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Preface

This book is based on lecture notes for a course on coding theory given
as part of the Applied Mathematics and Mathematical Engineering master’s
degree at the Universitat Politécnica de Catalunya. The aim of the course is
to give an up-to-date account of error-correcting codes from a mathematical
point of view, an analysis of the construction of these codes, and of the
various algorithms which are implemented to correct corrupted messages.

The lectures were prepared for an audience at master’s level, although a
large proportion of the book should be accessible to students at undergradu-
ate level and to engineering and physics students too. There is some formal
algebra that may not be familiar, mainly in the introduction of finite fields in
Chapter 2, but this is not essential to be able to follow the main part of the
content. It is enough to know how to perform finite field arithmetic and how
to factorise polynomials over finite fields, all of which are explained in detail
in Chapter 2.

A large part of the material included in the text dates back to the latter
part of the last century. However, there have been recent advances in the
algebraic theory of error-correcting codes, many of which are included here.
There are still questions and problems which remain unresolved despite
considerable effort having been directed towards their resolution. Many of
these are highlighted in the text. The book takes a combinatorial, algebraic,
and geometric view of coding theory but combines this with a practical
consideration of how the codes constructed are implemented.

Shannon’s theorem, the highlight of Chapter 1 and which dates back
to 1947, tells us that given a noisy, not totally unreliable, communication
channel, there are codes which provide a means of reliable communication
at a transmission rate arbitrarily close to the capacity. However, Shannon’s
theorem only tells us that reliable communication is possible, it does not
provide us with a feasible way in which to encode or decode the transmission.
One of the aims of the book is to find codes with a high transmission rate,
which allow fast encoding and decoding. On the way towards this objective,
we construct various types of codes and consider a number of decoding
algorithms.

Chapter 2 is a brief introduction to finite fields and the geometries
associated with these fields. An emphasis is given to the factorisation of
cyclotomic polynomials over finite fields, which is put to use in Chapter 5.

The concept of a minimum distance between any two codewords of a
block code is introduced in Chapter 3. The larger the minimum distance, the
more errors one can correct and, together with the length and size of the code,
are the fundamental parameters of a block code. There are various bounds
on these parameters proven in Chapter 3, both the Gilbert—Varshamov
lower bound, given by the greedy algorithm, and upper bounds, a discrete
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sphere-packing bound and the better Plotkin and Elias-Bassalygo bounds.
The codes given by the Gilbert—Varshamov bound are asymptotically good
codes in the sense that both the transmission rate, the proportion of the bits of
the message which contains information, and the relative minimum distance
are bounded away from zero as the length of the code increases. However,
in practice, as in the case of the randomly chosen code, there is no efficient
way in which to encode or decode the message using these codes.

The advantage of linear codes, the focus of Chapter 4 and fundamental
to most of the rest of the book, is that they are efficient to encode. One can
encode by simply multiplying a vector by a matrix. We consider a decoding
algorithm for linear codes based on syndromes. The question of existence
of a vector of small weight with a specified syndrome is shown to be NP-
complete, which implies that the decoding algorithm is not feasible for long
codes, although it is used in practice for short length codes.

The classical 2-error correcting and 3-error correcting perfect codes
are constructed in Chapter 5, as well as the general class of BCH codes.
Although BCH codes exist for all lengths, it is known that there are no
sequences of BCH codes for which the transmission rate and the relative
minimum distance are both bounded away from zero.

Reed—Solomon codes are codes whose codewords are the evaluation of
polynomials of low degree. In Chapter 6, we will exploit this algebraic
structure to explicitly develop a polynomial time decoding algorithm for
Reed-Solomon codes which will correct any error bits, providing the number
of errors is less than half the minimum distance. We will also show that
there is a polynomial time list decoding algorithm which produces a short
list of possible candidates for the sent codeword when far more errors
occur. By employing two Reed—Solomon codes, this allows one to decode
correctly well beyond the half the minimum distance bound with very high
probability. Another important application of MDS codes, and in particular
Reed—Solomon codes, is the storage of data in distributed storage systems.
The fact that the codewords of an MDS code are uniquely determined by
relatively few bits means that data, stored across a number of different
servers, can be recovered from just a few.

In Chapter 7 we prove that there are subfield subcodes of generalised
Reed-Solomon codes meeting the Gilbert—Varshamov bound. Since these
codes are linear, they are fast to encode and the fact that they have an
algebraic structure allows us to decode using the list decoding algorithm
from Chapter 6. We then go on to consider codes constructed from algebraic
curves. These algebraic-geometric codes include codes which surpass the
Gilbert—Varshamov bound for codes over large alphabets.

There are linear codes constructed from low-density parity check matri-
ces for which both the transmission rate and the relative minimum distance
are bounded away from zero. We will prove in Chapter 8 that we can encode
and decode certain low-density parity check codes with polynomial time



Preface

vii

algorithms. These codes are widely implemented in wireless communication,
with a transmission rate close to the capacity set out by Shannon’s theorem.

Although not asymptotically good, Reed—Muller codes and their sub-
codes, the theme of Chapter 9, are widely implemented since there are
fast decoding algorithms for these codes, such as a majority logic decoding
algorithm which is detailed here. Kerdock codes are certain subcodes of the
second-order Reed—Muller codes. They are of particular interest since there
are Kerdock codes which are non-linear codes with parameters for which it
is known that no linear code exists.

Bringing together p-adic numbers and cyclic codes in Chapter 10, we
construct non-linear codes which are linear over the ring of integers modulo
a prime power. Within this class of codes we again construct a non-linear
binary code with parameters for which it is known no binary linear code
exists. This suggests that, more generally, these codes could be a source of
codes which perform better than linear codes.

The three main conjectures concerning error-correcting codes are
included. The Information Theory and Applications Center of the University
of California San Diego offers prizes for the resolution of any of these
three conjectures. The three conjectures can be roughly stated as, there is no
infinite sequence of binary codes better than the Gilbert—Varshamov bound,
there are no non-trivial constant weight perfect codes, and there are no
linear MDS codes longer than the Reed—Solomon codes, apart from some
three-dimensional even characteristic codes and their duals.

I would like to thank Tim Alderson, Anurag Bishnoi, Aart Blokhuis,
Massimo Giulietti, Victor Hernandez, Michel Lavrauw, Sonia Mansilla,
Valentina Pepe, and Oriol Serra for their comments and suggestions. I would
also like to thank Francesc Comellas for drawing some of the figures.

Barcelona, Spain Simeon Ball
October 2019
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The dependencies between the chapters are as follows.
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Table of Parameters for Codes in the Text

The following table lists the parameters of the specific codes constructed in
the text. An [n, k, d], code refers to a k-dimensional linear code over I,
of length n and minimum distance d. A (n, K, d), code refers to a code of
length n, size K, and minimum distance d over an alphabet of size r.

Parameters

Name

Example 3.4
Example 3.6
Example 3.11
Exercise 3.2
Exercise 3.4
Exercise 3.5
Example 4.2
Example 4.3
Example 4.5
Example 4.8
Example 4.16
Example 4.19
Example 4.23
Exercise 4.7
Exercise 4.8
Exercise 4.9
Exercise 4.14
Example 5.5
Example 5.5
Example 5.9
Example 5.9
Example 5.11
Example 5.12
Exercise 5.6
Exercise 5.6
Exercise 5.6
Exercise 5.7
Exercise 5.7
Exercise 5.8

Exercise 5.9

(6, 8, 3)2
(7,8,4)
6,4,4);

(7,16, 3),

(10, 6, 6)
(6,4,5)3

[7,4, 3]

[9, 3, 6]3

[(¢" = D/(g—1D.@" —D/(g—1 —m,3]q
[8,4,4]3

lava +1.3.9/q — V4l
[10, 6, 4]3

[10, 4, 6]3
[6,3,4]s
[7,3,5]7

[9, 3, 6]3

[10, 6, 4]3
[11,6,5]3

[12, 6, 6]3
[23,12,7]»
[24,12, 8]
[31,16,7]>
[n,n—d+1,d],
[15,7, 5]
[31,11,11],
[13,4,7]3

[17,9, 5]

[18,9, 6]
[11,6,5]a

[17,9, 714

Binary Hamming

Hamming

Hermitian curve

Ternary Golay
Extended ternary Golay
Binary Golay

Extended binary Golay

Cyclic Reed—Solomon

Zetterberg
Extended Zetterberg

(continued)
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Example 6.4 |[g + 1,9 —d +2,d], Reed-Solomon
Exercise 6.9 [2h +2,3, 2h]2/, Translation hyperoval
Exercise 6.10 | [10, 5, 6] Glynn

Exercise 6.11 | [2" + 1,4, 2" — 2lon Segre

Example 7.2 | [10, 7, 3]3
Example 7.14 | [8, 3, 5]4
Example 7.14 | [8, 5, 3]a
Exercise 7.10 | [24, 4, 18]9

Example 8.4 |[12,3,6]> Affine plane of order 3
Theorem 9.3 | [27, 1+ (7) + -+ ('), 2"7"]2| Reed-Muller
Theorem 9.11/| (2, 2%m pm=1 _ pm/2=1y, Kerdock

Example 9.12| (16, 256, 6), Nordstrom—Robinson

Exercise 10.6 | (12, 8, 6)2
Exercise 10.7 | (16, 256, 6); Nordstrom—Robinson
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Shannon’s Theorem

The content of this chapter is rather different in nature to what appears in the rest
of the book, since Shannon’s theorem is really a theorem from information theory
and not coding theory. However, we include it here because it tells us that reliable
communication can be achieved using a noisy channel and sets a limit for what is
feasible in terms of the proportion of data we can send whilst being almost sure to be able
to recover the original message from the distorted signal. Essentially, this chapter is a
very brief introduction to information theory, the mathematics this entails is probabilistic
in nature, whereas later it will be more algebraic and to some extent geometric. It is not
essential to the rest of the text and can be treated as optional.

1.1 Entropy

Let S = {s1,...,sn,} be a finite set of values and suppose that we have a random
variable X which takes the value s; € S with a probability p;. In other words, we
have a probability function, where the probability that X is s; is

P(X =si) = pi.

Therefore, 0 < p; < 1, and

This random variable may be the result of some kind of experiment, where S is the
set of possible results, or a communication, where S is the set of possible symbols which
can be sent (or received). Usually the value of a random variable is a real number (which
allows us to calculate its expectation and other quantities dependent on the random
variable) but we will not be so strict here. We will not calculate these quantities and will
satisfy ourselves that a string of symbols is a legitimate value of the random variable.

© Springer Nature Switzerland AG 2020
S. Ball, A Course in Algebraic Error-Correcting Codes, Compact Textbooks in Mathematics,
https://doi.org/10.1007/978-3-030-41153-4_1
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2 Chapter 1 ¢ Shannon’s Theorem

Example 1.1
Let § = {2, 3, ..., 12} and let the probability that X = s; be given by

Si 2 3 4 5 6 7 8 9 10 11 12
o1 2 3 4 5 6 5 4 3 2 1
Pi 3 3% 3 36 36 36 36 36 36 36 36
the probability that the sum of two dice throws is equal to s;. |

Let f be a function
(0,11 = [0, 00),

with the property that
(I1)  f(x) is a continuous decreasing function and f(x) =0ifx =1,

A2) fly) = f)+ fO).

The function f can be interpreted as a measure of information we get if we consider
f applied to a probability p, where p is the probability that a certain value is selected by
a random variable X. The axiom (I1) indicates that more information is gained when a
lower the probability event occurs. If we imagine that we are repeating the experiment,
then (I2) is saying that the information we get from two elements is equal to the sum of
the information we get from each element.

Lemma 1.2 If f is a function satisfying (11) and (12), then
fx) = —log, (x),

for some r > 1.

Proof
Define g(x) = f(e™).
Then (I12) implies

gx+y) = fle ") = fle e ™) = fle™) + fle) = g(x) + g(y).

Therefore, g is a continuous additive function which implies that g(x) = cx for some ¢ € R.
Putting y = e gives

J(y») =g(=Iny)=—clny.
Since In y is an increasing function of y and, according to (I1) f is a decreasing function, we

have ¢ > 0.
The lemma follows by letting ¢ = (Inr)~!. O



1.1 - Entropy

To define a measure of the information we get from a random variable X, we weigh
the sum of the information according to the probabilities.
The (r-ary) entropy H,(X) of X is

H (X) =Y pif(p) == pilog,(p).
i=1 i=1

We assume throughout that the function x log x is zero when evaluated at 0.

Example 1.3
Suppose that § = {0, 1} and that P(X = 0) = p and P(X = 1) = 1 — p. Then, the binary
entropy Hp(X) of X is

h(p) = —plog, p — (1 — p)logy (1 — p).

This function of p, defined on the real line interval [0, 1], is called the binary entropy
function . Its graph is drawn in @ Figure 1.1. |

Observe that for the entropy to be zero every term in the sum must be zero, since
every term in the sum is non-negative. But p; log,.(p;) = 0 implies p; is either O or 1.
Therefore, P(X = s5;) = 1, for some i and P(X = s;) = 0 forall j # i. In this case
X conveys no information, since there is no uncertainty. At the other end of the scale,
intuitively, the most uncertainty, and so the most information, is conveyed when X is
equally likely to be any of the elements of S. This is proven in the following theorem.

B Fig. 1.1 Thebinaryentropy 1.0

function on the interval [0, 1].

0.8

0.6

0.4

0.2
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Theorem 1.4
Let X be a random variable taking values from a finite set S. Then

H,(X) < log, |S|
with equality if and only if P(X = s) = 1/|S|, forall s € S.
Proof

Observe that Inx < x — 1 with equality if and only if x = 1.
By definition,

H,(X) —log, |S| ==Y pilog,(pi) — »_ pilog,|S|
i i

1 1 1 1 1
=) pilog(—=)=—) piln(-—=)<— ) pi(—=—-1D=0.
Xi: il lani: L pilS] lani: " pilS|

Equality occurs if and only if p;|S| = 1foralli =1,...,|S|. O

1.2 Information Channels

Let X and Y be random variables which take values from finite sets § and T,
respectively, according to the probability distributions P(X = s;) = p; and P(Y =
1) = 4.

We consider the elements of S as the symbols which are sent and the elements of T’
as the symbols which are received. The channel through which the symbols are sent is
denoted by I', which is defined by the matrix (p;;), where

pij=PX =tj|X =s;)

is the probability that ¢; is received given that s; was sent.
We define

qij = PX =s1Y =1))
and
rij = P(X =s;,Y =lj).

The probabilities p;;, g;; and r;; are called the forwards probabilities, the
backwards probabilities and the joint probabilities, respectively.



1.3 - System Entropies and Mutual Information

Example 1.5
In a binary symmetric channel both § = {0, 1} and T = {0, 1}. The channel is defined by
the matrix

N[ ¢ 1-9
(Pt,l)—(1_¢ & )

for some ¢ € [0, 1]. The rows and columns of the matrix are indexed by 0 and 1 in that order.
Suppose that X is the random variable defined by the probability

P(X =0)=p.
From the channel matrix we can calculate the probabilities for ¥ from

P(Y =b) = Z P(Y =b|X =a)P(X = a).
ae{0,1}

For example,
PY =0)=¢p+1—-p)1—9¢).
We can calculate the joint probabilities from
PX=a,Y=b)=PX =b|X=a)P(X =a).
For example,
PX=LY=0)=PF¥=0|X=DPX=1)=1-¢)1-p).
We can calculate the backwards probabilities using
PX=a|Y=bPY =b)=P(X=a,Y =0>).

For example,

PX=1LY=0_ d-mHU-p)

PH=HY=0="360"0 “wrd-pi—o

1.3 System Entropies and Mutual Information

We define the input entropy and the output entropy as

H(X)=—Y_ pilog p;
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and

H(Y)=-) g;logg;,
J

respectively.
We suppress the r in the logarithm, but assume that it is the same for both definitions.
Given that we have received ¢; € T, we can calculate the entropy of X, conditional
on the fact that we know Y = ¢;, by using the backwards probabilities. This gives

H(X|Y =1;) =— Y gijloggij.

1

This tells us the average information of X, knowing that ¥ =¢;.

If this is zero, then it would say that we know everything about X. This would mean
that the backwards probabilities g;; would be 1 for some i and zero for the others. In
other words, that if we receive ¢;, then we know which symbol was sent.

If this is H(X), then this says that we learn nothing about X when we receive ¢;.
This would happen if

qgij =PX=s5;1Y=1;)=P(X=s;) = pi.

Averaging over t; € Y, we obtain the conditional entropy, the average information
of X knowing Y,

H(X|Y) ==Y q;qijlogqij.
i.j
Similarly, the average information of ¥ knowing X is
H(Y|X) ==Y p;pijlog pij.
iJ

The joint entropy H (X, Y) is given by the joint probabilities and is the average
information gained from both the input and output,

H(X,Y) == rjlogri.
i

Example 1.6
Suppose I' is the channel with input random variable X, defined by

PX=0)=PX=1) =1,
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and output random variable Y taking a value from the set {0, 1, x} and that the channel matrix

(i1}

has rows indexed by 0 and 1 in that order and columns indexed by 0, 1, * in that order.

We can calculate directly

(=]

O Blw
WI— A —

1
2

HY|X)= —%(%log% +2%log%+ %log %) = —%log3 + %log2
and
H(X) = —3(log +1log }) = log2.

We can calculate the output probabilities using g; = ), p; pi;. This gives

(qo0.q1.9¢) = 3. 1. ).

We can calculate the backwards probabilities g;; using

PijDi
qgij = ——,
qj
and obtain
101
(gij) = ( 3 ) .
013
Therefore,

H(X|Y) = —%(%log% + %log %) = 3log3 - %logZ
and

HY)= —2%log% - %log% = 14—110g2— %log3.
Observe that

H(Y)— H(Y|X)=—3log3+3log2 = H(X) — HX|Y).

Finally, we can calculate the joint probabilities from r;; = p; p;; and get

<r,.,->:( )

==

O ool
#|— 00| —

IS
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The joint entropy is

H(X,Y):—2%10g£—%10g%—%log%:%log2—%log3.

Observe that in Example 1.6
HX,Y)=HX|Y)+ HY)=H|X)+ H(X).
This is no coincidence and holds in general.
Lemma 1.7 For random variables X and Y defined on finite sets,
H(X,Y) = HX|Y)+ HY) = HY|X) + HX).

Proof
Since

PX=s5;,Y=1j))=P(X=s5; | Y =t))P(Y =1;),
we have that
Tij = 4;4ij-
By direct calculation,

H(X,Y)=— Zrij logrij = —Zq]'qz'j logg;qij
i ij

== Z‘U%’j logg; — qu%'j log gij.
i ij

Since Y, ¢ij = 1,

H(X.Y)=-) gjlogq; + H(X|Y) = H(Y) + H(X|Y).
j

Reversing the roles of X and Y we obtain the second equality.
The mutual information of X and Y is
I(X,Y)=H(X) - HX|Y)=HY)—-H(Y|X),

the amount of information about X conveyed by Y and vice versa.
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If H(X) = H(X]Y), then Y tells us nothing about X, so the mutual information is
zero. This is an unreliable channel and useless as a means of communication.

If H(X|Y) = 0, then knowing Y we know everything about X, so I (X,Y) = H(X).
This is the ideal situation, where when we receive something we know exactly what was
sent.

Example 1.8

Suppose T is the channel with input random variable X defined on {0, 1,2} in which the
probability P(X = x) = %, for all x € {0, 1, 2}. Suppose Y is the output random variable
defined on {0, 1} and that the channel matrix is

10
(pij)=1011,
10

where the rows are indexed by 0, 1, 2 in that order and the columns are indexed by 0, 1 in
that order.
The conditional entropy
HY|X)=0.
This indicates that knowing X we know Y. Explicitly, we know that if O or 2 is sent, then 0
will be received, and if 1 is sent, then 1 will be received.
The entropy of X is

H(X) = —3%log% = log 3.

The output probabilities, applying

qj = Zpipij,
i

(qo.q1) = (3, ).

The backwards probabilities g;;, applying

__ Pijbi

qij = ,
qj
are

1
50
@ij)=101

1
j 0
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Therefore,

H(X|Y) =—32(log ) = 2 log2
and the entropy of Y is

H(Y) = —2 1 _ 2

(Y) =—5logg — 3logz =log3 — 5log2.
The mutual information is
2
I(X,Y)=H(X)—- H(X|Y) =log3 — glog2 =H().

Observe that knowing Y, we do not know X, even though the reverse is true. |

1.4 Decoding and Transmission Rate

Let I" be a channel with input random variable X and output random variable Y defined
on finite sets S = {sy,...,sp}and T = {1y, ..., t,}, respectively.

A decoding A is a map from {1, ..., n} to {1, ..., m}, which induces a map from T
to S by mapping ¢; to sa(;). This map we interpret as the receiver decoding ; as sa(j).
For convenience sake, we will sometimes write A(v) = u, where v € T and u € S. The
probability that a decoding is correct is

qahj = PX =saplY =1)),

the probability that s ;) was sent given that #; was received.
The average probability Pcor of a correct decoding is

Pcor = ) qjqa);-
j

In most applications we know (p;;), how the channel behaves, but not the probability
distributions which define the random variables X and Y. We choose A to be the
decoding map where A(j) is chosen so that pa(j); = pi; for all i. This decoding map
is called maximum likelihood decoding.

Suppose that X is defined on the elements of a set A with r symbols.

A block code C is a subset of A". We will often refer to a block code as simply a
code.

The (transmission) rate of C is defined as

R— longCI.
n

Thus, R = 1 if and only if |C| = r" if and only if C = A".
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The capacity of a channel I' is
A =maxI(X,Y),

where we maximise over all input random variables X and output random variables Y.
In other words, maximising over all probability distributions p; and g;.

Shannon’s theorem tells us that given the channel, for sufficiently large n, there
are block codes of A” whose rate R is arbitrarily close to A for which, when we use
maximum likelihood decoding, the probability Pcog is arbitrarily close to 1. To be able
to prove Shannon’s theorem we will require a few lemmas.

For any u, v € A", the Hamming distance d(u, v) between u and v is the number
of coordinates in which they differ.

Lemma 1.9 For the binary symmetric channel defined as in Example 1.5 and block code
C C {0, 1}*, maximum likelihood decoding is A(v) = u, where u is the closest element of C
to v with respect to the Hamming distance.

Proof
Let ¢ denote the probability that a symbol does not change when sent through the binary
symmetric channel.
Suppose that d(u, v) = i. Then
1—¢

P(u was sent | v was received) = ¢" ' (1 — ¢) = ¢"(—)',

¢

which is a decreasing function of i (assuming ¢ > 1 — ¢).
Then maximum likelihood decoding will give A(v) = u, where u is the closest (with
respect to the Hamming distance) n-tuple to v. O

In general, the decoding map defined by A(v) = u, where u is the closest (with
respect to the Hamming distance) n-tuple to v is called nearest neighbour decoding.

1.5 Shannon’s Theorem

We are almost in a position to prove Shannon’s theorem for the binary symmetric
channel. To be able to do so, we first calculate the channel capacity.

Lemma 1.10 For the binary symmetric channel the capacity is
A=1+¢logy¢+(1—¢)log(1—9),

where ¢ denotes the probability that a symbol does not change.
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Proof
Let p denote the probability that the input random variable X is 0. Let ¢ denote the
probability that the output random variable Y is 0. Then

H(Y) = —qlog, g — (1 —q)logy(1 —q).
The conditional entropy is

HY|X) = - Zl’ipij log; pij
iJj

=—p@logy¢ + (1 —¢)logy(1 —¢)) — (1 — p)(@logy ¢ + (1 — ) logy(1 — ¢)),
and the mutual information is
I(X,Y) = —qlogy g — (1 —¢q)logy(1 —q) + ¢logy ¢ + (1 — ¢) logy(1 — ¢),
since

1(X,Y) = H(Y) — HY|X).

To obtain the channel capacity we maximise over all random variables X and Y, which in
this case involves maximising over ¢g. The function

h(g) = —qlogy g — (1 — q) log,(1 — q)
is maximised when g = % (see B Figure 1.1), where it has the value 1. O

Lemma1.11 For0 <i < 3,

LAn]

Z <") < 2,
i

i=0

Proof
Observe that A/(1 — 1) < 1 implies that, fori = 1,..., [An],

AN A\
(=) = (=)
I—x 1—2x
By the binomial theorem and the above inequality,
n

I=0+1=-0"=>" <'Z>Ai(1 =)y (7><%)1(1 — )"
i=0

i=0



1.5 - Shannon’s Theorem

Hence,

LAan]

Z (”) <M = p)~=hm,
1

i=0

Since A~ = 2720w A the lemma follows. o

The following theorem, Theorem 1.12, is Shannon’s noisy channel coding theorem.

Theorem 1.12

Let § be an arbitrarily small positive real number and let R be a positive real number
such that R < A. For all sufficiently large n, there is a code of length n and rate R,
such that when we use maximum likelihood decoding the probability Pcor of a correct
decoding is larger than 1 — 6.

Proof (for the binary symmetric channel)
Choose C to be a random subset of |2"X | vectors of {0, 1}".

Let u € C and consider the transmission of u through the binary symmetric channel.
On average, the number of coordinates which will change in the transmission of the n bits
of u is n(1 — ¢). As n gets large, the law of large numbers tells us that the probability that
the number of symbols that change in the transmission varies from the average by a fixed
constant tends to zero, so we can assume that the number of symbols which will change in
the transmission of the n bits of u is n(1 — ¢).

Suppose that we receive the n-tuple v. By Lemma 1.9, we decode v to the n-tuple in C
that is nearest to v with respect to the Hamming distance.

The probability that we mistakenly decode v to a different element of C, i.e., that there
are other n-tuples of C with Hamming distance at most n(1 — ¢) to v, is at most

> PWw,v) <n(l—¢)).

weC\{u}

Counting the number of n-tuples at Hamming distance at most (1 — ¢)n to v, and observing
that there are 2" n-tuples in total,

La—om
P(d(w,v)<n(1—¢))<2—n ; <,>

Since there are fewer than 2"® n-tuples in C \ {1} and these were chosen randomly,

1 L(1=¢)n] .
1 — Pcor < 2nR27 Z (l)

j=0
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Lemma 1.11 implies that

1 — Poor < (R=(1+¢logy p+(1—¢) logy (1-¢)))

By Lemma 1.10, the capacity of the binary symmetric channel is
A=1+¢logy¢+(1—¢)log,(1—9¢),
)
1— Pcog < 2"R~M,
Since R < A, for n sufficiently large,
R=B) _ 5
which proves the theorem. O
We have established that, given a channel with non-zero capacity, there are codes
which allow us to communicate using the channel and decode with a probability of a

correct decoding being close to 1. Our aim will be to find such codes which can be
encoded and decoded in an efficient manner.

1.6 Comments

Although » Chapter 1 is primarily about Shannon’s theorem [65], it is also a very brief
introduction to information theory. For a more complete introduction, see the excellent
book by Jones and Jones [40] or the classical introduction by Ash [3]. Jones and Jones
[40] also contains an introduction to coding theory, albeit at a lower level to the treatment
here. The idea to measure information dates back to Hartley’s 1928 paper [35], although
Shannon’s work from the 1940s is widely acknowledged as the beginning of information
theory. In 1961, Fano [23] proved that the capacity of a channel bounds the rate at
which reliable transmissions can be achieved. For a proof of this, under some additional
hypothesis, see Jones and Jones [40].

1.7 Exercises

1.1 Calculate the r-ary entropy H,(X) in Example 1.1 and verify that H.(X) < log, 11, as
claimed by Theorem 1.4.

1.2 Consider the random variable X defined on the elements of a set with n symbols where
the probability that X is the i-th symbol is y /2°. Calculate the entropy Hy(X) and verify that
H>(X) — 2asn — oo. Compare this with the bound H»(X) < log, n given by Theorem 1.4.



1.7 - Exercises

1.3 Let X be the random variable defined on a set S with three symbols with probabilities
%, % and i. Let X" be the random variable defined on a set S" in which the probability that
X" =(s1,...,8,) Is

n
HP:',
i=1

where P(X = s;) = p;.
i. Calculate, for how many symbols, X" has probability 272", where j =0, ..., n.
ii. Calculate Hy(X) and Hy(X") and verify that Hy(X™) = n Hy(X).

1.4 Calculate the mutual information for the binary erasure channel defined by the channel
matrix

(pii) = p01—9¢

pPij) = 0 P 1— & >
in terms of p and ¢, where p is the probability that the input random variable is one of the
symbols.

1.5 Let X and Y be random variables defined on the elements of a set S of size r, where
P(X =s)=1/r, forall s € S, and define a channel by the matrix (p;;), where

l—¢ . .
pii =¢, and pij=-——r i #].

Calculate the entropy H,(Y) and the mutual information 1 (X, Y).

1.6 Calculate Pcor for the binary symmetric channel, in which a bit changes with
probability ¢, using maximum likelihood decoding.

1.7 Prove that for the repetition code C = {00...0,11...1} < {0, 1}*, applying
nearest neighbour decoding whilst transmitting through a reliable binary symmetric channel,
Pcor = land R — 0 asn — oo.

1.8 Let I" be the channel with input random variable X taking values from {0, 1}, output
random variable Y taking values from {0, 1, x} and channel matrix

100
(Pij)=(0 zll)

Let p=P(X =0).
i. Calculate H(Y|X), H(Y) and H (X) in terms of p.
ii. ~Calculate the capacity of the channel T'.
iii. Give an interpretation of the fact that H(X) equals the mutual information I (X, Y).

FNIN )
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1.9 Let A be the channel with channel matrix

3
(Pij)=(0 )

where the input random variable X takes values from {0, 1} and output random variable Y

DO — 00| —
B — 00| —

takes values from {0, 1, x}.
Let p = P(X =0).
i. Calculate the entropy H(Y) as a function of p.
ii. Prove that the mutual information is

I[(X,Y)=—3plogp— (4 —3p)log(4 —3p) + (2 — 2p) log 2.

iii. Calculate the channel capacity of A.



Check for
updates

Finite Fields

This chapter is a brief introduction to finite fields. The most important facts that will
be established are that finite fields necessarily contain p” elements, for some prime
number p and positive integer %, and that the field with p” elements is unique, up to
isomorphism. We will study how to factorise cyclotomic polynomials over finite fields,
which is used in » Chapter 5 to construct cyclic codes. The projective and affine space
over a finite field are also introduced and will appear later in various chapters.

2.1 Definitions and Construction

A commutative ring R is a set with two binary operations, addition and multiplication,
such that it is a commutative group with respect to addition with identity element O,
and multiplication is commutative (ab = ba), associative ((ab)c = a(bc)), distributive
(a(b + ¢) = ab + ac) and has an identity element 1.

A field is a commutative ring in which every non-zero element has a multiplicative
inverse. In other words, for all @ # 0, there is a b such that ab = 1. In particular, this
implies that if ab = 0, then eithera =0 or b = 0.

Example 2.1
The rational numbers Q, the real numbers R and the complex numbers C are all fields. B

In the above example, the sum 1 + - - - 4 1 is never zero.

Let F be a field with multiplicative identity 1. Suppose there is a n for which
summing n ones gives zero and let n be minimal with this property. If p is a divisor
of n, then

It l=+ DA+ + D),

n r n/p

which contradicts the minimality of #, since the left-hand is zero implies one of the terms
in the product on the right-hand side is zero. It follows that n is a prime p. The number
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p is called the characteristic of the field. If no such n exists, then the characteristic is
ZEro.
Throughout the remainder of this chapter p will be a prime number.

Example 2.2
The ring Z/ pZ, the integers modulo p, is a field of characteristic p and is denoted F,. W

The ring Z/nZ is not a field when n is not a prime, since it has non-zero elements
which have no multiplicative inverse.

In the following theorem, ( f') denotes the set of elements of the ring of polynomials
F,[X] which are multiples of the polynomial f. The elements of the quotient ring
F,[X]1/(f) are cosets of the form g 4 (), where addition is defined as

g+ +h+(fH=g+h+(f)
and multiplication is defined as
&+ (NGB () =gh+ ().

One can think of the quotient ring as the polynomials modulo f.

Theorem 2.3
If f is an irreducible polynomial in the ring F,[X], then F,[X]/(f) is a field of
characteristic p.

Proof
We have to show that g + (f) has a multiplicative inverse for all g € F,[X], such that

g+ () #0+(f).
Let

B={gh+ (/)1 h+(f)eF,[X]/(/)}
If

gh1+ (f) = gh2 + (f)
then

g(ht —h2) + (f) =0+ (f).

Since f is irreducible and g is not a multiple of f, this implies that 4| — A, is a multiple of
f, which implies

hy+ (f) = ha + (f).
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Therefore, if

hy+ (f) # ha+ (f)

then

ghi+ (f) # gha + ()
In particular, there is an element & + (f) for which
and so I3 contains as many elements as the finite set IF,[ X]/(f).

G+ UNE+UHNH=1+0),
so g + (f) has a multiplicative inverse. O
If f is an irreducible polynomial of degree h, then F,[X]/(f) is a field with ph
elements.
For example, Table 2.1 is the addition and multiplication table of

Fo[X1/(X?+ X + 1),

a finite field with four elements and Table 2.2 is the multiplication table of

F3[X1/(X* + 1),

a finite field with nine elements.

Table 2.1 The addition and multiplication table for the field ]Fz[X]/(X2 + X+ 1).

+ 0 1 X 1+X . 0|1 X 1+X

0 0 1 X 1+X 0 010 0 0

1 1 0 +X | X 1 0 1 X 1+X

X X 1+X |0 1 X 0 X 1+X |1

1+X | 1+X | X 1 0 I+X |0 14X |1 X

Table 2.2 The multiplication table for the field ]F3[X]/(X2 +1).
0|1 2 X 1+X 2+X 2X 142X | 242X

0 00 0 0 0 0 0 0 0
1 0|1 2 X 1+X | 2+4X | 2X 142X | 242X
2 0|2 1 2X 242X 142X | X 2+X 1+X
X 0 X 2X 2 2+X 242X |1 1+X 1+2X
1+X |0 | 14X | 242X |2+X |2X 1 1+2X |2 X
2+X 0 |2+X 142X 242X |1 X 1+X 2X 2
2X 0 12X X 1 1+2X [ 1+X |2 242X | 2+X
142X |0 | 142X | 2+X 1+X 2 2X 242X | X 1
242X |0 | 242X | 14X 142X | X 2 2+X |1 2X
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2.2 Properties of Finite Fields

Throughout the remainder of this chapter g will be a power of the prime number p.

Theorem 2.4
For all x in a finite field F with q elements x4 = x.

Proof

Suppose x # 0. Let A = {ax | a € F}. Since ajx # ayx, for a; # ay, the set A consists of
all the elements of F. If we multiply together the non-zero elements of A, then we obtain the
product of all the non-zero elements of I,

Hax: Ha,

aelF\ {0} a€elF\{0}
which implies x?~! = 1. O

Let F, denote the splitting field of the polynomial X¢ — X over the field IF,, that is
the smallest field extension of IF,, in which X¢ — X factorises into linear factors.

Theorem 2.5
A finite field with q elements is isomorphic to IF,.

Proof
By Exercise 2.1, ¢ = p” for some prime p. The theorem follows from the uniqueness of
splitting fields and Theorem 2.4. O

In practice, when we work over a field with ¢ elements, we fix an irreducible
polynomial f of degree & and compute in the ring F,[X]/(f) which, by Theorem 2.3,
is a field with p” elements.

Lemma 2.6 The map o which maps x v+ x? is an automorphism of F.



21

2.3 - Factorisation of Cyclotomic Polynomials

Proof
The characteristic of Fy is p, so

P
(x+y)”=z<?) Iyp=l = xP +yP,

J=0

forallx, y € IF,.

Note that the binomial coefficient is an element of the field IF,, and since (1,’) is divisible
by pforj=1,..., p—1,itis zero.

Clearly (xy)? = xPy”, so o preserves the additive and multiplicative structure of the

field. O
The automorphism o in Lemma 2.6 is called the Frobenius automorphism.

Observe that the group of automorphisms generated by o is a cyclic group of order
h, where g = p".

2.3 Factorisation of Cyclotomic Polynomials

In this section we will see how cyclotomic polynomials factorise over finite fields. These
factorisations will be used principally in » Chapter 5 and implicitly in » Chapter 10.
As in the previous section g = p”, for some prime p.
By Lemma 2.4, the polynomial X! — 1 factorises into distinct linear factors in
F,[X].

Lemma 2.7 The polynomial X?~' — 1 factorises in F,[X] into distinct irreducible factors
whose degrees are divisors of h.

Proof
Let € € IF; and let IF, (¢) denote the smallest extension field of IF;, containing .
Since € € Fy, IFj(€) is a subfield of F,. This subfield is generated as a vector space

r—1

over F,, by 1,€,...,€ 7", where r is the dimension of this vector space. Hence, there are

ap, ...,ar € Fp, such that
ay+aje+---+ae =0.

This implies € is a zero of the polynomial
a+aX+---+aX.

For the elements in [F , (¢), Lemma 2.4 implies xP" = x. Since x?" = x, this implies X" — X
divides X?" — X which, by Exercise 2.3, implies r divides A. O

Observe that in the following example X8 — X = X8 4+ X, since p = 2.
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Example 2.8

The polynomial X 8 1 X factorises in F2[X] as
(X + X+ DX+ X>+ DX + DX.

Suppose that e is arootof X3+ X +1.Thened =e+1,e* =2 +e,e° =2 +e+1,
e® = ¢*+1and ¢’ = 1. Therefore, every non-zero element of Fp(e) = g is a power of e. B

An element e with the property that every non-zero element x € F, can be written
as x = ¢, for some i, is called primitive.

Example 2.9
The polynomial X 9 _ X factorises in F3[X] as

X2+X-DX*P-X-DX*>+ DX - DX + DX.

Observe that the elements of Fy which are roots of X? + 1 are not primitive.

Example 2.10
The polynomial X9~! — 1 factorises as

(x4=D72 _1y(xe-b72 1)

when g is odd. The roots of the first polynomial are the non-zero squares in IF,; and the roots
of the second factor are the non-squares in IF,;. Note that the squares are never primitive
elements. If —1 is a square, then —1 = a2, for some a € F,, which implies (—1)~D/2 =
a?"! =1 and so ¢ = 1 modulo 4. |

Lemma 2.11 The polynomial

X —ap) (X —ay) € Fy[X]
if and only if

{og, ..., an} = {oti],...,af],,}

as multi-sets.

Proof
Let

fX=X—-a)---X—an)=a+a X+ - +a, X"
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Since
X—al) - X—ah)=al +alXx+- +al,x™,
f € F,[X]if and only if

fX)=X-al)-- (X —al).

Suppose we want to factorise X" — 1 in F,[X].
Our first observation is that if (n, ¢) = ¢’ > 1, then

X" 1= (Xn/q’ _ 1)(1/,

(5)-

forj=1,...,q — 1.

Hence, it suffices to know how to factorise X — 1, where (m, g) = 1, in order to
be able to factorise X" — 1.

We look for an extension field of F, which contains n-th roots of unity by finding
the minimum % such that n divides ¢” — 1. This is equivalent to calculating the
(multiplicative) order of ¢ in Z/nZ.

Anelement € € [ is a primitive n-th root of unity if {1, ¢, ..., "1} is the set of
all n-th roots of unity.

since

Lemma 2.12 Suppose (n,q) = 1 and let € € F i be a primitive n-th root of unity. The
irreducible factors of X" — 1 in F,[X] are given by polynomials

1

(X — €)X =€) .. (X —ed'™, @1

forr =0,...,n—1, where d, which depends on r, is the minimum positive integer such that
rq® = r modulo n.

Proof
By Lemma 2.11,

gX)=(X—eN(X =) .. (X ="y e F,[X].

Suppose that

f=) aX" eFy[X]

i=0
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and that f(«) = 0. Then

m m
0= Zaia’ = Za,u’q,
i=0 i=0

which implies f(x?) = 0.
Therefore, g(X) is the minimal degree polynomial in F,[X] which is zero at €”.
Hence, g is irreducible in F,[X]. O

Foreachr € {0, ...n — 1}, the set

{r,rq,rq®, ..., rg™")

3

where the elements of the set are computed modulo 7, is called a cyclotomic coset.
The set {0, ...n — 1} splits into the disjoint union of cyclotomic cosets. Considering

the polynomial in (2.1), we see that a cyclotomic coset of size d corresponds to an

irreducible factor of degree d of X" — 1 in its factorisation over IF,,.

Example 2.13

Suppose we wish to factorise X2 — 1inF7[X).
Since 17 = 5 mod 12, the cyclotomic cosets are

{0}, {1, 5}, {2, 10}, {3}, {4, 8}, {6}, {7, 11}, {9}.

By Lemma 2.12, there are four factors in FF17[ X ] of degree 2 and four factors of degree one.
Alternatively, and somewhat intuitively, X 12 _ 1 factorises as (X® — 1)(X® + 1) and

X 1=X-DX+ D)= -DX’+ X+ DX+ DX =X+ 1).
Moreover, —((X/4)6 —1) = X% + 1 mod 17, so

X0+ 1= —((X/4— DUX/H? + (X/4) + DX/4 + D((X/9)? — (X/4) + 1))
=X —HX2+4X - DX +H(X>—4X — 1) (mod 17),

which gives an explicit factorisation of X2 — 1. |

2.4 Affine and Projective Spaces over Finite Fields

The projective space PG(k — 1, ¢) is the geometry whose i-dimensional subspaces are
the (i + 1)-dimensional subspaces of the vector space F’;, fori =0,...,k—2.TheO,1,
2-dimensional subspaces of PG(k — 1, ¢) are called points, lines, planes, respectively.
The dimension shift is necessary so that familiar geometric properties hold, such as two
points being joined by a line or three non-collinear points span a plane. A hyperplane
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r1+xo+x3=0

ro+x3=0

B Fig. 2.1 The projective plane over the field of two elements.

is a subspace of co-dimension 1, that is a subspace of one dimension less than the whole
space. A hyperplane of a projective space can be defined as the kernel of a linear form
(i.e. the set of zeros of a linear form). We use the notation

(X1 :Xx2 ... Xxp)

to denote the point of the projective space PG(k — 1, g) which corresponds to the one-
dimensional subspace spanned by the vector (x1, x3, ..., x;) of Ff].

The geometry of points and lines drawn in @ Figure 2.1 is PG(2, 2). In the left-
hand copy the points have been labelled and in the right-hand copy the lines have been
labelled.

The relevance of projective geometries in the study of error-correcting codes is partly
due to the following. Suppose that the rows of a k x n matrix G form a basis of a k-
dimensional subspace of ;. A vector of the subspace is

(i, oosup) = (ar, ..., a)G
for some a = (aj, ..., a) € F.
We will be particularly interested in how many zero coordinates the vector u has.
Let s; be the i-th column of the matrix G. We suppose that s; % 0, foralli =1, ..., n.

Let - denote the standard scalar product defined on ’q‘.
Observe that u; = 0 if and only if

a-s;i=0
if and only if
ua - rs; =0

for any non-zero A, u € F,. Consider the columns of G as a set (or possibly multi-set)
of points in the projective space PG(k — 1, g).
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B Fig. 2.2 The affine plane over the field of three elements.

Let 7, be the hyperplane which is the kernel of the linear form
ale + .- +aka.

In geometric terms, the above says that u; = 0 if and only if the point s; is incident with
the hyperplane 7,. We will return to this in » Section 4.4.

The affine space AG(k, ¢) is the geometry whose i-dimensional subspaces are the
cosets of the i-dimensional subspaces of the vector space IF‘S, i =0,....,k— 1. The
geometry of points and lines drawn in B Figure 2.2 is AG(2, 3). As in the projective
space, the 0, 1, 2 and (k — 1)-dimensional subspaces of AG(k, ¢q) are called points,
lines, planes and hyperplanes, respectively.

2.5 Comments

The standard reference for finite fields is Lidl and Neiderreiter [46], a comprehensive
text dedicated to finite fields. The more recent [52] contains a wealth of results
concerning finite fields and their applications. There is a chapter on finite geometries
by Cameron in [16] and Ball [6] is a textbook dedicated to the subject.

2.6 Exercises

2.1 Prove that a finite field has p" elements, for some prime p and positive integer h.
2.2 Construct the addition and multiplication table for a field F3[X1/(X? + X + 2).

2.3 Prove that X?' — X divides X?" — X if and only if r divides h. Conclude that a finite
field with p" elements has a subfield with p" elements if and only if r divides h.

2.4 Use one of the irreducible factors of degree 3 in the factorisation of X7 — 1 in Fo[X] to
construct the multiplication table for a field with eight elements.
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2.5 Determine the degrees of the irreducible factors of
i XY —1inFj[X),
i. X2 —1inF[X],
i, X'%2—1inFs[X].

2.6
i. Factorise X° — 1 in F7[X].
ii. Factorise X' — 1 in Fio[X].

iii. Factorise X8 — 1 inFio[X].

2.7 Suppose n is prime and q is primitive in IF,,. Prove that X" — 1 factorises into irreducible
factors in Fy[X] as

X-DX" '+ X+ D).
2.8 Prove that

Z j 0 if g — 1 does not divide j,

x/ =

+eF, —1if g — 1 does divide j # 0.
2.9 Label the points of B Figure 2.2 with the vectors from ]F% (which are the cosets of the
zero-vector) in such a way that three points are collinear if and only if the three vectors are
contained in a coset of a one-dimensional subspace of the vector space. Note that a coset
of a one-dimensional subspace of the vector space contains the vectors (x, y) which are the
zeros of an equation y = mx + ¢ for some m, ¢ € F3 or an equation x = c, for some c € 3.

2.10 By adding four points and one line to B Figure 2.2 and extending the lines of the
affine plane with one point each, complete the affine plane AG(2, 3) to the projective plane
PG(2, 3).

2.11
i. Prove that the number of ordered r-tuples of r linearly independent vectors in IF’; is

G -0 -9 @ -qh.
ii. Prove that the number of (r — 1)-dimensional subspaces in PG(k — 1, q) is

(@~ DE@ " =D -
(@ =@ '=1--(g—1

iii. Prove that the number of (r — 1)-dimensional subspaces in PG(k — 1, q) containing a
fixed (s — 1)-dimensional subspace is equal to the number of (r — s — 1)-dimensional
subspaces in PGk —s — 1, q)

2.12 Prove that the geometry one obtains by deleting a hyperplane from the projective space
PG(k, q) is isomorphic to the affine space AG(k, q).
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Block Codes

The main parameters of an error correcting block code, which we will often refer to
simply as a code, are its length and minimum distance. In this chapter, we shall primarily
be concerned with the relationship between the size of the code and these parameters.
If we fix the length of the code, then we wish to maximise the minimum distance and
the size of the code, which are contrary aims. If we fix the minimum distance too, then
we simply consider the problem of maximising the size of the code. We shall prove
the Gilbert—Varshamov lower bound, which is obtained by constructing block codes
of a given length and minimum distance by applying the greedy algorithm. We will
prove various upper bounds which will put limits on just how good a block code one
can hope to find of a fixed length and minimum distance. Since Shannon’s theorem is
an asymptotic result telling us what rates we can achieve with a code of arbitrarily long
length, we shall for a large part of this chapter focus on sequences of codes whose length
tends to infinity. If we use nearest neighbour decoding then, so that the probability we
decode correctly does not tend to zero, we will be interested in finding sequences of
codes for which both the transmission rate and the ratio of the minimum distance to the
length are bounded away from zero. We set aside trying to answer the question of how
these codes are implemented until later chapters in which we work with codes which
have more structure.

3.1  Minimum Distance

Let A be a finite set of r elements called the alphabet. Recall that a block code (or
simply a code) C is a subset of A”. We say that C is an r-ary code of length n. A 2-ary
code is called a binary code and a 3-ary code is called a ternary code.

Our aim will be to choose C so that the codewords, the elements of C, are far
apart with respect to the Hamming distance. In this way, the code will have good error-
correcting properties when we use nearest neighbour decoding.
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Lemma3.1 Letu,v, w € A". The Hamming distance satisfies the triangle inequality
d(u,v) <d(u,w)+dw,v).

Proof
If u and v differ in the i-th coordinate, then w differs from one of # or v in the i-th coordinate.
O

Since we will use no other metric on A", we will refer to the Hamming distance
between two elements u# and v of A" as the distance between u and v.

The minimum distance d of a code C is the minimum distance between any two
codewords of C.

Lemma 3.2 Using nearest neighbour decoding, a block code of minimum distance d can
correct up to %(d — 1) errors.

Proof
For any w € A" and codewords u and v, Lemma 3.1 implies

d<du,v) <d@u,w)+dw,v).

Hence, there is at most one codeword at distance at most %(d — 1) from w. O
Example 3.3
Let A = {ai,...,a,}. The r-ary repetition code C of length n is a block code with r

codewords where, for each a € A, there is a codeword in which a is repeated n times. The
minimum distance of C is n, so C can correct up to %(n — 1) errors using nearest neighbour
decoding. The transmission rate of C is log, |C|/n = 1/n.

bit ap an ... ay

codeword ay---ay a---a a, ---ay,

Example 3.4
The code

C = {000000, 001011, 010101, 100110,011110, 101101, 110011, 111000}

is a block code of length 6 with 8 codewords which can correct up to 1 error, since it has
minimum distance 3. We can assign to each codeword a distinct triple, which corresponds to
the first three bits of the codeword. In this way, for each 3-tuple of bits, we send 6 bits. This
is coherent with the definition of the transmission rate of C, which is (log, 8)/6 = 1/2.
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triple 000 001 010 100 011 101 110 111
codeword || 000000 | 001011 | 010101 | 100110 | 011110 | 101101 | 110011 | 111000

Let C be a block code of length n and minimum distance d. An extension of C is
code C of length 1 + 1 obtained by adding a coordinate to each codeword of C in such
a way that C has minimum distance d + 1. The code C is called an extended code of
the code C.

Theorem 3.5
If C is a binary code of length n and minimum distance d and d is odd, then C has an
extension.

Proof
We can suppose that C C {0, 1}". Let

C={(u1,...,uy, Uny1) | Wy, ..., upy) € C},
where
Upy) = Uy +uz+ -+ u, (mod 2).

Suppose that u and v are two codewords of C.

If d(u, v) > d + 1, then their corresponding codewords are at distance at least d 4+ 1 in
C too.

Suppose d(u, v) = d. Consider the sum of the coordinates of # and v modulo 2. Inn —d
coordinates u# and v are the same, so these n — d coordinates contribute zero to the sum. In d
coordinates they are different, so we sum d ones and d zeros, which gives d. Since d is odd,
the sum is non-zero modulo 2. Therefore, u, 41 # v,+1 and the distance between u and v in
Cisd + 1. ]

Example 3.6
Let C be the binary block code of length 6 and minimum distance 3 from Example 3.4. The
extended code C is a binary block code of length 7 and minimum distance 4.

codeword in C 000000 001011 010101 100110
codewordin C || 0000000 | 0010111 & 0101011 | 1001101
codeword in C 011110 101101 110011 111000
codewordin C || 0111100 | 1011010 & 1100110 | 1110001
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3.2 BoundsonBlock Codes

Let A, (n, d) denote the maximum |C|, for which there exists a r-ary block code C of length
n and minimum distance d.

Theorem 3.7 (Gilbert-Varshamov bound)

We have the lower bound

Ar(n, d)(1 + (’1’>(r_ 1) (df 1)(r— el > .

Proof
Let A be the alphabet, a set of r elements such that C C A", and suppose that C is a block
code of size A, (n, d).

Letu e C.

The set By—1(u), of n-tuples in A" at distance at most d — 1 to u, has size

() ()
14 r—0D+---+ r—10",
1 r

since there are precisely (’]f)(r — 1)/ of the n-tuples of A” at distance j to u.
If

n n d—1 n
ICIA+ () =D+-t(, Jo=DTH <",

then there is an n-tuple which is at distance at least d from all the codewords of C. Therefore,
C is not a code of length #n and minimum distance d of maximum size, a contradiction. W

Recall that the binary entropy function was defined as
h(p) = —plogy(p) — (1 — p)logy (1 — p).

For a code of length n and minimum distance d, we define the relative minimum
distance to be § = d/n.

Corollary 3.8 The following inequality holds

1
—logAsx(n,d) > 1 — h($).
n
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Proof
By Lemma 1.11 and Theorem 3.7,

As(n, d)2M® > o

Take logarithms of both sides and divide by n. |

The sphere-packing problem in R” asks how many spheres can we pack into a box of
given dimensions or, equivalently, what is the maximum ratio of spheres to the volume of the
box one can achieve. In three dimensions, one can think of packing oranges into a box and
trying to maximise the percentage of space inside the box which is taken up with oranges. In
the discrete world, the analogous problem of packing spheres gives us the following theorem.

Lett = [(d — 1)/2]. In deference to Lemma 3.2, we will sometimes call a code with
minimum distance d, a t-error correcting code.

Theorem 3.9 (Sphere packing bound)
We have the upper bound

n n
Ar(n,d)(1 + (1>(r— +...+ (t)(r— DY <.

Proof
Let A be the alphabet of size r.
Let C C A" be a code of size A, (n, d).
Suppose that u € C.
The set B, (u), of n-tuples in A" at distance at most ¢ to u, has size

|B:(u)| =1+ (rll)(r -D+...+ (?)(V— .

For any pair u, v € C, suppose that w € B, (u) N B;(v). By Lemma 3.1,
du,v) <du,w)+dw,v) <2t <d-—1.

This is a contradiction, since the distance between u and v is at least d.
Therefore,

Bt(u) N B[(U) = 0.
The total number of n-tuples is ", so

> B <",

ueC

from which the required bound follows. |
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In contrast to packing spheres into a box in real space, in spaces over a finite alphabet it
is possible that the whole space is filled. A block code which meets the sphere packing bound
in Theorem 3.9 is called a perfect code. For there to exist a perfect code we need parameters
n, r and t so that

n n ‘
1+ 1 r—D+...+ ; (r—1)

divides r".

For example, it is possible that there is a perfect 2-error correcting binary code of length
90, a perfect 3-error correcting binary code of length 23, a perfect 2-error correcting ternary
code of length 11. The former possibility is ruled out in Exercise 3.3. However, as we shall
see in B Chapter 5, the latter two perfect codes do occur, see Example 5.9 and Example 5.5.

The proof of the following lemma, Lemma 3.10, counts in two ways the sum of the
distances between any pair of codewords of an r-ary code. In the exercises related to
Lemma 3.10, Exercise 3.4 treats a special case of equality in the bound and Exercises 3.5
and 3.6 exploit the fact that if r does not divide |C|, then improvements can be made to the
coordinate sum estimates.

Lemma 3.10 (Plotkin lemma) An r-ary code C of length n and minimum distance d
satisfies

ICI(d + ; —n)<d.

Proof
Let A be the alphabet, a set of r elements such that C € A". Fixi € {1,...,n} and let A,
denote the number of times a € A occurs in the i-th coordinate of a codeword of C.
Clearly,
> k= ICl.
acA
Since

Y 0a—ICl/1)? 20,

acA

we have

S a2 —2(CP/r +ICP/r > 0.

acA
Let
S = Z d(u, v),
u,veC

the sum of all distances between a pair (u, v) of codewords of C.
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Let S; be the contribution that the i-th coordinate makes to this sum.
Then,

Si =) 2allCl = 2a) < |CIF = |CP/r,

acA

using the equality and the inequality from above.
Finally,

n
dICI(CI =D < S =) S <n(CP ~[CP/r).

i=1

Example 3.11
Suppose that we wish to find a binary code C of length 2d — 2 and minimum distance d.
According to the bound in Lemma 3.10, |C| < d. If we suppose that |C| = d, then we have
equality in all the inequalities in the proof of Lemma 3.10. In particular A, = d/2, which
implies that d must be even. Moreover, the distance between any two codewords must be
exactly d.

For d = 4, it is not difficult to find such a code, for example,

¢ =1{0,0,0,0,0,0),(1,1,1,1,0,0), (1, 1,0,0, 1, 1), (0,0, 1, 1, 1, 1)}.
For d = 6 it is not so straightforward, see Exercise 3.4. | |

Lemma 3.10 only gives a bound on |C| whenn < d +n/r.If n > d 4 n/r then,
shortening the code by deleting coordinates so that for the shortened code n’ < d’ + n'/r,
we can use Lemma 3.10 repeatedly to obtain bounds for block codes with relatively smaller
minimum distance. In Theorem 3.12, we restrict to binary codes. For a general Plotkin bound
on r-ary codes, see Exercise 3.8. The bound in Theorem 3.12 will be used to bound the rate
of sequences of binary codes in » Section 3.3.

Theorem 3.12 (Plotkin bound)
If C is a binary code of length n and minimum distance d < %n, then

|C| < d2”72d+2.

Proof

Letm = n — 2d + 1. For each x € {0, 1}, let C, be the subset of C whose first m bits are
the string x, where these m bits are then deleted. Then C, is a block code of length 2d — 1
and minimum distance d + e, for some e > 0. By Lemma 3.10,
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2(d + e) <

Cil < <2d.
G s 5,0

Hence,

ICl= > G| <2"2d =d2" 22,
xe{0,1}m

3.3 Asymptotically Good Codes

If we want to send a large amount of data with short length codes, then we have to cut up a
long string of n bits into strings of a fixed length ng. If the probability of decoding the string
of length ng correctly is p, then the probability of decoding the string of length n is p™/"0,
which tends to zero as n tends to infinity. Shannon’s theorem, Theorem 1.12, tells us that we
should be able to send the string of n bits, through a channel with capacity A, which encodes
almost An bits of information, and then decode correctly with a probability approaching 1. In
the proof of Shannon’s theorem, we used the fact the average number of errors which occur
in the transmission of n bits through a binary symmetric channel is (1 — ¢)n. Therefore, our
code of length n should be able to correct a number of errors which is linear in n. For this
reason, in a sequence of codes of length n, we want that the minimum distance of the codes
in the sequence also grows linearly with n.

A sequence of asymptotically good codes is a sequence of codes C,, of length n, where
n — 0o, in which d/n and log |C,, |/n are bounded away from zero. In other words, both the
relative minimum distance and the rate are bounded away from zero.

For a sequence of asymptotically good binary codes C,, define

R = liminf(log, |Cy|)/n.

For the remainder of this chapter, we will consider only binary codes and prove bounds
on R. We start by applying the sphere packing bound to obtain an upper bound on R.

Theorem 3.13 (Sphere packing bound)
For a sequence of asymptotically good binary codes of relative minimum distance 6,

R < 1= h($95).

Proof
Using Stirling’s approximation n! ~ (n/e)"+/2mn,

log Cl) ~nlogn —tlogt — (n —t)log(n —1t),
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SO
L iog <'Z> ~logn — tlog(tn) — (1 — t) log((1 — T)n) = h(z),
n

where T =t/n.
Taking logarithms of both sides in the bound in Theorem 3.9,

nR + log (7) <n.
Therefore, for n large enough,
R+ h(z) <1,
which proves the bound, since T =¢/n = [(6n — 1)/2]/n. | |

Applying Plotkin’s bound we can improve on this for larger values of §, see 8 Figure 3.1.

Theorem 3.14 (Plotkin bound)
If8 < %, then

R <1-26.

Proof
By Theorem 3.12,

2Rn < 5n2n725n+2
Taking logarithms, dividing by n and letting n tend to infinity, the bound follows. |

Our aim now is to improve on Plotkin’s bound. The main idea behind the proof of
Theorem 3.16 is to bound the number of codewords at a fixed distance w from a fixed
n-tuple v. By changing 0 to 1 and 1 to O in the coordinates where v has a 1 (applying
the change to all codewords) we obtain a code with the same parameters (length n and
minimum distance d) in which v is now the all-zero n-tuple. Then the number of codewords
at distance w to v is the number of codewords of weight w, where the weight of u € {0, 1}",
denoted wt(u), is the number of non-zero coordinates that u has. Therefore, Lemma 3.15
is really bounding the number of codewords at a fixed distance w to a fixed n-tuple v. In
Exercise 3.12, we will bound the number of codewords at distance at most w to a fixed
n-tuple v. This is an important bound because it tells us that although we cannot in general
correct more than %d errors, even if more errors occur, there are relatively few codewords
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DO Fig. 3.1 Plotting of the 1.0
bounds relative minimum
distance (x) against rate (y).
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which could have been sent, providing that not more than %n(l — /T=2(d/n)) errors
occur. This opens up the possibility of a list decoding algorithm which creates a short list
of possible codewords which could have been sent, even in the case that the received n-tuple
contains a large amount of errors. It is also possible that the list contains just one codeword.
Although e > %d errors occur in the transmission, it may be the case that there is only one
codeword at distance e from the received n-tuple. It is even more useful if we use two codes
simultaneously. Take two codes with high rates Ry and R», which code the same sequence
of bits and suppose both codes are systematic, which means that they conserve the original
message and add some check bits. Example 3.4 is an example of a systematic code and, as
we shall see, so is a linear code with a generator matrix in standard form. Consider the code
we obtain by sending the original message and the two sets of check bits. This code has rate

RiRy
Ri+ R, — RiR’

If we have a list decoding algorithm for both codes, then the sent codeword will be in the
intersection of the two lists and with a high probability will be the only candidate in the
intersection.

Let A(n, d, w) denote the maximum size of a binary code of length » and minimum
distance d in which each codeword has exactly w ones.

Lemma 3.15 The following inequality holds

nd

An,d, <—.
(n,d, w) 2w2 —2wn +dn
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Proof

Let C be a binary code of length n and minimum distance d of size A(n, d, w) in which all
codewords have weight w. For any two codewords u, v € C, d(u,v) > d, so there are at
least d coordinates in which they differ. One of the two codewords has ones in at least %d of
these coordinates. Hence, the scalar product

u-v<w— %d .
Summing over all pairs of codewords we get

Y u-v < (= 3dICI(C] D).

u,veC

Let A; denote the number of times one appears in the i-th coordinate of a codeword of C.
Counting in two ways the number of triples (u;, v;, i) where u and v are codewords such
thatu; = v; =landi € {1,...,n},

n
ZA,»()\,- — 1= Z u-v.
i=1 u,veC

Since every codeword of C has exactly w ones,

n
in =w|C|.
i=1

The sum

n

3 i = Zicp® =0,
n

i=1

which implies that
n 2
w
> oAl = —ICP
i=1 "

Hence,
w? 2 1
o ICI” —w|C| < (w — 3d)[CI(IC] = 1),

from which the bound follows. | |

The bound in the following theorem improves on the Plotkin bound and the sphere
packing bound, see B Figure 3.2. Observe that if we had a better bound on A(n, d, w),
then we could improve the bound on R. Recall that § is the relative minimum distance.
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B Fig. 3.2 Plotting the bounds
of relative minimum distance (x)
against rate (y).
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Theorem 3.16 (Elias-Bassalygo bound)
If§ < %, then

R < 1—h(3(1—V1-29).

Proof
Let C be a binary code of length n and minimum distance d = |n].
For a fixed w € {1, ..., n}, codeword u € C and v € {0, 1}", let

b(u,v)z{l d(u,v) =w,

0 otherwise.

Then,

D b(u,v)=Z(Z)> = (Z)lcl.

ueC ve{0,1}" ueC

For a fixed v, let C’ be the set of codewords of C at distance w to v. If we interchange 0 and
1 in the coordinates where v has a 1, we obtain a code from C’ of constant weight w. The
number of codewords u for which b(u, v) = 1 is |C’|, which is at most A(d, n, w).
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Switching the order of the summations in the above equality implies

Z Zb(u, v) <2"A(n, d, w).

ve{0,1}* ueC

Hence,
n
( )ICI <2"A(n, d, w).
w
By Lemma 3.15,

Quw? = 2wn +dn)< >|C| < nd2".

n
w
Now, choose w € N so that
2w d 2
— =~ 1l—,/1=-2—+—.
n n o n
Then,
2w? —2wn +dn ~ 2(w — %n)2 — %nz +dn=~n.

As in the proof of Theorem 3.13, using Stirling’s approximation,

1 n
— log, < ) > h(w/n),
n w

for n large enough. Taking logarithms of

(")|C| <d2",
w

gives
log, |C| +nh(w/n) < n+log,d.

Dividing by n, and letting n tend to infinity, we get the bound.

The following bound is an improvement to Elias—Bassalygo bound for § > 0.14. We

include it here without a proof. There are other improvements to Elias—Bassalygo bound

known but they are quite complicated, even to state.
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Theorem 3.17 (McEliece-Rodemich-Rumsey-Welch bound)

R<h(} —/8(1-9)).

In B Figure 3.3, the Gilbert—Varshamov lower bound is compared to the best upper
bounds we have seen, the Elias—Bassalygo bound and the McEliece-Rodemich—Rumsey—
Welch bound. There has been little progress in closing the gap between the lower and upper
bounds. The following conjecture is one of the oldest and yet still unresolved conjectures in
coding theory.

Conjecture 3.18 Given §, the Gilbert—Varshamov bound gives the maximum rate for binary
codes with relative minimum distance § as n — oo.

The following conjecture has been open since 1973.

Conjecture 3.19 Apart from trivial examples, there are no perfect constant weight binary
codes, i.e. there are no constant weight codes achieving the bound in Exercise 3.9.

Although Theorem 3.7 tells us that asymptotically good codes exist, there is a funda-
mental issue which needs to be addressed. We have no feasible algorithm which allows us to
decode such codes. The best we can do, for such a randomly chosen code, is to simply go

1.0 \
0.8
0.6
0.4

M-R-R-W

0.2

Gilbert-Varshamov

0‘0 1 1
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B Fig. 3.3 Plotting of the bounds relative minimum distance (x) against rate (y).
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through the codewords, one-by-one, until we find a codeword which is at a distance at most ¢
to the received vector. This is laboriously slow and almost never efficient. In fact, we do not
even have a fast algorithm to assign the codewords. In the next few chapters we shall start to
address these issues.

3.4 Comments

There are many texts which cover block codes, the books by Bierbrauer [10], Hill [37],
Roman [61], Berlekamp [8], MacWilliams and Sloane [50], Ling and Xing [48] and Van
Lint [74] being some classical examples. They are all interesting reads and give more insight
into coding theory. In this book we cover much of the material common to these books and
will progress to topics which have been developed since their publication.

The Gilbert—Varshamov bound is from Gilbert [25], Varshamov proving a similar bound
for linear codes in [75], see Exercise 4.3. There are no known explicit constructions
of asymptotically good codes meeting the Gilbert—Varshamov bound, unless the relative
minimum distance is close to %, see Ta-Shma [69]. There are many improvements to the
Gilbert—Varshamov bound known but these do not outdo the bound asymptotically.

The Elias—Bassalygo bound is from [7]. The Plotkin bound is from [58] and the
McEliece, Rodemich, Rumsey and Welch bound highlighted in the text is from [51]. There
are bounds of Delsarte which better these bounds for some values of §, see [21].

Conjecture 3.19 is from Delsarte’s thesis, see [21]. The main result of Roos [62] restricts
the range of parameters for which equality can occur.

3.5 Exercises

3.1 Prove that if we use the repetition code and nearest neighbour decoding for the binary
symmetric channel in which the probability that a bit changesis 1 — ¢ < %, then Pcor — 1
asn — Q.

3.2 Prove that

C = {(x1,x2, x3, X4, X1 + x2 + x3, X1 + X2 + x4, X1 + x3 + x4) | X1, X2, x3, x4 € F2}

is a perfect 1-error correcting binary code of length 7.

3.3 Prove that there is no perfect 2-error correcting binary code of length 90.

3.4 Construct a binary code of length 10 and minimum distance 6 of size 6 and so prove
that A>(10, 6) = 6. Use the solution to prove that the bound in Lemma 3.15 is attainable for
A2(10, 6, 6).
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3.5
i. Prove that there is no ternary code of length 6, minimum distance 5 of size 5.
ii. Suppose that C is a ternary code of length 6, minimum distance 5 of size 4. Prove that
for every symbol x € {0, 1, 2} and every coordinate i, there is a codeword in C with an
X in the i-th coordinate.
iii. Construct a ternary code of length 6, minimum distance 5 of size 4 and conclude that
A3(6,5) =4.

3.6 Prove that A»(8,5) = 4.

3.7 Let C be the code obtained from two systematic codes of rates Ry and R, where the two
sets of check bits are appended to the message bits. Prove that the rate of C is

RiR>
Ri+ R, — RiR’
3.8 Prove thatifn > dr/(r — 1), then an r-ary code C satisfies

drm+1

€l < dr—(mn—m)(r =1’

where m is such thatm > n —rd/(r — 1).
3.9 Prove the sphere packing bound for binary constant weight codes,
e
n\ (n—w n
(Z()( ] )) A(n, de +2,w) < ( )
o\ i w

3.10 Prove that if d is odd, then

dn+n
w2 —2wn+dn+n’

A(n,d,w) <
n.d,w) < 3

3.11 Prove that A(8,5,5) = 2.

3.12
i. Provethatifvy,...,v, € R" have the property that v; - v; <0, thenr < 2n.
ii. Foru= (uy,...,uy) €{0,1}", let o (u) be the vector whose j-th coordinate is (—1)"J.
Prove that

o) -(1,1,...,1) =n —2wt(u).
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iii.

.

45

Exercises

For u, v € {0, 1}, prove that
o(u)-o)=n—2d(u,v).

Let C be a binary code of length n and minimum distance d. Prove that for u,v € C
() —r(1,1,...,1))- (@) —A(l,1,..., 1)) < A2n+21Qw —n) +n —2d.

By choosing an appropriate ) in iv., prove that if w < %n(l — /1 —2(d/n)), then

w
D _Awd, j)<2n.
j=0
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Linear Codes

There is a lack of structure in the block codes we have considered in the first few
chapters. Either we chose the code entirely at random, as in the proof of Theorem 1.12,
or we built the code using the greedy algorithm, as in the proof of the Gilbert—Varshamov
bound, Theorem 3.7. In this chapter, we introduce some algebraic structure to the block
codes by restricting our attention to linear codes, codes whose codewords are the vectors
of a subspace of a vector space over a finite field. Linear codes have the immediate
advantage of being fast to encode. We shall also consider a decoding algorithm for
this broad class of block codes. We shall prove the Griesmer bound, a bound which
applies only to linear codes and show how certain linear codes can be used to construct
combinatorial designs.

4.1 Preliminaries

If A =TF, and C is a subspace of [/, then we say that C is a linear code over F,
or simply a linear code. If the subspace has dimension k, then we say that C is a k-
dimensional linear code over [F,. Observe that |C| = q~.

As in the case of an n-tuple, we define the weight wt(v) of a vector v € IFZ as the
number of non-zero coordinates that v has. Recall that the elements of a code are called
codewords.

Lemma 4.1 The minimum distance d of a linear code C is equal to the minimum weight w
of a non-zero codeword of C.

Proof
Suppose u € C is a codeword of minimum non-zero weight w. Since C is a subspace, the
zero vector 0 is in C. Clearly d(u, 0) = w,sow > d.

Suppose u and v are two codewords at minimum distance from each other, so d(u, v) =
d. Since C is linear, u — v € C, and d(u — v, 0) = d. Hence, there is a codeword in C with
weight d, which implies that d > w. O
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We can describe a linear code C by means of a basis. A matrix G whose rows are a
basis for C is called a generator matrix for C. Thus,

C={G|veF,}.

We will often use the short-hand notation [n, k, d], code to mean that the code is
a k-dimensional linear code of length n and minimum distance d over F,. For a not
necessarily linear code, we use the notation (n, K, d), code to mean a code of length n,
minimum distance d of size K over an alphabet of size r.

Example 4.2
The minimum weight of the non-zero codewords of the 4-dimensional linear code of length
7 over [F, generated by the matrix

1000111
0100110
0010101
0001011

is 3, so it follows from Lemma 4.1 that the code is a [7, 4, 3], code. | |

Example 4.3
Consider the [9, 3, d]3 code generated by the matrix

100110112
G=]010101121
001011211

Each row of G has weight 6 and it is immediate to verify that a linear combination of two
of the rows also has weight 6. Any linear combination of the first two rows has at most 3
coordinates in common with the third row, so we can conclude that the minimum weight of
a non-zero codeword is 6. By Lemma 4.1, G is the generator matrix of a [9, 3, 6]3 code. W

We can also define a linear code as the solution of a system of linear equations. A
check matrix for a linear code C is an m x n matrix H with entries from F,, with the
property that

C={ueIFz|uH’=0},
where H' denotes the transpose of the matrix H.
Lemma 4.4 Let C be a linear code with check matrix H. If every set of d — 1 columns of

H are linearly independent, and some set of d columns are linearly dependent, then C has
minimum distance d.
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Proof
Let u be a codeword of C and let D be the set of non-zero coordinates of u, so |D| = wt(u).
Let h; be the i-th column of H. Since H is a check matrix for C,

Zuihi =0.

ieD

Thus, there is a linear combination of |D| columns of H which are linearly dependent.
Applying Lemma 4.1 concludes the proof. O

Example 4.5

Let C be the linear code over I, defined by the m x n check matrix H, whose columns are
vectors which span distinct one-dimensional subspaces of F'. In other words, the columns
of H are vector representatives of distinct points of PG(m — 1, ¢). Since any two columns are

H are linearly independent, Lemma 4.4 implies that C has minimum distance at least 3. By
Exercise 2.11, the number of points of PG(m — 1, g) is (g™ — 1)/(g — 1), so

n<(@"-1/q-D.
If we take
n=@q"-1/q-1,
then C is a code of size ¢* with parameters, d = 3 and
k=(@"-1/g—1)—m.
This code C attains the bound in Theorem 3.9, since
ICI(A+n(g — 1) =q"A+4¢" - 1) =q".
Thus, C is a perfect code. | |

Example 4.5 is called the Hamming code. Example 4.2 is the Hamming code with
g = 2 and m = 3. A check matrix for this code is

1110100
H=]11101010
1011001

One can readily check that GH' = 0, where G is as in Example 4.2, by verifying that
the scalar product of any row of G with any row of H is zero.
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Lemma 4.6 Let G be a generator matrix for a k-dimensional linear code C. An m X n matrix
H is a check matrix for C if and only if GH' = 0 and the rank of His n — k.

Proof
Suppose that H is an m x n check matrix for C. All the rows of G are codewords of C, so
if u is a row of G, then uH’ = 0, which implies GH’ = 0. The dimension of the code C is
n — rank(H), which implies that the rank of His n — k.

Suppose that GH’ = 0 and that the rank of H is n — k. A codeword u is a linear
combination of the rows of G, so uH’ = 0. Hence, the left kernel of H” contains C. Since the
rank of H is n — k, the left kernel of H” has dimension k, so the left kernel of H' is C. m]

Let I, denote the r x r identity matrix.
A generator matrix which has the form

(e [ A),

for some k x (n — k) matrix A, is said to be in standard form. The uncoded string v
is encoded by vG, whose first k coordinates are precisely the coordinates of v. There
are obvious advantages in using a generator matrix in this standard form. Once errors
have been corrected, the uncoded string can be recovered from the codeword by simply
deleting the last n — k coordinates. Moreover, the following lemma implies that there is
a check matrix with a similar simple form.

Lemma 4.7 Let C be the linear code generated by
G=mx | A),
for some k x (n — k) matrix A. Then the matrix
H=(—A" | L)
is a check matrix for C.
Proof
We have to check that the inner product of the i-th row of G = (g;;) with the £-th row of

H = (hy;) is zero. The entries g;; = 0 for j < k unless i = j, in which case g;; = 1. The
entries hg; = O for j > k + 1 unless £ = j — k, in which case hg ¢4 = 1. Hence,

n k n
Zgijhlj = Zgijhlj + Z ijhej = hei + gigrk = —aie +aig = 0.
j=1 j=1 j=k+1
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4.2 Syndrome Decoding

Given a generator matrix G for a linear code C, encoding is fairly simple since we
assign the codeword vG to each vector v of ]F’;. Moreover, if the generator matrix is in
standard form, as described in the previous section, then we can encode by appending the
n — k coordinates of vA to v. Decoding is a far trickier affair. To use nearest neighbour
decoding we have to find the codeword of length n which is nearest to the received n-
tuple. For a code with no obvious structure, this can only be done by calculating the
distance between the received n-tuple and each codeword, something which is laborious
and infeasible for large codes. In this section, we consider a decoding algorithm for
linear codes which exploits the linearity property.
Let C be a linear code with check matrix H. The syndrome of a vector v € IFZ is

s(v) = vH'.
Note that s(v) = 0 if and only if v € C, since
C={vel,|vH =0}

To use syndrome decoding we compute a look-up table with entries s(e) for all
vectors e of weight at most # = [(d — 1)/2]. To decode a vector v we compute s(v),
use the look-up table to find e such that s(v) = s(e), and decode v as v — e. Note that
v — e € C and the distance between v and v — e is at most 7.

Example 4.8
The matrix
10000111
G = 01001011
00101101
00011110

is the generator matrix of a [8, 4, 4]3 code.
Suppose that a codeword u has been sent and we have received the vector

v=(1,0,1,0,0,1,0,2).
By Lemma 4.7, the matrix

02221000
20220100
22020010
22200001

is a check matrix for C.



52 Chapter 4 « Linear Codes

Note that —1 = 2, since we are doing arithmetic with elements of F3.
To decode using syndrome decoding, we calculate the syndrome of v,

s(v) = vH = (2,2,2,0).

Then we look for the low weight vector e, in this example a vector of weight one, such that
s(v) = s(e). If only one error has occurred in the transmission, the syndrome s(v) must be
equal to s(e), for some vector e of IF; of weight one. Indeed,

s(v) =+s((0,0,0,1,0,0,0,0)).
Therefore, we correct v to the codeword
v—e=1(1,0,1,2,0,1,0,2),
which is (1,0, 1, 2)G. | |

In general, using a look-up table would involve searching through

£

j=1

entries, an entry for each non-zero vector of Iy of weight at most ¢. For n large, this
implies that we would have to search through a table with an exponential number of
entries, since

(13 > ~ RGO
3 n

This does not imply that there might not be a better method to find the vector e with the
property that s(e) = s(v), especially if the linear code has some additional properties
we can exploit. However, we will now prove that decoding a linear code using syndrome
decoding is an NP problem. Under the assumption that P £ NP, this implies that there
is no polynomial time algorithm that will allow us to decode using syndrome decoding.

Problems in NP are, by definition, decision problems. So what we mean by saying
that decoding a linear code using syndrome decoding is an NP problem, is that deciding
if we can decode a linear code using syndrome decoding is an NP problem. A decision
problem is in P if there exists a polynomial time algorithm which gives a yes/no answer
to the problem. A decision problem is in NP, if there exists a polynomial time algorithm
which verifies that a “yes” solution to the problem, really is a solution. For example,
the Hamiltonian path problem asks if there is a path in a graph which visits all the
vertices without repeating any vertex. This is an NP problem since a “yes” solution to
the problem is a Hamiltonian path. This solution can be checked in polynomial time by
checking that each edge in the path is an edge of the graph.
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It is not known if NP is a larger class of problems than P or not. A decision problem
D is said to be NP-complete if there is a polynomial time algorithm which reduces every
problem in NP to D. This implies that if we had a polynomial time algorithm to solve
D, then we would have a polynomial time algorithm to solve all problems in NP.

Let 7 be asubset of {1, ..., n}>.

A perfect matching M is a subset of T of size n,

M={(ajlvaj27aj3)|j=17'-'an}gT7
where foralli € {1, 2, 3},
{ajilj=1,....,n}={1,...,n}

Deciding whether 7 has a perfect matching or not is the three-dimensional
matching problem. This decision problem is NP-complete.
For example, let T be the set of triples

{1,1,1),(1,2,3),(1,4,2),(2,1,4),(2,3,3),(3,2,1), (3,3, 4),
4,3,2),4,3,3), (4,4,4)}.

The three-dimensional matching problem asks if it is possible to find a subset M of T
such that each element of {1, 2, 3, 4} appears in each coordinate of an element of M
exactly once. In this example the answer is affirmative,

M=1{(1,4,2),2,1,4),(3,2,1), (4,3,3)}.

Theorem 4.9
Decoding a linear code using syndrome decoding is NP-complete.

Proof
To decode a linear code using syndrome decoding, we have to find a vector e of weight at
most ¢, such that eH’ = s, where s = s(v) and v is the received vector.

We make this a decision problem by asking if there is a vector e of weight at most ¢ such
that eH' = s. We will show that this decision problem is NP-complete by proving that if
we had a polynomial time algorithm to solve this decision problem, then we would have a
polynomial time algorithm to solve the three-dimensional matching problem.

Let R; = {1,...,n} fori = 1,2,3. Let T be a subset of R; x Ry x R3. Consider
the matrix A whose rows are indexed by the triples in 7', whose columns are indexed by
R1 U Ry U R3, where the ((a1, az, a3), r;) entry is 1 if a; = r; and zero otherwise. Thus, each
row has three ones and 3n — 3 zeros. A perfect matching is given by a vector v of {0, 1}/,
necessarily of weight n, such that vA is equal to the all-one vector j. Therefore, if we have a
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polynomial time algorithm which can decide if there is a vector e of weight at most ¢, such
that eH' = s, then we can use this to solve the three-dimensional perfect matching decision
problem by asking if there is a vector v of weight n such that vA = j. O

4.3 Dual Code and the MacWilliams Identities

Let C be a k-dimensional linear code over IF,,.
The dual code of a linear code C is

Cl:{veIFZ|u-v:u1v1+---+unv,,:0, for allu € C}.

In other words C is the orthogonal subspace to C, with respect to the standard inner
product. The subspace C* is the set of solutions of a homogeneous system of linear
equations of rank k in n unknowns. Hence, the dual code C+ is a (n — k)-dimensional
linear code and length n over F,.

The following lemma is immediate.

Lemma4.10 IfHisa (n — k) x n check matrix for a k-dimensional linear code C, then H
is a generator matrix for Ct. Likewise, if G is a generator matrix for C, then G is a check
matrix for Ct.

If C = C*, then we say that C is self-dual.

Example 4.11
The extended code of the binary four-dimensional code in Example 4.2 is a self-dual code. It
has a generator (and check) matrix

10001110
01001101
00101011
00010111

Let A; denote the number of codewords of weight i of a linear code C of length n.
The weight enumerator of C is a polynomial defined as

AX) = Z A X
i=0

Let A+(X) denote the weight enumerator of the dual code C*.
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There is an important relationship between A(X) and A (X), which implies that
one is determined by the other. To be able to prove this relationship, which we shall do
in Theorem 4.13, we introduce the trace map and characters.

Let p be the prime such that g = p”. Then the trace map from F, to I, is defined
as

Tr(x) = x +x? + -+ x9/P.
By Lemma 2.6, it is additive, i.e.
Tr(x + y) = Tr(x) + Tr(y),
and by Lemma 2.4 and Lemma 2.6,
Tr(x)? = Tr(x),

S0, again by Lemma 2.4, Tr(x) € .

Observe that if Tr(Ax) = O for all A € IF,, then x = 0, since as a polynomial (in A) it
has degree g/ p. For the same reason, every element of I, has exactly g /p pre-images
of the trace map from F, to FF,.

Foru € Iy, we define a character as a map from [} to C by

22Ty (xu)

Xu ()C) =evr
Note that this definition makes sense since F, is Z/(pZ).

Lemma4.12 Let C be a linear code over Fy. Then

}:xcm= 0 if xgct

: 1
~ IC|if xeC

Proof
If x € C, then x - u = O for all u € C which implies x,(x) = 1 forall u € C and we are
done.

Suppose x & CL. If y,(x) = 1 forall v € C, then Tr(v - x) = O forall v € C, so
Tr(A(v-x)) = Oforall A € F; and v € C. This, we observed before, implies v - x = 0 for
allv € C,s0x € C*+, a contradiction. Thus, there is a v € C such that x, (x) # 1. Then,

X)) ) =D Xupo() = D xux).

ueC ueC ueC

which implies

D ) =0.

ueC
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The following theorem relates the weight enumerator of a linear code to the weight
enumerator of its dual code. It is known as the MacWilliams identities.

Theorem 4.13 (MacWilliams)
For a k-dimensional linear code C over Fy of length n we have

- X

At X) =1+ (q - ”X)"A(m)'

Proof
Letu = (uy,...,un) EFZ.
Ifu; # 0, then
D7 e ) =0,
w; €Fy

since we sum each p-th root of unity ¢g/p times, and the sum of the p-th roots of unity is
zZero.
Therefore,

g—1 ifur=0
e \U) =
2 w0 { 1 if up #£0

w; €F \{0}

and so

n

[T+ Y dwe@X) =1 +@= DX —x)®.

i=1 w; €F,4 \{0}

Multiplying out the brackets,

n n
l_[ (1 + Z Xwie; (u)X> = Z th(w) l_[ Xwe; () = Z XWl(w)Xu(w)-
i=1 w; €F,\{0} wE]Fz i=1 U)EFZ

Combining the above two equations,

Z le(w)xu (w) _ (1 + (q _ I)X)n—wt(u)(l _ X)wl(u).

n
wEIFq

Summing over u € C, we have

wt(w _ _ n 1—X
ng%qlx ) = (g = DX A g)
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since

A(X) — Z XWt(u).

ueC

Switching the order of the summations, and applying Lemma 4.12,

Z X Wt(w) qu(w) — Z th(w)|C| — |C|AJ‘(X).

wely ueC weCL

]

Observe that Theorem 4.13 implies that if we know the weights of the codewords
of C, then we know the weights of the codewords of C+ and in particular the minimum
weight of a non-zero codeword and therefore, by Lemma 4.1, the minimum distance of
ct.

If C is a self-dual code, we can get information about the weights of the codewords
of C from Theorem 4.13.

Example 4.14
Let C be a self-dual 4-dimensional binary linear code of length 8, for instance, as in
Example 4.11. Then, equating the coefficient of X J, for j=0,...,8,in

AX) =274+ X)%A1 - X)/( + X)),

where
8 .
AX) =1+ ZaiX’,

i=1

will give a system of nine linear equations and eight unknowns.
This system has the solution

AX) =1+ 14X* + X3 40X — 2x* + X9,

forsome A € {0, ..., 7}. Thus, C must contain the all-one vector and if the minimum distance
of C is 4, then

AX)=1+14x" 4+ X5
|
We will see an important application of the MacWilliams identities in » Section 4.6

where we will exploit these equations to prove that, under certain hypotheses, we can
construct combinatorial designs from a linear code.
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4.4 Linear Codes and Sets of Points in Projective Spaces

A linear code C is the row space of a generator matrix G. The multi-set S of columns of
G also contains information about the code and its parameters. The length of C is | S|, the
dimension of C is the length of the vectors in S and, as we shall prove in Lemma 4.15,
the weights of the codewords in C can be deduced from the intersection of S with the
hyperplanes of IF’;. Observe that S is a multi-set since columns can be repeated.

Lemma 4.15 The multi-set S of columns of a generator matrix G of a [n, k, d], code C is a
multi-set of n vectors of ]F]; in which every hyperplane of IF]; contains at most n — d vectors
of S, and some hyperplane of IF’; contains exactly n — d vectors of S.

Proof
There is a bijection between the vectors of IF’; and the codewords, given by

v — vG.

For each non-zero vector v of IF’;, the subspace consisting of the vectors (x1, ..., xx) €
]F’;, such that

vixy + -+ uexe =0,

is a hyperplane of FX, which we denote by 7,,. The non-zero multiplies of v define the same
hyperplane, so 7, = m;,, for all non-zero A € Fy.

We can label the coordinates of vG by the elements of S. The s-coordinate of the
codeword vG is the value of the scalar product v - s. The scalar product v - s = 0 if and
only if s € m,. Therefore, the codeword vG has weight w if and only if the hyperplane 7,
contains n — w vectors of S. The lemma follows since, by Lemma 4.1, the minimum weight
of a non-zero vector of C is equal to the minimum distance. O

Lemma 4.15 is still valid if we replace a vector s of S by a non-zero scalar multiple
of s. Thus, we could equivalently state the lemma for a multi-set of points in PG(k —
1, g), assuming that the vectors in S are non-zero vectors. In the projective space, the
hyperplane m, is a hyperplane of PG(k — 1, g¢). The s-coordinate of the codeword vG
is zero if and only if the point s is incident with the hyperplane m,, as we saw in »
Section 2.4.

We could also try and construct a multi-set S of points of PG(k — 1, ¢) in which we
can calculate (or at least bound) the size of the intersections of S with the hyperplanes
of PG(k —1, ¢). Then Lemma 4.15 implies that we can bound from below the minimum
distance of the linear code we obtain from a generator matrix whose columns are vector
representatives of the points of S.

Example 4.16
Let ¢(X) = ¢(X1, X2, X3) be an irreducible homogeneous polynomial over F, in three
variables of degree m. Let S be the set of points of PG(2, ¢) which are zeros of this
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polynomial. Since ¢ is irreducible, each line of PG(2, ¢) contains at most m points of S.
By Lemma 4.15, the matrix whose columns are a vector representative of the points of S is
a 3 x |S| matrix which generates a code with minimum distance at least n — deg ¢. This can
give an easy way to make codes with surprisingly good parameters. For example, suppose ¢
is a square and we take the Hermitian curve, defined as the zeros of the polynomial

(X)) = X?fq+l + XE/EH + X§/§+l.

This curve has g /g + 1 points and is irreducible. Thus we obtain a [q /g +1, 3, /9 — /914
code. |

We say that two codes are equivalent if one can be obtained from the other by
a permutation of the coordinates and permutations of the symbols in each coordinate.
Note that non-linear codes can be equivalent to linear codes. Indeed, one can obtain a
non-linear code (of the same size, length and minimum distance) from a linear code by
simply permuting the symbols of I, in a fixed coordinate.

We can use S to obtain a model for all codes that are equivalent to a linear code
C, this is called the Alderson-Bruen—Silverman model. Let S be the multi-set of n
points of ¥ = PG(k — 1, g), obtained from the columns of a generator matrix G of the
k-dimensional linear code C of length n. For each point (s; : ... : s;) of S, we define a
hyperplane 7; of ¥ = PG(k — 1, g) as the kernel of the linear form

o (X) =51 X1+ -+ sk Xy

We embed X in a PG(k, g) and consider PG(k, ¢g) \ £ which, by Exercise 2.12, is
isomorphic to AG(k, g). Within PG(k, ¢), we label each hyperplane (# X) containing
7y with an element of IF,. For each point v of the affine space PG(k,q) \ ¥ we
obtain a codeword u of C’, a code equivalent to the code C. The coordinates of u are
indexed by the elements of S, and the s-coordinate of u is the label given to the unique
hyperplane of PG(k, ¢) spanned by 75 and v. Observe that two codewords u and u’ of
C’ (obtained from the points v and v’, respectively) agree in an s-coordinate if and only
if a;(v) = ay3(v'). The vectors vG and v'G are codewords of C, so agree in at most
n — d coordinates, which implies that there are at most n — d elements s € § such that
a5 (v) = a;(v'). Thus, u and u’ agree in at most n — d coordinates. Furthermore, there
are two codewords which agree in exactly n — d coordinates. Therefore, the code C’ is
of length n and minimum distance d. It is Exercise 4.10, to prove that the code C’ is
equivalent to the linear code C. This model is used in Exercise 4.11 to prove that if a
linear code has a non-linear extension, then it has a linear extension.

4.5 Griesmer Bound

In » Chapter 3 we proved various bounds involving the length, the minimum distance
and the size of a block code. In this section, we shall prove another bound involving these
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parameters, the Griesmer bound, which is specifically for linear codes. The Griesmer
bound follows almost directly from the following lemma.

Lemma4.17 Ifthereisa[n,k,d], code, thenthereisaln —d,k—1,> ’Vi—l]q code.
q

Proof
Let S be the multi-set of columns of a generator matrix G of a k-dimensional linear code C
of length n and minimum distance d over F,.

By Lemma 4.15, there is a non-zero vector v € IF’(; such that the hyperplane m, of IF’;
contains n — d vectors of S. Let S’ be this multi-set of n — d vectors. Let G’ be the k x
(n — d) matrix whose columns are the vectors of S’. The matrix G’ generates a linear code
C’, obtained from G’ by left multiplication by a vector of IF’;. The matrix G’ is not, strictly
speaking, a generator matrix of C’, since its rows are not linearly independent. The vector v
is in the left nucleus of G’. The code C’ is the subspace spanned by the rows of the matrix
G.

We want to prove that C’ is a (k — 1)-dimensional linear code. The rank of G’ is at most
k — 1, since vG’ = 0. If the rank is less than k — 1, then there is another vector v’ € ]Fz,
not in the subspace spanned by v, for which v'G’ = 0. But then we can find a 2 € F,
such that (v + Av')G has zeros in more than n — d coordinates, which implies that C has
non-zero codewords of weight less than d, which contradicts Lemma 4.1. Hence, C’ is a
(k — 1)-dimensional linear code.

Let d’ be the minimum distance of the code C’ . By Lemma 4.15, there is a hyperplane
7" of m, which contains n — d — d’ vectors of S’. By Exercise 2.12, there are precisely
q + 1 hyperplanes of ]F’; containing the co-dimensional two subspace 7’. Each one of these
hyperplanes contains at most n — d vectors of S and so at most d’ vectors of S \ . Hence,

né(q—l—l)d/—i—n—d—d/,

which gives

Theorem 4.18 (Griesmer bound)
Ifthere is a [n, k, d], code, then

>3 [4].

i=0
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Proof
By induction on k.
For k = 1 the bound gives n > d, which is clear.
By Lemma 4.17, thereisa [n — d, k — 1, d’]q code, where

=[],
q

By induction,

k— k—

2 k-1
Z d d Z d
+1
iz !4 e prl A

[SS)

Example 4.19

Consider the problem of determining the largest ternary code C of length 10 and minimum
distance 4. The Plotkin bound from Lemma 3.10 does not apply, since d+n/r —n is negative.
The sphere packing bound, Theorem 3.9, implies

|C| < 3'921.

The Griesmer bound tells us that if there is a linear code with these parameters, then
10>244+24+k-2.

and so
IC| < 3°.

To construct such a code, according to Lemma 4.15, we need to find a set S of 10 points in
PG(5, 3) with the property that any hyperplane is incident with at most 6 points of S. Let G
be the 6 x 10 matrix whose columns are vector representatives of the 10 points of S. The
matrix G is the generator matrix of a [10, 6, 4]3 code. Such a matrix G can be found directly,
see Exercise 4.14. However, we can construct such a code geometrically in the following
way.

Let C* be the linear code over [, generated by the 4 x (¢%+1) matrix H, whose columns
are the points of an elliptic quadric. For example, we could take the elliptic quadric defined
as the zeros of the homogeneous quadratic form

X1X2 — f(X3, X4),

where f (X3, X4) is an irreducible homogeneous polynomial of degree two. Explicitly the
points of the quadric are
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{(17 f(-xv Y)Jfa )’) |)C, y € Fq} U {(0’ 1507 0)}

As in the real projective space, the elliptic quadric has no more than two points incident with
any line. To verify this algebraically, consider the line which is the intersection of the planes
defined by X| = a3X3 + a1X4 and X, = b3X3 + b4 X4. The x3 and x4 coordinates in the
intersection with the quadric satisfy

(a3x3 + asx4)(b3xs + baxs) — f(x3,x4) =0,

which is a homogeneous polynomial equation of degree two in two variables. It is not
identically zero, since f is irreducible, so there are at most two (projectively distinct or
homogeneous) solutions for (x3,x4); the x; and x> coordinates are then determined by
X1 = a3x3 + asx4 and xp = b3x3 + bgx4. This checks the intersection with q4 lines, the
intersection with the remaining lines can be checked similarly.

Therefore, any three columns of the matrix H are linearly independent, since three
linearly dependent columns would imply three collinear points on the elliptic quadric. The
elliptic quadric has four co-planar points, so H has four linearly dependent columns. By
Lemma 4.4, C has a minimum distance 4 and is therefore a [q2 + 1, q2 — 3, 4], code.
Substituting ¢ = 3, we obtain a ternary linear code C meeting the Griesmer bound.

The geometry also allows us to calculate the weight enumerator of C* and hence the
weight enumerator of C. Since any three points span a plane which intersects the elliptic
quadric in a conic, and a conic contains ¢ + 1 points, there are

(@*+ Dg*q*> -1

2
= 1
@+ hgq—n @t

planes incident with ¢ + 1 points of the elliptic quadric and the remaining ¢ + 1 planes are

incident with exactly one point. This implies that C* has (¢ + 1)g(g — 1) codewords of

weight g2 — ¢, (g% + 1)(g — 1) codewords of weight ¢> and one codeword of weight zero.
For g = 3, the weight enumerator of C is

AT (X) =14 60X° +20X°.
The MacWilliams identities, Theorem 4.13, imply that C has weight enumerator,
A(X) =1+ 60X* + 144X + 60X° +240X7 + 180X% +20X° + 24x10.
Even if we do not restrict ourselves to linear codes, there is no larger code known with these

parameters. The best known upper bound is |C| < 891.
|

Example 4.20

Consider the problem of determining if there is a (16, 256, 6), code C, that is a binary code
of length 16 with minimum distance 6 and size 256. The sphere packing bound, Theorem 3.9,
implies
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16
IC|(1+ 16 + (2 )) <2,
which is satisfied. The Plotkin bound, Theorem 3.12, does not give a contradiction since
[C| < d2"~%+2 = 384.

Now, suppose that the code is linear, so C is a [16, 8, 6], code. The Griesmer bound is
also satisfied since,

S HEHE (I

However, Lemma 4.17 implies the existence of a [10, 7, > 3], code. This code is a 1-error
correcting binary code of length 10, so the sphere packing bound, Theorem 3.9, implies that

(1 +10)27 <219
which is a contradiction. Therefore, there is no [10,7, > 3], code. Hence, there is no

[16, 8, 6] code. However, there is a non-linear (16, 256, 6); code and we shall construct
one both in » Chapter 9 and in » Chapter 10. |

4.6 Constructing Designs from Linear Codes

A 7-design is a collection D of k-subsets of {1, ..., n} with the property that every t-
subset of {1, ..., n} is contained in precisely A subsets of D, for some fixed positive
integer A. If we want to specify the parameters, then we say that D is a 7-(n, k, A)
design.

Letu € IE‘Z. The support of u = (uy, ..., u,) is asubset of {1, ..., n} defined as

{i ef{l,...,n}|u; #0}.

In this section we shall prove that if the codewords of the dual of a linear code C have
few distinct weights, then one can construct t-designs from the supports of codewords
of C of a fixed weight. Before proving the main theorem, we will prove by counting that
we can construct a 3-design from the extended Hamming code, Example 4.11.

Example 4.21

In Example 4.14, we calculated the weight distribution for the extended Hamming code in
Example 4.11 and deduced that there are 14 codewords of weight 4. Two codewords u and v
of weight 4 have at most two 1°s in common, since otherwise u + v would be a codeword of
weight 2. Therefore, every 3-subset of {1, ..., 8} is contained in the support of at most one
codeword of weight 4. There are 14@) = 56 subsets of size 3 of the 14 supports of the 14
codewords of weight 4 and (g) = 56 subsets of size 3 of {1, ..., 8}. Hence, each 3-subset is
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contained in a unique support of a codeword of weight 4 and we have deduced that the set of
these supports is a 3-(8, 4, 1) design. |

In the following theorem, k can be any number in the set {d, ..., n} in the case that
q = 2, since the condition is vacuous. If ¢ # 2, then, by Exercise 4.15, the condition is
surely satisfied if

d—1
Ke{d,...,d—l—t—L—J}.
q—2

In order to simplify the statement of the following theorem, we say that C has a weight
w if there is a codeword of C of weight w.

Theorem 4.22

Let C be an [n, k, d], code such that C1 has at most d — t non-zero weights of weight
at most n — t, for some v < d — 1. If k has the property that two codewords of C of
weight k have the same support if and only if they are multiples of each other, then the
set of supports of the codewords of C of weight k is a T-(n, k, \) design, for some .

Proof
Let T be a r-subset of {1,...,n}. Let C \ T be the code obtained from C by deleting the
coordinates indicated by the elements of 7. If after deleting T coordinates the codewords u
and v are the same, then u# and v differ in at most T coordinates. Since T < d — 1, this cannot
occur, so deleting the coordinates does not reduce the number of codewords. Hence, C \ T is
a k-dimensional linear code of length n — 7.

Let C%‘ be the subset of codewords of C1 which have zeros in all the coordinates
indicated by the elements of 7. Then C% \ T is a linear code and

Cr\T S (C\D",

since a vector in C % is orthogonal to all the vectors of C and has zeros in the coordinates
indicated by the elements of 7. Furthermore,

dim(C7 \ T) = dim C3+

since the codewords of C% have zeros in the coordinates indexed by T, so deleting these
coordinates does not reduce the number of codewords.

Let H be a generator matrix for C*. Let L be the set of T vectors of Fg_k which are the
columns of H indicated by the elements of 7. Then

Cr={H|veF, ™ v.5s=0, foralls € L},
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since vH is a codeword of C and has zeros in the coordinates indexed by T precisely when
v-s =0,foralls € L.
Hence,

dimC% >n—k—rt.
Now,

dim(C\T) =k
implies

dim(C\T)* =n—1—k
and we just proved that

dim(C+ \T) >n—1 —k,
so we have that

CF\T =(C\T)*.

The weight of a codeword of C % \ T is the weight of the corresponding codeword of C1. By
hypothesis, C has at most d — 7 non-zero weights of weight at most n — 7. Since at least
of the coordinates of a codeword of C % are zero, C % has weights at most n — 7. Therefore,
(C\ T)* has at most d — 7 non-zero weights.

Since C \ T has minimum distance at least d — 7, Exercise 4.16 implies that the weight
enumerator of C \ T is determined.

If u is a non-zero codeword, then pu is another codeword with the same support as u,
for all non-zero u € ;. The number A(g — 1), of codewords of C \ T of weight x — T,
is determined by the weight enumerator of C \ T. The number A does not depend on which
subset T we choose, only the size of the subset 7. By induction on «, for all t-subsets T of
{1, ..., n}, there are a fixed number of supports of the codewords of weight ¥ containing 7.
Therefore, the set of the supports of the codewords of C of weight k is a 7-(n, k, A)
design. O

Example 4.23
Consider the [10, 6, 4]3 code from Example 4.19. The dual code C L has codewords of weight
0,6 and 9 so, according to Theorem 4.22, the set of supports of the codewords of weight «
is a 3-design, provided that no two codewords of C of weight x have the same support. By
Exercise 4.15, we can be assured of this for « € {4, 5, 6, 7}.

To calculate A, we count in two ways the number of 3-subsets. Each 3-subset of
{1, ..., 10} is contained in A 3-subsets of the design, so

(3= ()=
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where « is the number of supports of codewords of C of weight x. The number of supports

of codewords of weight « is the number of codewords of weight « divided by g — 1.
Therefore, from the code C we can construct a 3-(10, 4, 1)-design, a 3-(10, 5, 6)-design

and a 3-(10, 6, 5)-design. | |

In Example 4.23, we could have constructed the designs directly from the elliptic
quadric. For example, the 3-(10,4, 1) design is obtained by taking subsets of 4 co-
planar points and the 3-(10, 5, 6) design is obtained by taking subsets of 5 points,
no 4 co-planar. In » Chapter 5 we shall construct codes from polynomial divisors
of X" — 1 which will often satisfy the hypothesis of Theorem 4.22 and allow us to
construct designs. In many cases, these designs cannot be constructed directly from any
geometrical object.

4.7 Comments

The MacWilliams identities from » Chapter 4 appear in MacWilliams’ thesis “Com-
binatorial Problems of Elementary Group Theory”, although the standard reference is
[50]. The MacWilliams identities lead to a set of constraints on the existence of an
[n, k, d]; code. We have that Ag = 1and A} =--- = Az = 0 and that

1+ A;+-+ A, =4~
Since

At >0,

1

Theorem 4.13 implies, for a fixed n and ¢, the linear constraint
> AjKi(j) > 0.
j=0
The coefficients
L\ (n—
Ki N — -1 -1 i—r
@) 2:(; (r>(i _r)< ) (g =1

are called the Krawtchouk polynomials. Delsarte [21] proved that from the distance
distribution between the codewords of an arbitrary code (not necessarily a linear code)
one can deduce similar inequalities, called the linear programming bound. This can be
a powerful tool, not only in ruling out certain parameter sets, but also for the construction
of codes, since it can give significant information about the distance distribution.
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The Griesmer bound is from [31] and the Hamming code was first considered by
Hamming in [34]. The upper bound on the size of the code in Example 4.19 is from
[55].

The Alderson-Bruen—Silverman model for codes equivalent to linear codes in »
Section 4.4 is from [2]. The fact that a linear code with a non-linear extension has a
linear extension, Exercise 4.11, is due to Alderson and Gécs, see [1].

Theorem 4.22 is the Assmus—Mattson theorem from [4].

The bound in Exercise 4.3 is due to Varshamov [75] and is known as the linear
Gilbert—Varshamov bound.

4.8 Exercises

4.1 Prove that if C is linear, then the extended code C is linear.

4.2 Prove that the code in Example 4.2 is a perfect code.

4.3 Prove that if

d-2

> (n B l)(q -/ <q"k

j=o~ J

then there exists an [n, k, d], code.

4.4 Prove that the system of equations in Example 4.14 has the solution
AX) =14 14X" + X5 + 4(X* —2X* + X°).

4.5 Prove that the code in Example 4.8 has minimum distance 4 and decode the received
vector (0,1,1,0,2,2,2,0) using syndrome decoding.

4.6 Prove that the code C in Example 3.4 is linear but not self-dual although for the weight
enumerator A(X) of C, we have A(X) = A+(X). Prove that C is equivalent to C.

4.7 Let C be the linear code over Fs generated by the matrix

100112
G=]|010121
001211

Calculate the minimum distance of C and decode the received vector (0, 2, 3, 4, 3, 2) using
syndrome decoding.



68

Chapter 4 « Linear Codes

4.8 Let C be the linear code over F7 defined by the check matrix

I
il.

1111111
0123456
0142241
0116166

Prove that C is a |7, 3, 5]7 code.
Decode the received vector (2,2,3,6,1,2,2) using syndrome decoding.

4.9 Let C be the 3-dimensional linear code over [F3 generated by the matrix

100112011
010121101
001211110

Prove that C has minimum distance 6 and use syndrome decoding to decode the received

vector

1,2,0,2,0,2,0,0,0).

4.10 Prove that the code C' obtained from the Alderson—Bruen—Silverman model is
equivalent to the linear code C from which the model is set up.

411 Let S be the set of n vectors obtained from the set of columns of a generator matrix of

a linear code C and suppose that C has an extension to a code of length n + 1 and minimum
distance d + 1.

i

iii.

.

Prove that there is a function
f:Fy—>F
J o q q

with the property that if f(u) = f(v), then u — v is orthogonal (with respect to the
standard inner product) to less than n — d points of S.

Let T be the set of vectors of IFI; which are orthogonal to n — d vectors of S. Letv € T
and let uy, ..., ur—o be a set of k — 2 vectors extending v to a set of k — 1 linearly
independent vectors. Prove that for all Ay, ..., A2, A, € Fy, A # p,

SQauy + -+ Ag—2up—2 + Av) # fhqup + -+ + Ag—2ug—2 + nv).

Prove that if every hyperplane of F' ’l; contains a vector of T, then every hyperplane of
]F/(; contains =2 vectors u such that f(u) = 0.

Prove that there is a hyperplane of Fz not containing a vector of T.

Prove that C has a linear extension. In other words, it can be extendedtoa [n+1, k, d+
11y code.
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4.12 Prove that for fixed r = n — d, the Griesmer bound impliesn < (r —k +2)q +r.

413 Letr =n —d and let S be the set of columns of a generator matrix of a 3-dimensional
linear code C of length (r — 1)q + r, so we have equality in the bound of Exercise 4.12.
Prove that S is a set of vectors of IFIq‘ in which every hyperplane contains 0 or r vectors of S.
Equivalently show that the non-zero codewords of C have weight n or d.

4.14
i. Verify that equality in the Griesmer bound occurs for the parameters of the code C in
Example 4.19 if and only if ¢ = 3.
ii. LetGbea6 x 10 matrix

G=(I(,A>.

Let S be the set of rows of the 6 x 4 matrix A, considered as 6 points of PG(3, 3).
Prove that G is a generator matrix of a [10, 6, 4]3 code if and only if S has the property
all points of S have weight at least three (i.e. the points of S have at most one zero
coordinate), no two points of S are collinear with a point of weight one and that no
three points of S are collinear.

iii. Find a matrix A so that G is a generator matrix for a [10, 6, 4]3 code.

4.15 Let C be a linear code over Iy, where q # 2.

i. Prove thatif w — [w/(q — 1)1 < d, where d is the minimum distance of a linear code
C, then two codewords of C of weight w have the same support if and only if they are
multiples of each other.

ii. Provethatifw < (d—1)(g—1)/(q —2), thenw — [w/(g —1)] <d.

416 Let C be a linear code of length n and minimum distance d with the property that C+
has at most d distinct weights, wy, ..., wq.
i. Let Aj denote the number of codewords of C of weight j and let A]* denote the number
of codewords of C* of weight j. Prove that

Y AFU-X) = (1+(@-DA=X)"+Y_ A X (1+(q-DHA-X)").
j=0 j=d

ii. Prove that the n + 1 polynomials X"7"(14+ (¢ — DA = X)) (r =0,...,n —d),
1—=X)Yi(j=1,...,d)are linearly independent.

iii. Prove that the weight enumerator of C* is determined.

iv.  Prove that the weight enumerator of C is determined.
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Cyclic Codes

Although it will turn out that cyclic codes are not asymptotically good codes, they are
an important class of codes which include many useful and widely implemented short
length codes, most notably the Golay codes and the general class of BCH codes. BCH
codes have a prescribed minimum distance which means that, by construction, we can
bound from below the minimum distance and therefore guarantee some error-correction
properties. Cyclic codes also provide examples of linear codes with few weights, which
allows us to construct designs via Theorem 4.22. The cyclic structure of these codes will
appear again in » Chapter 10, when we consider p-adic codes.

5.1 Basic Properties

A linear code C is called cyclic if, for all (cy,...,c,) € C, the vector
(cn,c1y.n.ycn-1) € C.
The map
(1, ....en) > e+ X+ -+, X!

is a bijection between the vectors of Fy and the polynomials in

Fo[X1/(X" = 1).

We define the weight wt(u) of a polynomial u(X) € F,[X]/(X" — 1) of degree less
than n, as the weight of the corresponding vector of [Fy. In other words, the number of
non-zero coefficients that it has.

An ideal 7 of a polynomial ring is a subspace with the property that if f € I, then
Xfel.
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Lemma 5.1 A cyclic code C is mapped by the bijection to an ideal I in F;[X]/(X" — 1).

Proof
This is precisely the condition that a linear code satisfies to be cyclic. O

We assume that (1, ¢) = 1 so that the polynomial X" — 1 has no repeated factors in
its factorisation, see » Section 2.3.

The ring F,[X]/(X" — 1) is a principal ideal ring, so / in Lemma 5.1 is a principal
ideal. Hence,

I =(g)={fgl|feF,X]/(X" -1}

for some polynomial g, which is monic and of lowest degree in the ideal.
Therefore, a cyclic code C is mapped by the bijection to (g). We will from now on
write C = (g), for some polynomial g.

Lemma5.2 If C = (g) is a cyclic code of length n, then g divides X" — 1 and C has
dimension at least n — deg g.

Proof
If g(X) does not divide X" — 1, then, using the Euclidean algorithm, we can find polynomials
a(X) and b(X) such that

a(X)g(X) + b(X)(X" — 1)

is equal to the greatest common divisor of g(X) and X" — 1, which has degree less than g.
This contradicts the property that ¢ has minimal degree in the ideal /. Therefore, g divides
X" —1.

The polynomials X/g, for j = 0,...,n — deg(g) — 1 are linearly independent
polynomials in (g), so the dimension of C is at least n — deg g. O

In fact, we shall see that the dimension k of C is precisely n — deg g. This follows
from the following theorem.

Theorem 5.3
Let C = (g) be a cyclic code of(lingth n. The dual code C* is the cyclic code (
where g(X)h(X) = X" — L and h (X) = X*n(X~1).

<«
h

2

Proof
Suppose that

n—k
gX)=> g;X
Jj=0
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and
k
h(X) =Y hiX'.
i=0

The code (g) contains the row span of the k£ x n matrix

g0 .- &n—k 0 ...... 0
0g ... ga—x 0 ... O
G=]00
: 0
0... ... 0 go...8—k
<~ . :
and the code ( /1 ) contains the row span of the (n — k) x n matrix

hip...hg O ...... 0
0 hr ... hy O 0
H=]0 0
. .0
0 ...... 0 hg ho
The scalar product between the s-th row of G and the r-th row of H, where s € {1, ..., k}
andr € {1,...,n—k}is
k+r

> gimshitri,
i=s

which is the coefficient of X¥*" 5 in gh.Since 1 < k+r —s < n — 1, this coefficient is
zero and so GH' = 0.

Since
n = dim C + dim C* > rank(G) + rank(H) = n, 5.1
the theorem follows. O

Corollary 5.4 The code C = (g) of length n has dimension n — deg g.

Proof
Let G and H be as in the previous proof. Equation (5.1) implies that the dimension of C is
the rank of G, which is k. O
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Example 5.5 (perfect ternary Golay code)
Consider the factorisation of X'! — 1 over F3. As in » Section 2.3, we calculate the
cyclotomic subsets of the multiples of 3 modulo 11,

{0},{1,3,9,5,4},{2,6,7, 10, 8}.
According to Lemma 2.12, there are two factors of degree 5 which are
X ) (X =o)X =o)X —a))(X —at)
and
(X — )X —a)(X =o)X —a')(X —ab),

where o is a primitive 11-th root of unity in [F5s.
Suppose that

X3 +a4X4 +a3X3 +a2X2 +a1 X +ag

is the first of these factors. Then ag = —a?? = —1. Since the roots of the first factor are the

reciprocals of the roots of the second factor, the second factor is
X —ai X — X —asX? —asX — 1.
It is fairly easy to deduce from this that the factorisation is
XU =X -DX=-X+X2-X- DX+ X* - X3+ x2- 1.

The cyclic code C = (X3 — X3 + X2 — X — 1) over I is the perfect ternary Golay code of
length 11. To prove that this is a perfect code we need to show that the minimum weight of a
non-zero codeword is 5 (and hence the minimum distance is 5 according to Lemma 4.1) and
observe that

(1 + 2(111) +4(121))36 =3

so the sphere-packing bound of Theorem 3.9 is attained.
Adding a column of 1’s to the generator matrix

-1-11 -10 1 0 0 000
0-1-11-101 0 000

0 0-1-11-101 000
00 0-1-11-10 1200
00 0 0-1-11-1010
00 0 0 0-1-11-101
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we get a generator matrix of a self-dual code C of length 12. This we can check by computing
the scalar product of any two rows and verifying that it is zero (modulo 3). Since this code
is self-dual, the codewords have weights which are multiples of 3. If we can rule out the
possibility that a codeword has weight 3, which we will in » Section 5.3, then the minimum
weight of a non-zero codeword of C is 6, which implies that the minimum weight of a non-
zero codeword of the cyclic code <X5 — X34+ Xx2-_Xx-— 1) is 5. Therefore, C isa[l1, 6, 5]3
code and C is a [12, 6, 6]3 code. [ |

5.2 Quadratic Residue Codes

Let n and g be primes for which g is a square in F,, where we consider the field F, =
Z/nZ to be addition and multiplication modulo #, defined on the set {0, 1, ...,n — 1}.
Let « be a primitive n-th root of unity in some extension field of F,.
Define

g =[](x—-an,
where the product runs over the non-zero squares r in [F,,.
Lemma 5.6 The polynomial g(X) divides X" — 1 in F,[X].

Proof
Since q is a square in [, the map

r = qr

is a bijection from the squares of [, to the squares of I,,, for all non-zero squares r € F,,.
Hence,

g =[x - =]]x -,

where the product runs over the non-zero squares r in I,,.
Lemma 2.11 implies that g(X) € IF,[X] and note that the roots of g(X) are distinct n-th
roots of 1. O

Since g(X) is a factor of X" — 1, we can define the cyclic code (g) of length n over
IF,. This code is called the quadratic residue code.

We can obtain evidence that the minimum distance of a quadratic residue code is
quite good from the following theorems.

Theorem 5.7
Ifu € (g) and u(1) # 0, then wt(u)> > n.
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Proof
Since u € (g), the n-th roots of unity o” of I, where r is a non-zero square in IF,,, are zeros
of u(X).

Let 7 be a non-square of IF,,. The n-th roots of unity &® of IF;, where s is a non-square in
IF,,, are zeros of u(X"), since the product of two non-squares is a square. Therefore, all the
n-th roots of unity of Iy, except 1, are zeros of u(X)u(X ). Hence,

uXu(X") =1+ X+ + X" Hx),

for some polynomial v(X). Since u(1) # 0, we have that v(1) # 0.
Therefore, in the ring F, [X]/(X" — 1),

uXuX = (1+X + -+ X""Hu(l),

since v(X) = v(1) + (X — 1)v;(X), for some polynomial v (X).
Since u(X) has wt(u) terms, this implies that wt(u)? > n. O

Theorem 5.8
Ifn=—1mod4, u € (g) and u(l) # 0, then wt(w)? — wt@) + 1 > n.

Proof
If n = —1 mod 4, then —1 is a non-square in [F,,, since (—1)™=D/2 = _1. Therefore, in the
proof of Theorem 5.7, we can take ¢t = —1. Then,

uXuX H=A+ X+ + X" Ho).

In the product there are at least wt(u) terms of u(X) which multiply with a term of u (X )
to give a constant term, since X/ X~/ = 1. Hence,

wt(u)? — wt(u) > n — 1.

Example 5.9 (perfect binary Golay code)

Consider the quadratic residue code with n = 23 and ¢ = 2. Let € be a primitive element of
Fou = ]FQ[X]/(X” + X2+ 1) andlete = €%. Then w is a primitive 23-rd root of unity. By
Lemma 5.6, the factorisation of X2 — 1 in F»[X] has a factor

g =[x —-an,

res§

where § = {1, 2,4, 8, 16, 9, 18, 13, 3, 6, 12} is the set of non-zero squares of [F,3.
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If @/ is a root of g(X), then a7 is not, which implies that
XP 1= X~ DX % (X).

Solving this polynomial identity we deduce that one of g(X) or (g_(X) is
XM+ X+ X+ X0+ X+ X+ L

By checking that the sum of the roots of g(X) is zero, we deduce that this polynomial is
g8(X).

The quadratic residue code (g) is the perfect binary Golay code of length 23. By
Corollary 5.4, it has dimension 12.

Observe that

() () (e

so the bound in Theorem 3.9 is attained.
The following matrix is a generator matrix for the code (g):

11000111010100000000000
01100011101010000000000
00110001110101000000000
00011000111010100000000
00001100011101010000000
00000110001110101000000
00000011000111010100000
00000001100011101010000
00000000110001110101000
000000000110001110101060
00000000001100011101010
00000000000110001110101

Adding a column of 1°s to this matrix we get a generator matrix for a 12-dimensional linear
code C of length 24. One can verify that all codewords of C have weights which are multiples
of four, see Exercise 5.3. We shall prove in » Section 5.3 that the cyclic code (g) has
minimum weight at least 5. Therefore, the minimum weight of a non-zero codeword of C is
8, which implies that the minimum weight of a non-zero codeword of (g) is 7. By Lemma 4.1,
the minimum distance of (g) is 7. Hence, (g) is a [23, 12, 7] code and C is a [24, 12, 8]»
code. |
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5.3 BCHCodes

Let « be a primitive n-th root of unity in F,». BCH codes are a class of cyclic codes in
which we choose « so that a, o2, ..., «®~! are roots of a low degree polynomial g of
F,[X], for some dy < n. This allows us to bound the minimum distance of the code (g).
The lower the degree of g, the larger the dimension (and hence the size) of the code.
Suppose that g(X) € F,[X] is the polynomial of minimal degree such that

gla’)y =0,

forj=1,...,dy— 1.

The code (g) is called a BCH code, after Bose, Ray-Chaudhuri and Hocquenghem
who introduced this family of cyclic codes. The parameter dj is called the prescribed
minimum distance because of the following theorem.

Theorem 5.10
The dimension of the BCH code (g) is at least n —m(do — 1) and its minimum distance
is at least dy.

Proof
Letj € {1,...,dyp — 1}. By Lemma 2.11, the polynomial

i am—1

(X —a)(X —alh) - (X —al?")

isin [F,[X]. Clearly, it is zero at /. Since this polynomial has degree m this implies that there
is a polynomial of degree m(do — 1) in F,[X] which is zero at a, forall j = 1,...,do — 1.
Thus, the degree of g is at most m(dp — 1) so, by Corollary 5.4, the dimension of (g) is
atleastn — m(dy — 1).
Suppose that there is an f € (g) for which wt( f) is at most dyp — 1. Then

FX) =b X5 o by XK1,

for some ki, ..., kgy—1.
Since f € (g),

fl@))=0
forall j =1,...,dy— 1. Writing this in matrix form these equations are
ok a2 gk Zl
ki a2k gk 2

q@o—Dki o do=Dky o (do—=1)kay-1
bd()*l
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The determinant of the matrix is
[ [ —a*,
i#]

which is non-zero. This implies that the only solution to the above system is f(X) = 0.
Hence, the minimum weight of a non-zero codeword of the cyclic code (g) is at least dj.
The lemma follows since, by Lemma 4.1, the minimum weight of a non-zero codeword of a
linear code is equal to its minimum distance. O

Example 5.11
Let o be a primitive 31-st root of unity in F3;. By Lemma 2.12, we obtain the factorisation
of X3! — 1 over F, by considering the cyclotomy classes

{1,2,4,8,16}, {3,6, 12,24, 17}, {5, 10,20, 9, 18}, {7, 14, 28, 25, 19},
{11, 22, 13,26, 21}.

The i-th cyclotomy class gives a polynomial f;(X) in F2[X] which is zero at o/ for j in the
cyclotomy class. For example,

X)) =X —a)(X —aH)(X —ah)(X —a®)(X —a!®)

is in F2[X] and is zero at o/ for j € {1,2,4,8, 16}.
Let

8(X) = fi(X) f2(X) f3(X).

According to Corollary 5.4, the cyclic code (g) is a 16-dimensional linear code.
Since 1, 2, 3, 4, 5 and 6 appear in the first three cyclotomic subsets,

gla’) =0,
for j = 1,...,6. Theorem 5.10 implies that (g) is a [31, 16, > 7], code. It is in fact a
[31, 16, 715 code. Since there exists a [31, 16, 8], code, (g) is not an optimal linear code for
this length and dimension. n
Example 5.12 (shortened Reed-Solomon code)
Let « be a primitive (g — 1)-st root of unity in IF;. By Theorem 2.4, the polynomial X a-1_1
factorises into linear factors over IF,. Each cyclotomy class has size 1 and the factors are

(X)) =X—d,

fori =0,...,q — 2.
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Let

8(X) = fi(X) f2(X) - -+ fa—1(X).

According to Corollary 5.4, (g) is a (n — d + 1)-dimensional linear code of length n.
According to Theorem 5.10, (g) has minimum distance at least d. This is an example of
an MDS code, which we will study in more depth in » Chapter 6. |

Example 5.13

In Example 5.9, the numbers 1, 2, 3 and 4 appear in the same cyclotomy class, so
Theorem 5.10 implies that the binary Golay code has weight at least 5. As observed in
Example 5.9, this implies that the extended binary Golay code C has no codewords of weight
4, which implies that the minimum distance of C is 8. This, in turn, implies that the minimum
distance of the binary Golay code is 7. |

Example 5.14
Theorem 5.10 generalises in a straightforward way to Exercise 5.5. We can now establish that
the minimum distance of the ternary Golay code is 5. By Exercise 5.5, since 3, 4 and 5 appear
in the same cyclotomy class (and 6, 7 and 8 appear in the same cyclotomy class), the ternary
Golay code in Example 5.5 has minimum distance at least 4. Therefore, the extended code
C has no codewords of weight three, so the weight of a non-zero codeword of the extended
code is either 6, 9 or 12. As observed in Example 5.5, this implies that the minimum distance
of the ternary Golay code is 5.

|

The following theorem, which we quote without proof, states that there is no
sequence of asymptotically good BCH codes.

Theorem 5.15
There is no infinite sequence of [n.k, d]l; BCH codes for which both § = d/n and
R = k/n are bounded away from zero.

5.4 Comments

The introduction of cyclic codes and quadratic residue codes is widely accredited
to Eugene Prange and Andrew Gleason who proved the automorphism group of an
extended quadratic residue code has a subgroup which is isomorphic to either PSL(2, p)
or SL(2, p), see [12]. The Golay codes were discovered by Golay [27]. The BCH
codes were introduced by Bose and Ray-Chaudhuri in [13] and independently by
Hocquenghem in [38]. The fact that long BCH codes are asymptotically bad is proven
by Lin and Welden in [47]. The code in Exercise 5.7 is a Zetterberg code, one of a
family of [4™ + 1,4™ + 1 — 4m, 5], codes.
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Exercises

Exercises

5.1

iii.

.

5.2

53

iii.

5.4

Let C be the extended ternary Golay code from Example 5.5.
Verify that the factorisation of X'' — 1 in F3[X] is as in Example 5.5.
Prove that the weight enumerator of C is

A(X) =1 4+264X° + 440X° + 24X 2.

Let S be the set of 12 points of PG(5, 3) obtained from the set of columns of a generator
matrix of the code C. Label the points of S by the elements of {1, ..., 12} and define
a set D of 6-subsets to be the points of S which are dependent (i.e. are contained in a
hyperplane of PG(5, 3)). Prove that D is a 5-(12, 6, 1) design.

Verify that Theorem 4.22 implies that the set of supports of the codewords of weight 6
off isa5-(12, 6, 1) design.

Prove that in Example 5.9 the code (g) is equivalent to the code (g).
Prove that the extended Golay code over F, the code C in Example 5.9, is self-dual and
that the weights of the codewords of C are multiples of 4.
Prove that the weight enumerator of the code C is
AX) = 1 +759x® + 2576 X2 + 759X ¢ + Xx*.

Apply Theorem 4.22 to construct a 5-(24, 8, 1) design.

Investigate the observation that if n = —1 modulo 4 and (g) is a quadratic residue code,

then the reverse of the polynomial (X" — 1)/(X — 1)g(X) is g(X). Does this imply that the
extension of the code (g) is self-dual?

5.5

Suppose that g(X) € Fy[X] is the polynomial of minimal degree such that

g(a)) =0,

forj=L+1,...,80+dy— 1.

Prove that the dimension of (g) is at least n — m(dy — 1) and the minimum distance of

(g) is at least dy.

5.6
i
ii.
iii.

Construct the largest possible BCH code with the following parameters.
A binary code of length 15 with minimum distance at least 5.

A binary code of length 31 with minimum distance at least 11.

A ternary code of length 13 with minimum distance at least 7.
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Compare the dimension of the codes with the Griesmer bound, the sphere-packing bound and
the Gilbert—Varshamov bound.

5.7
i. Prove that X7 + 1 factorises in Fa[X] as (X + 1) f(X)g(X), where

FXO=FXO=X5+XT+X5+...

and g(X) = g (X).
ii. Constructa[17,9, 5], code.
ii. Construct a[18,9, 6], code.

5.8
i. Prove that the polynomial X'\ + 1 factorises in F4[X] into two irreducible factors of
degree 5 and one of degree 1.
ii. Using one of the factors of degree 5, construct a [11, 6, d]4 code C.
iii. Provethat C isa[ll, 6, > 4]4 code.
iv.  With the aid of a computer, or not, verify that C is a [11, 6, 5]4 code.

5.9
i. Prove that the polynomial X'7 + 1 factorises in F4[X] into four irreducible factors of

degree 4 and one of degree 1.

it. Constructa (17,9, > T4 code.

iii. Letg(X) = X3+ eXT+ X0+ X5+ (1 +e)X*+ X3+ X2+ eX + 1, where e is an
element of By such that ¢* = e + 1. Prove that g divides X'7 + 1.

iv. Assuming that the code in ii. is (g), prove that the minimum distance of the code
constructed in ii. is 7.
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Maximum Distance Separable Codes

Two codewords of a block code of length n and minimum distance d must differ on any
set of n — d + 1 coordinates, since they are at distance at least d from each other. This
observation leads to the Singleton bound, Theorem 6.1. A code whose parameters give
an equality in the Singleton bound is called a maximum distance separable code or
simply an MDS code. Therefore, an MDS code is a block code in which every possible
(n — d + 1)-tuple of elements of the alphabet occurs in a unique codeword for any set
of n — d + 1 coordinates. The focus in this chapter will be on linear MDS codes, since
not so much is known about non-linear MDS codes, and there are no known non-linear
MDS codes which outperform linear MDS codes.

The most widely implemented linear MDS codes are the Reed—Solomon codes,
whose codewords are the evaluation of polynomials of low degree. Exploiting this
algebraic structure of Reed—Solomon codes will allow us to develop a fast decoding
algorithm which corrects up to %(1 — R)n errors, where R is the transmission rate of
the code. For an arbitrary received vector, we can only correct a number of errors less
than half the minimum distance. However, it may be that, although the number of errors
e > %d , there is only one codeword that is at distance at most e from the received vector.
We will prove that there is an algorithm, which was discovered only recently, which
creates a relatively short list of possible sent codewords, when up to (1 — ~/2R)n errors
have occurred. If we are in the afore-mentioned case that there is only one codeword
close to the received vector then the list will contain only one codeword. Moreover, this
list decoding algorithm can be used simultaneously for two codes which will effectively
allow one to decode beyond the bound of half the minimum distance, albeit at a slightly
reduced rate, as explained in » Section 3.3.

The fundamental question concerning linear MDS codes asks if there are MDS codes
which better the Reed—Solomon code. The MDS conjecture postulates that no such
codes exist, apart from some known exceptions. The conjecture was recently proved
for codes over fields of prime order but remains open over fields of non-prime order.
We will prove that the longest three-dimensional linear MDS codes over a field of odd
characteristic are the Reed—Solomon codes (this is not the case for even characteristic
fields) and delve a little deeper into the proof to see how the tools implemented therein
can be used to prove the MDS conjecture over prime fields.
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6.1 Singleton Bound

Theorem 6.1 (Singleton bound)

An r-ary code C of length n and minimum distance d satisfies |C| < r*~+1,

Proof

Consider any set of n — (d — 1) coordinates of a codeword. If two codewords agree on these
coordinates, then their distance is at most d — 1. Hence, they must be different on these
n —d + 1 coordinates. There are r"~4*! distinct (n — d + 1)-tuples, which gives the bound.
O

The following example is a rather trivial example of a code which meets the
Singleton bound.

Example 6.2
Let A be an abelian group with r elements. Define

C={(ai,....,an—1,a1 + -+ an—1) | a; € A}.

If a; = b; for all but one i, then ay + - -- + a,—1 # b1 + - - - + b,—1. Hence, the minimum
distance of C is 2. Since |C| = r"~!, it is an MDS code. |

Theorem 6.3
Ifthere is a [n, k, d], code, thenk < n —d + 1 and a [n, k, d], code is an MDS code
ifand only ifk =n —d + 1.

Proof

For a [n, k, d], code, Theorem 6.1 implies that qk < q”_d‘H. O

6.2 Reed-Solomon Code

The Reed—Solomon code is the classical example of a linear MDS code. It is an example
of an evaluation code. An evaluation code is a code whose codewords are the evaluation
of certain functions. In the case of a Reed—Solomon code the functions are given by low
degree uni-variate polynomials. In » Chapter 7 and » Chapter 9, we will see other
examples of evaluation codes.
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Example 6.4
Let {ai, ..., aq} be the set of elements of IF,. The Reed—Solomon code is

C={(f(a),..., flag),cr) | | € FqlX], deg(f) <k —1},
where ¢ is the coefficient of X k=lin f. |

Note that the coordinate given by ¢ can be interpreted as the evaluation of f at co.
By homogenising the polynomial f(X), we get a homogeneous polynomial

h(X,Y) =Y f(X/Y)
of degree k. The evaluation of f at x is 2(x, 1) and h(1,0) = c;.

Lemma 6.5 The Reed—Solomon code C in Example 6.4 is a [q + 1,k, q + 2 — k], linear
MDS code.

Proof
We will first prove that C is linear.

Let f and g be two polynomials of degree at most k — 1. Then f + g is a polynomial of
degree at most k — 1 and the coefficient of X*~! in f + g is the sum of the coefficients of
X*1in f and g. Hence, ifu, v € C,thenu 4+ v € C.

Let A € Fy. Then Af is a polynomial of degree at most k — 1 and the coefficient of X k=1
in Af is A times the coefficient of X*1in f.Hence, ifu € C, then Au € C.

Therefore, C is a k-dimensional linear code of lengthn = g + 1.

It follows from the fact that a non-zero polynomial of degree at most k£ — 1 has at most
k — 1 zeros that the weight of a codeword for which ¢y # Ois atleastn — (k —1). If ¢y =0
and f # 0, then the polynomial f has degree at most k — 2 and so the codeword has at most
k — 1 zeros. Therefore, the non-zero codewords of C have weight at least n — k + 1. Thus,
by Lemma 4.1, the code C has minimum distance at least n — k + 1. Then, by the Singleton
bound from Theorem 6.1, C has minimum distance n — k + 1. Hence, C is an MDS code.

]

To construct a generator matrix (g;;) for the Reed-Solomon code, we choose
k linearly independent polynomials f;(X),..., fx(X) of degree at most k — 1 and
index the rows with these polynomials. Then we index the columns with the elements
ai,...,a, of F,. Theentry g;; = fi(a;) for j < q and the g; 441 entry is the coefficient
of X%~ in the polynomial f;(X).

For example, with f;(X) = X'~! the matrix

1 1 1 0
a, a a; 0
(gij) = .o
alf_z alz‘_2 . a’;’z 0
k=1 k-1 k=1 q
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is a generator matrix for the Reed—Solomon code.

What makes Reed—Solomon codes so attractive for implementation is the availability
of fast decoding algorithms. In the following theorem, we prove that there is a decoding
algorithm that will correct up to t = [(d — 1)/2] errors, where d is the minimum
distance.

Although it is not really necessary, to make the proof of the following theorem
easier, we shall only use the shortened Reed—Solomon code in which we delete the last
coordinate. In this way every coordinate of a codeword is the evaluation of a polynomial
at an element of ;.

Theorem 6.6

There is a decoding algorithm for a k-dimensional shortened Reed—Solomon code of
length n, which corrects up to %(n —k) errors and completes in a number of operations
which is polynomial in n.

Proof
Suppose that we have received the vector (y1, ..., y,). We want to find the polynomial f €
F,[X] of degree at most k — 1 such that

(yla“w))n) =(f(a1)7~-'7f(an))+ea

where e is the error vector of weight at most %(n — k).
Observe that since the Reed—Solomon code is an MDS code,

T —k) =Ld-1.
Let 7(X) be an arbitrary polynomial of degree L%(n — k)| and let g(X) be an arbitrary

polynomial of degree k + [%(n —k)]—1.
We determine the coefficients of g and & by solving the system of n equations,

glaj) —h(aj)y; =0,
for j =1, ..., n. This homogeneous linear system has

Lsn =B+ 1+k+[i(n—k]=n+1
unknowns (the coefficients of g and /) and n equations. Hence, we can find a non-trivial
solution for #(X) and g(X) in a number of operations that is polynomial in n using Gaussian
elimination.

By assumption, there is a polynomial f of degree at most k — 1, such that y; = f(a;)
for at least n — L%(n — k)] values of j. For these values of j, a; is a zero of
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8(X) — h(X) f(X).
The degree of this polynomial is at most k + f%(n — k)] — 1. Since
n—n—-k>k+tm-i1-1

the polynomial g(X) — h(X) f(X) has more zeros than its degree, so it is identically zero.
Therefore, 7(X) divides g(X) and the quotient is f(X). O

In the following example we apply the algorithm in Theorem 6.6 to a concrete case.
Example 6.7
Suppose that we have sent a codeword u of the 2-dimensional shortened Reed—Solomon code
over F7; = {0, 1, 2, 3,4, 5, 6} (ordering the elements of 7 in that order) and that we have
received

y=(1,0,0,0,6,2,5).

According to the algorithm in the proof of Theorem 6.6, we should find a polynomial g(X)
of degree 4 and a polynomial /(X) of degree 2, such that

glaj) = h(aj)yj,

for j =1,...,7 and where qa; is the j-th element of [F7.
The equations are

8(0) =n(0), g(1) =0, g2) =0, g(3) =0, g(4) =6h(4),
g(5) = 2h(5), and g(6) = 5h(6).
From this we deduce that
g(X) = (X — DX —2)(X — 3)(g1X + g0)
and
h(X) = haX* + h1 X + ho,
for some ho, hy, ho, g1, go € F7, which are solutions of the system
80 = ho, 6(4g1 + go) = 6(2h2 + 4hy + ho)
3(5g1 + 80) = 2(4h2 + 2h1 + ho), 4(6g81 + go) = 5(h2 + 6h1 + ho).

This system of equations has a solution g1 =0, go =3, hp = 1, hy =3 and ho = 3.
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If less than L% (n—k)] = 2 errors have occurred, then the codeword u is the evaluation of

gX)  3X-DHDEX-2)(X-3)

= =3X + 1.
h(X) X2 4+3X+3 +

F&X) =
Evaluating the polynomial f, we deduce that

u=(1,4,03,625).
[ ]

Theorem 6.6 allows us to deduce the sent vector providing at most %n(l — R) errors
occur in transmission. Recall, that the transmission rate of a k-dimensional linear code
of length n is R = k/n. We interpreted Exercise 3.12 v. as saying that (at least for a
binary code) the number of codewords at a distance at most %n(l — /T =2(d/n)) from
a fixed vector is less than 2n. If we consider the fixed vector as the received vector, then
this implies that it should be feasible to construct a short list of possible sent codewords,
even if the number of errors which have occurred exceeds half the minimum distance. A
decoding algorithm which produces such a short list is called a list decoding algorithm.
It may be that although the received codeword is more than half the minimum distance
away from a codeword, it is near to only one codeword. In such a case the list decoding
algorithm may allow us to correct the errors. In other words, we may be able to decode
uniquely even when more than %(d — 1) errors have occurred. And if we encode the
message with two distinct codes, as we saw in » Section 3.3 this can be done so that
the rate is not reduced by much, then with a high probability the intersection of the two
lists will be the sent codeword.

We can list decode in a simple way by using standard array decoding. We make
a table whose rows are indexed by the error vectors and whose columns are indexed by
the codewords and whose entry is found by summing the error vector and the codeword.
To decode a received vector v, one searches through the table entries for v making a list
of the codewords u for which v appears in the column indexed by u. If there is a unique
entry in the list, then v can be uniquely decoded. One downside to this algorithm is that
for any code of reasonable size, the table requires a large amount of storage space.

The following example illustrates the main idea behind the algorithm presented in
Theorem 6.9, which is a list decoding algorithm for Reed—Solomon codes.

Example 6.8
Suppose that we have sent a codeword of the shortened 4-dimensional Reed—Solomon code
over IFy3, where the elements of [F13 are ordered as

{0,1,2,3,4,5,6,7,8,9,10, 11, 12}.

The unique decoding algorithm in Theorem 6.6 allows us to correct up to L%(d -1 =4
errors. Suppose that 5 errors have occurred and that we have received

y=411,0,3,0,1,0,0,0,0,0,3, 12).
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Let
O(X.Y) =cY? +g(X)Y + h(X),
where ¢ € Fy3,
g(X) = gaX* + &3X° + 2X* + 91X + g0
is an arbitrary polynomial of degree at most 4 and /4 (X) is an arbitrary polynomial of degree

at most 7.
We find g(X) and 4(X), and hence Q(X, Y), by solving the set of equations,

Q(xjs yj) =0,
for j = 1,...,13, where x; is the j-th element of |3 and y; is the j-th coordinate of y.
There are 14 unknowns in this homogeneous linear system of equations, the coefficients of
g and & and the constant ¢, and 13 equations. Hence, there is a non-trivial solution to this
system of equations.
For x; € {2,4,6,7,8,9, 10}, the equation Q(x;,y;) = O implies 2(x;) = 0, since
yj =0for j €{3,5,7,8,9,10, 11}.
Thus,
h(X)=aX -2)(X =4 (X -6)(X —T(X —8)(X —9(X — 10)

for some a € 3.
The remaining equations imply,

dc+11(go+g1+82+83+84)+10a =0, 9c+3(g0+381+982+83+384)+11a =0,
c+g0+581+12g24+8g3+g4+4a = 0, 9c+3(go+11g1+4¢2+5¢3+3g4)+7a =0,
and
c+12(go +12¢1 + g2 + 12g3 + g4) + 10a = 0.
Up to scalar factor, the solution of this system implies
0(X,Y) =372+ (12X* +5X> +8X2 + 7X + 5)Y
+X -2)X —-HX -6)(X — DX —8)(X —9)(X —10).
Suppose that f(X) is the polynomial of degree at most 3, whose evaluation is the sent
codeword u. Then Q(X, f(X)) is a polynomial of degree at most 7, which is zero whenever

yj = f(x;). This occurs whenever y; = u; and no error has occurred in the j-th coordinate.
Assuming that at most 5 errors have occurred, y and u agree in at least 8 coordinates. Hence,
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Q(X, f(X)) has at least 8 zeros. Therefore, Q(X, f(X)) = 0 which implies ¥ — f(X)
divides Q(X,Y).
Indeed, Q(X, Y) factorises as

0X, V)= -X—=X>—5X —HBY — X* +8X3 + 11X> + 9X + 4).
Since f(X) is a polynomial of degree at most 3, it must be that

f(X) =X+ X>+5X +4.
The evaluation of f(X) is

u=(4,11,0,3,0,10,2,9, 1, 10, 3, 12),

which is at distance 5 from the received vector y. |

The following theorem follows the same idea as Example 6.8 and provides an
algorithm which outputs a short list of possibilities for the sent codeword having
received a vector in which up to approximately n(1 — +/2R) errors have occurred. As
with the algorithm described in Theorem 6.6, this algorithm also completes in a number
of operations which is polynomial in 7.

Theorem 6.9

There is a decoding algorithm for a k-dimensional shortened Reed—Solomon code of
length n, that completes in a number of operations which is polynomial in n and which
outputs a list of less than /2n](k — 1) codewords, one of which is the sent vector,
provided less than n — «/m errors have occurred in transmission.

Proof
Letm = [/2n/(k — 1)] — 1 and define a bi-variate polynomial

m [K1+i(k=1)

oX, V)= > qxiy",
i=0 j=0

where the coefficients are to be determined. Since

m

D (3K +itk = 1) = [3k10m + 1) + Sm(m + Dk — 1)
i=0

> Ym+D*k—1) >n,

the polynomial Q(X, Y) has more than n coefficients.
Let (y1, ..., yn) be the received vector.
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The coordinates of a codeword of the shortened Reed—Solomon code are indexed by
{x1, ..., x4}, the set of elements of F,.

We make a homogeneous system of ¢ equations, where for each £ € {1, ..., n}, we have
the equation

QO(xe, ye) = 0.

Since we have more than n unknowns, this homogeneous system has a non-trivial solution.
And we can find a solution, using Gaussian elimination, in a number of operations which is
polynomial in n.

Let g(X) be a polynomial of degree at most k — 1. Then the uni-variate polynomial
0(X, g(X)) has degree at most

[%k} +mk —1) </2n(k —1) < ~/2nk.

By hypothesis, less than n — +/2nk errors have occurred in transmission, so there is a
polynomial f(X), of degree at most k — 1, for which y, = f(x¢) for more than /2nk values
of £. Therefore, Q(X, f(X)) = 0, since a non-zero polynomial cannot have more zeros than
its degree.

We can write

(X, Y) = - f(X)CX,Y)+ R(X)

for some polynomials C(X,Y) and R(X) and conclude, substituting ¥ = f(X), that
R(X)=0.

Hence, Y — f(X) divides Q(X, Y). The bi-variate polynomial Q(X, Y) can be factorised
in a number of operation that is polynomial in its degree.

Thus, if f(X) is the polynomial which the sent codeword is the evaluation of, then ¥ —
f(X) isafactor of Q(X, Y). Since the degree in Y of Q(X, Y) is at most m, there are at most
m possibilities for the sent codeword.

[m]

6.3 Linear MDS Codes

In this section we consider the general class of linear MDS codes. For the Reed-
Solomon code, the minimum distance d = g +2 — k. However, for a hypothetical linear
MDS code, the trivial upper bound, given by Exercise 6.6, is d < ¢. Thus, the trivial
bound does not rule out the possibility that there are linear MDS codes which are much
better than Reed—Solomon codes. We will prove that linear MDS codes are equivalent to
a certain geometric object and prove that, in the case that ¢ is odd, a three-dimensional
linear MDS code of length ¢ + 1 is a Reed—Solomon code. This proof contains all the
ingredients needed to prove that there are no linear MDS codes over fields of prime
order better than the Reed—Solomon codes. The non-prime case remains open and, in
part, is a more difficult problem since there are examples of linear MDS codes of length
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q + 1 which are not equivalent to Reed—Solomon codes. These appear in Exercise 6.9,
Exercise 6.10 and Exercise 6.11.

Theorem 6.10
G is a generator matrix of a linear MDS code if and only if every subset of k columns
of G is a basis ofF(’;.

Proof
Let S be the multi-set of columns of the matrix G.

Suppose that G is the generator matrix of a linear MDS code. By Lemma 4.15, a
hyperplane of F' ’; contains at most n —d = k — 1 vectors of S. This implies that S is a
set and not a multi-set and that any k-subset of § is a basis of ]F’;.

Suppose that every k-subset of S is a basis of F’;. Then uG has at most k — 1 zeros for
any non-zero u € ]F’; Therefore, the non-zero codewords of the code C generated by G have
weight at least n — k + 1. By Lemma 4.1, the minimum weight of a non-zero codeword is
equal to the minimum distance, so C has minimum distance at least n — k 4 1. Theorem 6.1
implies that the minimum distance of C isn — k 4 1 and so C is MDS. O

Theorem 6.11
The dual of a linear MDS code is a linear MDS code.

Proof

Let C be a k-dimensional linear MDS code of length n and let S = {sy, ..., s,,} be the set of
columns of a generator matrix for C. The dual code C L is a (n — k)-dimensional linear code.
Suppose (u1, ...,u,) € C+1 is a non-zero codeword of weight at most k. Since

uisy + -+ upsy =0,
this implies that there is a linear combination of at most k of the vectors of S which are
linearly dependent, contradicting Theorem 6.10. Therefore, the minimum non-zero weight
of Ctis k 4+ 1. Lemma 4.1 implies that C+ has minimum distance at least k 4 1, which
implies that C is MDS since

n—m—k+1=k+1.

O

An arc is a set S of vectors of IF’; with the property that every subset of S of size k
is a set of linearly independent vectors, i.e. is a basis of ]F’;. Putting the vectors of an arc
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of size n as the columns of a k x n matrix, one obtains a generator matrix of a linear
MBDS code of length n. Vice versa, the set of columns of a generator matrix of a linear
MDS code is an arc of F’; of size n. One can also consider the arc as a set of points in
the projective space PG(k — 1, ¢), since the linear independence property is unchanged
if we take non-zero scalar multiples of the vectors of S. Thus, an arc in PG(k — 1, g) is
a set S of points of PG(k — 1, ¢) with the property that every subset of size k spans the
whole space.

Theorem 6.12
If k > q, then a k-dimensional linear MDS code over I, has minimum distance at
most 2.

Proof
Suppose that the minimum distance of a linear MDS code C of length n is at least 3. By
Theorem 6.3, n =d +k—1>k + 2.
By Theorem 6.10, the set S of columns of a generator matrix of C is an arc of I/ ’;
Order the vectors in § arbitrarily and let

B ={e, ..., e}

be the first k vectors of S.

Consider the coordinates of the (k + 1)-st and the (k + 2)-nd vector of S with respect
to the basis B’. Suppose there is a zero in the i-th coordinate of one of them. Then the
hyperplane, defined by X; = 0, contains £ vectors of S (since it contains k — 1 vectors of
B'), contradicting the arc property.

Therefore, we can find A ;, non-zero elements of I, such that the (k + 1)-st vector in §
is the all-one vector with respect to the basis

B ={\ier,..., Aier}.

Let (s1, ..., sx) be coordinates of the (k + 2)-nd vector of S with respect to the basis B. As
observed above s; # 0, foralli = 1,...,k. Since k > g — 1, the pigeon-hole principle
implies there exists an i and j such that s; = s;. Therefore, the hyperplane defined by the
equation X; = X ; contains k vectors of S, again contradicting the arc property. O

We can obtain a binary code from a linear code over I, by identifying each element
of IF, with a binary string of length [log, ¢7. In this way, if we take a k-dimensional
linear code of length N over IF,, then we get a binary code of length n = NTlog, ¢
with g¥ elements. The rate of the binary code is log, |C|/n ~ k/N and the relative
minimum distance is approximately d /(N log, ).

From a linear MDS code we obtain a binary code with a transmission rate R of
approximately k/N, whose relative minimum distance is approximately



94 Chapter 6 « Maximum Distance Separable Codes

(] | (] ] F, bit

| | .

[(TITT1] [T s [ I binary bits

O Fig. 6.1 A burst of three errors distorting only one I, bit.

1-R 1

+-.
log,qg ~n

If k > g, then according to Theorem 6.12 the minimum distance is at most 2, so we
assume k < ¢. But then Exercise 6.6 implies N < 2g — 1 which implies that n <
2q log, q. If we want n to tend to infinity, we must have g going to infinity, which implies
that if the rate is bounded away from zero, then the relative minimum distance will tend
to zero. Hence, we cannot hope to obtain asymptotically good codes in this way. This
does not mean that MDS codes and in particular Reed—Solomon codes are not used
in practice. Although as a binary code, a Reed—Solomon code can only guarantee the
correction of a relatively small amount of errors, in certain circumstances it can correct
many more errors.

Consider B Figure 6.1. Each element of FF, is mapped to a string of [log, g1 binary
bits. If all the errors in the transmission of the binary string occur in the same run of
bits, then when we look to decode the IF,-linear code, only one bit has been distorted.
This is particularly useful for channels in which errors tend to come in bursts. For this
reason Reed—Solomon codes, and more generally linear codes over large fields, are very
useful for burst-error correction. Furthermore, a common method in the application of
Reed—Solomon codes is to simultaneously use two codes of high rate. For example, in
a CD the data is encoded using two Reed—Solomon codes over Fgy which are cross-
interleaved. Add to that the fast decoding algorithms which allow us to decode past the
half the minimum distance bound with high probability and one has a fast and efficient
means of error-correction.

6.4 MDS Conjecture

Theorem 6.12 implies that we should only look for linear MDS codes of dimension
k < g — 1. Theorem 6.11 implies that a k-dimensional MDS code of length n exists
if and only if a (n — k)-dimensional MDS code of length n exists. By Exercise 6.6, a
2-dimensional MDS code has length at most g + 1 and a 3-dimensional MDS code has
length at most ¢ + 2. By Theorem 6.11, the dual of a (¢ — 1)-dimensional MDS code
of length ¢ + 2 is a 3-dimensional MDS code of length g 4 2, which by Exercise 6.7
does not exist for g odd and, by Exercise 6.9, does exist for g even. From this we can
deduce the length of the longest linear MDS codes for all dimensions not in the range
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4 < k < g — 2. The MDS conjecture asserts that, within this range, one cannot do
better than the Reed—Solomon code.

Conjecture 6.13 (MDS conjecture) If 4 < k < g — 2, then a k-dimensional linear MDS
code of length n satisfiesn < g + 1.

The MDS conjecture has been verified for g prime. It follows from the following
theorem, whose proof we will sketch at the end of this section.

Theorem 6.14
Let g = p", where p is prime. If k < p, then a k-dimensional linear MDS code of
length n satisfiesn < q + 1.

We will prove the following theorem only in the case k = 3. In this case the
hypothesis k # %(q + 1) is not necessary. The hypothesis k < p is necessary. The
following example is not equivalent to a Reed—Solomon code.

Example 6.15
LetF3, = {ay, ..., a3} andlet C be the three-dimensional linear code over F3; generated by
the matrix G whose i-the column is (1, a;, a?)’, fori =1,...,32, and whose 33-rd column

is (0,0, 1)". A generic 3 x 3 submatrix of G is of the form

11
y z
4 g4 4

R

=

The determinant of this matrix is
=)' -0 -G-0'-x
If this determinant is zero, then ((z — x)/(y — x))> = 1. Since the field F3, contains no

element e # 1 such that ¢* = 1, this implies that z = y. In this way we see that all 3 x 3
submatrices of G are non-singular and, by Theorem 6.10, C is an MDS code. |
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Theorem 6.16
Let g = p", where p is prime. Ifk < p and k # %(q + 1), then a k-dimensional linear
MDS code of length g + 1 is a Reed—Solomon code.

Proof (fork =3)
Let S be the set of columns of a generator matrix G of a 3-dimensional linear MDS code C
of length ¢ + 1. By Theorem 6.10, a hyperplane of IE‘Z contains at most two vectors of S.
Let s € S. There are ¢ + 1 hyperplanes containing s, ¢ of which contain a vector of
S\ {s}. Hence, there is exactly one hyperplane of F 2 which contains s and no other vector
of S.
Let f;(X) be a linear form whose kernel is this hyperplane.
Letx, y, z € S. We claim that

FeO fy @) fo(x) = fy(x) fe(0) 2 ().

With respect to the basis B = {x, y, z}, the hyperplane that contains s = (s1, 2, s3) and
x = (1, 0, 0) is the kernel of the linear form

X2 — (s2/53)X3.

Note that s3 # 0 since the hyperplane ker X3 is incident with x and y.
The linear form

fi(X) =2 X2 + a3X3,

for some a3, a3 € Fy, since the kernel of f, (X) contains x.
For distinct s € S\ {x, y, z}, the value of s2/s3 is distinct, since the linear form

X2 — (s2/53) X3

is different, for differents € S\ {x, y, z}.
Since,

X2 — (s2/53) X3 # X2 + (a3/a2) X3,

forany s € S\ {x, y, z}, we have that

(2 ses\xyu{-2)
53 a

is the set of all non-zero elements of IF,.

In B Figure 6.2, the vectors x, y and z are drawn as points in PG(2, ¢) and the
hyperplanes defined as the kernels of f, fy and f; are lines in the plane.

Note that a; = fx(y) and a3 = fx(z). The product of all the non-zero elements of I, is
—1, so we have that
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f,(X) = a9 Xo + a3X3

X2 — (Sz/Sg)X{; = 0

s = (s1,52,53)

x(1,6,d)/ S \ = (0,0,1)
Ty(X) X3 — (s3/51)X1=0

B Fig. 6.2 The lines joining the basis points to s and the tangent lines.

A 2 _
S () seS\B 53 ’
Similarly,
fy(&) 53 f2 st
— =1 and — =
fy(@) ses\z Sl Sz (%) ses\B %2

Multiplying the three equations together establishes the claim.
For any s € S, the linear form f;(X) is determined by its value at the basis elements, so

fsX) = [0 X1+ [N X2 + f5(2) X3,

Evaluating at X = s, and using the fact that f;(s) = 0,

Fs s+ ()52 + fs(2)s3 =0.
By the claim,

HOLO) | O
s2 + §3 =
Sx () fy(x) Sx($) f2(x)

Now, substituting

fx(s) = fr()s2 + fx(2)s3,
Fy(s) = fy(o)s1+ fy()s3,
f2(s8) = fz(x0)s1 + f2(¥)s2,

we get
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2(c35182 + cas153 + c15283) = 0,

for some ¢y, 2, c3 € Fy \ {0}
Explicitly,

fx ()

fy (x)

Since we are assuming that ¢ is odd, the vectors of § are zeros of the quadratic form

c1 = fy@@ , 2= fx(2), and c3 = fi ().

c3X1 X2+ X1X3+ 1 X2X3.

The zeros of this quadratic form excluding (0, 0, 1) are parameterisable by
2 t
s =, 5 (3 —cir), —(c1r — 3)).
) C1

Therefore, the i-th coordinate of a column of G is the evaluation of the polynomial f; (X),
where

HX) =X, H(X) = —cae] ' X + ¢ %eaes
and
[0 =X —cilesX,

with the exception of the column (0, 0, 1), whose i-th coordinate is the coefficient of X 2 of

fi(X).

Hence, the codeword (u1, u2, u3)G is the evaluation of the polynomial

u f1(X) +uz f2(X) +us f3(X),
so C is a Reed—-Solomon code. O

The proof of Theorem 6.14 and the general proof of Theorem 6.16 follow the same
strategy as the proof of Theorem 6.16 given here for k = 3.

Let S be the set of columns of a generator matrix of a k-dimensional linear MDS
codeoverF,.Lett =g +k—1—|S].

Let A be a (k — 2)-subset of S. There are ¢ + 1 hyperplanes which contain the
(k — 2)-dimensional subspace of IB"; spanned by the points of A, t of which contain no
other vectors of S. With linear forms «y, . . ., «;, whose kernels are these t hyperplanes,
we define a polynomial

faX) =] Jeai(X).
i=1
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This defines f4(X) uniquely up to scalar factor. The claim is then that

Fouy () Foui @) foue () = (=D foup () oo ) foup (2),

for all k-subsets D U {x, y, z} of S.

To simplify matters slightly, let us assume that t is odd. Since the polynomials
fa(X) are defined up to scalar factor, we can scale them in such a way that the above
equality gives

Souy(¥) = fpugy(x).

This implies that for C, a (k — 1)-subset of S, there is a non-zero ac € FF,, such that for
alle € C,

Sfove(e) = ac.

The interpolation of the linear form f;(X) in the proof for k = 3 is generalised to
interpolating the polynomial f4(X) of degree t. Even though f4(X) is a homogeneous
polynomial in k variables, since it is the product of linear forms whose kernels contain
the subspace spanned by A = {ay, ..., ax_»}, with respect to a basis of IF’; containing
A, fa(X) is a homogeneous polynomial in two variables. Hence, it can be interpolated.
To be able to interpolate we fix a subset E of S of size k 4+ t and an element x € E.
Writing det(X, u, A) as a shorthand for

X1 Xy ... Xk
u U ... U
any dayp ... dik

k2,1 Af=2,2 - - A2,k
the interpolation implies

l_[ det(X, u, A)

faX) = > fale) det(e, u, A)

ecE\(AU{x}) ueE\(AU{x,e})

One can check that substituting X = e gives f4(e) on the right-hand side for all e €

E\ {x}.

Substituting X = x and rearranging terms leads to the equation

" (e) det(u, e, A)~' = 0.
2. I1

ecE\A ueE\(AU{e})
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This implies that for a (k — 2)-subset A of E,

Zac ]_[ det(u, C)"' =0,

CoA  ueE\C

where the sum runs over the (k — 1)-subsets C of E containing A.
Thus, we get an equation for each (k — 2)-subset A of E. Setting

re=ac [] detw,C)™",

ueE\C

the equation is simply

Zxczo,

CDA

where the sum runs over the (k — 1)-subsets C of E containing A.

This set of equations is enough to prove both Theorem 6.14 and, with a little more
work, Theorem 6.16. To prove Theorem 6.14, we assume that the length of the MDS
code is ¢ + 2 and so |S| = g + 2. We can assume by Theorem 6.11 that k < (g +2)/2,
taking the dual code if necessary. Since |S| = ¢ + 2 we have that t = k — 3 and
|E| = 2k — 3. There are N = (%)) linear equations. For each (k — 1)-subset C of
E, we have an unknown A¢, so in all we have (2}(1(_—13) unknowns. Thus, we have a linear
system of N equations in N unknowns. This system of equations implies the equation

(k—=De =0,

which is a contradiction if k < p, since A¢ # 0.

6.5 Comments

The Singleton bound appears in Singleton’s paper [66] on MDS codes from 1964, the
Reed—Solomon codes having already been published some years before in [60]. In
the same paper the authors detail the decoding algorithm presented in Theorem 6.6.
An algorithm based on interpolation was proposed by Berlekamp and Welch [9]. As
mentioned in the text, the list decoding of Theorem 6.9, from Sudan [68], decodes up
to (1 — v/2R)n errors and produces a list with a constant number of codewords. This
bound improves on the unique decoding bound of %(1 — R)n when R < 3 — 24/2. The
bound can be improved to (1 — +/R)n by interpolating the zeros with multiplicity, see
Guruswami and Sudan [33]. The bound (I — +/R)n is larger than the unique decoding
bound for all R. There is a limit of (1 — R)n errors, beyond which one cannot hope to
produce a list with a constant number of codewords, see Guruswami and Rudra [32].
Indeed, one can find received vectors for which the number of codewords of the Reed—
Solomon code, at a distance of (1 — R)n or less, is not bounded by a polynomial in #.
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One can use a Reed—Solomon code, or more generally an MDS code, in concate-
nation codes to produce binary codes which come arbitrarily close to the Gilbert—
Varshamov bound asymptotically. This construction is due to Thommesen [70].
Suppose we have an MDS code of length N and rate R over a field with 2% elements.
A codeword is a vector v = (vq,...,vy) € IFJZ\,'( For each coordinate, we randomly
choose G;, a k x n matrix with entries from IF,. We consider each coordinate v; of v as a
vector in F’é Recall that, in » Chapter 2, we constructed the elements of F,« as elements
of F,[X]/(f), where f(X) is an irreducible polynomial of degree k in F,[X]. If

vi=ag+a X+ +ak_1Xk71

in this quotient ring, then we consider v; as the vector (ag, ai, . . ., ax—1). We then make
a binary code of length n N by taking as its elements the strings

u = (V1Gy1, 112Gy, ..., vNGy).

With a high probability this binary code will be arbitrarily close to the Gilbert—
Varshamov bound.

For more on applications of Reed—Solomon codes, in particular the simultaneous
use of two Reed—Solomon codes in compact discs, see [76].

MBDS codes are widely used in distributed storage systems to protect data from server
failures. A codeword vG of a k-dimensional linear MDS code can be recovered from
just k coordinates, since k of the coordinates uniquely determine v and therefore the
codeword. This recoverability property is the important feature of local reconstruction
codes, of which MDS codes are a special sub-class. A local reconstruction code is a
block code in which for each coordinate i, there is a subset of the coordinates R;, such
that knowing the coordinates in R; of a codeword, one can recover the i-th coordinate of
the codeword. It is this more general class of codes which are implemented in distributed
storage systems.

The MDS conjecture appears in [50] although it origins can be traced back to
the fundamental questions asked by Segre [64] in 1967. Proofs of Theorem 6.14 and
Theorem 6.16 can be found in Ball [5], although the original proof of Theorem 6.16 for
k = 3 is due to Segre [63].

The MDS code in Exercise 6.10 was discovered by Glynn [26], and the MDS code
in Exercise 6.11 is due to Segre [64].

6.6 Exercises

6.1 Prove that the dual of a Reed—Solomon code is a Reed—Solomon code.

6.2 Shortening the k-dimensional Reed—Solomon code over Fy, by removing the last column
and the column which is the evaluation of the polynomial at zero in Example 6.4, we get a
k-dimensional linear code C of length g — 1. Prove that C is the cyclic code in Example 5.12.
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6.3 Let C be the 4-dimensional shortened Reed—Solomon code of length T over F7 which is
the evaluation of polynomials of degree at most three, where the elements of F7 are ordered as
{0,1,2,3,4,5, 6}. Decode the received vector (1,1,0,4,2,2, 1) using the algorithm from
Theorem 6.6.

6.4 Suppose that E is the set of coordinates where an error has occurred in transmission.
Prove that in the set of equations in Theorem 6.6, h(a;) = 0 foralli € E.

6.5 Let C be the linear code from Exercise 4.8. Prove that Ct is an MDS code and that
therefore C is an MDS code.

6.6 Prove that if there exists an [n, k,n — k + 1], code, thenn < g +k — 1.

6.7 Let S be the set of columns of a generator matrix of a 3-dimensional linear MDS code
of length n, considered as a set of points of PG(2, q).
i. Prove that S is a set of n points, no three of which are collinear.
ii. Prove that if q is odd then a 3-dimensional linear MDS code has length at most g + 1.
iii. Prove that if q is even, then a 3-dimensional linear MDS code of length q + 1 is
extendable to a 3-dimensional linear MDS code of length q + 2.

6.8 Let S be the set of columns of a generator matrix of a 4-dimensional linear MDS code
of length n, considered as a set of points of PG(3, g).

i. Provethat S is a set of n points, no 4 of which are contained in a hyperplane.

ii. Prove that if |S| = q + 2 and q is even, then to each point x of S there is a line £,
incident with x, with the property that each plane containing £, contains exactly one
point of S\ {x}.

iii.  Prove that there are no 4-dimensional linear MDS codes of length g + 3.

6.9 Show that if e and h are co-prime, then the matrix whose columns are {(1, t, tzf) |t e

Fy} U {(0,1,0), (0,0, 1)} generates a 3-dimensional linear MDS of length q + 2 over Ty,
h

qg =2".

6.10 Show that the matrix whose columns are {(1,t,t> + i, 3,1*) | t € Fo} U
{(0,0,0,0, 1)}, where 774 = —1, generates a 5-dimensional MDS of length 10 over Fy.

6.11 Suppose q is even and let o be an automorphism of F,. Let

ea+1 b eb® b(rJr]
e’c e°db°c b°d
ce ¢°b d’ed’b
C(H—l c’d cd® d0+l

M=

Let A be the 4 x 4 matrix whose i-th column is the transpose of (1, t;, t, tl” +l).
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iii.

Verify that if e, b, c, d are chosen so that c+dt) =0, e+ bt = 0 and e+ bt = c+dt3,
then

101 (e+ btg)°t!
001 (e+ bty)° (c +dtg)
00 1 (c+dts)° (e + bty)
011 (c+dty)°t!

det MA = ((e + bt1)(c + dt2) (e + bt3))° ! det

Prove that if there is no non-zero element a € Fy for which a° = a, then the code
generated by the matrix G, whose columns are the transpose of (1, t, t°, t"“), for each
t € Fy, is a 4-dimensional linear MDS code of length q.

Prove that by adding the column (0,0, 0, 1)! to G, the code generated by the matrix
extends the 4-dimensional linear MDS code of length q to a 4-dimensional linear MDS
code of length q + 1.
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Alternant and Algebraic Geometric
Codes

Alternant codes are subfield subcodes of a generalised Reed—Solomon code over an
extension field of IF,. This is a large class of linear codes which includes BCH codes,
one of the families of cyclic codes which appeared in » Chapter 5. Although BCH codes
are not asymptotically good, we will prove that there are asymptotically good alternant
codes. Not only are alternant codes linear, and so easy to encode, they also have an
algebraic structure which can be exploited in decoding algorithms. However, as with
the codes constructed in Theorem 3.7, the construction of these asymptotically good
alternant codes is probabilistic. We prove that such a code must exist without giving an
explicit construction.

Algebraic geometric codes are codes constructed from algebraic curves. We shall
cover the basic properties of these codes and prove that algebraic geometric codes can
provide examples of asymptotically good codes. In the case of r-ary codes, where r is
the square of an odd prime larger than or equal to 7, there are algebraic geometric codes
whose rate and relative minimum distance exceed the Gilbert—Varshamov bound.

7.1 Subfield Subcodes

Let C be a linear code over F» of length n.
The subfield subcode A(C) of C is a code over [, defined as the set of codewords
of C all of whose coordinates are elements of .

Lemma?7.1 IfCisa[n, k’,d]qh code, then A(C) is a [n, k, > dl, code, where k' > k >
n—(n—k)h.
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Proof
Suppose u, v € A(C). Then u,v € C and since C is linear u + v € C. Since u + v has
coordinates in IF;, u + v € A(C). Similarly Au € A(C), for all A € Fy, so A(C) is linear
over IF,.

Let Hbe a (n — k) x n check matrix for C. Then (ay, ..., a,) € A(C) if and only if

aixy +---apxy =0,

for all rows (xy, ..., x,) of H.

As we saw in > Chapter 2, the elements x; of Fx are polynomials in the ring Fy [X1/(f),
where f is an irreducible polynomial of degree & in F, [ X]. Writing the equation above over
F,[X] gives at most h constraints (j = 1, ..., h) on A(C) of the form

ayxyj + - +anxnj =0,
where x;; € F, is defined by
X=Xl + XX + -+ xp X"

Therefore, a check matrix for A(C) has rank at most (n — k’)h, which implies that the
dimension of A(C) is at leastn — (n — k')h. O

Example 7.2
Let ¢ be a primitive element of Fg which satisfies ¢> = e + 1.
Consider the check matrix

11...110
H:
(662...6801)

of a[10, 8, 3]9 code C.
Writing out the elements of H as a + be, where a, b € F3, we get a check matrix

1111111110
0000000000
0112022101
1120221000

for A(C) over 3. The rank of this matrix is 3, so A(C) has dimension 7. A non-zero
codeword of C has weight at least 3, so it follows that a non-zero codeword of A(C) has
weight at least 3. Thus, A(C) is a [10, 7, > 3]3 code and since (0,0,0,0,0,0,1,2,2) €
A(C), A(C)isa[10,7,3]; code. n
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7.2 - Generalised Reed-Solomon Codes

7.2 Generalised Reed-Solomon Codes

Let xq,...,x, be distinct elements of F . and let vy, ..., v, be non-zero elements
of th.
The linear code over [F» defined by

C={ifx),...,vuf) | f €FpulX], deg f <k'— 1},

where k' < ¢", is a generalised Reed—Solomon (GRS) code.

The subfield subcode A(C) is an alternant code if C is a GRS code. Alternant codes
are useful because they allow us to construct linear codes over small fields (including
binary codes). Not only can they have good parameters, the algebraic structure, inherent
in their construction, can be exploited to develop reasonably fast decoding algorithms.

Example 7.3
Let e be a primitive element of Fg, such that e> = ¢ + 1 and let C be the GRS code

{(£O), (1), f(e),e®F(e?), f(e®), e feh), e f(e%), e f(e%) | f € Fs[X],
deg f < 5.

The matrix
111 e 1 & e?et
0Oleede 1163

is a check matrix for C. This can readily checked. The scalar product of the first and second
rows of the matrix with a codeword of C is

Y f@and Y xf@)

xEFg )CG]Fg

respectively. For a polynomial f of degree at most 5 these sums are zero, see Exercise 2.8.
As in Example 7.2, we write out the elements of H as a 4 be + ce?, where a, b, c € Fs.
In this way, we get a check matrix

11101100
00010101
00000011
01011111
00111001
00000000

for A(C). The matrix H has rank 5, so the dimension of A(C) is 3.

By solving the system of equations Hu' = 0, where u € Fg, we can find a basis for
the code A(C) and therefore a generator matrix G for A(C). One can readily check that
GH' = 0, where
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00110100
G=]|11101000
11010011

The seven non-zero codewords of A(C) have weight at least 3. By Lemma 4.1, the minimum
distance of A(C) is 3, since this is minimum weight of a non-zero codeword of A(C).
Therefore, A(C) is a [8, 3, 3], code. | |

Lemma 7.4 If C is a k'-dimensional GRS code of length n over Fyn, then the minimum
distance of A(C) is at leastn — k' + 1.

Proof

As for Reed-Solomon codes, since a non-zero polynomial of degree at most X’ —1 has at most
k" — 1 zeros, a non-zero codeword of the code C has weight at least n — (k" — 1). Therefore,
the weight of any non-zero codeword of A(C) is at least n — kK’ + 1. By Lemma 4.1, the
minimum weight of a non-zero codeword is equal to the minimum distance. O

The following lemma is Lagrange interpolation, which will be used to prove
Lemma 7.6.

Lemma 7.5 Suppose that ay, ..., ax are distinct elements of ¥, and let by, ..., by be
elements of Fy. There is a unique polynomial f € F4[X] of degree at most k — 1 such
that f(a;) = b;, foralli =1, ..., k.

Proof
Foreachi = 1,...,k, the equality f(a;) = b; is a constraint on the polynomial f(X) =
Shlexi,

-
co + cra; -f—--~+61<—1a,{< =b;.

In matrix form this system of equations is

lay... allc_l o) by

lag ... a;fil Ck—1 by

Since the matrix is a Vandermonde matrix and the a;’s are distinct, the matrix has non-zero
determinant and so the system of equations has a unique solution. O

In Theorem 7.7, we are going to prove that there are alternant codes which do not
have any non-zero codewords of small weight. We do this by counting, bounding by
above the number of alternant codes containing vectors of small weight d. Then, by
proving there are more alternant codes than alternant codes containing vectors of weight
less than d, we conclude that there are alternant codes with minimum distance at least
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d. Firstly, we bound the number of alternant codes containing a fixed non-zero vector
of Fy.

Lemma7.6 Leta be anon-zero vector of Fy. The number of k'-dimensional GRS codes of
length n over F i containing a, for a fixed n-tuple (x1, ..., xn) of distinct elements of F i,

is at most (qh — 1)/".

Proof
If there is a k’-dimensional GRS codes of length n over F,» containing a, then a has at most
k" — 1 zero coordinates. After a suitable permutation of the coordinates, assume that all the

zero coordinates of a are contained in the first X — 1 coordinates. Choose v1, ..., vy €
Fan \ {0}
So that a is contained in the GRS code with this choice of vy, ..., vy, there must be a

polynomial f of degree at most &’ — 1 such that

a
fxi) =—,
vi
fori =1,...,k". By Lemma 7.5, there is a unique polynomial f with this property.
Forj =k'+1,...,n,if f(x;) =0, then a is not contained in a GRS code for this choice
of vy, ..., vy, since the zeros of a all occur in the first k¥’ — 1 coordinates. Hence, f(x ) #0

and the elements v; are fixed by

v = 4
PTGy
Moreover, v; # 0 since a; # 0 for these values of j. O

7.3 Alternant Codes Meeting the Gilbert-Varshamov Bound

We now prove that there are alternant codes of rate R and minimum distance d whose
parameters approximate to the parameters of a code on the Gilbert—Varshamov curve of
@ Figure 3.1.

Theorem 7.7
There are asymptotically good alternant codes of rate R € Q meeting the Gilbert—
Varshamov bound.

Proof
Choose 4 and n so that Rn is an integer, i divides n — Rn and

Ca(l=R) o,

K=n ; <q".
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By Lemma 7.6, for a fixed xp, .. ., x;, the number of k’-dimensional GRS codes over th of
length n containing the vectors of Fy of weight at most d — 1 is at most

(" — ¥ Z(q—w( )

j=0
Since we can choose vy, ..., v, € IF[I;, \ {0}, the total number of k’-dimensional GRS codes
for a fixed xq, ..., x, is (qh — 1"

Therefore, if

(" =¥ Z(q— 1>1< ) <(q"-1n"

j=0

then there is a k’-dimensional GRS code C with no non-zero codewords of weight less than d.
By Lemma 7.1, the alternant code A(C) has dimension k > n — (n — k’)h = Rn, so the
rate of A(C) is at least R. Substituting K’ = n — n(1 — R)/ h, the condition is that

— f/h Z( 1)1( ) <(@" =t

which is (asymptotically) the Gilbert—Varshamov bound, since (¢" — 1)’/ ~ ¢". O

The following theorem says that we can decode received vectors with few errors
quickly. Observe that the minimum distance d, for the alternant code which we get from
Theorem 7.7, is at least n — k' + 1 by Lemma 7.4.

Theorem 7.8

Let C be a k’'-dimensional GRS code of length n. If the number of errors that occur in
the transmission of a codeword of the alternant code A(C) is at most %(n — k'), then
there exists a polynomial time decoding algorithm which corrects the errors.

Proof
This is similar to the proof of Theorem 6.6.

We suppose g is an arbitrary polynomial of degree [%(n + k)] — 1 and that & is an
arbitrary polynomial of degree L% (n—k"].

We determine the coefficients of g and % by solving the system of n equations,

glaj) — h(ajv;'y; =0,

for j =1, ..., n. The homogeneous linear system has n 4+ 1 unknowns (the coefficients of g
and /) and n equations. Hence, we can find a non-trivial solution (in polynomial time) which
determines 4 (X) and g(X).
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By assumption, there is a polynomial f of degree at most k' — 1, such that y; = v; f(a;)
for at least n — L% (n — k') | values of j. For these values of j, the evaluation at a; of

8(X) — h(X) f(X)
is zero. The degree of this polynomial is at most [%(n + k)] — 1. Since
n—=1L3n—=k)] > T30+ k)1~ 1,

it has more zeros than its degree, so it is identically zero. Therefore, & (X) divides g(X) and
the quotient is f(X) = g(X)/h(X). O

Example 7.9

Suppose that we are using the code A(C), where C is defined as in Example 7.3, and that we
have received the vector

y=1(0,0,1,0,1,0,1, 1).

According to Theorem 7.8, we should solve the equations
viglaj) —h(aj)y; =0,

where j =1, ..., 8, and where g(X) is a polynomial of degree at most 6 and
h(X) = h1 X + ho.

The equations are
g(0) =0, g(1) =0, g(e) = h(e), g(¢*) =0, g(e’) = h(e), g(e*) =0,
g(€)e’ = h(e). g(e”e’ = h(e).

From these equations we have that
g(X) = X(X + D(X + (X + ") (g2X> + g1X + o)

for some go, g1 and g» and that

Seted el 82

1 et el 81 _0

e e el so f =7
hy

e ed 101
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This homogeneous system of equations has a solution with go = 1 which gives
gX) = XX + DX + (X + e (X* +eX + %)

and
h(X) =eX + .

Therefore, by Theorem 7.8, the sent codeword is the evaluation of

g(X)

6 4y y2 2
hx) ¢ XX+ DX +e)(X +eX +e).

One can check that the evaluation of this polynomial is the codeword
0,0,1,1,1,0, 1, 1). |
We can use the list decoding algorithm of Theorem 6.9 to correct more distorted

codewords. To do this we make a slight modification of the interpolation and solve the
system of equations

Q(xe, vy 'ye) = 0.
This will produce a short list of possibilities for the sent codeword. The list of

possibilities is further reduced since we can discard any vectors in the list which are
not codewords of A(C).

7.4 Algebraic Geometric Codes

Let ¢ be an absolutely irreducible homogeneous polynomial in F,[X, Y, Z] of degree
m. Recall that absolutely irreducible means that ¢ is irreducible over Fq, an algebraic
closure of [F,.

Let x be the plane curve, defined as the points where ¢ is zero, where the points are
points of the projective plane defined over Fq. It is not necessary to take x to be a plane
curve, but it will make things simpler and more apparent if we assume for the moment
that it is. In the next section, we will consider an example of a higher dimensional curve.
We direct the reader to the comments section for references to a more general treatment
of algebraic geometric codes. Although we will define our codes over I, we have to
consider the curve over Fq. It is essential that when we apply Bezout’s theorem, the
number of points in the intersection of a curve defined by a homogeneous polynomial g
and a curve defined by a homogeneous polynomial % is (deg g)(deg /), where we have
to count the intersections with multiplicity.
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The coordinate ring is defined as the quotient ring
Fylx1=F,(X,Y, Z1/(¢).
Therefore, the elements of F,[x] are residue classes which can be represented by
polynomials. We will only be interested in residue classes represented by homogeneous
polynomials. We will be particularly interested in the elements of

F,(x) ={f|f = g/h, forsome homogeneous g, h € F,[x] of the same degree}.

An element f of F, () can have very different representations.

Example 7.10
Let x be the curve defined by X3 = Y2Z. The element f of IF4 (x) represented by X 2/y2 s
the same as the element of IF; (x) represented by Z/ X. |

The elements of I, () do not in general define functions on the curve x, since there
may be a point P of x where & is zero. However, there may be another representation
of the same element of F, (), where & is not zero, so the evaluation of f is defined.

As in P Section 2.4, we denote by (x : y : z) the point of PG(2, ¢) with vector
representative (x, y, 2).

Example 7.11

In Example 7.10, f is defined at the point P = (0 : 1 : 0), even though in the representation
Z/ X we have a zero in the denominator. Indeed, using the representation X2/ Y2, we deduce
that f has a zero at P. However, f is not defined at the point (0 : O : 1), where it has a pole.
||

The elements of F, are representatives of elements of IF,(x), since they are
polynomials of degree O divided by a polynomial of degree 0. These elements define
a constant function on the curve .

We define a divisor as a finite sum of the points of ¢ with integer coefficients,

D=anP.

At first glance, this seems like an odd thing to define. But it helps us keep track of the
zeros and poles of an element of F, () and this will be of utmost importance to us.

Assume that x is a non-singular curve.

We define the divisor of f € [F,(x) to be the divisor, denoted (f), where we sum
the zeros of g intersect ¢, counted with multiplicity, and subtract the zeros of / intersect
¢, counted with multiplicity. This definition of (f) is well-defined in that it does not
depend on the representatives g and h for f = g/ h.
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The degree of a divisor D is

deg(D) = Z ne.

Pey

Bezout’s theorem, as mentioned before, ensures that the degree of the divisor ( f), for
any f € F,(x), is zero.

Example 7.12

Let us calculate the divisor of f, from Example 7.11, using the representative Z/X. The
curve defined by the equation Z = 0 and the curve defined by X> = Y2Z intersect in the
point P, = (0 : 1 : 0) with multiplicity three. The curve defined by X = 0 and the curve
defined by X 3 = Y27 intersect in the point P, = (0 : 1:0) and the point P = (0:0: 1)
with multiplicity two. Hence,

(f)=3P,—2P3;— P, =2P, —2Ps.
If we had used the representative X 2 /Y 2 we would have arrived at the same conclusion. W

Let

D:anp.

Pey

We write D > 0 if and only if the coefficients np > 0 for all P € .

Observe that the coefficients of ( f) are positive and negative unless f is represented
by a polynomial of degree zero. Hence, (f) > 0 if and only if f = c, for some ¢ € IF,.

If P is a point of x whose coordinates are all in IF,, then we say that P is an IF-
rational point of x.

Suppose that D is a divisor in which the sum is restricted to I, -rational points. It is
straightforward to verify that the subset

L(D) ={f €F,(x) 1 (f)+ D =0}

is a vector space over IF,,. Moreover, its dimension can be calculated from the Riemann—
Roch theorem. Precisely, if deg(D) > 2g — 1, then

dim L(D) = deg(D) — g+ 1,
where g is the genus of the curve x. Recall that for a non-singular plane curve the genus

of x is (m — 1)(m — 2)/2, where m is the degree of ¢.
Observe that if deg D < 0, then L(D) = {0}.
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We are now in a position to prove that the code whose codewords are the evaluation
of the functions in L(D) at certain points of the curve x, will be a linear code over F,,
whose dimension we know and whose minimum distance we can bound from below. In
other words, we have a prescribed minimum distance as we did for BCH codes.

Theorem 7.13
Suppose

D= anP,

Pey

where the sum is over the IF-rational points of x.

Let {Py, ..., Pa} be a set of n Fy-rational points of x for which np; = 0, for all
jefl,..., n}

Ifn > deg(D) > 2g — 1, then

Clx, D) ={(f(P1),..., f(P)| f € L(D)}
isa
[n, deg(D) — g + 1, > n — deg(D)],

code.

Proof
Leta : L(D) — IFZ be defined by

al(f) = (f(P), ..., f(Pn).

Since L(D) is a vector space, this defines a linear map.

Let E=P +---+P,. If f ekera,then f € L(D— E), since f € L(D) and f is zero
at Py,..., P,. Since deg(D — E) < O, this implies f = 0. Therefore, the image of « has
dimension dim L(D), which is deg(D) — g + 1, by the Riemann—Roch theorem mentioned
above.

Suppose a( f) has weight w > 0. Then, after a suitable reordering of the points, we can
assume

fP) == f(Pr—w) =0.
Since f #0and f € L(D — Py —--- — P,_y), this implies that

dEg(D_Pl_"'_ n—w) = 0,
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which gives deg(D) > n — w. Therefore, the minimum weight of a non-zero codeword of C
is at least n — deg(D) which, by Lemma 4.1, implies that the minimum distance of the linear
code C(x, D) is at least n — deg(D). O

Example 7.14
Let x be the curve of genus 1 defined as the zeros of the polynomial

X3+ Y?2Z + Z%Y e F4[X, Y, Z].

The line X = O intersects x inthe points Q = (0:1:0),P=(0:0: )andR=(0:1:1).
The line Y = O intersects x in the point P with multiplicity 3 and the line Z = 0
intersects x in the point Q with multiplicity 3.
Suppose D = 3Q. Then, since

(X)—P+R 20
Z) =
and
Ly=3r-30
=) =
and
dim L(D) =deg(D) — g+ 1 =3,

we have that

XY

‘zzY

is a basis for L(D). A generator matrix for C(x, 3Q) is given by

0011 ee e
G=|0lee?ee? e ],
11111111

where e € F4 and ¢ = e + 1. In this case we get a generator matrix whose columns are the
eight F4-rational points of x not equal to Q.

By Theorem 7.13, the minimum distance of C(x,3Q) is at least 5. The codeword
(1, 1, 1)G has weight 5, so C(x, 3Q) is an [8, 3, 5]4 code.

Now, suppose D = 50Q. By Theorem 7.13 the dimension of C(x,5Q) is 5. To find a
generator matrix for C(x, 50), we can extend the basis for L(3Q) to L(50Q) by observing
that
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X2
(53)=2P +2R —4Q

and
XY

Therefore,

X? Xy

Y 1
VANVA R A

{X
A

is a basis for L(5Q).
Thus, C(x, 5Q) has a generator matrix

0011 e e e?e?
0lee? e e e e
G=|0011¢ec¢%e?e e
00ee*e? 1 1 ¢
11111111

According to Theorem 7.13, the minimum distance of C(x, 5Q) is at least n —deg(5Q) = 3.
The codeword (1, 1, 1, 1, 0)G’” has weight 3, so C(x, 5Q) has minimum distance equal to 3.
Therefore, C(x,5Q) is an [8, 5, 3]4 code. | |

7.5 Algebraic Geometric Codes Surpassing the
Gilbert-Varshamov Bound

Algebraic geometric codes are of particular interest because they can provide examples
of asymptotically good codes which better the Gilbert—Varshamov bound for certain
large enough alphabets. We first calculate the asymptotic Gilbert—Varshamov bound for
a general alphabet of size r, as we did in Corollary 3.8 for binary codes.

Supposing that the codes have rate R and relative minimum distance §, the bound in
Theorem 3.7 gives

(8’1 )(}” _ l)énrnR - rn7
n

which by Lemma 1.11 gives

2h(8)n(r _ I)BnrnR > rn.
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Taking logarithms and dividing by n, we have that the r-ary asymptotic Gilbert—
Varshamov bound is

R > 1—h(8)log, 2 —8log,(r — 1).

Theorem 7.13 implies that a k-dimensional algebraic geometric code of a curve of
genus g satisfies

k+d>=2n—g+1,

where d is the minimum distance and # is the length, which is maximised when we take
as many I, -rational points of x as possible. Dividing by #, this gives the bound

R+6>21—g/n+1/n.

Therefore, to find asymptotically good codes, we need a sequence of curves C; (i € N)
of genus g;, for which g; — o0, and where g;/n; tends to a number smaller than 1.
Here, n; is the number of F,-rational points of C;. One way to construct such curves
is with recursive towers. These curves are constructed from an absolutely irreducible
polynomial f € F,[X, Y]. The affine points of C; are defined in the following way. The
curve C is defined by f(X;, X;) = 0. The second curve C; is defined by

(X1, X2) = f(X2, X3) =0,
the third curve Cj is defined by

f (X1, X2) = (X2, X3) = f(X3, X4) =0,
and so on. Observe that the curve C; is a set of points in PG(i + 1, ¢), although we have
only described the affine part of the curve. The points on the hyperplane at infinity are
obtained by homogenising the polynomials and setting the new variable to zero.

If g is an even power of an odd prime, then the sequence of curves constructed in

this way from

FXY) =Y+ 7)1+ XVl — xvi

is a sequence of asymptotically good codes of rate R and relative minimum distance §
for which

R+521—-(Jg—17"

For g > 49, this line surpasses the Gilbert—Varshamov bound, for some range of values
of 8, see @ Figure 7.1. This example is due to Tsfasman, Vladut and Zink.
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B Fig. 7.1 The asymptotic 1.0 T T T T
Gilbert-Varshamov curve and
the Tsfasman-Vladut-Zink
bound for ¢ = 49. Gilbert-Varshamov
0.8F
0.6f
Tsfasman-Vladut-Zink
0.4+
0.2+
00 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

7.6 Comments

Alternant codes were introduced by Helgert [36] in 1974, Goppa having previously
considered a subclass of alternant codes [28]. It was Goppa’s later work from [29]
which led to algebraic geometric codes. The book of Tsfasman and V1ddut on algebraic
geometric codes [72] was published in 1991 and contains a wealth of results on such
codes. The particular bound in 8 Figure 7.1 is from [73] and a survey of the asymptotic
bounds can be found in Tsfasman [71].

7.7 Exercises

7.1 Suppose that we have received the vector (—1,1,1,1,0,0,1,1,1), having sent a
codeword of the subfield subcode in Example 7.2. Use syndrome decoding to find and correct
the error bit.

7.2 Let M be an invertible matrix and let H be as in Exercise 7.6. Let C be the linear code
over ]th with check matrix H and let C' be the linear code over ]th with check matrix MH.
Prove that A(C) = A(C').

7.3 Let ¢(X) be a polynomial in ¥ i[X] of degree r and let {a1, ..., oy} be the set of
elements ofIth which are not zeros of ¢ (X). For eachu = (uy,...,u,) € th, let



120 Chapter 7 ¢ Alternant and Algebraic Geometric Codes
O e —h(X) i
Fu0 =3 (T o™
=
Prove that the subfield subcode A(C), where
C={(ur,...,uy) € th | fu(X) =0},
is an alternant code.

7.4 Let C be the linear code over Fg with check matrix

Ho 11111111
T ettt 0]
where e is a primitive element of .
Prove that the binary alternant code A(C) is a [8, 4, 4], code.

7.5 Let e be a primitive element of Fg, such that ¢’ = e + 1 and let C be the GRS code

{(*£(0), (1), €8 fle), e f(eP), f(ed), e® fe), et f(e), f(e%) | f e Fs[X],
deg f < 4}

Prove that
A(C) ={(0,0,0,0,0,0,0,0), (1,1,1,1,0, 1,0, D}.

7.6
i. Prove that the GRS code in Lemma 7.4 has a check matrix

O 0
1 1 1 1
o an oy, 0 v, 0
H= 0 0 0 0
n—.k’—l n—.k’—l nflk’ 1 0 0
.
! 2 0 ... ... 0 v

ii. Prove that the dual of a GRS code is a GRS code.
7.7 Let C be the GRS code defined over Fq = {0, 1, e, ez} by

C ={(f(0), f(1),e7" fle),e 2 f(e*)) | f € Fa[X], deg f < 1}.
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7.7 - Exercises

Suppose that we have received the vector y = (1,1, 1, 1). Use the decoding algorithm in
Theorem 7.8 to find g and h, polynomials of degree 2 and 1, respectively. Verify that h divides
g, deduce f and correct the error in y.

7.8 Prove that, in the decoding algorithm of Theorem 7.8, if n + k is odd, then
degg < [3(n+ k)] —2.
7.9 Let C be the GRS code defined over Fg by
C={(f(0). f(D), ef(e), f(e). e f(e)) | f € Fo[X], deg f < 1},
where * = e + 1.

Suppose that we have received the vector y = (1,2, 1 + 2e,2 + ¢, 0).

Use the decoding algorithm in Theorem 7.8 to find g and h, polynomials of degree at
most 3 and 1, respectively. Verify, as claimed in Exercise 7.8, that the degree of g is 2, that h
divides g, deduce f and correct the error in y.

7.10 Let x be the curve defined as the zeros of the polynomial
x*+viz+ 2%y
Let Py =(1:0:0),P,=0:1:0andP3=0:0:1).
i. Calculate the divisor (Y |Z).
ii. Find a basis for L(D), where D = 3Py + 3 P.

iii. The curve x has 28 rational points over Fg. Construct a [24, 4, 18]9 code.
iv.  Verify that the Griesmer bound for a [24, 4, d]9 code gives d < 19.
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Low Density Parity Check Codes

A linear code with a check matrix in which each column has few non-zero entries is
called a low density parity check code or, for brevity, an LDPC code. These codes were
introduced in the 1960s by Gallager who proved that probabilistic constructions of such
matrices produce asymptotically good linear codes. Moreover, he observed that LDPC
codes perform well when applying the following decoding algorithm. On receiving a
vector v, one calculates the weight of the syndrome of v + ¢, for each vector e of weight
one. If the weight of this syndrome is less than the weight of the syndrome of v, for
some e, then we replace v by v + e and repeat the process. If at each iteration there
is such a vector e, then, since after replacing v by v + e, the weight of the syndrome
of v decreases, we will eventually find a vector whose syndrome is zero, which must
be the syndrome of some codeword u. We then decode v as u. If at some iteration no
such e exists then the decoding breaks down. If at some iteration more than one such
vector e exists, then one could choose e so that the weight of the syndrome of v + e is
minimised. In this chapter we will prove that there are LDPC codes, constructed from
graphs with the expander property, for which the decoding algorithm will not break
down. Provided that the number of error bits is less than half the minimum distance,
the decoding algorithm will return the nearest codeword to the received vector. We will
use probabilistic arguments to construct the graphs, and from these a sequence of codes
which are asymptotically good.

8.1 Bipartite Graphs with the Expander Property

A graph is a pair (V, E), where V is a set and E is a set of 2-subsets of V. We consider
the elements of V' to be vertices and the set E to be a set of edges, where an edge {v;, v,}
joins the two vertices v; and v,. A bipartite graph is a graph in which V is the disjoint
union V; U V, and for all e = {vy, v} € E, we have v; € V; and v, € V. In other
words, there are no edges joining two vertices in V; and no edges joining two vertices in
V,. The subsets V; and V), are called the stable sets of the bipartite graph. The degree
of a vertex v is the number of edges which contain v and we say that u is a neighbour
of v if {u, v} is an edge. A bipartite graph with stable sets V; and V; is left y -regular if

© Springer Nature Switzerland AG 2020
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every vertex in V; has degree y, i.e. has y neighbours in V5. For a subset S of V;, denote
by N (S) the set of vertices of V, which are neighbour to some vertex in S.

Let § be a real number in the interval (0, 1). A left y-regular bipartite graph with
stable sets V| and V; of size n and m, respectively, has the expander property with
respect to § if for all subsets S of V; of size less than én, |[N(S)| > %y|S|.

Example 8.1

O Figure 8.1 is a left 3-regular bipartite graph with the expander property with respect to
8= %. The 12 vertices of V| are the vertices on the outer circle and the 9 vertices of V, are
the vertices on the inner circle. One can verify that every subset S of V; of size 1 has three
neighbours, so the graph is left 3-regular. If S is a 2-subset of Vi, then N(S) has either 5 or
6 vertices. Therefore, for every subset S of V) of size less than 6n = 3, [N (S)| > %|S|. |

Lemma8.2 Giveny > 4and R € (0, 1), there is a constant § € (0, 1), dependent on y and
R, for which a left y-regular bipartite graph with the expander property with respect to §
exists, for all n large enough, where the left and right stable sets have size n and | (1 — R)n],
respectively.

Proof

Consider the set ® of bipartite left y-regular graphs with stable sets V| and V; of size n and
m= (1 —R)n].

S

B Fig. 8.1 A left 3-regular bipartite graph with the expander property.
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For a graph I € ©, a subset S of V| of size s < én and a subset T of V; of size L%ysj,
define a random variable X g 7 which takes the value 1 if all edges of I' with an end-vertex
in S have an end-vertex in 7" and O otherwise. If we can prove that the probability

PO Xsr=0)#0,

S.T

then we can deduce that there is a graph I' € ® for which X¢ 7 = 0 for all subsets S and T'.
This implies that the graph I" has the property that the union of the neighbours of the vertices
in S has more than %y | S| vertices, for all subsets S of V| of size less than §n. Hence, I has
the expander property with respect to §.

Since the probability that a randomly chosen edge has an end-vertex in T is L%ysj /m,

Lon]

n\( m [ Brsl\”
P(Xsr =1 ’
&ZT Xsr=1) < ; (J(L%sﬂ) ( m )

where the sum is over all subsets S of V| of size s < dn and all subsets T of V, of size

L3vs].
Since
k/ k
I
— jl k!
Jj=0
we have

n nk ne
< - < (),
k k! k

which in the above gives

o envs (el(1— R)n] By Bys) \”
ZP(XS,T=1)<Z(S)( ) (L(I_Rm> :

3
S, T s=1 Lyvs]

Since

sY=Ds _ (gp)@r=Ds,

this gives
én '
Y P(Xsr=1) <)y (Ns3771y,
S, T s=1

for some constant N, dependent on y and R, but not dependent on 7.
. i, . .
Now, if we choose § so that N§37 I %, then this sum is less than 1.
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Since,

PO Xsr#0) <Y P(Xsr=1<1,

S.T ST

we have that

P(Y_ Xsr=0)#0.

ST

8.2 Low Density Parity Check Codes

A low density parity check code is a linear code which has a check matrix H with
the property that H has few non-zero elements in each column. We will only consider
low density parity check binary codes, so H will have the property that it has few 1’s
in each column. We make this vague definition precise for sequences of codes of length
n, where n tends to infinity, by insisting that the few non-zero elements is a constant
number.

Lemma 8.2 proves that sequences of bipartite expander graphs exist for n large
enough. We now prove that we can construct a matrix from a bipartite graph in this
sequence, which is a check matrix of a code in a sequence of asymptotically good linear
codes.

Fix R to be the rate of transmission we would like to achieve and § to be the relative
minimum distance.

Lemma 8.3 Given a left y-regular bipartite graph T" with stable sets of size n and m =
L(1 — R)n] and the expander property with respect to 8, there exists a binary linear code
C(I") with rate at least R and relative minimum distance at least §.

Proof
Let H be the m x n matrix whose rows are indexed by the vertices of V, and whose columns
are indexed by the vertices of Vj. A row-column entry is 1 if there is an edge joining the
vertex of Vi to the vertex of V, and zero otherwise. Then H has y 1’s in each column.

Let C(T") be the binary linear code defined by the check matrix H, i.e.

C(T) = {u e F} | uH' =0}.

Since the rank of H is at most the number of rows, the dimension of C(I") is at least
n—m=n— (1 —R)n] > Rn,so C(I") will have rate at least R.

Suppose that C(I") has minimum distance less than n. By Lemma 4.1, there is a non-
zero vector u of C(I') of weight less than §n. Let S be the support of u, the set of coordinates
where u has a 1. These coordinates correspond to vertices of Vi, since the rows of H' are
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indexed by the vertices of Vi, so we can think of S as a subset of V. Since |S| < én and
I' has the expander property with respect to §, the size of the set N(S), the set of vertices
neighbour to some vertex of S, is at least %y|S [

If every vertex of N(S) has at least two edges joining it to vertices of S, then, counting
edges with an end-vertex in S,

[Sly = 2IN(S)I, (8.1)

which contradicts [N (S)| > 3|S]y.

Therefore, there is some vertex v in N (S) which is joined to just one vertex of S. A vertex
of V5, indexes a row r of the check matrix H. Since r is a row of the check matrix, it has the
property that 7 - w = 0, for all codewords w € C(I").

However, v is joined to just one vertex of the support S of u, so r - u = 1, which is
a contradiction, since the scalar product of a row of the check matrix H and a codeword is
zero. Hence, each non-zero vector in C(I") has weight at least §n. By Lemma 4.1, C(I") has
minimum distance at least én.

O

Observe that we could relax the expander property to |N(S)| > %y|S| and
Lemma 8.3 would still hold. However, we insist upon [N (S)| > %y|S|, so that the
decoding algorithm, which we will see in the following section, works.

Example 8.4
The check matrix obtained from the bipartite graph I" in Example 8.1 is

100010100100
010001100001
001100100010
100001010010
H=]1010100010100
001010010001
100100001001
010010001010
001001001100

Lemma 8.3 implies that the rate of C(I") is at least % and the minimum distance is at least 3.
It is Exercise 8.1 to verify that H has rank 9 and so the dimension of C(I") is 3 and the rate
of C(TI') is precisely i.

Consider the graph in Example 8.1. We can define a geometry which has as points the
vertices of V5 and as lines the vertices of Vi, where for each vertex u of Vi, we have a line of
the geometry consisting of the points which are neighbours to « in the graph. This geometry
is AG(2, 3), the affine plane of order 3, see » Section 2.4, and in particular B Figure 2.2.

Each block of three columns corresponds to a parallel set of lines, so C(I") has a generator
matrix
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111111000000
G=]000000111111
111000111000

Thus we deduce that all codewords of C(I") have weight 0, 6 or 12, so C(I") is a [12, 3, 6]»
code.
The Griesmer bound from Theorem 4.18 for a [12, 3, d], code gives the bound d < 6.
|

8.3 Decoding LDPC Codes

Lemma 8.2 and Lemma 8.3 imply that we can find asymptotically good codes using
bipartite graphs with the expander property. Moreover, these codes are linear, so fast
to encode. However, the really useful property that these codes have is that they are
also fast to decode. We will prove this in Theorem 8.7, but first we need to prove the
following lemma.

Recall that for x € %, the syndrome of x is

s(x) =xH'

and wt(x) is the number of non-zero coordinates that x has.
Let e; denote the vector of weight one and length n with a 1 in the i-th coordinate.

Lemma 8.5 Suppose that x € ) and that d(x, u) < 8n for some u € C(I'), where C(T")
is the binary linear code obtained from a bipartite graph I which has the expander property
with respect to §. Then there isani € {1, ..., n} such that wt(s(x + €;)) < wt(s(x)).

Proof

Let S be the coordinates where x and u differ. By assumption, |S| < dn. As in the proof of
Lemma 8.3, the set S corresponds to a subset of the vertices V; of the graph I". As before, let
N (S) denote the set of vertices which are neighbour to some vertex of S. Then, as in the proof
of Lemma 8.3, the vertices of N(S) index rows of the matrix H which in turn correspond to
linear constraints on the code C(I"). Divide N (S) into 7', constraints that x satisfies and U,
constraints that x does not satisfy. In other words, T is the subset of N (S) where s(x) has a
zero and U is the subset of N (S) where s(x) has a 1. Here, we are identifying the coordinates
of s(x) with vertices of V5.

Since |S| < dn, the expander property implies

IT|+ U = IN®)| > 3yIS].
Counting edges between S and N(S), we have

U1 +2|T| < vISI,
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since there must be at least two edges joining T to vertices in S, otherwise the constraint
would not be satisfied.
Combining the inequalities this implies | 7| < iy |S| and therefore

|U| > 3vIS. (8.2)
This implies that
wis (x)) > 37IS].
Since,

s(x) =s(x4+u) = Zs(ei)’

ieS

the pigeon-hole principle implies that there is an i for which s(e;) and s(x) both have a 1 in
more than %y of the coordinates. Since wt(s(e;)) = y, this implies that

wt(s(x 4+ ¢;)) < wt(s(x)).

Example 8.6
Suppose that we have sent a codeword of C(I"), defined by the check matrix in Example 8.4,
and that we have received

x=1(0,0,0,1,1,1,1,0,0,0,0, 0).
By calculating xH’,
s(x) = (0,0,0,1,1,1,1,1, 1).

The weights of s(x + ¢;) are given in the following table:

i 1 2 3 4 5 6 7 8 9 10 11 12
wi(s(x+¢)) | 5 5 5 5 5 5 9 3 3 5 5 5.

Assuming that less than two errors have occurred in transmission, Lemma 8.5 implies
that there is an i for which wt(s(x + ¢;)) < 6 and this is the case for all i # 7.
We will return to this example in Example 8.8. |

Lemma 8.5 allows us to apply the decoding algorithm described in Theorem 8.7.
This type of decoding algorithm is called belief propagation. Observe that in
Lemma 8.5 we are not claiming that by summing e; to x we are correcting an error,
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only that the weight of the syndrome decreases. It may be that in the algorithm in
Theorem 8.7, we introduce new errors at a particular iteration. However, since the
weight of the syndrome is decreasing, it will eventually have weight zero and all errors,
even those which we may have inadvertently introduced, will have been corrected.

Theorem 8.7

Let C(I') be the linear code of length n obtained from a bipartite graph T with the
expander property with respect to 8. There is a decoding algorithm for C(I") which
completes in a number of steps which is polynomial in n and which corrects up to %Bn
error bits.

Proof
We will provide an algorithm for decoding the received vector x € F, where d(x, u) < %Sn,
for some u € C.

Let S be the support of x — u, i.e. the coordinates where x and u differ.

Although we do not know what S is, by assumption |S| < %(Sn.

By Lemma 8.5, if we test x +¢; fori = 1, ..., n, we will find an i for which

wt(s(x 4+ €;)) < wt(s(x)).

So, we can repeat this process with x+¢; and |U |, the size of the set of unsatisfied constraints,
will decrease.

The maximum value of |U| (at the first step since |U| is decreasing) is bounded by
UL < IN(S) < yIS| < Syon.

At each iteration, when we apply Lemma 8.5, equation (8.2) implies |S| < én. Therefore,
the hypothesis of Lemma 8.5 is satisfied and can be applied at the next iteration.

The weight of s(x) in the first iteration is less than, %y&n. In each of the following
iterations the weight of the syndrome decreases, so the number of iterations will be at most
%ySn. In each iteration we have to multiply a matrix with n vectors, so the whole algorithm
completes in a number of steps which is polynomial in 7. O

Example 8.8

Theorem 8.7 only guarantees that we can correct up to %Sn errors. In Example 8.4, this
implies that we can correct up to only one error bit even though the minimum distance is 6
and we would expect to be able to correct up to two error bits.

If we apply the algorithm described in Theorem 8.7 to the table of syndromes we
calculated in Example 8.6, then we have many choices for i in the first iteration. Let us
suppose we decide to choose an i for which the weight of s(x + ¢;) is minimised at each
iteration. Then we would replace x by x + eg at the first iteration, then x + eg by x + eg + e9
at the second iteration and would have correctly found the codeword

0,0,0,1,1,1,1,1,1,0,0, 0)

at distance 2 to x.
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8.4 Comments

This chapter has realised an important aim that of proving that there are asymptotically
good codes which we can encode and decode in an efficient manner. There are
LDPC codes whose rate nears the Shannon capacity, see MacKay and Neal [49].
For an excellent survey on expanders, see Hoory, Linial and Wigderson [39]. The
decoding algorithm for expander codes is due to Sipser and Spielman [67]. Regarding
Exercise 8.5, a list of the known hyperovals and their collineation groups can be found
in Penttila and Pinneri’s article [56]. For more on LDPC codes constructed from finite
geometries, see Kou, Lin and Fossorie [45] and Pepe [57].

LDPC codes have replaced turbo codes in 5G mobile networks. Turbo codes are not
covered here in this text, principally because they lack any algebraic structure. LDPC
codes are widely used in mobile and satellite communication and have been employed
by NASA in recent missions as an alternative to Reed—Solomon codes.

8.5 Exercises

8.1 Prove that there is no subset S of points of AG(2, 3) with the property that every line is
incident with an even number of points of S. Conclude that the check matrix from Example 8.4
has rank 9 over IF5.

8.2 Let I" be the bipartite graph whose vertices Vi are the lines of PG(3,4) and whose

vertices Va are the points of PG(3, 4) and where a point is joined to a line by an edge in T if

and only if the point and line are incident in the geometry.

i. Apply Lemma 8.3 to prove that C(T) is a linear code of rate at least 2 357 2 with relative

minimum distance at least 357.

ii. Prove that the minimum distance of C(I') is at least 9.

iii. Determine up to how many error bits we can guarantee to correct when applying belief
propagation decoding.

8.3 Prove that the point-line incidence matrix of AG(2, 4) is the adjacency matrix of a left
4-regular graph T with the expander property with respect to § = é, with stable sets of size
20 and 16.

8.4 Let g be odd.

i. Prove that there is no set S of points of AG(2, q) with the property that every line is
incident with an even number of points of S.

ii. LetH be the matrix whose rows are indexed by the points of AG(2, q) and whose columns
are indexed by the lines of AG(2, q) and where an entry in the matrix is 1 if the point is
incident with the line and 0 otherwise.

Let C be the binary linear code with check matrix H. Prove that the dimension of C
is at least q and that the minimum distance of C is at least g + 2.
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A dual hyperoval in AG(2, g) or PG(2, q) is a subset L of ¢ + 2 lines with the
property that every point is incident with either zero or two lines of L.

8.5
i. Provethat if AG(2, q) has a dual hyperoval, then q is even.

ii. Suppose that u is a codeword of weight 6 of the binary linear code C(I"), where I is the
expander graph in Exercise 8.3. Prove that u is the indicator vector of a dual hyperoval.
In other words, if S is the support of u, then, as a set of lines of AG(2,4), S is a dual
hyperoval.

iii. Deduce the minimum distance of C(I") by proving that there are no small sets of lines L
with the property that every point of AG(2, 4) is incident with an even number of lines
of L.

iv. By calculating the rank of a check matrix for C(I') (with the aid of a computer),
determine the dimension of C (I').
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Reed-Muller and Kerdock Codes

In » Chapter 6, we studied Reed—Solomon codes, codes whose codewords are the
evaluation of polynomials in one variable of degree at most k — 1 at the elements of
F, U {oo}. Reed—Solomon codes are short length codes, where the length n is bounded
by g + 1, and only useful when we take the field to be large. The alternant codes which
we constructed from generalised Reed—Solomon codes in » Chapter 7 allowed us to
construct codes over small fields and we put this to good use. In this chapter we will
consider another generalisation of Reed—Solomon codes, codes whose codewords are
the evaluation of polynomials in many variables. This again allows us to construct
linear codes over small fields and we will restrict our attention, for the most part,
to binary linear codes. It will turn out that these codes are not asymptotically good.
Nevertheless, they are an important class of codes which are widely implemented due to
the availability of fast decoding algorithms. One example of such a decoding algorithm
is the majority-logic decoding algorithm that we will study here. We will then go on and
construct Kerdock codes which are certain subcodes of the second-order Reed—Muller
codes. These codes can give examples of non-linear codes with parameters for which no
linear code exists.

9.1 Binary Reed-Muller Codes

A Boolean function from FJ' to I, is the evaluation map of a polynomial with
coefficients from [F, in m variables generated by monomials in which the degree of
any particular indeterminate is at most 1.

Note that for both elements x of F,, x2 = x, so the function defined by the evaluation
of the polynomial x?x3x; at the elements of I3 and the polynomial x;xx3 will be the
same. Therefore, it makes sense that when considering evaluations of polynomials in
many variables over [F;, we restrict our attention to Boolean functions.

The r-th order Reed—Muller code is a binary code R(r, m) of length 2" defined by

R(r,m) ={(f(a1), ..., f(am)) | deg f <r},
© Springer Nature Switzerland AG 2020
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where {ay, ..., aon} is the set of vectors of I}’ and f runs through all Boolean functions
that are defined by polynomials in m indeterminates of degree at most r.
The code R(r, m) is a linear code over [F,, since

(f(ap), ..., flam)) + (glay), ..., glax)) = ((f + g)(a1), ..., (f + g (am)).

The vector space of Boolean functions of degree at most r in m variables has a canonical
basis, which is the set of monomials of degree at most r in m variables and degree at
most one in any particular variable. Therefore, the code R(r, m) has a generator matrix
whose rows are indexed by these monomials. For example, the set of monomials

{11, oo Xy X1X2,5 ooy X1 X }
is a basis for the vector space of Boolean functions in m variables of degree at most 2.

Example 9.1
The 11 x 16 matrix

r1r1r1t1rr1r11r111111y1
00000000111 11111 ]| x
0000111100001 111]) x2
0011001100110011 ] x3
0101010101010101 | x4
G=]10000000000001111 ] x1x2
0000000000110011 | x1x3
0000000001010101 | x1x4
0000001100000011 | x2x3
0000010100000101 | x2x4
0001000100010001/ x3x4

is a generator matrix of the code R(2, 4), with the rows being indexed by the monomials in
four variables of degree at most two. |

We have already proved the following lemma.
Lemma 9.2 R(r, m) is a linear code of length 2" and of dimension
1+<m> +<m>+.‘.+<m>.
1 2 r
Since R(r, m) is linear, Lemma 4.1 implies that its minimum distance is equal to the

minimum weight of a non-zero codeword. In the above example, evidently R(2, 4) has
codewords of weight 4 and this is indeed its minimum distance. In Theorem 9.3 we will
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calculate the minimum distance for binary Reed—Muller codes. Later, in Theorem 9.15,
we will calculate the minimum distance for non-binary Reed—Muller codes.

Theorem 9.3
The minimum distance of R(r,m) is 2"~".

Proof
By induction on m. If m = r, then the evaluation of the polynomial X - - - X, is a codeword
of weight one.

Suppose that the minimum distance of R(r, m) is 2" 7"

Order the vectors of Fg”'l so that the first 2" vectors have x,,,+1 = 0.

A codeword (u, u 4+ v) of R(r, m + 1) is the evaluation of a polynomial

SX) + Xpp18(X),

where f(X) is a polynomial of degree at most  in m variables and g(X) is a polynomial of
degree at most r — 1 in m variables. Then u € R(r, m), since it is the evaluation of f(X) and
v € R(r — 1, m), since it is the evaluation of g(X).

If u = 0, then the codeword is (0, v) and by induction has non-zero weight at least
zm—(r—l).

Ifu+v=0,thenu =v € R(r — 1, m) and so the codeword (u, 0) has non-zero weight
at least 2~ = D),

If neither u nor u + v is zero, then (u, u + v) has weight at least 2 - 27" = pm—r+l
since both 1 and u + v are in R(r, m).

Thus, the minimum weight of a non-zero codeword of R(r,m + 1) is 2"+l By
Lemma 4.1, the minimum weight of a non-zero codeword of a linear code is equal to its
minimum distance. O

9.2 Decoding Reed-Muller Codes

The popularity of Reed—Muller codes in real-world applications is due in part to the fact
that there are fast decoding algorithms, the most common of which is the focus of this
section. Before we consider this decoding algorithm, we first prove a couple of lemmas
which prove some properties of Boolean functions.

For each non-empty subset J of {1, ..., m}, let
£ =[]x;
jeJ
and define

fo(X) = 1.
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Then
{(frXO1J<{l,....,m}, [JI<r}

is a basis for the space of polynomials in m variables of degree at most » whose
evaluations define Boolean functions.
We will exploit the following lemma repeatedly.

Lemma 9.4 Let J be a subset of {1, ..., m}. Suppose

gX)= Y arfuX),

LC{l,...,m}

for some ay € Fo, where the sum is over all subsets L of size at most m — | J|.
Then

m
xelFy

Proof
Let K C{1,...,m}.
Ifthereisani € {1,...,m}\ K, then

Yo k=) fx®).

{xeFy|x; =0} {x€FY |x;#0}
This implies

> fxx) =0, ©.1)

m
xelfy

unless K = {1, ..., m}.
Then

Yo fiwgm = Y Y anfin) fL).
Lcil

xelfy! cll,..., m} xelfy

where the first sum on the right-hand side is over all subsets L of size at most m — |J|.
This expression is equal to

Yo a Y fror) =ap.mp-

Lfl,.omy xeFy

by (9.1). O
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Theorem 9.5
The dual of the code R(r, m) is the Reed—Muller code R(m —r — 1, m).

Proof
A codeword u of R(r, m) is the evaluation of a polynomial

gX)= Y akfx(X),

K<{l,...m}

for some ag € Fp, where the sum is over all subsets of size at most r.
A codeword v of R(m — r — 1, m) is the evaluation of

hX)= Y bLfi(X),

L{l,....m}

for some b;, € [y, where the sum is over all subsets of size at most m — r — 1.
The inner product of u and v is

D hg) =Y Y axbr fx () fL(x)

xely xeF) K L
=Y "> akbr Y frur(x) =0,
K L xely
by Lemma 9.4.
Therefore,

R(m —r —1,m) € R(r,m)™".
By Theorem 9.3, the sum of the dimensions of R(r, m) and R(m — r — 1, m) is 2™, which is
the length of the codes.

Hence,

dim R(m — r — 1, m) = dim R(r, m)™*.

The following lemma is fundamental to the decoding algorithm.
Lemma 9.6 Let

g(X) = > bk fr(X),

Kc{l,...m}, |K|<r



138 Chapter 9 ¢ Reed-Muller and Kerdock Codes

where bx € Fy and let J be a subset of {1, ..., m} of sizer.
For all 2"~" choices of a; € Fp, i € {1,...,m}\ J,

Yooy ] @ita)=b.

xelfy ie{l,...m\J

Proof
When we expand the product in the sum, all terms have degree less than m except those
coming from

g [ x=efu o

The lemma follows from Lemma 9.4. O

We are now in a position to describe a decoding algorithm for Reed—Muller codes,
which is an example of a majority-logic decoding algorithm. Let v be the received
vector, whose coordinates v, are indexed by the vectors x € FJ'. For each subset J of
{1, ..., m} of size r, we perform a test. We wish to determine whether u ; is zero or one,
where the sent codeword u is the evaluation of

Yo usfiX).

JS{l,em), [JI<r

For all 2"~" choices of a; € F,,i € {1, ..., m}\ J, we calculate

Z Ux l_[ (xi +ai)-

xeFy ie{l,...m\J

If the result of this test is 1 in the majority of cases, then we conclude that u; = 1 and
vice versa, if it is 0 in the majority of cases, then we conclude that #; = 0. Once we have
completed this for all subsets J of {1, ..., m} of size r, we subtract the evaluation of

> uk fx (X),

Kc{l,....m}, |K|=r

from the received vector and continue with the subsets of size r — 1 supposing that, if
we are correctly decoding, we now have a corrupted codeword of R(r — 1, m).

All that remains to be shown, to prove that this decoding algorithm will correct up to
2m=r=1 _ 1 error bits, is to show that an error bit will only affect one of the tests. Before
we prove this in Lemma 9.8, we consider an example.

Example 9.7
Suppose that we have encoded using R(2, 4) and have received

v=(1,1,1,0,0,1,1,0,1,0,0,0,0, 1, 0),
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where the vectors of ]F‘Z‘ are ordered as in the matrix G in Example 9.1.
We calculate

w=1vG" =(1,0,1,1,0,1,1,0,0, 1, 0).

The coordinates are indexed by subsets of {1, 2, 3, 4} of size at most 2, as in Example 9.1.
Indexing the coordinates explicitly

J 10 {1} {2} {3} {4} {12} {13} {14} {23} {24} {34}
w; 1701 1 0 1 1 0 0 1 0

where

wy =Y v frx)

m
xeFy

are the coordinates of w.
We start by determining u ; for the subsets J of size r = 2.
To determine u(12), we make 2~ = 4 tests by calculating

Z Uy X3X4, Z Uy (X3X4 + X3), Z Uy (x3x4 + x4)

xeFy xeFy xeFy
and

Z Uy (X3x4 +x3 + x4 + 1),

xeFy
which is

w34}, W34} + w3}, W34} + w4y and wz4) + w3y + wigy + wy,
respectively.

The results of these tests are 0, 1, 0, 0, respectively, so we decode u(j2) as 0, since there
are a majority of zeros.

The following table lists the results of these tests for all subsets of size 2 and indicates
the majority decision.

u(12y/0,1,0,0 = O up3y (1,0, 1,1 — 1lug4y0,1,1,1 — 1
1(23/0,0,0,1 — Olupay 1,1,0,1 = 1 uggy(1,1,0,1 > 1

Based on the results of those tests, we subtract

0,0,0,0,0,0,1,1,0, 1, HG
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from v and get
v =v+(0,0,0,0,0,0,1,1,0,1, )G=(1,1,1,1,0,0,1,0,1,1,1,1,0,0, 0, 0).
If we are decoding correctly, v! should be a (possibly) corrupted codeword of R(1,4). To
determine u ;, where J is a subset of size 1, we repeat the above.
We calculate
w! = letI,

where G is the generator matrix of R(3, m). This vector will have coordinates

wg = Y fr(0)v},

m
xeFy

where K is a subset of {1, 2, 3, 4} of size at most 3.
Indexing the coordinates explicitly as before

K 9 {1} {2} {3} {4} {12} {13} {14}
wk10 1 1.0 0 0 0

K {23} {24} {34} {123} {124} {134} {234}
wk 1 0 0 0 0 1 0

allows us to perform 2"~ =1 = § tests for each u .
To determine u (1), we make 8 tests by calculating

1 1 1 1 1 1 1 1 1 1 1
W(234)> Wi234) T W23y Wio34) T Wnays Win3ay + Wi3ays W234y T Wio3y + Wingy + Wiy,
1 1 1 1 1 1 1 1
W34y + W3y + Wiagy + Wizpe Wiozgy + Wingy + Wizgy + Wiy
and
Whhan 4 Whazy + W 4 Wy + Wiy + whsy + why + wi
{234} {23} {24} {34} {2} {3} {4} 7
The results of these tests are

u(1y0,1,0,0,0,0,0,0 > 0 upy|1,1,1,1,1,0,1,1 — 1
1) 0,0,0,0,0,1,0,0 — 0 ugy 0,0,0,1,0,0,0,0 > 0

Based on the results of the tests, we subtract

0,0,1,0,0,0,0,0,0,0,00G
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from vy and get

vy =v+4(0,0,1,0,0,0,1,1,0,1, DG = (1,1,1,1,1,1,0,1, 1, 1,1, 1,1, 1, 1, 1).
Summing

(1,0,0,0,0,0,0,0,0,0,0G
to vy we have that

v+(1,0,1,0,0,0,1,1,0,1, )G =(0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0, 0).
Therefore, we have determined that the error is in the 7-th bit, that the uncoded string

u=1(1,0,1,0,0,0,1,1,0,1, 1)
and that the sent codeword was uG. |

To finish this section, we prove that an error bit affects exactly one of the tests when

testing a corrupted codeword of R(r, m). Since we perform 2"~ tests, this implies that
we can correct up to 2m=r=1 _ | error bits, or in other terms %d — 1 error bits, since the

minimum distance d of R(r, m) is 2™~".

Lemma 9.8 Suppose that e is a vector of ]F%m of weight one, whose coordinates are indexed

by the vectors of 5. Let J be a subset of {1, ..., m}. For all but one of the choices of a,
whose coordinates a; € Fp fori € {1,...,m}\ J,
Y e (xi +a;) =0,

xely ie{l,...m\J
where ey is the coordinate of e indexed by x.

Proof
Let y be the vector of F7'
The vector e is the evaluation of

indexing the coordinate where the vector e has a 1.

m
[1xi+yi+ 1,
i=1

since it is zero unless X; = y; foralli =1, ..., m.
Hence, for all x € F',

v [ Gitar=[Jei+yvi+D ] @i+ad,

ie{l,...m\J i=1 ie{l,...m\J
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which will contain a factor xl.2 + x; (and is therefore zero) unless a; = y; + 1 foralli €
{1,...,m}\ J. O

To decode using this majority-logic decoding algorithm we perform at most 2™ tests
k times, where k is the dimension of the code. This is less than n? tests, where n is
the length of the code. Each test involves summing less than n terms, so the decoding
algorithm is completed in a number of steps which is polynomial in the length of the
code. This should be compared to syndrome decoding from » Chapter 4, which involved
searching through a look-up table with a number of entries which is exponential in
n. For this reason Reed—Muller codes and the majority-logic decoding algorithm are
widely implemented. However, they do not give a sequence of asymptotically good
codes. Although the relative minimum distance is 27", which we can bound away from
zero by fixing r, the transmission rate of R(r, m) is less than

r (logn
n\ r
which tends to zero as n tends to infinity.

9.3 Kerdock Codes

A codeword of R(2, m) \ R(1,m) is the evaluation of polynomials of the form
q(X) +£(X) or g(X) +€(X) + 1,
where £(X) is a linear form in m variables and

q(X) = Z a;; X;X;

1<i<j<m

is a non-zero quadratic form.

If the quadratic form ¢ (X) has maximum rank, then we will prove that, for all the
linear forms £(X), these codewords will have large weight. Therefore, if we can find a
set of quadratic forms whose differences are quadratic forms of maximum rank, then the
distance between any two codewords will be large. In this section we will develop and
formalise this idea.

Let A = (a;;) be the symmetric matrix defined by the symmetric bilinear form

bX,Y)=q(X+Y)—q(X) —q(¥) = Y a;(X;¥;+X;¥;) = X'AY.

1<i<j<m

The rank of the bilinear form b(X, Y) is defined to be the rank of A.
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Lemma 9.9 Suppose m is even. The evaluation of

m/2

ZXZi—IXZi
i=1

at the vectors of ' has m=1 4 om/2=1 zop0s.

Proof
There are 2/% zeros of the form (0, x3, 0, x4, . .., 0, Xpm).
If x0i—1 # O forsomei =1, ...,m/2, then one of the xp; is determined by
m/2

> xi1Xa =0,
i=1

which gives 2/2=1(2"/2 _ 1) zeros of this form, 2"/2~1 zeros for each non-zero vector

(X1, X3, .+ oy Xin—1)-
Hence, there are precisely 27~ ! 4+ 2"/2=1 zeros when evaluated at the vectors of F. O

We are going to construct codes whose codewords are the evaluation of the sum of
a quadratic form and a linear form. For this reason, we want to know the weights of the
vectors which are the evaluations of these Boolean functions.

Lemma 9.10 Suppose m is even, q(X) is a quadratic form and £(X) is a linear form. If
the bilinear form associated to q(X) has rank m, then the evaluation of q(X) + £(X) at the
vectors of I has either om=l om/2=1 op gm=1 _om/2=1 zopps,

Proof
Dickson’s theorem, Exercise 9.2, implies that there is a basis of IFE” with respect to which
qg(x) +€(X)is

m/2
Z(XZFIXZI +azi—1X2i—1 + a2 X2).

i=1
This is equal to

m/2
> (Xoio1 +ax)(Xai +azi—1) +b

i=1

for some b € F,. By Lemma 9.9, the evaluation of ¢ (X) + £(X) has either 2! 4 27/2~1
zeros or 2" — (2™~1 4 2/2=1) zeros, depending on whether b = O or 1. O
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Let K be a set of symmetric m X m matrices over [F,, which have zeros on the
diagonal, and which have the property that the matrix A — A’ has rank m for all distinct
A A eK.

No two matrices in K can have the same first row, since their difference is of rank
m. The entries on the diagonal of the matrices in K are zero, so the top-left entry of a
matrix in K is zero. Hence, we have that

K| <21

For each A = (a;;) € K, let

ga(X) = Z a;i X;X;.
1<i<j<m

Let C(K) be the code whose codewords are the evaluation at the vectors of ' of
ga(X) +£(X) or ga(X) +£(X) + 1,

for all A € K and for all linear forms £(X).

Theorem 9.11
Suppose that m is even. The code C(K) is a binary block code of length 2", size
|K||R(1, m)| and minimum distance 2= — 2m/2=1,

Proof
The distance between the evaluation of

ga(X) +€(X) +b

and
ga(X) + (X)) +b'

is the weight of the evaluation of
ga—n(X) + (X)) —'(X)+b—b'.

Since, A — A’ has rank m, Lemma 9.10 implies that this distance is at least gm=1 _ pm/2—1
O

A Kerdock code is a code C(K) where |K| = 2"~!. Thus, for a Kerdock code, K
is of maximum size and the set K is called a Kerdock set. A Kerdock code is a binary
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block code of length 2, it has minimum distance om=1 _ om/2=1 gand size 22, i.e. it is
a (2m,2%m pm=l _om/2=1y, code.

There are many non-equivalent Kerdock codes. Indeed, if m — 1 is not prime, then
there are at least 2¥"/? inequivalent Kerdock codes of length 2. However, a sequence
of Kerdock codes, whose lengths tend to infinity, is asymptotically bad. Although the
relative minimum distance tends to %, the transmission rate is 2m /2™, which tends to
Zero.

Kerdock codes are of interest because they can be non-linear. The algebraic and
geometric nature of their construction allows for non-trivial decoding algorithms to be
implemented. The fact that Kerdock codes can be non-linear opens up the possibility of
constructing codes with parameter sets for which linear codes do not exist.

Example 9.12
Consider the set of 4 x 4 matrices over [F

0000 0100 0010 0001
{ 0000 1000 0001 0011}
0000’ looo1| 1001 ] Jot101]|"

0000 0010 0110 1110

This set of matrices can be extended to a set K of 8 matrices with the property that the
difference of any two matrices has rank 4, see Exercise 9.5. Thus, K is a Kerdock set and,
by Theorem 9.11, the binary Kerdock code C(K) is a (16, 256, 6), code. We proved in
Example 4.20 that there is no binary linear code with these parameters. This code is the
Nordstrom—Robinson code. |

9.4 Non-binary Reed-Muller Codes

Until now we have only considered Reed—Muller codes over [,, but one can naturally
generalise the definition of a Reed—Muller code over a general finite field IF,. The
codewords of R, (r, m) are the evaluations at the vectors of Iy’ of polynomials of degree
at most r in m variables, where the degree in any particular variable is at most ¢ — 1. The
number of vectors in an m-dimensional vector space over I, is g™, so the length of the
linear code R, (r, m) is ™. Its dimension is more difficult to calculate, see Exercise 9.7.
In the following examples, we calculate the dimension for some specific cases and some
low weight codewords, which we will then go on and prove are of minimum non-zero
weight.

Example 9.13
Suppose r < g — 1. The evaluation of any polynomial in m variables of degree at most r will

be a codeword of R, (r, m). The set

{Xi‘l"'xfyfz ler+-+cm <1}
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is a basis for the space of polynomials in m variables of degree at most r. Hence, the
dimension of R, (r, m) is

m—+r
r
since this is the number of non-negative integer solutions to

ci1+---4+cyu <.

Let g(X1) be a polynomial of degree r with r distinct roots in ;. The evaluation of g is
a codeword with precisely r¢g™~! zero coordinates; a zero coordinate being indexed by a
vector of IFZ’ whose first coordinate is a root of g. Therefore, R, (r, m) has codewords of

weight (g — r)g™ L. [ ]
Example 9.14
The space of polynomials of degree at most 3 in three variables in which no variable has an
exponent larger than 2 has a basis

{1, X1, X2, X3, X{, X3, X3, X1 X2, X1 X3, X2X3,

XX, X3X3, X5X1, X3X3, X3X1, X3X2, X1 X2 X3).
Therefore, the code R3(3, 3) is a 17-dimensional ternary linear code of length 27. We could
also have arrived at this conclusion by considering a monomial basis for all polynomials of

degree at most three in three variables and deleting X3, X ; and X g, see Exercise 9.7. |

Suppose that ¥ = a(qg — 1) + b, where 0 < b < g — 2. If g(X) is a polynomial of
degree b with b distinct roots in IF,;, then the evaluation of

gXDXT =D (X - D,
a polynomial of degree r, is non-zero only when evaluated at

X = (X],O,...,O,xa+2,...,.xm)
for some x; which is not a root of g. Therefore, R, (r, m) has a codeword of weight

(g —b)g" "

We shall prove that this is the minimum weight of a non-zero codeword in the

following theorem, the proof of which is an example of a proof using the polynomial
method. This type of proof, which one sees often in combinatorics, attempts to

obtain bounds from the fact that the number of zeros of a non-zero polynomial is
bounded. The application of the method is often something like the following. Given
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a combinatorial object, a polynomial is constructed in such a way that the properties
of the combinatorial object are translated into algebraic properties of the polynomial.
Usually we are interested in the zeros of the polynomial, often restricted to subsets of a
vector space. Here, the polynomial is directly given as the polynomial whose evaluation
is the codeword. By bounding from above the number of zeros of the polynomial, we
will bound from below the weight of the codeword.

Theorem 9.15
The minimum distance of Ry (r, m) is (q — b)g" ! where r = a(qg — 1) + b and
0<b<<g—-2

Proof
By induction on m.

If m = 1, then the codewords are the evaluation of a polynomial of degree r < ¢ — 1 in
one variable. The polynomial has at most r zeros, so the codeword has weight at least g — r.
Observe thatif r =g — 1, thena = 1 and b = 0 and

@=bg"“'=q/g=1=q—r
Suppose that the codeword u € R, (r, m) is the evaluation of the polynomial
fX) =X, ..., Xm).

We write f(X) as a polynomial in X,,,, whose coefficients are polynomials in X1, ..., X;;—1.
Thus,

FX) =) X, X)Xy,
i=0

where c is the degree of f(X) in the indeterminate X,,. Note that f.(X1,..., X;—1) £ 0
and

deg fo <degf —c<r—c.

The codeword of R, (r — ¢, m — 1) which is the evaluation of f. has, by induction, at least
(g —bHg""?

non-zero coordinates, where r —c =a’(g — 1) +b" and 0 < b’ < g — 2.

For any (x1, ..., x,—1) such that f.(xy, ..., x,;—1) # O, there are at least ¢ — ¢ elements
of 4 for which f(x1, ..., Xm—1, X;n) is not zero. Hence, the codeword u has weight at least

(q —c)g —b)Hg" 2.
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It remains to prove that
(@ —0)g—b)g" "2 > (g —b)g" .

The theorem then follows since, by Lemma 4.1, the minimum distance of a linear code is
equal to the minimum weight of a non-zero codeword.

If a’ < a — 2, then this is clear, so we can assume @’ =a — 1 or a.

Suppose a’ = a — 1 and (¢ — ¢)(qg — b') < g — b. This inequality implies b’ > b. We
haver =a(q—1)+bandr —c=ad' (g — 1)+ ¥, s0

c=@—-adYg-1)+b—-b=qg—-14+b-0".

Then (g — ¢)(g — V') < (g — b) implies (b’ — b + 1)(q¢ — b’) < q — b, a contradiction.
Suppose @’ = a and (g — ¢c)(g — V') < q(q — b). We have r = a(qg — 1) + b and
r—c=dad(g—1)+b,s0c=b—>b".Then (g — c)(q — b") < q(q — b) implies (g — b +
b')(q —b') < q(q — b) which implies b < b’ and ¢ < 0, a contradiction.
O

9.5 Comments

Reed—Muller codes were introduced by Reed [59] and Muller [53] in the 1950s.

We have taken an algebraic rather than a geometric approach to the majority-logic
decoding algorithm. For a geometric description of the algorithm, see Van Lint [74] or
MacWilliams and Sloane [50].

Dickson’s classification of quadratic form over fields of even characteristic is from
[22].

If m is odd, then there are examples of sets K for which Exercise 9.6 is a (%(m2 +
m) 4+ 1 — rm)-dimensional binary linear code. The 11-dimensional codes (m = 5 and
r = 2) are the codes which caused a dispute between Apple and Samsung, referred to
in James Davis’ lecture [20]. They can be found in Corollary 17 (m = 5,d =t = 2)
on page 455 of MacWilliams and Sloane [50].

Kerdock codes were first considered by Kerdock in [44] in 1972. That there are an
exponential number of inequivalent Kerdock codes is proven by Kantor in [41]. Kantor
takes a geometric approach to Kerdock codes in the articles [42], a treatment of which
can be found in Chapter 12 of Cameron and van Lint’s book [17]. The Nordstrom—
Robinson code is from [54]. Kerdock codes have applications to quantum mechanics,
see [15] and [18].

The non-binary Reed—Muller codes were defined by various authors. Theorem 9.15
is attributed to Kasami, Lin and Peterson [43] in Bishnoi [11], where the proof given
here is adapted from.
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9.6 Exercises

9.1 Suppose that we have sent a codeword of the code R(2,4), the coordinates ordered as
in Example 9.1, and have received the vector

0,1,1,0,0,1,1,0,0,1,1,0,1,0, 1, 1).

i. Decode the received vector using syndrome decoding.
ii. Decode the received vector using majority-logic decoding.

9.2 Suppose that q(X) is a quadratic form of rank m of the type

aqX)= > qXiX;.
1<i<j<m

Prove that there is a basis of ', with respect to which, q(X) is

m/2

ZX21‘71X21'-
i=1

9.3

i. Prove that we can select half the codewords of R(1, m) so that the 2™ x 2™ matrix H,
whose rows are the selected codewords with zeros changed to minus one, has the property
that HH' = 2™1, where 1is the 2™ x 2™ identity matrix.

ii. Prove that for each vector v € F%m there is a codeword u of R(1, m) such that d(u, v) <
2m7] _ 2m/27].

9.4 Prove that the Kerdock code C(K) of length 2™ is linear if and only if the Kerdock set
K is a subspace of the vector space of m x m matrices.

9.5 Complete the set of matrices to a Kerdock set K of eight matrices and prove that C(K)
is a non-linear (16, 256, 16) code.

0000 0100 0010 0001
{ 0000 1000 0001 0011}
0000 Jooo1|’ |l1o01]'Jo101

0000 0010 0110 1110

9.6
i. Prove that the evaluation of

,
q(X) = Z Xoi 1 X2
i—1
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iii.

.

9.7

iii.

Chapter 9 ¢ Reed-Muller and Kerdock Codes

at the vectors of T2, has 2"~ 4 2"="=1 zepps.

Prove that the evaluation of q(X) + £(X), where £(X) is a linear form and q(X) is a
quadratic form whose associated bilinear form is of rank 2r, at the vectors of F', has
either 2m=1 4 pm=r=1 om=1 . om=1 _ om=r=1 05

Suppose that K is a set of m x m symmetric matrices over Fy with the property that A +
A’ has rank at least 2r for all A, A’ € K. Construct a (2™, |K|2"+1, 2m=1 _gm=r=1),
code.

Use iii. to construct a [32, 11, 12], code.

Construct a linear code with the same parameters from the code of length 31 constructed
in Exercise 5.6.

By finding a monomial basis for the space of polynomials in 3 variables of degree at
most 4, in which the degree of each variable is at most 2, calculate the dimension of
R3(4, 3).

Prove that if r < q — 1, then the dimension of Ry (r, m) is

2’: m+i—1

. m—1 ’

i=0

Prove that the dimension of R, (r, m) is
r

S S (),

i=0 j=0 J
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p-Adic Codes

The p-adic numbers were first considered by Hensel in the 19th century. He observed
that the primes play an analogous role in the integers as linear polynomials do in C[X].
The Laurent expansion of a rational function led him to consider the p-adic expansion
of a rational number. In this chapter, for a fixed prime p, we will construct block codes
over the rings Z/p"Z simultaneously, by constructing codes over the p-adic numbers
and then considering the coordinates modulo p”. These codes will be linear over the
ring but when mapped to codes over Z/ pZ will result in codes which are not equivalent
to linear codes. We start with a brief introduction to p-adic numbers, which will cover
enough background for our purposes. The classical cyclic codes, that we constructed
in » Chapter 5, lift to cyclic codes over the p-adic numbers. In the case of the cyclic
Hamming code, this lift extends to a code over Z/4Z which, when mapped to a binary
code, gives a non-linear code with a set of parameters for which no linear code exists.

10.1 p-Adic Numbers

Let p be a prime.
The set of p-adic integers, which is denoted by Z,, is the set of sequences,

a=(a,aas,...),
where a; € Z/p'Z foralli € N and
aj+1 =a; (mod p’).
An ordinary integer n € Z is an element of Z, defined by the sequence

aj =n (mod .

© Springer Nature Switzerland AG 2020
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The sequence defined by
aj=a;+p’,

Jj € N, is a p-adic integer which is not an ordinary integer.
For example, with a; = 3 and p = 5, this sequence begins

(3,8,33,158,783,...).
We define addition and multiplication on the sequences component-wise, so

a+b=1(aj,az,as,...)+ (b1,by, b3,...) = (a1 +by1,a2 + by, a3 + b3, ...).
To verify a + b € Z,, observe that

aj+1+bjy1=a;+b; (mod pH.
Similarly,

ab = (aj, a2, a3, ...)(b1, by, b3, ...) = (a1by, axba, aszbs, . . .).
To verify ab € Z,,, observe that

aji1bjy1 =a;b; (mod ).

With these definitions multiplication is distributive with respect to addition, so Z,, is a
ring and has a multiplicative identity element

1=(1,1,1,...).

If a is a sequence for which a; = 0, then a does not have a multiplicative inverse, so Zj,
is not a field. It is, however, an integral domain (xy = 0 implies either x = 0 or y = 0),
so it has a quotient field. This quotient field is called the field of p-adic numbers and is
denoted Q,. Elements of Q,, are called p-adic numbers.

All non-zero elements of Z, can be written as the product of a unit times some
non-negative power of p.

For example, the 5-adic integer

(0, 15, 40,290,915, ...) =5(3, 8,58, 183, ...,),
since 15 = 0 modulo 5, 40 = 15 modulo 25, 290 = 40 modulo 125, etc.
The field Q,, consists of the sequences where we allow negative powers of p as well.

For example,

572(2,22,97,222, ..,
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is a 5-adic number.
The product of p*(ay, az, a3, ...) and p?(by, by, b3, ...) is

p P (a1by, azby, azbs, ...
Returning to the previous examples,

5(3,8,58,183,...,)57%(2,22,97,222,...) =57'(1, 1,1, 1,...).

10.2 Polynomials over the p-Adic Numbers

Let @p denote an algebraic closure of Q. Recall that, since @p is an algebraic closure,
the polynomials of positive degree over Q,, factorise into linear factors over Q,. The
following lemma is a straightforward application of the binomial theorem.

Lemma 10.1 Ifa,p € Q, and
a =B (mod p")
then

af = BP (mod pr’H).

Proof
We can write « = 8 + p"y, for some y € Z,. Then

af = (B4 p'y)P = BP (mod p"th).

]

In » Chapter 2 we studied how to factorise cyclotomic polynomials over finite fields
and put this to use in » Chapter 5 while constructing cyclic codes. The following
theorem tells us that a factorisation over F,, “lifts” to a factorisation over the p-adic
numbers. As in > Chapter 5, we will exploit this factorisation to construct cyclic codes
and their extensions with some surprising results.

Theorem 10.2

Let p be a prime and let n be a positive integer which is not a multiple of p. If h is a
monic irreducible divisor of X" —1 in (Z/ pZ)[ X], then there exists a monic irreducible
polynomial heo in Z,[X] which divides X" — 1 and is congruent to h modulo p.
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Proof
By induction on r, we will find a polynomial /,.(X) € (Z/p"Z)[X] such that i, (X) divides
X" — 1 and h, = h modulo p. Then ks, will be the polynomial 4, as r — oo.
An element ¢ € Z/p"Z can be extended to an element of Z, by taking the sequence
(cr,c2,..s¢r—15¢,0,0000),
where ¢; = ¢ mod pi, fori = 1, ...r — 1. Therefore, the coefficients of 4, (X) can be viewed
as elements of Z, and therefore as elements of Q,,.
Since n is not a multiple of p, the roots of /1 (X) in @p are distinct. By induction, we
can assume that the roots of &, (X) are distinct.
For each root « of 4, (X) (in @p),
a” =1 (mod p").
Let
fX) =h(X)+ p"g(X),

for some polynomial g(X) € Z,[X].
For each root B of f, there is a root « of 4, (X) such that

B=a (mod p").
Then, by Lemma 10.1,

BP =a? (mod p'*h.
Lemma 10.1 also implies that

o’ =1 (mod pr“)
from which we deduce that

B =1 (mod p'th).
Let

hen(X) = [ Jx = 87,

where the product runs over the roots g of f.
Then &, divides X" — 1 modulo p"*+!. Since

BP =af =a (mod p),
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h,4+1 and h, have the same roots modulo p.
Thus, the roots of &, are distinct and

hy+1 = h, (mod p).

10.3 p-Adic Codes

Let R be a commutative ring with multiplicative identity 1. An R-module M is a
commutative group with a left multiplication from R x M — M satisfying A(u 4+ v) =
Au+ dv, (A4 wu = Au + pu, Apw)u = A(uu) and lu = u, for all u, v € M and all
A, €R.

The set Zj, of n-tuples over the p-adic integers is a commutative group with respect
to addition. We define left multiplication of an element (u;, ..., u,) € Z';, by an element
A€ Z), as

A(ul, ...,u,,) = ()»Ml, ...,)\.Mn).

This scalar multiplication satisfies A(u + v) = Au + Av, (A + wWu = Au + pu,
Aw)u = A(pu) and lu = u, for all u,v € Z’; and all A, u € Z,. Thus, with this
scalar multiplication Z7, is a Z,-module.

A submodule C of Z7 is a non-empty subset of Zj, which is closed under linear
combinations. In other words,

A+ pv e C,
forallu,v e CandallA, u € Z,.

We now re-define the analogous objects that we saw for linear codes over a field for
codes over Z,,. A p-adic code of length n is a subset of Z),. A linear code over Z,, is a
submodule of Z.

A generator matrix for a linear code C over Z,, is a k x n matrix G with the property
that

C={@r ... ud)G| (1, ... up) € Z}}.
We define the scalar product on Z) as the standard inner product

U-v=ujvy+- -+ u,v,.

The dual code of a linear code C is defined, as in the case of a linear code over a
finite field, as

Ct={veZ)|u-v=0foralueC}.

10
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A linear code C is cyclic if

(c1,¢2,...,cn) €C
implies
(cn,c1y vy cpm1) € C.

A codeword of the cyclic code corresponds to a polynomial in the ring Z,[X]/(X" — 1)
under the correspondence

(c1,¢2, i) > i+ X+ +e, XL

As in the case of finite fields, under this correspondence, a cyclic code is an ideal (g),
where g is some divisor of X" — 1.

Example 10.3
The polynomial X3+ X +1 divides X7 —1 in (Z/2Z)[X]. Theorem 10.2 implies the existence
of a polynomial in Z,[X] which divides X7 — 1. One can verify that
X =X+2X>+0—-DXx -1
divides X7 — 1 in Z,[X] if and only if A2 — A + 2 = 0 by observing that
X —1=X+2X2+0-DX—-DX>+ 1 =-0X>—2X - DX —1).
To calculate A, suppose

A= (ay,az,as,...).

Since a; € Z/27Z,we havea; =0 or 1.
If a; = 0, then substituting A = 0 4 2a, (mod 4) in

22— 2+2=0 (mod 4)
implies
—2a5 +2 =0 (mod 4),

soay = 1 and A = 2 (mod 4).
Substituting A = 2 + 4a3 (mod 8) in

22 —A+2=0 (mod 8)
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implies
4—-2—4a3+2=0 (mod 8),

soaz = 1 and A = 6 (mod 8).
Continuing in this way we deduce that one of the roots of A2 — A + 2 is

r=1(0,2,6,6,6,38,38, 166,422, ...).

The cyclic code (g) is a 2-adic linear code of length 7 with generator matrix

—-1x-1 X 1 0 00
0 -1 x—-1 A 1 00
0O 0 -1 -1 x 10
0 0 0 -1 x—-1x1

G=

To make use of these p-adic codes, we will now consider the coordinates of the
codewords of a p-adic code modulo p” for some /. The resulting code will be a code
defined over the finite alphabet Z/p"Z. We will use the matrix G from Example 10.3 in
Example 10.9.

10.4 Codes overZ/p"7Z

A linear code over Z/p"Z is a (Z/ p"Z)-submodule of (Z/p"Z)". As in the case for a
linear code over F,,, we define a generator matrix for a linear code C over (Z/p"Z)"
as ar x n matrix G with the property that

C={,...,u)G| (uy,...,u;) € (Z/p"7)"}.

If all the elements in the i-th row of G are divisible by p/, then we can restrict u; to
7/p" 7.

Example 10.4
Let

100011111111 11111111
G=]01111122334455667788],
00363636363636363636

where the elements of G are from Z/97Z.

10
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The code generated by the matrix G is
C ={(u1,u2,u3)G | uy,u € Z/9Z, uz € Z/37}.

Thus, the code C is a 9-ary code of length 20 of size 243.
The codeword

(3,0,1)6=(3,0,3,6,6,0,6,0,6,0,6,0,6,0,6,0,6,0,6,0)

and the all-zero codeword differ in 11 coordinates, so the minimum distance is at most 11. It
is Exercise 10.3 to verify that the minimum distance is 11. |

Theorem 10.5
After a suitable permutation of the coordinates, a linear code C over (Z/p"Z)" has a

generator matrix of the form

I Aor Aoz Aoz -+ Aon-i Ao.n
0 pI pAix pAiz --- pAin—-1  PALR
0 0 p’l p*Ays--- p*Ayn1 p*Asn
G: o
0 . -~ 0 0 p'rlr phlA, g,
If the block sizes of the columns are ko, k1, . .., ky (necessarily summing to n), then
Ic| = p*,
where

h—1
k= Z(h — k.
i=0

Proof

Applying elementary row operations to the matrix does not change the code C generated
by the matrix. Since we are also allowed to permute the columns the only impediment to
obtaining a generator matrix of the form

(1Bor),
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is rows in which all elements are divisible by p. Thus, we obtain a generator matrix of the

I B
G or )
0 pBmy

for some matrices Bo; and Bgy. We continue applying row operations and column permuta-

form

tions. Again, the only impediment to obtaining a generator matrix of the form

I Boi Bo2
0 pl pBpp )’
is rows in which all elements are divisible by p?.
Therefore, there is a generator matrix for C of the form

I Boi B
G=|0 pl pBp
0 0 p’Bxn

The form of G follows by continuing applying row operations and column permutations.
The code generated by G is

C={(,...,u)Glu; € Z/p"7}.

If all the entries in the £-th row of G are divisible by p/, then we can restrict u, to Z/p" 7 Z,
which implies that the size of the code is as claimed. O

Example 10.6
Consider the code over Z/87Z generated by the matrix

021411

467471)
By shifting the coordinates one coordinate to the right, we obtain an equivalent code with
generator matrix

102141
146747)

Subtracting the first row from the second, we obtain a generator matrix for the same code

102141
044606
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Multiplying the second row by 3 we obtain another generator matrix for the code

102141

044202/
Finally, interchanging the second and sixth column we obtain an equivalent code with
generator matrix

112140

024204/
Comparing this to the claim of Theorem 10.5, the matrix Ag; = (1), the matrix Agp; =
(214 0) and the matrix Ajp = (2102).

Note that the code has size 32 and not 64, which is not immediately apparent from the
initial generator matrix. |

10.5 Codes over Z/47

The Gray map is a map y from Z/47Z to {0, 1}*> defined by

X 0 1 2 3
y( 0,00 O, 1,1 (1,0

We extend the Gray map to a map from (Z/4Z)" to {0, 1}*" by applying y to each
coordinate.
If C is a block code of length n over Z/4Z, then y (C), defined by

y(C)={y()|veC}

is a binary code of length 2. It is immediate that if C has minimum distance d, then
¥ (C) has minimum distance at least d.
However, there is a possibility that the minimum distance of y (C) is larger than d.

Example 10.7
Let C be the code over Z/47 generated by the matrix

102111
022200/

The 8 codewords of C and the code y (C) are
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C 7(O)
(0,0,0,0,0,0) | (0,0,0,0,0,0,0,0,0,0,0,0)
(1,0,2,1,1,1) | (0,1,0,0,1,1,0,1,0,1,0,1)
0,2,2,2,0,0) | (0,0,1,1,1,1,1,1,0,0,0,0)
(1,2,03,1,1) | (0,1,1,1,0,0,1,0,0,1,0,1)
(2,0,0,2,2,2) | (1,1,0,0,0,0,1,1,1,1,1,1)
(2,22,0,2,2) | (1,1,1,1,1,1,0,0,1,1,1,1)
(3,0,2,3,3,3) | (1,0,0,0,1,1,1,0,1,0,1,0)
(3,2,0,1,3,3) | (1,0,1,1,0,0,0,1,1,0,1,0)

One readily checks that the minimum distance of C is 3 and the minimum distance of
y(C) is 6. | |

The Lee distance between two elements u and v of (Z/4Z)" is defined as the
Hamming distance between y (1) and y (v). The Lee weight of an element u of (Z/47)"
is the Lee distance between u and the all zero n-tuple.

Lemma 10.8 Let C be a linear code over Z/47Z. The minimum Lee weight of a non-zero
codeword of C is equal to the minimum distance of y (C).

Proof
Letu = (uy,...,uy)and v = (vy, ..., v,) be two codewords of C.

By checking all possibilities for u;, v; € Z/47Z, one can verify that the distance between
y (u;) and y (v;) is equal to the distance between (0, 0) and y (#; — v;).

Thus,

d(yw),y() =Y d(yw),y@) =y _ d(yu; —v), 0,0)

i=1 i=1
which is equal to the Lee weight of u — v. O

In the following example, we return to Example 10.3 and consider the entries in the
matrix modulo 4. This matrix will then generate a code over Z/47Z.

Example 10.9

By Example 10.3, we have that X3 + 2X? + X + 3 divides X’ — 1 in (Z/4Z)[X]. This
polynomial generates a cyclic code of length 7 which extends to a code of length 8 with
generator matrix

31210001
03121001
00312101
00031211

10
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Let C be the Z/4Z-linear code of length 8 with 256 codewords defined by
C = (uG | u € (Z/42)%)}.

The code y(C) is a binary code of length 16 with 256 codewords. By Exercise 10.7,
the minimum distance of y(C) is 6. This code is equivalent to the code constructed in
Example 9.12. As mentioned there, an important observation is that there is no binary linear
code with these parameters, which we proved in Example 4.20. |

Example 10.9 suggests that codes over rings may be a good place to look for non-

linear codes which have better parameter sets than linear codes. It may be the case that
we need to consider non-linear codes to disprove Conjecture 3.18.

10.6 Comments

This chapter leans somewhat on the enlightening article by Calderbank and Sloane on
p-adic codes [14]. Carlet [19] has generalised the Gray map to a bijection from Z/2*Z
to R(1, k — 1). This can be extended to (Z/2*Z)" and can therefore be used to construct
(non-linear) binary codes from Z/2*Z-linear codes.

Theorem 10.2 is a special case of Hensel’s lifting lemma. For more on p-adic
numbers, including the lifting lemma, see [30].

10.7 Exercises

10.1 Let
A= (1,b2,b3,b4,...)

be the 2-adic integer which is a root ofX2 — X + 2. Calculate the numbers by, bz, by in the
sequence of A.

10.2 Prove that the code generated by the 4 x 8 matrix obtained by extending the generator
matrix in Example 10.3 with the all-one vector is a self-dual code.

10.3 Check, with the aid of a computer or not, that the code in Example 10.4 has minimum
distance 11.

10.4 i. Prove that the dual code Ct, to the code C generated by the matrix in Theo-
rem 10.5, has a generator matrix of the form
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Bo,n Boni-1 -+ Bos B2 Boi 1
pBin pBiu—1 --- pBiz pBpp pl O
p*Bon p*Boj—1 - p*Bys p’I 0 0

ph_lBh_l,h ph_ll 0o ... ... ... 0

for some matrices B;j, where the blocks of columns have the same size as in Theo-
rem 10.5.
ii. Prove that |C+| = p*L, where

h
k= Ziki.
i=1

10.5 Let C be a linear code over Z./ p" Z. Prove that (C+)* = C.

10.6 Let C be the linear code over 7 /47 from Example 10.7.
i. Check that the minimum Lee weight of a non-zero codeword of C is 6 and verify that the
minimum Hamming distance between any two codewords of y (C) is 6.
ii. The code y(C) is a non-linear binary code of length 12, minimum distance 6 and size
8. Construct a linear code with the same parameters.
iii. The code

C={Au+2uv|reZ/dZ, ne 727}

for some u € (ZJAZ)° and v € (Z/27)°, where the weight of v is 3. Construct a code
with the same parameters as C in which the weight of v is 4.

10.7
i. Prove, using row operations, that the code C in Example 10.9 has a generator matrix

G =Gy +2Gy,
where

10000111
01001011
00101101
00011110

Q
I

10
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and

00001100
00000110
00000011
00001001

ii. Prove, using Lemma 10.8, that the code y (C) in Example 10.9 has minimum distance 6.

10.8

i. Prove that X* + X — 1 divides X8 — 1 in Zp[X], where A is a p-adic integer satisfying
22 =2

ii. Calculate the next few numbers in the sequences (1,4, ...) and (2,5, ...) which are both
solutions of \2 = =2 in Zs.

10.9
i. Prove that X°> +1X* — X* + X2 + (A — )X — 1 divides X' — 1 in Z,[X), where X is
a p-adic integer satisfying \> = A — 3.

ii. Calculate the first few numbers in the sequences which are solutions of \> = A —3 in Zs.

10.10

i. Provethat X" +2X0 4+ 0 —=3)X2—4X8 — (A +3)X - 2A+ DX — 20 =3)X° —
A =HX*+4X3 + (0 +2)X> + (A — DX — 1 divides X** — 1 in Z,[X], where A is a
p-adic integer satisfying A2 = A — 6.

ii. Calculate the first few numbers in the sequences which are solutions of A2 = . —6 in Z.
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1.1 H,(X) = log, (22/1835/35-5/18) x Jog, 9.6759.
1.2 Hy(X) =n —log,(2" — 1) + (1 — 27")(2 — 2= — p2~™),

1.3
io(h)2
ii. Hh(X)=3.
1.4 ¢h,(p).

1.5 H,(Y) =m(1 —log, m), where m = (¢r + 1 —2¢)/(r — 1).
I1(X.Y) = m(1 — log, m) + ¢ log, ¢ + rlog, (1 — §)/(r — 1)

1.6 .

1.8

i. HY|X)=-(-p)(log, 3 —log,4).
H(Y) =h.(p) — (1 — p)(3log,3 —log, 4).
H(X) = h.(p).

ii. log, 2.

1.9
i —%plog3 + %plogZ — (%) log (47%)
iii. I(X,Y)evaluated at p = 4/(2%°3 + 3).

2.5
i 1,2,4,4,4.
i. 1,11, 11.

imi. 1,1,1,1,2,2,2,2.

2.6

i X=DX =X -4H(X>-2(X> —4).

i, X—DXO+ X+ X+ X+ X+ X+ X+ X3+ X2+ X+ ).
iii. X—DX+DX*+DX>+5X —DH(X>?=5X—1).

2.12 Hint: Let U be a k-dimensional subspace of F’;“, so U 1is a hyperplane of
PG(k, q).Let V be an (r+1)-dimensional subspace of IF’;“ and observe that v+(VNU),
where v € V \ U, is a coset of a subspace of U = IF’;.
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3.4 Hint: Assuming (0,0,0,0,0,0,0,0,0,0) € C, the non-zero vectors all have
weight 6. Look at the proof of Lemma 3.10.
The codewords are the six rows of the matrix

0000000000
1111110000
1110001110
1001101101
0101011011
0010110111

3.5 Hint: By considering the proof of Lemma 3.10, observe that equality in the bound
cannot occur.

3.6 Hint: follow the same strategy as Exercise 3.5.

3.12

ii. The vector o (1) has n — wt(u) ones and wt(u) minus ones, where wt(u) is the
number of ones that u has.

iii. If u and v agree on a coordinate, then that coordinate contributes 1 to the scalar
product o (u) - o(v). If u and v differ on a coordinate, then that coordinate
contributes —1 to the scalar product o (u) - o (v). They agree on n — d(u, v)
coordinates and differ on d (1, v) coordinates.

iv. Using ii. and iii. and the fact that d(u, v) > d for all u, v € C, the bound follows.

v. The bound on w ensures that the scalar product in iv. is non-positive, with A =
%«/1 — 2(d/n). Assuming that (0,0,...,0) € C, we have by i. and iv. that the
number of codewords at a distance at most w from (0, 0, ..., 0) is at most 2n.

4.3 Prove there exists a [n —k+r, r,d], code forr =1, ..., k, by induction on r. Note
that there is a [n — k + 1, 1, d], code, since the condition implies d < n — k + 1. The
condition implies the condition for n replaced by n — 1 and k replaced by k — 1 so, by
induction, there exists a [n — 1,k — 1,d]; code. Let Hbe a (n — k) x (n — 1) check
matrix for this code. The condition allows us to add a column to H so that any d — 1
columns of the extended matrix are linearly independent, i.e. there is a non-zero vector
of IF‘Z"‘ which is not a linear combination of any subset of at most d — 2 columns of H.
Apply Lemma 4.4.

4.4 Hint: Since the code is self-dual it has no codewords of odd weight.
The set of equations in matrix form is
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-5 1 1 1 1
8 4 0 —4 -8
28 —12 -4 4 8 1

56 =4 0 4 =56 a

70 —10 —10 —10 70 ay | =0.
56 -4 0 4 =56 ag

28 4 —4 —-12 8 ag

8 4 0 —4 -8
1 1 1 1 —15

4.5 The sent vectoris (1,1,1,0,—1, —1, —1,0).
4.6 A(X)=1+4X3+3X%
4.7 The sent vector is (1, 2, 3)G.

4.8
i. Prove that every 4 x 4 sub-matrix of H is non-singular.
ii. The sent vectoris (1,6, 3,6,1,2,2).

4.9 The sent vectoris (1,2,1,2,0,2,0,2,0).

4.14 For example,

11 1 0
11 0 1
A 10 1 1
01 1 1
11 -1-1
1-11 -1

4.15 Letu and v be two codewords of weight w with the same support. For all non-zero
A € F, the vector Av is a codeword. For each non-zero coordinate #; of u there is a A
such that u; = Av;, where v; is the i-th coordinate of v. By the pigeon-hole principle,
there is a A such that [w/(g — 1)] of the coordinates agree with the corresponding
coordinate in Av. Then u — Av is a codeword of weight at most w — [w/(g — 1)7.

4.16
i. Hint: Make the substitution X — 1 — X in the MacWilliams identities.
ii. Hint: The subspace of polynomials spanned by

X'+ (@—-DA=X)"7|j=d,....n}
is equal to the subspace of polynomials spanned by

{(X/|j=d,..., n}.
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iii. Applying ii., there is a unique way to write the polynomial (1 + (¢ — 1)(1 — X))"
as a linear combination of the n 4+ 1 polynomials in ii.
iv. Apply Theorem 4.13.

5.1 Hint: Since C is self-dual, all codewords have weight which are multiples of 3.
Using this observation, solve the equations given by the equality

729A(X) = (1 +2X)2A 1-X
N 1+2x)°

given by Theorem 4.13.
52 T =X"4+ X0 4 X4 XS4 X+ X241
5.6 The largest dimensions are i. 7. ii. 11 iii. 4.
5.7
i fO=X8+X"+ X+ X XX 1.
X)) =X +X+ X+ X3+ 1
ii. Use Theorem 5.10.
iii. Use Theorem 3.5 and prove that the extended code is also linear.

5.8
i. The polynomial X!' 4 1 factorises as

X+DX+eX* + X+ X2+ EX+ DX+ EX+ X3+ X2 +eX + 1),

where €2 = 1 + €.
iii. Hint: Use Exercise 5.5.

5.9
ii. Apply Exercise 5.5.
iv. Find a codeword of weight 7.

6.1 Hint: use Exercise 2.8.

6.2 Hint: (co, ..., c,—1) € C if and only if there is a polynomial / of degree at most
k — 1 such that ¢; = h(a'). Consider the polynomial c(X) = Z?:_ol ¢; X'. To prove the
exercise observe that it is sufficient to prove that c(a?) =0, for all j=1,....,n—k.

6.3 The sent codeword is the evaluation of the polynomial F(X) = X3 — X + 1.
6.5 Hint: The 4 x 4 sub-matrices are Vandermonde.
6.6 Hint: use the Griesmer bound.

6.7 Hint: use i. to prove ii.
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6.8
ii. Use Exercise 6.7 iii.
iii. For ¢ odd, use Exercise 6.7 ii. For g even, use ii.

6.9 Hint: x* ! = y*~! implies x = y.

6.10 Hint: Let A be a 5 x 5 sub-matrix of the matrix. Prove that (detA)? = v — nv?,
where v is the determinant of a Vandermonde matrix. Apply Theorem 6.10.

6.11 Hint: Prove that det A # 0 and use Theorem 6.10.

7.1 The sent codewordis (—1,1,1,1,1,0,1,1, 1).

7.3 Hint: Use Exercise 7.2.

7.7 g(X) =aX? h(X) =aX, f(X) =X.

79 ¢ X) =X+ Dh(X),h(X) =aRe+ DX+ 1), fFX)=X+1.

7.10
i. (Y/Z)=4P; —4P,.
ii. {1,X/Y,X/Z, (Y*>+ Z%/X?}.

8.2
ii. 1.

8.5
iii. The minimum distance is 6.
iv. The dimensionis 11.

9.1 The sent vector is
0,1,1,0,0,1,1,0,0,1, 1,0, 1,0,0, 1),

which the evaluation of the polynomial X3 + X4 + X X>.

9.2 Hint: Start by selecting a vector e; such that g(e;) = 0. Then choose e, such that
q(ez) =0and b(ey, e2) =0, where b(X,Y) =qg(X +Y) — g(X) —q(Y).

9.5 Hint: we know the first row in the remaining matrices. Since the matrices are
symmetric and have zeroes on the diagonal, each of the remaining matrices has only
three entries to be determined.

The four additional matrices are

0110 0101 0011 0111
( 1011 1010 0010 1001
110010100 1101 1000

0100 1000 1010 1100
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9.6
i. As in the proof of Lemma 9.9.
ii. As in the proof of Lemma 9.10 but there is also the case that the g (X) + £(X) is of
the form

Z Xoi1Xoi + Xorp1
i—1

after a suitable change of basis.
iv. Hint: Find a basis for a 5-dimensional subspace of five 5 x 5 matrices all of whose
non-zero matrices have rank at least 4.

9.7 The number of monomials of degree i in m indeterminates in which the degree of

each indeterminate is at most ¢ — 1 is equal to the number of solutions of x| +- - - +x,, =
i, where 0 < x; < g — 1. Use inclusion-exclusion.

10.1 Hint: b, = 2¢; + 1 for some ¢, € {0, 1}. We can solve for ¢, from

Qe+ 1) — (2e2+ 1) +2 =0 (mod 4).

A=(1,3,3,11,...).

10.6
ii. The linear code over [F, generated by the matrix

100011110001
010101101010
001110100111

has minimum distance 6.
iii. For example, the code generated by the matrix

112011
002222)"
10.8
ii. (1,4,22,76,..)and (2,5,5,59,...).

10.9
i. (0,3,12,...)and (1,7,16,...).

10.10
ii. (0,2,2,10,...)and (1,3,7,7,...).
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