢) + iy(¢), we obtain

b= (L0, [0,
o Yy(@) o Y
0

y(@)
On the other hand, for the C! path «: [c, d] — H defined by « () = it, we have

d 1o/ (¢ dq d
La:/ [ )] dt:/ Sdi=logZ.
. Ima(t) et c

Comparing with (6.72), we conclude that the geodesic joining ic to id is the vertical
line segment between these two points.
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Now let z, w € H be arbitrary points with z = w and let R be the unique vertical
line segment or the unique arc of circle centered at the real axis joining z to w. One
can show that there exists a Mobius transformation 7' such that T (R) is a vertical
line segment on the positive part of the imaginary axis (we recall that Mobius trans-
formations take straight lines and circles to straight lines or circles). It follows from
the previous argument and Proposition 6.3 that the geodesic joining the points z and
w is precisely R. O

6.3.2 Quotients by Isometries

In this section we consider the quotient of H by subgroups of isometries. The
procedure is analogous to an alternative construction of the torus T”. Namely, let
T;: R" - R, fori =1, ..., n, be the translations

Ti(x)=x+ei,

where e; is the ith vector of the standard basis of R”. Then the torus T” is obtained
identifying the points of R" that can be obtained from each other applying succes-
sively any of the maps 7; and their inverses Tl._l. Givenm = (my, ...,my,) € Z, we
have

(T/" o Ty 0+ 0 T)")(x) =x + m.

Since the maps T1, ..., T,, commute, the points x 4+ m are precisely those that can
be obtained from x successively applying the maps 7; and their inverses. In other
words, two points x, y € R” are identified if and only if x — y € Z" and thus, this
procedure yields the torus T".

The genus of a connected orientable surface M is the largest number g of closed
simple curves y1, ..., ¥, C M with

)/jﬂ)/j:@ fori # j

such that M \ Ule y; is connected. It can be described as the number of handles on
the surface. For example, the sphere has genus 0 and the torus T2 has genus 1 (see
Fig. 6.4). See Fig. 6.5 for a compact surface of genus 2.

Now we consider the group of isometries PSL(2, R). We show that each com-
pact surface of genus at least 2 can be obtained as the quotient of H by a subgroup
of PSL(2,R).

Proposition 6.5 Given g > 2, there exists a subgroup G of PSL(2,R) such that the
quotient H/ G is a compact surface of genus g.

Proof We first consider the map

z—1
z+i

T(z)=
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Fig. 6.4 The torus T?

Fig. 6.5 A compact surface
of genus 2

One can easily verify that T maps H onto the unit disk
D={zeC:|z| < 1}.
Indeed, T'(i) =0 and each x € R is mapped to a point with modulus

xX—1
x+i

lx — i

IT(x)| = Tt

Moreover, the map T takes geodesics to diameters of ID or circular arcs that are
orthogonal to the boundary of .

Given r € (0, 1), consider the points z; = re!™ /4 for k =0, ..., 7. We also con-
sider the circular arcs

Ri, Ry, R3, R4, R}, R}, R}, R, (6.73)

that are orthogonal to the boundary of D, determined successively by the pairs of
points

(20, z1), (z1,22), --., (26,27), (27,20)

(see Fig. 6.6). Now take r such that the sum of the interior angles of the octagon in
Fig. 6.6 is 2. One can show that there exist unique Mobius transformations T, for
Jj=1,2,3,4, such that

Sj(Rj)=R, whereS;=ToTjoT",
reversing the direction of the arcs, that is,
S1(z0) = z5, $2(z1) = z6, S3(z2) = 27, S4(z3) = 20.

Finally, let G be the group generated by the Mobius transformations T, T, T3
and 7. One can verify that the quotient HI/ G is a compact surface of genus 2.
Replacing the 8 arcs in (6.73) by 4g arcs such that the sum of the interior angles
of the polygon that they determine is equal to 277, we obtain in an analogous manner
a quotient of H that is a compact surface of genus g. g
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Fig. 6.6 Arcs R; and R;. for
Jj=12.3,4

6.3.3 Geodesic Flow

In this section we describe the geodesic flow on H or, more precisely, on its unit
tangent bundle

SH = {(z,v) e HxC: Jv]. =1},

where the norm |v|, is given by (6.68).

Example 6.2 The C! path y: R — H defined by y(t) = ie’ travels along the
geodesic {z € H : Rez = 0}. Moreover,

<i€t, iet)l/Z
Im(ie?)
~{(0,¢"), (0, )/

el

' Oy =

Thus, we obtain a path
Rt (y@),y'(t)) € SH
in the unit tangent bundle with (y (0), y'(0)) = (i, i).

Now let us take (z, v) € SH. One can show that there exists a unique Mdbius
transformation T such that (see Fig. 6.7)

T()=z and T'(i)i=v,

which thus takes the geodesic ie’ traversing the positive part of the imaginary axis
to the geodesic y (¢) passing through z with direction v at this point. More precisely,
let x,y € R U {00} be, respectively, the limits y (—o0) and y (+00). We consider
four cases:
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Fig. 6.7 The Mobius
transformation 7'

T
D N
1. when x,y € Rand x < y, we have
ayw + x —X
T(w):u, where o = £ ;
aw+1 z—Yy
2. when x, y € R and x > y, we have
w—ao —
T(w):u, WhereozzZ y;
w—ao Z—X

3. when x € R and y = oo, we have
T(w)=aw+x, wherea =Imz;
4. when x =00 and y € R, we have
T(w)=—a/w+y, wherea=Imz.

Now we use the map 7 (that depends on z and v) to introduce the geodesic flow.

Definition 6.7 The geodesic flow ¢;: SH — SH is defined by
pi(z,v) = (v, '),

where y (1) = T (ie").

We verify that ¢; is indeed a flow.
Proposition 6.6 The family of maps ¢, is a flow of SH.

Proof Writing

az+b
T(z)= ,
@ z+d
it follows from (6.70) and (6.71) that
Imy (1) Im(ie) 4 40 ie!
m =——— an =
Y = ie v P v (cie' +d)>
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Thus,
e’ lcie! +d|? B
lcie! +d|?>  Im(ie!)

1Y Olyw) =

and hence, ¢, (SH) C SH.
Now we show that ¢, is a flow. We have

90(z,v) = (v(0), ¥ (0))
= (T, T'()i) = (z,v).
Moreover,
(00 99)(z,v) =@ (¥(5), ¥/ ()

with y (s) = S~ (ie*), where S(w) = T (¢*w). Indeed, writing R = S~!, we have

R(y(s) =e T (T (ie*)) =i

and
R'(y(s)y'(s)=(Roy) )=
= (ie™ )| _ =i.
Hence,
(¢ 0 9)(z,v) = (1), &' (1)),
where

at)=S(ie")=T(ie'™) =y +s),
which yields the identity
(@1 0@s)(z, V)= (Yt +9), ¥ (1 +5)) = @45z, V).

This completes the proof of the proposition. U

We also introduce a distance on SH. Given (z, v), (z/,v') € SH, lety: [0, 1] — H
be the unique geodesic arc such that

y0 =z and y()=2.

Let also F': [0, 1] — H \ {0} be a continuous vector field with F(0) = v such that
the angle between F(¢) and ' (z) is equal to the angle between v and y’(0) for every
t € [0, 1]. The distance between (z, v) and (z’, v’) is defined by

d((z,v), (@ ,v)) =vd(z,2)? +a?, (6.74)

where « is the angle between F(1) and v'. One can verify that there exist inner
products (-, -)(z,y) on the tangent spaces 7, ,)SH that yield this distance.



6.3 Geodesic Flows 147

6.3.4 Hyperbolic Flows

In this section we first introduce the notion of a hyperbolic set for a flow. We then
show that for the geodesic flow in hyperbolic geometry any compact quotient is a
hyperbolic set.

Let ¢;: M — M be a flow of a manifold M. We always assume that the map
(t, x) — @:(x) is of class C!. We recall that a set A C M is said to be @-invariant,
where @ = (¢;):eRr, if 9;(A) = A fort € R.

Definition 6.8 A compact @-invariant set A C M is said to be a hyperbolic set
for @ if there exist A € (0, 1), ¢ > 0, and decompositions

TM=E*(x)® E°(x) ® E*(x) forxeA
such that, for any x € A:
1. E%(x) is the space of dimension 1 generated by the vector
X(x)= i</Jt(x) ;
dt =0
2. foreacht e R,
depE*(x) = E*(¢(x)) and  dyg, E"(x) = E" (¢ (x)); (6.75)

3. foreachr > 0,
ldy@ev|l < cAlllv]|  forv e E*(x)
and
ldyp—_iv|| < cA'|lv||  forve E(x).
The linear spaces E*(x) and E"(x) are called, respectively, the stable and unstable

spaces at the point x.

Now we consider the particular case of the geodesic flow in hyperbolic geometry.
For a quotient HI/G as in Sect. 6.3.2, the inner product (-, -)(;,,) on each tangent
space

Tz nSMH/G) =T, SH
is the one yielding the distance d on S(H/G) (see (6.74)).
Theorem 6.5 For the compact surface H/ G of genus g > 2 in Proposition 6.5, the

unit tangent bundle S(H/ G) is a hyperbolic set for the geodesic flow. Moreover, for
each (z,v) € S(H/G), there exist manifolds

Vi(z,v), V¥(z,v) C S(H/G)
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Fig. 6.8 The sets H; , and
Htt ’
Z,v

v

Fig. 6.9 The sets V*(z, v)
and V" (z,v)

containing (z, v) that are tangent, respectively, to the stable and unstable spaces at
(z, v) and which satisfy

o (V"2 0) =V (z,v)) and ¢ (V°(z,v) =V (g (z,v)) (6.76)

forany (z,v) € SHandt e R.

Proof Given (z,v) € SH, let y(¢) be the geodesic with y(0) = z and y'(0) = v.
Moreover, let H; , and H', be the circles passing through z that are tangent to the
real axis, respectively, at the points y (4+00) and y(—o0o) (see Fig. 6.8). Now we
consider the set

V*(z,v) C S(H/G)

formed by the vectors with norm 1 that are on HZS’U, are normal to HZ{U,

in the same direction as v (see Fig. 6.9). Analogously, we consider the set

and point

V¥ (z,v) C SH/G)
formed by the vectors with norm 1 that are on Hz’f »» are normal to Hz’f »» and point
in the same direction as v (see Fig. 6.9). One can verify that the sets V*(z, v) and
V*¥(z, v) are manifolds of dimension 1. Moreover, property (6.76) holds. Indeed, the
restriction of the geodesic flow to H maps circles tangent to the real line and hori-
zontal lines to circles tangent to the real line or horizontal lines. On the other hand,
by (6.67), the angles are preserved under the action of the geodesic flow and thus,
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Fig. 6.10 The sets H;; and
H". '
ii

(i,1) H (i, i)

H(i,i)

the image of a normal vector to H , or H}!, is still a normal vector, respectively, to
the images of H; , and H' .

It remains to establish the third property in Definition 6.8 since then prop-
erty (6.75) follows from (6.76). We first note that it is sufficient to consider
the geodesic traversing the positive part of the imaginary axis, that is, the path
y: R — H given by y(¢r) = ie’. In this case, H}, is the circle having as diameter
the line segment between 0 and i, while H;; is the horizontal straight line passing
through i (see Fig. 6.10). For each ¢ > 0, we have

@i (i, 1) +h(1,0)) — @i (i, 1)

dii.ie:(1,0) = lim

h
el Lhiet) — (iet iet
— lim (E TR G IE) _qi00) 677)
h—0 h
and hence,
Idii,iyer (1, 0)llg, i,y = 11 +i0|;er = €. (6.78)

Finally, we note that the Mobius transformation 7'(z) = —1/z takes Hl:f ; to Hi”i,
while the derivative T’(i) = —1 reverses the direction of all vectors with norm 1.
Together with (6.77) and (6.78), this implies that

Idi.iyo—rvll = e~" v

for v e T(;;)V"(i,i) and t > 0. Therefore, S(H/G) is a hyperbolic set for the
geodesic flow. g

The sets V*(z, v) and V*(z, v) are called, respectively, the stable and unstable
manifolds at the point (z, v).
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6.4 Exercises

Exercise 6.1 Show that if 0 € R? is a hyperbolic fixed point for an invertible linear
transformation A: R” — R”, then

E*(0) = {y e R”\ {0} : A(y) <0} U {0}
and
E"(0)={y e R”\ {0}: A(y) > 0} U {0},

where
A(y) =limsup 1 log | A"y]. (6.79)
n—oo N

Exercise 6.2 Given a p x p matrix A, show that any two vectors vy, vy € R? \ {0}
with A(v1) #£ A(v2) (see (6.79)) are linearly independent.

Exercise 6.3 Let f be a diffeomorphism. Show that A is a hyperbolic set for f if
and only if A is a hyperbolic set for f~!.

Exercise 6.4 Determine whether a stable manifold can contain two periodic points.
Exercise 6.5 Show that the Smale horseshoe is locally maximal.
Exercise 6.6 Show that the solenoid A in Exercise 5.18 is locally maximal.

Exercise 6.7 Let A be a hyperbolic set for a diffeomorphism f: R” — R? with
E"(x) = {0} for each x € A. Show that A is the union of a finite number of periodic
points of f.

Exercise 6.8 Let x be a hyperbolic fixed point of a diffeomorphism f. Show that
for each n € N, there exists an open neighborhood V of x such that any periodic
point of f in V has period greater than .

Exercise 6.9 Determine whether there exists a homeomorphism f: T2 — T2 such
that f o T4 = Tp o f, where

2 1 31
A= <l 1) and B = (1 1).
Exercise 6.10 Construct a topological conjugacy & : R* — R? between the flows

determined by the differential equations x” = 3x and x’ = 4x, that is, construct a
homeomorphism / such that

hogp;=vY,0h fortelR,

where ¢; and v, are the flows determined by the two equations.
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Exercise 6.11 Determine whether the topological conjugacy h: R?> — R? con-
structed in Exercise 6.10 can be a diffeomorphism.

Exercise 6.12 Determine whether, up to compactness, the set R? satisfies the con-
ditions in the notion of a hyperbolic set for the flow ¢, : R* — R? defined by

9 (x, y) = (e'x,e7"y).

Exercise 6.13 Determine whether, up to compactness, the set R3 satisfies the con-
ditions in the notion of a hyperbolic set for the flow ¢, : R> — R3 defined by

@i(s,x,y) = (s +1,¢'x,e7"y).

Exercise 6.14 Determine whether there exists a topological conjugacy i : R? — R?
between the flows defined by the equations

x'=y, x'=y,
, and ,
y =—X y = —Zx.

Exercise 6.15 Determine whether there exists a topological conjugacy & : R?> — R?
between the flows determined by the equations

x/ =YV, _x/ =Y,
{ , Y and { , "
Yy =x y' =3x.
Exercise 6.16 Show that Mobius transformations map straight lines and circles to
straight lines or circles.

Exercise 6.17 Show that if A is a hyperbolic set for a flow @ = (¢;);cRr, then A is
not a hyperbolic set for the diffeomorphism ¢7, for any 7' € R.

Exercise 6.18 Show that if A is a hyperbolic set for a flow @, then the stable and
unstable subspaces E*(x) and E*(x) vary continuously with x € A.

Exercise 6.19 Give an example of a hyperbolic set A for a diffeomorphism f such
that h(f|A) =0.

Exercise 6.20 Show that any Anosov diffeomorphism has positive topological en-
tropy.



Chapter 7
Symbolic Dynamics

This chapter is an introduction to symbolic dynamics, with emphasis on its relations
to hyperbolic dynamics. In particular, it is sometimes easier to solve certain prob-
lems of hyperbolic dynamics, such as those concerning periodic points, after associ-
ating a symbolic dynamics (also called a coding) to a hyperbolic set. After introduc-
ing some basic notions of symbolic dynamics, we illustrate with several examples
how one can associate naturally a coding to several dynamical systems considered in
the former chapters. These include expanding maps, quadratic maps and the Smale
horseshoe. We also consider topological Markov chains, and we study their periodic
points, topological entropy, and recurrence properties. Finally, we consider briefly
the notion of the zeta function of a dynamical system.

7.1 Basic Notions

In this section we introduce some basic notions of symbolic dynamics. We also
compute the topological entropy of the shift map.

7.1.1 Shift Map

Given an integer k > 1, consider the set >t = {1,..., k}N of sequences
o= (i1 (@ir() ).
where i, (w) € {1, ..., k} foreachn € N.
Definition 7.1 The shift map o : E,:r — Z‘Ij is defined by
o (@) = (n(@)is@) ). (7.1)
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Clearly, the map o is not invertible.

Example 7.1 Given m € N, we compute the number of m-periodic points of o.
These are the sequences w € ¥ ,j' such that 0 (w) = w. It follows from (7.1) that w
is m-periodic if and only if

inam(@) = in(w) forneN, (7.2)

or equivalently, the first m elements of w are repeated indefinitely. Thus, in order
to specify an m-periodic point it is sufficient to specify its first m elements. On the
other hand, given integers ji, ..., jm € {1, ..., k}, the sequence w € E,j with

hw)y=j, forn=1,....,m

that satisfies (7.2) is an m-periodic point. Thus, the number of m-periodic points
of o is equal to

card({l, e, k}”’) =k".
Now we introduce a distance and thus also a topology on X ,j' . Given 8 > 1, for

eachw, 0’ € X;7, let

B ifw#d,
dw, ) = 7.3
@, ) :0 ifo=a, 73
where n = n(w, »’) € N is the smallest positive integer such that i, (w) # i, (o).

Proposition 7.1 For each B > 1, the following properties hold:

1. d is a distance on Z’,j;
2. (2+, d) is a compact metric space;
3. the shift map o : Elj — Z‘,j' is continuous.

Proof 1Tt follows from (7.3) that
dw,w)=d(w, o)

and that d(w, ") = 0 if and only if w = «’. Moreover, given o, ', ®” € Z’Ij, we
have

dw,0)y=p"", d,o)=pT",  do, o")=p"",
where n1, ny and n3 are, respectively, the smallest positive integers such that
in) (@) # iny (@), iny (@) 7 iny (@), iny (@) #iny(@"). (14

We note that if ny > ny and n3 > ny, then iy, () = ip, (@) =iy, (®”), which con-
tradicts (7.4). Hence, ny < nj or n3 < ni and thus,

B =pT or BB
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This establishes the triangle inequality.
In order to show that X Ij is compact, we first note that the sets

Cjroj ={we€ Zf tin(@) = jyforn=1,....m}, (7.5)
with ji, ..., jm € {1, ..., k}, are exactly the d-open balls. Equipping {1, ..., k} with
the discrete topology (in which all subsets of {1, ..., k} are open), the product topol-
ogy on Z’,j ={1,...,k}N coincides with the topology generated by the open balls
Cj...j, in (7.5). In other words, it coincides with the topology induced by the dis-
tance d. It follows from Tychonoff’s theorem! that (X", d) is a compact topological
space (it is the product of compact topological spaces, with the product topology).

For the last property, we note that if d(w, ') = 87", then
d(o(),0()) <p~ "V =pd, ")
and the shift map is continuous. d

It also follows from the proof of Proposition 7.1 that

dw, o) < max{d(a), o), d, w”)}.

7.1.2 Topological Entropy

By Proposition 7.1, o : E,j — Z’,j is a continuous map of a compact metric space.
Hence, its topological entropy is well defined (see Definition 3.8).

Proposition 7.2 We have h(c|Z;") = logk.
Proof Givenm, p € Nand w, o’ € X;", we have

dp (@, @) =max{d(aj(a)),(fj(w’)) :j=0,....m—1}.
Clearly, d(o/ (w), 0/ («')) = B~P if and only if

n=n(w,o)e{l+j,...,p+j}

ITheorem (See for example [43]) Any product of compact topological spaces equipped with the
product topology is a compact topological space.
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and thus,
dp(w,0)>pP ifandonlyif n<p+m—1. (7.6)
This implies that
N(m, p=P) < krtm=1 (7.7)

since the right-hand side is exactly the largest number of distinct sequences in Z’,j
that differ in some of their first p 4+ m — 1 elements.

Now we note that the number of (p + m — 1)-periodic points of o is kP T~ If
w and o’ are two of these points, then

dn(®, 0") = max{d(c/ (@), 0/ (@)): j=0,....om =1} > 7P (1.8)
since

n(w,w)el{l,...,p+m—1}.

Hence, N (m, B~P) > kP*™~1 and it follows from (7.7) that

N(m, ﬂ_p) — kp+m—l'

Finally,
+ . .1 -
h(o|X")= lim lim —logN(m,,B ”)
p—>oom—00 m
-1
= lim lim ptm=—1 logk =logk,

p—> 00 m—00 m

which yields the desired result. d

7.1.3 Two-Sided Sequences

One can consider in an analogous manner the case of two-sided sequences. Namely,
given an integer k > 1, consider the set Xy = {1, ..., k}Z of sequences

w= (- i-1(@ig(@)i()---).
Definition 7.2 The shift map o : X — X is defined by o (w) = ', where
in(@) =iy (w) fornelZ.

We note that the shift map on X is invertible.
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Example 7.2 In an analogous manner to that in Example 7.1, given m € N, a point
w € Xy is m-periodic if and only if

inam (@) = in(w) forneZ. (7.9)

Hence, in order to specify an m-periodic point w € X} it is sufficient to spec-
ify the elements i1 (w), ..., i (w). On the other hand, given integers ji, ..., jm €
{1, ..., k}, the sequence w € X} with

in(w)=ju forn=1,....,m

that satisfies (7.9) is an m-periodic point. This implies that the number of m-periodic
points of o | Xy is equal to k™.

Now we introduce a distance and thus also a topology on X%. Given 8 > 1, for
each w, v’ € Xy, let

B ifwa,

0 ifo=0o,

dw, o) =
where n = n(w, »’) € N is the smallest integer such that

in(w) #ip (@) or i_u(w) Fig (o).

One can verify that d is a distance on X.

7.2 Examples of Codings

In this section we illustrate how one can naturally associate a symbolic dynamics
(that is, a shift map on some space X k+ or Xy), also known as a coding, to several
dynamical systems introduced in the former chapters.

7.2.1 Expanding Maps

We first consider the expanding maps and their topological entropy.

Example 7.3 Consider the expanding map E»: S! — S!. As we observed in Ex-
ample 3.4, writing x = 0.x1x2--- € S in base-2 (with x,, € {0, 1} for each n), we
have

Er(O.xyxp---)=0.xpx3---.

This is precisely the behavior observed in (7.1) and thus, it is natural to expect that
there exists some relation between E; and 0|Z‘2+ .
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We define a function H : 22+ — Slby

H(iyig-+) =) (in— 127" =0.(1 = Dz — 1)~ (7.10)
n=1
Then
(Hoo)(iyip-+-)=H(izi3---) = Z(l’n+1 - 127"
n=l1

=0.Gb—-D@EG—-1---
= E(0.G1 = D@2 — 1))
= (Eyo H)(i1iz---),

that is,

Hoo=EyoH inXj. (7.11)
We note that the map H is not one-to-one since
H@y - ig211--)=H(@iy-+-i,122--+)

for any iy, ...,i, € {1, 2}. However, if B C Z‘Zr is the subset of all sequences with
infinitely many consecutive 2’s, then the map

H|(ZF\B): Zf \B—§! (7.12)
is bijective.

Example 7.4 Now we use the former example to find the number of m-periodic
points of the expanding map E,. By Example 7.1, the number of m-periodic points
of the shift map o| 22+ is 2. Only one of them belongs to B (see (7.12)), namely the
constant sequence (22 - --). Thus, the number of m-periodic points of (7|(Z‘2Jr \ B)
is 2™ — 1. We note that the set E; \ B is forward o -invariant and hence, the orbits
of these points are in fact in X"\ B.

On the other hand, it follows from (7.11) that

Hoo™=EYyoH inX, (7.13)

for each m € N. Now take w € Z‘;‘ \ B and m € N. Since the set Z‘;‘ \ B is forward
o-invariant, we have ¢ (w) € Z‘;‘ \ B. Moreover, since the function H |(22+ \ B)
is bijective, it follows from (7.13) that 6™ (w) = w if and only if

H(w) = H(c"(»)) = E5 (H(®)).
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Thus, w € Z‘; \ B is an m-periodic point of ¢ if and only if H (w) is an m-periodic
point of E>. This implies that the number of m-periodic points of the expanding
map E; is 2" — 1 (as we already saw in Sect. 2.2.2), namely

Xijoiy = H (i1 ipiy i ---) €S!

for (i1, ...,im) €{1,...,k}" \{(2,...,2)}. It follows from (7.10) that

m
Xipooiy = Z — 127" 1 +27Mm 4 —2m + .. )

1 m
=—— (n—D27"
1—2-m =

1 m
= o 2= 2"

n=1

The sum Y ', (i, — 1)2"" takes the values 0, 1,...,2™ — 1 since (i1, ..., in) #
(2,...,2). Hence, we recover the periodic points already obtained in (2.2).

The following example also illustrates how a coding can be used to compute the
topological entropy.

Example 7.5 Consider the restriction E4|A: A — A of the map E4, where A is the
compact forward E4-invariant set in (2.11). Writing x =0.x1x3--- € § 1'in base-4,
with x, € {0, 1, 2, 3} for each n € N, we have

Es(0.x1x2---)=0.x0x3--- .

Now we define a function H : Z‘;‘ — S by

oo
H(ijip--) =) 201 = D4™" =0.jij2--,

n=1
also in base-4, where
jn=2@,—1)€{0,2} forneN. (7.14)

‘We have

o0

(Hoo)(itig-++)=Hiziz---) =Y 2int1 — 47"

n=1

and

(Eqo H)(iyin---) =E40.j1j2---)=0.j2j3---.
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Hence, it follows from (7.14) that
Hoo=E4soH inX).

We note that the map H is one-to-one, unlike in Example 7.3. It is also a homeo-
morphism onto its image H (22+ ) = A. Indeed, given w, o’ € Z‘; with w # @', we
have

o0

dgi (H(@), H)) <Y 247" = 847

(ﬁ—n)log4/log/5

00 Wloo I

= —d(w, w/)log4/logﬁ’

where n = n(w, »’) € N is the smallest integer such that i, (w) # i, («’) and where
dg¢ is the distance on S I On the other hand, given

x=0.j1j2-, X' =0.j{jp--- €A,

or equivalently, (jij2---), (j{j5---) € {0, 2}, we have

d(H ), H () = d (Z 20 = DA, 302005~ 1)4_}1)’
n=1 n=1

with
Jn=2(n—1) and j,=2G,—1)
for n € N. Now take x # x’ such that
dgi(x,x")=|x —x'].
If n € N is the smallest integer such that j, # j,, or, equivalently, i, # i), then
> 1
do(x,x)>2:47"— Y 2.4 = 54—"+1

m=n+1
and
d(H_l(x), H_l(x/)) =" — 4~—nlogB/logd
1 log4
(3 L)
4 3
3 log B/log4
=< <Zd51(x,x’))
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This shows that H : Z‘;‘ — A is a homeomorphism. Finally, it follows from Theo-
rem 3.3 together with Proposition 7.2 that

h(E4]A) = h(o| ) =log2,

as we already obtained in Example 3.18.

7.2.2 Quadratic Maps

In this section we consider a class of quadratic maps.

Example 7.6 Given a > 4, 1let f: [0, 1] — R be the quadratic map
f(x)=ax(l—x)

and let X C [0, 1] be the forward f-invariant set in (3.27). We also consider the
restriction f|X: X — X. Now we define a function H : Z‘;‘ — X by

o]

H(lllZ): mf7n+llin’ (715)

n=1

where

L=[0,(1—y1—4/a)/2] and L=[(1+1-4/a)/2,1].

We show that for any sufficiently large a the map H is well defined, that is, the
intersection in (7.15) contains exactly one point for each sequence (i1iz---) € Z‘; .

Given a > 2 + +/3, we have
If'@)=all =2x|>1>1 (7.16)
for x € Iy U I, where A = a+/1 — 4/a. Hence, each interval
m
Iil"‘i;11 = m f_n+11in
n=1
has length at most A~("~1 and thus, each intersection in (7.15) contains exactly one
point. Since f~'[0, 1] = I; U I, it follows from (3.27) that
(0.¢]
X=(sr"thuvy= |J Hip),
n=0 (i1ip-)exy

and the map H is onto. It is also invertible, with its inverse given by H~'(x) =
(i1i---), where i, = j when f"~!(x) e I;, foreachn € N.
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We also show that H is a homeomorphism. Given distinct points w, w’ € 22"’
with n =n(w, ®') > 1, we have

H@) — H@)| =aii,,.

where a;,...;, , is the length of the interval /; . It follows from (7.16) that

17+in—1
|H(w) — H@)| <272 =0

when n — oo. This shows that the map H is continuous. On the other hand, given
distinct points x, x” € X, there exists an n € N such that

I; =1,

poinoy =iy and - Ly, O Ly = 9, (7.17)
where
H'(x)=(i1ia--) and H™'(X)=(}i}-).
Then
d(H™ (), H™' () =p™" >0

when n — oo. It follows from (7.17) that |x — x'| > A~ =D and thus, if x’ — x,
then n — 0o. This shows that the map H ! is continuous.

Since H : 22+ — X is a homeomorphism, it follows from Theorem 3.3 together
with Proposition 7.2 that

h(f1X)=h(c|Z) =log2.

7.2.3 The Smale Horseshoe

We also associate a symbolic dynamics to the Smale horseshoe.

Example 7.7 Let A C [0, 112 be the Smale horseshoe constructed in Sect. 5.2.2
from a diffeomorphism f defined in an open neighborhood of the square [0, 1]>. We
continue to consider the vertical strips V| and V; in (5.5) and we define a function
H: X — Aby

H("'i—liOil"')zﬂf_nVin- (7.18)

nez

In order to verify that H is well defined, consider the sets

Ry(@) = () Vi,

k=—n



7.2 Examples of Codings 163

where w = (---i_1igi - - - ). Each R, (w) is contained in a square of size a” and thus,
diam R, (w) — 0 when n — oo. This implies that each intersection

() f"Vi =) Ra(®)
nez nez

has at most one point. On the other hand, since R, (w) is a decreasing sequence

of nonempty closed sets, the intersection (), .y Rn(w) has at least one point. This

shows that card H (w) = 1 for each w € X» and the function H is well defined.
Moreover, it follows from the construction of the Smale horseshoe that

A=()f"(UV)

nez
=UNsr=U Ho
weX)nel weX)

and thus, the map H is onto. In order to show that it is one-to-one, let us take
sequences w, @’ € Xy with w # '. Then there exists an m € Z such that i,, (w) #
im (") and thus also

‘/im (o) n ‘/lm (') = a.
Hence,
H(w)NH (o) = (ﬂ f in<w>> n (ﬂ T Vzﬁ(w/)) =92.
nez nez

This shows that H (w) # H (') and the map H is one-to-one.

We also have

Ho@)=()f"Viw)

nez

= """ Vi) = f(H()),

nez
that is,
Hoo=foH inX;.

Given m € N and w € X, we obtain
H(o™ (@) = f" (H ().

This implies that w is an m-periodic point of ¢ if and only if H (w) is an m-periodic
point of f|A. Moreover, w is a periodic point of o with period m if and only if H (w)
is a periodic point of f'| A with period m. In particular, it follows from Example 7.2
that the number of m-periodic points of f|A is 2™.
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7.3 Topological Markov Chains

In this section we consider a class of subsets of Z‘Z‘ that are forward o -invariant.
They give rise to topological Markov chains.

7.3.1 Basic Notions

Given an integer k > 1, let A = (a;;) be a k x k matrix with entries g;; € {0, 1} for
each i and j. We consider the subset of X ,j defined by

X ={we X ai, i (@ =1 forn e N}. (7.19)
Clearly, o (Z‘X) C Z‘X. This allows one to introduce the following notion.

Definition 7.3 The restriction o | E:{: EX — Ej is called the fopological Markov
chain with transition matrix A.

It is also common to use the alternative expression (sub)shift of finite type to refer
to a topological Markov chain.

Example 7.8 Let A be the k x k matrix with all entries equal to 1. In this case, it
follows from (7.19) that X7 = Z,QL and thus, the topological Markov chain o |ZJ/;F

coincides with the shift map o: X" — X"

Example 7.9 For the matrix

0 1
A=(1 1), (7.20)

E/Jar = {‘0 € 22+ L @iy (@)ing1 (@) = 1 TOorn € N}

we have

={we X} : (in(®), ins1(@)) # (1, 1) for n € N}.

In other words, Z‘X is the subset of all sequences in Z‘ZJ“ in which the symbol 1 is
always isolated (whenever it occurs).

One can consider in an analogous manner the case of two-sided sequences.
Namely, given an integer k > 1, let A = (a;;) be a k x k matrix with entries
a;jj € {0, 1} for each i and j. We consider the subset of X} defined by

EA = {a) € Ek :a,'n(w),-nﬂ(w) =1forne Z}.

We have o (X4) = X4 and thus, one can introduce the following notion.
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Definition 7.4 The restriction o|X4: X4 — X4 is called the (two-sided) topolog-
ical Markov chain with transition matrix A.

We also give some examples.

Example 7.10 For the matrix
0 1
=( o)

ZA = {a) € 22 L4y (w)ipy (@) = 1forn e Z}

we have

={w e 2y :in(0) # ins1(w) forn € Z}.
Hence, the set X4 has exactly two sequences, namely
wr=(--ig---) and wr=C(--jo---),

where

. 1 ifniseven, . 2 ifniseven,
i = o and j,= L
2 ifnis odd 1 ifnisodd.
We note that o (w1) = wy and o (w2) = w;. Thus, ¥4 = {w;, w»} is a periodic orbit
with period 2.

Example 7.11 Let ¥ C X, be the subset of all sequences in X» in which the sym-
bol 1 occurs finitely many times and always in pairs (when it occurs). Clearly,
o(X) = X and one can consider the restriction o|X: X — X. Now we show that
o| X is not a topological Markov chain. Consider the sequence w = (---ip---) with
ip=1i1=1andi; =2 for j ¢ {0, 1}. We note that w € X. Thus, if 0| X was a topo-
logical Markov chain, then we would have X' = X. Indeed, the sequence w contains
the transitions 1 - 1, 1 - 2,2 — 1 and 2 — 2. Since X # X, we conclude that
o| X is not a topological Markov chain.

7.3.2 Periodic Points

In this section we compute the number of m-periodic points of an arbitrary topolog-
ical Markov chain. We start with an example.

Example 7.12 Let o |ZJ;1F be the topological Markov chain with the transition ma-
trix A in (7.20). We compute explicitly the number of m-periodic points for m = 1
and m = 2 (Example 7.13 considers the general case):

1. For m =1, the sequence (22 - - -) is the only fixed point of o |ZJ/;|r since aj; = 0.
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2. Now let m = 2. We note that a point w € Z‘Z is m-periodic if and only if prop-
erty (7.2) holds. Hence, we have to find the number of sequences in Z’X with

this property, which coincides with the number of vectors (i, j) € {1, 2}? such
that the transitions

i—>j—i
are allowed. This condition is equivalent to @;; = a;; = 1 and thus, the number
of 2-periodic points of o |ZJ/;|r is equal to

2 2 2
2.2 aijaji =) (A%),; =tr(A%),
i=1j=1 i=1
where (Az),-i is the entry (i, i) of the matrix A2,

Now we consider arbitrary matrices.

Proposition 7.3 For each m € N, the number of m-periodic points of the topologi-
cal Markov chain o | EZ is equal to tr(A™).

Proof We proceed in an analogous manner to that in Example 7.12. Since the point
we EZ is m-periodic if and only if property (7.2) holds, we have to find the number
of sequences in E;‘F with this property. This coincides with the number of vectors
(i1,...,im) €{l, ..., k}"™ such that the transitions

i1—=>iy—> =iy — 0]
are allowed. This condition is equivalent to
ijiy = Qigiy = *** = Qiy,_iyy, = ipyiy = 1
and thus, the number of m-periodic points of o | Ej is equal to
Z AiyinQigiz ** * Aiyyiy = Z (Am)im = tr(Am).
(i1,eerim) E{1,0 k) i€fl,...k)

This yields the desired result. 0

Example 7.13 Let A be the matrix in (7.20). By Proposition 7.3, for each m € N,
the number of m-periodic points of o | Ej is equal to tr(A™). On the other hand, we

have
(0 1\ [((+5))2 0 )
A_(l 1)_S< 0 (1—\/5)/2>S :

where

S ((—1 +V5)/2 (-1- ﬁ>/2>
N 1 1
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and thus,

m o [(A+5)/2 0 "o
4 ‘S( 0 (1—f5>/2> S

Hence,

r(A™) = (1 +2J§>m N (1 —zﬁ)m

and this is the number of m-periodic points of U|2X (which must be an integer).
For example,

r(A’) =4, w(A’)=29 and t(A')=199.

7.3.3 Topological Entropy

Now we compute the topological entropy of an arbitrary topological Markov chain.

Theorem 7.1 We have h(o|2:{) = log p(A), where p(A) is the spectral radius
of A.

Proof We proceed in an analogous manner to that in the proof of Proposition 7.2.
We first observe that since the map U|Z‘,:r is expansive, the same happens to the
topological Markov chain o | Z‘X and thus, one can apply Theorem 3.5.

Givenm, p e Nand o, o’ € Z‘,j', by (7.6), we have

dm(w, ) > B P if and only if n:n(w,w/)§p+m—l.
Hence,
k k
- -1
N b s Y =2 ),
(i1eonrig)E{1,... kY i1=lig=1

where g = p + m — 1. Using the Jordan form of A, we conclude that there exists a
polynomial c(g) such that

k k

Do (A, =c@p@)h.

i1=lig=1
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It follows from Theorem 3.5 that
+ . 1 _
h(o|X}) = lim —logN(m,B ")
m—o0 m
1
< lim —log[c(g)p(A)"*" 2]
m—oo m
=log p(A).

On the other hand, by Proposition 7.3, the number of g-periodic points of o | 2;"’
is equal to tr(A?). By (7.8), if @ and o’ are two of these points, then d,,; (w, ") >
B~P. Hence,

N(m,B~7) > tr(A?)

and it follows from Theorem 3.5 that

1
h(o|Z})= lim —logN(m,B ")

m—00 m

lim 1 log tr(Ap+m_1)

m—o00 m

v

= lim 1 logtr(A™).

m—oo m

Now let A1, ..., A be the eigenvalues of A, counted with their multiplicities. Since

k
tr(Am ) = Z A,
i=1
we obtain

k
1
h(o| ) > lim —logy A
i=1

x 1/m
=logm1i_>moo( ZA:” )

i=1
=logmax{|ki| = 1,...,k}
=logp(A).

This completes the proof of the theorem. g
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7.3.4 Topological Recurrence

In this section we consider a particular class of topological Markov chains and we
study their recurrence properties (see Sect. 3.3). We first introduce two classes of
matrices.

Definition 7.5 A k x k matrix A is called:

1. irreducible if for each i, j € {1, ..., k} there exists an m = m(i, j) € N such that
the (i, j)th entry of A is positive;

2. transitive if there exists an m € N such that all entries of the matrix A” are
positive.

Clearly, any transitive matrix is irreducible. However, an irreducible matrix may
not be transitive.

Example 7.14 Let

A=<(1) (1))

No power of A has all entries positive. However, A> = Id and thus, for each pair
(@i, j), either A or AZ has positive (7, j)th entry. Hence, the matrix A is irreducible
but is not transitive.

Now we consider topological Markov chains with an irreducible or a transitive
transition matrix and we study their recurrence properties.

Proposition 7.4 If the matrix A is irreducible, then the topological Markov chain
o |Z'/'4|r is topologically transitive.

Proof We first note that the sets

Djy...jy = Cjpjy N T4
={we Xl ip(®) = jmform=1,...,n} (7.21)
generate the (induced) topology of Z‘X. Hence, it is sufficient to consider only these
sets in the definition of topological transitivity (see Definition 3.6). Let us then take

two nonempty sets Dj,...;,, Di,..k, C Z‘;{. We have to show that there exists an
m € N such that

O_ijl"‘jn N Dyy..k, # 2.

We first verify that there exists an m > n such that the (k,, ji)th entry of the matrix
A™"F1 i5 positive (we note that the integer m in Definition 7.5 can be less than n).
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Since the matrix A is irreducible, there exist positive integers m and m» such that
(A", iy > 0and (A™2) x, > 0. Then

k
(m1+m2)l+m| (m1+n12)l my
et =S, (o),
p=

v

A, (A7),
knkn nJl

(
(A" (A"
(

1
Am')k,m( )jlkn (Am')km >0

v

v

for [ € N since
k

(Am1+m2 knky Z Aml np(Amz)pkn
p=1

This shows that there exists a transition from k&, to j; in
q=(my+mp)l +m

steps. Taking m = ¢ + n — 1, we obtain the desired result. Hence, given a sequence
(i1i2---) € Dj,...j,, there exist I, ..., I, € {1, ..., k} such that

w= (ki kply -+ Ly_nitir---) € ZF.
We note that w € Dy, ...k, and that 0™ (w) = (i1i2---) € Dj,...j,. Therefore,
weo "Dj..j, N Dk, #D
and the topological Markov chain o | ZJ:{ is topologically transitive. O

Now we consider topological Markov chains with a transitive transition matrix.

Proposition 7.5 If the matrix A is transitive, then the topological Markov chain
o E: is topologically mixing.

Proof We proceed in an analogous manner to that in the proof of Proposition 7.4.
Given nonempty sets Dj,...;,, Di,..k, C Z‘;\" as in (7.21), we show that there exists
a g € N such that

0 PDjy..jy O Diyooky # D

forany p > q.

Lemma 7.1 If all entries of the matrix A™ are positive, then for each p > m all
entries of the matrix AP are positive.
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Proof We first observe that for each j € {1,...,k} there exists an r = r(j) €
{1,...,k} such that a,; = 1. Otherwise, we would have (A”);; =0 for any p € N
andi € {1,..., k} and thus, the matrix A would not be transitive.

Now we use induction on p. If for some p > m the matrix A? has only positive
entries, then

k

p+1 .
A Z 1lalJ

=1
(Ap)’.rarj > 0.

v

This completes the proof of the lemma. 0

It follows from Lemma 7.1 that for each p € N with p > m +n — 1, given two
nonempty sets Dj,...j,, D, ..k, C EX, there existly,...,l,—, € {1, ..., k} such that

w= (ki kly -+ lp_piriz--+) € 2:
for any sequence (i1iz---) € Dj,...j,. Therefore,
w € Giijl...jn N Dk,

for p > m 4+ n — 1 and the topological Markov chain o|Z‘X is topologically mix-
ing. 0

In order to obtain a lower bound for the topological entropy of a topological
Markov chain, we need the following simplified version of the Perron—Frobenius
theorem.

Theorem 7.2 Any square matrix with all entries in N has a real eigenvalue greater
than 1.

Proof Consider the set
S={ve ®RDF: vl =1},

where ||v]| = 25‘:1 |vi] and v = (v1, ..., vg). Given a k x k matrix B with all entries
bjj in N, we define a function F: § — § by F(v) = Bv/||Bv]|. Since the set S is
homeomorphic to the closed unit ball of R¥—1 and the function F is continuous, it
follows from Brouwer’s fixed point theorem? that F has a fixed point v € S. Hence,

2Theorem (See for example [26]) Any continuous map f: B — B of a closed ball B C R”" has at
least one fixed point.
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Bv = | Bv|lv and v is an eigenvector of B associated to the real eigenvalue

k
h=|Bul =) (Bu);

i=1

This completes the proof of the theorem. 0

One can use Theorem 7.2 to show that any topological Markov chain with a
transitive transition matrix has positive topological entropy.

Proposition 7.6 If the matrix A is transitive, then h(o | 2;{) > 0.

Proof Take m € N such that A” has only positive entries. By Theorem 7.2, the
matrix A™ has a real eigenvalue A > 1. Hence, it follows from Theorem 7.1 that

h(c|Z}) =logp(A)
1
=—1 A"
—log p(A™)
1
> —logi > 0.
m

This completes the proof of the proposition. g

7.4 Horseshoes and Topological Markov Chains

In this section we illustrate how appropriate modifications of the Smale horseshoe
give rise to nontrivial topological Markov chains. More precisely, in contrast to all
examples of a symbolic coding given in Sect. 7.2, here not all entries of the transition
matrix A are equal to 1.

For a better illustration, we consider a specific example. Namely, let f be a dif-
feomorphism in an open neighborhood of the square [0, 1]> with the behavior shown
in Fig. 7.1. We note that one can choose the sizes of the horizontal strips H; and of
their images V; = f(H;), fori = 1,2, 3, as well as the diffeomorphism, so that

A=ﬂf”(H1UH2UH3)

nez
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H; Vi
7
JER——
H, Va
H,; 4 '

Fig. 7.1 A diffeomorphism f in an open neighborhood of the square [0, 1]

is a hyperbolic set for f.
Now we consider the 3 x 3 matrix A = (a;;) with entries

1 if f(H)NH; # @,
,»j={ o i* (7.22)

0 if f(H)NH; =0,

that is,

0 1
A=1|1 1 1 (7.23)
1 0
We also consider the set X4 C X3 induced by this matrix and we define

H(w)=(")f"Hi,@)-

nez
Proposition 7.7 The function H: X4 — A is well defined and
foH=Hoo inXy. (7.24)
Proof Proceeding in an analogous manner to that in Example 7.7, we conclude that
card H(w) <1 forwe X4. (7.25)

Now we show that card H(w) > 1 for w € X' 4. We first note that the following
Markov property holds:

1. if f(H;) N H; # &, then the image f(H;) intersects H; along the whole unstable
direction,;
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2. if f_1 (H;) N Hj # @, then the preimage f_1 (H;) intersects H; along the whole
stable direction.

Now let H;, H; and Hj be rectangles such that
fH)NH;j #2 and f(H;)NH#@.

By the Markov property, we conclude that f(H;) intersects H; along the whole
unstable direction. Thus, the set f 2(H;) also intersects f(Hj) along the whole un-
stable direction. Since f(H;) intersects Hy along the whole unstable direction, this
implies that

FHH) N f(H) N He # 2. (7.26)

Now take w € X'4. By (7.22), we have

f(Hi, () N Hi, (@) 79

for each n € Z. By induction, it follows from (7.26) that

M /" Hiw) #2

k=—n

and

Ky = m fﬁk(Hik(a))) #2.

k=—n
Since the sets K, are closed and nonempty, the intersection H (w) = (), cy Kn is
also nonempty and
card H (w) = card ﬂ K, >1.
neN

It follows from (7.25) that the function H is well defined.
In order to establish property (7.24), we note that

Ho@) =) f"(H.,@)

nez

=) f'""Hi,w)

nez

= f(H(®)).

This completes the proof of the proposition. g



7.5 Zeta Functions 175

7.5 Zeta Functions

In this section we consider the zeta function of a dynamical system (with discrete
time) and in particular of a topological Markov chain.

Definition 7.6 Given amap f: X — X with
ap :=card{x € X : f"(x) =x} <00 (7.27)

for each n € N, its zeta function is defined by

(@ =exp) (7.28)

n

n=1

for each z € C such that the series in (7.28) converges.

We recall that the radius of convergence of the power series in (7.28) is given by

R= 1/1im sup ./ n _ l/limsup Yay.
n n—o00

n—oo

In particular, the series converges for |z| < R and the function ¢ is holomorphic on
the ball B(0, R) C C. Clearly, the function ¢ is uniquely determined by the sequence
(an)nen and vice versa.

Now we determine the zeta function of a topological Markov chain.

Example 7.15 Let J|EX: Ej — E: be a topological Markov chain defined by
a k x k matrix A with spectral radius p(A) > 0. It follows from Proposition 7.3
that the sequence (a,,)eN in (7.27) is now a, = tr(A™). Now let Ap, ..., Ax be the
eigenvalues of A, counted with their multiplicities. We have

k
a, = tr(A") = ZA?
i=1
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Thus,

k 00 sn_n
ALz

C(z)zexpzz "

i=1 n=1

k
= expz —log(l — X;2)
i=1

k
1
= 1
CXPX; og 1— )\‘iz
i=

1_[ 1
i=1 1=z
since

o0

log(1 +w)=Z

n=1

(=D"

wn

for lw| < 1, where log is the principal branch of the logarithm. On the other hand,
the complex numbers 1 — A;z are the eigenvalues of the matrix Id — zA, counted
with their multiplicities. This implies that

1
()= m (7.29)

for

1 1
|z|<min{ :i=1,...,k}=—.
2 p(A)

Example 7.16 The shift mapo: ¥ ,j' - X Ij coincides with the topological Markov
chain defined by the k x k matrix A = Ay with all entries equal to 1. It follows
from (7.29) that

1

Q) = Gad =240

for |z] < 1/p(Ax) = 1/k. Subtracting the first row of Id — z Ay from the other rows
and then expanding the determinant along the second column, we obtain
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l—z —z -+ —2
-1
det(Id — zAy) =det .
: Id
-1
-1 0 --- 0 l-z —z -+ =z
-1 -1
= zdet + det .
Id : Id
-1 -1

= —z+det(dd — zAr_1).
Since det(Id — zA1) = 1 — z, it follows by induction that
det(Id — zAx) =1 —kz
and thus,

1 1
=—— f —.
(@)= forll<g

Alternatively, the number of n-periodic points of cr|2,:r is k" (by Example 7.1)
and thus,

n

S k"
{(z) =exp Z < .
n=1

Since

00 ! o0
< k"z") _ ol = k
Z n Z 1 —kz
n=1 n=1

for |z| < 1/k, we conclude that

)

1
¢(z) = exp[—log(l —kz)] = T

also for |z| < 1/k.

Example 7.17 Now we consider the expanding map E,: S' — S!. It follows from
(2.2) that the number of n-periodic points of E» is 2" — 1. Hence,

S 2 _ 1)
(@=epy TP

n=1

Since

A A W i 21
(Z n >_Z(2 D)z 1o 12

n=1
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for |z| < 1/2, we obtain

)

l—z
¢(z) = exp[—log(l — 2z) +log(l — 2)] = e

also for |z| < 1/2.

7.6 Exercises

Exercise 7.1 Determine whether two distances dg and dg in 2,:’ with B # B’ can
be equivalent.

Exercise 7.2 Show that X4 is a closed subset of X.
Exercise 7.3 Show that (X;", d) is a complete metric space.
Exercise 7.4 Determine whether the shift map o | X% is topologically mixing.

Exercise 7.5 Let A be a k x k matrix with entries in {0, 1}. Show that:

1. if A is irreducible, then 0’| ¥4 is topologically transitive;

2. if A is transitive, then 0| X4 is topologically mixing.

Exercise 7.6 Determine whether the matrix A in (7.23) is irreducible or transitive.
Exercise 7.7 Show that the shift map o| E,:r is expansive.

Exercise 7.8 Determine whether the shift map o | X% is expansive.

Exercise 7.9 Determine whether:

1. the maps o 23+ and o |25+ are topologically conjugate;
2. the maps o | Z‘,:r and o | Xy are topologically conjugate.

Exercise 7.10 Determine whether the topological Markov chains o'| X} and o'| X5
are topologically conjugate for:

1. Az(}(l)) andB:((l)(l));

2. A=(; ) and B=("]).

Exercise 7.11 Show that:

1. hio|Xy) =logk;
2. the function H: ¥» — A defined by (7.18) is a homeomorphism;
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3. h(f|A) =h(c|X2) =log2.

Exercise 7.12 Given an integer k > 1, determine whether the set of the topological
entropies of all topological Markov chains U|2X with EX C Elj contains some

interval.

Exercise 7.13 Show that for each integer m > 2 there exists a continuous map
h: ¥+ — S'suchthathoo = E, ohin X},

Exercise 7.14 Show that the periodic points of o | X ,:r are dense.
Exercise 7.15 Show that the periodic points of o | X} are dense.
Exercise 7.16 Show that the Smale horseshoe A has no isolated points.

Exercise 7.17 Show that the periodic points with even period of the Smale horse-
shoe are dense.

Exercise 7.18 Construct a symbolic coding for the Smale horseshoe A in Propo-
sition 5.3.

Exercise 7.19 Compute the zeta function of:

1. the shift map U|Z‘+;
2. the expanding map E,;;
3. the automorphism of the torus T2 induced by the matrix (; })

Exercise 7.20 Verify that topologically conjugate maps have the same zeta func-
tion.



Chapter 8
Ergodic Theory

This chapter gives a first and brief introduction to ergodic theory, avoiding on pur-
pose more advanced topics. After introducing the notions of a measurable map and
of an invariant measure, we establish Poincaré’s recurrence theorem and Birkhoff’s
ergodic theorem. We also consider briefly the notions of Lyapunov exponent and of
metric entropy. The pre-requisites from measure theory and integration theory are
fully recalled in Sect. 8.1.

8.1 Notions from Measure Theory

In this section we recall the necessary notions and results from measure theory and
integration theory. Let X be a set and let A be a family of subsets of X.

Definition 8.1 A is said to be a o-algebra in X if:

1. @, X eA;
2. X\ BeAwhen BeA,;
3. UyZ, By € A when By, € A for eachn € N.

We also consider the o -algebra generated by a family A of subsets of X: this is
the smallest o -algebra in X containing all elements of A.

Now we introduce the notion of a measure.

Definition 8.2 Given a o-algebra A in X, a function u: A — [0, +00] is called a
measure on X (with respect to A) if:

1. u(@)=0;
2. given pairwise disjoint sets B, € A for n € N, we have

u(U Bn> =D i(By).
n=1 n=1

L. Barreira, C. Valls, Dynamical Systems, Universitext, DOI 10.1007/978-1-4471-4835-7_8, 181
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We then say that (X, A, u) is a measure space.

When the o-algebra is understood from the context, we still refer to the pair
(X, n) as a measure space.

Example 8.1 Let A be the o-algebra in X containing all subsets of X. We define a
measure i : A — NgU {oo} on X by

u(B) = card B.

We call u the counting measure on X.

Example 8.2 Now let B be the Borel o-algebra in R, that is, the o-algebra gen-
erated by the open intervals. Then there exists a unique measure 1: B — [0, +00]
on R such that

A((a,b)) =b—a fora<b.

We call A the Lebesgue measure on R.

We also describe a corresponding measure on R”. Let B be the Borel o-algebra
in R”, that is, the o-algebra generated by the open rectangles [[/_, (a;, b;), with
a; < b; fori =1, ..., n. Then there exists a unique measure A: B — [0, +00] on R”
such that

A (H((l,’, b,’)) = l_[(bi —a;)

i=1 i=1

forany a; <b;andi =1,...,n. We call A the Lebesgue measure on R".

Now we consider measurable functions and their integrals. Let A be a o -algebra
in the set X.

Definition 8.3 A function ¢: X — R is said to be A-measurable or simply mea-
surable if ' B € A for every B € B, where B is the Borel o -algebra in R.

In order to introduce the notion of the integral of a measurable function, we first
consider the class of simple functions. The characteristic function of a set B C X
xB: X — {0, 1} is defined by

1 ifx e B,

x5 (x) = io ifx ¢ B.

Definition 8.4 Given sets By, ..., B, € A and numbers ay, ..., a, € R, the function

n
§= ZakXBk
k=1

is called a simple function.
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Clearly, all simple functions are measurable.
Now we introduce the notion of the integral of a nonnegative measurable func-
tion.

Definition 8.5 Given a measure space (X, w), the (Lebesgue) integral of a measur-
able function ¢: X — Ry is defined by

/QDdM:SUP{ZakM(Bk)iZakXBk fw}- (8.1
X k=1 k=1

The integral of an arbitrary function can now be introduced as follows.

Definition 8.6 Given a measure space (X, ), a measurable function ¢: X — R is
said to be p-integrable if

/<p+du<oo and /go_du<oo,
X X

where
¢t =max{p,0} and ¢ =max{—g,0}. (8.2)

The (Lebesgue) integral of a p-integrable function ¢ is defined by

/wduzf w*du—/w‘du. (8.3)
X X X

8.2 Invariant Measures

In this section we introduce the notion of an invariant measure with respect to a
measurable map. We also give several examples of invariant measures.

We first introduce the notion of a measurable map. Let (X, A, ) be a measure
space.

Definition 8.7 A map f: X — X is said to be A-measurable or simply measurable
if f~'B e A for every B € A, where

f'B={xeX: f(x)eB}.
Now we introduce the notion of an invariant measure.

Definition 8.8 Given a measurable map f: X — X, we say that u is f-invariant
and that f preserves w if

w(f~'B)=u(B) for BeA. (8.4)
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Fig. 8.1 A translation of R?

/

Fig. 8.2 A rotation of R?

We note that when f is an invertible map with measurable inverse, condi-
tion (8.4) is equivalent to

u(f(B))=u(B) forBeA.

Example 8.3 Given v € R", let f: R" — R" be the translation f(x) = x 4 v (see
Fig. 8.1). Clearly, f is invertible. We also consider the Lebesgue measure A on R”.
For each B € B, we have

A(f(B)) :f

1dA:f|detdxf|dm(x)
£(B) B

=f 1dx = A(B)
B

and the measure X is f-invariant. In other words, the translations of R"” preserve
Lebesgue measure.

Example 8.4 Now let f: R" — R”" be a rotation (see Fig. 8.2). Then there exists an
n x n orthogonal matrix A (this means that ATA = Id, where AT is the transpose
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of A) such that f(x) = Ax. Since orthogonal matrices have determinant £1, for
each B € B, we have

A(f(B)):/ 1dk=/|detdxf|dk(x)
(B) B

f
= |detA|dk=/ 1d» = (B),
B B

where X is the Lebesgue measure on R”. Since rotations are invertible maps, this
shows that X is f-invariant and thus, the rotations of R” preserve Lebesgue measure.

Example 8.5 Consider a rotation of the circle R, : S' — S!. Without loss of gener-
ality, we assume that « € [0, 1]. We first introduce a measure p on S ! For each set
B C [0, 1] in the Borel o -algebra in R, we define

w(B) = A(B). 8.5
Then p is a measure on S' with «(S') = 1. We also have R(;IB = B — «, where
B—a:{x—a:xeB}CR.
Therefore,
1(Ry'B) = A(B — &) = A(B) = 1(B)
since Lebesgue measure is invariant under translations (see Example 8.3). This

shows that the rotations of the circle preserve the measure (.

Example 8.6 For the expanding map E,,: S! — S!, we show that the measure
introduced in Example 8.5 is E,,-invariant. Given a set B C [0, 1] in the Borel o -
algebra in R, we have

E,'B=|JB. (8.6)
i=1

where

Biz{x_H :xeB}modl
m

(see Fig. 8.3). Since the sets B; are pairwise disjoint, it follows from (8.6) that

n(E,'B) = Z,\(B,»)
i=1

m AB+1) m A(B)
Z; oy

m
i=1

=A(B) = n(B)

and the y measure is E,,-invariant.
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Fig. 8.3 The expanding map
E; and the preimage E, 'B Ez(x)
of aset B

N—=
—_
=

Example 8.7 The Gauss map f: [0, 1] — [0, 1] is defined by

_J1/xmod 1 ifx#0,
=1, ifx=0

(see Fig. 8.4). The map f is closely related to the theory of continued fractions: if

1
1
n2+.

X =

ni+

is the continued fraction of an irrational number x € (0, 1), then

1 .
n]=\‘mJ fOf]GN.

Now we show that the Gauss map preserves the measure w in [0, 1] defined by

1
A) = dx.
wA) ,/Al—i-xx

‘We note that it is sufficient to consider the intervals of the form (0, b), with b € (0, 1)
(because they generate the Borel o -algebra). Since

. aTaREn!
f (O’b)_U<n+b’n>

n=1
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Fig. 8.4 The Gauss map A

is a disjoint union, we obtain

-0 =5 (45:1)

i/‘l/" ! dx

1/(n+b) 1+x

1+1/n

Pﬁ

n=1

—
1D

b
=/0 —dx = (0, )

and the measure w is f-invariant.

ST 1/ +b)

_zx +1+b10g

n
n+b

)

187
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8.3 Nontrivial Recurrence

In this section we show that any finite invariant measure gives rise to a nontrivial
recurrence. More precisely, for a finite invariant measure almost every point of a

given set returns infinitely often to this set.

Theorem 8.1 (Poincaré’s Recurrence Theorem) Let f: X — X be a measurable
map and let 1 be a finite f-invariant measure on X. For each set A € A, we have

/L({x € A: f"(x) € A for infinitely many values ofn}) = u(A).

Proof Let
B = {x € A: f"(x) € A for infinitely many values ofn}.
We have
o o
B=ANn()A,=A\[J@\ A, (8.7)
n=1 n=1
where
o0
A=\ A
k=n
‘We note that
AN A, CAo\Ap= Ao\ f"Ao. (8.8)

Since Ag D A, = f " Ag and the measure w is finite, it follows from (8.8) that
0=<u(A\Ay)
< u(Ao\ f7"Ao)
= u(Ao) — u(f"Ao) =0

(because the measure w is f-invariant). It follows from (8.7) that w(B) = u(A). O
Now we describe some applications of Theorem 8.1.

Example 8.8 Let Ry: S' — S! be a rotation of the circle. By Example 8.5, the mea-
sure £ on S 1 defined by (8.5) is Ry-invariant. Hence, it follows from Theorem 8.1
that, given c € [0, 1], the set

{x €[—c,c]: |Rg (x)| < ¢ for infinitely many values of n}

has measure w([—c, c]) = 2c¢. In other words, almost all points in [—c, c] return
infinitely often to [—c, c].
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We note that the property established in Example 8.8 is trivial for « € Q. When
a € R\ Q, it also follows from the density of the orbits of the rotation Ry,.

Example 8.9 Consider the expanding map E,,: ' — S!. By Example 8.6, the mea-
sure 1 on S! defined by (8.5) is E,-invariant. Hence, it follows from Theorem 8.1
that for each interval [a, b] C [0, 1], the set

{x € [a,b]: E}, (x) € [a, b] for infinitely many values of n}

has measure u([a, b]) =b —a.

8.4 The Ergodic Theorem

Poincaré’s recurrence theorem (Theorem 8.1) says that for a finite invariant measure
almost all points of a given set return infinitely often to this set. However, the the-
orem says nothing about the frequency with which these returns occur. Birkhoff’s
ergodic theorem establishes the existence of a frequency for almost all points.

Theorem 8.2 (Birkhoff’s Ergodic Theorem) Let f: X — X be a measurable map

and let | be a finite f-invariant measure on X. Given a p-integrable function
¢: X — R, the limit

1 n—1
pr(0=lim 3 o(f () (8.9)
k=0

exists for almost every point x € X, the function @y is ju-integrable, and

/wfduszdu. (8.10)
X X

We postpone the proof of Theorem 8.2 until Sect. 8.6.

Example 8.10 Let f: X — X be a measurable map and let i be a finite f-invariant
measure on X. Given a set B € A, consider the p-integrable function ¢ = xp. Then

/‘PdMZ/XBdM:M(B)
X X

and

n—1

1
¢r(0) = lim — > xs(£F)
k=0

o .
= lim —card{k €{0,...,n—1}: f*(x) € B}.

n—oon
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It follows from Theorem 8.2 that

/ lim lcard{ke{o,...,n—1}:f"(x)eB}cm(x):M(B).
X

n—oon

In this case, the number ¢ (x) can be described as the frequency with which the
orbit of x visits the set B. Thus, in contrast to Poincaré’s recurrence theorem (Theo-
rem 8.1), Birkhoff’s ergodic theorem describes in quantitative terms how each orbit
returns to the set B.

We also consider briefly the notion of Lyapunov exponent and its relation to
Birkhoff’s ergodic theorem. Let f: M — M be a differentiable map.

Definition 8.9 Given x € M and v € T\ M, the Lyapunov exponent of the pair (x, v)
is defined by

Alx,v) = limsupllog |dx fv].
n—oco N

Now we consider the particular case of the maps of the circle.

Theorem 8.3 Let f: S' — S! be a C! map and let 11 be a finite f-invariant mea-
sure on SY. Then M(x, v) is a limit for almost every x, that is,

n—1
1
A, v) = lim — 3 7 o( ()
k=0

for almost every x € S' and any v # 0, where ¢(x) = log||d, f].
Proof Since the circle S! has dimension 1, we have
ldx f"o| = | de "] - vl
and thus,
1
A(x,v) = limsup — log ||dx /" (8.11)
n—oo N
for each v # 0. Moreover, it follows from the identity

dy f" denfl(x)f o--odpi)fodif

that

n—1
lde ™| =T Jd e £1.
k=0
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Thus,
n—1 n—1

1 1 1
—log [ldc " = ~ 3 loglld gy 1l = ~ 30 (f£),

k=0 k=0
where ¢(x) = log||d, f||. Together with (8.11), this implies that

1 n—1
A(x, v) = limsup o Z(p(fk(x))

for each v # 0. Since ¢ is continuous, the desired result is now an immediate con-
sequence of Birkhoff’s ergodic theorem (Theorem 8.2). U

8.5 Metric Entropy

In this section we consider briefly the notion of metric entropy of an invariant mea-
sure. We deliberately present only a (very) simplified version of the theory.

We first introduce the notion of a partition. Let (X, A, u) be a measure space
with u(X) = 1.

Definition 8.10 A finite set £ C A is called a partition of X (with respect to u) if
(see Fig. 8.5):

L tUce O =1
2. u(CND)=0forany C, D € & with C # D.

Now let f: X — X be a measurable map preserving the measure . Givenn € N
and a partition £ of X, we construct a new partition &, formed by the sets

cnflcn-n b,
with Cy,...,C, € &.

Definition 8.11 We define

1
hu(f, €)= inf —;CX;, 1(C) log u(C),

with the convention that 0log0 = 0.

Example 8.11 Let f =1d. Given n € N and a partition £ of X, we have &, = &.
Thus,

By ( —'f—lz O)l1 C)=0
uf,é)—nHElN ”cEgM( )log u(C) =0.
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Fig. 8.5 A partition of X

Example 8.12 Consider the expanding map E»: S! — S! and the E,-invariant mea-
sure u defined by (8.5). Given n € N and the partition

£={[0,1/21,11/2, 11},

i i+1 .
snz”Z_"’2—,,:|Il=0,...,2"—1},

. 1
hy(E2,§) = nlrelg]_; Z w(C)logu(C)
Ce§y

we have

Thus,

inf— L. Lo L Z10g2
=1mf--—- - — 10 — =10 .
"eN n on 08 on TIO8

Finally, we introduce the notion of metric entropy.

Definition 8.12 The metric entropy of f with respect to p is defined by

hu(f) =suph,(f.&™),

neN

where £ is any sequence of partitions such that:

1. givenn e Nand C € 5(”), there exist Cy, ..., Cy, € 5(”“) such that

u(C\UCi>=u<Uc,-\c):o;
i=1 i=1

2. the union of all partitions £ generates the o -algebra A.



8.5 Metric Entropy 193

One can show that the definition of 4, (f) indeed does not depend on the partic-
ular sequence £ ™, but the proof falls outside the scope of this book.

Example 8.13 Let Ry: S 1, §1 be a rotation of the circle and let i be the Ry-
invariant measure defined by (8.5). Given n € N and a partition £ of X by intervals,
we have

card§, <ncardé& (8.12)

since the endpoints of the intervals in the preimages f _’E, fori =0,...,n—1,
determine at most a number 7 card £ of points in S'. Now we note that

= 2 m(O)logu(C) =)  ¢(u(C)).

Ceg, Cegy
where
_ —xlogx ifx € (0, 1],
¢(x)_{0 it x =0.
Since ¢”(x) = —1/x < 0 for x € (0, 1), the function ¢ is strictly concave and thus,
= D HOlogp(€) = 3 g (u(C)) cards,
Ceé, Ceé, "
C
sw(z v )cardsn
Cor, card &,
1 ds
= car
¢ card&, "
it card&, ogeards,

Hence, it follows from (8.12) that
1
hyu(f, &) < inf —logcardé,
neNn
1
< inf —log(ncard§) =0
neNn
and thus &, (f) =0.

Example 8.14 Consider the expanding map E»: S! — S! and the E,-invariant mea-
sure y defined by (8.5). We proceed in an analogous manner to that in Example 8.12.
Given n € N, consider the partition

i
g(’")z”sz,l; ]:i:O,...,Z’"—l}.
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For each m, n € N, we obtain

i i+1 7 . _ _
slgm):{|:2m+n—1’2m+n—1:|:l:O"“,zm-’_n 1_1}:§(m+n 1)~

Thus,

. 1
hyu(E2, &™) = inf —— 3 p(C)log p(C)
cet™

1
inf—— Y pu(O)logu(C)

neN n
CEE(”H'”_I)
. L in 1 1
= nlgg_; 2 ’ om+n—1 IOg om+n—1
—1
= inf wlogZ =log?2.
neN n

Since the partitions & ") satisfy the hypotheses of Definition 8.12, we conclude that

hu(f) = su%hu(f,é(m)) =log2.

8.6 Proof of the Ergodic Theorem
This section contains a proof of Theorem 8.2. We first establish an auxiliary result.

Lemma 8.1 Given a u-integrable function  : X — R, the function ¥ o f is also
w-integrable and

/X(I/fOf)dM=/X1/fdu.

Proof Given a set B € A, condition (8.4) is equivalent to

/xf—IBdM=/XBdu,
X X

/(XBOf)dM:/ xBdu (8.13)
X X

or equivalently,

since xpo f =¥ s-1p-Fora simple function

n
$=D .
k=1
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it follows from (8.13) that
/(sof)du:/sd,u. (8.14)
X X

Since ¥ =T — ¢~ and T, ¥~ > 0, it follows from (8.3) that it is sufficient
to establish the result for nonnegative functions. Let then ¢: X — R(‘)" be a u-
integrable function. By the definition of the integral in (8.1), there exists a sequence
of simple functions (s;,),eN such that:

1. 0<s, <su41 <y forn € N, with
lim s,(x) =% ((x) forxeX;
n—oo
lim s,,du:/ vdu. (8.15)
n— o0 X X

It follows from Fatou’s lemma' and (8.14) that
f lim (s, 0 f)du fliminff (spo f)du
X n—>0o0 n—>0oo X
n—>0oo

= liminf/ Spdu
X

= lim Spdu

n—oo X

:/wdu<oo.
X

Hence, the function

Jim o f)= o f

ITheorem (See for example [27]) Given a measure space (X, i), if ¢, : X — R(J)r is a sequence of
measurable functions, then

/ liminfwndugliminf/ ondu.
X n—oo X

n—0o0



196 8 Ergodic Theory

is p-integrable. Since s, o f 7 ¥ o f when n — 00, it follows from the monotone
convergence theorem? that the limit

lim (snof)du:/ lim (snof)du:/(l//of)du (8.16)
n— o0 X Xn—>oo X

exists. Finally, it follows from (8.15) and (8.16) together with (8.14) that
[ onan=tim [ o
X n—oo X

= lim sndu=/ vdu.
n—oo X X

This completes the proof of the lemma. g

Now we consider the set

n—1
A= {x € X:sungo(fk(x)) >O}.

neN k=0
Lemma 8.2 We have [, pdu > 0.

Proof The functions so(x) = 0 and

n—1
sp(x) = Zgo(fk(x)), forn e N,

k=0
satisfy the identity
$n(f (X)) = $n41(x) — @(x). (8.17)
Writing
tn (x) = max|s1(x), ..., 5,(0)} and 7, (x) = max{0, 1, (x)},
it follows from (8.17) that
a(f (X)) = tay1(x) — @(x). (8.18)

On the set
A, = {xeX:tn(x) >0},

2Theorem (See for example [27]) Given a measure space (X, ), if ¢, : X — Rg is a nondecreas-
ing sequence of measurable functions, then

/ lim ¢, dp = lim/go,,d,u,.
Xﬂ‘)OO n—o00 X
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we have t,(x) = r,(x) and thus,

/tn+1du>/ thdi
A

n

/ rndu

n

/rndu.
/ r,,duf/rndu.
Ay X

It then follows from (8.18) and Lemma 8.1 that

S

<

We also have

/<deZf tn+1du—f rndp
A A A
z/rndu—/(rnOf)d/LZO-
X X

197

(8.19)

Now we note that A, C A, for each n € N and |J,2 A, = A. Hence, letting

n — 00 in (8.19) we obtain [, 9 dp > 0.

O

We proceed with the proof of the theorem. Given a, b € Q with a < b, consider

the set

n—1

B=B,p,={xeX: 11m1nf x)) <a<b<limsu
o= ) mant Y5

kO

and the function

ox) — if x € B,
45 )_{ if x ¢ B.

It follows from Lemma 8.2 that

Ydu=0,
Ay

where

sz{xeX:sup Zw fk(x) >0

neN 7

neN 7"

|

:{xeX:sup Z(p (x) >b}

()

(8.20)
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We note that Ay D B. Since f_lB = B, we also have

n—1

> v(ff))=0 forx¢B,

k=0

thatis, X \ B C X \ Ay . This shows that Ay, = B and inequality (8.20) is equivalent
to

/wdusz(B)- (8.21)
B

Analogously, considering the function

- a—o@(x) ifxeB,
Joy=197e0
0 ifx ¢ B,
one can show that
/sodusau(B)- (8.22)
B

Since a < b, it follows from (8.21) and (8.22) that

1(Bap) = 11(B) = 0.

Moreover, since the union of the sets B, , for a, b € Q with a < b coincides with
the set of points x € X such that

o 1n—l . . 1n—l L
liminf — kgw(f (x)) < limsup ,;(p(f ),

we conclude that the limit ¢ 7 (x) in (8.9) exists for almost every x € X.

It remains to establish the integrability of the function ¢ and identity (8.10).
Write ¢ = ¢+ —¢~, with ¢ and ¢~ as in (8.2). Since the functions ¢+ and ¢~ are
wu-integrable, it follows from the previous argument that the limits

n—1

1
v = lim =3 o (1* ()
k=0

and

n—1
1
vy ) = lim = o (14 ()

k=0
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exist for almost every x € X. One can now use Fatou’s lemma together with
Lemma 8.1 to conclude that

n—1

1
+ - vk
f){¢fduflhnigfn,;)(¢ o fX)du

1n—l
=liminf—2/ (p+d,u=/<p+du<oo
n— o0 nk:() X X

and analogously,

/w}duif¢_du<oo.
X - X

Thus, the functions go}r and @ are p-integrable and hence, ¢ is also u-integrable.
Finally, we consider the set

Da,hz{xeX:afgz)f(x)Sb},

for each a, b € Q with a < b. One can repeat the former argument to show that

a/*L(Da,b) =< / (pd/'L = bM(Da,b)~

Da,h

‘We also have

ai(Day) < f o7 dit < bu(Dasy)
Da,b

/ @fdll_/ pdu
Da,b Da.b

Hence, given r > 0, we obtain

‘/(Pfdﬂ_/(ﬂdﬂ
X X

and thus,

= (b —a)(Dap).

<> / wfdu—f wdu'
E, E,
nez

<Y ruE)=r,

nez

where E, = Dy (n+1)r. Letting r — 0, we conclude that

/wfdu=/<pdu.
X X
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8.7 Exercises
Exercise 8.1 For a o-algebra A, show that if B, € A for n € N, then ﬂflozl B, e A.

Exercise 8.2 Show that the Borel o -algebra in R coincides with the o -algebra gen-
erated by the closed sets in R.

Exercise 8.3 For a measure space (X, A, 1), show that:

1. if the sets B, € A satisfy B, C B4+ forn € N, then
o0
u(U Bn> = lim w(B,) = sup 1(By);
n—0o0
n=1 neN
2. if the sets B, € A satisfy B,, D B,4+1 forn € N and u(B1) < oo, then
o
u(ﬂl Bn> = lim 11(By) = inf p(By).
n=

Exercise 8.4 Given a set X and a point p € X, let

5 (B)— 1 ifpeB,
P27 0o ifpeB

for each B C X. Show that:

1. 8, is a measure on the o -algebra of all subsets of X;
2. any function ¢: X — R is measurable;
3. any function ¢ : X — R is §,-integrable and

f pdd, =e(p).
X

Exercise 8.5 Verify that any translation of a set in the Borel o-algebra B in R is
still in B.

Exercise 8.6 Show that:

1. any continuous function ¢ : R — R is B-measurable;
2. any monotonous function ¢ : R — R is B-measurable.

Exercise 8.7 Show that a function ¢ : R — R is B-measurable if and only if

{xeR:go(x)>a}eB for a € R.

Exercise 8.8 Show that the sum and the product of measurable functions are still
measurable functions. Hint: Use Exercise 8.7.
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Exercise 8.9 Show that the supremum and the limit of a sequence ¢,: R — R of
measurable functions are still measurable functions. Hint: Note that

{x eR:supg,(x) 505} = ﬂ{x eR:gu(x) <a}
neN neN

and

{xeR:nlggocpn(x)foz}zﬂ U ﬂ{xeR:(pnl(x)ga+2—k}.

keNneNm=n

Exercise 8.10 Show that a measurable function ¢ is integrable if and only if |¢]| is
integrable.

Exercise 8.11 Show that if the function ¢: X — R is u-integrable, then

/(pdu S/ledu.
X X

Exercise 8.12 Show that a point x € [0, 1] is rational if and only if f”(x) = 0 for
some m € N, where f is the Gauss map.

Exercise 8.13 Let f: R” — R" be a C! diffeomorphism. Show that f preserves
Lebesgue measure if and only if |detdy f| =1 for every x € R".

Exercise 8.14 Verify that Poincaré’s recurrence theorem cannot be generalized to
infinite measure spaces.

Exercise 8.15 Let f: X — X be a measurable map and let u be a finite f-invariant
measure on X. Show that if the function ¢ : X — R is u-integrable, then
I p(f"(x)
im ———— =

n—00 n

0
for almost every x € X.

Exercise 8.16 Let f: X — X be a measurable map preserving a measure p on X
with u(X) = 1. Show that if £ is a partition of X, then i, (f, §) <logcard§.

Exercise 8.17 Compute the metric entropy of the expanding map E,,: S! — §!
with respect to the E,,-invariant measure p defined by (8.5).

Exercise 8.18 Show that any automorphism of the torus T” preserves the measure
induced on T” by the Lebesgue measure A on R”.

Exercise 8.19 Show that any endomorphism of the torus T” preserves the measure
induced on T" by the Lebesgue measure A on R”.
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Exercise 8.20 Given constants p1, ..., pr > 0 with Zf: | Pi =1, consider the mea-
sure . on X ,:L defined by

M(Cil"'itl) = pil o -pl.n
for each set C;, ...;, in (7.5). Show that:

1. w is o-invariant and ,u(Z‘/j) =1;
2. hy(o)=— Z;‘:l pilog p;.
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