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Preface

This Book

The present book evolved from different collections of exercises which I wrote when
I started my teaching duties at the beginning of the 1960s, first at the University
of Warsaw, and 10 years later, at the University of Gothenburg and the Chalmers
University of Technology. A few textbooks available at the time, like Emil Artin’s
seminal book “Galois Theory”, which was used frequently, or van der Waerden’s
“Algebra” (in its part concerned with Galois theory) needed supplementary material
in the form of simple examples and some advanced exercises for interested students.
Usually, a course in Galois theory followed one or two courses in algebra, which
could present some necessary previous knowledge. A common experience of all
the courses were the reactions of my students, complaining that it is usually
relatively easy to start with a standard exercise in calculus, while an exercise in
algebra presents no clues as to how to start solving it, even if you know the
relevant theorems. Naturally, the degree of difficulty of the exercises can create
an obstacle in any area of mathematics, but in algebra such opinions are often
related to rather mundane problems. Therefore, this phenomenon deserves reflection
and explanation. There are probably several reasons for such a perception of the
subject. One possibility is the character of the tasks related to the same objects in
different contexts. For example, in calculus, concrete numbers or functions will have
already been encountered in high school and, usually, the first exercises are about
concrete objects of this kind. Similar objects appear in algebra, but it is rather a
general property of a whole set of numbers or functions which is relevant. Another
essential difference is the presence of several new notions related to the sets, which
are not necessarily well known from previous encounters with mathematics, e.g.
what are the properties of addition or multiplication of different types of numbers.
Still another aspect is probably the character of the proofs and the possibility of
transferring the arguments from them to concrete situations. The proofs of the
theorems in calculus usually give a clue of how to handle concrete objects, while
in algebra a proof of a general property of a structure satisfying some conditions



usually says very little about suitable examples of such structures and even less
about the methods one can use to determine whether or not a concrete structure
has a particular property. This is one of the reasons why the adjective “abstract”
is used in the names of some algebra courses. Perhaps the only way to address
these difficulties, which may appear in connection with courses in algebra, is to
expose the students to many concrete examples and to give them the chance to solve
many exercises. This is the primary purpose of this text as a book on Galois theory
motivated by exercises and examples of their solutions.

A Few Words on the Subject

Galois theory grew from the desire to solve a very concrete mathematical problem
related to polynomial equations of degree higher than 4. Already during the 18th
century, some mathematicians suspected that the efforts to find general formulae
for solutions of quintics (polynomial equations of degree 5) were futile in spite
of the existence of such formulae for equations of degree lower than 5. Galois
proved that there are quintics with rational coefficients whose zeros cannot be
expressed by means of these coefficients using the four arithmetical operations
(addition, subtraction, multiplication, division) and extracting roots. A similar result
concerning so-called general polynomial equations of degree 5 (polynomials whose
coefficients are variables) was published (but not exactly proved) by Ruffini in 1799
and finally proved by Abel independently of Galois. The unsolvability of the quintic
is a very concrete, interesting and deep problem, which provides very good reasons
to go into the details of a theory which gives its solution. The problem is easy to
explain and creates motivation for the students to use a lot of theory from previous
courses in algebra as well as to see the need for a suitable language in order to
formulate it in mathematical terms.

However, learning Galois theory today is not only motivated by this result
concerning polynomial equations. The theory developed by Galois has tremendous
value as a path to modern mathematics. In order to solve a concrete algebraic
problem, Galois translated it to a new (abstract) language of groups and fields. This
was not only a great contribution to these theories (e.g. Galois introduced many
notions in group theory), but also gave later ideas about the possibility of using new
mathematical structures like groups, rings, fields, linear spaces, topological spaces
and many other (abstract) structures in order to reformulate and solve concrete
mathematical problems. Thus, Galois theory was a source of future developments of
new theories having still broader applicability. Galois theory itself also found many
important extensions, generalizations and applications, for example, in number
theory, topology and the theory of group representations.



The Structure of the Book

Since it is impossible to exactly define a “standard selection” of notions and
theorems which constitute a course in Galois theory, the text is structured in such a
way that a student will be able to use it as an exercise book even without previous
knowledge of the subject. Chapters 1-15 together with Chap. 17 give more than
a very standard course could contain. In the following section, we describe the
contents of the book in a way which explains how it may be used as a textbook.
The book was often used as a primary source of knowledge and, in several cases, by
those students who studied Galois theory on their own with limited assistance from
the instructor.

Every chapter, out of the first 15, starts with a presentation of the main notions
and theorems followed by a comprehensive set of exercises which explain the
fundamental facts about them in a practical way. The exercises graduate from
simple, often numerical, to more complex and theoretical. At the same time, they
are usually ordered from more standard to more special. As a rule, the exercises
given in Chaps. 1-15 should be considered as part of a basic course in the subject.
Chapter 16 contains a choice of “one hundred” supplementary problems without
hints or solutions.

In contrast, Chap. 18 includes some limited hints and answers (when an answer
can be given) to the exercises in Chaps. 1-15. As usual, and in particular in algebraic
problems, it is quite often possible to give different solutions. Therefore, the hints
cannot be considered as thoughts in “Mao’s Little Red Book”. This is even more
important in Chap. 19, which contains a number of standard examples and complete
solutions of more difficult exercises. Let us note that the standard exercises from
Chaps. 1 to 15 (in particular, those at the beginning of each chapter) are not solved
in the book—almost every such exercise is illustrated in Chap. 19 by an example
of a similar nature in order to show how to handle standard problems (often of
a computational nature) and to create the possibility of using the exercises in
Chaps. 1-15 as homework. Reading the examples with solutions is a part of the
learning process and is usually an ingredient in any textbook. On the other hand,
complete solutions of some more special problems, as presented in Chap. 19, have at
least three different functions. First of all, they contain a number of useful auxiliary
results, which are usually proved in the main texts of more standard textbooks.
Then, some solutions are examples of how to work with the notions and handle
similar problems (there is a rich choice of problems without solutions in Chap. 16).
Finally, some of the solutions presented in this chapter may be regarded as the last
resort, when serious attempts to solve a problem were fruitless, or perhaps in order
to compare one’s own solution to a different one suggested in the book.

Chapter 17 contains detailed proofs of all the theorems used in Chaps. 1-15. Each
of these chapters starts with an introductory part in which all relevant notions and
theorems are formulated and discussed. The presentation of the proofs in a separate
chapter is a convenient technical solution. In particular, it makes the presentation of
the theoretical background of each chapter more transparent and clear. It also lays



stress on the importance of examples and exercises in the learning process. However,
the proofs should be studied in direct connection with each chapter, in particular, in
those cases when the proof contains clues to practical constructions of those objects
whose existence is stated in the theorem. A few of the theorems, which are usually
a part of previous courses in algebra, are included in the Appendix. Some others,
whose proofs can be considered as an application of Galois theory, are included in
the exercises. Their proofs can be considered as optional.

Many chapters include a section on “using computers”, which gives examples of
how to apply the software package Maple to concrete problems in Galois theory.
Maple has a very extensive library of algebraic functions, which helps to define
fundamental algebraic structures and carry out different computations. Using this
package creates many possibilities to supplement a lot of exercises, which contribute
to a better understanding and are impossible without the assistance of a computer.
There are other computer packages which can be used, like PARI/GP or SAGE, but
the choice of Maple is due to the ease of the interface.

The Appendix at the end of the text is relatively long, and contains, in principle,
all the necessary material corresponding to a first course in algebra, discussing
groups, rings and fields. The purpose is to provide a convenient source for direct
references to the background material necessary in any text on Galois theory.
However, even if we give some proofs, there are only a few examples and no
exercises, so the purpose is rather to recall the necessary definitions and some
fundamental results in the form of a glossary for the convenience of the Reader
who has forgotten parts of such a course and needs a short reminder. The Appendix
also contains a few topics which are essential in this book, but are not a part of
standard courses on groups, rings and fields.

Adyvice to the Reader

We start here with a very informal “introduction to Galois theory” in order to give
some of the general ideas behind it. We want to use this as a guide to the text of
the book, showing how to follow the book and how to choose among different
directions.

Consider the polynomial equation f(X) = X* — 10X> + 1 = 0. It has four
solutions x;234 = £+/2 &+ +/3 (note that f(X) = (X> + 1) — 12X? = (X> —
24/3X + 1)(X? 4 2+/3X + 1)). The solutions define a field extension of the rational
numbers Q (here the coefficients of f(X) are rational). This extension is the smallest
set of numbers which contains both the field of the coefficients (Q and the solutions
of the equation f(X) = 0. It is not difficult to check that it is the field Q(~/2, v/3).
This field is called a splitting field of f(X). The first observation is that being able
to express a solution in terms of the numbers from the field of the coefficients of
f(X) using the four arithmetical operations (addition, subtraction, multiplication,
division) and extracting roots means that there is a formula for a solution (e.g. x; =



ﬁ + \/5). In this case, we have such a formula, since the splitting field is obtained
from the rational numbers by adjoining roots of numbers belonging to the field
containing the coefficients. This process of building “a formula” may be much more
involved (it is possible that in a formula there are roots of other roots) but it is rather
clear that the existence of an algebraic formula expressing a solution by means of
the four arithmetical operations (addition, subtraction, multiplication, division) and
extracting roots may be formulated in terms of suitable field extensions (such field
extensions are called radical).

Galois studied all permutations of the solutions which do not change all rational
relations among them. Rational relations are different polynomial equalities in x;
(i = 1,2, 3,4) with rational coefficients, which are true. Let x; = V2 + \/5, Xy =
\/i — \/3, X3 = —\/5 + ﬁ, X4 = —V2 = /3. As examples of such relations, we
have x; + x4 = 0, x;x, = —1, and similarly, x, + x3 = 0, x3x4 = —1. There are
24 permutations of x1, X, x3, x4. They form the group S4 of all permutations of four
different symbols, here, the numbers x;. But in order to simplify the notation, we
will replace a permutation of xi, x», x3, x4 by a suitable permutation of the indices
1,2, 3, 4. For example, the permutation x,, x1, x4, x3 will be denoted by

1234
(2 14 3)

or, shortly, (1,2)(3,4). The symbol (1,2) denotes the permutation replacing
X1, X2, X3, X4 by X2, x1,x3,x4. So let us take only those permutations which do not
change the set of rational relations which we have found. It is rather evident that the
permutations of x;, x2, X3, x4, which do not change the set of relations x; + x4 = 0,
x1xp = —1,x +x3 = 0, x3x54 = —1 are (1,2)(3,4), (1,3)(2,4), (1,4)(2,3) and of
course, the identity permutation, which takes each solutions onto itself. The identity
is usually denoted by (1). If we take any other of the 20 remaining permutations,
for example, (1,2, 3, 4), which means that x;, x, x3, x4 goes to x», x3, x4, X, then,
for example, the relation x; + x4 = 0 goes to x, + x; = 0, which is not true. The
permutation (1, 2) replaces x; + x4 = 0 by x, + x4 = 0 which is not true and so
on. In fact, a short check shows that the four permutations which we have found are
exactly those which take the set of the four relations into itself. They form a group
with four elements: (1), (1,2)(3,4), (1,3)(2,4), (1,4)(2, 3). This is just the Galois
group of the equation X* — 10X> 4 1 = 0.

Galois related a finite group to each polynomial equation f(X) = 0 with
coefficients in an arbitrary field (here the coefficients are in the field of rational
numbers Q). Any polynomial defines a field over the field of its coefficients
generated by all its zeros (in a field which contains all zeros like the complex
numbers when the field of the coefficients is the field of rational numbers). This
field, called a splitting field of the polynomial over its field of the coefficients,
contains just all information about the relations among the solutions of the equation
f(X) = 0. In the case of the polynomial f(X) = X* — 10X? + 1, such a field is
Q(~/2, +/3). A splitting field defines the Galois group of the polynomial. The notion



of a splitting field and its group makes the study of the allowed permutations (the
elements of the Galois group) much more precise than the process described in the
introductory example. Galois established a correspondence between the subgroups
of the Galois group of a polynomial and the subfields of its splitting field. Using this
correspondence, the existence of a formula for a solution of an equation was related
to a very distinctive feature of the Galois group, which, in fact, most of the Galois
groups do not have (the group is solvable—a property introduced by Galois). In that
way, it is possible to give examples of polynomial equations whose solutions cannot
be expressed by means of the four arithmetical operations (addition, subtraction,
multiplication, division) and extracting roots—it suffices to find a polynomial whose
Galois group is lacking the distinctive property of solvable groups.

Now we are in a position to describe the contents of the book and the possible
ways through the topics discussed in different chapters. Their interdependencies are
shown in the graph below.

As the unsolvability of some quintics and higher degree equations is chosen in
this text as the main concrete motivating problem, we discuss polynomial equations
in Chap. 1. It explains some methods used for solving polynomial equations of
degree lower than 5 and gives a few historical facts concerning them. It is not
necessary to pay too much attention to this chapter, which in mathematical sense
is loosely related to Chap. 3. Moreover, many computer packages using symbolic
algebra make it possible to obtain exact solutions of polynomial equations, when
it is possible (at least up to degree 4). But the purpose of this chapter is rather to
describe the historical development of Galois theory and to give a feeling of what
should be expected from a general formula for the solution of an algebraic equation.

The main contents, covering a standard course in Galois theory, is presented
in Chaps. 2-9. In Chap. 2, we fix the terminology concerning field extensions and
discuss the notion of the characteristic of a field, which usually does not get so
much attention in introductory courses in algebra. Chapter 3 is about polynomials.
Essentially, we repeat several known facts about polynomials, but we concentrate
on the notion of irreducibility, which is important when we construct splitting fields
and want to investigate their properties. Chapter 4 treats fundamental properties of
algebraic field extensions. In Chap. 5, we introduce the notion of the splitting fields
of polynomials and investigate their most important properties. In Chap. 6, we define
and study automorphism groups of field extensions. We call them Galois groups in
order to simplify the terminology and formulations of exercises (but, sometimes in
the literature, the notion of Galois group is restricted to Galois extensions of fields).
A Galois extension is an extension which has two properties—it is normal and
separable. These two properties are introduced and explained in Chaps.7 (normal
extensions) and 8 (separable extensions). Chapter 9 contains the main theorems
of Galois theory. One of these theorems describes a correspondence between the
subgroups of the Galois group of a polynomial (over its field of coefficients) and the
subfields of its splitting field (over the same field). This “Galois correspondence”
is one of the best known theoretical results of Galois theory, which has many
generalizations and counterparts in many other mathematical situations.



After the path starting with Chap. 2 and ending with Chap. 9, there are different
ways to continue. The shortest path to the solution of the motivating problem goes
to Chap. 13, where there is a proof of the unsolvability of general quintics and the
general equations of degree higher than 4. Chapter 13 needs some knowledge of
solvable groups discussed in Chap. 12 (this chapter is only concerned with groups).
Notice that in Chap. 13, we use Galois theory in order to give one of the proofs
that the field of complex numbers is algebraically closed (see Exercise 13.14)—this
result is usually called the fundamental theorem of algebra (see Chap. 1). A natural
supplement to Chap. 13 is Chap. 15, which presents some practical methods for
finding Galois groups of concrete polynomials as well as constructing polynomials
with given Galois groups. The theorems on resolvents proved in this chapter are used
in computer implementations of algorithms for computations of Galois groups. We
also use them in a proof of a theorem of Richard Dedekind T.15.4, which gives a
way to construct integer polynomials with the largest possible Galois group when
the degree is fixed. Let us note that there is a very quick route to the unsolvability
of quintics using Nagell’s idea (see Exercise 13.6).

Another path from Chap.9 goes to Chap.10 and, possibly, to Chap.11. In
Chap. 10, we study cyclotomic fields. These extensions of the rational numbers by
a root of unity are very good examples of how Galois theory works in practice.
At the same time, the cyclotomic fields are very interesting and important for their
applications in number theory. Chapter 10 has a natural extension in Chap. 11, which
is the most “theoretical” part of the text. Here we study several interesting results
which are related to different applications and extensions of Galois theory. The
normal basis theorem (NBT) is about bases of Galois extensions, which are naturally
related to the Galois groups and can be best formulated in terms of modules over
groups. Hilbert’s Theorem 90 is a famous result with many applications—one of
them is a description of all cyclic Galois field extensions (over fields containing
suitable roots of unity). Kummer’s extensions, which are also discussed in this
chapter, generalize Galois extensions with cyclic groups to arbitrary finite abelian
groups (with similar assumptions about the presence of roots of unity). As one of
the applications in Chap. 11, we give a full description of cubic and quartic Galois
extensions over the rational numbers.

Finally, the third path from Chap.9 goes to Chap. 14, in which Galois theory
finds applications to classical problems concerning geometric straightedge-and-
compass constructions. The truth is that most of this chapter could already be
discussed after Chap. 4 with only a very modest knowledge of field extensions. In
fact, geometric constructions are often discussed as an application in introductory
courses in algebra. But there are some results for which a deeper knowledge of
Galois theory is very helpful, in particular, when one wants to prove that some
geometric constructions are possible (for example, in Gauss’s theorem about regular

polygons).

Molnlycke, Sweden Juliusz Brzezinski
January, 2018
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Chapter 1
Solving Algebraic Equations

Solving algebraic equations of low degrees was for a long time considered to be
a very central mathematical activity. Quadratic equations and some very special
equations of degree 3 had already been studied in antiquity, even though the
notations for variables, numbers and arithmetical operations, as we know them
today, were introduced much later (beginning in the middle of the sixteenth
century). General equations of degrees 3 and 4 (that is, cubic and quartic equations)
were solved during the sixteenth century mainly by Italian mathematicians. They
described different methods of finding solutions and also gave formulae expressing
the solution in terms of the four arithmetical operations (addition, subtraction,
multiplication, division) and extracting roots applied to the coefficients of the
equations. The next step was finding similar formulae for the fifth degree equations,
which was regarded as an important mathematical problem for almost 300 years.
In the eighteenth century, it was more and more clear that the situation in the case
of quintic equations (equations of degree 5) may be different. It appeared that for
an arbitrary quintic, it was probably not possible to express a solution in terms
of the four arithmetical operations and extracting roots applied to the coefficients.
These doubts motivated the works of many mathematicians during the eighteenth
century and finally led to the results which are a part of the theory developed by
Evariste Galois' in the beginning of the nineteenth century. One of these shows that
indeed, in the general case, the quintic equations cannot be solved in a similar way
as the equations of degree less than 5. At the end of this chapter, we add some more
remarks about the history of this problem. However, let us note already now that the
ideas developed by Galois have many very important consequences and applications
in the whole mathematics and the primary cause of his work, that is, expressing
solutions of polynomial equations in a particular way, is no longer a central issue.
The purpose of this chapter is to show how to solve equations of degree less than
5. We repeat the well-known formulae for the quadratic equation and show how to

!Evariste Galois, 25 October 1811-31 May 1832.



2 1 Solving Algebraic Equations

find similar formulae for the cubic and quartic equations. In fact, the description
of the algorithms is very simple (and easy to remember), but practical computations
may be time consuming if done by hand. There are several computer packages which
can manage such computations (e.g. Magma, Maple, Mathematica, Pari/GP, Sage),
but the idea here is that solving a few algebraic equations gives some feeling for
what should be expected from a “general formula”. Moreover, the possibility of
finding the solutions will occasionally be useful in some of the exercises in the
following chapters.
An algebraic equation of degree n with complex coefficients is an equation:

fX) = aX" + a1 X" 4+ aX +ay=0,

where ¢; € C,n > 0 and a, # 0 (if n = 0, f(X) is a constant polynomial). The
fundamental theorem of (polynomial) algebra, which is often associated with C.F.
Gauss,”> who published its proof in 1799 (but the history of this result is longer),
says:

T.1.1 Fundamental Theorem of Algebra. If f(X) = a,X" + a,1 X"' + .-+ +
a1X + ag is a nonconstant polynomial of degree n with complex coefficients, then
the equationf(X) = 0 has n complex solutions (roots) x1, . .., x, andf(X) = a,(X—
x1) - (X = x).

Some of the x; may be equal and the number of occurrences of x; as a root of
f(X) = 0is called its multiplicity.

1.1 Quadratic Equations. A quadratic equation f(X) = 0 has two roots xi, x, (in
C)and f(X) = a,X?> + a1X + ap = a»(X — x1)(X — x,). Comparing the coefficients
on the left and right in this equality, we get Vieta’s formulae®:

a
X1 +x=——,
a
ao
XX = —.
a

With Z—; = p and Z—‘z’ = ¢, we get an equivalent equation:

X2 4+pX4+4qg=0

and we solve it by transforming to an equation with roots x; + % whose sum is 0,
that is, replacing the equation above by the equivalent expression in which X? 4 pX

2Johann Carl Friedrich Gauss, 30 April 1777-23 February 1855.
3Frangois Viete (published his works under the name Franciscus Vieta), 1540 to 23 February 1603.



1 Solving Algebraic Equations 3

is completed to a square:

(X+§)2+(q—p;) = 0.

Solving, we get the two solutions:

x1=—1—7—‘/p—2—q and x2=—1—7 ‘lp—z—q.
2 4 2 4

The number A = p?>—4q = (x;+x2)>—4x1x; = (x;—x2)? is called the discriminant
of the polynomial X?>+pX+¢. It is nonzero if and only if the roots x;, x, are different.

1.2 Cubic Equations. A cubic equation f(X) = 0 has three roots xi, x2, x3 (in C)
and f(X) = as X3+ aX? + e X + ag = az(X — x1)(X — x2) (X — x3). Comparing
the coefficients on the left and right in this equality, we get Vieta’s formulae:

as

X1 +x+x3=——,

as
al

X1X2 + XoX3 + X1x3 = —, (1.D

as

ap

X1X2X3 = ——.

as

The equation with roots x; + ;%, where i = 1,2, 3, has the coefficient of X2 equal to

0, since the sum of these three numbers is zero. Technically, we get such an equation

by substituting X = Y — 3% into the given cubic equation:

a3X3 + azX2 + a1 X + ag

3 2

a a a

—ai (V-2 @ v—=2) +a V-2 +ay = a3(Y’ +pY +q),
3a; 3a; 3a3

where p and g are easily computable coefficients (it is not necessary to remember

these formulae, since it is easier to remember the substitution and to transform each
time, when necessary). Thus, we can start with an equation:

X} 4+pX4+4¢=0. (1.2)
We compare the last equality with the well-known identity:

(a+b)* —3ab(a+b) — (@ +b>) =0 (1.3)
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and choose a, b in such a way that:

p = —3ab,
g =—(a>+b°). (1.4)

If a, b are so chosen, then evidently x = a + b is a solution of the equation (1.2).
Since

@+ =—q.
3
Sh = _P_’
27

a®, b? are solutions of the quadratic equation:

3
P

T?> + gT — = = 0.
tal -

Solving this equation gives a®, b*. Then we choose a, b which satisfy (1.4) and
getx = a + b. An (impressive) formula, which hardly needs to be memorized (it is
easier to start “from the beginning”, that is, from the identity (1.3), than to remember
the formula below) is thus the following:

2 3 2 3

il g q 4 3 g q p
= b: —_— — — —_ - g 15
X =a+ \/2+\/4+27+\/2 \/4+27 (1.5)

We leave a discussion of different choices of signs of the roots to the exercises,
but notice that in order to solve a cubic equation, it is sufficient to find one root x; and
solve a quadratic equation after dividing the cubic by X — x;. The above expression
(in a different notation) was first published by Girolamo Cardano* in his book
“Ars Magna” in 1545 and is known today as Cardano’s formula. However, the
history surrounding the formula is very involved and several Italian mathematicians
knew the method before Cardano (notably, Scipione del Ferro,> Antonio Fiore and
Niccol6 Tartaglia® about 20 years earlier than the appearance of Cardano’s book).

The discriminant of the cubic (1.2) is A = —(4p> + 27¢%) = [(x; — x2)(x2 —
x3)(x3 — x1)]>. See Exercise 1.3 below.

1.3 Quartic Equations. Such an equation f(X) = asX*+a:X> +axX>+a, X+ay =
as(X—x1)(X—x2)(X—x3)(X—x4) = 0 has four roots x|, x5, x3, x4 (in C). Similarly as
for quadratic and cubic equations, we can write down Vieta’s formulae expressing

4Girolamo (Gerolamo, Geronimo) Cardano, 24 September 1501-21 September 1576.
3Scipione del Ferro, 6 February 1465-5 November 1526.
%Niccol6 Fontana Tartaglia, 1499 or 1500 to 13 December 1557.
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relations among the roots and the coefficients of the equation (we leave it as an
exercise). Solving a quartic equation (we assume a4 = 1 and denote the remaining
coefficients avoiding indices):

X 4+ mX> +pX*+gX+r=0, (1.6)

it is not important to assume that m = 0 (but it could be achieved by substituting
X — 7 for X similarly as in the quadratic and cubic cases). We simply complement
X* + mX3 in such a way that we get a square of a quadratic polynomial and, when
it is done, we find a parameter A so that the quadratic polynomial in square brackets

, m 2\ m? ) mA A2

(1.7)

is a square of a first degree polynomial. This is achieved when the discriminant of
the quadratic polynomial in the square bracket equals O (see Exercise 1.8), that is,

ma 2 mz /\2
(T_q) —4(T+A—p)(7—r)=(). (1.8)

This is a cubic equation with respect to A. Solving it, we get a root A, which gives
a way to factorize the quartic polynomial (1.7) into a product of two quadratic
polynomials and then solve two quadratic equations. The method described above
was given by L. Ferrari’ in the middle of the sixteenth century and published in
Cardano’s book mentioned above.

As we noted earlier, many attempts to solve quintics (that is, fifth degree polyno-
mial equations) were fruitless. During the eighteenth century some mathematicians
already suspected that similar formulae as those for equations of degree less than 5
are impossible. It is not too difficult to see that the situation for equations of degree
5 differs from that of equations of lower degree (see Exercise 1.6). J.L. Lagrange®
started to develop a general theory of algebraic equations. His analysis of different
methods used in connection with the solution of algebraic equations led him to
the notion of the resolvent polynomial and permutation groups related to it. He
was convinced that the “old” methods used for solving equations of degree up to
4 cannot be used for equations of degree 5, which suggested that similar formulae
may not exist. The work of Lagrange was a starting point for the work of other
mathematicians, who finally proved that it is impossible to express solutions of
general quintic equations using the four arithmetical operations and extracting roots

TLodovico Ferrari, 2 February 1522-5 October 1565.

8 Joseph-Louis Lagrange (born in Italy as Giuseppe Lodovico (Luigi) Lagrangia), 25 January 1736—
10 April 1813.
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applied to the coefficients. This was proved by Abel® in 1823 (earlier an incomplete
proof was published by Ruffini'” in 1799). Galois gave an independent proof of the
same result using different methods, which we follow in Chap. 13.

Exercises 1

1.1. Solve the following equations using Cardano’s or Ferrari’s methods:

@)X —6X+9=0; @) X*—2X3+2X>+4X—-8=0;
b)X> +9X%+ 18X + 28 = 0; OX=3X3+X>+4X—-6=0;
() X> +3X2—6X+4=0; (@X*—2X3+X24+2X—-1=0;
(d)X>+6X+2=0; (h) X* —4X3 —20X2 —8X + 4 = 0.

1.2. Show that the system (1.4) has exactly three solutions (a, b) and find all three
solutions of the equation X* +pX+¢ = 0 following the discussion above concerning
Cardano’s formula.

1.3. (a) Using Vieta’s formulae (1.1) show that the discriminant A(f) = [(x; —
x2) (02 — x3) (x3 — x)]> of f(X) = X + pX + g is equal to A(f) = —(4p’ + 27¢°)
(x1, X2, x3 denote the zeros of f(X)). Note that the equation X*> 4+ pX + ¢ = 0 has
multiple roots if and only if A = 0.

(b) Assume that p, g are real numbers. Show that the equation f(X) = X> +pX+q =
0 has three different real roots if and only if A(f) > 0.

1.4. The discriminant of the polynomial X*> — 6X + 4 equals A = 432, so the
equation X? — 6X + 4 = 0 has three different real roots (see Exercise 1.3). The
formula (1.5) gives

x| = =2+ 2i+ -2 —2i.

Find the solutions of the equation without using Cardano’s formula (the number 2 is
one of them!) and identify these solutions with the expressions given by Cardano’s
formula.

Remark. The case of the cubic polynomials having three real zeros in the context
of Cardano’s formula was a serious problem for mathematicians for at least 300
years. As A = —(4p> + 27¢%) > 0, we have é + ‘2’—; < 0 in the formula (1.5),
so in order to compute the real number x;, we have to manipulate with complex
numbers on the right-hand side. Cardano’s formula was considered “not correct” as
the real values (even integer values) of the zeros are expressed in terms of complex
numbers, which were considered with great suspicion. Mathematician tried to find

°Nils Henrik Abel, 5 August 1802—6 April 1829.
10Paulo Ruffini, 22 September 1765-10 May 1822.
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“better” formulae in which negative numbers under square roots do not appear, in
order to eliminate what was known as the “Casus irreducibilis”. First, during the
nineteenth century, it became clear that it is impossible to find “better” formulae—in
general, it is impossible to express the real zeros of an irreducible cubic with three
real zeros by so-called real radicals, that is, without help of complex numbers. We
explain this phenomenon in more detail in Chap. 13 (see T.13.3).

1.5. Assume that a cubic equation X* 4+ pX + g = 0 has three real solutions, that
is, A = —(4p> + 27¢%) > 0. Show that there exists » € R and ¢ € [0, 27] such that
the solutions of the cubic equation are

2 4
x1=2«3/;COS§, xZ=23/700s¢+Tﬂ, x3=2\3/;7cos(p_'_Tﬁ,

1.6. (a) Find a cubic equation having a solution ¢ = 2/ a+ b+ Q/ a— \/E, where
a* —b = ¢* and a,b,c € Q. Write down all solutions of the equation you have
found and show that a solution to any cubic equation X3 + pX + g = 0, where p, g
are rational numbers, can be written as « above.

(b) Find a quintic equation (that is, an equation of degree 5) having a solution o =
f/a + /b + \S/a— \/E, where > — b = ¢® and a,b,c € Q. Choose a, b in such
a way that the polynomial having « as its zero is irreducible over Q. Does every
quintic equation with rational coefficients have a solution of the form « above?

Remark. The quintic equation, one of whose zeros is « in (b) above (see p. 152),
is sometimes called de Moivre’s quintic. Of course, we have a formula giving a
solution of such an equation, since we construct it starting from a solution. But our
objective is to prove that there are quintic equations with rational coefficients for
which it is impossible to express a solution using the four arithmetical operations
(addition, subtraction, multiplication, division) and extracting roots applied to the
coefficients of the equation. Here we see that it is sometimes possible to express
a solution in this way even if the polynomial cannot be factored (over the rational
numbers) into a product of polynomials of degrees less than 5. In fact, there are
very simple examples of polynomials of degree 5, which cannot be factored over
the rational numbers but whose zeros can be expressed in terms of radicals, like
X =2, but comparing (a) and (b) gives an idea of what can make a difference: there
exists a formula for all cubic equations, while there is no such a formula for all
quintic equations.

1.7. Solve the binomial equation X" — a = 0 of degree n > 0, where a € C.

1.8. Show that a given trinomial aX?> + bX + ¢ € C[X] (a # 0) is a square of a
binomial pX +¢ € C[X] if and only if the discriminant of the trinomial »*> —4ac = 0.
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Using Computers 1

Maple makes it possible to find solutions of equations of low degrees in closed form
(expressed in terms of arithmetical operations on coefficients and radicals). Thus all
equations of degree at most 4 and some other simple equations (like the equations
f(X") = 0 when f has degree at most 3) can be solved using Maple. The solutions
are obtained by:

>solve (£ (X))

in order to solve the equation f(X) = 0. The numerical real values of zeros can be
obtained using £solve (f (X)) and all values by £solve (f (X) , complex).
Of course, you can use these commands in order to find the zeros of the equations,
for example, in Exercise 1.1, but the intention in this chapter is rather to get some
experience and feeling of raw computations before the computer era. Nevertheless,
if you want to get exact values of all zeros (when such values are possible to give
and the suitable procedures are implemented), then it is possible to use the command
solve as above or the following commands, which give a greater flexibility
already for polynomials of degree 4 and which we explain through an example (see
Exercise 1.1(h)):

>alias (a=RootOf (X"4-4%X"3-20+«X"2-8+X+4))

>allvalues (a)

VT 6+ 27, 14746 + 27, 1-VT4+6-2V7, 1-VT-\6 -2/7

Notice that the command alias (a=RootOf (f (X)) ) defines one of the zeros
of £(X). With the command allvalues (a), we obtain all possible values. If we
want to identify the value denoted by a, we can compare it with all possible values.
So, for example, allvalues (a) [1] gives the first one and we can consider the
difference between it and a defined by alias (a=RootOf (£ (X))). If it is O,
then a denotes just this value.

It is also possible to obtain the discriminants of the polynomials (see Exercise 1.3,
and for general definition A.10.2) identifying the variable with respect to which the
discriminant should be computed:

>discrim(X*3+pX+q, X)

—4p® — 2747

but it may be instructive to try to obtain this result for cubic equations in Exercise 1.3
without the use of a computer.



Chapter 2
Field Extensions

In Galois theory, polynomial equations are studied through fields, which they define.
Such fields will be discussed in more detail in Chap.5. In this chapter, we repeat
some general notation and properties of fields (like the notion of characteristic),
which are important in Galois theory, but are not always sufficiently stressed in
introductory courses on fundamental algebraic structures like groups, rings and
fields. A short introduction to groups, rings and fields is presented in the Appendix.
An important point here are the different notations concerning fields, which we fix
in this chapter for the rest of the book.

Fields will be denoted by capital letters, preferably, K, L, M. But on a very few
occasions, we also use lower case letters, like &, [, when the need arises. If a field K
is a subfield of a field L, then we say that K C L is a field extension. If M is a field
such that K € M C L, then M is called an intermediate field (of the field extension
K C L).If K;, i € I (I an index set) are subfields of L, then the intersection NK;, i €
I, is also a subfield of L. If L D K and X is a subset of L, then K(X) denotes the
intersections of all subfields of L, which contain both K and X (K (X) is the smallest
subfield of L containing both K and X). If X = {«j, ..., ®,}, then we usually write
K(X) = K(uy,...,a,) and the elements «y, ..., o, are called generators of this
field over K. If X = K’ is a subfield of L, then K(K”) is denoted by KK’ and called
the compositum of K and K'. If K and K’ are two fieldsand o : K — K'is a
bijective function such that o(x + y) = o(x) + o(y) and o(xy) = o(x)o(y) for
x,y € K, then o is called an isomorphism (of fields K, K’). When such a function
exists, the fields are called isomorphic, which is denoted by K =~ K’.

Every field is an extension of the smallest field contained in it—the intersection
of all its subfields. Such an intersection does not contain any smaller fields. A field
without any smaller subfields (one says often proper subfields) is called a prime
field.

The field of rational numbers Q is the only infinite prime field (up to isomorphism
of fields). For every prime number p, there is a finite prime field FF,, consisting of the
residues 0, 1, ..., p — 1 of the integers Z modulo p, which are added and multiplied
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modulo p (the field IF, is the quotient Z/pZ of Z modulo the ideal generated by the
prime number p—see section “Fields” in Appendix for more details).

By the characteristic of a field K, we mean the number O if the prime subfield
of K is infinite and the number of elements in the prime subfield of K if it is finite.
The characteristic of K is denoted by char(K). In this chapter, we record only one
fact on the characteristic of fields, the proof of which is given on p. 256 (see A.5.1):

T.2.1. (a) The characteristic of a field is 0 or a prime number.

(b) Any field K of characteristic 0 contains a unique subfield isomorphic to the
rational numbers Q, and any field of characteristic p contains a unique subfield
isomorphic to I,

Exercises 2

2.1. Which of the following subsets of C are fields with respect to the usual addition
and multiplication of numbers:

(a) Z; (e) {a+ b2, a,beQ};
(b) {0, 1}; () {a+bv/2,a,b € Q};
(c) {0}; (@) {a+bv2,a,bel;
(d) {a + b2, a,b € Q}; (h{zeC:lz <1}?

2.2. Show that every subfield of C contains Q.
2.3. Give an example of an infinite field of characteristic # 0.

2.4. Show that the characteristic of a field K is the least positive integer n such that
na = 0 for each a € K or it is 0 if such n does not exist.

2.5. (a) Let L D K be a field extension and let @ € L ~ K, o> € K. Show that
K(a) = {a + ba, where a,b € K}.

(b) Let K(/a) and K(+/b), where a,b € K,ab # 0, be two field extensions of K.
Show that K(/a) = K(+/b) if and only if ab is a square in K (that is, there is a
¢ € K such that ab = ¢?).

2.6. Give a description of all numbers belonging to the fields:
@ QW2): ®QE: (©QW2.): @ QV2.V3).
2.7. Show that:

@ Q(V5,iv/5) = QG v/5);
(b) Q(v2,v6) = Q(v2,V3);
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© QW5.vT) = Q5+ V)
(d) Q(va.vb) = Q(a+ +b). when a.b € Q. \Ja+ b #0.

2.8. Give a description of the following subfields of C:

(a) Q(X), where X = {+/2, 1 +2+/8};

(b) Q()(X), where X = {~/2};

(©) KiKp, where K = Q(i). Ky = Q(+/5);
(d) Q(X), where X = {ze€ C:z*=1}.

2.9. Let K be a field.
(a) Show that all the matrices [ Z b}, where a,b € K, form a field L with respect
—ba

to matrix addition and matrix multiplication if and only if the equation X> + 1 = 0
has no solutions in K.

(b) Show that L contains a field isomorphic to K.

(c) Use (a) in order to construct a field with nine elements and find its characteristic.

Remark. We discuss finite fields in Chap. 5, where the general construction of finite
fields is given.

2.10. Let K be a field.

(a) Formulate a suitable condition such that all matrices |: b

a
—ba—->b
form a field with respect to matrix addition and multiplication.

(b) Use (a) in order to construct a field with four elements and write down the
addition and the multiplication tables for the elements in this field.

:|,a,bEK,

2.11. In a field K the equality a* = a is satisfied for all @ € K. Find the
characteristic of the field K.

2.12. Let K be a field of characteristic p.

(a) Show that (a + b)*" = a”" + b"" when a, b € K and m is a natural number.

(b) Let p divide a positive integer n. Show that a" +b" = (czg +br )? whena, b € K.
(c) Define ¢ : K — K such that ¢(x) = x”. Show that the image of ¢, which we
denote by K7, is a subfield of K.

2.13. Let K C L be afield extension and let M, M, be two fields containing K and
contained in L.

(a) Show that MM, consists of all quotients of finite sums )_ «;8;, where o; € M
and 8; € My;

(b) Show that for each x € MM, there are «y,...,o, € M and B;,...,B, € M,
such that x € K(ay, ...,y Bi1, ..., Bn).



Chapter 3
Polynomials and Irreducibility

In this chapter, we gather a few facts concerning zeros of polynomials and discuss
some simple methods which help to decide whether a polynomial is irreducible or
reducible. In many practical situations, this information is essential in the study
of field extensions. A short presentation of polynomial rings can be found in the
Appendix (see section “Polynomial Rings”).

Let K be a field and let f(X) = a,X" + --- + a;X + ap be a polynomial with
coefficients a; € K. If a, # 0, then n is called the degree of f(X) and is denoted by
degf. A polynomial of degree O is called a constant polynomial. The coefficient
ay, is called the leading coefficient and f(X) is called monic if a, = 1. The zero
polynomial is the polynomial with all coefficients equal to 0. Its degree is usually
not defined, but sometimes it is defined as —1 or —oo. For practical reasons (in
proofs by induction), we shall assume that the degree of the zero polynomial is —1.
The set of all polynomials with coefficients in K is denoted by K[X]. It is a ring
with respect to addition and multiplication of polynomials (see section “Polynomial
Rings” in Appendix).

If L is a field containing K, then we say that ¢ € L is a zero of f € K[X] if
fl@) =0.

T.3.1 Factor Theorem. Let K C L be a field extension.

(a) The remainder of f € K[X] divided by X — a, a € L, is equal to f(a).
(b) An element a € Lis a zero of f € K[X] if and only if X — a|f(X) (in L[X]).

A polynomial f € K[X] is reducible (in K[X] or over K) if f = gh, where g,h €
K[X],degg > 1 and degh > 1. A nonconstant polynomial which is not reducible is
called irreducible. Of course, every polynomial of degree 1 is irreducible.
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In the polynomial rings over fields, every nonconstant polynomial is a product of
irreducible factors and such a product is unique in the following sense:

T.3.2. Let K be a field. Every polynomial of degree > 1 in K[X] is a product of
irreducible polynomials. If

f:pl...pk :p/l...p;,

where p; and p; are irreducible polynomials, then k = 1 and with a suitable
numbering of the factors p;, p; we have p; = c¢;p;, where ¢; € K.

We gather a few facts about irreducible polynomials in different rings. More
detailed information is given in the exercises.

In the ring C[X], the only irreducible polynomials are exactly the polynomials of
degree 1. This is the content of the fundamental theorem of (polynomial) algebra
(see T.1.1), which implies that if f(X) € C[X] is a polynomial of degree n > 1, then
f(X) is reducible. In fact, we have f(X) = ¢(X — z1) -+ - (X — z,,), where ¢ € C and
z; € C are all zeros of f(X) (with suitable multiplicities).

In the ring R[X] the irreducible polynomials are those of degree 1 together with
the polynomials of degree 2 of the form c(X? + pX + g) such that A = p? — 4q <
0 and ¢ € R,c # 0. This follows easily from the description of the irreducible
polynomials in C[X] (see Exercise 3.5).

In the ring Q[X] of polynomials with rational coefficients, there are irreducible
polynomials of arbitrary degree. For example, the polynomials X" —2 are irreducible
for every n > 1 (see Exercise 3.7). In order to prove that a polynomial with
integer coefficients is irreducible in Q[X] (which is a common situation in many
exercises), it is convenient to study the factorization of this polynomial in Z[X] in
combination with Gauss’s Lemma or reductions of the polynomial modulo suitable
prime numbers (see Exercise 3.8).

T.3.3 Gauss’s Lemma. A nonconstant polynomial with integer coefficients is a
product of two nonconstant polynomials in Z[X] if and only if it is reducible in
QI[X]. More precisely, if f € Z[X]| and f = gh, where g, h € Q[X] are nonconstant
polynomials, then there are rational numbers r, s such that rg, sh € Z[X] andrs = 1,

sof = (rg)(sh).

Remark. Gauss’s Lemma is true for every principal ideal domain R and its quotient
field K instead of Z and Q. The proof of this more general version is essentially the
same as the proof of the above version on p. 110 (for a general version and its proof,
see [L], Chap. IV, §2).

Iff(X) = a,X" + --- 4+ a1 X + ap is a polynomial with integer coefficients a; for
i =0,1,...,n, then its reduction modulo a prime number p is the polynomial
f(X) = a,X" + --- + a1X + ao whose coefficients are the residues of a; modulo
p. We denote the reduction modulo p by f(X) (mod p) (or simply write f when p
is clear from the context). The reduction modulo p is a ring homomorphism of the
polynomial ring Z[X] onto the polynomial ring IF,[X].
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Exercises 3

3.1. (a) Show that a polynomial f € K[X] of degree 2 or 3 is reducible in K[X] if
and only if f has a zero in K, that is, there is a xop € K such that f(xo) = 0.

(b) Show that the polynomial X* + 2X? + 9 over the rational numbers Q has no
rational zeros, but is reducible in Q[X] (notice that Q may be replaced by R).

3.2. Make a list of all irreducible polynomials of degrees 1 to 5 over the field I,
with 2 elements.

3.3. Show that if a rational number 2, where p, g are relatively prime integers, is
a solution of an equation a,X" + --- 4+ a;X + ap = 0 with integer coefficients a;,
i=0,1,...,n,then plag and g|a,,.

3.4. Factorize the following polynomials as a product of irreducible polynomials:
(@) X* 4+ 64in Q[X]; (e) X> —2in Q[X];

G X* +1inR[X]; () X° + 27 in R[X];

© X" +1inF[X]; (2) X° + 2inF3[X];

(d)X*+2inF3[X];  (h) X* +2in F3[X].

3.5. (a) Show that if a real polynomial f(X) € R[X] has a complex zero z, then the
conjugate z is also a zero of f(X).

(b) Show that a real polynomial of degree at least 1 is a product of irreducible
polynomials of degrees 1 or 2.

3.6. Using Gauss’s Lemma show that the following polynomials are irreducible in
QLx]:
@ X*+8 X —5X2+2; ()X —4X3 +12X>— 16X + 8.

3.7. (a) Prove Eisenstein’s' criterion: Let f(X) = a,X" + -+ + a1 X + ao € Z[X]
and let p be a prime number such that plag. plai. . ..,pla,—1.p + a, and p? } ao.
Show that f(X) is irreducible in Z[X].

(b) Show that the polynomials X" — 2 forn = 1,2, ... are irreducible over Q.

(c) Let p be a prime number. Show that the polynomials f(X) = p" X" + pX + 1
are irreducible over Q for every positive integer n.

(d) Show that the polynomial f(X) = % = X?~! 4 ... 4 X +1is irreducible over
Q for every prime number p.

3.8. (a) Show that if a reduction of a monic polynomial f(X) € Z[X] modulo a
prime number p is irreducible as a polynomial in [F,[X], then f(X) is irreducible in
Q[X].

(b) Show that if a monic polynomial f(X) € Z[X] has reductions modulo two prime
numbers p, g such that f(X) (mod p) is a product of two irreducible factors of

IFerdinand Gotthold Max Eisenstein, 16 April 1823-11 October 1852.
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degrees dyp, dop, and f(X) (mod ¢) is a product of two irreducible factors of degrees
dig, drg and {dip, dap} # {d1y, dag}, then f(X) is irreducible in Q[X].

(c) Using (a) or (b) show that the following polynomials are irreducible in Q[X]:
CH)X*+X+1; )X’ +X>+ 1, (c3) X* 4+ 3X + 4;

() X°+3X+1; (cs) XC +5X2+ X+ 1; (ce) X7+ X* + X>+1.

3.9. (a) Let f(X) = X* + pX? + ¢X + r be a polynomial with coefficients in a
field K. Show that f(X) = (X + aX + b)(X*> + a'X + b'), where a, b, d’, b/’ are in
some field containing K, if and only if @ is a solution of the equation r(f)(T) =
T3 + 2pT? + (p*> — 41T — ¢> = 0.

(b) Show that f(X) in (a) is a product of two quadratic polynomials over K if and
only if

(%) g # 0 and the resolvent r(f) has a zero, which is a square in K or

(**) ¢ = 0 and the resolvent r(f) has two zeros, which are squares in K or § =
p? — 4ris a square in K.

Remark. The polynomial r(f)(T) = T? 4 2pT? + (p*> — 4r)T — ¢* is usually called
the resolvent of f(X) = X*+pX?+¢gX+rand, in fact, it is a resolvent in the general
sense of this notion in (15.2) (see Exercise 15.4). This exercise gives a somewhat
different method of solving quartic equations than the method described in Chap. 1
on p. 4: It is possible to factorize the polynomial f(X) by solving the cubic equation
r(f)(T) = O (this gives a,d’, b, b’). The zeros of f(X) are the zeros of the two
quadratic factors of f(X).

3.10. Show that over every field there exists infinitely many irreducible
polynomials.

3.11. Show that if a monic polynomial with rational coefficients divides a monic
polynomial with integer coefficients, then it also has integer coefficients.

Using Computers 3

Many program packages provide implementation of algorithms giving a way to
factorize polynomials over the rational numbers Q or over finite fields F,. In
Maple, it is possible to construct finite field extensions of Q@ and F, and to
factor polynomials over them, but we postpone our general discussion of field
extensions to the next chapter. The command factor (£ (X)) gives a way
to factor a polynomial f(X) € Q[X] over Q or to establish its irreducibility.
If we want to know the same over the real or complex numbers, we can use
factor (f (X),real), respectively factor (f (X),complex). The com-
mand irreduc (f (X)) gives true or false depending on whether f(X) is
irreducible or not over the field of rational numbers. The same over the real numbers
is achieved by irreduc (£ (X) , real).
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We use the command Factor (£ (X)) mod p, where f(X) is any polynomial
with integer coefficients, in order to factorize polynomials over a finite field F,.
Observe the usage of the capital letter F in the last command. For example,
>Factor (X*21+X+1) mod 2

X +X+X+ X+ DX+ X2+ X+ X+ X+ X+ 1)

The command Irreduc (f (X)) mod p tests whether f(X) is irreducible over the
finite field IF,. For example, the following command lists all quadratic irreducible
polynomials over the field Fs:
>for i from 0 to 4 do for j from 0 to 4 do

if Irreduc(x*2+ixx+j)mod5 = true then

print (x"2+i+x+j) fi od od

3.12. List all monic irreducible polynomials of degree less than 4 over the field F3.

3.13. Verify the results of Exercise 3.1(b), 3.4 and 3.8(c) using Maple.



Chapter 4
Algebraic Extensions

The purpose of this chapter is to describe a kind of field extension which is
commonly used in Galois theory. These are the algebraic extensions, that is, the
extensions K C L in which each element « € L is a zero of a nontrivial
polynomial with coefficients in K. We relate the elements of such extensions to
the corresponding polynomials and look at the structure of the simplest extensions
K(a) of K. We also introduce the notion of the degree of a field extension and prove
some of its properties. The notions introduced here and the theorems of this chapter
are very important and we will often refer to them in the book.

Let K C L be a field extension. We say that an element « € L is algebraic over K
if there is a nonzero polynomial f € K[X] such that f(«) = 0. If such a polynomial
does not exist, « is called transcendental over K. If « € C is algebraic over Q, then
we say that « is an algebraic number. A number o € C which is not algebraic is
called transcendental. If « € L is algebraic over K, then any nonzero polynomial
of the least possible degree among all the polynomials f € K[X] such that f(a) = 0
is called a minimal polynomial of o over K. The degree of f is called the degree
of o over K. In the first theorem of this chapter, we characterize all polynomials
having o as its zero and show, as a consequence, that there exists one polynomial
with this property, which is in a sense the best one—it is the minimal polynomial
of an algebraic element over K:

TA4.1. Leta € L D K be algebraic over K.

(a) Any minimal polynomial of a over K is irreducible and divides every polynomial
in K[X] which has « as its zero.

(b) An irreducible polynomial f € K[X] such that f(a) = 0 is a minimal polynomial
of a over K.

(c) All minimal polynomials of a over K can be obtained by multiplying one of them
by nonzero elements of K.

Using the last statement, we usually choose the minimal polynomial, which is the
unique minimal polynomial whose leading coefficient equals 1. The degree of any
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minimal polynomial of o over K is called the degree of o over K. An extension
K (o) of K is called simple and « is called its generator.

Every field L containing a given field K can be considered as a vector space over
K. By the degree [L : K], we mean the dimension of the linear space L over K. If this
dimension is not finite, we write [L : K] = co. Our next theorem gives a complete
description of the simple extensions of a given field K. The theorem shows that such
an extension K(«) of K has a finite dimension over K exactly when « is algebraic
over K.

T.4.2 Simple Extension Theorem. (a) If « € L D K is algebraic over K, then
each element in K(c) can be uniquely represented as by + bya + - -+ + b,—ja""!,
where b; € K and n is the degree of the minimal polynomial p(X) of a over K. Thus
[K(x) : K] =nandl,a,...,oa" " is a basis of K () over K.

(b)Ifa € L 2 K is transcendental over K, then K[| is isomorphic to the polynomial
ring K[X] by an isomorphism mapping X to «.

Notice that the first part of T.4.2 says that [K(«) : K] = deg(p), when « is
algebraic and p its minimal polynomial. The second part says that when « is not
algebraic, then the powers of « correspond to the powers of a variable X generating
a polynomial ring over K. This means that these powers are linearly independent
and the dimension of K(«) over K as a vector space is infinite. As we noted before,
in this book we are principally interested in algebraic extensions of fields.

The next theorem gives a relation between the degrees of consecutive finite field
extensions. It is very useful and we often refer to it as the “Tower Law”:

T4.3 Tower Law. Let K C L and L C M be finite field extensions. Then K C M
is a finite field extension and [M : K| = [M : L][L : K].

We meet many types of field extensions in this book. It is very important to
understand what all of the adjectives related to the extensions mean. In this chapter,
we have three types of extensions: An extension L 2 K is called algebraic if every
element in L is algebraic over K. It is called finite if the dimension of L over K
is finite (that is, [L : K] # o0). The extension L D K is finitely generated if
L =K(uy,...,a,), where o; € L, that is, there is a finite number of elements of L
which generate it over K (see the notation on p. 9). A relation between these three
notions is described by the following theorem:

Td4.4. A field extension L O K is finite if and only if it is algebraic and finitely
generated.

Very often it is interesting to know what happens to a property of field extensions
when an extension of some type is followed by one more extension of the same type.
From this point of view, Theorem T.4.3 says that if K C L is finite and L C M is
finite, then K € M is also finite. A similar transitivity property is true for algebraic
extensions. The next theorem states this property but it is formulated in a slightly
more general form suitable for an application in the last theorem of this chapter:

T4.5. If K C M C L are field extensions such that M is algebraic over K and o € L
is algebraic over M, then it is algebraic over K.
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Usually, the elements of a field extension L of a field K may be of both kinds—
algebraic or transcendental. In particular, in T.4.5, some elements of L may be
transcendental, but if they are algebraic over M, then they are algebraic over K. This
gives a way to prove a very important property of all elements in a field extension
which are algebraic over a ground field:

T.A4.6. IfL O K is a field extension, then all elements in L algebraic over K form a
field.

If L > K, then the field of all elements of L algebraic over K is called the
algebraic closure of K in L. If K = Q and L = C, then the field of algebraic
elements over Q will be denoted by A and called the field of algebraic numbers.
A field K is called algebraically closed if it does not posses algebraic extensions,
that is, for every field L O K, if @ € L is algebraic over K, then o € K. This means
that K is algebraically closed if and only if all irreducible polynomials over K are
of degree 1. The fields C and A are algebraically closed (see Exercise 13.14 for C
and Exercise 4.19 for A). The fact that C is algebraically closed is exactly what the
fundamental theorem of algebra says (see T.1.1).

Exercises 4

4.1. Which of the following numbers are algebraic?

(@ 1+ 2+ 3 (d) 7+ 1;
(b) V3 + V/3; () V7T + V2
© L3+ V2 0 T+ Je.

4.2. Show thatif f € K[X] is irreducible over K and L 2 K is a field extension such
that the degree of f and the degree [L : K] are relatively prime, then f is irreducible
over L.

4.3. Find the minimal polynomial and the degree of « over K when:

@K=Q a=vVV/3+1; ) K = Q(), « = V2
b K=Q a=+v2+V2 @K =Q(2), a =2
©K=Q & =1a#1; HK=Q, 0" =1, a #1,

p a prime number.

4.4. Find the degree and a basis of the following extensions L 2 K:

(@K =Q, L=Q(2, i); HK=Q, L=0Q(+2,+3,vV5);
b K =Q, L=Q(2,v3); (@ K =Q(3), L=Q(V1+ V3);
(©K=Q, L=0Q(G,V2); (h) K = Fy, L = Fs(a),

wherea* + o +1 =0;
(K =Q, L=Q(V2+2v4); (i) K = F3. L = F3(e),

where o> + a? +2 = 0;
(@ K =R(X + 5). L =R(X); () K =R(X*+ &), L =RX).
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4.5. Let K be a quadratic field extension of the rational numbers Q. Show that there
is a unique square-free integer d # 1 such that K = Q(+/d).

4.6. Show that a complex number z = a + bi is algebraic (over Q) if and only if a
and b are algebraic.

4.7. Show that the numbers sin 7z and cos rr are algebraic (over Q) if r is a rational
number.

4.8. Let L = Q(~/2). Find a, b, ¢ € Q such that x = a + b</2 + ¢~/4 when:

1 1 1+ 32
(@ x 7 (b) x =5 ©x T, I

4.9. Let L = Q(+/2,+/3).Finda,b,c,d € Q such thatx = a4+ b2 +c/3+d/6
when:

I 3 1 . B V2+ 43
V243 1+ V2+ V3 I+ V24 V3446

4.10. Let L = Fy(«), where a*4+a+1=0.Find a,b,c,d, € F, such that x =
a + ba + ca? + do® when:

(b)x

(@) x =

(©)x

(a)x = 1 bx=c’ @x=a @x= _ .
a’ ’ ’ o2 +a+1
4.11. (a) Show thatifa € K(X) ~K,a = %, where p, g € K[X] and ged(p, q) =

1, then [K(X) : K(®)] < n, where n = max(degp, deg q).
(b) Show that if @ € K(X) ~ K, then « is transcendental over K.
(c) Show that using the notation in (a), we have [K(X) : K(«)] = n.

Remark. A famous theorem of Liiroth! says that all subfields L of K(X) containing
K are of the form K(«), where & € K(X). The results of the exercise may be used
to prove Liiroth’s theorem (for a proof see [C], Theorem 2.4, p. 173 or [J], 8.14,
p- 522).

4.12. Let My, M, be two fields between K and L.

(a) Prove that if M; and M, are algebraic extensions of K, then M| M, is also an
algebraic extension of K.

(b) Prove thatif [M; : K] # oo and [M, : K] # oo, then [M1 M, : K] # oo.

(c) Show that if [M; : K] = r and [M, : K] = s, where ged(r,s) = 1, then
[M1M2 : K] =rsand M| "M, = K.

(d) Is there any “general” relation between [M; : K], [M, : K] and [M| M, : K]?

4.13. Prove Nagell’s lemmaZ: Let L D K be a field extension of prime degree g. If
f € K[X] has prime degree p and is irreducible over K, but reducible over L, then

q=Pp.

!Jacob Liiroth, 18 February 1844—14 September 1910.
2Trygve Nagell (Nagel), 13 July 1895-24 January 1988.
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Remark. We use Nagell’s lemma in Exercise 13.6 where, following Nagell, we
prove, in a very simple way, unsolvability in radicals of some quintic equations.

4.14. Show that if [K(e) : K] is odd, then K(a) = K(a?). Is it true that K (o) =
K(a?) implies that [K(«) : K] is odd?

4.15. (a) Show that if L is a field containing C and [L : C] # oo, then L = C.
(b) Show that if L is a field containing R and [L : R] # oo, then L = Ror L = C.

4.16. Is it true that for each divisor d of [L : K] there exists a field M between K
and L such that [M : K] = d?

4.17. Itis (well-)known that the numbers e and 7 are transcendental.’ It is (really)
not known whether e + 7 and enr are transcendental. Show that at least one of the
numbers e + 7 or exr must be transcendental.

4.18. (a) Let K C L be a field extension and let f(«) = 0, where a € L and f(X) is
a polynomial whose coefficients are algebraic over K. Prove that « is also algebraic
over K.

(b) Assume that the number « is algebraic. Prove that the following numbers are
also algebraic:

be? () va:  (by) V1 + Va.

4.19. Show that the algebraic closure of a field K in an algebraically closed field L
is also algebraically closed (for example, since A is the algebraic closure of Q in C,
it is algebraically closed—see Exercise 13.14).

Using Computers 4

Finite algebraic extensions of rational numbers QQ and of finite fields F, can be
constructed in Maple using the command Root Of like:
>alias(a = RootOf (X"2+1))

a

which defines the extension Q(i) with i denoted here by a. If a field K =
Q(a), where a is defined by RootOf (see p. 8), then we can both factorize a
polynomial g(X) over K by factor (g(X),a) or ask whether it is irreducible
using irreducible (g (X) ,a). For example, the polynomial X* + 1 over the
field Q(7) is factored by the command:

>factor (X"4+1,a)

X*—a)(X?® +a)

3For a proof of transcendence of these numbers see [L], Appendix 1.
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If we want to define a finite field as an extension of IF, for a prime number p, then
we use similar commands as above extended by mod p, for example:

>alias (b = RootOf (X"3+X+1mod2))

We have defined the field F,(b) (we use b if it is the same session in which we used
a above), whose degree is 8 over IF, (the polynomial X* 4+ X + 1 is irreducible over
F,) and we can make computations with it. For example:

>simplify (b"7) mod 2
1

which could be expected in the group of order 7 of all nonzero elements in the field
F,(b). It is possible to solve problems like Exercises 4.8, 4.9 or 4.10 finding, for
example, simplify (1/ (b"2+b+1)) mod 2 in the field F,(b).

In Maple, it is possible to find the minimal polynomial of an algebraic number over
@ and over finite algebraic extensions of it (even if these tools are far from being
perfect as yet) though the results of computations should be always checked. For

example, take @ = V14 /3. We guess that « has degree 6 over Q (one can try
with bigger values than the expected degree of the minimal polynomial but one has
to be cautious). We use the following commands:

>with (PolynomialTools)

>r:= evalf ((l+sqgrt(3))*(1/3))
1.397964868

>MinimalPolynomial (r, 6)

—2-2x3 + x°

One can check the irreducibility of this polynomial using factor (X*6-2
*X*3-2) (of course, the polynomial is irreducible by Eisenstein’s criterion) and to
check that « really is its zero:

>f:=X—>X"6-2xX"3-2

X—>X-2x3-2

>a:=(l+sqgrt(3))"(1/3)
>simplify (£ (a))

0

In general, we can find the minimal polynomial of @ over a finite extension K of Q
by finding such polynomial over Q and then factoring this polynomial over K. We
can check which of the factors has « as its zero. If we continue with o above and if
we want to get the minimal polynomial of this number over K = Q(~/3), then we
note easily that X3 — (1 + +/3) is a polynomial with coefficients in K of degree 3
having « as its zero. Since we already know that [Q(«) : Q] = 6 and [K : Q] = 2,



Using Computers 4 25

we have [Q(«) : K] = 3, which means that the polynomial X3 — (14 +/3) is minimal
for @ over K by T.4.2. In Maple, we can use the command:
>factor (X*6-2+X"3-2,sqrt (3))

X —1+V3)X+1+3)

which says that the two polynomials of degree 3 are irreducible (the second factor is
the minimal polynomial of «). Observe that instead of sqgrt (3) one could define
the field K using construction with RootOf.

Working in a field generated by algebraic numbers, it is possible to express the
elements of the field in terms of the elements of a basis using the command
rationalise, as the following example shows. We work in the field Q(\/g, \/7)
and we want express a number in this field in terms of the powers of the generators

NERVG]

>a:= sqrt(5); b := sqgrt(7)

=

5

D=

7

>expand (rationalize (1/ (a+b)))

—f+——1/19f 2/194/7+/5

4.20. Solve some of the Exercises 4.8, 4.9 or 4.10 using Maple.

4.21. Find the minimal polynomials of the following numbers o over the given
fields:

@a=v2++v2+1overQ; (©)a = 2+ 2+ 1over Q(v/2);
(b)ox = /2 + i over Q; (d)a:{‘/f—i—i—i—lover@(i).

4.22. Factorize the given polynomial f(X) € Q[X] into irreducible factors over
K = Q(a), where a is a zero of f(X):

@f(X) =X -2 ) f(X) = X°=3X>—1;
b)) f(X) =X° —5X + 12; (&) f(X) = X° +2X3 - 2;
©) f(X) = X° +3X3 + 3; OfX) =X +7X3+7X> 4+ 7X — 1.



Chapter 5
Splitting Fields

In this chapter, we consider field extensions which are defined by all zeros of a given
polynomial over a field containing its coefficients. Thus, if K is a field and f(X) is
a polynomial with coefficients in K, then we study the field generated over K by all
zeros of f(X). Such a field is called a splitting field of f(X) over K (see below for
its definition). Splitting fields of polynomials play a central role in Galois theory.
We study them still more in Chap. 7. It is intuitively clear that a splitting field of
a polynomial is a very natural object containing a lot of information about it. This
will be confirmed in the following chapters, in particular, when we come to the
main theorems of Galois theory in Chap.9 and to its applications in the following
chapters (e.g. in Chap. 13, where we study solvability of equations by radicals). As
an important example, we study in this chapter finite fields, which can be easily
described as splitting fields of very simple polynomials over the finite prime fields.
As another example, we consider the notion of an algebraic closure of a field K,
which is a minimal (in suitable sense) field extension of K, containing a splitting
field of every polynomial with coefficients in K.

If K is a field and f € K[X], then we say that L is a splitting field of f over K if f
has all its zeros in L and these zeros generate L over K, thatis, L = K(«y, ..., o),
where f(X) = a(X—ay) -+ (X—a,) and a € K. Sometimes, a splitting field of f over
K is denoted by K. If t : K — K’ is an embedding of the field X into a field X', that
is, T is a injective function such that 7(x 4+ y) = t(x) + t(y) and t(xy) = (x)t(y)
for x,y € K, then t can be extended to an embedding of the polynomial rings
7 : K[X] — K'[X] (denoted by the same letter): (£ (X)) = t(a,)X"+---+71(a)X+
t(ap) when f(X) = a,X" + --- + a1X + ao € K[X] (one can say that we apply 7 to
the coefficients of f(X)). Very often, we consider the case when t(K) = K’, that is,
the function 7 is an isomorphism of the fields K and K’.

Splitting fields are constructed using the theorem below, usually attributed to
Kronecker.' Kronecker’s Theorem says that for every polynomial with coefficients

'Leopold Kronecker, 7 December 1823-29 December 1891.
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in a field K, there exists a field extension of K in which the polynomial has a zero.
It gives the first step, which can be repeated using an inductive argument and leads
to a construction of splitting fields in the next theorem. Both Kronecker’s Theorem
and the general result about the existence and uniqueness of splitting fields are the
main results of this chapter and are used frequently in the rest of the book.

T.5.1 Kronecker’s Theorem. (a) If f is an irreducible polynomial over K, then
there exists a field L O K such that L = K(«) and f(o) = 0.

(b) If T : K — K’ is a field isomorphism, f an irreducible polynomial over K, L =
K(a), where f(e) = 0 and L' = K'(¢), where T(f)(@’) = 0, then there is an
isomorphism o : K(«) — K'(&') such that in the diagram:

K(a) —= K'(&)

|

KﬁK/

we have o(a) = o' and 0| = .

In particular, if K = K' and © = id, then o is an isomorphism over K (that is, the
isomorphism o maps each element in K to itself) of the two simple extensions of K
by two arbitrary roots of f(X) = 0.

Using Kronecker’s Theorem, it is not difficult to use induction in order to obtain
the following general result about splitting fields:

T.5.2. (a) Every polynomial f € K[X] has a splitting field over K.

(b) If T : K — K’ is an isomorphism of fields, L is a splitting field of a polynomial
f € K[X] and L’ is a splitting field of the polynomial T(f) € K'[X], then there exists
an isomorphismo : L — L

which extends t (that is, o|g = 7). In particular, if K = K’ and T = id, then two
splitting fields for f over K are K-isomorphic (that is, the isomorphism o maps each
element in K to itself).

Moreover, if f has no multiple zeros, then there are exactly [L : K] different
possibilities for o when T is given.

If f(X) is a polynomial with coefficients in a number field K, that is, a subfield
of the complex numbers C, then by the splitting field of f(X) over K, we mean the
splitting field generated over K by the zeros of f(X) in C.

As an illustration and application of Theorem T.5.2 about splitting fields, we
describe all finite fields. We have already met finite fields in Chap.2, where we
considered finite prime fields IF, defined for each prime number p. Here we show
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that the number of elements in a finite field is always a power of a prime number
and that such a field with p” elements is a splitting field of a polynomial X?" — X
over I,,. In the proof, we need a technical result which is very useful when we want
to decide whether a given polynomial has multiple zeros. It uses the notion of the
derivative of a polynomial. The definition is exactly as known from calculus, but is
given purely formally (without using the notion of limit).

Iff(X) = ao+ a1 X +---+a,X" € K[X], then we define the derivative /" of f as
the polynomial f'(X) = a; + 2a,X + - - - 4+ na,X"~'. Exactly as for the polynomials
in R[X], we have (fi + /) = f] +f; and (fif2)’ = fif> +fif;, which can be checked
by an uncomplicated computation (see Exercise 5.10). We will use the derivative in
order to determine whether a polynomial has multiple zeros.

T.5.3. A polynomial f € K[X] has no multiple zeros in any extension L 2 K if and
only if ged(f.f) = 1.

For the definition of the greatest common divisor of two polynomials, see p. 249
in the Appendix. Using the theorem above and the construction of splitting fields,
we have a description of all finite fields:

T.5.4. (a) The number of elements in a finite field is a power of a prime number.
(b) If p is a prime number and n > 1, then any splitting field of X*" — X over F,isa
finite field with p" elements.

(c) Two finite fields with the same number of elements are isomorphic. More
precisely, every finite field with p" elements is a splitting field of X" — X over F,.

Finite fields are often called Galois fields (in particular, in applications to coding
theory and cryptography), since Galois gave a construction of such fields for n >
1 in one of his papers published in 1830. A finite field with p" elements is often
denoted by GF(p") following E.H. Moore> who proved in 1893 that every such
field is isomorphic to a quotient F,[X]/(f(X)), where f(X) € F,[X] is irreducible of
degree n (see Exercise 5.6(a)). In this book, we use notation [F,» to denote a finite
field with p" elements.

In Chap.4 (see p. 21), we defined algebraically closed fields. Recall that a field
K is algebraically closed if all polynomials with coefficients in K split completely
already in K, that is, for every polynomial f(X) € K[X], we have f(X) = a,(X —
ay) - (X — ), where a,,a; € K (see p. 21). The field of all complex numbers
and the field of algebraic numbers have this property (see Exercise 13.14 for C and
Exercise 4.19 for A). By an algebraic closure of a field K, we mean a field K which
is algebraic over K and algebraically closed. This means that such a field K contains
a splitting field of every polynomial with coefficients in K. We have:

T.5.5. For every field K there exists an algebraic closure K and two algebraic
closures of the same field K are K-isomorphic.

2Eliakim Hastings Moore, 26 January 1862-30 December 1932.
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Exercises 5

5.1. Find the degree and a basis of the splitting field over K for f € K[X] when:
@K=Q.f=x-2)X*-5; (@©K=Qf=X"+1

b K=Qf=X -2 (O K =Q0).f =X -2
©K=Qf=Xx"-2 (@) K = Q). f = (X* =2)(X* = 3);
K=Q,f=Xx*+x2-1; (h) K = Q. f = X? — 1, p a prime number.
5.2. Decide whether the following pairs of fields are isomorphic:

@ QW2 and  Q(iv2);

® QWI1++v3) and  QW1-3);

© QW2 and  Q(V3).

5.3. Let L be a splitting field of a polynomial f(X) of degree n with coefficients in
afield K. Show that [L : K] < n!.

5.4. Write down a multiplication table for the elements of the finite field K if

(a) K =Fy(a), f(a) =0, where f(X) = X2 + X + I;
(b) K =Fs(a), f() =0, where f(X) = X> + X + 1;
(¢) K =Fi(a), f(a) = 0, where f(X) = X2 + 1.

5.5. Prove that a field with p" elements contains a field with p” elements if and only
if m|n.

5.6. (a) Letf(X) be an irreducible polynomial of degree n over a field IF,,. Show that
F,[X]/(f(X)) is a field with p" elements, which is isomorphic to a splitting field of
the polynomial X" — X and f(X) divides X*" — X.

(b) Let f(X) be an irreducible polynomial in F,[X]. Show that f(X)|X?" — X if and
only if deg(f(X))|n.

5.7. (a) Let v,(n) denote the number of irreducible polynomials of degree n in
F,[X]. Prove that

Zdvp(d) =p" and v,(n) = %Zpdu (g) ;

dln dln

where j1(n) is the Mébius function,’ that is, ;(n) = 0 if there is a prime number
p whose square divides 7, j1(n) = (—1)¥ if n is a product of k different primes, and
u(l) =1.

(b) Find the numbers v(n) for n = 1,...,10 (compare your result with Exer-
cise 3.2).

(c) Let g be a prime number. What is the number of irreducible polynomials of
degree g over IF,[X]? Do you associate the answer with a known theorem?

3 August Ferdinand Mébius, 17 November 1790-26 September 1868.
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Remark. In connection with this exercise, it may be interesting to look at Exer-
cise 5.18.

5.8. (a) Prove that a finite subgroup of the multiplicative group K* of a field K is
cyclic.

(b) Prove that if L O K are finite fields, then there is an element y € L such that
L =K(y).

5.9. (a) An irreducible polynomial f € F,[X] of degree n is called primitive if
f + X™—X when m < p". Prove that the number of primitive polynomials of degree
n is equal to %(p(p” — 1), where ¢ is Euler’s” function (p(n) equals the number of
0 < k < n such that gcd(k, n) = 1—for Euler’s function, see p. 279).

(b) Show that for every finite field F and for every n there exist irreducible
polynomials of degree n over F.

5.10. Show that (fg)' = f'g + f¢’ whenf, g € K[X].

5.11. (a) Let L be a splitting field of the polynomial X" — 1 over a field K. Show
that the zeros of this polynomial, that is, the n-th roots of unity, form a finite cyclic
group and that L = K(e), where ¢ is a generator of this group.

(b) Show that the number of the n-th roots of unity in a splitting field of X — 1 over
a field K is n if and only if the characteristic of K is O or it is relatively prime to n
(that is, does not divide n).

(c) Let L be a splitting field of a polynomial X" — a over a field K (¢ € K*). Show
that L = K (e, o), where ¢ generates the group of solutions of X — 1 = 0 in L and
« is any fixed solution of the equation X" —a = 0 in L. Show that all solutions of
X" —a = 0 are of the form no, where 7 are all different n-th roots of unity.

5.12. (a) Leta € K, where K is a field and let p be a prime number. Show that the
polynomial X — a is irreducible over K or has a zero in this field.

(b) Show that (a) is not true in general for binomials X" — a when »n is not a prime
number.

Remark. The result in (a) was first proved by Abel (see [Tsch], p. 287). A more
general result on reducibility of binomial polynomials X" — a is known as Capelli’s
Theorem® (see [Tsch], p- 294): The polynomial X" — a, where a € K (K of
characteristic 0), is reducible over K if and only if there is a prime p dividing n
and b € K suchthata = b” orn = 4 and a = —4b* (for a proof see [Tsch], IV
§2, or [Sch], Thm. 19, p. 92). A field extension L = K(«), where « is a zero of a
binomial polynomial f(X) = X" — a € K[X], will be called a simple radical.

5.13. The polynomial X* + 1 is irreducible over Q. Show that any reduction of
X* + 1 modulo any prime number p gives a reducible polynomial over F,,.

“Leonhard Euler, 15 April 170718 September 1783.
3 Alfredo Capelli, 5 August 1855-28 January 1910.
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5.14. Let K be an algebraic closure of a field K and let L be an extension of K
contained in K. Show that K is also an algebraic closure of L.

Using Computers 5

It is possible to construct a splitting field of a polynomial (of not too high degree)
using the command RootOf (see p. 8) and the command allvalues, which
gives values of all zeros of the polynomial whose zero is defined by the command
RootOf, for example:

>alias (a=RootOf (X"4-10+X"2+1))

>allvalues (a)
NIV RV SV N U Y SO
sfactor (X*4-10+«X"2+1,a)
(=X — 10a 4+ a®)(X — 10a + a*®)(X + a)(—X + a)

Thus the field K = Q(+/2 4 +/3) is a splitting field of f(X) = X* — 10X? + 1, since
it splits into linear factors when one of its zeros is adjoined to the field Q (in fact,
we have allvalues (a) [2] equal to V2 + /3, but all zeros give, of course, the
same field).

The command factor (£ (X), {a,b}) gives a way to check whether the exten-
sion by the chosen zeros of f(X) (here a,b) really gives a splitting field (in its
splitting field, the polynomial f(X) should split completely into linear factors).
Unfortunately, the command alias cannot be defined in terms of another alias,
which sometimes means that the output in terms of different RootOf expressions
is not easy to grasp. For example, we find that the splitting field of f(X) = X3 — 2 is
generated by two of its zeros (we choose a simple example in order to save space—
see Exercise 5.17):

>a:=RootOf (X*3-2)

RootOf (_Z* —2)
>factor (X*3-2,a)

—(=X + RootOf (_Z*> — 2))(X* 4 RootOf (_Z*> — 2)X + RootOf (_Z* — 2)?)
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>b:=RootOf (X" 2+axX+a”"2)
RootOf (_Z* + RootOf (_Z* —2)_Z + RootOf (_Z* — 2)%)
>factor (X*3-2, {a, b})
(=X + RootOf (_Z* + RootOf (_Z*> — 2)_Z + RootOf (_Z*> — 2)%))
(X + RootOf (_Z* + RootOf (_Z* —2)_Z + RootOf (_Z*> —2)*) + RootOf (_Z> —2))
(=X + RootOf (_Z* —2))

Using a, b the output is (=X + b)(X + a + b)(—X + a) (which is X3 — 2—use the
command simplify to obtain the product). It is easy to check that ¢ = /2 and
—1+iy/3

b = /2, where ¢ = —5-= is a 3rd root of unity.

5.15. Check using Maple that the fields you constructed in Exercise 5.1 really are
splitting fields of the given polynomials f.

5.16. Find the degree of the splitting field over the rational numbers for polynomials
f in Exercise 4.22.

5.17. Find the smallest number of zeros of the polynomial f(X) which generate its
splitting field over Q:

@ fX)=X-2; OFX) =X -5X+12, (©O©fX)=X—X+1.

5.18. Find all irreducible polynomials of degrees n = 5,6 over F, using Exer-
cise 5.6(b), that is, factorizing X*' — X.



Chapter 6
Automorphism Groups of Fields

In this chapter, we study automorphism groups of fields and introduce Galois
groups of finite field extensions. The term “Galois group” is often reserved for
automorphism groups of Galois field extensions, which we define and study later in
Chap. 9. The terminology which we use is very common and has several advantages
in textbooks (e.g. it is easier to formulate exercises). A central result of this chapter is
Artin’s’ Lemma, which is a key result in the modern presentation of Galois theory.
It was published in the first edition (from 1942) of Artin’s celebrated lectures on
Galois theory given at the University of Notre Dame (see [A]). Artin’s Lemma is
part of Theorem T.6.2, which is one of the most important results in this book.
In the exercises, we find Galois groups of many field extensions, and we use this
theorem for a great variety of problems on field extensions and their automorphism
groups.

Let L be a field. An automorphism of L is a bijective function o : L — L such
that

@ ox+y) =0 +o(y)
(b) o(xy) =o(x)o(y)

for arbitrary x,y € L. If L O K is a field extension, then an automorphismo : L — L
is called a K-automorphism if

(c) o(x) = x forevery x € K.
It is not difficult to check that:

T.6.1. All K-automorphisms of L form a group with respect to the composition of
automorphisms.

The group of all K-automorphisms of L is denoted by G(L/K) and called
the Galois group of L over K. If G is an arbitrary group which consists of

"Emil Artin, 3 March 1898-20 December 1962.
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automorphisms of L (e.g. G = G(L/K), where L 2 K), then we define
LS ={xeL:Vyes 0(x) =x}.

It is easy to check that LC is a subfield of L. It is called the fixed (sub)field of G (see
below T.6.2).

Sometimes, we want to construct some elements of the field L°. The two most
common constructions are given by the trace (denoted Trs) and the norm (denoted
Nrg) with respect to a finite group G-

Trg(a) = Zo(a), and Nrg(a) = l—[ o(®), (6.1)

oeG o€G

since clearly Trg(a), Nrg(a) € LY for o € L. Notice that Trg(a + B8) = Trg(er) +
Trg(B) and Nrg(ef) = Nrg()Nrg(B) for o, B € L. The norm and the trace are
often denoted by Tr; ;¢ and Nry /7.

T.6.2. If G is a group of automorphisms of L (finite or infinite ), then LC is a subfield
of Land [L : L°] = |G|.

Here |G| denotes the number of elements in G. If G is infinite, we use the notation
|G| = oo. Almost all exercises will focus on this important theorem, the part of
which claiming the inequality [L : LY] < |G| is often called Artin’s Lemma. The
theorem is a consequence of the following result:

T.6.3 Dedekind’s’ Lemma. Ifoy,0,, ..., 0, are different automorphisms of a field
L and the equality ay01(x) + ax02(x) + - -+ + a,0,(x) = 0, where a; € L, holds for
everyx € L, thena; =a = ... =a, = 0.

Dedekind’s Lemma can be also formulated as a statement saying that different
automorphisms of a field L are linearly independent over L (e.g. in the vector space
over L consisting of all functions f : L — L).

By the Galois group over K of an equation f(X) = 0 or the polynomial f(X),
where f(X) € K[X], we mean the Galois group of any splitting field K, over K.
Instead of the notation G(Ky/K), we sometimes use Gy (when K is clear from the
context) or G¢(K).

If K = K(ay,...,a,), where o, i = 1,...,n, are all zeros of f(X) = 0 and
o € G(Ky/K), then o(«;) is also a zero of f(X) = 0 (see Exercise 6.1), so the
Galois group G(Ky/K) acts on the set Xy = {oy,...,a,} of the zeros of f(X).
We write o(0;)) = o), that is, we use the same symbol o in order to denote
the permutation o : {1,...,n} — {1,...,n} of the indices 1,...,n of the zeros
of f(X) corresponding to o (that is, o(i) = j if and only if o(o;) = o). It is
an easy exercise (see Exercise 6.3) to show that the permutations o of 1,...,n
corresponding to the automorphisms in the Galois group G(K;/K) form a subgroup
of the symmetric group S, (this subgroup depends of course on the numbering

2Julius Wilhelm Richard Dedekind, 6 October 1831-12 February 1916.
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of the zeros of f(X) = 0). We shall sometimes denote any permutation group
corresponding to f(X) = 0 by Gal(K;/K) or Gal/(K). In fact, Galois worked
with his groups just in this way, considering them as permutation groups. We try
to write “Gal” when we consider the Galois group of a polynomial as a subgroup
of S,, where n is the degree of the polynomial. This notational distinction is not
standard and sometimes it is necessary to be flexible, considering the Galois group
both as permutations of the zeros of f(X) and as permutations of S, (in particular,
when theorems on permutation groups are applied to Galois groups considered as
permutation groups of the zeros). As regards the general terminology concerning
actions of groups on sets, see section “Group Actions on Sets” in Appendix.

Exercises 6

6.1. Let L D K be a field extension.

(a) Show that if « € Lis a zero of f € K[X] and 0 € G(L/K), then o () is also a
zero of f.

(b) Show that if L = K(«i,...,®,) and two automorphisms o, t € G(L/K) are
equal for every generator «; (that is, o (o;) = 7(«;) for each i), then 0 = 7 (that is,
o(a) = (o) forevery o € L).

6.2. Find the Galois groups G = G(L/K) for the following extensions L 2 K:
@L=Q(+2),.K=0Q (D L=Q(+2.v3), K=0Q;

b L=Q(+2), K =Q; (©) L =F2(X). K = F>(X*);
©L=0QW2),K=Q () L =Fs(X). K = Fs(x*).

6.3. (a) Show that any automorphism of any field restricts to the identity on its
prime field. In particular, the identity is the only automorphism of a prime field (that
is, Q or Fp).

(b) Let K be a finite field of characteristic p # 0. Show that o(x) = x”, x € K, is an
automorphism of K.

(c) Use (a) and (b) in order to prove Fermat’s Little Theorem®: If g is an integer
and p a prime number, then p divides @’ — a.

6.4. Show that the field of real numbers R has no nontrivial automorphisms.

6.5. Show that if [L : K] < oo, then the order of the Galois group G(L/K) divides
the degree [L : K].

6.6. (a) Show that if o is a K-automorphism of the field K (X), then o/(X) = 942,
where a, b, c,d € K and ad — bc # 0.

(b) Show that all functions on K (X) of the form defined in (a) form the group of all
automorphism of K(X) over K (the functions of this form are often called Mdbius
functions or Mébius transformations by analogy with the cases K = C).

3Pierre de Fermat, 17 August 1601-12 January 1665.
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(c) Show that the group of automorphism of K(X) over K is isomorphic to the
quotient of the matrix group GL,(K) of all nonsingular (2 x 2)-matrices by the
subgroup of scalar matrices al, where a € K, a # 0 and [ is the (2 x 2) identity
matrix.

6.7. Let G be the group of all [F;-automorphisms of L = F,(X) (see Exercise 6.6).
Find L°.

6.8. Let L = F5(X) and let G be the group of all automorphisms of L such that
0(X) = aX + b, where a,b € Fs and a # 0. Find LC.

6.9. (a) Let L = R(X,Y) and G = {01, 07}, where o is the identity and o is
defined by 02(X) = —X, 0»(Y) = Y. Find L.

(b) Prove with the help of (a) that if f(X,Y) € R(X,Y) is such that f(—X,Y) =
—f(X.Y), then [ f(sinx, cosx)dx = [ g(r)d for a function g € R(r) and = cosx.

6.10. (a) Let L = R(X,Y) and G = {01, 02}, where o is the identity and o, is
defined by 02(X) = —X, 0»(Y) = —Y. Find L.

(b)Letf(X,Y) € R(X,Y) and f(—X, —Y) = f(X,Y). Using (a) show how to express
the integral [ f(sinx, cosx)dx as an integral of a rational function.

6.11. Let L = Q(X,Y) and G = {0}, 02, 03, 04} be the group of automorphisms of
L defined by the table:

X Y
o3} X Y
oy | =X Y
03 X -Y
04 X -Y

Find L°.
6.12. Let L = Q(X) and G = (o), where o(X) = X + 1. Find L°.

6.13. (a) Let L = K(X,Y) and G =< 01,0, >, where o] is the identity and
02(X) =Y, 0»(Y) = X. Find LC.

(b) Let L = K(Xi,...,X,) and G = S, where for 0 € S,, 0(X;) = X,(;). Show
that L = K(sy,...,s,), where s; are the elementary symmetric polynomials of
Xi,ooo Xy, thatis, st = 3010, Xis 82 = 301 0ijen XiXps 83 = D01 <icjonan XiXiXes
N X1X2"'Xn.

6.14. Let K C L be a field extension and let G be an automorphism group L over
K. Show that if N is a normal subgroup of G, then the quotient group G/N is an
automorphism group of the field LY when (o N)(x) = o (x) for x € LY and any coset

oN, o € G. Moreover, we have (L )G/ H_ 6.

6.15. (a) Let L = C(X;,...,X,) and let H = (o) be a cyclic group of order m
such that o(X;) = &;X;, where ¢; for i = 1,...,n are m-th roots of unity and &
is a primitive root. Show that L = C(X}", X]"Xa, ..., X|"X,) for suitable positive
integers my, ..., m, < m.
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(b) Consider the following generalization of (a). Let G be an arbitrary finite abelian
group of automorphisms of L = C(X{, ..., X,) over C such that for every 0 € G and

every i = 1,...,n, we have 0(X;) = &,,X;, where &4, is an m-th root of unity for
some positive integer m. Show that there are ¥; € L such that L¢ = C(Yy,...,Y,)
andeach Y; (i = 1,...,n)is a product of suitable powers of X; G = 1,...,n).

Remark. Let L = K(Xi,...,X,) be the field of rational functions in n variables
over a field K, and M a subfield of L containing K such that the extension L 2O M is
finite. A general rationality question is whether there are elements Y;,...,Y, € L
such that M = K(Yy,...,Y,). A special case of this situation occurs when G is a
finite group of automorphisms of L over K and M = LY is the fixed field of G.
In the exercises above, we have seen several examples of this situation and the last
exercise shows that L6 = C(Yy,...,Y,) is the field of rational functions over the
complex numbers when the group G is abelian and acts as diagonal matrices on the
vector (X1, ..., X)) in the vector space V = CX| +- - -+ CX,,. In fact, this proves the
same property for any linear action o(X;) = ) a;X; on V of a finite abelian group
G, since for any finite abelian group there is a basis of V in which the action of all
the elements of G is diagonal (like in the exercise above)—see [F]. The result of
the last exercise was proved by E. Fischer* in 1913. Later, in 1918, Emmy Noether
asked whether L is a field of rational functions over K when G C S, is a group
of permutations of X;, that is, if o € G, then 0(X;) = X;(; (the permutation o is
a bijection on the set of indices {1,...,n}). This question, known as Noether’s’
problem, was solved by Emmy Noether for n = 2,3, 4 (for n = 1 the much more
general Liiroth’s theorem is true—see Exercise 4.11), but in 1969, it was proved by
Richard Swan that the field LY is not a field of rational functions when G is a cyclic
group of order 47 and K = Q (see [F]). For more information about rationality
questions in function fields, see the very nice survey [F].

6.16. Is it true that if [L : K;] # oo and [L : K3] # oo, then [L : K; N K] # oo,
where K, K, are subfields of the field L?

Using Computers 6

It is not reasonable to expect that there is a general procedure to find the auto-
morphism group of any given field extension L D K. In some cases, it is possible
to describe such a group using Exercise 6.1 when the extension is represented as

*Ernst Sigismund Fischer, 12 July 1875-14 November 1954.
SEmmy Noether, 23 March 1882-14 April 1935.
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L = K(o) and the minimal polynomial f(X) of o over K is given. Then each
automorphism is uniquely determined by the image of o and such an image is a
zero of the polynomial £(X) in L. For example, take K = Q(~/2). Then we define
>alias (a=RootOf (X*4-2))

>factor (X*4-2,a)

X —a)X +a)(X* +d°)
Thus f(X) = X* — 2 has two zeros a in K = Q(a), where a = ~/2 and there are
two automorphisms o (a) = a (the identity) and o (a) = —a.

Take f(X) = X> — 7X + 7 and define K = Q(a), where a is a zero of f(X). Thus:
>alias (a=RootOf (X"3-7X+7))

>factor (X"3-7X+7,a)
(—X — 14+ 4a + 3a>)(X — 14 + 5a + 3d*)(—X + a)
Thus the zeros of f(X) in K are a, —14 + 4a + 3a?, 14 — 5a — 3a® and there are three
automorphisms oy(a) = a,01(a) = —14 + 4a + 3a*>,05(a) = 14 — 5a — 3a>. We
can check that 012 (a) = o0y(a) (that s, 012 = 03, which is evident, since G(K/Q) =
{00, 01, 02} is a cyclic group of order 3). In Maple, this can be done in the following
way:
>0:=a — -14+4*a+3%a"2
a — —14 + 4a + 34
>simplify (o(o(a)))
14— 5a —3a’
Thus 0%(a) = 02(a).
Let us consider one more example. Let K = Q(i) and let f(X) = X* — 2, so that

L = K(¥/2) = Q(i, ~/2). We find all automorphisms of L over K defining:
>alias (c=RootOf (X*2+1))

>alias (d=RootOf (X*4-2))

c,d
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>factor (X*4-2,{c,d})

(X+cd) X+ cd)X+d)(—X +d)
Thus, we have four automorphisms of L = Q(i, v/2) over K = Q(i) given by

o(d) = +d, +cd, where ¢ = i,d = /2.

6.17. Find the orders of the groups G = G(K/Q) and find all automorphisms of
the field K when:

(@) K =Q(a),aisazeroof f(X) = X° —2X3—1;
(b) K = Q(a), ais a zero of f(X) = X® — 2X* + 4;
() K =Q(a),aisazeroof f(X) = X'2 — 10X° + 1.



Chapter 7
Normal Extensions

In this chapter, we look at the splitting fields of polynomials, emphasizing one very
important property of such fields. This property is contained in the definition of a
normal extension. An extension L 2 K is normal if every irreducible polynomial
f(X) € K[X] which has one zero in L has all its zeros in L (that is, L contains a
splitting field of f(X)). This definition works equally well for any field extensions
(also infinite), but we restrict our interests here to finite extensions and find that
normal extensions and splitting fields of polynomials form exactly the same class.
In the next chapter, we discuss so-called separable extensions, which will give the
last ingredient leading to our final goal—the Galois extensions (exactly those which
are both normal and separable).

T.7.1. A finite extension L O K is normal if and only if L is a splitting field of a
polynomial with coefficients in K.

For every finite field extension, it is possible to find a kind of minimal normal
extension containing it. Moreover, it is unique in a suitable sense. The definition is
as follows: N is called a normal closure of L © K if N D L is a field extension
such that N D K is normal and if N © N’ D L, where N’ is a normal extension of
K,then N' = N.

T.7.2. LetL = K(wy, ..., o) be a finite extension. Then a normal closure of L O K
is unique up to a K-isomorphism. More precisely, every normal closure of L © K is a
splitting field over K of f = fi - - - fu, where f; is the minimal polynomial of o; over K.

Exercises 7

7.1. Which of the following extensions L D K are normal?

(@) L=Q(v2), K=Q; (H L=Q(V2), K =Q(2);
(b)L=Q(2),K=Q; (@ L=Q2i,K=Q

(©L=Q(2,+/3), K=Q; (h) L =Q(X), K = Q(X%);
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@L=C,K=R; ()L = C(X), K = C(X%);
()L =Q(V2,i), K=Q; () L = F3(X), K = F3(X?).

7.2. Find a normal closure of the following field extensions L D K:

(@) L=Q(V2),K=Q; (@ L=0QX), K=0Q(X*;
(b)L=Q(2.v2). K =Q; ()L =Q(X), K = Q(x*):
(C)L:@(S)vgsz 175# vi:@; (DL:F3(X)7K:F3(X4)

7.3. Let L O M D K be field extensions.

(a) Let L O M and M D K be normal extensions. Is L O K normal?
(b) Let L O K be normal. Is L O M normal?
(c) Let L O K be normal. Is M O K normal?

7.4. (a) Let L O K be a normal extension and «, 8 € L two zeros of an irreducible
polynomial with coefficients in K. Show that there is an automorphism o € G(L/K)
such that o (o) = B.

(b) Show that if L is a finite normal extension of K and t : M — M’ is a K-
isomorphism of two subfields M and M’ of L both containing K, then there is an
automorphism o € G(L/K) whose restriction to M is equal to 7 (in particular, every
automorphism of M over K has an extension to an automorphism of L over K).

7.5. Let L O M D K be field extensions.

(a) Show that if M 2 K is normal and 0 € G(L/K), then oM = M.

(b) Show thatif L O K is normal, then M 2 K is normal if and only if oM = M for
each o € G(L/K).

7.6. Let L O K and M, M, be two fields between K and L. Prove that

(a) if My D K and M, D K are normal, then MM, O K and M| N M, O K are
normal;

(b) if M, D K is normal, then MM, D M, is normal.

7.7. Let L O K be a field extension and «, 8 € L. Show that if K(«) 2 K and
K(B) 2 K are normal extensions and K(x) N K(8) = K, then [K(«,B) : K] =
[K() : K][K(B) : K].

7.8. Let K C L be a normal extension and let f(X) be a monic polynomial
irreducible over K but reducible over L. Show that for every two monic irreducible
factors f;(X) and f;(X) of f(X) in L[X], there is an automorphism oj; : L — L such
that 0;;(fi(X)) = f;j(X) (o;; maps the coefficients of f;(X) onto the corresponding
coefficients of f;(X)). In particular, all irreducible factors of f(X) in L[X] have the
same degree.

7.9. An irreducible polynomial f € K[X] is called normal if a splitting field Ky
of f over K can be obtained by extending K by only one of the zeros of f, that is,
Ky = K(a), where f(a) = 0.

(a) Show that an irreducible polynomial f € K[X] is normal if and only if its splitting
field over K has degree equal to the degree of f(X).

(b) Show that the binomials X" — 2 over Q are not normal when n > 2.
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In the exercises below you can use the command galois (£ (X)), which gives the
Galois group of the polynomial f(X) over Q and the factorization of f(X) over the
extension of Q by a zero of f(X) using factor (£ (X) ,a).

7.10. For the given polynomial f(X) and its zero a find the degree over QQ of a
normal closure L of K = Q(a) and the minimal number of zeros of f(X) which
generate L over Q:

@ f(X) =X —2X> —1; (d) f(X) = X° +3X? + 3;
b fX) =X —X> + 1; @©fX)=X"-X+1;
©) f(X) =X 42Xx3—2; OFfX) =X +7X3+7X> +7X — 1.

7.11. Decide whether the polynomial f(X) is normal over Q (see Exercise 7.9):

(@ fX)=X>—X*—4X3 +3X2+3X - 1;

(b) f(X) =X° —5X + 12;

(¢) f(X) = X7 + X — 12X° — 7X* 4+ 28X> + 14X2 — 9X + I;
(d) f(X) = X8 —72X° + 180X* — 144X2 + 36 (see [D]).



Chapter 8
Separable Extensions

As we already noted in the previous chapter, our final goal is Galois extensions.
The last property of field extensions which we need is separability. This property
is rather common, for example, all extensions of fields of characteristic zero (thus,
in particular, all number fields) have this property. All finite extensions of finite
fields also have this property. This is a reason why there are sometimes “simplified
presentations” of Galois theory in which one studies only fields of characteristic
zero and finite fields. In that case it is not necessary to mention separability and
the theoretical background necessary for the main theorems of Galois theory is
more modest. We choose to discuss separability, since there are many branches
of mathematics in which non-separable field extensions are important. However,
in the sequel, those who wish to may disregard the word “separable”, accepting
that the results are formulated for fields of characteristic zero or finite fields. In
fact, Theorem T.8.1 says that all extensions of fields of characteristic O or algebraic
extensions of finite fields are separable. In this chapter, we characterize separable
extensions and prove a well-known “theorem on primitive elements” which says
that a finite separable extension can be generated over its ground field by only one
element. Since in this book the exercises not related to the theorem on primitive
elements are often of a theoretical nature, we choose to present them with more
detailed solutions (in order to not oversize the role of this chapter).

A polynomial f € K[X] is called separable over K if it has no multiple zeros (in
any extension L © K—see T.5.3). We say that € L © K is a separable element
over K if it is algebraic and its minimal polynomial over K is separable. We say
that L © K is a separable extension if every element of L is separable over K. A
field K is called perfect if every algebraic extension of it is separable (that is, every
irreducible polynomial in K[X] is separable).
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T.8.1. (a) All fields of characteristic 0 and all finite fields are perfect.
(b) If char (K) = p, then an irreducible polynomial f € K[X] is not separable if and
only if f' = 0, which is equivalent to f(X) = g(X?), where g € K[X].

We say that y € L is a primitive element (sometimes called a field primitive
element) of the extension L D K if L = K(y).

T.8.2 Primitive Element Theorem. If L = K(«y,...,®,), where «y,...,q, are
algebraic and all with at most one exception are separable over K, then there is a
primitive element of L over K. In particular, every finite separable extension has a
primitive element.

Recall from Chap. 4 that a field extension K C L is called simple if it has a (field)
primitive element, that is, there is a y € L such that L = K(y).

Exercises 8

8.1. (a) Show that [F5(X) is not separable over the field IF(X?).

(b) For every prime number p give an example of a non-separable extension of a
suitable field of characteristic p.

(c) Show that the field extension in (a) is normal.

8.2. Let K C L be a quadratic field extension. Show that L = K(a), where o?> =
a € K unless the characteristic of K is 2 and L is separable over K. Show that
then we have L = K(«), where o> = « + a for some a € K. Show that K C L
is not separable if and only if the characteristic of K is 2 and L = K(«), where

o’ =ack.

8.3. Let K be a field of finite characteristic p.

(a) Let € L O K, where L is a finite extension of K. Show that « is separable over
K if and only if K(o”) = K(@).

(b) Show that K C L is separable if and only if KL = L (see Exercise 2.12(c)).

(c) Show that K is perfect if and only if k¥ = K.

(d) Show that if L is an algebraically closed field and K its subfield such that [L :
K] < o0, then L is both separable and normal over K.

8.4. (a) Show that L = K(«y,...,®,) 2 K is separable if and only if the elements
oy, ..., o, of L are separable over K.

(b) Show that a normal closure of a finite separable extension L 2 K (see p. 43)is a
separable extension of K.

8.5. Let L D K be a field extension. Show that all elements & € L separable over K
form a subfield L; between K and L.

Remark. The degree [L; : K] is called the separable degree of L over K and is
denoted by [L : K] (if [L : K] < o0, then this means that [L : K], divides [L : K]
and [L: K], = [L : K] when L 2 K is separable).



Exercises 8 49

8.6. Let L D K and char (K) = p. Show that for each @ € L there exists an
exponent p” such that o is separable over K (that is, o e L, where L is defined
in Exercise 8.5).

8.7. (a) Let N D L D K, where N is a finite normal extension of K. Show that
the number of different restrictions o|;, where 0 € G(N/K) equals [L : K], (see
Exercise 8.5).

(b) Let K C L be a finite field extension and let N be an algebraically closed field
(see the definition on p. 21). Let ¢ : K — N be an embedding of fields. Show that
[L : K]y is equal to the number of different embeddings o : L — N whose restriction
to K equals t.

8.8. Let L be a finite extension of K and let L © M D K. Show that the extension
L D K is separable if and only if the extensions L © M and M D K are separable.

8.9. Let L be a finite extension of K and L O M D K. Show that [L : K], = [L :
M|s[M : K], (see Exercise 8.5).

8.10. Find a primitive element of L © K when:

@L=Q+2.43).kK=Q )L =R(X,Y), K =R(X*,Y?);

O L=QW2—i./34+i).K=Q; @©L=QX.Y), K=QX+Y,XY);
O©L=QW2++3.4/2+i4/3-i)K=0Q (OL=Q+2.v2.K=Q

8.11. Show thatif L = F»(X,Y), K = Fa (X2, Yz), then the extension L O K is not
simple, that is, one cannot find a y € L such that L = K(y).

8.12. (a)Let K C L = K(y) be a finite field extension and let M be a field such that
K € M C L. Show that M is generated over K by the coefficients of the minimal
polynomial of y over M.

(b) Show that a field extension L O K is simple and algebraic if and only if the
number of fields between K and L is finite.

8.13. Give an example of a finite extension L D K such that there are infinitely
many fields between K and L.

8.14. Let L 2 Q be a finite and normal extension of odd degree. Show that L C R.

8.15. Let K C L be an extension of finite fields.
(a) Show that L = K(y) for any generator of the cyclic group L* (see Exercise 5.8).
(b) Is it true that L = K(y) implies that y is a generator of the group L*?

Remark. Tt follows from (a) that any generator y of the cyclic group L* is a (field)
primitive element of the extension K € L. In the theory of finite fields, such
generators are also called primitive elements of this extension. In order to avoid
misunderstandings, we shall use the longer term group primitive elements (see
[R], p. 214).

(c)Let K = I3 and L = FF3.. Find the numbers of group primitive and field primitive
elements in L forn = 2, 3, 4.
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8.16. Let M, M, be two fields between K and L. Prove that if M; and M, are
separable extensions of K, then also MM, and M| N M, are separable extensions
of K.

Using Computers 8

The proof of T.8.2 is effective if the zeros of the minimal polynomials of &, 8 such
that L = K(«, ) are known (and K is infinite). Then it is possible to find ¢ € K
such that y = o+ ¢f is a primitive element of L over K (see the proof of T.8.2 on p.
122). Another possibility is to try to guess y and check that L = K(y) = K(«, B).
This can be done if we have the minimal polynomial of y and we are able to define
L, for example, using the command RootOf. For example, we want to check that
Q(~/2, 3/3) = Q(¥/2 + </5). In some way (say, using Maple), we find the minimal
polynomial of +/2 + ~/5, which is f(X) = X° —15X°—87X> —125. Then we define:
>f:=X->X"9-15X"6-87X"3-125

>alias (c=RootOf (£ (X))

We can define r:=+/2 4+ /5 and check simplify (£ (r)), which gives 0. We
can also check that c is just » comparing evalf (r) and evalf (c) (note that f
has only one real zero). Now we take

>factor (X*3-2,c)

1
~ 10125 (—225X? — 545X — 175Xc* + 10Xc” —209¢? — 130¢° + 7¢%) (45X — 109¢ — 35¢* + 2¢7)

which shows that +/2 = J5(109¢ + 35¢* — 2¢7) € Q(c) and similarly for /3. Thus

Q(3/2, /3) € Q(~/2 4 +/3), and the inverse inclusion is evident. But Maple can be
successfully used in a similar way in order to prove that other elements than those
chosen in the proof of T.8.2 are primitive.

8.17. Find a primitive element c of L © K when:

(@) K = Q,L = Q(«+/2, +/2) (see Exercise 8.10());  (c) K = Q(+/2), L = K(/3, /5);
M K=Q,L=Q(/3,5); (d) K = Q(+/2), L = K(</2, ¥2).



Chapter 9
Galois Extensions

Now we have all ingredients necessary to define Galois extensions. The main
theorems of Galois theory apply to this type of extension and are proved in this
chapter. In the exercises, we find many examples and many interesting properties of
Galois extensions.

A field extension L D K is called Galois if it is normal and separable.

T9.1. Let L D K be a finite field extension and G(L/K) its Galois group. Then the
following conditions are equivalent:

(@) L : K] = |GL/K)]:

(b) LO/K) = K

(c) There is a group G of K-automorphisms of L such that K = L° and then, G =
G(L/K):

(d) L 2 K is normal and separable;

(e) L is a splitting field of a separable polynomial over K.

If L O K is a field extension, F the set of all fields between K and L and G the
set of all subgroups of G(L/K), then we define two functions, which give what is
called the Galois correspondence:

f:G—>F and g:F—>G
in the following way:
fH)=L" ={xeL:Vyeno(x) = x}

and

8M) = G(L/M) = {o € G(L/K) : Vxemo (x) = x}.
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T.9.2 Fundamental Theorem of Galois Theory. [f L O K is a finite Galois
extension, then f and g are mutually inverse bijections between the set F of
all fields between K and L and the set G of all subgroups of G(L/K), that is,
fog=idr, gof = idg. Moreover, the functions f and g are inclusion-reversing,
that is, f(Hy) 2 f(Hy) if Hy C Hy, and g(M,) 2 g(M>) if M1 C M.

Sometimes both the last theorem and the following one are called the fundamen-
tal theorem of Galois theory:

T.9.3. Let L O K be a Galois extension and M a field between K and L.

(a) The extension L O M is a Galois extension.

(b) The extension M 2 K is a Galois extension if and only if G(L/M) is normal in
G(L/K). If this holds, then G(M/K) =~ G(L/K)/G(L/M).

Exercises 9

9.1. Which of the following extensions L 2 K are Galois?

(@K =Q, L=0Q(V2); () K = Q(X?). L =Q(X);
b)) K =Q, L =Q(V2); () K = F,(X?), L =F,(X),p aprime number;

©) K =Q(v2), L = Q(V2); (g) K = F2(X* + X), L = F2(X);
(d K = Q). L =Q(, v2); (h) K = R(X%), L = R(X).

9.2. Find all subgroups of the Galois group G(L/K) of the splitting field L of the
polynomial f as well as all corresponding subfields M between K and L when:
@K =Q.f(X) = (X* =2)(X* - 5); (@) K =Q(@).f(X) =X* =2

() K = Q.f(X) = (X* = )(X* —5); (K =Q.f(X) = X* - 5;
@©K=QfX)=X"-1; @K=Qf(X) =X"+X>-1;
K =Q.fX)=X"+1; K =Q@).f(X) =X~ L

9.3. (a) Let f(X) € K[X] be a polynomial of degree n over a field K and let K, =
K(ay,...,a,) be a splitting field of f(X) over K, where «; are all zeros of f(X) in
Ky. Show that the permutations o of the indices i of the zeros «; corresponding to
the automorphisms o € G(Ky/K) according to o (¢;;) = o4 (;y form a subgroup of S,,.
(b) Give a description of the Galois group G(Ky/K) as a permutation subgroup of
S, (n = degf) for every polynomial f(X) in Exercise 9.2.

9.4. (a) Let f(X) € K[X] be a separable polynomial and f(X) = fi(X) - - -fe (X) its
factorization in K[X] into a product of irreducible polynomials f;(X). Show that the
permutation group Gal(Ky/K) (with the notations as in Exercise 9.3(a)) consists of
permutations which have k orbits on the set {1, ..., n} (see p. 267).

(b) Show that the permutation group Gal(K;/K) in (a) is transitive (that is, for each
pairi,j € {1,...,n}, thereis a 0 € Gal(Ky/K) such that o (i) = j) if and only if the
polynomial f(X) is irreducible in K[X].

(c) Show that if the Galois group G(Ky/K) of a polynomial f(X) € K[X] has k orbits
in its action on the set Xy = {1, ..., o} of the zeros of f(X), then f(X) is a product
of k irreducible polynomials in K[X].
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9.5. Show that the extension L D K is Galois, find the Galois group G(L/K), all its
subgroups and the corresponding subfields between K and L when:

@K =Q.L=Q(v2,i); d) K =R(X* + 37), L = R(X);
MK =0Q,L=0Q(2,¢),e=1,¢e#1; (e) K=R(X?Y?),L=R(X,Y);
(©)K =Q,L=Q(2,i); (f) K = R(X2 + Y2, XY),L = R(X., Y).

9.6. Show that every quartic Galois extension of Q whose Galois group is the
Klein' four-group? V (that is, a group isomorphic to the group Z, x Z,) has the
form K = Q(+/d1, /d>), where d;, d, are nonequal square-free integers not equal
to 1.

9.7. Is it true that if L D M and M O K are Galois extensions, then L O K is a
Galois extension?

9.8. Let G be the automorphism group of the field [F3(X) consisting of all the
automorphisms X — aX + b, where a # 0 (see Exercise 6.8). Find all subgroups of
G and the corresponding subfields between the field F3(X)¢ and F3(X).

9.9. Let L O K be a Galois extension and M a field between K and L. Show that
[M : K] = |G(L/K)|/|G(L/M)|.

9.10. Let L O K be a Galois extension and M a field between K and L.

(a) Show that H(L/M) = {0 € G(L/K)|oc(M) = M} is a group and G(L/M) its
normal subgroup.

(b) Prove that the number of different fields between K and L which are K-
isomorphic to M equals

M- K] _ |GUL/K)]
IGM/K)| |H(L/M)|

(c) Show that M 2 K is Galois if and only if every automorphism ¢ € G(L/K)
restricted to M maps M onto M, that is, H(L/M) = G(L/M).

(d) Let N (G(L/M)) be the normaliser of the group G(L/M) in G(L/K) (the nor-
maliser is defined on p. 241). Show that H(L/M) = N(G(L/M)) and G(M/K) =
N(G(L/M))/G(L/M).

(e) Let 0 € G(L/M). Show that G(L/o(M)) = o G(L/M)o~".

9.11. Let L 2 K be a Galois extension with Galois group G(L/K) = {o1,...,0,}.
Leta € L and let G(L/K)w be the orbit of & under the action of G(L/K), that is, the
set of all different images o;(«) for 0; € G(L/K).Let G, = {0 € G(L/K) | o(at) =
a} = G(L/K(«)). Show that:

@ | GIL/K)a |= C = [K(0) : K;

IFelix Klein, 25 April 1849-22 June 1925.

2The smallest non-cyclic group was named “Viergruppe” by Felix Klein in 1884. It is usually
denoted by V or V4.
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(b) The minimal polynomial of o over K is

foc(X) - l_[ (X — O'Ol);
(€) Fy(X) = fo(X)I%! where (@) €G(L/K)a

Fo(X) = l_[ X —oa).

0E€G(L/K)

9.12. Let K C L be a Galois extension and H a subgroup of the Galois group
G(L/K).

(a) Show that Try : L — L is a surjective linear mapping (see (6.1)).

(b) Lety, ..., a, be abasis of L over K. Show that L = K(Try(ay), ..., Try(a,)).

9.13. Let L D K be finite fields and let |K| = g.

(a) Show that L D K is a Galois extension.

(b) Show that the Galois group G(L/K) is cyclic and generated by the automorphism
o(x) = x7 (called the Frobenius® automorphism of L over K).

(c) Express Nry/k(x) as a power of x for x € L and show that every element of X is
a norm of an element of L (see (6.1)).

9.14. Let L = F,(a), where « is a zero of the polynomial X* + X3 + 1 € F,[X].
Show that G(L/F,) contains exactly one subgroup H of order 2 and find 8 € L such
that L = F»(B8).

9.15. Let My © K and M, D K be finite Galois extensions and L a field, which
contains both M; and M,. Show that:

(a) MiM, 2 K and M| N M, D K are Galois extensions;

(b) GM M2/ M>) = G(My/(My N M>));

() GM M, /K) =~ G(M,/K) x G(M,/K) if M\ N M, = K.

(d) If there is an isomorphism of M| and M, over K (that is, there is an isomorphism
T : My — M, which is the identity on K), then the Galois groups G(L/M;)
and G(L/M,) are conjugate in G(L/K) (that is, there is a 0 € G(L/K) such that
G(L/M)) = 6G(L/M>)c™").

9.16. Construct a Galois extension L D Q whose Galois group is:

(a) C; (b) C3; (c) Cy;

(d) Cs; (&) Cax G () Cy x Cy;

(g) Cy x Cy x Cy; (h) C5 x C5; (i) D4 (the symmetry group of a square);
() Ss; (k) S4; D Ay.

Remark. The Inverse Galois Problem asks whether every finite group is (isomor-
phic to) the Galois group of some Galois extension of the rational numbers Q. This
problem is still unsolved even if for infinitely many finite groups G, it is possible

3Ferdinand Georg Frobenius, 26 October 1849-3 August 1917.



Exercises 9 55

to construct suitable Galois extensions K D Q having G as its Galois group. For
example, all abelian groups, and even all solvable groups (see Chap. 12) have this
property. Also the symmetric groups S, and alternating groups A, can be realized as
Galois groups over the rational numbers (see Exercises 13.4(c) and 15.11 for S,, and
[MM], 9.2 for A,,). Notice that every finite group can be realized as the group of all
automorphisms of a finite algebraic extension K O Q (see [FK]) when we do not
require that K is a Galois extension of Q.

More generally, the same problem can be formulated for other fields K and the
corresponding question is whether a given finite group can be realized as the Galois
group of a suitable field extension of K. This question has an answer in some
cases and remains open in many others (see the presentations of the inverse Galois
problem in e.g. [MM]). The inverse Galois problem is closely related to Noether’s
problem (see p. 39 and [F] for more information).

9.17. Assume that every symmetric group S,, where p is a prime number, is a
Galois group of a Galois extension over the rational numbers (this fact is proved in
Exercise 13.4(c)). Show that for every finite group G there exists a Galois extension
of number fields whose Galois group is isomorphic to G by embedding G in some
group S, (see A.8.3).

9.18. (a) Let p be a prime number and let ¢ be a primitive p-th root of unity (e.g.

e=er ) Show that K = Q(e) is a splitting field of X? — 1 and has degree p — 1
over Q. Show that the automorphisms of K are oy(¢) = &k, where 1 <k < p and
G(K/Q) is isomorphic to the cyclic group (Z/pZ)* when oy corresponds to k.

(b) Prove that every cyclic group is a Galois group of a Galois extension L 2 Q.

Remark. We discuss, in more detail, the field extensions of QQ by roots of unity in
Chap. 10 (in particular in T.10.1).

9.19. Isit true that L D M D K, where [L : K] < oo and |G(L/K)| = 1, implies
IGM/K)| = 17

9.20. Let L O K be a Galois extension and M;, M, two fields between K and L. Let
G(L/Ml) =H, G(L/Mz) = H,. Find G(L/Mle) and G(L/Ml n Mz).

9.21. Let L O K be a Galois extension with an abelian Galois group G(L/K). Let f
be the minimal polynomial of @ € L over K. Show that f is normal over K (that is,
f has all its zeros in K(«)—see Exercise 7.9).

9.22. Let K € L be a Galois extension and let N be a field containing L. Let M be
any field such that K € M C N.

(a) Show that LM > M is a Galois extension and the natural mapping of o0 €
G(LM /M) onto its restriction to L is an injection of G(LM /M) into G(L/K).

(b) Consider G(LM /M) as a subgroup of G(L/K) using the restriction in (a) and
show that LEEM/M) — [, N\ M (so [LM : M] = [L : L N M)).

(c) Show that G(LM /M) = G(L/K) if and only if LN M = K.

Remark. The property of Galois extensions given by (a) and (b) is often called the
theorem on natural irrationalities.
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9.23. Let K C L be a Galois extension of number fields and assume that K is a real
field, that is, K C R. Show that either L is also real or L contains a subfield M such
that [L : M] = 2 and M is real.

9.24. Let K € L be a Galois extension with Galois group G(L/K) = {o1,...,0,}.
Show that if @ € L has n different images o;(«), then L = K(«), that is, the element
« is primitive for the extension K C L.

9.25. Let K be a field of characteristic different from 2 and f(X) € K[X] be a
separable monic polynomial of degree n. Denote by «y,...,a, the zeros of the
polynomial f(X) in its splitting field L = K(o, ..., ®,) with (permutation) Galois
group Gal(L/K). Let A(f) = n15i<j5n(“i — @;)? be the discriminant of f(X)
(see A.10.2). (a) Show that A(f) € K.

(b) Show that K(4/A(f)) is the fixed field of the subgroup Galy(L/K) of Gal(L/K)
consisting of all even permutations, in particular, all permutations in Gal(L/K) are
even if and only if A(f) is a square in K.

9.26. (a) Let K be a field of characteristic p. Show that for any a € K, the
polynomial f(X) = X” — X + a has p zeros in K or no zeros in K.

(b) Let K be a field of characteristic p such that f(X) = X? — X + 1 has no zero in
K. Show that if « is a zero of f(X) in its splitting field L over K, then all other zeros
of this polynomial are ¢ + i fori = 1,...,p — 1 and L = K(). Deduce that L is a
Galois extension of K, f(X) is irreducible over K, [L : K] = p and that G(L/K) is a
cyclic group of order p (see also Exercise 11.8).

(c) Show that the polynomial X” — X + a has no zeros in IF, when a € IF, and a # 0.
(d) Apply (b) and (c) to the polynomial f(X) = X? — X 4 1 over the field IF, and
show that it is irreducible in F,[X].

Using Computers 9

If K C Lis a Galois field extension, then a description of its Galois group G(L/K)
is easiest if L is represented as a simple extension L = K(a) and the minimal poly-
nomial f(X) of a over K is known. Then it is possible to factorize f(X) over L (using
factor (£ (X),a) where a is defined by alias (a=RootOf (£ (X)) ) or the
corresponding commands Factor and alias (a=RootOf (£ (X) mod p))
for finite fields) and describe all automorphisms o of L over K sending a onto all
zeros of f(X) in L (which can be obtained from the factorization of f(X) over L).
If L = K(ay,...,0) for o; € L (in Maple it is easier to denote the zeros by, say,
ai), then as we know from T.7.2, the field L is a splitting field of the polynomial
f(X), which is the product of the minimal polynomials f;(X) of «;. In a particular
case when [L : K] = ]_[;;1 deg f;(X), every automorphism is uniquely given by a
mapping of every «; on a fixed zero of f;(X). If L is obtained in several steps as a
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splitting field of a polynomial f(X), then it is also possible to describe this field by
gradually adjoining its zeros as in the following example:
>a:=RootOf (X"4-2)

a := RootOf (_Z* —2)
>factor (X*4-2,a)
—(X? 4 RootOf (_Z* — 2)*)(X + RootOf (_Z* — 2))(—X + RootOf (_Z* — 2))

so Q(a) is not a splitting field. We continue and adjoin another zero:
>b := RootOf (X*2+RootOf ( z2"4-2)"2, a)

b := RootOf (_Z* + RootOf (_Z* — 2)*, RootOf (_Z* — 2))
>factor (X*4-2, {a, b})
(=X 4+ RootOf (_Z* —2)) (=X + RootOf (_Z* + RootOf (_Z* —2)?, RootOf (_Z* —2)))
(X 4+ RootOf (_Z? + RootOf (_Z* — 2)*, RootOf (_Z* — 2)))(X + RootOf (_Z* —2))

which using a, b can be rewritten as X* — 2 = (=X + a)(—X + b)(X + b)(X + a).
Thus Q(a, b) is a splitting field of X* — 2.

9.27. Describe the Galois groups of the polynomials in Exercise 7.11(a), (c), (d)
using a chosen zero generating the splitting field.

9.28. Show that the polynomials f(X) € Q[X] are normal, list all automorphisms
of their splitting fields K and describe the Galois groups when:

(@ fX)=X>-3X+1;
(b) fX) =X -X>+1;
(©) f(X) =X®+3X°+6X*+3X3+9X +09.

9.29. Find the orders of the Galois groups of the following polynomials and
determine the minimal number of zeros of each polynomial which generate its
splitting field over Q:

(@) f(X) = X° —5X + 12; ©fX)=X>—-X+1;

b)f(X) =X>+20X +16; (d)f(X) = X°> + 15X + 12.

9.30. (a) Construct an irreducible polynomial of degree 10 over F, by using
irreducible polynomials of degrees 2 and 5 whose splitting fields are subfields of
Fyio.

(b) Construct an irreducible polynomial of degree 21 by a similar method as in (a)
using irreducible polynomials of degrees 3 and 7 whose splitting fields are subfields
of Fzzl .
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Remark. It is easy to answer both (a) and (b) using a program like Maple, since
testing a few polynomials of degree 10 (in (a)) or 21 (in (b)) gives a way to
find irreducible polynomials (the probability that a random polynomial of degree
n over I, is irreducible is about 1/n—see Exercise 5.7). In fact, the polynomials
x'% 4+ x3 + 1 and x*' + x> 4 1 are irreducible, which means that their splitting
fields over I, are just 510 and [y, respectively. But the purpose of this exercise
is to construct irreducible polynomials using our knowledge of Galois theory (not a
random search). Nevertheless, when we present a solution in Chap. 19 (of a similar
problem instead of the problem above), we use a computer when the computations
are evident, but somewhat cumbersome.



Chapter 10
Cyclotomic Extensions

This chapter can be considered as an illustration of the general theory of Galois
extensions in a special case, which plays a central role in number theory. We
study field extensions, mostly of the rational numbers, generated by the roots of
unity. Even if such fields are simple to describe in purely algebraic terms, they are
amazingly rich as mathematical objects. We look at some of their properties, which
find different applications in number theory and algebra.

If ¢ € C is a primitive n-th root of unity, that is, & = 1 and &* # 1, when
0 < k < n (for example, ¢ = e ), then the field Q(e) is called the n-th cyclotomic
field.

T.10.1. (a) The degree [Q(¢) : Q] = @(n), where ¢ is a primitive n-th root of unity
and ¢ is Euler’s function.

(b) Each automorphism o in the Galois group G(Q(e)/Q) is given by oy (¢) = &,
where k € {1,...,n} and gcd(k,n) = 1. The mapping o — k (mod n) gives an
isomorphism G(Q(e)/Q) = (Z/nZ)*.

If K is an arbitrary field, then we can also study splitting fields of the polynomials
f(X) = X" — 1 over it. If K has characteristic p # 0 and p divides n, then X" — 1 =
(Xl% — 1), 50 X" — 1 and X7 — 1 have the same splitting fields. Thus, in order to
investigate the fields Ky, we can assume that the characteristic of K does not divide
n. We always assume this in the exercises below. A consequence of this assumption
is that the polynomial X" — 1 has n different zeros (its derivative nX"~! is relatively
prime to it—see T.5.3). Thus the group of all n-th roots of 1, that is, the group
of all solutions of the equation X" — 1 = 0 in K}, has order n and is cyclic (see
Exercise 5.8). The primitive n-th roots of unity over K are the generators of this
group. If € is one of them, then all others are given by &/, where 0 < j < n and
ged(j,n) = 1 (see A.2.2). Thus the number of such generators is the value of Euler’s
function ¢(n) (for the definition of Euler’s function, see p. 279).
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The n-th cyclotomic polynomial over K is the polynomial

(X)) = [] x—eH,

O0<k<n,
ged(kn)=1

where ¢ is any generator of the group of n-th roots of unity in Kp,. If K = Q, then
@, k(X) is usually denoted by @,(X).

T.10.2. Let K be a field whose characteristic does not divide n.
(a) We have:

X'—1=[]PaxX) and Sx(x)=]]x*—1HD,
dn dln

where [ denotes the Mobius function (see section “Some Arithmetical Functions”
in Appendix and Exercise 5.7).
(b) The cyclotomic polynomials ®, k(x) are monic and their coefficients are integer
multiples of the identity (that is, the element 1) of K.
(c) All irreducible factors of @, x(x) are of the same degree.
(@ IfK = Q, then @,(X) = @, q(x) is irreducible over Q.

A Galois field extension K C L is called an abelian extension if its Galois group
G(L/K) is abelian. Cyclotomic field extensions are examples of abelian extensions.

Exercises 10

10.1. Find the cyclotomic polynomials @,(X) forn =1,2,...,10.

10.2. The kernel r(n) of an integer n > 1 is the product of all different prime
numbers dividing n. Prove the following:

(a) Dp(X) = XP~! 4 ... 4+ X + 1, where p is a prime;

(b) @(X) = Dy (X7 ) when n > 1;

(©) Ppu(X) = D,(X?)/ P, (X), where p is a prime not dividing n.

Explain how to use (a)—(c) in order to compute the cyclotomic polynomials @, (X).
Compute @,y(X) and @¢5(X).

10.3. Prove the following identities:

(a) @,(X) = Pp(X7), where k is any divisor of n such that r(k) = r(n) (see the
definition of r(k) in Exercise 10.2);

(b) If r, s are relatively prime positive integers, then

@,5(X) = [ [(@sx) @,

d|r
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where p denotes the Mobius function (see section “Some Arithmetical Functions”
in Appendix).

10.4. Show that @,,,(X) = &,,(—X), when m > 1 is an odd integer.

10.5. Let m, n be two relatively prime positive integers.

(a) Show that Q(&,n) = Q(e,)Q(e,) and Q(e) N Q(en) = Q.

(b) Show that @, (X) is irreducible over Q(e,).

(c) What can be said about Q(e,,)Q(e,) and Q(e,,) N Q(e,) when m, n are not
necessarily relatively prime?

10.6. Find 7 such that Q(n) is the maximal real subfield of the n-th cyclotomic field
Q(e,) (n > 2) and show that [Q(e,) : Q(n)] = 2.

10.7. Let K = Q(s,) be p-th cyclotomic field, where p is a prime number.
According to T.10.1, the group G(K/Q) is isomorphic to (Z/pZ)* and cyclic of
order p — 1 (see Exercise 9.18).

(a) Show that for each divisor d of p — 1 there exists exactly one M C K such that
M:Q] =d.

(b) Let 0 € G(K/Q) = (Z/pZ)* generate this Galois group and let o(g,) = &
where g generates the cyclic group (Z/pZ)*. Show that if d is a divisor of p — 1 and
p—1=dm,then G; = {0°,0™,...,0@"D"} is the (unique) subgroup of G(K/Q)
of order d and K% = Q(6,), where

04 = e+ 0"(gp) + -+ + 0TI (g,).
Remark. The elements 6, for d dividing p — 1 are called Gaussian periods. Notice
that 6, = ¢,.

10.8. Find all quadratic subfields (that is, K with [K : Q] = 2) in the following
cyclotomic fields:

(@) Q(eg);  (B)Qles); () Q(er).

10.9. Using Gaussian periods (see Exercise 10.6) find the description of all
subfields of the cyclotomic fields K = Q(g),) for:

@p=5 O®p=7 ©p=1T7

In each case, explicitly find the corresponding Gaussian periods.

10.10. Letp > 2 be a prime. Show that the only quadratic subfield M of K = Q(¢,)
isM=Q(/p)ifp=1 (mod 4) and M = Q(,/—p) if p =3 (mod 4).

Remark. The result shows that quadratic fields Q (\/ (—=1)r=b/ zp) (p an odd prime

number) are subfields of cyclotomic fields. This is true for all quadratic fields, and
in still more generality, for all finite abelian Galois extensions of Q. In fact, the
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Kronecker—Weber! theorem says that every finite abelian extension of the rational
numbers Q is a subfield of a cyclotomic field (see [K], p. 200).

10.11. Find and factorize the cyclotomic polynomials:

(al) @75,(X);  (a2) Pigw, (X);  (a3) Pasr; (X).

(b) Show that the orders of irreducible factors of @, , (X) are equal to the order of
pinthe group Z; if p } n.

10.12. (a) Let d, n be positive integers and d | n, d < n. Show that if a prime p
divides @,(x) and @, (x) for an integer x, then p | n.

(b) Show that if a prime p divides @,(x) for an integer x, thenp | norp = 1
(mod n).

(¢) Show that @;(0) = —1 and &,(0) = 1 whenn > 1.

(d) Let n be a positive integer. Show that there exists infinitely many primes p with
p =1 (mod n).

Remark. This is a special case of the famous Dirichlet’s> Theorem about primes
in arithmetic progressions, which says that in any arithmetical progression ak + b,
where a, b are relatively prime integers and k = 1,2, ..., there are infinitely prime
numbers. The last part of this exercise says that there exists infinitely many primes
in the progression nk 4+ 1 (a = n,b = 1). For a proof of Dirichlet’s Theorem in its
general version, see [S2], Chap. VI. We apply this case of Dirichlet’s Theorem in the
proof of inverse Galois problem (over Q) for abelian groups (see Exercise 10.13).

10.13. (a) Prove that for any finite abelian group there is a positive integer n and a
surjective homomorphism ¢ : (Z/nZ)* — G.

(b) Show that every finite abelian group G is a Galois group G(K/Q) for a number
field K (see the Remark after Exercise 9.16).

10.14. (a) Let L be a splitting field of a polynomial X" — a (a € K,a # 0) over
a field K whose characteristic does not divide n (see Exercise 5.11). Show that the
Galois group G(L/K) contains a normal subgroup H isomorphic to a subgroup of
Zy such that the quotient G(L/K)/H is isomorphic to a subgroup of Z}. What is the
maximal possible order of G(L/K)?

(b) Show that the Galois group G(L/K) in (a) is isomorphic to a subgroup of the

group of matrices (g ]19), where a € Z), b € Z, (a subgroup of the group GL,(Z,)

of all invertible (2 x 2)-matrices over the ring Z,).

(c) Give a description of the Galois groups over QQ of the irreducible binomials
X? — a, where a € Q and p is a prime number.

(d) Give a description of the Galois group of the binomial 7" — X over C(X).

'Heinrich Martin Weber, 5 May 1842-17 May 1913.
2Johann Peter Gustav Lejeune Dirichlet, 13 February 1805-5 May 1859.
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10.15. Lete; = et fork=1,2,....

(a) Show that the group of all roots of unity in K = Q(g,,) is &, k
when m is even or :ts’,‘n, k=1,...,m whenmis odd.

(b) Show that Q(e,,) = Q(g,), where n > m, if and only if n = m orn = 2m and m
is odd.

(c) Show that Q(e,,) € Q(e,) if and only if m | n or m is even, n is odd and 3 | n.

1,...,m,

10.16. Find the orders of the Galois groups of the following binomials over the

field Q:
(@ X*+1; (b) X* —3; (©) X° + 3; (d) X6 —3;
(e) X° + 4; X+ 1; (2) X% +2; (h) X8 — 2.

Using Computers 10

It is not difficult to compute the cyclotomic polynomials over the rational numbers,
but if Maple is available, we get @, o(X) using the command cyclotomic (n, %)
preceded by with (numtheory), which loads several other commands related to
number theory. Below, we suggest some numerical experiments.

10.17. Look at the coefficients of the cyclotomic polynomials @, q(X) and find
the first n for which there is a coefficient of cyclotomic (n, x) whose absolute
value is bigger than 1. What could be an explanation that such a coefficient finally
appears?

10.18. (a) Study the orders of the Galois groups of irreducible binomials X® — a for
some set of integer values of a. What can be said about the orders of this group for
all possible values of a?

(b) Do the same for binomials X’ — a, X® —a and X° — a.

Remark. For general results on the splitting fields of binomials, see [GV].



Chapter 11
Galois Modules

This chapter, like the preceding one, is also intended to illustrate the main theorems
of Galois theory in Chap.9. It has a little more theoretical character as we
discuss some general notions and prove three important theorems having several
applications in algebra and number theory. All of these theorems are related in one
way or another to the Galois field extensions K € L. The Galois group G = G(L/K)
acts on the elements of LT (the additive group of L) or L* (the multiplicative group
of L) making them into modules over G (see the definition below) and it is just the
structure of these modules over G which is essential in all three of these theorems.
The first, on the existence of so-called normal bases, is about especially nice bases of
L over K and is related to a property of L™ as a module over G. The second, called
Hilbert’s Theorem 90, is related to both LT and L* as G-modules, but it is best
known for the second structure. This theorem has many applications and we look
at some of them in the exercises. One such application is the third theorem in this
chapter, in which we discuss so-called Kummer extensions (see below). A particular
case of such extensions are cyclic extensions, that is, Galois extensions K € L
with cyclic Galois group G = G(L/K). If the field K contains sufficiently many
roots of unity, then Hilbert’s Theorem 90 says how to describe such an extension.
Hilbert’s Theorem 90 may be considered in the context of so-called cohomology
groups (defined for G-modules), which we mention very shortly. This chapter needs
some more notions, which are presented in the Appendix. In the following chapters,
we only use T.11.3.

If G is an arbitrary group and A an abelian group, then A is called a G-module if
toeverya € Aand o € G corresponds an element o (a) € A in such a way thato (a+
b) = o(a) + o(b), (60’)(a) = 0(c'(a)) and e(a) = a (a,b € A, 0,0’ € G, eis the
identity in G). If K C L is a Galois extension with G = G(L/K), then both L* and
L* can be considered as G-modules, where the action G is given by (o, x) > o (x)
foro € Gand x € Lt orx € L* (L™ the additive group of L, L* the multiplicative
group of L). These two G-modules play a very important role in many applications
of Galois theory in algebra, number theory and algebraic geometry. For the general
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terminology concerning G-modules and more examples see section “Modules Over
Rings” in Appendix (in particular A.6.4). We explain there the notion of the group
ring K[G] of a finite group G = {01 = 1,02, ...,0,} over a field (or a commutative
ring) K, whose elements are sums a;07 + a0, + -+ + a,0,, where a; € K. Any
G-module A can be considered as a module over this ring and conversely (for details,
see A.6.4).

The first result of this chapter is the normal basis theorem (NBT), which
explains the structure of L as a G(L/K)-module when K C L is a Galois extension.
It says that L contains elements whose images by all elements in the Galois group
form a basis of L over K. The second result, Hilbert’s! Theorem 90 (which has
number 90 in Hilbert’s treatise on algebraic number theory published in 1895) gives
information about the multiplicative group of L as a G(L/K)-module. Hilbert’s
Theorem 90 is closely related to so-called Noether’s equations, which showed the
way to the general definitions of the cohomology groups and found a natural place
in their context. Hilbert’s Theorem 90 has many applications. We shall apply it to
the abelian Kummer? theory, which is concerned with an important class of Galois
extensions whose elementary description follows a pattern that is typical in the much
deeper Class Field Theory—a fundamental part of the algebraic number theory of
abelian Galois extensions.

T.11.1 Normal Basis Theorem. Let K C L be a Galois extension and G(L/K) =

{o1 = 1,02, ...,0,} its Galois group. Then the following properties of the extension
K C L hold and are equivalent:
(a) There exists an a € L such that o1(c), 02(®), ..., 0,() is a basis of L over K.

(b) LT is a cyclic K[G]-module, that is, there is an a € L such that LY = K[G]a for
some o € L.

Any basis 0 () = o, 02(), . . ., 0, () of L over K is called normal. An element
o defining such a basis as well as its minimal polynomial are also called normal.?
Thus the last theorem says that every finite Galois extension has a normal basis.

T.11.2 Hilbert’s Theorem 90. Let L O K be a cyclic extension of degree n and
let o be a generator of the Galois group G = G(L/K). If a € L, then

(a) Nrg(a) = 1 if and only if there is a B € L such that « = %ﬂ) (multiplicative
version);

(b) Trg(a) = 0 if and only if there is a B € L such that « = B — o(B) (additive
version).

'David Hilbert, 23 January 1862—14 February 1943.
2Ernst Eduard Kummer, 29 January 1810-14 May 1893.

3This creates a conflict with the historically older use of the notion of a normal polynomial, which
we introduced in Exercise 7.9. Usually it is possible to easily recognize which notion is being
discussed.
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One of the applications of Hilbert’s Theorem 90 (in the multiplicative version (a))
is a description of cyclic extensions over a field which contains sufficiently many
roots of unity:

T.11.3. Let K be a field containing n different n-th roots of unity. If L is a cyclic
extension of K of degree n, then there exists an o € L such that L = K(«) and
a" € K.

The assumption that K contains n different roots of unity says that n is not
divisible by the characteristic of K (see Exercise 5.11(b)). For the case when the
characteristic of K divides the degree of a cyclic extension, see Exercise 11.8.

Remark 11.1. The last result T.11.3 is often called Lagrange’s Theorem. It was
proved by Lagrange about one century earlier than Hilbert’s Theorem 90. It is
possible to use Hilbert’s result in its proof, which gives a simplification of the
argument, so Lagrange’s Theorem is often considered as a corollary of Hilbert’s
Theorem 90. The simplification is obtained when one notes that Nr(e) = ¢" =1,
so that there exists an @ € L such that ¢ = ﬁ by T.11.2 (a). However, it is useful
to define o explicitly for practical reasons (even if this could be deduced from the
proof of Hilbert’s Theorem 90)—see Exercise 11.6.

Remark 11.2. Hilbert’s Theorem 90 is a specialization to cyclic groups of a more
general result on cohomology groups. If G is a group and A is a G-module, then
the first cohomology group H' (G, A) is the group of functions (with respect to the
usual addition of functions) f : G — A such that f(c¢’) = f(0) + o(f(0")), called
1-cycles modulo 1-boundaries, which are 1-cocyles of the form: f(0) = a — o (a)
for some a € A. In multiplicative notation, the 1-cocyles are f : G — A such that
f(oo’) = f(0)o(f(c")) and the 1-boundaries f(6) = % for some a € A.

o(a)

If we write f(0) = «,, then we recognize that in the proofs of T.11.2, we
consider 1-cocycles f : G — K* (T.11.2(a)) and f : G — KT (T.11.2(b)) with
suitable choices of «. The conditions defining a 1-cocyle asor = 0;0(0ty) are

often called Noether’s equations and Hilbert’s theorem 90 can be considered as
a statement about solutions of these equations.

Using the notion of the first cohomology group, the statements of Hilbert’s
Theorem 90 are simply the claims that H'(G, K*) and H'(G, K™) are trivial (every
1-cocyle is 1-coboundary). In fact, the same arguments as those given in the proof
of T.11.2 show that for any finite automorphism group G of K these two groups
are trivial. The cohomology groups H"(G, A) are defined in a natural way for all
integers n and the groups H"(G, K1) are trivial for all n > 0, while H"(G, K*) are
very interesting groups related to the field K.

As an illustration and application of some of the results in this chapter, we shall
consider a class of field extensions which are splitting fields of arbitrary families of
binomials X™ — a where a € K and m is fixed. We exclude the case a = 1, that
is, the case of cyclotomic fields, considered in Chap. 10, assuming that the field K
contains m different m-th roots of unity. This theory is known as (abelian) Kummer
theory. Notice that the condition concerning roots of unity simply says that the
ground field K has characteristic O or its characteristic is relatively prime to m (see
Exercise 5.11(b)).
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The exponent of any group G is the least positive integer m such that ™ = 1 for
all 0 € G. A Galois extension K C L is said to be of exponent m if the exponent
of its Galois group divides m (notice a difference between the exponent of a group
and the exponent of a Galois extension). A Galois extension K € L of exponent m
is called a Kummer extension if it is abelian (that is, its Galois group is abelian)
and the field K contains m different m-th roots of unity. The simplest example is a
splitting field of a polynomial X" — a over such a field K. It is L = K(«), where o
is any fixed zero of this polynomial (see Exercise 5.11). The Galois group G(L/K)
is abelian and 6™ = 1 for every automorphism o0 € G(L/K) (see Exercise 9.22).
A zero a of X™ — a will be denoted by %/a. Even if this symbol may denote any
of the m different zeros na, where 7 is an m-th root of unity, the field K( 2/a) is
uniquely defined, since the factor n belongs to K. We denote by K*” the subgroup
of the multiplicative group K* = K \ {0} consisting of all m-th powers of nonzero
elements in K.

The fundamental facts about Kummer extensions of exponent m are contained in
the following theorem:

T.11.4. Let K be a field containing m different m-th roots of 1.

(a) If K C L is a Kummer extension of exponent m, then every subextension of fields
M C N, where K C M C N C L, is also a Kummer extension.

(b) All Kummer extensions of K of exponent m are exactly the splitting fields of sets
of binomial polynomials X™ — a for some a € K. In particular, all finite Kummer
extensions of K are L = K(%/ay, ..., %/a,) for some elements ay, ... ,a, € K.

(c) There is a one-to-one correspondence between the isomorphism classes of finite
Kummer extensions of K of exponent m and the subgroups A of K* containing K*™
such that the index [A : K*"] is finite. In this correspondence, to a Kummer extension
L of K corresponds the subgroup A of K* consisting of all a € K such that a = a™
for some a € L, and to a subgroup A of K* corresponds any splitting field over K of
all binomials X" — a for a € A. Moreover,

|G(L/K)| =[L: K] =[A: K™ (11.1)

Exercises 11

11.1. Construct a normal basis for each of the following field extensions:

(a) Q(i) over Q; ©) Qe), &> =1,& # 1 over Q;
(b) Q(v/2, 4/3) over Q; (d) Fa(y), y* + 2+ 1 =0 over .

11.2. (a) Show that in a quadratic Galois extension K C L an element o € L is
normal if and only if & & K and Tr(a) # 0 (see (6.1)).

(b) Show that in a cubic Galois extension K C L, where K is a real number field, an
element o € L is normal if and only if ¢ ¢ K and Tr(«) # 0.
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11.3. (a) Let K C L be a Galois extension and let « € L be a normal element. Show
that L = K(«), that is, a normal element is field primitive. Is the converse true?

(b) Let K < L be finite fields. Is it true that the group primitive elements (that
is, the generators of the cyclic group L*) are normal? Is the converse true? (see
Exercise 8.15).

11.4. (a) Let X,Y,Z be a Pythagorean triple, that is, an integer solution of the
equation X?> + Y?> = Z? with positive and relatively prime X, Y, Z. Consider the
complex number « = x + yi € Q(i), where x = X/Z and y = Y/Z and notice
that Nr(or) = 1 in Q(7). Use this observation together with Hilbert’s Theorem 90 in
order to find a formula for X, Y, Z.

(b) Find in a similar way a formula for integer solutions of the equation X + 2¥?
=27

11.5. (a) Let K be a field containing n different n-th roots of unity. Using Kummer
theory (T.11.4) show that if X" — a and X" — b are irreducible polynomials in K[X],
then K (/a) = K(/b) if and only if there is an r such that 0 < r < n, ged(r, n) = 1
and ba™" € K*".

(b) Give a description of all quadratic extensions of the rational numbers Q using (a).

11.6. (a) Show that E = Q(+/—3) is the smallest number field containing the 3rd
roots of unity, and show that for every cubic Galois extension L of E there is an

a € E such that L = E(3/a). Show also that one can always choose o € Z]¢],
where ¢ = Hzﬂ, that is, « = a + be, a,b € 7Z (that is, o is an Eisenstein
integer—see p. 246).

(b) Show that there is a one-to-one correspondence between cyclic cubic extensions
K D Q and the cyclic cubic extensions L = EK of E such that L D Q is Galois with
cyclic Galois group Zg.

(c) Show that a cubic extension L = E(J/a) of E (¢ € E) is a Galois extension
of Q if and only if Nr(a) = a@ € Q*3 or aNr(a) € Q*3. In the first case, the
Galois group G(L/Q) is the cyclic group Zs, and in the second, it is the symmetric
group S3.

(d) Show that @ = ff2, where f € Z[¢] satisfies the condition Nr(«) = aa € Q*?
in (c). Show that Q(y), where y = Y& + v/, is a cubic Galois extension of Q
and find the minimal polynomial of y over Q. Give a few examples of cyclic cubic

extensions K D Q.

11.7. (a) Let E = Q(i). Show that for every cyclic quartic Galois extension L of
E there is an & € E such that L = E({/a). Show also that one can always choose
a € Z[i], that is, « = a + bi, a, b € 7Z (that is, « is a Gaussian integer).

(b) Show that there is a one-to-one correspondence between pairs of cyclic quartic
extensions K; O Q, K, D Q, where K; is real and K is nonreal, such that EK; =
EK;, and the cyclic quartic extensions L of E such that L D Q is Galois with Galois
group Zp X Zq.

(c) Show that a quartic extension L = E(/) of E (a € E) is a Galois extension of
Q if and only if Nr(e) = a@ € Q** or «®Nr(a) € Q**. In the first case the Galois
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group G(L/Q) is the group Z, x Z4, and in the second, it is the dihedral group Dy
(the symmetry group of a square—see A.2.4).

(d) Show that = ff3g? where f € Z[i], f = k + li,k,| € Z and g € Q*, satisfies
the condition Nr(«) = aa € Q** from (c). Show that Q(y), where y = Yo + va,
Yaya = Nr(f)|gl, is a cyclic quartic extension of Q (real if g > 0, nonreal if
g < 0) and find the minimal polynomial of y over Q.

(e) Show that a quartic Galois extension of QQ has cyclic Galois group Cy if and

only if there are nonzero integers k, /, m such that K = Q (\/ m(A + k«/Z)) , A=

k> + 2 and ~/A ¢ Q. Show also that M = Q(~/A) is the only quadratic subfield of
K. Give a few examples of cyclic quartic extensions K O Q and show that the fields
K| and K; in (b) correspond to the triples (k, [, m) and (k, [, —m).

Remark. This exercise and the previous one can be seen in a broader context: to
describe all Galois extensions of a field (here the rational numbers) with given
Galois group (the cyclic group C; of order 3 in Exercise 11.6 and the cyclic group Cy4
of order 4 in this exercise). In general, the idea is that the cyclic Galois extensions
of degree n over Q are easier to handle when they are “lifted” to a bigger field
E = Q(¢), where ¢ is a primitive n-th root of unity. Over this bigger field, we have
Lagrange’s Theorem T.11.3, which gives a precise description of cyclic extensions.
When we have such a description, we hope to “go back” (“descend”) to get a
description of the extensions over Q. The methods used in these two exercises are
examples of a very general procedure, which is usually studied in the context of
Galois cohomology. There are several books on the subject with the first (and one
of the best) by J.-P. Serre [S1]. In the very general frame of Galois cohomology,
one has a Galois extension K C E and one wants to study some kind of objects
over K (in our case, the Galois field extensions K C L with a cyclic Galois group of
order n). One takes a fixed object over K, which one wants to study, and one looks
at all objects of the same type which become isomorphic when “lifted” to E. In our
case, the lifting means the fields LE and L'E which became isomorphic (here an
isomorphism means equality) over E. We use the extensions K C E C LE in order
to “descend” to all extensions K C L' for which L'E becomes isomorphic (here
equal) to LE over E.

A general procedure to handle such situations goes through suitable cohomology
groups (see the definition of H'(G,A) in Remark 11.2). The set of all extensions
K C L' which become isomorphic to the given extension K C L after lifting to
E (that is, LE and L'E are E-isomorphic) is in a one-to-one correspondence with
the elements of the cohomology group H' (G, A), where in our case G = G(E/K)
and A = G(L/K). For the details, see, e.g. [S1], Chap.IIl, Prop. 1. The group
A = G(L/K) is considered as a module over G = G(E/K) (see the beginning
of this chapter for definitions). In the present case this structure is trivial, that is,
oa = aforo € G and a € A. Hence, the cohomology group H'(G, A) defined in
Remark 11.2 for G = G(E/Q) = C; and A = G(K/Q) = C4 (C;5 in Exercise 11.6)
with the trivial action of G on A is equal to H'(G,A) = Hom(C5, C,) (all group
homomorphism from C, to C4 in the present exercise), since the 1-cocyles are
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simply homomorphisms of G into A, and the 1-coboundaries are trivial (any 1-
coboundary maps G onto the identity in A). But we have exactly two different
homomorphisms of C, into Cy (the trivial one, and the embedding sending the
element of order 2 in C, onto the element of order 2 in C4). This means that there are
exactly two non-isomorphic cyclic extensions of (Q which become isomorphic (here
equal) over E = Q(i). In Exercise 11.6, we have a similar situation, but H'(G,A) =
Hom(C3, C3), which only has the trivial element (the trivial homomorphism). This
explains why there is a one-to-one correspondence between cubic Galois extensions
of @ and cubic Galois extensions of E = Q(g). An easy description of such
extensions over E is the key to a description of all cubic (or quartic when E = Q(i))
cyclic extensions over Q.

11.8. Let K be a field of prime characteristic p and let L be a Galois field extension
of K of degree p. Show that L = K (&), where « is a zero of a polynomial X¥ —X —a
for some a € K (compare Exercise 9.26).

Remark. The polynomial X? —X —a over a field K of characteristic p is often called
an Artin-Schreier* polynomial, and K C L is called an Artin-Schreier extension.
The description of cyclic Galois extensions of degree p given in the exercise above
is called the Artin—Schreier theorem. Such extensions play an important role, for
example, in Kummer theory and in the study of radical extensions over fields of
characteristic p (see Chap. 13 for characteristic 0).

11.9. Let K C L be afinite field extension and L an algebraically closed field. Show
that [L : K] = 2.

Remark. This is a part of the Artin—-Schreier Theorem, which says that not only an
algebraically closed field of finite degree > 1 over its subfield must have degree 2,
but also that K must be a real field (that is, —1 is not a sum of squares in K), which
is really closed (that is, there is no bigger real field containing it) and L = K(i),
where i = —1 (see [L], Chap. VI, Thm. 6.4). The best known example of such an
extensionis R C C.

Using Computers 11

11.10. Use Exercise 11.6, respectively Exercise 11.7, in order to write Maple pro-
cedures which list cubic, respectively quartic, polynomials with integer coefficients
whose Galois groups are cyclic of order 3, respectively 4.

40tto Schreier, 3 March 1901-2 June 1929.



Chapter 12
Solvable Groups

As preparation for the next chapter, in which we discuss solvability of equations by
radicals, we need some knowledge about solvable groups. In this chapter, we define
solvable groups, discuss several examples of such groups and prove those of their
properties which we shall apply in the next chapter.

A group G is called solvable if there exists a chain of groups:

G=GyD>G  D...0G, = {e}

such that G;4+; is normal in G; and the quotients G;/G;y+; are abelian for i =
0,1,...,n—1.

TA2.1. (a) If G is solvable and H is a subgroup of G, then H is solvable.

(b) If N is a normal subgroup of G and G is solvable, then the quotient group G/N
is solvable.

(¢) If N is a solvable normal subgroup of G such that the quotient group G/N is
solvable, then G is solvable.

We look at several examples of solvable and some non-solvable groups in the
exercises below. In particular, we look at solvable and non-solvable subgroups of
the permutation groups. By the symmetric group S,, we mean the group of all
bijective functions on a set X with n elements. Usually, we choose X = {1,2,...,n},
but sometimes other choices are more suitable (see section “Permutations” in
Appendix). The following result is usually used in the proof that among algebraic
equations of degree at least 5, there are equations not solvable by radicals:

T.A2.2. The symmetric group S, is not solvable when n > 5.
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Exercises 12

12.1. Show that the following groups are solvable:

(a) Every abelian group;

(b) The symmetric group S3 (this may be considered as the group of all symme-
tries of an equilateral triangle—see section “Transitive Subgroups of Permutation
Groups” in Appendix);

(c) The symmetric group S4 (this may be considered as the group of all symmetries
of aregular tetrahedron—see section “Transitive Subgroups of Permutation Groups”
in Appendix);

(d) The dihedral group D, (the group of all symmetries of a regular polygon with n
sides forn = 3,4, ...—see A.2.4);

(e) The group H*(Z) of quaternion units %1, i, &j, +k, where i* = j> = —1,ij =
k and ji = —ij (this group is called the quaternion group and is often denoted by

03).

Remark. According to the famous Feit-Thompson Theorem (proved by Walter Feit
and John G. Thompson in 1962 and conjectured by William Burnside' in 1911),
every finite group of odd order is solvable. As a rather long exercise, one can prove
that every group of order less than 60 is solvable. The smallest non-solvable group
is the group A5 (of order 60) of all even permutations of numbers 1,2,3,4,5 (see
Exercise 12.2).

12.2. The aim of this exercise is to show that every alternating group A,, where
n > 5, is not solvable (for the definition of A,, see p. 265).

(a) Let G be a subgroup of the group A,, where n > 5, and N a normal subgroup
of G such that G/N is abelian. Show that if G contains every cycle (a, b, ¢), then N
also contains every such cycle.

(b) Deduce from (a) that the group A,,, for n > 5, is not solvable.

(c) Why are the symmetric groups S,,, n > 5, not solvable?

12.3. Show that a group G is solvable if and only if there exists a chain of groups:
G=GyD>G;D...0G,={e}

such that G;1, is normal in G; and the quotient group G;/G;, is cyclic of prime
orderfori =0,1,...,n—1.

12.4. Denote by G, the set of all functions ¢, : Z/nZ — Z/nZ, where ¢, (x) =
ax+ b,a,b € Z/nZ,a € (Z/nZ)*, and by 7T, all translations ¢; ,(x) = x + b.

(a) Show that the functions ¢,;(x) are bijections on the set {0,1,...,n — 1}
and as such can be considered as permutations belonging to the group S, of all
permutations of this set (with n elements).

'William Burnside, 2 July 1852-21 August 1927.
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(b) Show that G, is a subgroup of S, of order n¢(n), where ¢(n) is Euler’s function
(for the definition of Euler’s function, see p. 279).

(c) Define @ : G, — (Z/nZ)* such that @(¢,,) = a. Show that @ is a surjective
group homomorphism whose kernel is 7,,. Show that G, is solvable.

(d) Let p be a prime number. Show that G, is transitive on the set {0,1,...,p — 1}
and that every @, € Gy, @ap # @10, has at most one fixed point x € Z/pZ.

(e) If p is a prime number prove that G, has exactly one subgroup of order p—
the subgroup 7, consisting of all translations ¢;5, b = 0,1,...,p — 1, which is
generated by ¢ ;. Show that 7, contains all elements of order p in G,,.

(f) Show that G, is isomorphic to the group consisting of the matrices

ab

01/}’
where a € (Z/nZ)*, b € Z/nZ with respect to matrix multiplication. Notice that
the determinant:

det: G, — (Z/nZ)*

is a surjective group homomorphism (in (c) this was denoted by @) and that its
kernel is the subgroup isomorphic to 7, consisting of matrices with a = 1. Check
that the group G, acts on the set of the column vectors [x, 1], x € Z/nZ (that is, maps
by matrix multiplication a vector of this type to a vector of the same type) and, when
n = pis a prime, every matrix has at most one fixed vector [x, 1]* (compare to (d)).

Remark. The subgroup of G, (n > 2) consisting of matrices with a = =+1 is
isomorphic to the dihedral group D,—see A.2.4.

12.5. Let G be a transitive subgroup of the symmetric group S, on a set X with p
elements. Show that the following conditions are equivalent:

(a) G is solvable.

(b) Each non-identity element of G fixes at most one element of X.

(c) The group G is conjugate to a subgroup of G, containing 7, (for the notation, see
Exercise 12.4).

In order to show (a)—(c) prove the following two facts:

(d) The order of any transitive group G on a set X with p elements is divisible by p;
(e) If H is a subgroup of a transitive group G on a set X with p elements, then H is
also transitive on X or every element of H acts as the identity on X.

12.6. Show that every p-group, that is, a group whose order is a power of a prime,
is solvable.

Remark. A famous result proved by William Burnside in 1904 says that if the
order of a finite group is divisible by at most two prime numbers, then the group
is solvable.



Chapter 13
Solvability of Equations

In this chapter, we apply Galois theory to the classical problem of unsolvability by
radicals of general polynomial equations of degree at least 5. We restrict to the fields
of characteristic zero even if it is possible to prove corresponding results in arbitrary
characteristic. Such a theory needs some technical reformulations of the notions to
the case of radical extensions of fields of prime characteristic. On the other hand,
if one has the more modest goal of proving that the fifth degree general equation
over a number field is unsolvable by radicals, then there exists a very simple proof
given by Nagell, which needs only very limited knowledge on field extensions
and no knowledge of Galois theory (see Exercise 13.6). The questions related to
the unsolvability by radicals of polynomial equations gave birth to Galois theory.
Now they are mostly of historical value, while Galois theory as such is essential
in many parts of mathematics and its different generalizations have developed into
very important theories with many applications.

In this chapter, we prove the main theorem about polynomial equations solvable
by radicals, that is, we show that equations solvable by radicals are characterized
by the solvability of their Galois groups. We use this result in order to prove
that the general equation of degree at least 5 is not solvable by radicals. Finally,
we discuss the case of irreducible equations of degree 3 with 3 real zeros when
Cardano’s formula cannot avoid complex numbers in the algebraic expressions of
the zeros, even though the coefficients of the equation are real. This so-called “Casus
irreducibilis” played an important role in the history of algebraic equations. The last
theorem in this chapter gives an explanation of this phenomenon.

Throughout this chapter, we assume that all fields have characteristic 0. A field
extension L O K is called radical if there is a chain of fields

K=KyCK C...CK,=L (13.1)

such that K; = K;—i(«;), where «;' € K;— and r; are positive integers for i =
1,...,n, that is, each K; is a simple radical extension (see p. 31) of the preceding



78 13 Solvability of Equations

field K;—;. We say that an equation f(X) = 0, f € K[X], is solvable by radicals over
K if a splitting field K of f(X) over K is contained in a radical extension L 2 K. In
general, we say that an extension K C L is solvable (by radicals) if L is a subfield
of a radical extension of K (so f(X) = 0 is solvable by radicals over K says that K;
is a solvable extension of K). We say that an equation f(X) = 0, f € K[X], where
K is a subfield of the real numbers R, is solvable by real radicals if a splitting field
of f(X) over K is contained in a radical extension L 2 K such that L C R.

T.13.1. If char (K) = O, then an equation f(X) = 0, f € K[X], is solvable by
radicals if and only if the Galois group of f over K is solvable.
The general equation of degree n over K is

JOO) =[]X=X) =X"—s1 X" + X" 4+ 4 (=1)'s, = 0,

i=1

where s; denote the elementary symmetric functions of X;, X», ..., X, thatis, s; =
ZXL’, Sy = ZXiX», ooy =X X0 X,

T.13.2. The Galois group over K(s1, 2, ..., Sy) of the general equation f(X) = 0
of n-th degree is S,, so f(X) = 0 is not solvable by radicals when n > 5.

This result is a consequence of T.13.1, taking into account that the symmetric
groups S, are not solvable for n > 5 (see Exercise 12.2). It is not difficult to construct
a rational polynomial f(X) of degree 5 having the symmetric group S5 as its Galois
group. According to the same result, such an equation f(X) = 0 is not solvable by
radicals (see several exercises below).

Another famous result is concerned with a surprising phenomenon related to
irreducible (rational) cubic polynomials (and also, similar polynomials of higher
degrees)—even if such a polynomial has real coefficients and 3 real zeros, the
formulae expressing these zeros (like Cardano’s formula (1.5) in Chap. 1) cannot
contain only real radicals. This follows from the following fact:

T.13.3 Casus Irreducibilis. Let f(X) be an irreducible polynomial having 3 real
zeros and coefficients in a real number field K. Then the equation f(X) = 0 is not
solvable by real radicals over the field K.

Exercises 13

13.1. Show that L D Q is a radical extension when:
@L=QW1++3); ®L=QW1-5VvV2+3).

13.2. Argue that the following equations are solvable by radicals over Q (without
solving them):
(a) X* —4X2 —21 = 0; (b) X6 —2X3 -2 =0.
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13.3. Show that in the definition of an equation solvable by radicals, we can always
assume that in the chain (13.1) the degrees r; of the consecutive extensions K;—; C
K; are prime numbers.

13.4. Let p be a prime number and K a real number field.

(a) Prove Weber’s theorem: If f € K[X] is an irreducible polynomial of degree p
with p — 2 real and 2 complex nonreal zeros, then its Galois group is S,,.

(b) Show that the equation X° — p?X — p = 0, p a prime number, is not solvable by
radicals over Q.

(c) Show that the polynomial f(X) = (X2 +4)(X—2)(X—4)---(X=2(p—2))—2is
irreducible and has exactly p — 2 real zeros (hence its Galois group is S, according

to (a)).

Remark. Probably the simplest example of a polynomial over Q with Galois group
Sp (n > 1)is X" —X —1. This is proved in a paper by H. Osada in J. Number Theory
25(1987), 230-238.

13.5. For every n > 5 give an example of a polynomial equation f(X) = 0 over Q
whose degree is n and which is not solvable by radicals.

13.6. The aim of this exercise is a direct proof (using only the definition of
solvability by radicals, but without Galois theory and the relation between solvable
equations and solvable groups) that any polynomial equation f(X) = 0, where
f(X) € Q[X] is irreducible and has 3 real and 2 nonreal (conjugate) complex roots,
is not solvable by radicals over Q. Let f(X) be such a polynomial and assume that
there is a chain of fields

Q=KCKiC...CK, =L

such that K; = K;—;(«;), where ozir " € K;_1, the exponents r; are prime numbers (see
Exercise 13.3) fori = 1,...,n—1 and the splitting field of f(X) over Q is contained
in L. Of course, the polynomial f(X) has a factorization over K, = L. Choose the
least i < n such that f(X) is irreducible in K;—; but reducible in K;. In the exercise,
we want to show that this is impossible, that is, f(X) must still be irreducible over
K;. This contradiction shows that f(X) = 0 cannot be solvable by radicals.

(a) Using Nagell’s lemma (see Exercise 4.13) show that [K; : K;—;] = 5, where
Ki = Ki (o), o) = a; € Ki_y.

(b) Show that f(X) is irreducible over K;.

13.7. Show that every equation f(X) = 0 of degree deg(f) < 4, where f € K[X], is
solvable by radicals.

13.8. Show that the equation f(X) = 0 is solvable in radicals over K if and only if
the equation f(X") = 0 is solvable by radicals over K (n a positive integer).
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13.9. Prove Galois’ theorem: An irreducible polynomial equation of prime degree
p over a number field is solvable by radicals if and only if its splitting field is
generated by any two of its zeros:

(a) Let f(X) be an irreducible polynomial of degree p over a number field K and let
L be its splitting field over K. Show that L is generated by two of the zeros of f(X)
if and only if each nontrivial automorphism in G(L/K) has at most one fixed point
as a permutation of the zeros of f(X). Show that the group G(L/K) is transitive (see
Exercise 6.2);

(b) Prove Galois’ theorem by regarding G(L/K) as a subgroup of S, (see p. 36) and
using Exercise 12.5.

13.10. Let f(X) € K[X] be an irreducible polynomial of prime degree p > 2 over
a real number field K (that is, K C R). Using Galois’ theorem from Exercise 13.9
show that if the equation f(X) = 0 is solvable by radicals, then f(X) has exactly one
or p real zeros. Notice that this result gives an alternative solution of Exercise 13.4.

13.11. Let f(X) be an irreducible polynomial of degree 5 over the rational numbers
and A(f) its discriminant (see A.10.2).

(a) Show that if A(f) < 0, then the equation f(X) = 0 is not solvable by radicals.'
(b) Show that there are both solvable and unsolvable equations f(X) = 0 over K
with A(f) > 0.

13.12. Show that the general cubic equation f(X) = X3 — 5;X? + 55X —s3 = 0
over the field K = Q(e, s1, 52, 53), where &3 = 1,& # 1, is solvable by radicals by
constructing a suitable chain of fields (13.1) between Ky = K and L = K (X1, X3, X»)
1 =X1 + X+ X3, =X1Xo + X0 X3 + X3X)1, 53 = X1 X0X3).

13.13. Show that if an equation f(X) = 0, f € K[X], where K is a subfield of the
real numbers R, is solvable by real radicals, then the degree of its splitting field
Ky C R over K is a power of 2.

13.14. It is well-known (and easy to prove) that any real polynomial of odd
degree has a real zero. Using this fact show that the field of complex numbers is
algebraically closed (that is, the fundamental theorem of algebra—see T.1.1) in the
following steps:

(a) If K is a Galois extension of R and the degree [K : R] is odd, then K = R;

(b) If K is a quadratic extension of R, then K = C, while there are no quadratic
extensions of the field C;

(c) If K is a Galois extension of C (a splitting field of an irreducible polynomial over
C), then there is a field containing it, which is a Galois extension over R. Using (a)
and (b) show that this field containing K is equal to C (so K = C).

1T owe this exercise to Erik Ljungstrand—a botanist with a real interest in mathematics.



Chapter 14
Geometric Constructions

In this chapter, we discuss some straightedge-and-compass constructions, in par-
ticular, the three classical problems known from antiquity—the impossibility of
squaring the circle, doubling the cube and angle trisection. Problems concerning
the impossibility (or possibility) of some geometric constructions by various means
(like straightedge-and-compass, only compass or otherwise) are usually discussed
in courses on Galois theory. But, in fact, the classical impossibility problems
mentioned above do not need so much knowledge of Galois groups (if any at all)
and can be presented already for those with a rudimentary knowledge of finite
field extensions (say directly after Chap.4 in this book). Some other problems,
like Gauss’s theorem on straightedge-and-compass constructible regular polygons
need a little more knowledge related to Galois groups of field extensions. This
chapter contains several exercises concerned with geometric straightedge-and-
compass constructions. We prove two theorems—the first is usually used in the
proofs of impossibility of some straightedge-and-compass constructions, and the
second, usually in the proofs of possibility. Only the second one needs references to
Galois groups.
Let X be an arbitrary set of points in the plane containing (0, 0) and (1, 0).

* A line is defined by X if it goes through two points belonging to X.
* A circle is defined by X if its center belongs to X and its radius is equal to the
distance between two points belonging to X.

We say that a point P = (a,b) is directly constructible from X by using a
straightedge and a compass (a straightedge-and-compass construction) if P is an
intersection point of two lines or two circles or a line with a circle, which are defined
by X. Let X; be the set of all points in the plane which can be directly constructed
from X = Xy, X, the set of all points which can be directly constructed from X,
X3 the set of all points which can be directly constructed from X, and so on. We
say that a point P = (a, b) is constructible from X by a straightedge-and-compass
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construction if P € X* = U?io X; (thatis, P € X; for some i > 0). We say shortly
that X* is the set of points constructible from X.

One also defines real numbers constructible from X as those € R such that |r| =
the distance between two points constructible from X.

Very often one takes X = {(0, 0), (1, 0)}. Those numbers which can be constructed
from X = {(0,0), (1,0)} will be denoted by K. The smallest number field which
contains the coordinates of (0,0) and (1,0) is of course Q. The constructible
lines through (0, 0), (1,0) and (0, 0), (0, 1) (it is easy to see that the point (0, 1)
is constructible from (0, 0) and (1, 0)) are, as usual, called the axes.

T.14.1. Let K be the smallest subfield of R which contains the coordinates of all
points belonging to a given set of points X in the plane. A point P = (a, b) can be
constructed from X by a straightedge-and-compass construction if and only if there
is a chain of fields:

K=KyCcK,Cc...CK,=LCR (%)

such that a,b € Land [Ki+1 : Ki] =2 fori =0,1,...,n— 1. In particular, the set
of numbers which are constructible from X (like K when X = {(0,0), (1,0)}) is a
field.

In practice, one uses this theorem when one wants to show that a point P = (a, b)
is not constructible—one shows that [K(a, b) : K] is not a power of 2. If one wants
to show that a point can be constructed the following theorem is often used:

T.14.2. Let K be the smallest subfield of R which contains the coordinates of
all points belonging to a point set X in the plane R>. A point P = (a,b) is
constructible from X by a straightedge-and-compass construction if and only if one
of the following equivalent conditions hold:
(a) There exists a Galois extension L 2 K such that a,b € Land [L : K] is a
power of 2.
(b) There exists a Galois extension L 2 K such that a + bi € Land [L : K] is a
power of 2.

In the following exercises, the terms “to construct” or “can be constructed”
should be understood as constructed by using a straightedge and a compass. We
always start from a set X which contains (0, 0) and (1, 0).

Exercises 14

14.1. Show that the following geometric constructions are impossible:

(a) to construct a cube of volume 2 when a cube of volume 1 is given, that is, to
construct a segment of length </2 when a segment of length 1 is given (“doubling
of a cube”);

(b) to construct the angle 20° when the angle 60° is given (“trisection of an angle”);
(c) to construct a square of area & when a disk of area  (that is, of radius 1) is given
(“squaring of a circle”).
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14.2. Let X be a set of points in the plane. Prove that P = (a, b) can be constructed
from X if and only if its coordinates can be constructed from X.

14.3. (a) Isit possible to construct a disk whose area is equal to the sum of the areas
of two given disks?

(b) Is it possible to construct a sphere whose volume is equal to the sum of the
volumes of two given spheres?

14.4. Is it possible to construct a square whose area is equal to the area of a given
triangle?

14.5. Is it possible to construct a cube whose volume is equal to the volume of a
regular tetrahedron whose sides are equal to 1?

14.6. Prove the following theorem of Gauss: A regular polygon with n sides is
constructible (by straightedge-and-compass construction) when a segment of length
lisgivenifandonlyifn =2", r >2,orn =2"ppy---ps, r > 0, s > 1 and p; are
different Fermat primes (p is a Fermat prime when p = 22 4 1,t>0):

(a) If k|n and a regular polygon with n sides is constructible, then a regular polygon
with k sides is constructible;

(b) If n = kI, where k and [ are relatively prime, then a regular polygon with n
sides is constructible if and only if regular polygons with k sides and [ sides are
constructible;

(c)If n = 27, r > 2, then a regular polygon with »n sides is constructible;

(d) If n = p?, where p is an odd prime, then a regular polygon with 7 sides is not
constructible;

(e) If n = p, where p is an odd prime, then a regular polygon with n sides is
constructible if and only if p is a Fermat prime.

14.7. Construct a regular polygon with # sides when (0, 0) and (1, 0) are given if:
(@yn=>5; (b)yn = 15; (c) n = 20.

14.8. Which of the following angles « can be constructed when (0, 0) and (1, 0)
are given:
(@a=1°% b)a = 3°; (©)a = 5°.

14.9. Give an example of an angle « which is not constructible when (0, 0) and
(1,0) are given, but which can be trisected when this angle is given (an angle is
given if three different points (0,0), (1,0) and (a, b) are given defining the rays
from (0, 0) through (1, 0) and (a, b)).



Chapter 15
Computing Galois Groups

In earlier chapters, we had several opportunities to find Galois groups of specific
polynomials. In general, computing the Galois group of a given polynomial over
a given field is numerically complicated when the degree of the polynomial is
modestly high. For polynomials of (very) low degrees it is possible to specify
some simple numerical invariants, which tell us about the isomorphism type of the
Galois group depending on the values of these invariants. For arbitrary polynomials
there is a variety of numerical methods which, for not too high degrees, make the
computational task possible to implement in a more or less effective way. There are
several computer packages in which Galois groups of irreducible polynomials up
to not too high degrees (sometimes, up to 11) can be computed, notably, Maple,
GP/Pari, Sage and Magma. In this chapter, we discuss some theoretical background
to these numerical methods and apply them in a few cases. In the exercises, we
give several examples how to compute and classify Galois groups for low degree
polynomials using different methods. Of particular interest is a very general theorem
proved by Dedekind, which in a special case relates the Galois group of an integer
irreducible polynomial to Galois groups of its reductions modulo prime numbers.
Several exercises are concerned with Dedekind’s Theorem.

Let K be a field and F(Xy,...,X,) € K(Xi,...,X,) a rational function in n
variables X, . .., X),. The symmetric group S, acts as an automorphism group of the
field K(X1,...,X,) when for o € S;:

CTF(X], e ,Xn) = F(Xo'(l), e ,Xa'(n))

and o is a permutation of {1, ..., n}. Let G be a subgroup of S,.. We denote by G
the stabilizer of F in G, thatis, Gr = {0 € G | oF = F}.

T.15.1. (a) Let G be a subgroup of S,. Then for every subgroup H of G there exists
a polynomial F € K[X,,...,X,] such that H = Gp.
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(b) Let G = 01Gr U --- U 0,,GF be the presentation of G as a union of different left
cosets with respect to Gp. Then o;F(Xy,...,X,), fori = 1,...,m, are all different
images of F under the permutations belonging to G.

Let f(X) € K[X] be a polynomial of degree n and L = Ky = K(a1, ..., @) its
splitting field over K, where «; are all the zeros of f(X) in L taken in an arbitrarily
fixed order. Assume that Gal(K;/K) C G, where the Galois group of f(X) over K
is considered as a group of permutations of {1,...,n} in the usual way: o(e;) =
Qg (this means that we use the same symbol o to denote the permutation o €
Gal(Ky/K) of the zeros of f(X) in K; and the corresponding permutation on the
set of indices of these zeros). From now on, we assume that F(X,...,X,) is a
polynomial.

By a general polynomial with respect to a subgroup G < S, and
F(Xi,...,X,) € K[Xi, ..., X,], we mean the polynomial:

ror(T) = [[(T = (P (X, ... X)), (15.1)

i=1

where the productis overaseto;, i = 1,...,m, of representatives of all left cosets of
Gr in G. Of course, 0;F does not depend on the choice of a representative of 5,Gr,
since 0;7F = o;F, when t € Gp. We usually omit G in rgr € K[X1,..., Xy, T]
when G = §,. If G = S, and F(X1,...,X,) = Xi, then rgp(T) is the general
polynomial of degree n as defined on p. 78.

Let f(X) € K[X] be a polynomial with zeros «j,...,®, in a field extension of
K. By the resolvent polynomial of f(X) with respect to a subgroup G < S, and
F(Xi,...,X,) € K[Xy,...,X,], we mean the polynomial

rer(N(T) = [T = @F)(@,....a). (15.2)

i=1

The values (0;F) (1, . . ., &) are obtained by a homomorphism of K[X1, .. ., X,]
onto Koy, ..., a,] sending X; to «;. Notice that these values need not be different.
They generate over K a subfield of K; which plays an important role in the study of
the Galois group Gal(Ky/K), in particular, via the following result:

Ta5.2. Let f(X) € K[X], F(X1,....X,) € K[X\,...,X,] and assume that
Gal(Ky/K) € G, where G is a subgroup of S,. Then:

(a) The resolvent polynomial rg r(f) has its coefficients in K;

b)Y IFK =Q F(X1,...,Xn) € Z[Xy,...,Xy] and f(X) has integer coefficients and
the leading coefficient is 1, then the same is true of rg r(f);

(¢) If all the zeros of rg r(f) are different, then Gal(Ky/K) is conjugate in G to a
subgroup of G if and only if at least one of the zeros of r¢ r(f) belongs to K.

Even if the assumptions above are not satisfied, the splitting field of the resolvent
re,r(f) in Ky and the degrees of irreducible factors of the resolvent very often give
information about the Galois group Gal(Ky/K) (see the exercises below).
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There exists a general algorithmic procedure for finding the isomorphism type
of the Galois group Gal(K;/K) which uses T.15.2 and was already known to
Galois. Unfortunately, the value of this procedure for practical computations is
rather limited. We describe it for two reasons. First of all, it shows that the Galois
group of any polynomial can be found if its zeros are known (over number fields, it
is often sufficient to know the zeros with appropriate precision). On the other hand,
we will use it in the proof of Dedekind’s Theorem (T.15.4), which gives a very good
method for computing Galois groups in many situations.

Consider a field k and let K = k(Y1,...,Y,) be the field of rational functions of
Y;. Take the polynomial

FXi,....X)) = XY, + - + XY,

in the polynomial ring K[X, ..., X,]. Let f(X) € k[X] and let k; = k(o1 ..., o) be
asplitting field of f(X) over k. Then Ky = k¢(Y1,...,Y,) is a splitting field of f(X) €
K[X] over K and Gal(K;/K) = Gal(k;/k) (see Exercise 15.9). Using the notation
of T.15.2, choose G = S,. It is clear that Gr C S, consists of only the identity
permutation. The resolvent of f(X) with respect to G = S, and F(X1, ..., X,) is:

rer(N@ = [[(T = (@Y + -+ + dom¥).

ogE€S,

This polynomial has degree n! and is a product of irreducible polynomials
ri(T,Yy,....,Y,) ink[T,Y,..., Y,

VG'F(f)(T) = rl(T, Yl, ey Yn) . 'VT(T, Yl, ey Yn). (153)

The polynomials r; are called Galois resolvents of f(X). We will assume that r;
is the polynomial having 6 = «;Y; + - -+ + @, Y, as its zero.

T.15.3. Let K = k(Y1,...,Y,) be the field of rational functions in the variables Y;
over a field k. Let f(X) € k[X] C K[X] and let r¢ r(f)(T) be the resolvent of f(X)
with respect to the Galois group Gal(ks/k) = Gal(K;/K) C S, and the polynomial

FXy,....X) =Xih + -+ XY,

Let ri(T,Yy,...,Y,), fori = 1,...,t, be the irreducible factors of the resolvent
re.r(f)(T) in k[T, Y1, ...,Y,]. Then the Galois group Gal(ks/k) is isomorphic to
any group Gy, of those permutations of Y1, ..., Y, which map r;(T, Y, ..., Y,) onto
itself. Moreover, all ry(T, Y1, ...,Y,) have the same degree [ks : k| with respect to T
and a common splitting field Ky = k;(Y1,...,Y,) over K.

Another, often very effective technique for the description of Galois groups of
polynomials, in particular, over number fields, uses a result proved by Dedekind.
This is also a very general method, but in the case of number fields there is usually
a lot of additional arithmetical information, which can be used in order to determine
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the Galois groups. Therefore, we formulate both the general case and a special case
of Dedekind’s Theorem over the integers.

Let ¢ : R — R* be a ring homomorphism mapping an integral domain R
into an integral domain R*. Let K and K* be fields of quotients of R and R*,
respectively. Let f € R[X] be separable (that is, without multiple zeros). Denote
by f* the image of f under the homomorphism extending ¢ to R[X] by applying ¢ to
the coefficients of the polynomials in R[X]. Such an extension is sometimes called
reduction modulo ¢, since the simplest example is the homomorphism¢ : Z — F,
of reduction modulo a prime p (see p. 14).

T.15.4 Dedekind’s Theorem. (a) Let f € R[X] be a separable monic polynomial
and assume that its image f* € R*[X] is also separable and deg(f) = deg(f*) =n.
Then the Galois group of f* over K* as a permutation group of its zeros is a
subgroup of the Galois group of f over K as a permutation group of its zeros.

(b) In (a), let R =7, R* =F, and let ¢ : Z — F, be the reduction modulo a prime
number p. If f € Z[X] and

f* :fl*"'fk*’

where f* are irreducible over F,, then Gal(Q/Q) considered as a permutation
subgroup of S, contains a permutation which is a product of cycles of length deg(f;*)
fori=1,...,k

Old proofs of the first part of this theorem use the relation, mentioned earlier,
between Galois groups and the Galois resolvents of f and f*. We choose this “old
fashioned” proof using Galois’ resolvents in order to avoid introducing several
notions, which are outside the scope of this book, and in order to use the technique
of resolvents for the computation of the Galois groups (see T.15.3). A proof in the
modern language can be found in [L, Chap. VII, §2].

Exercises 15

15.1. Consider f(X) = X> 4 pX + ¢ € K[X] with zeros a1, &, a3 in some extension
of the field K, where char(K) # 2. Let A = A(f) = (a1 — a2)* (a2 — a3)* (a3 —
a1)? = —4p* — 2747 be the discriminant of f(X) (see Exercise 1.3).

(a) Show that Ky = K(oy, a2, 3) = K(V/A, o)) and if £(X) is irreducible in K[X],
then its Galois group is isomorphic to C3 or S3, depending on v/A € K or v/A ¢ K.
(b) In the notation of T.15.2, choose G = S3 and F(X|,X5,X3) = (X — Xo)(X2 —
X3)(X3 — X). Show that Gr = Az and rg.r(f) = X?> — A(f). Assume that f(X)
is irreducible over K and deduce the description of the Galois group of f(X) in (a)
from T.15.2.

15.2. (a)LetL = K(X1,...,Xy), F(X1,...,X,) = H15i<j5n(Xi_Xj) and G = S,
where K is a field of characteristic different from 2. Show that r¢ z(T) = T? — F?
and Gr = A,.
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(b) Let f(X) € KI[X] be an irreducible polynomial with zeros «y,...,a, in an
extension of K and A(f) =[], <i<j<n (a; — j)? its discriminant (see Exercise 9.25).
Use (a) and T.15.2 in order to show that the Galois group Gal(K;/K) is contained

in A, if and only if \/A(f) € K.

15.3. Denote by o, oy, a3, a4 the zeros of a separable polynomial f(X) = X* +
pX? + gX + rin its splitting field Ky over K and let r(f)(T) = T° + 2pT* + (p* —
4r)T — ¢? be its resolvent as defined in Exercise 3.9.

(a) Show that the zeros of the resolvent r( £)(T) are (o] +0t4)?, (2 +04)?, (3 +04)>.
(b) Show that the discriminants of the polynomials f and r(f) are equal (see
Exercises 15.2 and A.10.2). In particular, if a quartic polynomial f(X) is separable,
then its resolvent r(f)(X) is also separable.

(c) Show that a splitting field Ky of f can be obtained from a splitting field K7 of
its resolvent r(f) over K by adjunction of one arbitrary solution ¢; (i = 1,2,3,4)
of the equation f(X) = 0, that is, Ky = K(a, @2, a3, a4) = Ky (o).

15.4. (a)Let K be a field of characteristic different from 2 and F(X, X5, X3, X4) =
(X + X2)* + (X3 + X4)?) € K[X1.X2,X3,X4]. Show that G = Dy = V4 U
{(1,3,2,4), (1,4,2,3), (1,2), (3,4)}, where V4, = {(1),(1,2)(3,4), (1,3)(2,4),
(1,4)(2,3)}if G = Sy and Gr = V4 if G = Ay4. Show that rg ¢(T) is the same for
both G = S4 and G = Ay.

(b) Let f(X) = X* + pX? + ¢X + r and let a1, a2, a3, a4 be the zeros of £(X) in its
splitting field Ky over K. Show that the resolvent defined in Exercise 3.9 equals the
resolvent r ¢ (f)(T) = r(f)(T) = T? + 2pT? + (p*> — 4T — ¢*.

Remark. Very often one meets a somewhat simpler choice F(X|, X>,X3,Xy) =
X1 X, + X3Xy for which Gg = D4 (when G = S4). The choice of F in the
text of the exercise is adjusted to the “ad hoc” resolvent obtained in a natural
way from factorization of a quartic polynomial as a product of two quadrics in

Exercise 3.9. The resolvent r¢ ¢ (f) for the “simpler” choice of F is: rg r(f)(T) =
T —pT2 —4rT + 4pr — qz.

15.5. (a) Assume that f(X) = X* + pX? + ¢X + ris irreducible over K. Let
A = A(f) = A((f)) = —4p° > — 274" + 16p*r — 128p*1? + 144pg®r + 2561°

be the discriminant of f and r(f) (see Exercise 15.3(b)) and § = p? — 4r. Using
Exercise 15.3 (with or without Exercise 15.4) show that

S4 if [K,(f) . K] = 6,
A4 if [K,(f) . K] = 3,

G(Ky/K) = | D4 if [K,p) : K] = 2 andf is irreducible over K.,
C4 if [Ki(y) : K] = 2 andf is reducible over K, (),
Vv, if [Kr(f) ZK] =1.
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(b) Show that:

S, when r(f) does not have zeros in K and A ¢ K,

A4 when r(f) does not have zeros in K and v/A € K,

D4 when r(f) has only one zero 8 € K and \/,B_A €K

G(K;/K) = if B #0and VA Kif f =0,

C, when r(f) has only one zero B € K and \/,B_A ek
if B #0and VSA € Kif f =0,

V4 when r(f) has all its zeros in K.

In each case give an example of a polynomial f over Q with the corresponding
Galois group.

15.6. Let f(X) = X* + pX? + gX + r be reducible in K but without zeros in K.
Then

V' when r(f) has only one zero in K,

G(K¢/K) = :
(Kr/K) C, when r(f) has all its zeros in K.

15.7. (a) Show that the resolvent r(f) of f(X) = X* + pX? + r always has one

of its zeros in K and it has all three zeros in K if and only if \/r € K (K a field

of characteristic # 2). Check also that the discriminant of f(X) (and r(f)—see

Exercise 15.3(b)) is

A= A(f) = 16r(p* — 4%,

s0 K(V/A) = K( /7).
(b) Show that if f(X) = X* + pX? + r is irreducible in K[X], where K is a field of
characteristic different from 2, then

V4 if ris a square in K,
G(K;/K) = { C4 if ris not a square in K and r( p*> — 4r) is a square in K,
D, if r and r(p? — 4r) are not squares in K.

15.8. Show that the splitting fields of irreducible trinomials X* + gX + r over Q
may give all possible types of Galois groups which appear in Exercise 15.5, that is,
S4,A4, D4, C4 and V4.

15.9. (a) Let K = k(Yy,...,Y,) be the field of rational functions of Y; over a field
k. Let k' be a finite Galois extension of k. Show that K’ = k/(Y7, ..., Y,) is a Galois
extension K and Gal(K'/K) =~ Gal(k'/k).

(b) Compute the resolvent 7 #(f) in (15.3) whenn = 2, k = Q and f(X) = X +
pX + g has zeros o, o (F(X1,X2) = X1Y) + XoY2). When is rg p(f) irreducible?
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15.10. Using Dedekind’s Theorem T.15.4 show that the Galois groups over QQ of
the given polynomials are:

(@) Ss for f(X) = X° +2X3 + 1; (b) S5 forf(X) = X° - X —1;
(c) As for f(X) = X° + 10X> + 24; (d) As for f(X) = X° — 55X + 88.

15.11. (a) Using Dedekind’s Theorem T.15.4 show that for every n the symmetric
group S, is the Galois group of a Galois field extension of Q.
(b) Construct polynomials in Z[X] with Galois groups S7 and So.



Chapter 16
Supplementary Problems

In this chapter, we formulate “100 problems” without solutions, but occasionally
with some hints or references.

Field Extensions

16.1. Let K C L be a field extension of degree 4. What are the possibilities for the
number of quadratic extensions of K contained in L? (Make a distinction between
separable and non-separable extensions.)

16.2. Let K C L be a separable field extension of degree 4 and N its normal closure.
What can be said about the degree of N over K when:

(a) there are no quadratic extensions of K contained in L?
(b) there is exactly one quadratic extension of K contained in L?
(c) there are at least two quadratic extensions of K contained in L?

16.3. (a) Consider K = Q(v1 + Q/i) Show that « = /1 + ~/2 is a zero of
f(X) = X® —3X* +3X?> -3, [K : Q] = 6 and K does not contain any quadratic
extension of Q.

(b) Let K = (@(\/3 1 + +/3). Show that K has degree 6 over Q, does not contain any
cubic but contains a quadratic extension of Q.

(c) Show that there exist extensions of degree 6 over Q which do not contain
subextensions of degrees 2 and 3 over Q.

16.4. Show that the polynomial f(X) = X* — 20X? + 16 is normal over Q. Let
K = Q() be the splitting field of f(X), where « is a zero of it. Find all intermediate
fields M = Q(B) < K with 8 expressed as a linear combination of powers of o (see
the definition of a normal polynomial in Exercise 7.9).

16.5. Let K C L be a field extension and M, M, two subfields containing K and
contained in L.

(a) Let M, M, both have one of the properties: separable, normal, Galois over K.
What can be said about the same property of MM, and M| N M, over K?
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(b) Let L have one of the properties: separable, normal, Galois over both M; and
M,. What can be said about the same property of L over M1M> and M; N M,?

16.6. Let L; 2O K, i = 1,2, be finite field extensions. Show that there exists a
normal extension L of K such that L; C L fori = 1, 2. Show also thatif L; O K are
separable, then there exists a Galois extension L of K containing both.

16.7. (a)Leta = v/2 4 /3 + -+ /n (n > 2). Show that [Q(«) : Q] = 27™,
where 7 (n) denotes the number of primes less than or equal to n.

(b) Find a primitive element of Q(v2, V3, \/5) over Q.

(c) Using (a) show that « = 2+ 34+ /1 is a primitive element of
Q(2,+/3,...,/n) over Q.

(d) Assume that [Q(\/ay, ..., /a,) : Q] = 2". Show that Q(\/ay, ..., /a,) =
Q(y/ar + --- + /ay) (ay, . .., a, integers).

(e) Show that Q(\/p1, . .., y/Pn) = 2" whenpy, ..., p, are different prime numbers.

16.8. Let K = Q(/a), where a is a positive integer, be such that [K : Q] = n.
Show that if M is a subfield of K and [M : Q] = d, then E = Q({/a).

16.9. Let f(X) € K[X] be an irreducible polynomial of degree n and let Ky be its
splitting field over a field K. By Exercise 5.3, we know that [K : K] < n!. Show
that [K; : K] always divides n!.

16.10. Let K C L be a Galois extension. Show that L is a splitting field of a normal
polynomial over K (see the definition of a normal polynomial in Exercise 7.9).

16.11. Let f(X) be an irreducible polynomial of degree n over Q and let «, 8 be
two of its different zeros such that Q(«, 8) = Q(a + B). What can be said about
the polynomial f(X) and about the degree of the splitting field Q; over Q when
n=2,3,4,5?

16.12. Let K C L be a finite field extension and R a subring of L containing K.
Show that R is also a field.

16.13. Show that a quartic field with Galois group V (the Klein four-group), that
is, K = Q(+/d1, v/d>), where d;, d, are nonequal square-free integers not equal to
1 (se Exercise 9.6), is a splitting field of a trinomial X* 4+ pX + ¢, p.q € Z if and
only if the quadratic form X3 + di X} + d»Xj is isotropic (that is, it has a nontrivial
ZEe1ro X() = )C(),Xl = )Cl,X2 = Xz).

16.14. Show that a quartic field with Galois group Cy (a cyclic group of order 4),
thatis, K = Q ( m(A + k«/Z)), where A = k2 + I, and k, [, m are integers and

VA ¢ Q (see Exercise 11.7) is a splitting field of a trinomial X* + pX + ¢ if and
only if the quadratic form Xg + tXl2 + tX% is isotropic (that is, it has a nontrivial zero
Xo = x0, X1 = x1,X2 = x2).

16.15. Let K = Q(+/d) be a quadratic extension of the rational numbers. Show that
the splitting field of a cubic polynomial f(X) = X> 4+ pX + ¢ € Z[X] contains K if
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and only if there is a nontrivial rational point on the surface 4X> + 27Y? + dZ*> = 0
(that is, this Diophantine equation has a nontrivial solution (X,Y,Z) = (x,y,2) #
(0,0,0)).

16.16. (a) Let K C L be a separable field extension and assume that there is an n
such that [K(«) : K] < n for every « € L. Show that the extension K C L is finite
and [L: K] <n.

(b) Show that (a) need not be true when K C L is not separable.

16.17. Let L be a separable extension of K and [L : K] = n. Show that there are at
most 2" ! fields M such that K € M C L.

16.18. Let K C M C L be three fields and let L be algebraic over K. Is it true that
the degree of o € L over M divides the degree of o over K?

16.19. Let K C M C L be three fields and let L be algebraic over K. Show that if
[M : K] and [M(«) : M] are relatively prime for « € L, then the coefficients of the
minimal polynomial of @ over M are in K.

16.20. Let M, M, be two finite extensions of a field K contained in a field L. Show
that [M M, : K| = [M, : K][M, : K] implies that M, N M, = K.

16.21. Let K C L be a finite field extension. Show that K is perfect if and only if L
is perfect (see p. 47 and Exercise 8.3).

16.22. Show that a real Galois extension Q C K (that is, K C R) of odd degree is
not radical (see p. 77).

16.23. Let K be a field of characteristic p > 0 and let L be a finite extension of K
such that p does not divide [L : K]. Show that K C L is a separable extension.

16.24. Let L = K(«y, ..., o,) be an algebraic extension of K and let f;,(X) be the
minimal polynomial of «; over K fori = 1,..., r. Show that the order of the Galois
group of L over K (that is, the automorphism group of L over K) is at most equal to
the product [ ]} degf,.

16.25. Let K be field and f(X), g(X) € K[X] two irreducible polynomials. Let L be
a splitting field of f(X)g(X) over K. Let o be a zero of f(X) and B a zero of g(X)
in L.

(a) Show that f(X) is irreducible over K(B) if and only if g(X) is irreducible over
K(a).

(b) Generalize (a): If f(X) = f1(X) - - - /+(X), where f;(X) are irreducible in K(8)[X],
and g(X) = gi1(X)---g4(X), where g;(X) are irreducible in K(x)[X], then r = s.
Moreover, it is possible to number f;, g; in such a way that if o; € L is a zero of
fi(X) and B; € L is a zero of g;(X), then K(«, B;) is isomorphic to K(f, ;) for
i=1,...,r. Show that degf deg g; = deg g degf.

Remark. This correspondence between pairs of irreducible polynomials over fields
was first observed by Richard Dedekind in 1855 (see [E, p. 31]) and is sometimes
called Dedekind’s duality.
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16.26. Show that if L is a simple and algebraic extension of a field K, then every
intermediate field M between K and L is also simple over K (L need not be algebraic
over K, in which case the claim is Liiroth’s theorem—see Exercise 4.11).

16.27. Let K C L be a field extension and « € L. Show that for any nonzero
polynomial f(X) € K[X], the elements o and f(c) are either both algebraic or both
transcendental over K.

16.28. Let L = K(w, B) be a field extension of K such that the degrees [K(«) :
K] > 1 and [K(B) : K] > 1 are finite and relatively prime.

(a) Give examples showing that the fields K(«, ) and K(¢f) may be equal or
nonequal.

(b) Is it true that K(«, B) = K(af) when K(«) and K(B) are Galois extensions of
K?

Remark. Compare Exercise 16.100.

16.29. Let L = K(«, B) be a field extension of K such that « is algebraic, and f is
transcendental over K. Show that L is not a simple extension of K.

Function Fields

16.30. Let k be a field of characteristic 0, L = k(X1,...,X,) and K = k(sy,...,sy,),
where s; are the elementary symmetric polynomials of the variables Xi,...,X,.
Show that ¢ = X; + 2X; + - - - + nX, is a primitive element of the extension K C L.

16.31. Let I be a finite field of characteristic p. Find the following degrees:
(@ [FX):FXP)];  (b) [F(X,Y) : F(X7, YP)].

16.32. Show that C(X) is a Galois extension of C(X"4+X~"),n > 1. Find the degree
and the Galois group of this extension (the Galois group is the dihedral group D,
generated by o (X) = 5 and 7(X) = X, where ¢ = e’ —see Example A.2.4 and
the Remark after Exerc1se 12.4).

16.33. Let FF be a finite field with ¢ = p” elements. Show that L = F(X) is a Galois
extension of K = F(X? — X). Find the degree [L : K] and give a description of the
Galois group G(L/K).

16.34. Let [F be a finite field with ¢ elements and let G = G(IF(X)/F) be the group
of all Mobius transformations over I (see Exercise 6.6). Show that:
@IGl=¢"-¢ ]

(b) F(X) = F(Y), where ¥ = %;

(c) If H, is the subgroup of G consisting of 0(X) = aX + b,a,b € F,a # 0, then
FOOM = F((X1 - X)7");

(d) If H, is the subgroup of G consisting of 6(X) = X + b,b € F, then F(X)> =
F(X? — X); and

(e) Find all subfields of F(X) containing F(X)® when F has 2 or 3 elements.
This exercise is partly taken from [V].
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16.35. Show that if K is a field and X a variable, then there exist infinitely many
intermediate fields M such that K € M C K(X).

16.36. (a) Find the degree of the extension K(Xi,...,X,) 2 K(X‘li',...,Xfl""),
where X1, ..., X, are variables and dy, . . ., d, are positive integers (K any field).
(b) Let K be a field and let k, [, m, n be nonnegative integers such that kn — Im # 0.
Find the degree [K(X,Y) : K(X*Y', X"Y")], where X, Y are variables.

This exercise is partly taken from [B] and [V].

16.37. (a) Let k, I, m, n be positive integers. Show that C(X*Y’, X"Y") € C(X,Y)
is a Galois extension and describe its Galois group.

(b) Let m, n be positive integers. Show that C(X"+Y", X"Y™) € C(X, Y) is a Galois
extension and describe its Galois group.

16.38. Let K C L be a finite field extension. Show that K(X) C L(X) is also finite
and [L : K] = [L(X) : K(X)]. Compare Exercise 15.9.

16.39. Let K be an arbitrary field and let L = K(X) be the field of rational functions
over K. Show that the six functions X — X, X — 1 - X, X — 1/X, X — 1/(1 = X),
X X/(X—1),X — (X—1)/X form an automorphism group G of L = K(X) over
K, which is isomorphic to S3. Show also that LY = K(g), where

X>2—Xx+1)°

s¥ = —mx 1)y

Compare Exercises 6.7 and 16.34.

16.40. Let K be a field. Find a rational function f(X) € K(X) such that K(X)¢ =

K(f), where G = (0) and 0(X) = —XLH is an automorphism of order 3.

16.41. Consider the following 12 Mobius transformations over the complex num-
bers C:

1 1 —1 ' —i
ro> d e, et i g EHLo Tl
Z z—1 z+1 z—1 z+1i

Show that these transformations form a group G isomorphic to the permutation
group Ay (the tetrahedron rotation group). Considering this group as a group of
automorphism of K = C(z) find a function ¢ such that K¢ = C(¢).

16.42. Let L = K(Xy,...,X,) and K = k(s1,...,s,), where si,...,s, are
elementary symmetric polynomials of the variables X1, ..., X, and k is a field.

(a) Show that two functions f(X, ..., X,) and g(X1, ..., X,) in L have equal stabiliz-
ers (see p. 85) if and only if k(sy, ..., sy, f) = k(s1, ..., sy, g) (see Exercise 9.11).
(b) Choose suitable polynomials (X, X, X3) so that k(s1, 52, 53, f) are all subfields
of L = K(X1, X, X3) containing K = k(sy, 52, 53)-



98 16  Supplementary Problems

16.43. Let K C L be an algebraic field extension. An element ¢ € L \ K is
called essentially defined over K if there is no proper subfield of K containing
all coefficients of the minimal polynomial of « over K.

Assume that L = k(X;, X, X3) and K = k(sy, 52, 53), where s; are the elementary
symmetric polynomials in the variables X, X», X3.

(a) Show that ¢ = X is essentially defined over K.

(b) Show that @ = X;X, is not essentially defined over K. Let K, be the field
generated over k by the coefficients of the minimal polynomial of o over K.
Find the degree [K : K,] and show that K, C L is a Galois extension of
degree 12.

©Isa = X1X§ essentially defined over K? What is the degree [L : K,], where,
as before, K, denotes the field generated over k by the coefficients of the minimal
polynomial of « over K.

(d) Is it true that any primitive element of L over K (that is, any « such that L =
K(@)) is essentially defined over K?

16.44. As we know (see Exercise 6.13(b)) [K(Xi,...,X,) : K(si,...,s,)] =

n!, when K is a field and sy,...,s, the elementary symmetric polynomials of
the variables X, ...,X,. Find a basis of K(Xj,...,X,) as a linear space over
K(s1,...,8).

16.45. Let n be a positive integer. Give an example of a Galois field extension
L D C(X) whose Galois group is cyclic of order n

16.46. Let K be a field. Give an example of two subfields M, M’ of L = K(X) such
that [L : M] <ocand[L : M'] < co,but M N M =K.

Groups and Field Extensions

16.47. Show that a finite group is solvable if and only if every nontrivial subgroup
H of G contains a normal subgroup N such that H/N is a nontrivial abelian group.

16.48. There exists five non-isomorphic groups of order 8—the cyclic group Zg
of order 8, the products Z, X Zas, Zy X Zy X Z, the dihedral group D4 and the
quaternion group Qg (see Example A.2.4). For each of these groups, construct a
Galois field extension K D Q having it as its Galois group. (All examples can be
found in different places in this book.)

16.49. Show that the field K = Q(«), where @ = \/(2 + V/2)(3 + +/3), is Galois
and show that the Galois group G(K/Q) is the quaternion group of order 8 (see
Exercise 12.1(e)). (The minimal polynomial of & is f(X) = X% — 24X° + 144X* —
288X? + 144.)

16.50. There exists five non-isomorphic groups of order 12—the cyclic group Z»,
the product Z, x Zy x Z3 (=Z, x Ze) and three nonabelian groups: the alternating
group Aj, the dihedral group D¢ (=Z; x S3) and the dicyclic group Dic; (called also
binary dihedral). This last group can be described as the subgroup of quaternions
generated by ¢ = ¢ and j satisfying relation ¢® = 1, 2 = —1 and gje = j. For
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each of these groups, construct a Galois field extension K D Q having it as its Galois
group.

Remark. Only the last example cannot be found in previous chapters, but observe
that Dic; = (e,j), where ¢ generates a cyclic group of order 6, j a cyclic group of
order 4 and gje = j. The polynomial which we need has a splitting field containing
a splitting field of a cubic with group S3 and a quartic with group Cj, whose
intersection is the only quadratic field (all three over Q). Use Exercises 11.7 and
16.15. Notice that for the dihedral group, we have Dg = (g,s), €® = s> = 1,
£s€ = .

16.51. (a) Call a number field (that is, a subfield of the complex numbers) normal
if it is normal over the rational numbers (one could say Galois, but this term is used
as the name of finite fields—it could be extended to all finite Galois extensions of
prime fields). Show that two isomorphic normal subfields of the complex numbers
are equal. Generalize to normal intermediate fields in an arbitrary separable field
extension.

(b) Show that for every n > 2 there exists n isomorphic but different subfields of the
complex numbers.

16.52. Let G = G(L/K) be the Galois group of a Galois field extension K C L
and let G’ be the commutator subgroup of G (see p. 245). Show that LS D Kisan
abelian Galois extension of K. Show also that for every Galois extension M 2 K
such that G(M/K) is abelian, we have M C LY (thus LY is the maximal abelian
extension of K, which is contained in L).

16.53. Let L be an algebraically closed field and K a subfield of L such that [L :
K] > 1 is finite. Show that the characteristic of L is O, [L : K] = 2 and L = K(i),
where i2 = —1 (use Exercise 11.9).

16.54. Let K C L be a Galois extension and G = G(L/K) its Galois group. Show
that if L is finite, then both functions Trg : L — K and Nrg : L — K are surjective.
Give an example showing that this is not true when L is infinite (see p. 36 and
Exercise 9.12).

16.55. Let K C L be a finite Galois field extension. Show that if a prime number p
divides [L : K], then there is a subfield M of L containing K such that [L : M| = p.

16.56. Let G be a group and let G’ denote the commutator subgroup of G (see
p. 245).

(a) Show that a finite group G is solvable if and only if for each subgroup H # 1 of
G, we have H' # H.

(b) Show that if H is a normal subgroup of a solvable group G, then H' is also
normal in G.

Remark. Notice that this exercise shows that in the definition of solvable group it
is possible to choose a chain G = Gy D Gy D ... D G, = {e} such that G;4 is
normal in G; and G;/G;4 is abelian in such a way that G, is normal in G (and not
onlyin G;)fori =0,1,...,n—1.
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16.57. The normal core of a subgroup H in a group G is the biggest subgroup of
H which is normal in G.
(a) Show that the normal core of H in G is

Hg = ﬂ gHg™".
g€CG

(b) Let K € M C L be field extensions such that L is a Galois extension of K and
let H = G(L/M), so that M = L. Show that the normal closure M* of M in L is
the fixed field of the normal core Hg.

16.58. Let K C L be a Galois extension of degree n. Show that L is not a splitting
field of a polynomial of degree less than n if and only if the normal core (see
Exercise 16.57) of each nontrivial subgroup of G(L/K) is nontrivial.

16.59. Let K € L be a Galois extension and let G(L/K) = G. Show that if G
contains a subgroup H such that H does not contain any normal subgroups of G
other than the identity subgroup (the core of H is trivial—see Exercise 16.57), then
there is a polynomial over K of degree |G/H| for which the field L is its splitting
field.

16.60. Let G be a group and K a field. Assume that G is a Galois group of a Galois
extension of K and call the Galois index of G over K the smallest degree of the
polynomials with coefficients in K whose splitting field has G as its Galois group.
Show that the Galois index of G over K is equal to the minimal index of subgroups
of G whose core is trivial.

16.61. (a) Let G be a group of order n and d a divisor of n. Assuming that G =
G(L/K) for some Galois extension K C L formulate suitable conditions (in terms
of the group G), which assure that there exists an irreducible polynomial in K[X] of
degree d whose splitting field is L.

(b) What are the degrees of irreducible polynomials whose splitting field over Q has
Galois group S4? Answer the same question for Ss.

16.62. (a) Show that there exists a polynomial in Z[X] of degree 6 whose Galois
group is As.
(b) Find a polynomial satisfying (a).

Hint Take a Galois extension of Q with group As and consider the fixed field of a
subgroup of order 10 in As.

16.63. Let K C L be a Galois extension of degree n whose Galois group G(L/K)
is abelian. What is the degree of irreducible polynomials in K[X] having L as its
splitting field? Answer the same question when G(L/K) is the quaternion group (of
order 8—see Exercise 12.1(e)).

16.64. Let K € L be a separable field extension and let N be a normal closure of
K C L. Show that the group G(N/L) does not contain nontrivial normal subgroups
of the group G(L/K). Notice that K C N is a Galois extension by Exercise 8.4(b).



16 Supplementary Problems 101

Remark. Another way of expressing the situation in the exercise is to say that the
core of G(N/L) in G(N/K) is trivial (see Exercise 16.57).

16.65. Let K € L be a Galois extension and let 0 € G(L/K) be an involution of L
(that is, an element of order 2 in G(L/K)).

(a) Show that K C L is Galois if and only if ¢ is in the center of G(L/K).

(b) Let K = Q and L C C in (a). Explain when Ly = L N R is Galois over Q (see
Exercise 9.23).

16.66. Let f(X) € K[X] be an irreducible polynomial such that its splitting field Ky
is a Galois extension of K with an abelian Galois group. Show that K, = K(«) for
any zero of f(X) in Ky. (Compare Exercise 9.21.)

16.67. Let K C L be a Galois extension and ¢ € L a zero of an irreducible
polynomial f(X) € KI[X]. Show that if K(«) is a proper subfield of L, then the
Galois group G(L/K) is not abelian.

16.68. Let N D L be a normal closure of a finite separable field extension L D K.
Show that G(N/K) is not abelian if L D K is not normal.

16.69. Let K be a real number field (that is, K € R) and L C C a Galois extension
of K of odd degree. Show that L is also a real field.

Polynomials

16.70. Assume that an irreducible polynomial f(X) = a, X"+ --+a1X+ap € Q[X]
(a, # 0) has a zero of absolute value 1. Show that the degree of f(X) is even and
the polynomial is symmetric, that is, a; = a,—; fori = 0,1,...,n.

16.71. Show that for every positive integers n,k and any prime number p, the
polynomial X" + pX + p* is irreducible over Q.

16.72. (a) Show that a polynomial X*"*! —a, a € Q, n > 0, is never normal (see
Exercise 7.9 for the definition of a normal polynomial).

(b) Show that a polynomial X* — @, a € Q, is normal if and only if a = b, b € Q.
(c) Show that if an irreducible over Q polynomial X" — a, a € Q is normal, then
n =2 orn = 2%3!, where k > 0.

16.73. Show that if f(X) is a monic polynomial with integer coefficients of odd
degree n whose reduction modulo one prime p is a product of a first degree
polynomial by an irreducible polynomial, and for another prime ¢ its reduction is
a product of a quadratic polynomial by an irreducible polynomial, then the Galois
group of f(X) over Q is the symmetric group S,,.

16.74. Find the orders of the Galois groups over Q for the following polynomials:
@)X —3X2+6; (L)X +5X2—10; (©)X°+3X>+3;, (DX°—7X2+7.

16.75. Give an example of a polynomial f(X) € Z[X] of degree n with n real zeros
whose Galois group over Q is S, forn = 3,4, 5.

16.76. Find the order of the Galois group of X' — 5 over Q.
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16.77. Show that the splitting field of the polynomial X* —7X? + 3X + 1 is real and
its Galois group is As.

16.78. Let f(X) be an irreducible polynomial of degree 4 with two real and two
nonreal zeros. Show that the Galois group of f(X) is either D4 or Sj.

16.79. (a) Let K be a field and f(X) = X" + pX + q € K[X] a trinomial such
that ¢ # 0. Show that a splitting field of f(X) over K is also a splitting field of the
trinomial g(X) = X" + X + ¢, where t = qfil .
(b) Show that the Galois group of an irreducible trinomial g(X) = X3 + X + ¢ is
cyclic of order 3 if and only if there is an @ € K such that t = —“2# (notice that
the discriminant A(g(X)) = —4£ — 277).

(c) Let x; = x be a zero of an irreducible trinomial g(X) (in (b)) in its splitting field.
Show that the two other zeros are:

6x2 — 9% —ax—a*>—27 6x2 — 9 + ax —a* —27
= . X3 = — .
2a 3 2a

X2

(d) Let #(X) € K[X] be such that x, = r(x). Show that f(r(X)) = f(X)g(X) for some
polynomial g(X) € K[X]. Find g(X).

16.80. Let K C L be an algebraic field extension and let f(X) € L[X]. Show that
there exists a nonzero polynomial g(X) € L[X] such that f(X)g(X) € K[X] (this
exercise is taken from [B], where there is also a solution).

16.81. Let f(X) € K[X] be a nonzero polynomial. Show that for every positive
integer d there exists a g(X) € K[X] such that f(X) divides g(X?).

16.82. Let f(X) be a polynomial of degree n over a field K whose Galois group is
S,. Show that any splitting field of f(X) over K cannot be generated by fewer than
n — 1 of its zeros. Is it true that if £(X) (still of degree n) has the Galois group A,
over K, then its splitting field cannot be generated by fewer than n — 2 of its zeros?

16.83. Let f(X) be an irreducible polynomial of prime degree p over a field K
and let M be a subfield of a splitting field of f(X) over K. Show that f(X) is still
irreducible over M if and only if p does not divide [M : K]. (Suggestion: use
Exercises 4.2(a) and 5.3.)

16.84. Let L be a splitting field of an irreducible polynomial f(X) € K[X] and let
f(a) =0fora € L. If K C M is a Galois extension, where M C L, then:

(a) the polynomial f(X) is irreducible over M if and only if M N K(«) = K

(b) all irreducible factors of f(X) in M[X] have the same degree (see Exercise 7.8)
and the number of them equals [M N K[«] : K].

16.85. Let K C L be a Galois extension (of fields of characteristic 0) and let N be
a field containing L. Let M be any field such that K € M C N. Let f(X) € K[X] be
an irreducible polynomial of degree n and let L = K(«y, ..., ), f(e;) = 0, be its



16 Supplementary Problems 103

splitting field (see Exercise 9.22). Let g(X) € M[X] be a polynomial of degree m <
n. Define Tschirnhausen’s' transformation of f(X) by g(X) as the polynomial

o(T) = [ (T - g(@)).

i=1

(a) Prove that ¢(T) € M|T].

(b) Show that if all g(w;) are different, then LM = M(ay,...,0,) =
M(g(ai), . ... glan)).

() Letf(X) = X"4+a, 1 X" '+ 4+a; X+ap € K[X] and let M* = K(Yy, Y, Y,,Y3)
be a field of rational functions in the variables Yy, Y5, Y3, Y4. Choose g(X) = Yo X Sy
Y1X? + Y>X + Y3. Show that Tchirnhausen’s transformation of f(X) by g(X) is a
polynomial in M*[T]

o(T) =Y (Yo, V1. Yo, Y3)T"
r=0

such that f.(Yy, Y1,Y2,Y3) € K[Yy,Y1,Y,,Ys3] are homogeneous polynomials of
degree r for r = 0,1,...,n (fy = 1). In particular, f; is a linear form and f, a
quadratic form of Yy, Y1, 1>, 3.

(d) Prove the following theorem of Bring” and Jerrard®: The system of equations
fl(Y(), Yl, Yz, Y3) = fz(Yo, Yl, Yz, Y3) = f3(Y(), Yl, Yz, Y3) = 0 has a nontrivial
solution (B, B1, B2, B3), where the B; are in a field M generated over K by zeros
of polynomials of degree at most equal to 3.

(e) Show that for the field M = K(Bo, B1, B2, B3) whose existence follows from (d),
the splitting field ML of f(X) over M is a splitting field of a polynomial X° +-aX+b €
M[X] (or even X° + X + c over M({/a)).

Hint to (d) The quadratic form f,(Yy, Y1, Y2, ¥3) can be diagonalized over K and
represented as a sum of squares of 4 linear forms in the variables Y;. Consider a
system of 3 homogeneous linear equations in the 4 variables ¥; whose infinitely
many solutions depend on 1 parameter (factor two sums of two squares in f, over
K (i) to get two linear forms besides f7). Find a value of the parameter which also
gives a zero of the form f;.

16.86. Define k(n) = m as the smallest integer m such that every polynomial
f(X) € Q[X] of degree n with [Q; : Q] > m is irreducible over Q. Find the values
k(n) forn < 5.

'Ehrenfried Walther von Tschirnhausen (or Tschirnhaus), 10 April 1651-11 October 1708.
2Erland Samuel Bring, 19 August 1736-20 May 1798.
3George Birch Jerrard, 1804-23 November 1863.
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Finite Fields

16.87. Let K = F,(x) be an extension of degree 6. Find all intermediate fields
M = TF,(B) C K giving an expression of 8 as a sum of powers of «.

16.88. Show that over a finite field every irreducible polynomial is normal (see
Exercise 7.9 for the definition of a normal polynomial).

16.89. Let K be an algebraically closed field (see p. 21) containing a finite field
F,. Show that the algebraic closure I, of IF, in K (see p. 29) is equal to the union
U2 Fpn. Show also that F, = (J°2 | F .

n=1-p

16.90. Let F be a finite field and F C K C I, where K is a field and F an algebraic
closure of IF (see p. 29). Show that if K is not finite, then the order of each nontrivial
automorphism o over K is not finite.

16.91. Let p be a prime number. Show that the polynomial f(X) = X? — X + 1 has
no zeros in the finite field I, (see Exercise 9.26) and use this in order to prove that
f(X) is irreducible as a polynomial over the field of rational numbers.

16.92. Find the factorization of the polynomial X 4+ X + 1, where p is a prime
number, as a product of irreducible polynomials in F,[X] (compare Exercise 9.26
but observe the completely different behaviour of this polynomial!).

16.93. Characterize all the prime numbers p such that the reduction modulo p of
the polynomial X" — a, a € Z, is not separable over the field F,. Do the same for the
polynomials X" + X + a.

16.94. Let K C L be afield extension of finite fields of odd characteristic p. Assume
that L has degree n over K.

(a) Find infinitely many examples when K C L is a simple radical extension (see p.
31) and infinitely many when this is not the case.

(b) Show that all quadratic and quartic extensions of finite fields are simple radical
and give examples showing that cubic extensions may or may not be simple radical.
(c) Find in terms of n and p conditions which assure that the extension K C L is
simple radical.

16.95. Show that the multiplicative group K* of a field K is cyclic if and only if K
is a finite field.

Roots of Unity and Cyclotomic Fields
16.96. Let € be a zero of the polynomial f(X) = };25_1. Show that K = Q(e) is

-1

a splitting field of f(X) over Q and find all subfields of K (a primitive element for
each such subfield expressed as a polynomial of ¢).

16.97. Show that a finite extension over its prime subfield contains only finitely
many roots of unity.
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16.98. Let K be a field of characteristic different from 2.

(a) Show that if the group of roots of unity in K is finite, then its order is even.

(b) Show that the group of roots of unity in a number field K of finite degree over Q
is finite.

(c) How do the number of roots of unity in the quadratic fields Q(+/d) and in the
biquadratic fields Q(+/d;, v/d>) (d, dy, d> square-free integers not equal 1 and d; #
dy) dependond, d;,d>?

16.99. Let n > 2 be an integer and k an integer such that gcd(k, n) = 1. Then, we
have:

(a) [QcosZ2): Q] = @;

() if 4}
(b) [QGsin %) : Q] = ¢ €% if =0 (mod 8);
20 if n=4 (mod 8),n > 4;
on) if 4} n;
(©) [QtanZ2): Q] = @ if n=0 (mod 8);
¢ if n=4 (mod 8),n > 4.

This exercise is inspired by the results in [Ca].

16.100. (a) Show that Q(e,, &,) = Q(&,, + €,), wWhere &, &, are m-th and n-th
primitive roots of unity.

(b) Let K C L be a field extension and «, B € L be elements such that o™, 8" € K
for some positive integers m, n. Find conditions assuring that K(c, 8) = K(af).
What can be said about K(a, 8) = K(a + 8)?

16.101. Find all roots of unity in the cyclotomic field Q(g), where ¢ is a primitive
n-th root of unity.

16.102. Find the number of quadratic fields over Q contained in the cyclotomic
field Q(e,) when n > 2 is an integer (use T.10.1, A.3.11, T.9.2; the answer depends
on the number of primes dividingn = 2"n’,2 } n’ and on r).

16.103. Let K be a finite field of characteristic p with ¢ = p” elements. Show that
the cyclotomic polynomial @, g, where p 4 n, has a zeroin K if and only ifn | g—1.

16.104. (a) Consider the chain of subfields of the cyclotomic field K = Q(es)
generated by the Gaussian periods 6, for d | 4 (see Exercises 10.7, 10.9 and p. 167):

Q = Q(6s) C Q(62) CQ(61) =K.

Find quadratic equations for 6, d = 2, 1, with coefficients in Q(6,4) and express
0, and 6, = &5 by quadratic roots from numbers in Q, respectively, Q(6,). Using
these quadratic equations, find a formula for cos 2?” (which gives the possibility of
a straightedge-and-compass construction of a regular pentagon).
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(b) Consider the chain of subfields of the cyclotomic field K = Q(e;7) generated by
the Gaussian periods 6, for d | 16 (see Exercise 10.7 and p. 167):

Q = Q(bis) C Q(s) C Q(bs) € Q(62) C Q) =K

Find quadratic equations for each 6, with coefficients in Q(6,,) ford = 8,4,2,1
and express each such 8, by quadratic roots from numbers in these fields. Using
these quadratic equations, find a formula for cos 21—’7’ (which gives a possibility
of a straightedge-and-compass construction of a regular 17-gon—a regular hep-
tadecagon).

Geometric Constructions

16.105. (a) Show that a given angle o can be trisected by a straightedge-and-
compass construction if and only if the polynomial X* — 3X — 2 cos« is reducible
over the field Q(cos «).

(b) Find all positive integers n such that for any given angle «, the angle * is
constructible (by a straightedge-and-compass construction).

16.106. Let d be a positive integer. Show that an angle of d degrees is constructible
(by straightedge-and-compass construction when (0, 0) and (1, 0) are given) if and
only if 3 | d.

16.107. Let cubes of volumes 1 and 2 be given (that is, the length of their sides). Is it

possible to construct (by straightedge-and-compass construction) cubes of volumes
3 and 47

16.108. A part of a disk bounded by arcs of two circles is usually called a lune. We
may assume that the common chord of the two intersecting circles has length equal
to 2. Denote the radii of the two circles by r and R and the central angles defining

R r
1
o B S
a B

Fig. 16.1 Lune of Hippocrates
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the arcs by 2« and 2, respectively (see Fig. 16.1). Assume that the smaller circle
(of radius r) has its center inside the larger one and the lune is a part of the smaller
disk outside of the larger one. It is easy to express the area S of the lune:

S=Br—aR*+ VR —1—-+vr2—1.

A general question is whether it is possible to choose r, R, @, § as constructible
numbers (over Q). If this is the case, then /S is constructible (by straightedge-and-
compass construction), that is, the lune can be squared (which is impossible to do
for the whole circle—see Exercise 14.1(c)).

A lune is called a lune of Hippocrates* when the central angles 2« and 2 are
commensurable, that is, « = mf, B = nf (m < n) for some 6 and positive integers
m and n, and the areas of the sectors of the disks corresponding to them are equal,
that is, «R*> = Br2. Since rsin 8 = Rsina = 1, we have

sin m6 r m

sinnd R n

and the question is for which relatively prime values m,n the number sin@ is
constructible, since all numbers r, R, «, 8 are then constructible.

(a) Let x = €*® = cos26 + isin26. Show that x is a zero of the polynomial
f(X,m,n) =nX"7"X" - 1) —m(X" — 1)%

(b) Consider the polynomials f(X,m,n) for (m,n) = (1,2),(1,3),(2,3),(1,5),
(3,5) and show (e.g. using T.14.2 and Maple) that in each of these cases there exists
a lune of Hippocrates.

Remark. Hippocrates found the first three examples. The remaining two were
found by several mathematicians (probably first by Martin Johan Wallenius in
1766 and somewhat later by Leonhard Euler in 1771)—see [MP]. A proof that
these 5 examples are the only existing ones was given by N.G. Chebotarev’
in 1934 and completed by A.W. Dorodnov in 1947. The natural (simplifying)
conditions imposed by Hippocrates in antiquity are necessary in order to get a
squarable lune, but they could not have been motivated earlier than the results
on transcendental numbers by Gelfond—Schneider and Baker were proved. For an
interesting discussion of these conditions, see [G].

“Hippocrates of Chios, 470-410 BCE.

SNikolai Grigorievich Chebotaryov, 15 June 1894-2 July 1947. His name is (most) often spelled
Chebotarev. In his own papers, he used the transcription Tschebotaréw, which we use referring to
his book [Tsch].



Chapter 17
Proofs of the Theorems

Theorems of Chap. 1

For a proof of Theorem T.1.1, see Exercise 13.14 and its solution on p. 228.

Theorems of Chap. 2

For a proof of Theorem T.2.1, see A.5.1.

Theorems of Chap. 3

For the proofs of the Theorems T.3.1 and T.3.2, see A.4.1 and A.4.2, respectively.

T.3.3 Gauss’s Lemma. A nonconstant polynomial with integer coefficients is a
product of two nonconstant polynomials in Z[X] if and only if it is reducible in
QI[X]. More precisely, if f € Z[X]| and f = gh, where g, h € Q[X] are nonconstant
polynomials, then there are rational numbers r, s such that rg, sh € Z[X] andrs = 1,
sof = (rg)(sh).

We start with a definition. A polynomial with integer coefficients f(X) is called
primitive if the greatest divisor of its coefficients is equal to 1.

Lemma 3.1. The product of two primitive polynomials is also primitive.

Proof. Let f(X) and g(X) be two integer primitive polynomials. Assume that there
is a prime number p dividing all the coefficients of f(X)g(X). We take the reduction
of this product modulo p. The result will be a zero polynomial, that is, we have
f(X)2g(X) = 0in the ring IF,[X]. But a product of two polynomials with coefficients

in a field is zero only if one of the factors is 0. If, say, f(X) = O, then all the
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coefficients of f(X) are divisible by p, which is impossible (f(X) is primitive). This
proves that the product of primitive polynomials is primitive. O

Note now that if f(X) is an arbitrary polynomial with rational coefficients, then
f(X) = c(f)fo(X), where fy(X) is primitive and c(f) is a rational number. In fact, we
can find the least positive integer k such that the coefficients of kf(X) are integers
and then divide kf(X) by the greatest common divisor / of its coefficients. This is
Jfo(X). Thus defining c¢(f) = %, we have f(X) = c(f)fo(X). The rational number
c(f) is called the content of f(X).

Proof of Gauss’s Lemma. Of course, if a polynomial f € Z[X] is a product of two
nonconstant polynomials in Z[X], then it is reducible in Q[X]. Conversely, suppose
thatf € Z[X] and f = gh, where g, h € Q[X] are nonconstant polynomials. We have
g = c(g)go and h = c(h)hy, where go, hy € Z[X] are primitive polynomials. Hence
f = c(g)c(h)goho. Let c(g)c(h) = =, where m, n are relatively prime integers and
n > 0. Assume that n # 1 and choose a prime p dividing n. Then the equality
nf = mgohy shows that p divides the right-hand side and since p does not divide m,
it must divide all the coefficients of the product goho. But this is clearly impossible,
since the product is a primitive polynomial. The conclusion is that p cannot exist
and consequently n = 1. Hence, we have a decomposition f(X) = (mgo) (ho) into a

product of two integer polynomials. Now taking r = % and s = ﬁ, we have two
rational numbers such that rg, sh € Z[X] and rs = 1. O
Theorems of Chap. 4

TA4.1. Leta € L D K be algebraic over K.

(a) Any minimal polynomial of a over K is irreducible and divides every polynomial
in K[X] which has « as its zero.

(b) An irreducible polynomial f € K[X] such that f(«) = 0 is a minimal polynomial
of a over K.

(c) All minimal polynomials of a over K can be obtained by multiplying one of them
by nonzero elements in K.

Proof. (a) Let p be a minimal polynomial of & over K. If p = p;p,, where deg(p;)
< deg(p) and deg(p,) < deg(p), then p(a) = 0 implies p;(«) = 0 or po(a) = 0,
which contradicts the choice of p as a polynomial of the smallest possible degree
having « as its zero.

(b) As in (a), let p be a minimal polynomial of & over K. We have f(X) =
p(X)g(X) + r(X), where deg(r) < deg(p) or r = 0 is the zero polynomial. The
equalities f(«) = 0 and p(«) = 0 imply that also r(«) = 0, so » must be the zero
polynomial according to the definition of p, that is, p | f.

(c) Let both p and p’ be minimal polynomials of « over K. According to (a), they
divide each other, so p’ = ¢p, where c is a nonzero element of K. O
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T.4.2 Simple Extension Theorem. (a) If « € L D K is algebraic over K, then
each element in K(c) can be uniquely represented as by + bya + - -+ + b,—ja""!,
where b; € K and n is the degree of the minimal polynomial p(X) of « over K. Thus
[K(a) : K] =nandl,a,...,a" " is a basis of K () over K.

(b)Ifa € L 2 K is transcendental over K, then K[| is isomorphic to the polynomial
ring K[X] by an isomorphism mapping X to .

Proof. Consider the ring homomorphism (see p. 247 if you want to refresh your
knowledge about this notion)

¢ : K[X] — K][«o],
where ¢(f (X)) = f(a). We have

Ker(p) = {f € K[X] : ¢(f) = f(@) = 0} = (p(X)).

since every polynomial having « as its zero is a multiple of p(X) by T.4.1(a). It is
clear that the image of ¢ is the whole ring K[«]. By the fundamental theorem on
ring homomorphisms (see A.3.7), we get K[X]/(p(X)) = K[«]. As we know, each
class in K[X]/(p(X)) can be uniquely represented by a polynomial (see A.5.8)

bo+biX + -+ b X", b €K,
so that each element in K[c] can be uniquely written as the image
bo+bia + -+ b,_1a" ' b € K,

of such a polynomial. Finally, we observe that K[| is a field, since the polynomial
p(X) is irreducible (see A.5.7). In particular, we have K[o] = K(o).

If o is transcendental, then it is clear that the kernel of the homomorphism ¢ is
(0), since by the definition of «, the equality ¢(f(X)) = f(«) = 0 implies that f
must be the zero polynomial. Of course, ¢ is surjective. Thus ¢ is an isomorphism
of the rings K[X] and K|«]. O

T.4.3 Tower Law. Let K C L and L C M be finite field extensions. Then K C M is
a finite field extension and [M : K] = [M : L][L : K].

Proof. Lete;, i = 1,...,1,be abasis of Lover K, and f;,j = 1,...,m, a basis of
M over L. If x € M, then there is a unique presentation x = Z;":l Lif;, where [; € L.
For each j there is a unique presentation /; = Zf=1 aje;, where a;; € K. Therefore,

m m l

X = Zlﬁ:ZZageifj

j=1 j=1 i=1
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and the presentation of x as a linear combination of e;f; with coefficients a;; € K is
unique. This shows that /m products e;f; form a basis of M over K, so [M : K] =
M : L][L : K]. O

T.4.4. A field extension L 2 K is finite if and only if it is algebraic and finitely
generated.

Proof. Assume that L O K is a finite extension. Then there is a basis ej,...,e, of L
over K, so L = K(ey,...,ey), thatis, L is finitely generated over K. Take x € L and
consider the powers 1, x, x%,...,x" € L. Since the number of these elements is n+ 1,
they must be linearly dependent over K, that is, ay + a;x + ax® 4+ -+ ax" =0,
where not all coefficients a; € K are equal to 0. Thus x is an algebraic element over
K, that is, L is an algebraic extension of K.

Assume now that L O K is algebraic and finitely generated. This means that
L =K(uy,o,,...,a,) and we have the following tower of fields:

K CK(x;) CK(ay,00) C--- C K(ayq,..., ).

For each i = 0,...,n — 1, o4 is algebraic over K, so it is algebraic over
K(ay, o, ..., a;). Hence the extension K (a1, a2, ..., ;) € K(ay,az, ..., 0, 0it])
is finite by T.4.2(a). Consequently the extension K C L is finite as its degree is the
product of the degrees [K(c, a2, ..., 0, ir1) : K(oy, 02, ..., ;)] by T.4.3. O

T4.5. If K C M C L are field extensions such that M is algebraic over K and o € L
is algebraic over M, then it is algebraic over K.

Proof. Let a be a zero of a polynomial f(X) = X" + a,— X" ' + -+ + a1 X + ao,
where o; € M fori = 0,1,...,n— 1. Consider the tower of field extensions:

K CK(ag,...,00—1) S K(tg, ..., 0—1,Q).

Since the elements «y, . .., o,—; are algebraic over K, the first extension is finite
by T.4.4. Since « is algebraic over the field K(«y, ..., «,—1), the second extension
is finite by the same theorem. Thus, the extension K (o, ..., ®,—1,®) 2 K is finite
by T.4.3 and the element « is algebraic over K by T.4.4. O

TA4.6. IfL O K is a field extension, then all elements in L algebraic over K form a
field.

Proof. Let o, € L be two elements algebraic over K. Then the extensions
K(a,8) 2 K(¢) 2 K are finite. Hence according to Theorem T.4.4 they are
algebraic. But « £ 8, aff € K(«, B), and o/ € L, when § # 0. Hence the set
of algebraic elements in L is closed with respect to the four arithmetical operations,
that is, the elements of L algebraic over K form a field. O
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Theorems of Chap. 5

T.5.1 Kronecker’s Theorem. (a) If f is an irreducible polynomial over K, then
there exists a field L O K such that L = K(«) and f(o) = 0.

b) If t : K — K is a field isomorphism, f an irreducible polynomial over K, L =
K(@), where f(@) = 0 and ' = K'(«'), where T(f)(¢’) = O, then there is an
isomorphism o : K(a) — K'(«') such that in the diagram:

K(a) —> K'(@)

]

K—T>K/

we have o(a) = o' and olg = t.

In particular, if K = K’ and © = id, then o is an isomorphism over K (that is, the
isomorphism o maps each element in K to itself) of the two simple extensions of K
by two arbitrary roots of f(X) = 0.

Proof. (a) The quotient L = K[X]/(f(X)) is a field, since f(X) is irreducible in
K[X] (see A.5.7). The class [X] = « is a solution in L of the equation f(X) = 0 and
L = K(x) (see A.5.8).

(b) The isomorphism 7 : K — K’ can be extended to an isomorphism of the
polynomial rings t : K[X] — K’[X] (just applying T on K to the coefficients of
the polynomials). This isomorphisms maps the irreducible polynomial f(X) onto
the irreducible polynomial t(f)(X) in K’'[X]. Thus, we have an isomorphism of the
quotient rings (see A.3.8):

T KX/ (F(X)) = K'[X]/ ((£) (X))

such that the class of [X] = « in the first ring maps onto the class of [X] = ' in the
second one. Since K[X]/(f(X)) = K(a) and K'[X]/(z(f)(X)) = K'(¢),0 = t* is
the required extension of t. O
T.5.2. (a) Every polynomial f € K[X] has a splitting field over K.

(b) If T : K — K’ is an isomorphism of fields, L is a splitting field of a polynomial
f € K[X] and L' is a splitting field of the polynomial ©(f) € K'[X], then there exists
an isomorphismo : L — L'
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which extends T (that is, 0|k = 7). In particular, if K = K’ and t = id, then two
splitting fields for f over K are K-isomorphic (that is, the isomorphism ¢ maps each
element in K to itself).

Moreover, if f has no multiple zeros, then there are exactly [L : K] different
possibilities for o when t is given.

Proof. (a) We apply induction with respect to degf = n and an arbitrary field K.
If degf = 1, then of course L = K. If degf > 1 and f; is an irreducible factor
of f, then according to T.5.1(a), there is a field L; = K(«;) in which fi(X) = 0
has a solution «;. Thus f(X) = (X — a1)g(X), where the degg = degf — 1 and
the leading coefficients a of f and g are the same. The polynomial g has a splitting
field L over Ly, thatis, g(X) = a(X —ap)--- (X — o) and L = Li(ap, ..., 0), SO
L=K(uj,02,...,0p) and f(X) =aX — o)) (X —a2) - - (X — o).

(b)LetL = K(ay, ... o) and L' = K(af, ... o), where f(X) = a(X—ay) --- (X—
a),aceK,andt(f)X) =d X —a})---X—a),),d €K

We apply induction with respect to the degree [L : K] for arbitrary pairs of fields
Kand L. If [L : K] = I, then f(X) = aX —a))(X —a2) - (X — an), o; € K, 50
(X)) = aX —a))(X —ab)--- (X — ) and o] € K, that is, L' = K'. We take
o=r.

Assume now that [L : K] > 1. Then there exists an i such that o; ¢ K. We may
assume that i = 1, so «; is a solution to the equation fi(X) = 0, where fi(X) is
an irreducible factor of f(X) and degf; > 1. Let a] be a zero of t(f;)(X), which
is an irreducible factor of 7(f)(X). According to T.5.1(b), we have an extension o0
of 7 to an isomorphism of K(a;) onto K(«}). Now L is a splitting field of f over
K(ap) and [L : K(o1)] = [L: K]/[K(1) : K] < [L : K]. According to the inductive
assumption, there exists an isomorphism ¢ : L — L’ which extends o7. Of course,
o extends t, since 07 extends .

If £(X) has no multiple zeros and « is a zero of f1 (X), then o (@) is a zero of T(f1)(X),
since 0 = o(fi(x)) = t(fi)(o(@)). Thus, t(f1)(X) has d different zeros, where
d = degf;. Hence, we can choose o] in exactly d different ways. Since all zeros of
f(X) are different over K(;), we can use induction as above to the extension L of
K(a1). Each choice of 07 gives [L : K(a;)] = [L : K]/[K(o1) : K] = [L : K]/d
different choices of o. Thus the total number of extensions ¢ of 7 equals d - [L :

K]/d =[L:K].
When K = K’ and t = id, it is now evident that two splitting fields of f(X) over K
are isomorphic. O

T.5.3. A polynomial f € K[X] has no multiple zeros in any extension L 2 K if and
only if ged(f.f') = 1.

Proof. Let @ € L be a multiple zero of f(X), that is, f(X) = (X — a)?q(X) (the
multiplicity of « is at least 2), where ¢(X) € L[X]. Then f'(X) = 2(X — a)q(X) +
(X — a)%q'(X), so f(a) = f'(c) = 0. Hence gcd(f(X).f' (X)) # 1 as it is divisible
by X —«.

Conversely, let d = gcd(f,f”) be a nonconstant polynomial and let « be a zero
of d(X) in some field containing K (here we use T.5.1). We have f(«) = f'(a) = 0.



Theorems of Chap. 5 115

Hence f(X) = (X — @)g(X), so f'(X) = q¢(X) + (X — a)¢’(X). The last equality
shows that g(a) = 0. Hence ¢(X) = (X — a)q1(X) and f(X) = (X — &)1 (X), that
is, the polynomial f(X) has multiple zeros (« has at least multiplicity 2). O

T.5.4. (a) The number of elements in a finite field is a power of a prime number.
(b) If p is a prime number and n > 1, then any splitting field of X*" — X over F,isa
finite field with p" elements.

(c) Two finite fields with the same number of elements are isomorphic. More
precisely, every finite field with p" elements is a splitting field of X"" — X over F,.

Proof. (a) Let K be a finite field. The prime subfield of K is of course also finite,
so let IF, for a prime number p be the prime subfield contained in K (see T.2.1). Let
ai,...,a, be a basis of K over FF,. Each element of K is uniquely represented as
ayoq +---+a,o,, where a; € I, so the number of elements of K equals the number
of such linear combinations, that is, it is equal to p".

(b) Let K be a splitting field of the polynomial X? — X, where g = p", over IF,,. The
existence of K follows from T.5.2. Let

M={ueK|a!=a}

be the set of all solutions of the equation X? = X in K. If o, a1, p € M, then (see
Exercise 2.12)

(o) + ap)? = ai’ + otg =y + ay, (xjp)? = Oli]Ol;] = a0,

and

1\ 1 1
(—):—:—if a #0,
o ad o

so the elements of M form a subfield of K. The subfield M is of course a splitting
field of the polynomial X4 — X over IF,. Thus, by the definition of a splitting field
(see p. 27), we have K = M. We also see that the field K has ¢ = p" elements,
since all zeros of the polynomial f(X) = X? — X are different. In fact, we have
f/(X) = gX9~' —1 = —1, that is, the polynomials f(X) and f'(X) are relatively
prime (see T.5.3).

(c) Let K be any field with ¢ = p” elements. Since all nonzero elements of K form
a group with respect to multiplication and the order of this group is ¢ — 1, we have
a?”! = 1 for each nonzero a € K (see A.2.6). Hence all elements of K including
0 satisfy the equation X¢ = X. Thus K is a splitting field of the polynomial X9 — X
over IF,. O

TS5.5. For every field K there exists an algebraic closure K and two algebraic
closures of the same field K are K-isomorphic.

Proof. As a first step, we prove that for every field K, there exists a field K; 2 K
such that every irreducible polynomial f(X) € K[X] has a zero in K.
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Let S denote the set of all irreducible polynomials f € K [X] Foreachf € S, we
take a variable Xy and form the polynomial ring R = K].. ..] generated over
K by all the variables X;. Consider the ideal Z in this polynom1a1 ring generated by
all f(Xr), where f € S. We claim that this ideal is proper, since 1 ¢ Z. If this is not
true, then there are polynomials f;(X};) such that

1= glfl(Xfl) + "'+grfr(Xfr)

for some polynomials g; € R. The polynomials g; depend on some finite number
of variables X;. Let M be an extension of K in which each polynomial f(X;;) has
a zero «;. Take a ring homomorphism mapping each variable X to «; and all
remaining variables Xy to 0. Applying this to the above equality gives 1 = 0, which
is impossible. Hence 1 cannot belong to the ideal Z.

Since Z is a proper ideal, we have a maximal ideal M containing Z (see A.13.2)
and we have the natural surjection of the ring R onto its quotient R/ M, which is a
field K; by A.5.5. Notice now that the field K is mapped into the field K, since the
kernel of the surjection of R onto K is zero when restricted to the field K (a field has
only two ideals (0) and itself, but in this case the kernel is (0), since 1 is not in the
kernel—see A.5.4). Thus, we can identify K with a subfield of K;. Moreover, every
polynomial f(Xy) has a zero in K}, since the image of X; is a zero of this polynomial
(f(Xr) equals zero in K;—see A.5.8). This proves the first assertion of the theorem.

Now we repeat the process and construct a chain of fields

K=Ky CK CK,C---CK,C--

such that each polynomial over K; has a zero in K3, each polynomial over K, has a
zero in K3 and so on. Define K = U?io K;. We claim that K is an algebraic closure
of K.

In fact, if f(X) € K is an irreducible polynomial, then the coefficients of f(X)
are already in some field K;. Hence, this polynomial has a zero in K;4, that is, it
has a zero in K. As f(X) is irreducible in K[X] and has a zero in K, it has degree 1.
Thus the field K is algebraically closed, since the only irreducible polynomials over
K have degree 1 (see p. 21).

Now we prove that two algebraic closures K and K’ of the same field K are
isomorphic. Consider the set of all pairs (L,¢) such that L is a subfield of K
containing K and ¢ an injection of L into K’ over K. This set is not empty, since we
have the pair consisting of K and the identity as ¢. Such pairs are ordered when we
declare a pair (L, @) less than or equal to (L', ¢") when L C L’ and ¢’ restricted to L
isequal to ¢. If )V is a set of pairs (L, ¢) such that for two pairs (L, ¢;) and (L, ¢2),
we have L; € L, or L, C L, then taking 0= ULey L and defining ¢, on L so that
its restriction to L is ¢ (for (L, ¢) € )), we get an upper bound of the set ). Thus,
we can apply Zorn’s Lemma (see A.13.1), which says that there exist a maximal
pair. Let (M, @) be such a maximal pair and let M" = ¢(M) be the corresponding
subfield of K’. We want to prove that M = K and M’ = K’. If not, then there is an
o € K such that @ & M. The element « is algebraic over M (since it is algebraic over
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K), so let us take its minimal polynomial f(X) over M. Since f(X) € M[X], we can
take the image of this polynomial applying ¢ to its coefficients. This polynomial,
as a polynomial with coefficients in M’, has a zero o’ € K’. By T.5.1, there is an
isomorphism v : M(«) — M’ («’) which restricted to M is equal to ¢. Thus the pair
(M, ¢) is not maximal if & could be chosen outside of M. This contradiction shows
that M = K. Now the image ¢(K) is an algebraically closed subfield of K, which is
algebraic over it. But this is only possible when K’ = ¢(K), since an algebraically
closed field has no nontrivial algebraic extensions. O

Theorems of Chap. 6

T.6.1. All K-automorphisms of L form a group with respect to the composition of
automorphisms.

Proof. We have to check that if 0,7 € G(L/K) are automorphisms of L over K,
then both ot and o~! also are automorphisms of L over K. It is clear that the
composition and inverse of bijective functions are bijective. Thus, we have to check
thatif x,y € Land o(x +y) = o(x) + o(y), o(xy) = o(x)o(y) and similarly
for 7, then ot(x + y) = ot(x) + ot(y) and ot(xy) = ot(x)oz(y) as well as
o'(x+y) = o7'(x) + 7' (y) and 07 (xy) = o' (x)o~" (). To check these
equalities requires a few formal and easy steps, so we restrict to only two of them.
We have

ot(xy) = 0(t(xy)) = o(x()1(y) = a(x())a(z(y)) = or(¥)az(y).

Define X’ =0~ '(x)andy = o~ !(y). Theno (¥’ +y) = o (x') + 0 (/) = x + v,
soo ' (x+y) =x +y =0"1(x) + 07 (y). A similar argument gives 0! (xy) =
o~ 'x)o ().

Of course, we have ot(x) = x and 0! (x) = x foreach x € K, so ot and 0!
are K-automorphisms. |

T.6.2. If G is a group of automorphisms of L (finite or infinite ), then LC is a subfield
of Land[L : L°] = |G|.

Proof. In order to check that LC is a field, we have to show that if x,y € L%, then
also x & y, xy, x/y € LY (y # 0 in the quotient). This is evident, since o'(x) = x and
o(y) = yforo € Gclearly implieso(x+y) = x£y,0(xy) = xyand o (x/y) = x/y.
Of course, we have 0, 1 € LY, so L really is a subfield of L.

First we show that [L : L°] > |G|. Let G = {01, ...,0,}. Here G need not be a
group—simply a set of different automorphisms of L. Assume that L has dimension
m < nover LY and let ey, ..., e, be a basis of L over LS. Consider the following
system of m homogeneous linear equations:

o1(en)xi + -+ ou(er)x, =0
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o1(e)x) + -+ oule)x, =0

01 (em)xl + e Un(em)xn =0.

Since the number of equations m is less than the number of variables n, the system

has a nontrivial solution (xi,...,x,) € L". Letx = Y ', a;e;, where a; € LS, be an
arbitrary element of L. Multiply the i-th equation in the system by a; fori = 1,...,m
and notice that for every j = 1,...,n, we have a,0;(e;) = oj(a;e;), since a; € L°.

Then add all the equations. The result is the following equality:
o1(x)x; + -+ 0,(x)x, =0,

which holds for every x € L. However, this contradicts Dedekind’s Lemma (see
below T.6.3), since (xi,...,x,) # (0,...,0). Hence [L : L°] > |G|. Notice that
the proof implies that the degree [L : LY] is always at least equal to the number of
automorphisms in any set (not necessarily a group) G. In particular, if there exists an
infinite group of automorphisms of L, then the dimension of L over L is not finite.
Now we prove that [L : LY] < |G|, when G is a finite group of automorphisms
of L. Let G = {01, ...,0,} and assume that m = [L : L°] > |G| = n. Assume that
el,...,eyis abasis of L over LS and consider the homogeneous linear system:

xlal_l(el) + "'+xm01_l(em) =0

xlUi_l(el) +e mei_l(em) =0

xlan_l(el) + "'—}-me'n_l(em) =0.

Since the number of equations n is less than the number of variables m, the system
has a nontrivial solution (xy,...,x,) € L™. Assume that x; # 0. Since the system
is homogeneous, any multiple c(x1, ..., X,), where ¢ € L, is also a solution of the
system. Therefore, we can choose x; arbitrarily in L. Let’s do it in such a way that

al(xl) +---+ Un(xl) 75 0.
Such a choice is possible by Dedekind’s Lemma (the sum on the left cannot be 0

for all x; € L). With this choice of x;, we apply o; to the i-th equation of the system
above and we get:

oi(x)er + -+ o1(xp)e, =0
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oi(x1)er + -+ + 0i(xm)en =0

O-m(xl)el +e Um(xm)em =0.
Adding all the equations above, we get the following equality:
Trg(x1)e; + - -+ + Trg(xm)em = 0,

where Trg(x;) = o1(x1) + -+ + 0,(x1) # 0. This gives a contradiction, since
ei,...,ey are linearly independent over L¢ and Trg(x;) € LY. Hence [L : L]
< 6]. O

T.6.3 Dedekind’s Lemma. Ifo,,0o,...,0, are different automorphisms of a field
L and the equality a,01(x) + a202(x) + -+ - + a,0,(x) = 0, where a; € L, holds for
everyx € L, thena; =ay = ... =a, = 0.

Proof. We prove Dedekind’s Lemma by induction on the number of automorphisms
n.If n = 1, then the equality a;0,(x) = 0, for every x € L, implies that a;0,(1) =
a) = 0.

Assume now that the lemma is true when the number of automorphisms is less
than n > 1 and let

a101(x) + a202(x) + + -+ + a,0,(x) = 0 ()

for every x € L, where a; € L. Since the last equality holds for every x € L, we may
choose an arbitrary @ € L and replace x by ax. Then, we get:

a101(a)o (x) + a0 ()or(x) + - -+ + a0, ()0, (x) = 0. (%)
Now, we multiply the equality (x) by 0, («) and subtract from it the equality ():
ap (O-n (O{)—O’l (05))0-1 ()C) +az (O-n (O{)—O’z (05))0-2 (x)+ B (O',, (a)_an—l (a))o-n—l ()C) =0.

Using the inductive assumption, we get that all the coefficients in the last equality

are equal to 0, that is, a;(0,(0) — 0;(e)) = O fori = 1,...,n — 1. Since the
automorphisms o1, ..., o0, are different, for every i = 1,...,n — 1 there is an
element o; € L such that 0,(¢;) # o0;(e;). Choosing @« = «;, the equality
ai(o, (@) — oi(@)) = 0 implies that @; = 0 fori = 1,...,n — 1. Now we go

back to the equality (x), which gives a,0,(x) = 0 for every x € L. When x = 1, we
get a, = 0 and the proof is complete. |
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Theorems of Chap. 7

T.7.1. A finite extension L O K is normal if and only if L is a splitting field of a
polynomial with coefficients in K.

Proof. LetL = K(a,...,a,) be a normal extension of K and let f; be the minimal
polynomial of «; over K fori = 1,...,n. According to the definition of a normal
extension, every polynomial f; splits into linear factors in L. The same is true for the
productf = fi - - - f, so L is a splitting field of f over K, since it contains all its zeros
and is generated over K by some of them: ¢, . .., a,.

Conversely, assume that L is a splitting field of a polynomial f € K[X]. We want
to show that if an irreducible polynomial g € K[X] has a zero @ € L, then g splits in
L into linear factors. Let M be a splitting field of the polynomial g over L and let o’
be any zero of g in M. We want to show that &’ € L, which will show that g already
splits in L. Consider the following chain of field extensions:

M

AN

L(x) L(a")

NP

K(@) K(o')

N7

K

Since L is a splitting field of f over K, both L(«) and L(«’) are splitting fields of
f over K(«) and K (o), respectively. Since K(«) = K(o'), there is an isomorphism
of the splitting fields L(«) and L(«’) of f extending an isomorphism of K(«) and
K(a') (see T.5.2). Hence [L(@) : K(@)] = [L(¢) : K(«')]. Of course, [K(@) : K] =
[K(a') : K]. Thus

[L@) : K] _ [L(@) : K(0)][K(e) : K]

e : L = == = L K]

_L@) : K(@)K(e') : K] _ [L):K]
- [L:K]  [L:K] = [E@) - L.

But [L(a) : L] = 1, since @ € L, so [L(a’) : L] = 1, which means that L(¢) = L,
thatis, o’ € L. O
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T.7.2. LetL = K(vy,...,ay) be a finite extension. Then a normal closure of L O K
is unique up to a K-isomorphism. More precisely, every normal closure of L O K
is a splitting field over K of f = fi -+ -f,, where f; is the minimal polynomial of «;
over K.

Proof. If N is a normal closure of L D K, then every f; splits in N, so N contains
its splitting field. Let f = f;---f,. Then N also contains a splitting field of f. But
this splitting field of f is normal, so N coincides with it. The uniqueness up to a
K-isomorphism is a direct consequence of T.5.2. |

Theorems of Chap. 8

T.8.1. (a) All fields of characteristic 0 and all finite fields are perfect.
(b) If char (K) = p, then an irreducible polynomial f € K[X] is not separable if and
only if f/ = 0, which is equivalent to f(X) = g(X?), where g € K[X].

Proof. (a) Let K be a field of characteristic 0 and let f(X) = a, X" + -+ + a1 X +
ap € K[X] be an irreducible polynomial. Let ged(f,f") = d. Since degf > 0 and
char(K) = 0, we have f’ # 0 (zero polynomial). We have d | f and degd < degf’ <
degf, so d must be a constant polynomial as a divisor of an irreducible polynomial
f. Thus f is separable by T.5.3.

Assume now that K is a finite field of characteristic p. First note that the function
o(x) = x” is an automorphism of the field K (see Exercise 6.5(b)) and since K is
finite, we have 0 (K) = K (the number of elements in 6(K) and K is the same). This
equality says that each element of K is a p-th power. Let now f(X) be a minimal
polynomial of an algebraic element over K in an extension of this field. We want to
show that f(X) is separable. If not, then according to (b) below, there is a polynomial
g € K[X] such that f(X) = g(X?) = b, XP"™ + --- + b1 XP + b for the same b; € K.
But all b; are p-powers in K, so we have b; = cf' for some ¢; € K. Hence

fX) =b,XP" 4+ -+ b1 XP + by :cng”"’+-~~+c’l’X”+c”0 = (cpX" + -+ 1 X+ o),

which shows that f(X) is not irreducible, contrary to the assumption. Hence f(X) is
separable, which proves our claim concerning the finite field K.

(b) Assume that f € K[X] is irreducible and not separable. Hence by T.5.3, we have
gcd(f,f") = d, where d is not a constant polynomial. Since d|f is irreducible, we
have d = f (up to a constant), so f|f’. This is only possible when f” is identically
equal to zero. Since f/(X) = na,X"~'+---+2a,X +a, we get that the only nonzero
coefficients g; in f(X) may be those which correspond to X’ for i divisible by p—if X*
has nonzero coefficientin £(X) and p 4 i, then the coefficient of X'~! in the derivative
is also nonzero, so the derivative is nonzero. Hence f(X) is a polynomial in X?, that
is, f(X) = g(X?) for some g(X) € K[X]. Conversely, it is clear that an irreducible
polynomial f(X) = g(XP) is not separable, since f'(X) = 0, so gcd(f.f") = f,
which means that f(X) has multiple zeros in an extension of K. O
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T.8.2 Primitive Element Theorem. If L = K(«y,...,®,), where ay,...,a, are
algebraic and all with possibly one exception are separable over K, then there is a
primitive element of L over K. In particular, every finite separable extension has a
primitive element.

Proof. First, we assume that K is an infinite field. It suffices if we show that if
L = K(«, ), then L = K(0) for a suitable 8 € L. Let f and g be the minimal
polynomials of @ and 8 over K and let

JX) =X —ar)- (X —ap),
gX) = (X =p1)--- (X =B,

where ¢y = o, f; = B. According to the assumption all zeros of f or g are different
(f or g is separable polynomial). Assume that g is separable. Choose ¢ € K so that

o +cBj # o1 +chi
for all (i,/) # (1, 1). The existence of ¢ follows from the fact that
a; +xpB; = o1 +xPy
holds for finitely many x € K (fewer than mn “bad” x). Define:
0 =o+cp.

We have K(0) € K(«, B). We want to show that K(«, 8) € K(0). It suffices if we
show that 8 € K(8), since then @ = 6 — ¢ € K(0). Consider the polynomials:

f(@—cX) and g(X).
These polynomials have coefficients in K(8) and they have a common zero S, since
fO —cp) =f(@) =0 and g(B)=0.
They do not have any other common zeros, since if f(6 — c¢f;) = 0 for some j, then

6 — cBj = «; for some i. Thus o; + ¢fj = 0 = a + cB, which occurs only if
i =j = 1. This shows that

ged(f(0 — cX), g(X)) = X — B.

But the greatest common divisor of two polynomials with coefficients in K(6) is a
polynomial with coefficients in K(0), so f € K(6).
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If K is a finite field,' then L is a finite field as well and its multiplicative group
of nonzero elements is cyclic (see Exercise 5.8). Any generator of this group is a
(field) primitive element of L over K. O

Theorems of Chap. 9

T9.1. Let L D K be a finite field extension and G(L/K) its Galois group. Then the
following conditions are equivalent:

(@ L : K] = |GL/K)]:

(b) LO/K) = K

(c) There is a group G of K-automorphisms of L such that K = L° and then, G =
G(L/K);

(d) L 2 K is normal and separable;

(e) L is a splitting field of a separable polynomial over K.

Proof. (a) = (b) We have the following chain of fields:
K C LCW/EK) cL

and according to T.6.2, we get [L : L°®/®)] = |G(L/K)|. Since also [L : K] =
|G(L/K)|, we get [LOW/K) . K] = [L : K]/|L : L°“/®)] = 1 by T.4.3. Thus, we have
LG(L/K) =K.

(b) & (c) Taking G = G(L/K), we get that (b) implies (c). The converse follows
if we note that G € G(L/K) gives K € LUK c L6 C L. Since L® = K, we get
L6®/K) = K, which gives (b). Moreover, if L® = K, then Artin’s Lemma (see T.6.2)
and the inclusion G € G(L/K) imply that G = G(L/K).

(b) = (d) We have to show that if f(X) € K[X] is an irreducible polynomial
such that f(e) = 0 for some o € L, then f(X) splits in L as a product of linear
factors (normality) and all solutions of the equation f(X) = 0 in L are different

(separability).
Let G = {01,...,0,} and let X = {oy,...,a,} be the set of all different images
oi(a) fori = 1,...,n. We assume that o7 = id, so «; = «. Notice that by the

definition of X, if o; € X, then o(¢;) € X for 0 € G, so every 0 € G gives a
permutation of the elements of X. Consider the polynomial

8X)=X—a)-- (X —a).

We claim that g(X) € K[X]. In fact, the coefficients of this polynomial are ¢y +- - -+
O, 010+ 01Oy, . .., O -+ - 0, (that is, all fundamental symmetric expressions

IThere exists a proof of the theorem on primitive elements, which works for both finite and infinite
fields K. See [BR].
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in ay,...,o—see section “Symmetric Polynomials” in Appendix). Every 0 € G
permutes all the «;, which leaves the coefficients unchanged:

ol +--+a)=o0(@)+- --+o()=a +-+a,

o(ajon + -+ o) = o(@ap) + -+ o(a—1@,) = 10 + -+ + o1,

ol o) = 0o o) = - ar

Thus by (b), the coefficients of g(X) belong to L°/X) = K Since f(X) is irreducible
in K[X] and has a zero «, and g(X) is a polynomial in K[X] which also has a zero «,
we get that f(X) divides g(X). Hence all zeros of f(X) are in L and are different.
(d) = (e) Let L = K(«y, ..., a,) be finite, normal and separable. Let f;(X) be the
minimal polynomial of ;; over K fori = 1,...,n. Then f;(X) is irreducible and has
a zero in L, so it is separable and has all its zeros in L. Let f(X) be the product of
different polynomials among f1(X), . ..,f,(X). Then f(X) is separable and L is its
splitting field over K.

(¢) = (a) Let L = K(oy,...,a,) be a splitting field of a separable polynomial
fX)=aX —-a1)--- (X —ay,), a € K. We use induction with respect to the degree
[L:K].If [L : K] = 1, then of course, |G(L/K)| = 1. Assume that [L : K] > 1.
Then there exists i such that o; ¢ K. We may assume that i = 1,s0 ¢ = « is a
solution to the equation f; (X) = 0, where fi (X) is an irreducible factor of f(X) and
degfi = d > 1. Since f is separable, f;(X) = 0 has d different solutions in L. Let
o’ be any of the solutions to f1(X) = 0 in L. As we know (see T.5.1(b)), there is an
isomorphism 7 : K(a) — K(') such that 7(«) = ' and 7 is the identity on K. The
number of such 7 is exactly d since 7(fi(«)) = fi(r(«)) = 0, so there are exactly d
possibilities for 7(«) as solutions to the equation f; (X) = 0 in L.

We have the following field extensions:

T U T
K(@) — K(@)

]

K—=K
id

Now consider f(X) as a separable polynomial with coefficients in K(«). Then L is
its splitting field. We have [L : K(«)] = [L : K]/[K(«) : K] < [L : K], so we can
use the inductive assumption. Each choice of t gives [L : K(«)] = [L : K]/[K(«) :
K] = [L : K]/d different choices of o. Thus the total number of extensions ¢ of
id: K — Kequalsd-[L:K]/d=[L:K]. |
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Before we prove the next theorem, recall from Chap. 9 the following notations:
If L D K is a field extension, F the set of all fields between K and L and G the set
of all subgroups to G(L/K), then we define two functions:

f:G—F and g:F—>G
in the following way:
fH) =L" ={x € L: ¥Yoeno(x) = x}
and
gM) = G(L/M) = {o € G(L/K) : Vyemo (x) = x}.

T.9.2 Fundamental Theorem of Galois Theory. If L D K is a finite Galois
extension, then f and g are mutually inverse bijections between the set F of
all fields between K and L and the set G of all subgroups of G(L/K), that is,
fog=idr, gof = idg. Moreover, the functions f and g are inclusion-reversing,
that is, f(Hy) 2 f(Hy) if Hy C Hy, and g(M,) 2 g(M>) if M1 C M.

Proof. By T.6.2, we know that f(H) = L is a field between K and L for every
subgroup H of G(L/K), that is, f(H) € F. It follows from T.6.1 that g(M) =
G(L/M) is a subgroup of G(L/K) for every field M between K and L, that is,
gM) € G.

We show fg = idr and gf = idg, which says that f and g are mutually inverse
bijections (see A.9.1). We have

fe(M) = f(G(L/M)) = LCE™ = m
according to T.9.1(b), since by T.9.3(a) the extension L 2 M is Galois. We also have
gf (H) = ¢(L") = G(L/L") = H,

where the last equality is a direct consequence of T.9.1(c).
The last statement concerning the inversion of inclusions follows immediately
from the definitions of f(H) and g(M). O

T.9.3. Let K C L be a Galois extension and M a field between K and L.

(a) The extension L O M is a Galois extension.

(b) The extension M 2 K is a Galois extension if and only if G(L/M) is normal in
G(L/K). If this holds, then G(M/K) =~ G(L/K)/G(L/M).

Proof. (a) Since K C L is a Galois extension, it is a splitting field of a separable
polynomial f(X) € K[X]. L is a splitting field of the same polynomial over M. Thus
M C L is a Galois extension.
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(b) Let K € M be a Galois extension and let 0 € G(L/K). We claim that the
restriction of o to M belongs to the Galois group G(M/K). In fact, if « € M and
g(X) is the minimal polynomial of @ over K, then g(o(«)) = o(g(e)) = 0, so
o(a) € M, since all solutions of g(X) = 0 belong to M (M is Galois over K, g(X) is
irreducible in K and has one zero « in M). Consider the group homomorphism

¢ : G(L/K) = G(M/K)

such that ¢(0) = ojy. The kernel of this homomorphism consists of all automor-
phisms o € G(L/K) which map onto the identity oy = idy, that is, the kernel is
G(L/M). Thus G(L/M) is a normal subgroup of G(L/K).

Conversely, assume that G(L/M) is a normal subgroup of G(L/K). Then for every
o € G(L/K) and every © € G(L/M), we have 0" 't0 € G(L/M). Leta € M.
Then 6~ 't0(e) = «, that is, to(¢) = o(a). Hence (o) € M as an element
fixed by all automorphisms t € G(L/M) (remember that M C L is Galois by (a)).
Hence, the homomorphism ¢ is defined—it maps every K-automorphism of L onto
its restriction to M. It follows from Theorem T.5.2(b) that ¢ is surjective, since every
automorphism 7 € G(M/K) can be extended to an automorphism o € G(L/K) (that
is, o restricted to M equals 7). According to the fundamental theorem on group
homomorphisms (see A.2.11), we have

G(L/K) _ _
LM ¢(G(L/K)) = G(M/K).
This gives:
_|6/K)| |GW/K)|  [L:K]
Gl = 'G(L/M) = ieam) = Lo~ MK
that is, K C M is a Galois extension. O

Theorems of Chap. 10

T.10.1. (a) The degree [Q(¢) : Q] = @(n), where ¢ is a primitive n-th root of unity
and ¢ is Euler’s function.

(b) Each automorphism o in the Galois group G(Q(e)/Q) is given by oy (¢) = &,
where k € {1,...,n} and gcd(k,n) = 1. The mapping o — k (mod n) gives an
isomorphism G(Q(e)/Q) = (Z/nZ)*.

Proof. (a) Let ¢ be any primitive n-th root of unity. Let f(X) be the minimal
polynomial of ¢. Since ¢” = 1, the polynomial f(X) divides X" — 1. Let X" — 1 =
f(X)q(X). Hence the field Q(e) is the splitting field of f(X) and of X" — 1, since all
zeros of these polynomials are the powers X fork = 0,1, ...,n—1. The polynomial
f(X) is monic, has rational coefficients and divides X" — 1. Hence, it has integer
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coefficients by Exercise 3.11. We want to prove that the zeros of f(X) are exactly all
@(n) primitive n-th roots of unity ¥, where gcd(k, n) = 1.

First we show that every zero of f(X) is an n-th primitive root of unity. Let &* be a
zero of f(X) in Q(g). According to T.5.1, there is an automorphism ¢ of this field
such that o (¢) = &*. The automorphism o maps n-th roots of unity onto n-th roots
of unity and since the powers of ¢ are all such roots, the powers of & must also
be all of them. Hence k must be relatively prime to n, so that &* is a primitive n-th
root of unity (see A.2.2). (Notice that the same argument shows that if a primitive
n-th root of unity is a zero of an irreducible polynomial, then all other zeros of this
polynomial are also primitive n-th roots of unity.)

Now we prove that any primitive n-th root of unity is among the zeros of f(X). Let
p be an arbitrary prime relatively prime to n. We want to show that ” is also a zero
of f(X). If it is true, then it will follow that all ¥, for & relatively prime to n, are
zeros of f(X). In fact, the exponent k = p; - - - p, is a product of prime numbers, so
starting with ¢ as a zero of f(X), we get P!, /172 . as zeros of f(X). After r steps,
we get &* as a zero of f(X).

Assume that €” is not a zero of £ (X) and let g(X) be its minimal polynomial. Observe
that f(X) and g(X?) have a common zero ¢. Since f(X) is irreducible, it divides
g(XP). Let g(XP) = f(X)h(X), where h(X) is a monic integer polynomial.

Now we want to prove that f(X) and g(X) have a common zero. The zeros of both
these polynomials are n-th roots of unity, so if all these zeros are different, then
X" —1 = f(X)g(X)g(X) for some polynomial ¢(X) € Z[X]. Reduce the equalities:

X' —1=f(X)g(X)q(X) and g(X") = f(X)h(X)

modulo p, that is, consider the images of all involved polynomials in IF,[X]. Since
p + n, the derivative nX"~! of X" — 1 is nonzero, so all zeros of this polynomial
are different (see T.5.3). Hence the zeros of f(X) and g(X) are also different when
considered over [F,. But the second equality says that g(X)? = f(X)h(X), since
g(X?) = g(X)? over IF,,. Hence the zeros of f(X) are among the zeros of g(X). This
contradiction shows that f(X) and g(X) already have common zeros over Q. Since
both f and g are monic and irreducible with common zero, they are equal. Hence
f(e) = 0 implies f(e”?) = 0 for each p } n. As we noted above, this implies that all
@(n) primitive n-th roots of unity are the zeros of f(X), so f(X) = @,(X), proving
that this polynomial is irreducible.

(b) Let & be a primitive n-th root of unity. We already know that @, (X) is the minimal
polynomial of ¢ and its zeros are & for k such that ged(k,n) =landk e {1,...,n—
1}. By T.5.1, all automorphisms of Q(¢e) are defined by the images of ¢, that is,
or(e) = &* for all k as above. Now notice that or0,(¢) = ox(0i(s)) = or(s) =
ek = oy(e), where the index kI (in oy) is taken modulo n, since ek = gk (mod )
as " = 1. Notice also that gcd(k/,n) = 1, when ged(k,n) = ged(l,n) = 1. Thus
the mapping ¢ : G(Q(e)/Q) — (Z/nZ)*, where ¢(0;) = k is a bijection and
@(0107) = @(ow) = kl (mod n) = ¢(ox)p(0y), is a group isomorphism. |
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T.10.2. Let K be a field whose characteristic does not divide n.
(a) We have:

X'—1=[]PaxX) and Sx(X)=]]x*— 1D,
dn dln

where [ denotes the Mobius function (see section “Some Arithmetical Functions”
in Appendix and Exercise 5.7).

(b) The cyclotomic polynomials ®, k (x) are monic and their coefficients are integer
multiples of the identity (that is, the element 1) of K.

(c) All irreducible factors of @, x(X) are of the same degree.

() IfK = Q, then @,(X) = ®,(X) is irreducible over Q.

Proof. (a) Since the characteristic of K does not divide n, the polynomial X" —1 has
n different zeros, as its derivative nX"~! is relatively prime to it (see T.5.3). Every
n-th root of unity is a zero of exactly one polynomial @, ¢ (X) for d | n. This proves
the first identity in (a).

The second identity follows immediately from the first one and A.11.3 if we choose
G = K(X)*, the group of rational functions p(X)/q(X), where p(X), ¢(X) € K[X],
with multiplication as the group operation and f(n) = X" — 1, g(n) = &, x(X).

(b) We prove the claim by induction. If n = 1, then @ x(X) = X — 1, so (b) is
true in this case. Assume that it is true for all positive integers m < n. Hence the
coefficients of the polynomial [| @,k (X), where d | n and d < n, are all integer
multiples of the identity in the field K and it is monic. According to (a), we have

X"—1

) S @0

so the division algorithm also shows that all coefficients of @, x(X) are integer
multiples of the identity in K and it is monic.

(c) Let € be any primitive n-th root of unity and let £(X) be its minimal polynomial
over K. Then K(¢) is a splitting field of f(X) as well as of the polynomial X" — 1,
all of whose zeros are in K (¢), since they are powers of ¢. If 1 is any other primitive
n-th root of unity, then K(¢) = K(n), so the minimal polynomial of n over K has
the same degree as the degree of f(X) (see T.4.2).

(d) This was proved in T.10.1(a). O

Theorems of Chap. 11

TA1.1. Let K C L be a Galois extension and G(L/K) = {01 = 1,02,...,0,} its
Galois group. Then the following properties of the extension K C L hold and are
equivalent:

(a) There exists an a € L such that o1(c), 02(0), . . ., 0,() is a basis of L over K,
(b) LT is a cyclic K[G]-module, that is, there is an a € L such that L+ = K[G]a for
some o € L.
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In order to prove the existence of normal bases, we need two auxiliary results:

Lemma 11.2. Let K € L be a Galois extension and G(L/K) = {0 =
id,02,...,0,}. The elements oy, ...,a, € L form a basis of L over K if and only if

detfoi(ct)] # 0.

Proof. The given elements are linearly dependent if and only if there are elements
ai,...,a, € Knotall equal to 0 such that a;a; + - -+ + a,«, = 0. Letting all o; act
on this equality, we get

ajoi(ay) + -+ ayo1 (o)) =0
ajox(ay) + -+ + ayoz(ay)) =0

ajop(ey) + -+ - + a,0,(aty) = 0.

The above system of linear equations has a nonzero solution ay,...,a, if and
only if the determinant of the coefficient matrix (consisting of o;(;)) equals 0. [

Lemma 11.3. Let f(Xi,...,X,) € K[X1,...,X,] be a nonzero polynomial and let
A be an infinite subset of K. Then there exist ay, . ..,a, € A such that f(ay, ..., a,)

£ 0.

Proof. We use induction with respect to n. If n = 1, then some element of A is
not a zero of f(X), since the number of zeros of f(X) is finite. Assume that n > 1
and the statement is true for polynomials whose number of variables is less than 7.
Write f(X1, ..., X,) as a polynomial with respect to X,, with coefficients depending
onXj,...,X,—1, thatis,

X, X)) =X, X DX e (X X)X oK Xm).

Let c(Xy, ..., X,—1) be the product of those ¢;(X1,...,X,—1),fori =0,1,...,k,
which are nonzero. By the inductive assumption, we can find a;,...,a,-1 € A
such that c(ay,...,a,—1) # 0. We then consider f(ay,...,a,—1,X,), which is
a nonzero polynomial in the variable X,,. Hence we can find a, € A such that
f(ai,...,an—1,a,) # 0 by the case n = 1. Thus we have ay, ..., a, € A satisfying
our requirement.

Proof of NBT in the Infinite Case. Let ej,...,e, be any basis of L over K and
consider n linear forms in the polynomial ring L[X, ..., X,] given by:
Xoy = o1(e)X1 + -+ o1(en)Xs
Xo, = 02(e)X1 + -+ + 02(en)Xn
(%)
Xo, = on(e))X1 + -+ + ou(en)Xn

n
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Regard the X, as functions of Xi,..., X,. Define f(Xi,...,X,) = det[Xs,]. We
claim that this polynomial is nonzero. In fact, we can choose X;, = 1,X,, =
0,...,X5, = 0 and find the suitable values of Xj, ..., X, solving the system ().
Such a solution exists (and is unique), since det[o;(e;)] # O (see Lemma 11.2).
For these values of Xj, ..., X, the determinant defining f(Xj, ..., X,) has elements
0 or 1 with exactly one 1 in each row and each column. Thus the value of
f(X1,...,X,)is £1, which implies that this is a nonzero polynomial.

As K is an infinite subset of L, using Lemma 11.3, we choose ay,...,a, € K
such that f(ay, ...,a,) # 0 and define @ = aje; + - -+ + aye,. Then by () and the
definition of f (X1, ..., X)), we get

flai, ..., a,) = deto;o;(a)] # 0.

Thus, o1(@), . . ., 0,() are linearly independent over K by Lemma 11.2, so these
elements form a normal basis of L over K. O

Proof of NBT in the Finite Case. Let K C L be a field extension of finite fields.
Now we want to prove the normal basis theorem in this case. As we know, the field
L is a cyclic Galois extension of K. In fact, the argument given below applies to
any cyclic Galois extension K C L (not necessarily finite), so it gives an alternative
proof of the theorem in this case.

Let G = G(L/K) = (o) be the Galois group, where o is any of its generators
and [L : K] = |G(L/K)| = n, so ¢ has order n. The field L can be considered as a
module over the polynomial ring K[X] when we define Xa = o () for o € L (see
section “Modules Over Rings” in Appendix). As all modules over K[X] having finite
dimension over K, the module L is a direct sum of modules of the form K[X]/(f),
where f is a nonzero polynomial in K[X] dividing the annihilator of L (see A.6.3).
Since 0" = 1, we have (X" — 1)a¢ = 0"(0) —a = Oforalla € L, so X" — 1
belongs to the annihilator of L. Thus the annihilator of L divides X" — 1 (see A.6.3).
If the annihilator is generated by a polynomial ag + a1 X + --- 4+ a,_ X"~ ! € K[X]
of degree less than 7, then

(ap+ a1 X+ -+ a,1 X" Ha = apa + ayo(@) + -+ a,_16" (@) =0
for any @ € L. But according to Dedekind’s Lemma T.6.3, the automorphisms 0¥ =
1,0,...,0" ! are linearly independent over L and consequently over K, so all a; =
0. Thus X" — 1 must be the annihilator of L and L is isomorphic to K[X]/(X" — 1) as
a K[X]-module. If ¢ : K[X]/(X" — 1) — L is an isomorphism and ¢(1) = «, then
every element of L is of the form

(ao + arX + -+ + a1 X" o = apot + @10 () + -+ + a,—10" (@),
since every element of K[X]/(X" —1) is of the form (ag + a1 X + - - -+ a,—1 X" 1) - 1.

Thus o, 0 (@), ...,0" ' (a) form a basis of L over K, since the number of these
elements is n and they generate L over K. |
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T.11.2 Hilbert’s Theorem 90. Let L D K be a cyclic extension of degree n and let
0 be a generator of the Galois group G = G(L/K). If « € L, then

(a) Nrg(o) = 1 if and only there is a B € L such that o« = % (multiplicative
version);

(b) Trg(a) = 0 if and only if there is a B € L such that « = B — o(B) (additive
version).

Proof. (a) First recall that Nrg(a) = ao(e) -+ -0 ! (e). Define
oy = ao(a) -0 (a)

fori =1,...,nand observe that s» = 1 and o (otyi) = éaam. Since oy = ¢ # 0,
by Dedekind’s Lemma T.6.3, we can find x € L such that

B = a0 (x) + 0202 (x) + - + tgu10"" (x) + apno™ (x) # 0.
Now observe that 6 (8) = é B, which proves the result as o (8) # 0.
(b) The proof is similar. Using Dedekind’s Lemma T.6.3, we can find x € L such
that Trg(x) = x + o(x) + -+ + 0" 1(x) # 0. Define
dgi = +o(@) + -+ 0 ()

fori =1,...,n and observe that asn = Trg(e) = 0 and 0 (0tyi) = @i+1 — . Asin
(a), consider

Y = g0 (x) + €202 (x) + -+ + 210" (x) + 2gn0" (x)

and notice that 6 (y) = y — Trg(x)a. Hence @ = ﬁ (y —a(y)). Now we choose
B = Tr(};/(x) and obtain @ = 8 — o(B). O

T.11.3. Let K be a field containing n different n-th roots of unity. If L is a cyclic
extension of K of degree n, then there exists an o € L such that L = K(«) and
a" e K.

We give two proofs of this theorem. The first depends on Dedekind’s
Lemma T.6.3. The second is more direct, but needs a little more knowledge of
linear algebra.

First Proof. Let o be a generator of the Galois group G(L/K). According to
Dedekind’s Lemma T.6.3, there exists an x € L such that

a=x+eo(x) +--+& 0" (x) #0.

Notice now that o(a) = &" ' (this says that « is an eigenvector belonging
to the eigenvalue &"~! = &~! of o). Hence o'(a) = & Va" fori = 1,...,n,
which shows that the images of o by all automorphisms of the Galois group are
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different. Hence, by Exercise 9.24, we have L = K(«). Moreover, we have o (¢”") =
(o(@))" = (" 'a)" = a", soa" € LOL/K) = K, -

Second Proof. Leto be a generator of the Galois group of L over K. Since 0" = id,
the eigenvalues of ¢ as a linear mapping of L over K satisfy the equation X" —1 = 0.
In fact, if 0 (@) = e fora € L,a # 0, then 0" () = &"«, that is, " = 1. But
¢ € K, so we can choose ¢ in K as a generator of the cyclic group of all solutions of
X" — 1 = 0 and find an eigenvector o € L belonging to it. We have o (a) = &'e for
i=1,...,n,so0«a is fixed only by the identity automorphism of L over K (if i # n,
then e'a # o). Hence L = K (o). Moreover, o' (") = ¢"a" = a". Thus, o” is fixed
by all the elements of the Galois group of L over K, that is, &" = a € K. |

T.A1.4. Let K be a field containing m different m-th roots of 1.

(@) If K C L is a Kummer extension of exponent m, then every subextension of fields
M C N, where K C M C N C L, is also a Kummer extension.

(b) All Kummer extensions of K of exponent m are exactly the splitting fields of sets
of binomial polynomials X™ — a for some a € K. In particular, all finite Kummer
extensions of K are L = K(/ay, ..., Y/a,) for some elementsay, . ..,a, € K.

(c¢) There is a one-to-one correspondence between the isomorphism classes of finite
Kummer extensions of K of exponent m and the subgroups A of K* containing K*™
such that the index [A : K*™] is finite. In this correspondence, to a Kummer extension
L of K corresponds the subgroup A of K* consisting of all a € K such that a = a™
for some a € L, and to a subgroup A of K* corresponds any splitting field over K of
all binomials X" — a for a € A. Moreover,

|G(L/K)| = [L: K] =[A: K™ (11.1)

Proof. (a) It is clear that the field M contains m different m-th roots of unity. Since
the Galois group G(L/K) is abelian, the Galois group G(N/M) is also abelian as the
quotient G(L/M)/G(L/N) (see T.9.3). Since every element of G(L/M) has order
dividing m, the same is true about the elements of the quotient, that is, the elements
of G(M/N).

(b) Let L be a splitting field of a set of binomials X — a for a € K. We shall prove
that L is a Kummer extension of K of exponent m. According to the assumptions,
the field K contains m different m-th roots of unity, so we have to prove that L is an
abelian Galois extension of K and ¢” = 1 for each 0 € G(L/K).

The extension K C L is normal as a splitting field of polynomials over K (see T.7.1)
and separable, since every polynomial X" — a, where a € K, a # 0, is separable. In
fact, as we noted earlier, such a binomial has m different zeros. Thus L is a Galois
extension of K. Since L is generated by the zeros of binomials X" — a for a € K,
every automorphism o € G(L/K) is uniquely defined by its action on the generators
of this form. So let 0,7 € G(L/K) and let , B € L be such that & = a, ™ = b,
where a,b € K. Then we have o(¢) = ea and o(B) = nf, where ¢, are m-th
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roots of unity. Hence ot (o) = o (no) = ena = to(«), which shows that the group
G(L/K) is abelian. Moreover, we have ¢"(a) = ¢"a = «, so ¢ = 1, which
implies that the order of each element of G(L/K) divides m.

Now we prove by induction with respect to the degree of L over K that every finite
Kummer extension of K of exponent m is a splitting field of a finite number of
binomials X" — a, where a € K. The claim is trivial for K (degree over K equal
to 1). Assume that the claim is true for fields of degree less than n and let L be a
field of degree n > 1 over K. Let H be a nontrivial cyclic subgroup of the Galois
group G(L/K) such that G(L/K) = H x H’ for a subgroup H' of G(L/K), which
may be trivial if G(L/K) is already cyclic. Such subgroups H and H’ exist by the
fundamental theorem of abelian groups (see A.6.2).Let M = L¥ and M’ = L7 We
have G(M/K) = H and G(M’ /K) = H (see Exercise 9.15). The order of the cyclic
group H divides m, since L is a Kummer extension of exponent m. By Hilbert’s
Theorem 90, we have M’ = K(«), where o™ € M for some divisor m’ of m. Hence
a™ = d € K and M’ is a splitting field of X — a’. The degree of M over K is
less than the degree of L over K so using the inductive assumption, we get that M
is a splitting field of a finite number of binomials X" — a, where a € K. The whole
extension L is a splitting field of these binomials together with the binomial X" — a’
whose zero is o.

(c) Let F,, denote all Kummer field extensions L of K of exponent m, and A,, all
subgroups of K* containing K*™. We have two functions:

f:A,—F, and g:F,— A,

such that f(A) = a splitting field of all binomials X"* — a for a € A and g(L) = the
group of all @ € K* such that a = o for some & € L*. We want to prove that f o g
and g o f are identities on F,, and A,,, so f and g are bijective functions between
these two sets (see A.9.1).

If L € F,, then L is a splitting field of some set of binomials X" — a with a € K.
The group g(L) contains all these a € K, so we certainly have f(g(L)) = L, since L
is defined as a splitting field of some X" —a with a € g(L) and for each a € g(L), the
field L contains a splitting field of X" — a. Thus the composition f o g is the identity
on F,, (so that g is injective and f surjective—see A.9.1).

Let A be a subgroup of K* containing K*”. Then, of course, A C g(f(A)), since
each element of A is an m-th power of an element of the field f(A) corresponding to
A. But A and g(f(A)) define the same field, that is, f(g(f(A))) = f(A) by what we
have already explained for L = f(A), so

[A: K™ = [g(f(A) : K™] = [L: K]
by (11.1). Since A € g(f(A)), the last equalities imply g(f(A) = A, that is, the

composition g o f is the identity on F,, (so that f is injective and g surjective—
see A.9.1).
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Let L be a Kummer extension of K defined by a subgroup A of K* containing
K*™. We define a bimultiplicative function (see section “Characters and Pairing”
in Appendix):

¢:G(L/K)xA— C*

in the following way. If (0,a) € G(L/K) x A, then there is an « € L such that
a = o". Hence o(0) = ea, where ¢ is an m-th root of unity. Notice that ¢ is
independent of the choice of a solution of the equation X" = a. In fact, if also
B™ = a, then B = na, where n € K is an m-th root of unity. Thus, we have
o(B) = o(na) = nea = ¢Bf. Now we define ¢(0,a) = ¢ = o(a)/a. We check
that ¢ is bilinear. If ¢ = a, 0 (@) = e, " = b, t(B) = np, then

o(@p) _ o(@)a(p)
af  a P

@(o,ab) = = ¢(0,a)¢(0,b)

and

p(ot,a) = et = = ¢(0,a)p(t,a).

o(@) (p)
o« B

The left kernel of ¢ is the set of all 0 € G(L/K) such that ¢(0,a) = 1 for each
a € A, that is, o0(¢) = « for each solution of X" —a = 0 when a € A. But
such o generate L, so ¢ is the identity of G(L/K). The right kernel of ¢ is the
set of all @ € A such that ¢(0,a) = 1 for each ¢ € G(L/K). Hence 0(0) = «
for each 0 € G(L/K), which means that @ € K, thatis, a = o™ € K*". Now
by A.12.2, we get an isomorphism A/K*" =~ G(L/K)*. In particular, we have
[A: K™ = |G(L/K)*| = |G(L/K)| = [L : K]. 0

Theorems of Chap. 12

TA2.1. (a) If G is solvable and H is a subgroup of G, then H is solvable.

(b) If N is a normal subgroup of G and G is solvable, then the quotient group G/N
is solvable.

(¢) If N is a solvable normal subgroup of G such that the quotient group G/N is
solvable, then G is solvable.

Proof. (a) If G is solvable, then there exists a chain
G=GyD>G D...0G, ={e}

such that G;4, is normal in G; and the quotient group G;/G;4+ is abelian for i =
0,1,...,n— 1. We claim that

H=GyNH>G NH>...D2G,NH= {e} (12.2)
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is the corresponding chain of subgroups of H. In fact, it is clear that the subgroup
G;+1NH isnormal in G;NH as G;4 is normal in G;. The quotient (G;NH)/(Gi41N
H) is abelian, since we have an embedding of pairs (G;+1NH, G;NH) — (Gi+1, G;),
fori = 0,1,...,n — 1, which induces (see A.2.12) an injective homomorphism
(Gi+1 NH)/(GiNH) = Gi4+1/G;. Thus (G;+1 N H)/(G; N H) is abelian, since it is
isomorphic to a subgroup of the abelian group G;+,/G;.

(b) Let (12.2) be a chain giving the solvability of G and consider the following chain
of subgroups of G/N:

G/N = GoN/N D GIN/N D> ... D G,N/N = {e}.

One checks immediately that G;11N/N is normal in G;N/N, since G+ is normal
in G; for i = 0,1,...,n — 1. We have a mapping of pairs (Gi+1,G;) —
(Gi+1N/N,G;N/N) such that (¢’,g) — (g'N,gN) for g € Gir1,8 € G;
(see A.2.12). Since the coset gN, g € G, is the image of g € G, it is clear
that the mapping of the pairs induces a surjective homomorphism G;/G;+; —
(Gi+1N/N)/(G;N/N). Hence, the quotient (G;+1N/N)/(G;N/N) is abelian, since
G;/Gi+ is an abelian group.

(c) Let

N:N()DNlD...DNk:{e}
and
G/N = Go/N D Gi/ND...DG/N = {e}

be chains of subgroups of N and G/N, the existence of which follows from the
assumption that these groups are solvable. We use the fact that each subgroup of
G/N is the image H/N of a subgroup H of G containing N (see A.2.13), so

G:GoDGlD...DGlzN:NoDNlD...DNk:{e}

is a chain of subgroups of G such that each quotient G;/G;4; fori =0,1,...,1—1
and N;j/Njyq for j = 0,1,...,k — 1 is abelian. This shows that the group G is
solvable. O

T.A2.2. The symmetric group S, is not solvable when n > 5.

Proof. See Exercise 12.2(c) and its solution on p. 171 (with a solution of Exer-
cise 12.2(b) on p. 220).
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Theorems of Chap. 13

In the proof of T.13.1, we refer to a number of auxiliary results, which we prove
below after the proof of this theorem.

T.13.1. If char (K) = O, then an equation f(X) = 0, f € K[X], is solvable by
radicals if and only if the Galois group of f over K is solvable.

Proof. First we prove that if K; is a solvable extension of K, then its Galois group
G(K;/K) is solvable. Let Ky C L, where L is a radical extension of K. According to
Lemma 13.1.3, we can assume that L is a Galois extension of K. Thus, we have
a chain of fields K € Ky C L in which L is a radical Galois extension of K.
By Lemma 13.1.4, the group G(L/K) is solvable, and since K C K; is a Galois
extension, its Galois group G(K;/K) is a quotient of G(L/K). Hence this group is
also solvable by T.12.1(c).

Now we prove that if the Galois group G(K;/K) is solvable, then the extension
K C Ky is solvable. Denote by L any Galois extension of K whose Galois group
is solvable (in the theorem, L = Ky). Using induction with respect to the degree
[L: K] > 1, we prove that the extension L D K is solvable.

If [L : K] is a prime number, then the Galois group G(L/K) is cyclic, so it is, of
course, solvable. Assume that [L : K] # 1 is not a prime number. Then the solvable
group G(L/K) contains a normal subgroup H such that |G(L/K)| > |H| > 1 (see
Exercise 12.3). We have the corresponding tower of extensions K C LY C L in
which both extensions L7 C L and K C L are Galois with solvable Galois groups,
since the first has a subgroup H of G(L/K) as its Galois group, and the second,
the quotient group G(L/K)/H (see T.12.1). Both are solvable of orders less than
|G(L/K)| = [L : K]. By the inductive assumption, there exist radical extensions
" c L CL andK Cc L¥ C L”. Hence by Lemma 13.1.2(b), K € L C L'L”
is a radical extension of K (where L'L” is taken in any field containing both L’
and L"). O

Lemma 13.1.1. Let L be a splitting field of a polynomial X" —a over a field K. Then
the Galois group G(L/K) is solvable.

Proof. By Exercise 5.11, we have L = K(e, ), where « is a zero of X" — a and ¢
generates the group of all zeros of X" — 1. Consider the chain of fields:

KCK(e) CK(g,a) =L
and the corresponding chain of groups:
G(L/K) 2 G(L/K(¢)) 2 (id).
Of course, the extension K (g) 2 K is Galois as a splitting field of the polynomial

X" — 1 over K. Thus the Galois group G(L/K(e)) is normal in G(L/K) and
G(L/K)/G(L/K(¢)) = G(K(g)/K). The last group is abelian. In fact, let ¢ be an
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automorphism of K(g) over K. Then o (¢) = &' for some i (notice that &" = 1 gives
o(e)" = 1). If now t is another automorphism of K(¢) over K and 7(¢) = &/, then
o(t(e)) = &% = 7(o(¢)), thatis, o7 = 10.

Now notice that the group G(L/K(g)) is abelian. Let 0,7 € G(L/K(¢g)). Then
o(a) = ' and T(@) = &', for some i, j. Thus o(z())) = ¢Ha = t(0()), that
is, 0t = t0. Hence the group G(L/K) is solvable. |
We say that L is a radical m-extension of K if

K=KyCK C...CK,=L

are such that K; = K;— (o)), 0{{" € K1 and r; < m are positive integers for
i = 1,...,n. We introduce the notion “radical m-extension” only in order to use
it in Chap. 14 in the particular case m = 2 in some applications to geometric

constructions. The next two results are about radical m-extensions, but the restriction
to m is just a technical observation, which can be disregarded in the course of the
proofs.

Lemma 13.1.2. Let K C Land K C L’ be field extensions.

(a)Ifo : L — L' is a K—isomorphism and K C L is radical, then K C L' is also
radical.

(b) If L is a radical m-extension of K, and L is a radical m-extension of K', where
K C K' C L, both L, L contained in a field M, then the compositum LL' is a radical
m-extension of K.

Proof. (a)LetL = K(«y,...,q,), where
K=KyCK C...CK,=L

are such that K; = K;_(«;), o' € K;—; and r; are positive integers fori = 1,...,n.
Then L' = 6(L) = K(o (1), ...,0(x,)) and

K=K Co(K)C- oK) =L,

where 0(K;) = o(K;—1) (0 (o)), o(a;)"" € o(K;—1), so L' is a radical extension of K.
(b) Let L be as above (r; <m)and L' = K'(o}, ..., ), where

K =K,CK/ C...CK, =L,

K! = K_,(a}), ()" € K[_, and s; are positive integers for i = 1,...,n (s; < m).
Then

K=KCK(u) < -CK(ay,...,ap) =
LCK(o,...,0p,0)) S+ CK(aq,...,0,0),...,00)=LL

is a corresponding chain of extensions showing that LL’ is a radical extension of K
(an m-extension if r;, s; < m). O
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Lemma 13.1.3. Let L be a radical extension of a field K. Then a normal closure N
of L © K is also a radical extension of K. Moreover, if L is a radical m-extension of
K, then N is also a radical m-extension.

Proof. LetL = K(«y,...,qa,), where
K=KyCK C...CK,=L

are such that K; = K;—i(o), ;' € Ki—; and r; < m are positive integers for
i =1,...,n Thus K; = K(ay,...,o;) fori = 1,...,n. Let f; be the minimal
polynomial of «; over K. Of course, N is a splitting field of f = f;---f, over
K (see T.7.2). Let B; be any zero of f; in N and let t : K(o;) — K(B;) be the
isomorphism over K such that t(«;) = ;. Since N is a splitting field of f over
K(o;) and K(B;), there is an automorphism o : N — N, which extends t. This
automorphism maps L onto ¢ (L), which according to Lemma 13.1.2(a) is also a
radical m-extension of K. It is clear that N as a splitting field of f is the compositum
of all the fields o (L) obtained for all the choices of 7. Thus N is a radical m-extension
of K according to Lemma 13.1.2(b). O

Lemma 13.1.4. Let L be a radical Galois extension of K. Then the Galois group
G(L/K) is solvable.

Proof. LetL = K(«y,...,a,), where

K=KyCK; C CK,=L
are such that K; = K;—(«;), ocir" € K;—; and r; are positive integers fori = 1,...,n.
Thus K; = K(«y,...,q;) fori = 1,...,n. We prove the claim by induction on the

number n of simple radical extensions between two arbitrary fields K and L.
If n = 1, then L = K(«y), where a;‘ = a € K. Denote r; by r and consider the
splitting field K (¢, €) of X" —a over K, where ¢” = 1. By Lemma 13.1.1, the Galois
group G(K(a1,¢)/K) is solvable. Since K(«;) is Galois over K, its Galois group
G(K(a1)/K) is solvable as a quotient of the solvable Galois group G(K(«, €)/K).
(Observe that K(«1) need not be a splitting field of X" — a even if it is Galois and
contains a zero of this polynomial—the polynomial may be reducible. Take as an
example X* — 4 over the rational numbers and L = Q(~/2).)

Assume now that the claim is true when the number of simple radical extensions
between two fields is less than n > 1. Consider the following chain of field
extensions:

K=KiCK C... CK,=L
\ \
Ki(e) ... C K,(e) = L(e)

Then it is clear that L(¢e) is a radical Galois extension of K and of K;(g). The
number of simple radical extensions between K (¢) and L(g) is n — 1. Thus, by
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the inductive assumption, the Galois group G(L(g)/K;(¢)) is solvable. According to
Lemma 13.1.1, the Galois group G(K;(g)/K) is solvable. Hence the Galois group
G(L(e)/K) is solvable, since its normal subgroup G(L(e)/K;(¢)) and the quotient
group G(L(e)/K)/G(L(g)/K,(¢)) = G(K;(g)/K) are solvable (see T.12.1(c)). Now,
we obtain that the Galois group G(L/K) is isomorphic to G(L(¢)/K)/G(L(¢)/L)
(see T.9.3(b)) and as a quotient of a solvable group, is solvable. O

Lemma 13.1.5. Let L be a Galois extension of K with a cyclic Galois group
G(L/K). Then L is a solvable extension of K.

Proof. Let[L : K] = nand let K’ = K(¢) be a splitting field of X" — 1 over K. Then
L' = L(¢) is a Galois extension of K’ = K(¢) whose Galois group is cyclic as it
is isomorphic to a subgroup of the Galois group G(L/K) (of order n) according to
Exercise 9.22. Moreover, the field K’ contains all roots of unity of degree [L' : K'],
since this degree divides n and all roots of unity of degree n are in K. Thus according
to T.11.3, K’ C L’ is a radical extension. K € K’ is also a radical extension. Hence
K C I is aradical extension, so K C L is a solvable extension. O

T.13.2. The Galois group over K(s1, 52, ...,sy) of the general equation f(X) = 0
of degree n is Sy, so f(X) = 0 is not solvable by radicals when n > 5.

Proof. Tt is clear that each elementary symmetric function s; of X, ..., X, is fixed
by all elements o € S, that is, by all permutations o (X;) = X,(;). Hence, we have
the tower of fields:

K(s1,82,...,5,) CKX1,Xa,....X)% C KX\, X2,...,Xy).

We have [K(X(,X>,...,X,) : KX1,X5,...,X,)%] = |S,| = n! by T.6.2 and,
at the same time, we have [K(X1,Xa,...,X,) : K(s1,$2,...,8,)] < n!, since the
splitting field K(X1, X», . .., X,) of the polynomial of degree n

fX) =X"—s X" 45X 4 4 (=1)"s, =0
over the field K(sy, 52, . . ., 5,) has at most degree n! by Exercise 5.3. Thus

K(X1. X2, ..., X)% = K(s1,82,....58,)

and the Galois group of K(X|, X5, ...,X,) over K(s1,$2,...,5,)is S, by T.9.1. O

T.13.3 Casus Irreducibilis. Let f(X) be an irreducible polynomial having three
real zeros and coefficients in a real number field K. Then the equation f(X) = 0 is
not solvable by real radicals over the field K.

Proof. Assume to the contrary that there exists a radical extension:

Kh=KCK,C...CK,=LCR
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such that K; = K;— (), &' € K;, r; are prime numbers fori = 1,...,nand Ky =
K(x1,x3,x3) C L, where x1, x2, x3 are all (real) zeros of f(X). Choose i > 1 such that
K;— does not contain x, x,, x3 while some of these numbers, say x|, belongs to K;.
Since K;—1 C Ki—1(x1) € K; and [K;—1 (x1) : Ki—1] = 3 divides [K; : Ki—1] = r;, we
have r; = 3 (7; is a prime divisible by 3). The polynomial X3 — a;, where a; = af’ s
is irreducible over K;_; (since it has only one real zero «;, which does not belong to
the real field K;—;), but it is reducible in K; = K;—j(¢;) = K;—1 (x1) (K; and K;—; (x7)
have the same degree 3 over K;_;). Thus X — a; has a zero in K; = K;_; (x;) and,
as a consequence, it splits in the splitting field K;—; (x;,x2, x3) of f over K;_;. But
this gives a contradiction, since the field K;—; (x;, x2, x3) is real, while all the zeros
of X" — a; with the exception of «; are nonreal. O

Theorems of Chap. 14

T.14.1. Let K be the smallest subfield of R which contains the coordinates of all
points belonging to a given set of points X in the plane. A point P = (a, b) can be
constructed from X by a straightedge-and-compass construction if and only if there
is a chain of fields:

K=KyCK C...CK,=LCR ()

such that a,b € L and [Ki+ : K;] = 2fori =0,1,...,n— 1. In particular, the set
of numbers which are constructible from X (like K when X = {(0,0), (1,0)}) is a
field.

We start with an auxiliary result:

Lemma 14.1.1. Let K be the smallest number field containing the coordinates of
all points belonging to a point set X.

(a) Every number in K can be constructed from X by a straightedge-and-compass
construction.

(b) The coordinates of any point which can be directly constructed from X are in a
real field L such that [L : K] < 2.

(¢) If a point has its coordinates in a real field L such that [L : K| < 2, then it can
be constructed from X by a straightedge-and-compass construction.

Proof. (a) A line which goes through two points with coordinates in the field K has
an equation ax + by 4+ ¢ = 0 with coefficients a, b, ¢ in K. The coordinates of the
intersection point of two such lines (if they intersect) is defined by the solution of a
linear equation system consisting of two such equations. Thus the intersection point
of the lines has its coordinates in the same field K.

A circle whose center (p, ¢) has coordinates in K and whose radius equals to the
distance d between two points with coordinates in K has the equation (x — p)? +
(y — q)* = d>. It is clear that d*> € K. The intersection points of such a circle with a
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line as above are given by the real solutions of the system:

ax+by+c =0,
x—p’+(y—q’ =d.

In order to solve such a system, we express y in terms of x from the first equation (or
conversely) and substitute it into the second equation. We get a quadratic equation
with respect to x (or y) of the form x2 4+ Ax+ B = 0, where the coefficients A, B € K
while the solutions x = —A/2 4 \/A2/4 — B belong to the field L = K(/A%/4 — B)
whose degree over K is at most 2. The field L must be real if an intersection point
exists (one or two).

If we have two circles as above and we want to find their intersection points, then
we have to solve the system:

x—p)P+(y—q’*=d",
C—-pV+(y—g)P=d>

for some p,q.p'.q',d* d’* € K. We can do this by subtracting the two equations.
Then we get an equivalent system consisting of an equation of a line and an equation
of a circle, just as in the previous case.

(b) First we show that the field K is the smallest set of numbers containing all the
coordinates of the points in X which is closed with respect to addition, subtraction,
multiplication and division. Therefore the elements of K are the numbers obtained
successively from the coordinates of the points in X by these four arithmetical
operations. Thus, we have to show that if a,b € K are constructible, then a £ b,
ab and a/b (provided b # 0) are also constructible. We may assume that a, b > 0.
It is clear how to construct a & b when a, b are given. In order to construct ab and
a/b (b # 0), we can draw angles according to Fig. 14.1. The segment x = ab is
constructed by drawing a line through the point A parallel to the line BE (a standard
straightedge-and-compass construction known from high school). Similarly, we
construct x = a/b (See Fig. 14.2).

Now we have to show that any element of a quadratic real field L over K can be
obtained by a straightedge-and-compass construction. We know that L = K(+/d),
where d € K, d > 0, so each element of L is of the form a + b\/;i, where a,b € K.
Thus, we only need to construct +/d when d is given, since we already know how
to construct the product bA/d given b and \/;1, and the sum a + b/d given its terms
a,b~/d. The construction of +/d follows from Fig. 14.2: first we draw a line with
line segments of length 1 and d, then we find the mid-point of 1 4+ d and draw a
semi-circle with radius (1 4+ d)/2. The line perpendicular to the line segment AB
through the point C gives the line segment CD whose length is +/d. Indeed, by a
known result on the altitude of a right triangle, we have CD?> = AC - BC = 1-d,
thatis, CD = v/d. O
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Fig. 14.1 Construction of the product ab (above) and the quotient a/b (below)

Fig. 14.2 Construction of the square root /d

Proof of T.14.1. 1f a point P = (a, b) can be constructed from X by a straightedge-
and-compass construction, then this can be done by constructing a sequence of
points Py, Py, P, ..., P, = P such that each point can be directly constructed from
X and the points preceding it. As we know from Lemma 14.1.1(b), the coordinates
of every new point are in a real extension of degree at most 2 over the preceding
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field (starting with K) which contains the coordinates of the points of X and all the
points constructed earlier. This shows that the coordinates a, b of P belong to a field
L which can be obtained from K by a sequence of extensions each of which has
degree at most 2. Thus, we get a sequence () if we only take those fields whose
degrees are 2.

Conversely, if a point P = (a, b) has its coordinates in an extension L of K,
which can be obtained by a chain of quadratic extensions like in (x), then an evident
inductive argument using Lemma 14.1.1(c) gives that the elements of each field K;
(i =1,...,n) can be constructed from X. In particular, the point P = (a, b) can be
constructed from X.

Finally, notice that the distance between two points P = (a, b) and P’ = (d’, V'),
where a,b,d’,b’ € L,isd = \/(a —a)?2 + (b — b')2, so such a number d belongs
to (at most) a quadratic extension of L. O

T.14.2. Let K be the smallest subfield of R which contains the coordinates of
all points belonging to a point set X in the plane R*>. A point P = (a,b) is
constructible from X by a straightedge-and-compass construction if and only if one
of the following equivalent conditions hold:

(a) There exists a Galois extension L 2 K such that a,b € L and [L : K] is a power
of 2.

(b) There exists a Galois extension L 2 K such that a + bi € Land [L : K] is a
power of 2.

In order to prove this theorem, we need some notations and an auxiliary result. Let
K be a subfield of the real numbers and let r,(K) denote all complex numbers x for
which there exists a chain of radical 2-extensions:

K=KycK c---cK,cC (%)

such that x € K, and [K; : K;—1] = 2 fori = 1,...,n. Let rrp(K) denote all
numbers for which there is such a chain of fields with K; C R. It follows easily
from Lemma 13.1.2(b) that r,(K) and rr,(K) are fields. Moreover, if x € r,(K),
then \/x € r,(K), while x € rr,(K) and x > 0 imply /x € rry(K).

Lemma 14.2.1. Let a,b be real numbers. Then the following conditions are
equivalent:

(a) a,b € rr(K),
(b) a,b € r(K),
(¢) a+ bi € r(K).

Proof. Tt is evident that (a) implies (b). If a, b € K, in a tower (xx), then a + bi €
K,+1 = K, (i) and [K,+; : K] < 2, which implies (c). We prove that (c) implies (a)
by induction on the number n of fields in a tower (). Assume that a + bi € K.
If n = 1, then the claim is evident, since K is real and K is a quadratic extension
of K. Thus a,b € K C rry(K) as the real and imaginary parts of @ + bi (K; may
be real when b = 0). Assume that the claim holds when the number of fields in the
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tower is less than n. Assume that a + bi € K. Let K, = K,—;(+/A + Bi), where
A+ Bi € K,,—1,A, B € R (it may happen that B = 0). We have:

a—+ bi = (x+ yi) + (z + ti)~/A + B,

where x + yi,z + ti € K,—j, x,y,z,t € R. By the inductive assumption,
x,v,2,t,A, B € rr;(K). Moreover,

vVA + Bi =

| VA2 + B>+ A 8 VA2 4+ B2—A
o = _—, = _—,
2 2

wehavea, f € rn(K),a=x+za—tf € rr(K)and b = y+ta +z8 € rr(K). O

\/«/A2 +B24+A _H\/\/A2+BZ—A
2 2 ’

so defining

Proof of T.14.2. First note that (a) and (b) are equivalent. In fact, L(7) is an extension
of Lsuchthat [L(i) : L] = 1 or 2 and L(i) is of course Galois over K (if L is a splitting
field of a polynomial with coefficients in K, then L(i) is a splitting field of the same
polynomial multiplied by X? + 1). If L satisfies (a), then we take L(i) as L in (b)—it
contains a-+bi and its degree over K is a power of 2. If L satisfies (b), then a—bi € L,
since the minimal polynomial of a + bi over the real field K has a — bi as its zero,
which must belong to the normal extension L of K. Hence a, b € L.

Assume now that a point (a, b) is constructible from a point set X by a straightedge-
and-compass construction, that is, a, b € rr,(K) and let

K=KyCcK, C---CK,CR

be a tower of fields such that [K; : K;_1] = 2fori=1,...,nand a,b € K,,. Let L
be a normal closure of K,,. Then according to Lemma 13.1.2, L is a Galois radical
2-extension of K. Of course, a,b € L and by T.4.3, the degree [L : K] is a power
of 2.

Conversely, assume that (a) holds. Then the order of the Galois group G =
G(L/K) is a power of 2, that is, G(L/K) is a 2-group. This means that there is a
chain

Go=G(L/K) DG, D:-+DGu—1 DG, ={id}
such that each G; is a normal subgroup of G;—; and the quotient group G;—;/G; has
2 elements (see Exercise 12.6 for p = 2). The corresponding tower of the fields

LY = K; is

Kh=KCK, C---CK,=L
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and [K; : Ki—1] = 2, that is, a,b € ry(K). According to Lemma 14.2.1, a,b €
rry(K), that is, the point (a,b) is constructible from X by a straightedge-and-
compass construction. O

Theorems of Chap. 15

T.15.1. (a) Let G be a subgroup of S,.. Then for every subgroup H of G there exists
a polynomial F € K[Xy, ..., X,] such that H = Gp.
(b) Let G = 01Gr U - - - U 0,,GF be the presentation of G as a union of different left
cosets with respect to Gg. Then o;F(Xy,...,Xy), fori = 1,...,m, are all different
images of F under the permutations belonging to G.

Proof. (a) Consider the monomial M = X1X§ ---X) and notice that for any two
permutations 0,7 € S,, we have c(M) = t(M) if and only if 0 = 7. In
fact, since the exponents of all X; in M are different, two different permutations
map the monomial M onto two different monomials (that is, X,,(I)X o) Xﬁ(n) =
Xt(l)Xf(z) . t(n) if and only if 0(i) = (i) for every i = 1,2,...,n). Define
now F = Try(M) = ). t(M). The polynomial F(X,...,X,) is invariant with
respect to every 0 € H and 0(F) = F foro € G if and only if 0 € H. In fact,
for any permutation 0 € H, the compositions ot, where t € H, give exactly all
the elements of H, so o(F) = F. On the other hand, if 0 € G \ H, then o(M) is
different from all |H| monomials whose sum gives F, that is, we have o (F) # F.
Thus o (F) = F, for o € G, if and only if 0 € H = Gr. Notice that the definition
of F only depends on H and not on the group G containing it.

(b) We have

0(F)=0(F) & o "0/ (F)=F & 00’ e H=Gr & 0Gr = 0/'Gr.

Thus different images o ( F), when o € G, correspond to different left cosets of G
in G. O

T.15.2. Let f(X) € K[X], F(Xy,...,X,) € K[Xi,...,X,] and assume that
Gal(Ky/K) C G, where G is a subgroup of S,. Then:

(a) The resolvent polynomial rg g (f) has its coefficients in K;

D IFK =Q, F(X1,...,X,) € Z[X,, ..., X,] and f(X) has integer coefficients and
the leading coefficient is 1, then the same is true of rg r(f);

(c) If all the zeros of rg r(f) are different, then Gal(Ky/K) is conjugate in G to a
subgroup of G if and only if at least one of the zeros of r¢.r(f) belongs to K.

Proof. (a)Leto € G. Then

o (rer(ND) = [ [(T = (coiF)(@i.....en))

i=1

= [T = @F)e,....a) = re(F.N(D),
i=1
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since oo;, fori = 1,...,m, is also a set of representatives of left cosets of Gr in
G. In fact, since 0o; € G, we have 00; = oj7r forsome 1 < j < mand 7 €
Gr. Thus o0;F = o0;tF = ojF, so o0;F(ay,...,a,) = 0jF(ay,...,0) is also
a zero of rg(F.f). At the same time, it is clear that if i # j, then oo; and oo
represent different cosets of Gy in G. Hence o0;F(¢y,...,a,) for 1 < i < m s
simply a permutation of the elements o;F (a4, ..., a,), which means that org ¢ (f)
and r¢ r(f) have the same coefficients for every o € G. In particular, this is true for
every o € Gal(K;/K), since Gal(K;/K) € G. Thus the coefficients of rg r(f) are
fixed by every element in the Galois group Gal(Ky/K), so they are in K.

(b) The numbers «;,...,a, in Ky are zeros of the polynomial f(X) with integer
coefficients and the leading coefficient equal to 1. This is the definition of algebraic
integers over Z in a field extension of Q. It is not difficult to prove (but unfortunately
outside the scope of this book) that algebraic integers form a ring (for a proof,
see [L], Chap. VII, Prop. 1.4). Therefore, the numbers o (f(cy,...,a,)) are also
algebraic integers for each o € G(Ky/Q) (since each o (e;) is also a zero of f(X)).
Thus the coefficients of the resolvent rg( F,f)(T) are also algebraic integers and,
according to (a), are rational numbers. But this means that these coefficients are
integers, since algebraic integers in the field of rational numbers are exactly the
usual integers (this property of algebraic integers in QQ is easy to check).

(c)If o € G and 0 = o7, where T € G, then oF = o;F and oF (ty, ..., q,) =
oiF(ay,...,a,) is a zero of rg(F,f). If all the zeros of rg(F,f) are differ-
ent, then oF(ay,...,0,) = F(oy,...,,) is equivalent to 0 € Gp. In fact,
oiF(ay,...,ay) = 01F(ay,...,q,) implies 0; = 01 = id,s0o 0 = 1 € Gp.

If t7'Gal(K;/K)t € Gr forat € G, then T 'otF(ay,...,a,) = F(ay,...,a,)
for each 0 € Gal(Ky/K). Hence otF(a1,...,0,) = tF(0,..., ), that is,
tF(ay,...,a,), which is a zero of rg(F,f), belongs to K.

Conversely, assume that o;F(1,...,a,) € K for some i. If 0 € Gal(K;/K),
we have 00;F(a1,...,a,) = oiF(ai,...,a,), that is, o, 'ooiF (e, ..., 0,) =
F(a,...,a,),s0 0, 'oo; € Gr. Hence o, 'Gal(Ky/K)o; € Gr. O

T.15.3. Let K = k(Y1,...,Y,) be the field of rational functions in the variables Y;
over a field k. Let f(X) € k[X] C K[X] and let r¢ r(f)(T) be the resolvent of f(X)
with respect to the Galois group Gal(ks/k) = Gal(K;/K) C S, and the polynomial

FXp,.... X)) =Xi"1 +---+ XY,

Let ri(T,Yy,...,Y,), fori = 1,...,t, be the irreducible factors of the resolvent
re.r(f)(T) in k[T, Y1, ...,Y,]. Then the Galois group Gal(ks/k) is isomorphic to
any group Gy, of those permutations of Y1, ..., Y, which map r;(T, Y, ..., Y,) onto
itself. Moreover, all ri(T, Y1, ...,Y,) have the same degree [ks : k| with respect to T
and a common splitting field Ky = k;(Y1,...,Y,) over K.

Proof. Define 0, = a1 Y,y + -+ 4+ ou Yo € kr(Y1,...,Y,) = Ky foro € S,,. The
group S, acts on the set of all 6, if we define 0(6,) = 8,,. Defining 8 = 6y =
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arYy + -+ + a,Y,, we have o(8) = 6,, so the action of S, on the set of all 6, is
transitive. Of course,

1Yoy + o+ Yo = Qi) V1 + e+ iy Ve

Let 6; = 0i(6) = 6,, denote a zero of the polynomial r;(X,Y;,...,Y,) and
assume that o7 = id, thatis, 6; = 0.

Notice now that each 8; = a1 Yy,1) ++ - -+ 0, Yo,00) € k(Y1 ..., Y,) is a primitive
element of the extension K = k(Yy,...,Y,) € K = ky(Y1,...,Y,). In fact,
according to Exercise 15.9(a), the Galois group of this extension is isomorphic
to Gal(k;/k) when © € Gal(ks/k) corresponds to an automorphism of K, =
kr(Y1,...,Y,), which acts on the coefficients of the rational functions in Ky as t
and as the identity on Y;. Thus, for the element ¢; € Ky, we have

7(6;) = (1) Yoy01) + -+ + (@) Yo, ()

which shows that the number of different images of 6; is equal to the order of the
Galois group Gal(K;/K) (diffrent automorphisms give different sets of coefficients
of ¥;). Hence, according to Exercise 9.24, 6; is a primitive element of the extension
K C Ky and every automorphism of Ky over K is uniquely defined by its action on 6;.
Since r;(T, Y1, ..., Y,) is the minimal polynomial of 6; over K, the remaining zeros
of this polynomial are the images t(6;) under the automorphisms t of the Galois
group Gal(Ky/K). Thus, all polynomials r;(X, Y1, ...,Y,) have the same degree
|Gal(Kr/K)| = [Kr : K] = [k; : k] and they have a common splitting field Ky
over K.

The Galois group Gal(ks/k) acts on the set of 6, in two different ways. First of
all each t € Gal(ky/k) acts as the permutation 7(r) € S, of {1,...,n} defined by
the relation:

(D)) =) < t(w) = o,

that is, t(¢;) = oy (r);. This gives the usual representation of the Galois group
Gal(ks/k) as a permutation group. Notice that 7 is an injective homomorphism of
Gal(ks/k) into S,. In particular, 7 (") = 7 (z) L.

The second action is defined according to Exercise 15.9(a)—the Galois group of
the extension K = k(Y1,...,Y,) € Ky = k;(Y1,...,Y,) is isomorphic to Gal(k;/k)
when © € Gal(ks/k) corresponds to an automorphism of Ky = k¢(Y1, ..., Y,) which
acts on the coefficients of the rational functions in Ky as 7 and as the identity on Y;.
Thus for the element 6, € Ky, we have

7(0p) = (@) Yoa) + -+ + T(etn) Yom)-
Let G,, denote the group of permutations ¢ € S, such that
Qri(T, Yl, ey Yn) = ri(T, YQ(I), ey Yg(n)) = ri(T, Y], ey Yn)

fori =1,...,t. We will show that 7 is a group isomorphism of Gal(k;/k) onto G,,.
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We have:

MY Y = [ =@ = [] T—t@Yon+-+onYom)-
1€G(Ky/K) 1€G(Ky/K)

If 7(7) is the permutation corresponding to t € Gal(Ky/K), then

a(Ori(T, Y1,....Y) = (T, Yr)y, - Yaeyw)

[ T-7@Yemean+ -+ aYeoom))
T €G(K;/K)

l_[ (T - T/(an(r)_l(l)YGi(l) +- 4+ A (r)=1(n) Y(T,-(n)))
T €G(K;/K)

= l_[ (T—‘L'/‘L'_I(Oélyai(l) + o Yom) =T, Y1,..., V)
' €G(K;/K)

taking into account that 7(7)™' = n(¢7"), =1y = 7 '(@;) and that 7’z

permutes all the elements of Gal(Ky/K) when t € Gal(Ky/K) (v arbitrary but fixed).
Hence, for every t € Gal(ks/k), we have n(7) € G,,.
Conversely, let o € G,,, that is,

Qr,'(T, Yl, ey Yn) = r,-(T, YQ(I), ey Yg(n)) = r,-(T, Yl, ey Yn).
Then on the one hand,

T, = [ =@y = [ T—t@Yon++Yom)
1€G(Ky/K) 1€G(K;/K)

- 1_[ (T — ‘C(aa’fl(l)Yl + te + a(Tl-il(n)Yn))’
1€G(K;/K)

and on the other,

1i(T, Yoy, .o, Yomy) = l—[ (T - ‘C(C(Ui—l(l)YQ(l) +---+ %,.—‘(n)Y@(n)))
1€G(K;/K)

= l—[ (T_T(agflofl(l)yl + e +agflo—’fl(n)yn)).
t€G(K;/K)

Hence ;1) Y1 + -+ + &1, Y, is among the elements 7 (1,14 Y1 + -+ +

o, 1y Yn) that is, there is a T € Gal(ky/k) such that T(agflarl(k)) = 1y for

-
0;
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everyk = 1,...,n. Hence m(v)o~'o; ' (k) = 07! (k) fork = 1,...,n. This means
that o = m(7), so m is bijective, and consequently an isomorphism of Gal(k/k)
and G,,. |

T.15.4 Dedekind’s Theorem. (a) Let f € R[X] be a separable monic polynomial
and assume that its image f* € R*[X] is also separable and deg(f) = deg(f*) =
n. Then the Galois group of f* over K* as a permutation group of its zeros is a
subgroup of the Galois group of f over K as a permutation group of its zeros.

(b) In (a), let R = Z, R* = F, and let ¢ be the reduction modulo a prime number
p. Iff € Z[X] and

f* :fl"‘...fk*7

where f* are irreducible over F,, then Gal(Qr/Q), considered as a permutation
subgroup of S,, contains a permutation which is a product of cycles of length

deg(f;i*) fori=1,... k.

Proof. (a)LetL = K(ay,...,a,) and L* = K*(af, ..., a;, ) be splitting fields of
f(X) over K[X] and f*(X) over K*. Consider the polynomials:

r()(T.Yy,....Y,) = l_[(T— (oY1 + -+ domwYn)),

oES,

and

r(FYT YY) = [ @ = @+ + o) Vo))

oES,

The coefficients of r(f)(T, Y1,...,Y;,) (of the monomials in variables T, Y1, ..., ¥},)
are symmetric functions of «y,...,q, and as such can be expressed as integer
polynomials of the coefficients of f (see section “Symmetric Polynomials” in
Appendix). In exactly the same way, the coefficients of r(f*)(T,Y1,...,Y,) are
symmetric functions of af, ..., and can be expressed as integer polynomials of
the coefficients of f* (see section “Symmetric Polynomials” in Appendix). Since the
formulae expressing the coefficients of r(f) and r(f*) by the coefficients of f and
f* are the same, we see that the polynomial r(f*)(7, Y1, ..., Y,) is the polynomial
r(f)(T,Y1,...,Y,) when the homomorphism ¢ is applied to its coefficients in R.

Notice also that all the n! zeros oty (1)Y1 + -+ 4 ttg(n) ¥ of r(f) and a:(l)Yl +-- 4
a:(n) Y, of r(f*) as polynomials of T are different when o € S,,. In fact, if a5 (1) Y1 +
et oYy = a1 + -+ a Y, for o, € S, then ag) = o) fori =
1,...,n,s00(i) = 7(i) for each i, since all «; are different. Hence, we have 0 = 7.

Similarly, we get that all a:(l)Y 1+ + “:(n) Y, are different.

Consider now the factorization of r(f)(T,Y,...,Y,) into irreducible factors, the
Galois resolvents, as in (15.3):

r(HT) =T Y,....Y) -rn(T,Y1,...,Y).
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The homomorphism ¢ applied to the coefficients in R of the polynomial r(f) and
its factors r; gives the factorization:

@) =i (T Y, ..., Y1 (T, Y,.... 1),

but the polynomials r](T,Y1,...,Y,) need no longer be irreducible. Consider the
resolvent r (T, Yy,...,Y,) of f(X) and let

* *”‘ *
rn=rn - ru

be the factorization of r{(7,Y1,...,Y,) into irreducible factors "T," These factors
are Galois resolvents of f*(X).
Consider all permutations of Yi,...,Y, which map the resolvent r}| into itself.

By T.15.3, such permutations form the group Gal(Kf/K™). Applying the same
permutation to the Galois resolvent r; of f(X), we map it onto one of the resolvents
r; of f(X) forsomei = 1, ..., t. We claim that this must be the same resolvent r;. In
fact, if the permutation gives r;, with i # 1, then the same permutation transforms
r} to r’ and since the factor r}; of rJ maps onto itself, it must also be a factor of
r¥. Butif i # 1, then the polynomials r{ and r] are relatively prime, since they
are products of different linear factors T — (a:(l)Y L+ e+ Ol:(n) Y,). Thus, every
permutation of Y7, ..., ¥, which maps r}; into itself also maps r; into itself. Hence,
applying T.15.3, we get that every element of Gal(K/"/K™) belongs to the group
Gal(Kf / K)

(b) The Galois group of the polynomial f* over F, is cyclic (see T.5.4). Let o be
a generator of this group. By Exercise 9.4, the automorphism o can be represented
as a product of k cycles of length equal to the degrees of the irreducible factors of
f*(X) over IF,. Using (a), we get a permutation of this shape in the Galois group

Gal(Qy/Q). |



Chapter 18
Hints and Answers

Problems of Chap. 1

1.1 (a) -3, 3 + 1iv3;

(b) =7, —1 —i"/3,—1 +i/3;

© == VB 130+ V)~ 1+ 3iV3 (V3= 0). 40+ VB -1 -
%iﬁ(%—%);

(d) V2= /4, 3(VE=Y2) = 5i3(A+ V2), S (VA= 2) + LiV3(A+ Y2);
(€)1 —iv3,1+iv3, V2, —V2;

M 1—i1+i 1+ V13), 11 - V13);

@ 52+ 1V-1+2V2;

(h) 1+ 7+ V6 +27.

1.3 Notice that (x; — x2)* = x3 + i—z and similarly for (x, — x3)? and (x3 — x;)>.

Express xj +x3 + x3 and xjx3 + x3x3 + x3x; in terms of p, ¢ using Vieta’s formulae:
X1+ x2 +x3 = 0, x1x2 + X2x3 + X3X] = p, X1X2X3 = —q.
1.4 The equation has solutions 2, —1 & /3. Write down the trigonometric form of

the numbers —1 + i. Show that for a suitable choice of the values of the third roots,
we have

V=2 42i+-2-2i=2.

1.5 Represent the complex numbers —1 + % + g—; in the formula (1.5) in
trigonometric form.
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1.6 (a) The equation satisfied by o is X> — 3cX — 2a = 0.
(b) Use the binomial formula in the following form:

X+Y)> =X 47 +5XY[(X + V) =3XY(X + V)] + 10X*Y*(X + Y)

with X = Va + \/E, Y = \S/a — /b. The equation satisfied by « is X° —5¢X° 4+
52X —2a = 0.If a = 1,c = 0 the polynomial is irreducible (see Chap.3
concerning irreducibility). Of course, there are equations of degree 5 which cannot
be represented in this form, e.g. those with coefficient of X? different from 0.

1.7 If a = 0, then the equation X" — a = 0 has only one solution x = 0 (with

multiplicity #). In general, we have a = |ale’, so the equality x* = |a|e’ is
o+

2mik
equivalentto x = {/|ale »  for n different valuesof k = 0,1,...,n— 1.

1.8 Notice that the discriminant of f(X) = aX? + bX + ¢ = a(X — x1)(X — xp) is
A(f) = (x1 —x2)* = (b* — 4ac)/a® (see p. 3).

Problems of Chap. 2

2.1 Only (d) is a field.

2.2 Let K be a subfield of Q. Starting with 1 € K show that all integers, and then,
all rational numbers must belong to K.

2.3 For example, F,(X), where p is a prime number and X is a variable.

2.4 Use T.2.1 and consider two cases depending on whether the prime subfield of
K is finite or infinite.

2.5 (a) Show that the sum, difference, product and the quotient of two elements of
K (o) belong to K(w).

(b) If ab is a square in K, then it is easy to check the equality of the fields. In
the opposite direction, consider two cases: K(/a) = K(v/b) = K, K(JJa) =
K(+/b) # K and in the second case use (a).

2.6 Use Exercise 2.5. (a) a + bv/2, a,b € Q;
(b)a+ bi, a,b € Q;

(©)a+ b2+ ci+diN2, a,b,c,d € Q;
(d)a+bvV2+c/3+dV6, a,b,c.de Q.

2.7 If you need help, see the examples on p. 178.

2.8 (a) Q(W2) = {a+bv2: a,beQ};

1) QG v2) ={a+bi+cvV2+div2: a,b,c,d e Q;
(©) QG V5) ={a+bi+cv5+diN5: a,b,c,deQ};
@ QG ={a+bi: abeQ}.
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2.9 (a) Check that all conditions in the definition of the field are satisfied if and only
if every nonzero matrix in the given set has nonzero determinant. The condition that
X? 4+ 1 = 0 has no solutions in K is needed in order to exclude the possibility that a
nonzero matrix has determinant equal to O.

(b) The subfield of L isomorphic to K consists of the diagonal matrices [g 0 :|
a
(c) Choose K = [F3 in (a).

2.10 (a) Similarly as in Exercise 2.9 check that addition and multiplication of
matrices in the given set satisfy all the conditions in the definition of a field. This
time the suitable condition is that the polynomial X> — X 4 1 has no zeros in K,
which guarantees that nonzero matrices of given form have nonzero determinants.
(b) Choose K = [F, in (a). Then the field consists of the following matrices:

00 10 01 11
=[] =l =[] e fi]

The addition and multiplication tables are as follows:

+01ap -0l ap

001ap 00000

1108« 101 ap

alap0l al0a g1

BlBal0 BOB1 «
2.11 Show that 2a = 0 for each a € K. The answer is 2.
2.12 (a) For m = 1 use the binomial theorem and notice that the binomial
coefficients p are divisible by p if 0 < i < p. Then use induction.

(b) The same argument as in (a) form = 1.

Problems of Chap. 3

3.2 All polynomials of degree 1 are X, X + 1. Construct all reducible polynomials
of degree 2 using these two. Which are not on the list? Answer: X> + X + 1. This
is the only irreducible polynomial of degree 2. Construct all reducible polynomials
of degree 3 using these three: X, X + 1,X% + X + 1. Which are not on the list?
Answer: X° + X + 1, X*> 4+ X? 4 1. Continue the process! Answer: X* + X + 1,
X+ X+ X+ X+ LX+ X+ 1L, X+ X+ LX+ X+ 1.

3.4 (a) X* 4 64 = (X? + 4X + 8)(X? — 4X + 8) (see above Exercise 3.1(b));
) X*+1 = (X2 — V2X + 1)(X® + V2X + 1) (see above Exercise 3.1(b));
OX +1=X+DX+X+ DX+ X>+1)inF,[X];
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(d) X* + 2 is irreducible in F13[X] (if you need help, see the example on p. 179);
(e) X® — 2 is irreducible in Q[X];

M X0 +27=(X*+3)(X*+3X+3)(X*—3X +3) inR[X];

(@) X? +2=(X+2)inF3[X];

(h)X*+2= X+ DX +2)(X?>+ 1) in F3[X].

In (a), (b), (c), (e), (f) and (h) use Exercise 3.1(a) in order to show that the factors
are irreducible.

3.7 (a) Assume f(X) = g(X)h(X), where g(X), h(X) are polynomials in Z[X],
degg(X) = k > 1 and degh(X) = [ > 1 and look at the relation between the
images of f(X), g(X), h(X) after reduction modulo p.

(¢) For n > 1 consider pf(X) and use Eisenstein’s criterion.

(d) Consider the polynomial f(X + 1) and use Eisenstein’s criterion.

3.8 (c) Use prime numbers p = 2 in (c¢;) and (c3), p = 51in (c3), p = 2,3 in (c4)
and (cg), p = 2,5 in (c5).

3.10 Letfi,f>,....f, beirreducible polynomials over K and consider the polynomial
fifa-..fu + 1. Use the fact that K[X] has unique factorization (see T.3.2). Observe
that the exercise is trivial over infinite fields.

3.11 Use Gauss’s Lemma T. 3.3.

Problems of Chap. 4

4.1 (a), (b), (c) are algebraic. Use T.4.6. (d), (e), (f) are transcendental. Use T. 4.6
and the transcendence of e and 7.

4.2 Use T.4.2 and T.4.3. You may need the result which says that the equation
f(X) = 0 has a solution in some extension of the field L (this is proved in
introductory courses in algebra, see section “Fields” in Appendix or T. 5.1(a)).

4.3 The degree of each number is equal to the degree of its minimal polynomial.
These polynomials are:

(a) X® —2X3 —2; (d) x> —2;
(b) X0 — 6X* — 4X3 4 12X2 — 24X — 4; (e) X*—2;
OX+X+X2+X+1; OXP T+ XP2 4 X+ 1L

In each case, we have to show that the polynomial is irreducible. In order to prove
this, one can use the different methods discussed in Chap. 3. In case (b), it may be
useful to apply T.4.2, and in case (e), Exercise 4.11(b).

4.4 Use T.4.2 and T. 4.3 in order to construct suitable bases.
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(a) 4; a basis: 1,1, v/2,i/2; (f) 8; a basis: 1, v/2, /3, /5, V6, /10, v/15, /30;
(b) 4; a basis 1, «/5, «/5, \/g; (g) 3; a basis: 1, (x,az, where o = \3/ 14+ ﬁ;

(c) 6; abasis 1, i, «3/5, «3/1, if/i, if/z; (h) 4; a basis: 1, (x,az, cx3;

(d) 3; abasis: 1, Q/E, Q/Z; (i) 3; a basis: 1, «, a?;

(e) 2; abasis: 1,X; (j) 4; a basis: 1,X,X2,X3.

4.5 Take any « € K \ Q and modify it so that &> € Z. Use Exercise 2.5(b) in order
to show uniqueness.

4.6 Notice that if z = a + bi is algebraic, then so is z = a — bi (give a suitable
argument!). Use Exercise 3.5 and T. 4.6 in both directions.

4.7 Consider z = cosrm + isinrm and use Exercise 4.6.
48 @r=1VE  Or=101-2+Y:  ©x=-1+4

49 @x=—V2+ V3 b)x =3+ {V2- V6 () x = 3(=5+4v2+3/3 -
2./6).

410 (@) x =1+ a?; ) x = o + o ©)x=1; (d)x =a + a?.

4.11 (a) Notice that p(Y) — Mq(Y ) is a nonzero polynomial in Y of degree n over

q(X)
K(a), where o = ﬁ;g;, having X as its zero.

(b) Use (a) and T.4.3.

(c) Show that the polynomial p(Y) — aq(Y) is irreducible over the field K(«), for
example, using a version of Gauss’s Lemma T. 3.3 and the remark after it for R =
K][a]. Notice that the degree of this polynomial with respect to « is one.

4.12 In (b) and (c) use T. 4.3.

(d) In general, we have [M|M, : K| < [M; : K]|[M; : K] and for trivial reasons,
the inequality may be strict (e.g. M; = M, and bigger than K). If [M|M; : K] =
[M; : K]|[M; : K], then M|NM, = K and [M 1M, : M,] < [M; : K] (as a consequence
of the inequality above).

4.13 Use Exercise 4.2.

4.14 Consider [K(c) : K(a?)] and use T.4.3. The answer to the second part of the
exercise is no (give a counterexample!).

4.15 (a) Consider a minimal polynomial of an element o € L ~ C (if such exists)
and use the fundamental theorem of algebra (see T. 1.1).

(b) Consider the minimal polynomial of an element @ € L ~ R (if such exists) and
use Exercise 3.5(b).

4.16 No. Consider K = Q and L = Q() D Q, where a* 4+ « 4+ 1 = 0. Prove that
there is no quadratic extension of (Q which is contained in L.

4.17 Study the tower of extensions Q(e, 7) D Q(e + 7, em) D Q.
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4.18 (a)Letf(X) = a, X"+ - -+ 01 X+, where o; fori = 0, 1,. .., n are algebraic
over K. Consider the tower of fields K € K(og, @1,...,0,) € K(ag, a1, ..., 0, a)
and use T. 4.2, T.4.3 and T. 4.4 (or T. 4.6 and T. 4.5).

(b) Use T. 4.6 and (a).

4.19 Use T. 4.6 and T. 4.5 or Exercise 4.18.

Problems of Chap. 5

5.1 (a) 4;1,+/2,4/5,/10;
() 6:1,¥2, V4 e, 62, edh =1, # 1,
(©) 8 1,i,v/2,i/2,3/2,i/2,¥/38,i/8;

@) 8; 1,0, 02, 03, i, ice, id?, iae®, where o = ,/%(—1 + \/5);

(e)4; 1,a,0%, 0%, where ¢ = eﬂTi;
() 41,0, 0%, &>, where @ = v/2;
(2)4:1,v2,4/3,/6;

2mi

hp—1;1,a,....,072, wherea = e 7 .
5.2 (a)yes; (b) yes; (c) no.

5.3 Let oy, as,...,a, be zeros of f(X) in L = K(ay,an,...,a,). Consider the
chain of fields

K C K(a1) € K(a,00) € --- C K(og,02,...,0,).

5.4 (a) The elements of K are a + ba, a,b € F, and o> = « + 1, which defines
the value of the product of any two elements of K (write down a multiplication table
using this information); (b) The elements of K are a + bo + ca?, a,b,c € F, and
a® = o + 1, which defines the value of the product of any two elements of K; (c)
The elements of K are a + ba, a,b € F3 and o> = —1, which defines the value of

the product of any two elements of K.
5.5 Use T.5.4 and T. 4.3.

5.6 (a) Compute the number of elements in the field F,[X]/(f(X)) and use T.5.4
(see A.5.7 and A.5.8).
(b) Consider the field F,[X]/(f(X)) and use T.5.4 and Exercise 5.5.

5.7 (a) Prove the first formula using Exercise 5.6 (this is easy). The second formula
is a special case of the following general theorem: If f : N — C and g : N — C are
two arbitrary functions and

fn) =" e(d),

din
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then g(n) = Y, /(@) (%) . The last implication is called the M&bius inversion
formula and can be easily proved using the equality aln#(d) = 0 whenn # 1.
Use the inversion formula when f(n) = p" and g(n) = nv,(n). For a detailed proof
of the Mobius inversion formula see A.11.2.

() v12(1) = 12(2) = 1, 12(3) = 2, v2(4) =3, V2(5) = 6, 12(6) = 9, v2(7) = 18,
U2(8) = 30.

(c) The answer: (p?—p)/q. That this number is an integer also follows from Fermat’s
Little Theorem (see Exercise 6.3(c)).

5.8 (a) There are many proofs of this result. For one of them see A.5.2.
(b) According to (a), the group L* is cyclic. Take one of its generators as y. See also
Exercise 8.15.

5.9 (a) Show that the zeros of the primitive polynomials are exactly the generators
of the group of nonzero elements of the field. In such a field with p” elements,
compute the number of elements, which generate the group of its nonzero elements.
Then find the number of irreducible polynomials which have these elements as their
zeros. Use Exercise 5.6.

(b) Using for example T.5.4, show that F has an extension of degree n. Use
Exercise 5.8.

5.10 Use the evident formula for (f+g)’ and start the proof with f = aX™, g = bX".

5.11 (a) Use Exercise 5.8(a).
(b) In one direction, use T. 5.3.

5.12 (b) Consider X* + 4, for example, over Q.

5.13 Show that the polynomial X* + 1 has a zero in the field F,» by studying its
multiplicative group of order p? — 1, which is divisible by 8 if only p > 2.

Problems of Chap. 6

6.1 (a) Letf(X) =a, X"+ --- 4+ a1 X + ap and f(«) = 0. Look at o (f()).
(b) How to express the elements of the field K(«y, . . ., ®,) by means of the elements
ar,. .., 0, (see Chap.2)?

6.2 ()G = {UO, 01}, oy = id., Ul(ﬁ) = —ﬁ;
(b) G = {00}, 09 = id;
(¢) G = {0p,01}, 09 = id., 01(\4/5) = —\4/5;

d G| V2 V3
o0 V2| V3
(o] —\/i \/5
02 N2|—/3
03 —/2|—+/3

(e) G = {00}, 0p = id.;
(f) G = {00, 01,02,03}. 0;(X) = iX.
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6.3 (a) Let o be an automorphism of a field. Look at 6(1),0(2) = o(1 + 1) and
SO on.

6.4 Show that o(x) > 0if x > 0 (use x = (/x)?). Assume that, e.g., o(x) > x and
choose r € QQ such that o(x) > r > x. Then use Exercise 6.3(a).

6.5 Consider L°/®) Use T. 6.2 (and T. 4.3).

6.6 In (a) and (b) use Exercise 4.11(a).

(c) Check that the mapping sending a matrix (a Z) € GL,(K) onto a function
¢

oX) = gis is a group homomorphism. Find its kernel. If necessary, see A.2.11.

X34+X+D(XC+X2+1
6.7 |G| = 6, L¢ = Z,(xr), where o = %

6.8 |G| = 6, LC = Z4(X® + X* + X?).
6.9 (a) L = R(X, Y).

6.10 (a) L¢ = R(X2, XY).

6.11 L° = Q(X2,Y?).

6.12 L6 = Q. Use T. 6.2 and Exercise 4.11.

6.13 (a) L° = K(X + Y, XY).
(b) Use T. 6.2.

6.14 Check that oN(x) = o(x) (x € L, 0 € G) is well defined, that is,
ot(x) = o(x) for any T € N when x € L (evident). Consider the chain
L 2 L7 > (L7)%H > LY Use the Tower Law (T.4.3) and |G| = |H||G/H)|
(see A.2.11).

6.16 No. Construct a counterexample using L = K(X).
6.17 (a) 2; 09(a) = a, o1(a) = 2a*> — a°;

(b) 4; 00(a) = a, 01(a) = —a. 02(a) = 3a°, 03(a) = —3a°;
(©) 4; 09(a) = a, 01(a) = —a, o»(a) = 10a® — a'!, o3(a) = a'' — 10a°.
Problems of Chap.7

7.1 (a), (b), (e) and (h) are not normal, all the remaining are.

7.2 (a) Q(V2.i); dQX,e), S3=1,¢e#1;
b)) Q(V2,V2,6), 3=1,e£1; () QX,i), 2 =—
(©L; () L(a), 0> +1 = 0.

7.3 (a) and (c)—not necessarily! Give examples! (b) Yes.

7.4 Use T.5.1(b) and T. 5.2.
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7.5 Use T.7.1, Exercise 6.1 and in (b), Exercise 7.4.
7.6 In (a) and (b) use T.7.1.
7.7 Show that the minimal polynomial of B over K is irreducible over K («).

7.8 Let o; and «; be zeros of two irreducible factors of f(X) over L. Consider the
field extensions K (a;) € L(e;) and K(ej) € L(). Use T.5.1 and T.5.2.

7.9 (a) Use T.4.2.
(b) Consider one concrete example of a splitting field of X" — 2 with n > 2 (e.g.
n = 4)—the general argument will be similar.

7.10 (a) 12,2; Two quadratic factors of f(X) over K have the same splitting field:
Find the discriminats of these polynomials and show that their product is a square
(in fact, 9). The command galois (f (X)) also gives a solution.

(b) 6,1; (the polynomial is normal).

(c) 36,3; The polynomial f(X) has a quadratic and a cubic irreducible factor over
K. The splitting field of f(X) over K has degree 6 as the quadratic factor remains
irreducible over the cubic extension of K (see Exercise 4.2). You can use the
command galois (£ (X)).

(d) 48,3; The polynomial f(X) has an irreducible factor of degree 4 over K but it
is not normal over K. Use the command galois (£ (X)), which gives the degree
of the normal closure. You can see that it is not sufficient to adjoin one zero of the
quadric polynomial to K in order to get a normal closure.

(e) 5040,6; Use galois (£ (X)) and Exercise 5.3 (see also Exercise 16.82)).

(f) 14,2; There are three irreducible quadratic factors of f(X) over K and all have
the same splitting field over K. Either use galois (£ (X)) or check that for each
two of these factors, the product of their discriminants is a square (so they have the
same splitting field).

7.11 Only (b) is not normal.

Problems of Chap. 8

8.1 (a) Find the minimal polynomial of X over the field F,(X?). Use the definition
of separability or T. 8.1.

(b) For example, L D K, where L = F,(X), K = F,(X?).

(c) F5(X) is a splitting field of the polynomial T2 — X? over the field F,(X?).

8.3 (a) Consider K C K(«”) € K(). Use T. 8.1(b).

(c) If K is perfect show that every irreducible factor of X? — a, where a € K, must
be of degree 1. Use T. 8.1(b). Conversely, when K = K? use the same argument as
in the proof of T. 8.1(a) in the case of a finite field K (see p. 121).

(d) Show that L is separable over K using (b) and (c).

8.4 (a) Use Exercise 8.3.
(b) Use (a) and T.7.2.
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8.5 Use Exercise 8.4.

8.6 Use T.8.1(b).

8.7 As afirst step, assume L = K(y).
8.8 Use Exercise 8.4(a).

8.9 Use Exercise 8.7.

8.10 (a) For example V2 + V/3; (d) For example X + Y;
(b) For example V243414 (e)For example X;
(c) For example V24 3+i0; (f) For example V2 + Y2 or 2.

8.11 Show that if y exists, then ¥y € K. Find [L : K].

8.12 (a) Compare the degrees of L over M and L over the subfield of M generated
over K by the coefficients of the minimal polynomial of y over M.

(b) If L = K(y), then use the fact that the minimal polynomial of y over M divides
the minimal polynomial of y over K. In the opposite direction, show that L is finitely
generated and algebraic over K. Use Exercise 4.11. Thereafter, consider separately
K finite and K infinite. If K is finite use Exercise 5.8. If K is infinite, use the fact
that L as a vector space over K is not a union of a finite number of proper subspaces
(we prove this auxiliary fact on p. 196). Choose any y which is not in the union of
all proper subfields of L containing K.

8.13 Consider K C L from Exercise 8.11. (e.g. F,(X?, Y2, X + cY), where ¢ € K).
8.14 Use T.8.2.

8.15 (b) No. (c) 4,6 forn = 2; 13, 24 forn = 3; 32, 54 forn = 4.

8.16 Use Exercises 2.13 and 8.4.

8.17 For example: (a) ¢ = v/2; (b) c = V3353 (c)c=V3+ V5 (d)c= V2.

Problems of Chap. 9

9.1 (¢), (d), (e), (f) if p # 2 and (g) are Galois extensions, the remaining are not
Galois.

92 @L = QW2.V5:[L:Q =|GL: Q| =4G=GL:Q =
{00, 01, 02, 03}, where

G| 2 +/5l0 Thesubgroupsof G:I = {0y},

ool 2 51 Hi={00,01}, Hy = {00,02}, H3 = {00, 03}.

o1 =2 V52

o2 V2|52

03 —/2|—+/52
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The fields between Q and L: L¢ = Q, L' =

" = Q(5), L' = Q(v2), L's = @(~/_)-

(b) L = Q(i, V5). Compare (a).

©L=Q(e),e=e # "[L:Q] =|G(L:Q)| =4, G = {00,01,0,,03}, where
G |e |0 The subgroups of G: G,I = {0y}, H = {00,03}

oole |1 The fields between Q andL L°=Q, L =

o1 &2 4 = Qs + &%) = Q(cos Z) = Q(V5).

(o)) 83 4

03 84 2

(d)L = Q(, V2). Compare (a).

(e) L = K(v/2):[L: K] = |G(L/K)| = 4, G = {0y, 01,02,03}, where
G| ~/2lo Thesubgroupsof G: G,I = {0y}, H = {09, 01}

oo V21 The fields between K and L: L6 = K : L' =L,

o —¥22 M =K(2) =Q(V2).

[op) l'«A/E 4
03 —i«A/E 4

DL = QW5e.e = lLe# LIL:Q =|GL: Q| =6G =
{00, 01, 02,03, 04, 05}, Where

G| /5le o Thesubgroupsof G: G,I = {0y}, H, = {0y,01},

oo 5 |1 Hy=1{00,03}, Hy = {0y,05}, H = {00, 02, 04}.

o1 Y322 Thefields between Qand L: L° = Q, L' =L,

o 5 3 LM=Q/5). L"=Q(5), L =Q(ev/5). L'=Q(e).

o3 ev/5e%2

04|62/5le |3

o5 e25622

@L=Qia= 355-1)L:Q =I|GL: Q| =8 Letp =

V3(W5+ 1) @B =1).G = {09,01,02,03,04,05,06,07}, where

G| «a| ilo Thesubgroupsof G: G,I = {0y}, H = {0p,01},

oo « il Hy={00,02}, H3={00,03}, Hi={00, 04}, Hs = {00, 05},
o1 —a| i|2  Hxa ={00,01,02,03}, His = {0y, 01,04, 05},

oy B Q2 Hg7; = {00, 01,06, 07}.

oy —if 2 The fields between Q and L: L¢ = Q, L' =

ol—il2 LHI = Q(\/gs l)v LHZ = Q(Ol + lIB)v LH3 = Q(Ol - lﬂ)s

04 i LH = Q(a), L5 = Q(ia), L' = Q(i), LI = Q(/5),
o ip|—il4
o7 —iB|—il4

(MWL=K(),e=1,e#1;[L:K]=|GL/K)| =2, G = {09,01}, where
0o = id., 01(g) = &. Only the trivial subgroups and subfields.

9.3 (b) We take in Exercise 9.2(a)—(h) only the zeros of f(X) which are not in the
ground field K.
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(a) The zeros: «/5, —ﬁ, V5, —+/5 numbered 1,2,3,4, respectively. Then
09,01,02,03 are (1), (1,2), (3,4), (1,2)(3, 4), respectively.

(b) The zeros: i, —i, /5, —+/5 numbered 1,2, 3, 4, respectively. As in (a).

(¢) The zeros: &, 62,63, &% (¢ = e%) numbered 1,2, 3,4, respectively. Then
09,01,072,03 are (1),(1,2,4,3),(1,3,4,2),(1,4)(2, 3), respectively.

(d) The zeros: @ = 1/2ﬁ + 1/21'«/5, —o, @, — numbered 1,2, 3,4, respec-
tively. The four automorphisms defined by o(v/2) = £+/2,0() = =i are
(1), (1.2)(3,4), (1,3)(2.4). (1, 4)(2. 3)}.

(e) The zeros: (4/5,—\4/5,1\4/5, —i/2 numbered 1,2,3,4, respectively. Then
09,01,072,03 are (1), (1,2)(3,4),(1,3,2,4), (1, 4,2, 3), respectively.

(f) The zeros: \3/5, 8\3/5, 823 5, numbered 1,2, 3, respectively. Then oy, 01, 02, 03,
04,05 are (1), (2,3),(1,2,3),(1,2),(1,3,2), (1, 3), respectively.

(g) In the notations of Exercise 9.2(g), the zeros are o, —«,if}, —if numbered
1,2,3,4 in this order. Then the automorphisms oy, 01, 02,03, 04, 05, 0g, 07 are
(D), (1,2)(3,4),(1,3)(2,4), (1,4)(2,3), (3,4),(1,2), (1,3,2,4),(1,4,2,3),
respectively.

2mi

(h) The zeros are &, &%, where ¢ = ¢35, numbered 1,2 in the given order. The
automorphisms o0y, o} are (1), (1, 2).

9.4 (a) Use Exercise 6.1.
(b) Use T. 5.1(b), T. 5.2(b) and Exercise 6.1.
(c) Use T.9.1(b).

9.5 (a) Modify Exercise 9.2(a).

(b) Modify Exercise 9.2(f).

©[L : Q] = |G : Q)| = 8, since L is a splitting field of X* — 2 over Q.

G = G(L @) {00,01,02,03,04,05,06,07},where

G| 2 io ThesubgroupsofG: G,I = {0y}, H = {00,01},

oo ~2 il Hy=/{00,04},H3 = {00,05}, Hy = {00, 06},

o1 =2 ]2 Hs = {00, 07}, Gi = {00,01,02,03},

oy iV2] i4 = {00, 01, 04,05}, G3 = {09, 01, 06, 07}.

o3| —i3| il The fields between Q and L: L¢ = Q,Lf =

i V3ih M=0Q(2.0).L" =QE2).1" = @(zf ).

o V5 i KM=V = Q- )Y2),
V2T L6 = Q). L% = Q(v2),LP = Q).

O¢ iN2 —i2

07| —i/2|—i 2

(d) [L : K)| = 4, since K is the fixed field of the group G = {0y, 01, 02, 03}, which

is the group of K-automorphisms of L, where:

G X|o  The subgroups of G: G,I = {0}, H, = {0p,01}

00 X|1  Hy ={09,02}, H3y = {09, 03}.

o, —x2 Thefields between K and L: L° = K, L' =L,

o 1/x2 Lh=RX).

o3 —1/X 2 L =RX + ), L' =RX — 5
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(e) [L: K] = |G(L/K)| = 4, since K is the fixed field of the group G = G(L/K) =
{00, 01, 02, 03} of K-automorphisms of L, where

G| X Y|lo ThesubgroupsofG: G,I = {0y}, H = {09,01},

oo X| Y|l Hy={00.02}, H3 = {09, 03}.

o, —X Y2 Thefields between K and L: L° = K, L' =L,

o X —y2 L =RE2Y), L =REX. Y,

s _X _y 2 L™ =ROAXY).

) [L : K] = |G(L/K)| = 4, since K is the fixed field of the group G = G(L/K) =
{00, 01, 02, 03} of K-automorphisms of L, where

G| X| Yo Thesubgroupsof G: G,I = {0y}, H = {00,01},

ool X Y1 Hy={00,02}, H3 = {09,03}.

o1/—X —y|2  The fields between K and L: L° = K, L' =L,

o v x2 LM=REX.XY) L' =R(X+Y.XY),

o3 —Y —X 2 L = R(X —Y,XY).

9.6 Take two different subgroups H, H, C V both of order 2. Use Exercise 4.5 in
order to choose d;, d, for the different fields K#!, K2,

9.7 No.

9.8 L =73(X),L° = Z3(X® + X* + X?), [L : L°] = 6.

G X|o The subgroups of G: G,I = {0y}, H = {00, 03},
0o X|1  H ={00,04},H3 = {0¢,05},H = {00, 01, 02}.

o, X+ 13 Thefields between L% and L: L°, L' = L, L' = 73(X?),
0 X+23 P =7X =X)L =Z;(X> + X), L = Z3(X* - X).
03 2X1[2
042X+ 12
052X +22

9.9 L D M and L D K are Galois extensions. Use T. 9.1(a).

9.10 (b) Consider the index of H(L/M) in G(L/K) and use the homomorphism
¢ : HIL/M) - G(M/K), where ¢(0) = o|p. Use T.9.1.

(c) Use (b) and T. 9.1(a).

(d) Check directly that N (G(L/M)) € H(L/M). Use (b) and the characterization of
the normaliser as the biggest subgroup of G(L/K) in which G(L/M) is normal.

9.11 (a) Use the definition of the normal extension together with T. 9.1(a) and T. 4.3.
(b) How to describe all the zeros of f,, (X) in terms of ¢ and o € G(L/K)? Use (a).
(c) Count how many times a given zero § = o («) of f (X) (fora fixed 0 € G(L/K))
appears among the images 01 (), .. ., 0, ().

9.12 (a) Consider L as a vector space over L7 and use T. 6.3 in order to show that
the image of Try has dimension 1.
(b) Use (a) and the properties of Try as a linear transformation.
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9.13 (a) Use T.5.4, T. 8.2 and T. 9.1(d).
(b) Use Exercise 2.12.

"—1
(¢) Nrz/k(x) = xqul, where n = [L : K]. The mapping Nr; /¢ : L* — K* is a group
homomorphism. How many elements belong to its kernel?

9.14 Use Exercise 9.13(b) and T. 9.2. For example, 8 = a® 4+« (or B = & +a+1).

9.15 (a) Use Exercises 7.6, 8.16 and T. 9.1(d).

(b) Consider a natural homomorphism mapping an automorphism o €
G(MM,/M,) onto its restriction to M;. What is the image and the kernel of
this homomorphism?

(c) Consider the homomorphism ¢ : G(MM,/K) — G(M;/K) x G(M,/K),
where ¢(0) = (0|m,,0|m,). Show that Ker(¢) = {e}. Then compute the orders
of G(M1M,/K) and G(M,/K) x G(M,/K) using T.9.1(a) and Exercise 7.7.

(d) Use Exercise 7.4(b).

9.16 In each case below, we give an example of a field (chosen among plenty of

other possibilities):
2mi

(a) Q@); ‘ b) Qa),x = ¢+ é e=e7; (c) Exercise 9.2(0);
) Q),x = ¢+ é e = e%; (e) Exercise 9.2(a); ) QG,e), e = e%;
(® Q(v2./3,V5); () Q. p). o’ =3+ 1, 8> =7 +7;

(i) Exercise 9.5(c); (j) Exercise 9.2(f);

)L =K, f(X) = X* —2X —2; () L = K, f(X) = X* + 20X + 16.
9.17 Use T.9.1(¢c).

9.18 (a) In order to show that [Q(¢) : Q] = p — 1 use Exercise 3.7(d). Use
Exercise 6.1 (and A.2.2) in order to show that o are all automorphisms. Notice
that by Exercise 5.8, the group (Z/pZ)* is the multiplicative group of the field
F, = Z/pZ and as such is cyclic of order p — 1.

(b) Use a special case of Dirichlet’s Theorem: For every natural number rn, there
exists a natural number k such that nk + 1 is a prime number (for a proof of this
case, see Exercise 10.12).

9.19 No. A counterexample is in the next chapter, but try to find your own.

9.20 G(L/MM,) = H, N H, (show that each ¢ € G(L/M;M;) must be in both
H, = G(L/M,) and H, = G(L/M), and conversely); G(L/M,NM,) = the smallest
subgroup of G(L/K) containing both H; and H, (that is, the group of all finite
products in which every factor belongs either to H; or to H;).

This answer can be also expressed in the following way: M; = L', M, = L*> gives
LANH — [Hi[H gng [\ — [H 0 2 where (H,, H,) denotes the smallest
subgroup of G = G(L/K) containing both H; and H,.

9.21 Show that K(«) 2 K is a Galois extension.

9.22 In (a) and (b) follow a similar argument as in the solution of Exercise 9.15(b).
In (c) use (b).

9.23 What happens when you take the complex conjugate of a number in L?
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9.24 Use T.9.1(a) and Exercise 9.11(a).

9.25 (a) Every permutation of the zeros is a composition of transpositions (of only
two zeros). What happens to the sign of o; — o; when two zeros are shifted? An
even permutation is a composition of an even number of transpositions, and an odd
permutation needs an odd number of transpositions (see section “Permutations” in
Appendix if you need a reminder concerning permutations).

(b) Show that the index of Galy(L/K) in Gal(L/K) is 1 or 2 and the second

possibility occurs if and only if \/A(f) &€ K.

9.26 (a) Let o be a zero of f(X). Check thatall @ + ifori = 1,...,p — 1 are also
zeros of this polynomial.

(b)Leta; = +ifori =0,1,...,i— 1. Let f;(X) be the minimal polynomial of «;
over K. Notice that K(¢;) = K(«) foreachi =0,1,...,p— 1.

(c) Apply Fermat’s Little Theorem (Exercise 6.3(c)).

9.27 Exercise 7.11(a): If a; = ais a zero of f(X), then the remaining are a, = 2—a?,
a3 = a® —3a, a3 = a* — a® — 3a*> + 2a, as = —(a* — 4a® + 2). The Galois group
is cyclic of order 5 and is generated by o' (a) = 2 — a?.

Exercise 7.11(c): If a is a zero of f(X), then the remaining zeros can be obtained
from the factorization of f(X) over the field Q(a) (using factor (£ (X) ,a)).
Since the Galois group has order 7, it is cyclic and generated by any o mapping
a onto another zero (different from a) of f(X).

Exercise 7.11(d): If a; = a is a zero of f(X), then the remaining zeros are a, = —a,
az4 = £ (—252a+468a*—215a°+3a’), ase = + 5 (—552a+1566a°—1064a° +
15a7), ars = +5(—1212a + 3294a> — 1922a° + 274"). The automorphisms
are functions fi defined by mapping a onto one of the eight zeros (for example,
f3:= a -> a_3, where a3 is given as a function of a). Then we can check the
orders of fi in the Galois group computing simplify (£i (£i (a)) ). We get that
fi(fi(a)) = —aforalli # 1,2, so all elements in the Galois group with the exception
of the identity and the automorphism mapping a onto —a have order 4 (the involution
mapping a onto —a has order 2). This shows that the Galois group is the quaternion
group (see Exercise 12.1(e)).

9.28 (a) The zeros of the polynomial are a,a®> — 2,2 — a — a?, so K = Q(a). The
Galois group is cyclic of order 3 and G(K/Q) = (o), where o (a) = a*> — 2.

(b) The zeros of the polynomial are a, —a?, —a*,a’,a — a*,a®> — @’, so K = Q(a).
The Galois group is cyclic of order 6 and G(K/Q) = (o), where (a) = a° (define
0 :=a->a"5 and check the order of ¢ in the group using simplify (o(o (a)))
and simplify (o(o(o (a))) ). Observe that the order is not 2 or 3, so it must be
6).

(c) The zeros of the polynomial are a, —§(9 — 124> + a°), 1(6 + 4a® + 2a* + a°),
127+ 9a — 124> + 12a° + 6a* + 4a°, —§ (45 + 9a — 6a* + 184> + 9a* + 5a°),
—3(1849a+6a*+6a*+3a*+a°). The Galois group of order 6 is S3 and G(K/Q) =
(0.7), where 0/ (a) = 3(6+4a®+2a*+a’) is of order 2, 7(a) = —5(9—12d>+a°)
is of order 3 and 0t = 720 (check this by defining the corresponding functions o, T
in Maple as in (b)).
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9.29 Use the command galois (£ (X)).

(a) The Galois group D5 (dihedral of order 10—see A.2.4) and the minimal number
of zeros generating the splitting field is 2.

(b) The Galois group As (alternating of order 60) and the minimal number of zeros
generating the splitting field is 3.

(c) The Galois group S5 (symmetric of order 60) and the minimal number of zeros
generating the splitting field is 4.

(d) The Galois group G5 (also denoted F»y or G(1,5) and called general
affine group of order 20—see p. 277). The minimal number of zeros
generating the splitting field is 2 (the polynomial f(X) has only one zero
in the field Q(a), where a:=RootOf (X*5+15X+12) and has a factor
X* 4+ aX? + a®X% + @*X + 15 + a* over this field. The field Q(a, b), where
b:=RootOf (X*4+aX"3+a"2X"2+a"3X+15+a™4, a) is the splitting field of
F(X) over Q).

You may use Maple in order to adjoin zeros and check how the given polynomials
split in the subsequent extensions but it is much more elegant to deduce the minimal
number of zeros generating the splitting fields using the knowledge of the order of
the Galois groups.

Problems of Chap. 10

101 & (X) =X—1; &X) =X+1;, X)) =X2+X+1; &X) =
X2+1; osX) =X'+X+X+X+1; &X)=X>-X+1; &(X) =
X+ X+ X+ X+ X2+ X+ 1 &(X) =X+ 1, Do(X) = X0+ X3 +
1, oX)=X-X>+X>-X+1.

102 ()@, = (X* - 1)/(X—-1).

(b) This is a special case of Exercise 10.3(a) for k = r(n).

(c) This is a special case of Exercise 10.3(b) forr = p,s = n.

Dp(X) =1—X>+ X* — X6 + X8,

Pros(X) =1+ X+ X2 — X0 —X° — X8 -2 X" — X*2 — X® 4 X% 4 x4 4 x* —
Zx7_X9+X12+X13+X14+X15+X16+X17_x20_x22_x24_x26_x28+
X31 + X32 +X33 + X34 +X35 + X36 _X39 —X4O.

10.3 (a) Let &, for r = 1,...,¢(k) be all primitive k-th roots of unity and let
d = n/k. Show that all d-th roots of &, give all primitive n-th roots of unity (notice
that ¢(n) = de(k), depending on the assumption on primes dividing n and k).

(b) Use the formula expressing the cyclotomic polynomials by binomials X¢ — 1 in
T.10.2(a).

10.4 Notice thatif m > 1 is odd and ¢ is a primitive m-th root of unity, then —¢ is a
primitive 2m-th root of unity.

10.5 (a) Use Exercise 9.15(b).
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(b) Look at the degree of Q(e,,)Q(e,) over Q(&,,) using (a), Exercise 9.15(b), T. 9.1
and T. 4.1.
© Q(sm)(@(sn) = Q(s[m,n]) and Q(sm) N Q(Sn) = Q(s(m,n)), where [m, n] is the

least common multiple and (m, n) the greatest common divisor of m and n.
10.6 Use Exercise 9.23. One can choose 11 = &, + &, (notice thatg,, = 1/¢,).

10.7 (a) Use T.9.2 taking into account that the Galois group is cyclic.
(c) Find the number of different images of 6, under all automorphisms of G(K/Q).
Use Exercise 9.24.

10.8 () Q(), Q(v2). QW=2); ®QW3): (©QW-T7).

109 (a) o(¢) = &2 has order 4, G, = (02), K = Q(6,) = Q(5), 6, =
&5 + 02(e5) = &5 + &2 has minimal polynomial X> + X — 2;

(b) 6(e7) = &3 has order 6,

Gy = (0°), K = Q(63),

03 = &7 + 03(e7) = &7 + &5 has the minimal polynomial X* + X? —2X — 1;

Gs = (02), K% = Q(6,) = Q(W=T7), b = &7+ 0%(e7) + 0*(e7) = &7+ &3 + &}
has the minimal polynomial X? + X + 2.

(c) o(e17) = &3, has order 16,

Gy, = (0%), K = Q(bs), 05 = €17 + 03(17) = e17 + &{$ has the minimal
polynomial X8+ X7 — 17X —6X° + 15X* 4+ 10X° — 10X? — 4X + 1.

Gy = ( ) K% = @(94) 0, = ZO 4’(817) = &7 + 817 + 8 7+ 817 has the
minimal polynomlal X+ X —6X>—X+1,

Gs = (o ) K% = Q(6), 6, = 2(7) o%(e17) = €17 +817 +817 +ei; +8?87 + ?170 +

s# + &3 17 * has the minimal polynomial X*+X—4.

el oy .
10.10 Use Exercise 10.7(c) for 6, = Y .2, 0%(s) = Y 2, & ¢ where o is a
generator of the Galois group G(Q(e)/Q) and € a p-th root of unity (s # 1). Define

p—3
0; = 20 ot (e) = 3,2, &8 ¥ Compute 6,6} and consider in the product all
the terms such that g% + gz’ ' (mod p) has a fixed value. These values are given
by the values of the quadratic form X? + g¥? over the field F,. Show that for p = 1
(mod 4) this quadratic form does not represent O (that is, the only solution of the
equation X*> + g¥> = 0is X = Y = 0 (mod 4)) and each nonzero value in F,, is
represented in p+ 1 different ways. Count the number of possibilities for X and ¥ #
0 (X = g.,Y = g/). Show that for p = 3 (mod 4), the quadratic form represents
0in (p — 1)/2 different ways with XY # 0, and every nonzero element in F, in
(p — 3)/2 different ways. Show that 6, has the minimal polynomial X2 + X — 2=

whenp =1 (mod 4) and X2 + X + 25! whenp = 3 (mod 4).

1011 @DX+ X+ X+ X+ X2+ X+ 1 =X+ X+ DX+ X2+ 1);
@) X0 +6X3 +8 = (X3 +2)(X> + 4);

@)X 42X 4 X042 X0 4 X842 X7+ X042 X+ X 42 X3+ X2 42X + 1 =
X+2X+ DX +2X2+ DX+ X2 +2X+ DX +2X2 + X + 1).

(b) Let & be a primitive n-th root of unity over I, and let k be the degree of the field
I, (e) over F,. What is the relation between n and k?
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10.12 (a) Use T.10.2(a) and show that X" — 1 has a double zero x.

(b) What can be said about the order k of x in the group Z;? What is its relation to
n? Consider the cases k = n and k < n and use (a).

(c) Use induction starting from Exercise 10.2(a), and for the inductive step
Exercise 10.3(a).

(d) Assume that the number of primes congruent to 1 modulo 7 is finite and consider
their product N with n. Take a prime p which divides @, (N¥) for a sufficiently large
k and show that it must be congruent to 1 modulo 7 using (b).

10.13 (a) G is a product of cyclic groups of some orders ny,...,n,. For every
order n;, we can find a prime number p; = n;k; + 1, where k; is an integer (this is
a special case of Dirichlet’s Theorem on primes in arithmetical progressions—see
Exercise 10.12) and we can choose k; so that all p; are different. We have a surjection
of Z[’,"i onto Z,, and hence, a surjection of Z;l X oo X Z[’fr = Z;r-wr (see A.3.11) onto
G =Zp, X+ X Ly,.

(b) Use (a) and T. 9.3(b).

10.14 (a) Consider a tower K € K(¢) € K(e,®), where ¢" = 1, K(¢) is a splitting
field of X" — 1 and ¢" = a. The maximal order of G(L/K) is n¢(n), where ¢ is
Euler’s function (for the definition of Euler’s function, see p. 279).

(b) Let o0 € G(L/K) and let o(¢) = &%, a € Z) and 0 (o) = ¢’a, b € Z,. Map &

. [ab
onto the matrix .
(57)
(c) If XP —a, where a € Q, is irreducible over QQ then the Galois group is isomorphic

to the group of all matrices as in (b), where a € Z; and b € Z,, so its order is
p(p — 1). For p = 2, we have a cyclic group of order 2, for p = 3, the group of
order 6 isomorphic to S3 and for p = 5, the group of order 20 (usually denoted
by GA(1,5) as a special case of the general affine groups GA(1, p) given by the
matrices in (b)).

(d) The Galois group is a cyclic group of order n.

10.15 (a) What is the m-th power of a primitive 2m-th root of unity?
(b) Take a primitive m-th root of unity and find a zero of the second polynomial.

10.16 (a)4; (b)8; (c)6; (d)12;
(e)12; (0 8; (g)16; (h)16.

10.17 The first coefficient with absolute value bigger than 1 appears forn = 105 =
3.5.7.The number 105 is the smallest one having three different odd prime factors.
The formulae for @, o (X) say that the size of the coefficients depends on the number
of different primes dividing n (see Exercise 10.2(b)). But it is not true that three
different factors of n imply that there are coefficients with absolute value bigger
than 1. For example, the coefficients of @, p(X) forn = 231 = 3 -7 .11 are all
of absolute value at most 1. However, it is not a bad guess, since it is possible to
prove that n with only two odd prime factors give polynomials with coefficients
of absolute value at most 1 (see Exercises 10.2(b) and 10.4). It is known that for
sufficiently large n, the coefficients can be arbitrarily large.
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10.18 (a) Show that the splitting field of X® —a has at most degree 12 over Q. When
is it less than 12? Answer: a = —3b? for an integer b # 0. Show that this happens if
and only if Q(\/a) = Q(+/=3), which is (the quadratic subfield of) the cyclotomic
field Q(eg).

(b) The Galois group of an irreducible binomial X7 — a always has order 42. For
an irreducible binomial X® — a, the order of the Galois group is at most 32. It is
always divisible by 8 (why?) and, in fact, may be 8 or 16, but usually is 32. The
exceptional cases appear when a = —b? (8) or a = £2b” (16) for an integer b # 0.
This may be obtained experimentally using Maple (and supplemented by a proof)
or deduced from the properties of cyclotomic extensions (see Exercise 10.14). For
irreducible binomials X°—a, the order of the Galois group is always 54. In fact, if the
polynomial X°—a is reducible over the field M = Q(&9), where &y is a primitive 9-th
root of unity, then @ = b3, where b € M by Capelli’s theorem (see Exercise 5.12).
Then X3 — a, which is irreducible over Q (since X° — a is irreducible), has a zero
b in M. So the splitting field of X3 — a is contained in M, which is a contradiction,
since G(M/Q) is an abelian group, while the Galois group of X> — a is S3. Thus
Q(gs, ~/a) has degree 54 over Q.

Problems of Chap. 11

11.1 (a) G(Q)/Q) = {0v,01}, where 0p(i) = i,01(i)) = —i. A normal basis:
oo(@) =1+4+i,001(0) =1—i,wherea =1+ 1.

(b) G(Q(ﬁ, ﬁ)/(@) = {0y, 01,02, 03}, where
V3

G| V2

o0 V2| V3
o1—v2| V3
02 N2|—/3
03 —v/2|—+/3

A normal basis: 0 () = 14++/2++/34++/6,01(a) = 1 —v2+/3—6,05(at) =
1++v2—+3-V6,03(0) = 1= v2—/3+ 6, where o = 1 + V2 + /3 + /6.
(c) G(Q(e)/Q) = (o), where o(¢) = &%. A normal basis: 0%(a) = &,0(0) =
e2,0%(a) = &*, 0 (o) = &, where a = &.

(d) G(F5(y)/F2) = (o), where o(y) = y2. A normal basis: 6%(at) = y,0(a) =
yho¥(@) =y*=y*+y +1,wherea =y

11.2 (a) Let o be the nontrivial automorphism of L over K. If ¢ ¢ K, then L = K(«).
Let B = o(a) = p — a, where a®> = pa + g. When do «, B form a basis of L over
K?

(b) Let L = K(«) and let o be a generator of the Galois group G(L/K). Define
B = o(a) and y = o(B). Notice that 0> = 1 s0 o(y) = . When do «, B, y form
a basis of L over K? You may use Lemma 11.2 on p. 129.

11.3 (a) Use Exercise 9.24. The converse is not true—find a suitable example.
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(b) In both cases the answer is “no”. Try to construct suitable examples using finite
fields.

11.6 (a) Use T.11.3 for K = E = Q(e) and n = 3. Notice that E = Q(+/—3) is the
quotient field of Z[e] and any « can be replaced by r*a, where r € Z[].

(b) Use Exercise 9.15, T. 9.2 and the fact that the cyclic group Z, x Z3 = Zg has
exactly one subgroup of order 2.

(c) Use T.11.4 for n = 3.

(d) Use (19.1). Examples: the splitting fields of X3 —3X+1(f = 14¢), X>—7X +7
(f=2+26e),X>— 13X+ 13 (f = 4 + 3e¢).

11.7 (a) Use T.11.3 for K = E = Q(i) and n = 4. Notice that £ = Q(i) is the
quotient field of Z[i] and any « can be replaced by ra, where r € Z[i].

(b) Use Exercises 9.15, 9.23, T.9.2 and the fact that the group G = Z;, x Z4 has
exactly two subgroups H of order 2 such that G/H is cyclic (of course, of order 4).
Consider the fixed subfields corresponding to these two subgroups.

(c) Use T.11.4 for n = 4.

(d) Use (c) and check that the automorphism which maps /o onto /& has order 2.
Take its fixed field. It is possible to show directly that the Galois group of this field is
cyclic of order 4. The minimal polynomial of y is X*—4Nr(f) gX?>4Nr(f) g*[4Nr(f)—
Te(f)].

(e) Use (d) and T.9.2 (the group C4 has only one subgroup of order 2). Examples:
the splitting fields of X* + 8X> + 8 (f = —(1 + i),m = —1), X* — 10X? + 20
f=142im=2),X*—52X>+468 (f =2+ 3i,m=1).

11.8 Use T. 11.2(b) and Exercise 9.24.

11.9 By Exercise 8.3(d), we know that L is a Galois extension of K. Let g be a
prime dividing the order of the Galois group G(L/K). Assume that [L : K] = g and
consider two cases: char(K) # g and char(K) = ¢ (in the first case the characteristic
of K may be 0). In the first case show that all g-th roots of unity are in K. Thereafter
use T.11.3 and show that L = K(«), where ®? = a € K. Take B € K such that
B9 = « and take the norms from L to K of the two sides (see (6.1)). This gives a
contradictions unless g = 2.

In the second case, use Exercise 11.8 to show that L = K(«), where a?—a = a € K.
Take B € K such that 89 — B = aa?"! in order to get a contradiction to the fact that
a €K.

Finally, consider the case when the order of G(L/K) is a power of 2 and consider
what happens if i (a solution of X? 4+ 1 = 0 in L) belongs to K.

Problems of Chap. 12

12.1 (b) Consider the chain G = Gy = S3 D G| = (0) D G, = (I), where ¢ is an
element of order 3 (any nontrivial rotation) and / the identity.
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(¢) Consider the chain G = Gy = S; D G, = Ay D G, = V4 D G4 = (I), where
Ay is the group of even permutations of 1, 2, 3, 4 (the group of rotations of a regular
tetrahedron), V4 is the subgroup of permutations of order at most 2 in A4 (it consists
of (1), (1,2)(3,4), (1,3)(2,4), (1,4)(2, 3)) and I is the identity.

(d) Consider the chain Gy = D, D G; = C, D (I), where C, is the group of all
rotations of the regular polygon with » sides and [ is the identity.

(e) Consider the chain Gy = H*(Z) D G, = (—1) D G, = (1).

12.2 (c) The group A, is normal in S, as a subgroup of index 2 (see A.2.8). Use (b)
and T. 12.1(a).

12.3 Among all possible chains G = Gy D G; D ... D G, = {e} consider a
chain with maximal possible value of n. Show that then all the quotients G;/G;+,
are cyclic of prime order. Use A.2.15 and A.2.13.

12.4 (a) Show that the functions ¢, ,(x) are bijections on the set {0, 1,...,n — 1}
and as such can be considered as permutations belonging to the group S, of all
permutations of this set (with n elements).

Notice that different x € {0, 1,...,n — 1} have different images ¢, ;(x), SO @4.5(x)
is bijective on the set {0, 1,...,n — 1}.

(b) The number of functions ¢, ;(x) is ne(n), where ¢ is Euler’s function (for the
definition of ¢(n), see p. 279). Show that ¢, 5 0@ g = @ac aa+»(x) and ged(ac, n) = 1.
Use A.2.1.

(c) Check that @ is a group homomorphism (use (b)) and find its kernel 7,. Notice
that 7, is abelian. Use T.12.1(c) for G = G, and N = 7,,.

(d) Notice that the subgroup 7, of all translations ¢ ,(x) = x + b already acts
transitively on {0, 1, ..., p — 1}. How many solutions does the equation ¢, 5(x) = x
have when a, b are fixed?

(e) Let ¢, 5(x) be a function of order p. Show that a = 1, so @, (x) € 7,. Use (b)
above.

(f) Denote by M the group of matrices in (d) and show that ¥ : G, — M such that

W (pus) = (“ b

01 ) is a group isomorphism.

12.5 (d) Look at the fixed group G, of any element x € X and use the formula
IX||Gx| = |G| (see A.9.2(a)).
(e) Show that if x, x' € X and gx = x’ for some g € G, then H, = gH,g'. Conclude
that two arbitrary orbits Hx and Hx’ for x, x’ € X have the same number of elements.
Use A.9.2 (|Hx| = |H|/|H.|).

12.6 Show that the center of a p-group, is always nontrivial. Consider the action of
G on the set X = G by conjugation, that is, for g € G and x € X the action of g
takes x to gxg~!. Notice that the fixed elements for this action of G are x such that
gxg~! = x for each g € G, so gx = xg, that is, such x form the center C(G) of G
(see p. 245). Use the formula in A.9.2(a) in this case.

Use the fact that G has nontrivial center together with T.12.1 and induction with
respect to the order of the group. Take into account that C(G) is a normal subgroup
of G.
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Problems of Chap. 13

13.3 Consider a longest possible chain of fields
K=KyCK, C...CK,=L

such that K; = K;—i(«;), where «;' € K;— and r; are positive integers for i =
1,...,n — 1. Show that for such a chain all r; are prime numbers (observe that the
next field is strictly bigger than the preceding one).

13.4 (a) Denote by L a splitting field of f(X) over K and consider the Galois group
G(L/K) as a subgroup of S,,. Notice that the order of G(L/K) is divisible by p and
use Cauchy’s theorem (see A.9.3) to prove the existence of a cycle of length p in
G(L/K). Show that the complex conjugation is a transposition of two zeros and
use A.8.4 to show that G(L/K) = S,,.

(b) Study the derivative of the polynomial f(X) and plot its graph in order to show
that exactly three zeros are real. Use (a).

(c) In order to show the irreducibility, use Eisenstein’s criterion for p = 2. Study
the sign changes of f(X), in particular, the signs at the integer points from X = 2 to
X = 2(p—2) + 1, in order to show that there are exactly p — 2 real zeros (in fact, in
the intervall (2,2(p — 2) + 1)).

13.5 For example, X"°f(X), where n > 5 and f(X) = X — 4X — 2 according to
Exercise 13.4(b) for p = 2.

13.6 (b) Assume that the polynomial f(X) is reducible over K;. Show that it cannot
happen by considering two possibilities: f(X) = g(X)h(X) over K;, where deg(g) =
2, deg(h) = 3 or deg(g) = 1, deg(h) = 4. Compare the degree of a splitting field
M of f(X) over K;— (this is 120 by Exercise 13.4(a)) with its degree resulting from
the two possible factorizations.

13.7 Discuss all possible Galois groups and use T. 13.1. Alternatively, show how to
solve such equations.

13.8 Compare the splitting fields of f(X) and f(X") over K. Alternatively: How can
we express the solutions of f(X"”) = 0 when the solutions of f(X) = 0 are known,
and conversely?

13.9 (a) If two of the zeros of a polynomial do not generate its splitting field, then
there is an automorphism of this field having these two zeros as fixed points but
moving another zero by T. 9.1 and T. 9.3.

(b) Notice that the Galois group G(K;/K) is transitive on the set of zeros of f(X) by
Exercise 7.4 and use the description of solvable groups with this property given in
Exercise 12.5. Use (a).

13.10 Let K; be a splitting field of f(X) over K. What can be said about the field Ky
if f(X) has at least two real zeros?
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13.11 (a) The discriminant of f(X) is A(f) = nl§i<j§5(ai — )%, where o, i =
1,2,3,4,5, denote its zeros. Study the sign of A(f) depending on the cases: all o;
real, exactly three real, only one real.

(b) An example of a solvable equation with A(f) > 0is f(X) = X°> —2 = 0 (only
one real zero). If f(X) = X° + X? + 1, then f(X) also has only one real zero (thus
A(f) > 0), but G(Q;/Q) = S5 (for a proof, see Exercise 15.10(a)), so the equation
f(X) = 0is not solvable by radicals.

13.13 Use the fact that the polynomial X? — a, where p > 2 is a prime number and
a a real number, has only one real zero {/a. Use Exercise 5.12. The arguments are
similar to those given in the proof of T.13.3 on p. 140.

13.14 (a) Let K = R(w), where « is a zero of an irreducible polynomial f(X) €
R[X] of odd degree. Use the fact that f(X) has a zero in R.

(b) Use the formula for solving quadratic equations.

(c) Consider a Sylow 2-subgroup H of G = G(K/R) (see A.9.4) and its fixed field
K" over R. Use (a), and then use Exercise 12.3 in combination with (b).

Problems of Chap. 14

14.1 (a) The side of the new cube has length +/2. Use T. 14.1 and [Q(+/2) : Q] = 3.
(b) We have to construct the point (cos 20°, sin20°). From cos3a = 4cos’ a —
3cosa, we get that cos20° satisfies the equation 4x* — 3x = % Show that
[Q(c0s20°) : Q] = 3 and use T. 14.1.

(c) If the construction is possible, the point (0, ./7) can be constructed from
(0,0), (1,0). Show that [Q(4/7) : Q] = oo using the fact that 7 is a transcendental

number (see Chap. 4, p. 19 and Exercise 4.18). Use T. 14.1.

14.3 (a) Yes. The radius of the new circle is 4/ rf + r%, where r; and r, are the radii
of the two given circles.

(b) Sometimes. The radius of the new sphere satisfies the equation X* —r; —r3 = 0,
where 7| and r, are the radii of the two given spheres. For example, if rj = r, = 1,
then a construction is impossible, but if r| = 1,r, = 7, then it is possible (use
T.14.1).

14.4 Yes. The side of the square is x = ,/ %ah, where a is the length of a side of the
triangle and 4 the corresponding height—both a and 4 are given.

14.5 No. The volume of a regular tetrahedron with side a is equal to & “[ . Thus the
T Use T.14.1.
2

14.6 A regular polygon with n sides is constructible if and only if the angle =*

side of the cube is x =

is constructible, which means that the point (cos £ sin 2—”) is constructible. Study
the fields L = Q(cos £ sin 27T) and L(i) 2 @(8) where ¢ is a primitive n-th root
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of unity. Use T. 14.1 and T. 14.2 as well as the fact that [Q(e) : Q] = ¢(n) where ¢
is Euler’s function (see T.10.1).

14.7 (a) cos 72° = @; (b) and (c): Use (a) and Exercise 14.6(b).

14.8 (a) 1° = 2% is not constructible by Exercise 14.6, since 360 = 23 - 32 .5,

360
(b)3° = 1% is constructible.
2

(c) 5° = =3 is not constructible.

14.9 For example, @ = 27” Use Exercise 14.6 and the equality § = 2(5 — ).

Problems of Chap. 15

15.1 (a) Consider two cases: f(X) reducible or irreducible over K. Notice that
A(f) = glar)*(an — a3)?, when @, o, 3 are zeros of £(X). Show that g(X) =
fX)/(X —a1) = (X — a2)(X — a3) has its coefficients in K(«). Notice also that
the Galois group of an irreducible cubic equation has at least three and at most six
elements (as a subgroup of S;—see Exercise 6.1).

(b) Show that F(Xi, X>,X3) has two different images £F (X, X>, X3) under the
permutations in G = S3, notice that Gr = As and use the definition of rg r(f).
Apply T. 15.2.

15.2 Show that F(Xy,...,X,) has two different images +F (X, ..., X,) under the
permutations in G = S, notice that Gr = A, and use the definition of rg r(f).
Apply T.15.2.

15.3 (a) What are the possibilities for @ in the factorization X* + pX? + gX + r =
X2 4+ aX + b)(X> +ad'X +b')?

15.4 (a) Check directly that the permutations in G do not change F (X, X5, X3, X4)
and that this polynomial has exactly three different images under the action of the
permutations in A4 (and Sy4).

(b) Use the definition r¢ r(f) and the three different images of F'(Xi, X2, X3, X4) in
order to compute the resolvent rg r(f). Use either Vieta’s formulae for the zeros
oy, o, a3, 04 of f(X) or Exercise 15.3.

15.5 Use Exercises 15.1 and 15.3 in order to study Ky through K, (but this needs
some effort, so if needed check the solution in the next chapter).

15.6 Consider a factorization f(X) = X* + pX? 4+ gX 4+ r = (X> —aX + b)(X*> +
aX + b'), where a, b, b’ € K, § = a> — 4b and §' = a* — 4b' are not squares in K
(since otherwise, the polynomial f(X) has zeros in K). Compute r(f) and its zeros.
Discuss two possibilities depending on K (+/8) = K(+/8') and K(+/§) # K(v/5).

15.7 (a) This is true for both types of resolvents discussed in Exercise 15.4. If
r((T) = T3 + 2pT? + (P> — 41T — ¢* = T* + 2pT* + (p* — 41T = T(T* +
2pT + p* — 4r), then one zero is T = 0 and the remaining two are —p % 2./7.
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If r(F)(T) = T? — pT? — 4T + 4pr — g* = T3 —pT? — 4T + dpr = (T — p)(T? —
4r), then the zeros are p and £2./r. Use Exercise 15.5(a) in order to express the
discriminant in terms of the coefficients.

(b) Use directly Exercise 15.5(b).

15.8 Use Exercise 15.5 in order to construct suitable examples. For example, the
Galois group of X* + X +1is Sy, X* 4+ 3X +3is Dy, X* +5X +5is Cy, X* +8X +12
is Ay and X* + 11is Vj.

15.9 (a) Use T.8.2 to represent X' = k() for some 6 and notice that K’ = K(#).
If [ : k| = m, show that 1,0,...,6™" form a basis of K’ over K. Map any
automorphism of k¥’ over k to the automorphism of K’ over K having the same effect
on f—use Exercise 6.1.

(b) The resolventis rg r(f)(T) = T? + p(Y1 + Y2)T + (p> —2q)Y1 Y2 + q(Y} + Y3).
The resolvent is reducible if and only if its discriminant A(rg £ (f)) = (p*—4q)(Y1—
Y,)? = 0, that is, p?> — 4¢g = 0 (which, of course, could be expected).

15.10 Consider reductions modulo prime numbers: (a) 2,3, 5; (b) 3, 13,23 (14
is a zero modulo 23); (c) 7,13,31 (11 is a zero modulo 31), the discriminant is
6* - 10 (d) 3, 13, 17 (or Eisenstein’s criterion instead of reduction modulo 3). The
discriminant is 28 - 56 - 114, Using computer may be recommended.

15.11 (a) Take n > 3. Choose a prime number p > n — 2, p > 3 and three
polynomials of degree n such that the first is irreducible over [F,, the second is a
product of an irreducible polynomial of degree n — 1 with a first degree polynomial
over I3, and the third is a product of an irreducible quadratic polynomial with n — 2
different first degree polynomials over F,. Use the Chinese Remainder Theorem
A.7.1 in order to show that there is a polynomial f(X) € Z[X] which has the chosen
polynomials as reductions modulo 2, 3 and p. Use T. 15.4 and A.8.5 in order to show
that the Galois group of f(X) is S,,.

(b) Follow the prescription in (a) for n = 7,9. As in the former exercise, using a
computer package may facilitate the computational tasks.
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Examples and Selected Solutions

Problems of Chap. 1

1.2 Notice that a, b in (1.4) satisfy ab = —%, so when we choose the values of
a, b as the third roots of a*, b?, respectively, then we have to satisfy this condition.
Hence, if we fix one of the three possible values of a (if a # 0), then the value of

b is unique and given by b = —%. Let a denote one fixed value of the third root of
a® and b the corresponding value satisfying ab = —%. Then the three solutions are
X1 =a+b,x; = ea+¢e’b,x3 = 2a+¢eb, where &> = 1,¢ # 1, thatis, & = #
(compare Exercise 1.7 for n = 3).
1.3 Using Vieta’s formulae and xl.3 = —px; — g fori = 1,2,3, we get (assuming
Xi 7é O)

4 4 4

A(f) = 100 = 2) (= x3) (3 — )P = (x% + —") (x% + —") (x% + —")
X3 X1 X2

_ (x1x223)% 4+ 164%(x3 + 23 + x3) + 4g(x}x3 + 3x3 + x3x7) + 644° _ Q74 + 49,

X1X2X3

since xjxox3 = —q, X3 + X3 +x3 = x5 + x5 — (] + x2)° = 3xx0x03 = —3¢ and
x5 + x4+ 5% = p* + 3¢ (use x3x3 = (px; + g)(px2 + ¢) and similarly for
x%xg and x%x?, taking into account that x,x, + x2x3 + x3x; = p). Notice that if some

x; = 0, then g = 0 and this case becomes trivial.

Problems of Chap. 2

2.4 Let K be a field of prime characteristic p. According to T. 2.1, the prime subfield
of K is isomorphicto F, = {0, 1, ...,p— 1}, where to r € I, corresponds r- 1 in K.
Thus, the least n > O such thatn- 1 = 0 is n = p. If K is a field of characteristic 0,
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then K contains a subfield isomorphic to @ and, in particular, the field K contains
the images r - 1 of all positive integers r € Z. As all these multiples are different,
there is no n such thatn - 1 = 0.

2.7 Example 1 (to (a) and (b)). We show that Q(+/2,iv/2) = Q(i, +/2). It is clear
that +/2,iv/2 € QdaG, «/5), so the smallest field Q(ﬁ, i ﬁ) which contains Q and
these two numbers must be contained in the field on the right-hand side. On the
other hand, we have i, +/2 € Q(ﬁ, i«/f) (i is the quotient of i2 by ﬁ), SO a
similar argument shows that the field on the right-hand side is contained in the field
on the left-hand side. Thus the two fields are equal.

Example 2 (to (c) and (d)). We show that Q(+/2, v/3) = Q(+/2 + v/3). It is clear
that v2 + v/3 € Q(+v/2,v/3), 50 Q(+v/2 4+ v/3) € Q(v/2,V/3). Leta = /2 + /3.
Hence +/3 = o — /2 and squaring both sides, we get v/2 = ”‘22;1. Hence +/2 €
Q(a). But v/3 = a — v/2, s0 /3 € Q(«) as well. Thus both /2, v/3 € Q(«), so
Q(v/2, 4/3) € Q(+/2 + +/3). Both inclusions prove that these fields are equal.

2.13 (a) It is clear that MM, as a field containing M; and M,, must contain every
quotient of finite sums > «;f;, where o; € My, B; € M. On the other hand, all
such quotients form a field, since a sum, difference, product and quotient (by a
nonzero sum) of two such quotients is a quotient of the same type. Thus, MM, as
the smallest field containing M; and M>, is equal to the field of all such quotients.
(b) If x € MM, is expressed as a quotient of finite sums of some elements from
M and M, as in (a), then taking all o; € M, (i = 1,...,m for some m) and all g;
(j = 1,...,n for some n) which appear in such a representation of x, we get that
x€ Koy, ..., 0 By, Bu)-

Problems of Chap.3

3.1 (a) If f(X) is an arbitrary polynomial of degree at least 2 such that f(xp) = O for
xo € K, then by Theorem T. 3.1, we have f(X) = (X—x¢)g(X), where g(X) € K[X]is
a polynomial of degree at least 1. Thus f(X) is reducible in K[X]. If a polynomial of
degree 2 or 3 is reducible in K[X], then f(X) = g(X)h(X), where g(X), h(X) € K[X]
and the degree of at least one of the factors g(X), h(X), say g(X), equals 1. Then
gX) =aX+b,a # 0,and xy = —% € K is a zero of f(X). Notice that the same
argument doesn’t work when f(X) has degree 4.

(b) Example. We show that the polynomial X* + 4 has no rational zeros, but is
reducible in Q[X]. For any real x, we have x* + 4 > 0, so the polynomial has no real
zeros. Hence the polynomial has no factors of degree 1 in Q[X] (or R[X]). We have
X444 = X4 4X2+4-4X% = (X2 4+2)°—(2X)? = (X?—2X+2)(X>+2X +2), 50
the polynomial is a product of two polynomlals of degree 2 w1th integer coefficients.
Notice that in general, we have X* + a> = X* 4 2aX? + a*> — 2aX*> = (X*> + a)> —
(vV2aX)? = (X* — V2aX + a)(X*> + /2aX + a) for any complex number a.
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33 If

n n—1
(0) (2 €Y (2o
q q q q

then a,p" + a,_1p""'q + -+ + aipqg"~" + apg” = 0, which shows that p|ayg” and
qlanp”. Since p, g are relatively prime, we get p|ag and g|a,.

3.4 Example to (d). We show that X* + 2 is irreducible in F5[X]. It has no factor of
degree 1, since it has no zeros in Fs (check it!). If X* 4+ 2 = (X? + aX + b)(X?> +
cX +d),thena+c=0,ac+b+d=0,ad + bc = 0, bd = 2. The last equation
gives the following possibilities: (b, d) = (1,2), (2, 1), (3,4), (4, 3). Since ¢ = —a,
the second equation gives a?> = 2 or 3. This is impossible, since a>=0,1,4inFs.

3.5 (a) Letf(X) = a, X"+ - -+a1X+ap, where a; € R, and assume that f(z) = 0 for
a complex number z. Then f(z) = a,z2" + -+ a1z2+ap = a,z* + - -+ a1z + ap =
f(z) = 0, which shows that  is a zero of f(X). Observe that we use two properties
of complex conjugation: z; + zo = Z1 + 22 and 722 = 2122, as well as @ = a when
a is a real number.

(b) The polynomial f(X) of degree n has n zeros. Each time we have a nonreal zero
z, we also have a different nonreal zero z, so we have a pair of nonreal zeros of f(X):
z,Z. Denote by xp, ..., x, all real zeros of f(X). Let z1,Z21, ..., 25, Zs be all pairs of
nonreal zeros of f(X). Thus, we have

JX) =a X —x) - (X —x)(X —2)(X = 21) - (X — 2) (X = Zy).

Now (X —z)(X — %) = X? — piX + ¢q;, where p; = z; + z; and g; = z;z; are real
numbers. Hence f(X) is a product of r real polynomials X — x; of first degree and s
real polynomials X> — p;X + g; of second degree. These are irreducible in R[X] as
they do not have real zeros (see Exercise 3.1).

3.6 Example. Using Gauss’s Lemma, we show that the polynomial f(X) =
X* — 10X? + 1 is irreducible over Q. It has degree 4, so its possible factorization
is either a product of a polynomial of degree 1 by a polynomial of degree 3 or a
product of two second degree polynomials. But f(X) has no linear factors. In fact,
by Exercise 3.3 and T. 3.1, we need only check as possible rational (in fact, integer)
zeros the numbers £1. But f(£1) # 0. Assume that we have the second possibility,
that is, X* — 10X%> + 1 = (X?> + aX + b)(X? + cX + d) with integer coefficients
a,b,c,d. Thena+c=0,ac+b+d = —10,ad + bc = 0,bd = 1. Hence the last
equation givesb = d = l orb = d = —1. Since ¢ = —a, the second equation gives
a* = 2, which cannot be satisfied by an integer. Hence f(X) cannot be factorized
in the ring Z[X]. Using Gauss’s Lemma, we get that it cannot be factorized in Q[X].

3.7 (a) According to the assumption concerning the divisibility of the coefficients of
F(X), we getf(X) = a,X" = g(X)h(X) in the polynomial ring [, [X]. Since we have
unique factorization in this polynomial ring, we get g(X) = aX* and h(X) = bX,
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where a,b € ]F;‘ (k,1 > 1). Hence p|g(0) and p|h(0), which gives that p*|ag =
f(0) = g(0)h(0). This is a contradiction. Hence f(X) is irreducible in Z[X]. Using
Gauss’s Lemma (see Exercise 3.6), we get irreducibility of £ (X) in Q[X].

3.8 (a) If f(X) is reducible in Q[X] then, by Gauss’s Lemma, it is reducible in Z[X],
that is, f(X) = g(X)h(X), where the degrees of g, i are less than the degree of f.
Thus we also have f(X) = g(X)h(X) modulo p so the polynomial f in F,[X] is
reducible, contrary to the assumption.

(b) Suppose f(X) is reducible in Q[X], that s, f(X) = g(X)h(X), where g(X), h(X) €
Z[X] (we use Gauss’s Lemma). Let d, and dj, be the degrees of g and A. Then we
also have £(X) = g(X)h(X) modulo p and modulo ¢, with the same degrees dz = dg
and dj, = dj, since f(X) is monic. According to T.3.2, we must have {d,, d»,} =
{dg. di} = {d\y, dag} contrary to the assumption. Hence f(X) must be irreducible in

Qx].

39 @ LetX*+pX2+gX +r=X>4+aX+b)(X>+dX + V), where a,b,d’, b/
are in some field containing K. Comparing the coefficients to the right and left, we
get @’ = —a and the system:

b+b =ad*+p,
a(b’' —b) = q,
bb' =r.

Multiplying the first equation by a, then squaring the first two equations and finally
subtracting the second from the first, we get

4a’bb’ = d*(a* + p)* — ¢*.
Replacing b’ by r, we obtain
a® + 2pa* + (p* —4rd® — 4> =0,

so a? is a zero of r(f)(T) = T3 + 2pT? + (p*> — 4T — ¢°.

Conversely, let a be a zero of r(f), for some value of a. The case a = 0 can only
happen when ¢ = 0 and then we find b, b’ from the first and third equation in the
system. If @ # 0, then we find b, b’ from the first two equations in the system and
the third equation is evidently satisfied, since r(f)(a?) = 0.

(b) If ¢ # 0 and the resolvent has a zero a” such that a € K, then we already know
from (a) that a # 0 and using the first two equations of the system in (a), we find
b, b’ € K, which give a factorization of f(X). Conversely, if we have a factorization
of f(X) in which a € K, then the zero of the resolvent ¢ is a square in K.

If ¢ = 0, there are two cases. If there is a factorization over K with a = 0, then
§ =p*—dr = (b+b)?—4bb' = (b—b')? is a square in K. Conversely, if § is a
square in K, then the quadratic polynomial 72 — pT + r has two zeros b, b’ in K and
we get a factorization f(X) = X* + pX? + r = (X*> + b)(X> + b') witha = 0.
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If ¢ = 0 and we have a factorization with @ # 0, then the resolvent has two zeros
which are squares in K: 0 and a”. Conversely, assume that the resolvent r( f) has two
zeros which are squares in K (both may be equal to 0). We easily find that the zeros
of r(f)(T) = T +2pT*+(p*—4n)Tare: f; = 0, By = —p+2/r. f3 = —p—2/7,
so /1 € K. Of course, 0 is one of the squares. If the second is B, we check that
f(X) has the following factorization in K[X]:

FX) =X 4pX2 7= X2+ V)P = B2X> = (X2 — VB X + VDX + VBoX + /1)

and similarly for 83, when B3 is a square in K.

Problems of Chap. 4

4.1 Example 1. (to (a), (b), (c)). We prove that the number V2421 algebraic.
The number +/2 is algebraic as a zero of the polynomial X> — 2. The number /2 is
algebraic as a zero of the polynomial X° —2. Thus the number /2 4+ v/2 is algebraic
as a sum of two algebraic numbers according to Theorem T. 4.6.

Example 2. (to (d), (e), (f)). We prove that the number ¢ = I3+ Jrmis
transcendental. If it is algebraic, then according to Theorem T.4.6, the number
o — ~/3 = 7 is also algebraic, since the number ~/3 is algebraic as a solution
of the equation X> — 3 = 0. Hence, by the same theorem, the number 7 = (\5/5)5
is algebraic, which gives a contradiction (see Exercise 4.17). Thus the number « is
transcendental.

4.2 Letn = deg(f) and r = [L : K]. Let « be a zero of f(X) in a field containing
L (see T.5.1). Then [K(«) : K] = n (since f(X) is irreducible over K—see T.4.2)
and let [L(«) : L] = m for an integer m. Of course, we have m < n, since f(X) has
degree n and may be reducible over L. The field L(«) contains the field K(«) as well
as the field L.

L(x)

L
K
Since n and r are relatively prime and both divide [L(«) : K], the product nr also
divides [L(x) : K] = [L() : L][L : K] = mr (see T.4.3). Thus n divides m, and

since m < n, we have m = n. This tells us that f(X) is also irreducible over L, since
[L() : L] = n (see T.4.2).

K(a)
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4.3 Example. We find the minimal polynomial (and the degree) of the number
o = /3 over the field K = Q(i). We easily see that « is a zero of the polynomial
X°—3 over K. Now this polynomial is certainly irreducible over the rational numbers
Q, for example, according to Eisenstein’s criterion (see Exercise 3.7) for p = 3. But
this polynomial remains irreducible over the field K = Q(i), since its degree 5 is
relatively prime to the degree 2 of the extension K D Q (see Exercise 4.2). Thus,
the minimal polynomial of o over K is X°> — 3 and its degree over K equals 5.

4.4 Example. We find the degree and a basis for the extension K C L, where
K = Qand L = Q(+/2, v/2). Consider the tower: Q C Q(+/2) C Q(+/2,v2).
In the first extension, we adjoin /2, which is a zero of the polynomial X — 2.
It is the minimal polynomial of /2 over Q (it is irreducible over Q). A basis is
1, V2 by T.4.2. In the second extension, we adjoin \3/5, which is a zero of the
polynomial X* — 2. This polynomial is certainly irreducible over Q, but it is also
irreducible over Q(+/2) as its degree 3 and the degree of the extension Q C Q(~/2)
are relatively prime (see Exercise 4.2). Thus X> — 2 is also the minimal polynomial
of +/2 over the field Q(+/2). By T.4.2, a basis is given by 1, v/2, v/4. According
to the Tower Law (T.4.3), the whole extension has degree 6 and the proof of this
theorem shows that we get a basis of L by multiplying the basis elements of the
first extension by the basis elements of the second. Thus, we get all the numbers

V2,372,374, 32,332

4.7 Letr = 5, where p, g are integers and ¢ > 0. Consider z = cosrmw 4 isinrm =
e ¢ . Hence, 724 = 1, that is, z is a solution of the equation X?¢ — 1 = 0. Thus z is

an algebraic number. Now use Exercise 4.6.

4.8 (b) Write

1 3 3
———— =a+bv2+cV4,
1+ 2
multiply both sides by the denominator to the left and equate the corresponding

coefficients of 1, v/2, &/4 as a basis of @(\3/5) over Q (use T.4.2). Compute a, b, ¢
by solving a system of linear equations.

4.9 Show that 1, /2, /3, +/6 is a basis of @(ﬁ, \/3) over (Q and use the same
method as in the solution of Exercise 4.8(b).

4.10 Show that 1, &, @?, o is a basis of L = F,(«) over IF, and use the same method
as in the solution of Exercise 4.8(b).

4.11 (b) Assume that « is algebraic over K. Then, it follows from T. 4.2 that [K () :
K] is finite. Since [K(X) : K(«)] is also finite by (a), we get that the extension K(X)
of K is finite by the Tower Law ( T. 4.3). However, this is a contradiction, since X is
transcendental over K. Thus, @ must be transcendental over K as well.

(c) We have to show that the polynomial f(«,Y) = p(Y) — aq(Y) is irreducible
over the field K(«), that is, as a polynomial with respect to Y in the polynomial
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ring K(«)[ Y]. But as we know from T.4.2(b), the ring K[«] is isomorphic to the
polynomial ring in one variable (« is transcendental over K by (b)). We now consider
f(,Y) as a polynomial in the polynomial ring K[, Y] in two variables «, Y. If
f(a,Y) = p(Y) — aq(Y) is reducible over K(«), then it must already be reducible
over K[a] by Gauss’s Lemma, which is also true over the polynomial rings in one
variable over fields (see the comment after Gauss’s Lemma T. 3.3). So assume that
fe,Y) = p(Y) —aq(Y) = g(a, Y)h(e, Y) in the polynomial ring K|, Y], where
the degrees of g, 4 with respect to Y are at least 1. Since f(«, Y) has degree 1 with
respect to o, one of the polynomials g(e, Y), h(c, Y) does not contain . Assume
the polynomial g only has terms depending on Y. Then the equality p(Y) —aq(Y) =
g(o, Y)h(w, Y) says that both p(Y) and ¢(Y) have a polynomial factor g(c, Y), which
belongs to K[ Y] (we consider both sides of the last equality as polynomials of o with
coefficients in K[Y]). This is a contradiction, since p(Y) and ¢(Y) are relatively
prime (see (a)). Hence the polynomial f(«, Y) is irreducible as a polynomial in ¥
over K () and has degree n with respect to Y (see (a)). Since ¥ = X is a zero of this
polynomial, we have [K(X) : K(«)] = n by T.4.2(a).

4.13 If g # p, then according to Exercise 4.2, the polynomial f remains irreducible
over L.

4.14 As a counterexample take« = 1 + i over K = Q.

4.15 (b) If L # R, choose @ € L\ R. According to Exercise 3.5(b), the minimal
polynomial of o over R has degree 2, so « is a zero of a polynomial X> + pX + ¢,
where p,q € R and p2 — 4g < 0. Hence, we have « = a + bi, where a, b are real
and b > 0. Thus, we have R(a) = R(i) = C C L. Since the degree of L over R is
finite, it is also finite over C and by (a), we get L = C.

4.16 Consider Q(a) D Q, where a* + o + 1 = 0. The polynomial X* + X + 1
is irreducible over Q (for example, a reduction modulo 2 gives a proof). Thus the
degree of Q(«) over Q is 4. Assume that there is a quadratic subfield K in this field.
Then o has degree 2 over it, so the polynomial X* 4+ X + 1 must be divisible by a
second degree polynomial over K (the minimal polynomial of « over K). Study a
factorization X* + X 4+ 1 = (X2 +aX + b)(X> + cX + d), where a, b, ¢, d € K. Find
an irreducible polynomial with rational coefficients having a? as its zero using the
method applied in Exercise 3.9. Prove that such a polynomial cannot be minimal for
an element of K. Try to give your own example!

4.17 Assume that both e + 7 and e are algebraic. Prove that in the tower of fields
Q(e,7) D Q(e + m,ewr) D Q both subextensions are algebraic, so both ¢ and &
must be algebraic according to Theorem T. 4.4. This is a contradiction.

4.18 (b) Example. We prove that if « is algebraic over a field K, then f =
V1/a + Jo is also algebraic over K. Consider the field L = K(c). The number
1/a € L is algebraic over K, since L is an algebraic extension of K by T.4.4. The
number </« is algebraic over K, since it is a zero of the polynomial X* — « (here we
use (a)). Thus the sum 1/a + /a = p? is algebraic over K by T.4.6. Now B is a
zero X?> — B2, so it is algebraic over K by (a).
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Problems of Chap. 5

5.1 Example. We find the degree and a basis for the splitting field of f(X) = X> —2
over K = Q(«/E). The zeros of f(X) are V2,32, 22, where &3 = 1 and ¢ #1,
so the splitting field of f(X) over K is L = K(~/2,e4/2,6*~/2) = K(~/2, ). Thus,
we have a chain of fields:

K C K(V2) C K(V2.¢).

The first extension K C K(+/2) has degree 3, since f(X) = X> — 2 is the minimal
polynomial of ~/2 over K (f(X) is irreducible over Q as a polynomial of degree
3 without rational zeros and it is still irreducible over K, since its degree 3 and
the degree 2 of the extension K over QQ are relatively prime—see Exercise 4.2).
According to T. 4.2, a basis of K (3/5) over K is 1, /2, </4. The second extension
K(¥/2) C K(+/2, ¢) is generated by &, whose minimal polynomial is X> 4+ X + 1. In
fact, this quadratic polynomial has no zeros in the (real) field K(~/2). Hence a basis
of L over K(\S/f) is 1, e. By the Tower Law (see T.4.3), the degree of L over K is 6
and a basis is 1, /2, V4, ¢, e/2, 2 /4.

5.2 For (a) and (b) use T.5.1. Example (to (c)). We show that the fields Q(~/2)
and Q(~/5) are not isomorphic. Assume that there is an isomorphism ¢ : Q(+/2) —
Q(Y3). As (v2)* = 2, we have ¢((v/2)%) = ¢(2) = 2, s0 ¢(~/2)> = 2. Thus
x = ¢(~/2) is a real number, which solves the equation x> = 2 in Q(~/5). Hence,
x = /2 € Q(+/5) (which implies that Q(+/2) = Q(~/5)). Now one can choose
different arguments in order to show that ~/2 is not in the field Q(~/5). Probably
the most direct way is to check that the equality ~/2 = a + b</5 + ¢~/25 for some
rational numbers a, b, c is impossible. Define r = J2—a = b5+ c/25 and take
the third powers of both sides. We get 2 — a®> — 3a~/2r = 5b> + 25¢> + 15bcr.
Thus, we have r(15bc + 3a~v/2) = 2 — 5b> — 25¢3, so (/2 — a)(15bc + 3a</2)
is a rational number. Since 1, /2, +/4 form a basis of Q(Q/E) over Q, the product
(/2 — a)(15bc + 3a~/2) can be a rational number if and only if @ = 0 and bc = 0.
Thus, we have /2 = b</5 or ~/2 = ¢~/25. Both equalities give a contradiction
(e.g. multiplying both sides of the first one by ~/25 gives that ~/50 is a rational
number, which is not the case).

5.5 1If a field with p™ elements is contained in a field with p" elements, then
according to T.5.4, the first one, which is a splitting field of X" — X over Fp,,
is contained in a splitting field of X" — X over the same field. The degrees of these
fields over IF,, are m and n, also by T.5.4. According to T. 4.3, the degree m of the
first field divides the degree n of the second one.

Conversely, if m | n, then it is easy to check that any splitting field of X”" — X
contains the splitting field of X”" — X, since every zero of the last polynomial is a
zero of the former.

5.6 (a) The quotient ring K = F,[X]/(f(X)) is a field with p" elements in which
f(X) has a zero (see A.5.7 and A.5.8). According to T.5.4, this field must be
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isomorphic to a splitting field of X”" — X. Since every element of K is a zero of
XP" — X, in particular, the zeros of f(X) in K are zeros of this polynomial. Since
f(X) is an irreducible polynomial and its zero is a zero of X?" — X, it must divide
this polynomial (see T. 4.1).

(b) Denote by m the degree of the irreducible polynomial f(X). According to (a),
we have f(X) | X?" —X.If m | n, then X*" — X | X”" — X, so f(X) | X" — X. This
follows easily if we note that every zero of X7 = X is a zero of X?' = X (say, in a
splitting field of (X" — X)(X*" — X)). In fact, if n = dm and « is a zero of X" = X,
then o = « gives (/)" = o”" = a, so o”" = o and continuing in this way
d — 1 times, we get ””" = o' = q, that is, « is a zero of X”" = X.

If f(X) | X*" — X, then a splitting field of X?" — X, which is a field of degree n over
IF,, contains a splitting field of f(X). As we know from (a), a splitting field of f(X)
is a field with p™ elements whose degree over I, is m. As it is a subfield of a field
of degree n over IF,, we have m | n.

5.9 (b) If F is a field with g elements, where g = p™ for a prime number p and some
exponent m, then according to T. 5.4, IF is a splitting field over IF,, of the polynomial
X7 — X. Let K be a splitting field of the polynomial X9 — X = X*" — X over F,.
Then K contains IF and has degree mn over F,. Hence, the field K has degree n over
F. By Exercise 5.8(b), we have K = F(y) for some y € K. The minimal polynomial
of y over I has degree n and is irreducible.

5.11 (b) If n = pk, then X" — 1 = (X* — 1)? over any field of characteristic p, so the
number of different zeros of X" — 1 is at most k < n. If p } n, then it follows from
T. 5.3 that all zeros of X" — 1 are different since this polynomial and its derivative
nX"~! do not have common zeros (are relatively prime).

(¢) If @ and B are solutions of X" — a = 0 in L, then (%)” = 1,s0 B = na, where
n" = 1 and n is a solution of X” — 1 = 0 belonging to L. All such solutions form a
cyclic group by Exercise 5.8 and if ¢ € L generates it, then = &' for some i. Thus
every zero of X" — a belongs to K(¢, ) € L, which means that the splitting field L
of X" — a is contained in K (e, ). Thus, we get the equality L = K(e, «).

512 (a)Let X? —a = [[/_,(X — &'a) in a splitting field L = K(«, €) of X? —a over
K, where o = a and ¢ is a generator of the group of all solutions of X” = 1 in L.
IfXP —a = (X* 4 --- 4+ b)(X' + --- + ¢) is reducible over K, then b = ¢¥ o* and
c=c¢"al, where0 < k', I' < p—1and k + [ = p. Hence k, [ are relatively prime,
since p is a prime number. Let 7, s be integers such that kr + Is = 1 (see A.3.4(b)).
Then

bt = (Sk/ak)r(gl’al)s = na,

where n’ = 1(n = eXrt's) But b’¢* € K and no is a zero of X? — a, so this
polynomial, if reducible over K, has a zero in K.

5.13 For p = 2, we have the factorization X* + 1 = (X + 1)*. If p > 2, then
p is odd, so the number p? — 1 is divisible by 8 (p = 2k + 1 for an integer k, so
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p?—1 = 4k(k+1), where k or k+ 1 is even). Consider the field F,> (see T.5.4). The
group ]F;‘2 is cyclic of order p> — 1, so it contains an element « of order 8. We have

a* = —1, since a® = 1 and the order of « in the group ]F;‘2 is 8. Hence « is a zero

of the polynomial X* + 1. The minimal polynomial of « over F,, has degree 1 or 2
since the extension F, C IF > has degree 2. Hence X* + 1 must be divisible modulo
p by a polynomial of degree 1 or 2 with coefficients in I, (in fact both cases can
happen, that is, the polynomial X*+ 1 is either a product of two irreducible quadratic
polynomials or four linear polynomials modulo p (why not any other possibility?).

Problems of Chap. 6

6.1 (b) Every element x € K(&i,...,o,) can be written as a fraction x =

H, where p(X1,....X,),q(X1,...,X,) € K[X1,....X,]. Since ¢ and T are

automorphisms, we have
o(plar,....e)) =pla().....o()) =p(a),. .., t(a) = t(ple, ..., o))
and similarly for g. Hence, we have

o) = o(plar,.... ) _ w(plo,....0)) ()
U(Q(als ceey ar’)) ‘C(q(Ol], cees ar’))

forevery x € K(w, ..., a,), so o and t are equal as automorphisms of L over K.

6.2 Example. We find the Galois group G(L/K), when K = Q and L =

Q(V2 + +/3). Denote v/2 + +/3 by . Squaring two times, we get the polynomial
f(X) = X* — 4X? + 1 such that f(&) = 0. The polynomial f(X) is irreducible over
@, which can be easily checked by one of the methods described in Chap. 3 (for
example using Gauss’s Lemma). Hence [L : Q] = 4. Let 0 be an automorphism of
L over Q. Then according to Exercise 6.1(a), the image o () must also be a zero
of f(X). Thus, we have at most four automorphisms according to Exercise 6.1(b),
since the degree of f(X) is 4. How many zeros of f(X) are contained in L? The zeros

are of course /2 + /3. Defining f = v2 — /3, we observe that aff =1, s0
all four zeros of f(X) are in L. According to T.5.1(b), there is an automorphism of
L mapping « onto any of these four zeros. Thus, G(L/Q) = {0y, 01,02, 03}, where

oo(@) = a, 01(e) = —a, 0z() = B, 03(e) = —P.

6.3 (a) Let o be an automorphism of a field. Since o(1) = 1 for every automorphism
of any field, we get 6(2) = o(1 +1) = 2,0(3) = 0(2+ 1) = 3 and so on, so
o(n) = n for any multiple n of unity 1 (very formally, it is an easy induction). We
also have o(—1) = —1 for every automorphism of any field (since (—1) + 1 =0
and 0(0) = 0), so we get that o0(n) = n holds for all integer multiples of 1. The
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prime field consists of only such multiples when its characteristic is nonzero (the
fields I, for all prime numbers p). If the prime field is the field of rational numbers
Q, then each element is a quotient of two integers, so the automorphism o, being
constant on Z, is also constant on Q.

(b) and (c) Use Exercise 2.12, from which it follows that o(x) = x” is an
automorphism of IF,,. In fact, we have o (x +y) = (x+y)’ =¥ +y = o(x) +0(y)
by this exercise and, trivially, o (xy) = o (x)o(y). Moreover, the kernel of ¢ is trivial
(consists of only 0), since o(x) = x” = 0 gives x = 0. Hence, the mapping o is
one-to-one, that is, it maps IF, onto the whole field I, (p different elements map to
p different elements). Thus o really is an automorphism of the field F,,. As we know
from (a), it must be the identity, that is, we have o(x) = x” = x for every x € F,,.
If a is an integer, then for its residue x modulo p, we have x* = x, which means
that p divides @’ — a (both a” and a have the same residue modulo p). One can also
formulate this more formally in terms of the natural homomorphism ¢ : Z — I, of
reduction modulo p (¢(a) = residue of a modulo p). For the image of a’ — a, we
have p(a” —a) = x” —x = 0, so p divides &’ — a.

6.5 The field M = L°/X is a subfield of L containing K. By T.6.2, we have
[L: M] = [L: L°U/®] = |G(L/K)|. Thus, by the Tower Law (T.4.3), we have
|G(L/K)| =[L:M]|IL:K].

6.6 (a) If 0 : K(X) — K(X) is an automorphism of K (X), then o (X) = %, where
p(X), g(X) are relatively prime polynomials in X and both cannot be constants. By
Exercise 4.11(c), we know that the degrees of these polynomials cannot be bigger
than 1 when o, as an automorphism of the field K(X), maps this field onto itself.
Thus o (X) has the required form. The condition ad — bc # 0 is equivalent to the
requirement that o (X) is not a constant.

6.7 By Exercise 6.6, the group G has six elements: 01(X) = X,00(X) = X +
1,03(X) = 5.04(X) = 4. 05(X) = 5. 06(X) = X5 This group is nonabelian
and as such isomorphic to the group S3 of permutations on the set {1, 2, 3}.

Hence, by T.6.2, we get [L : L] = |G| = 6, where L = F»(X). The function

3 3 2
o = W has degree 6 and it is not too difficult to check that every
automorphism o; for i = 1, ..., 6 maps it onto itself. Thus « € LS and we have a

chain of fields: Fo(o) € L¢ C F»(X) = L. Since [L : L°] = 6 and [L : F2(a)] = 6
by Exercise 4.11(c), the Tower Law (T.4.3) implies LY = F ().

How is it possible to find the element «? The automorphism group G of order
6 has a (normal) subgroup of order 3 generated by an element of this order, for
example, oy (in fact, we have af(X) = 04(X+_1) = % = 0¢(X) and ag:’(X) =
o4(06(X)) = 04(XT+1) = X, that is, 07 (X) = X). For the cyclic group (o4) of order
3 generated by 0y, we get L) = [F,(8), where

1 X+1 X' 4+X+1

=Tr(X) =X X 2(X) =X —
B = Tr(s,) (X) + 04(X) + 04 (X) tyr1t X X

’
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since Fo(8) € L) C L and the degree of L over both smaller subfields in
the chain is 3 by T. 6.2 and Exercise 4.11 correspondingly. Now we note that the
automorphism o, is an automorphism of L{°*) when restricted to this field. First, we
observe that 0,04 = crfcrz. Then we check that if ¢ € L("“), that is, 04(¢) = ¢, then
04(02(9)) = 02(07(9)) = 02(9), that is, 05 (¢) € L),

Since we know that 8 € L{°*), we now take the group (o) of order 2 acting on
L{*¢) and choose

X+X+DHXP+X+1)

& = Ni(r (B) = Boa(B) = o+ P

for which not only 04(e) = «, but also 02(«) = «. Thus « is fixed by all 0; in G,
since 0;, 04 generate this group (in terms of S3, or the group of symmetries of an
equilateral triangle, o4 is a rotation and o, a symmetry). Thus (as noted earlier), we
have a chain of fields IF,(ar) € LY C L in which the degree of L over the two smaller
fields is 6 by T.6.2 and Exercise 4.11 correspondingly. We get L® = F,(«) by the
Tower Law.

6.8 Example. Consider L = F3(X) and let G be the group of all automorphisms of
L such that o(X) = aX + b, where a,b € F3 and a # 0. We want to find L.

It follows from Exercise 6.6 that we have the following automorphisms in G:
O'l(X) =X, O'z(X) =X+ 1,0'3(X) = X+2,0'4(X) = 2X, O'5(X) =2X+ 1,0’6(X) =
2X + 2. Thus |G| = 6, so according to T. 6.2, we have [L : L°] = |G| = 6, where
L = F3(X). We choose @ = Nrg(X) = X(X + DX + 2)2X2X + DH(2X +2) =
X® 4+ X* 4+ X? € LY, which gives the chain of fields F3(a) € LS C L. It follows
from Exercise 4.11(c) that [L : F3(x)] = 6, so the Tower Law (T.4.3) implies
LG = F3(Ol) = F3(X6 + X4 + Xz).

6.9 (a) We have R(X2,Y) € LY C L, where L = R(X, Y), since both X? and Y are
fixed by the automorphisms o7, 05. But [R(X, Y) : R(X?, Y)] < 2,since X € R(X,Y)
satisfies the equation 72 — X2 = 0 over the field R(X?, Y). Now [L : L°] = |G| = 2
(by T. 6.2) and the Tower Law imply that L = R(X?,Y).

(b) Notice that the condition f(—X, Y) = —f(X, Y) implies that

02 = = .

X X X
This says that @ € R(X?2,Y), that is, there is a rational function 1 € R(X,Y)

such that £(X,Y)/X = h(X?,Y). Thus f(sinx, cosx)/sinx = h(1 — cos®x, cos x)
and using standard substitutions, we get:

/ f(sinx, cos x)dx = {;t::"_s(’;nx) dx} - / —h(1 — 2, )dr = / f(t)dt,

where f(f) = —h(1 — 12, 1).
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6.10 (a) Notice that X2, X/Y € LS and consider the chain R(X?,X/Y) € L° C L,
where L = R(X, Y). The degree of L over both subfields in the chain is two (similar
arguments to those in Exercise 6.9(a)), so LY = R(X?,X/Y) (we could take XY
instead of X/Y but our choice depends on (b)).

(b) Similarly to Exercise 6.9(b), we note that the condition f(—X, —Y) = f(X,Y)
implies that f(X,Y) € LY = R(X?,X/Y), that is, there is a rational function & €
R(X, Y) such that f(X, Y) = h(X?,X/Y). Hence:

t = tanx,
dt = (1 + *)dx

t2
:/h(l—i-ﬂ’ ) 1+t2dt /f(t)dt

where f(f) = h(1+r2’ ) Hl-rz'

6.11 It is clear that X2, Y? € LC. Thus we have a chain of fields Q(X?, Y?) € L¢ C
L = Q(X,Y). Show that [L : Q(X?, Y?)] < 4 and prove that L® = Q(X?, Y?).

/f(sinx, cosx)dx = /h(sin2 X, tanx)dx = {

6.12 Notice that 0(X) = X + 1 generates an infinite group (what are
0%(X),0%(X),...?). Use T.6.2 and Exercise 4.11(a) in order to conclude that
Q(X)¢ cannot contain any nonconstant functions.

6.13 (b) It is clear that all the elementary symmetric polynomials s, sz, ..., S,
belong to LY, since they do not change under any permutation of X1, X,, ..., X,.
Thus, we have a chain of fields K(sy, 52, ...,s,) € LS C K(X1,X3,...,X,) and we
have to show that L = K(sy,s3,...,s,). Since [L : LY] = n! by T.6.2 and the fact
that |S,| = n!, we only need to prove that [L : K(s;,s2,...,5,)] < n! and use the
Tower Law (T. 4.3).

It is clear that L = K(X1,X>,...,X,) is a splitting field of the polynomial (X —
XX =Xy) - (X—=X,) =X"— ;X" ! +5X"72 —... 4 (=1)"s, of degree n over
the field K (sy, s2, . . . , ) as the zeros of this polynomial are X, X5, ..., X,. Thus, it
is clear that the degree of this splitting field over the field containing its coefficients
cannot be bigger than n! (see Exercise 5.3).

6.15 (a) Since 5 is a primitive m-th root of unity, every other root of unity is its
power. If &; = &% for an integer 0 < k; < m, we take m; = m — k; fori = 2,...,n.
Then, we have

o(X["X;) = eMig X" X; = e"ThXTIX; = XX,

which shows that X;”"X,- € LS. Hence, we have a chain of fields

C C CX], X\"Xa, ..., X]"X,) CL° CL=C(X1,...,Xn).
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We have [L : L°] = m by T.6.2, since |G| = m. Next X; is an algebraic element
of degree at most m over the field C(X}", X{”X>, ..., X|"X,) and adjoining it to this
field gives L. Thus, we have [L : C(X{", X{"X>, ..., X|"X,)] < m. The conclusion is
that L = C(X}", X|” X, ..., X]"X,) by the Tower Law (T.4.3).

(b) We use an inductive argument. The claim is of course true for a group with one
element. Assume that it is true for finite abelian groups of order less than the order
of a finite abelian group G. If G is cyclic, then we have the case considered in (a). If
G is not cyclic, then we take 0 € G, o0 # 1, and consider the subgroup N = (o) of
some order m > 1. The claim is true for N by (a), so we have VN =C(Z,....2Z),
where Z; = X|".Z, = X{"X>,...,Z, = X{"X,. Now we take the quotient group
G/N. The finite abelian group G/N has order less than the order of G, and acts as an
automorphism group of the field " (see Exercise 6.14). This action on the variables
Zy,...,Z, is of the same type as the action of G on L, that is, 0 (Z;) = U(X;”"X,-) =
ey180iX|"Xi = €,165,Z;. Thus, applying induction, we get (see Exercise 6.14) that

(LN )G/N = C(Yy,...,Y,), where Y; are products of suitable powers of X;.

6.16 Let H = (01), where 01(X) = —y and H, = (02), where 03(X) = — .
Notice that 02 = 1 and 05 = 1, so |{01)| = 2 and |{02)| = 3. Thus [L : L] =2
and [L : L] = 3 by T.6.2. But 03(X) = 01(02(X)) = X + 1, s0 03 has infinite
orderand L) = K (see Exercise 6.12). Taking K1 = L) and K, = L("2>, we geta
required example, since K} N K, = Lionple) c plos) = K so [L:KiNK;] =00
but [L: K] # oo and [L : K;] # oo.

Problems of Chap.7

7.1 Example 1. Let L = Q(v/2 + +/6). Is L normal over Q? Squaring two times,

we find that @ = v/2 4 +/6 is a zero of the polynomial f(X) = X* —4X? —2, which
is irreducible by Eisenstein’s criterion for p = 2 (see Exercise 3.7). All zeros of f(X)

are £+/2 & /6. Do they belong to L? Define 8 = v/2 — +/6. We have aff = /-2,

so B cannot belong to L, which is a real field. Thus L is not normal over Q.

Example 2. Consider L = Q(+/5 + +/3,+/2). Defining @« = +/5+ +/3 and
squaring two times, we find that & is a zero of the polynomial f(X) = X*—10X>+22,
which is irreducible by Eisenstein’s criterion for p = 2. All zeros of f(X) are

+v5+ /3. Defining 8 = v5— /3, we have af = &2, so all four zeros of
f(X) are in L. Of course, the field L contains the splitting field of g(X) = X% — 2, so
L is a splitting field of f(X)g(X). As such, it is a normal extension of Q.

7.2 Example. We find a normal closure of L = Q(~/5, i) over Q. According to
T.7.2, we can do it, finding the minimal polynomials of the generators and taking
a splitting field of their product. The minimal polynomial of +/5 over Q is X> — 5
and the minimal polynomial of i over Q is X> + 1. Thus the normal closure is the
splitting field of f(X) = (X> — 5)(X? + 1). Since X> — 5 has zeros &'v/5, where
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i=1,2,3and & = 1,¢ # 1, we only need to extend L by ¢ in order to get a
splitting field of f(X). Of course, the splitting field of X*> — 5 must contain & as a
quotient of two of its zeros. Thus a normal closure of L D Qis N = Q(Q/g, i,e).

7.3 Take K = Q,M = Q(+/2) and L = Q(~/2). Then K C M is normal (M is
the splitting field of X?> — 2 over K), M C L is normal (L is the splitting field of
X2 — /2 over M), but K C L is not normal, since the polynomial X* — 2, which is
irreducible over K, has one zero (even two) in L but not all its zeros (L is real and
the two remaining zeros =i~/2 are not real).

(b) The answer is yes, since the same polynomial which gives L as a splitting field
over K gives L as a splitting field over M.

(c) For example, take Exercise 7.1(g) (M = Q(~/2)).

7.4 (a) According to T.5.1(b), there is an isomorphism of the fields K («) and K(f)
over K. By T. 5.2 it is possible to find an automorphism of L over K which extends
this isomorphism.

(b) Since L is a finite and normal extension of K, it is a splitting field of a polynomial
f(X) € K[X] and also a splitting field of the same polynomial over both M and M’
(see T.7.1). Thus for t : M — M’, there exists ao : L — L which restricted to M is
equal to T by T.5.2.

7.5 (a) Let f(X) be a minimal polynomial over K of an element € M. If 0 €
G(L/K), then by Exercise 6.1, we know that o(«) is a zero of f(X) and by the
definition of a normal extension o(¢) € M. Hence o(M) < M, but taking into
account that M and o (M) have the same dimension over K, we get 0 (M) = M.

(b) Given (a), it remains to prove that if o(M) = M for each 0 € G(L/K), then
M 2 K is normal. Let f(X) be an irreducible polynomial over K having a zero o
in M. Thus all zeros of f(X) are in L. Let § be any of them. By Exercise 7.4, there
exists an automorphism o € G(L/K) such that o(e) = B. But c(M) = M, so
B € M, that is, all zeros of f(X) are in M. This proves that M is normal over K.

7.6 (a) Let M, be a splitting field of f1(X) over K and M, a splitting field of f>(X)
over K. Then MM, is a splitting field of f; (X)f>(X) over K. For M} N M, use the
definition of the normal extensions. In (b), we get MM, as a splitting field of f; (X)
over M.

7.7 If B € K then the result is trivial. Assume that § ¢ K. Let f(X) be the minimal
polynomial of 8 over K. Then all zeros of f(X) are in K(f). If this polynomial is
reducible over K(«), then the coefficients of its irreducible factors belong to K (c)
and to K(B). Thus these coefficients must belong to K (o) N K(B) = K, which leads
to a contradiction, since f(X) is irreducible over K. Hence f(X) must be irreducible
over K(«) and [K(«, B) : K(«)] = degf(X) = [K(B) : K] by T.4.2. By the Tower
Law (T.4.3), we get [K(e,8) : K] = [K(e,B) : K(o)][K(x) : K] = [K(B) :
K][K(@) : K].

7.8 Let a; and o; be zeros of two irreducible factors f;(X) and f;(X) of f(X) over L.
Since ; and «; are zeros of the same irreducible polynomial f(X) over K, we know
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by T.5.1 that there is an isomorphism of the fields K (c;) and K (c;) mapping o; onto
;. Let L be a splitting field of a polynomial g(X) over K. Then L(«;) is a splitting
field of g(X) over K(«;), and L(e;) is a splitting field of g(X) over K (o). According
to T. 5.2, there is an isomorphism o; of the fields L(c;) and L(c;), which extends the
isomorphism of K (e;) and K («;) mapping o; onto o;.

This isomorphism maps each element 8 € L to an element of the same field,
since B is a zero of an irreducible polynomial with coefficients in K and o;;(8)
is a zero of the same polynomial (see Exercise 6.1(a)). But all the zeros of the
minimal polynomial of B over K are in L, since L is normal over K. Hence oj; is an
automorphism of L, which maps «; onto «;. Hence the degrees of L(c;) and L(o;)
over K are equal. Thus, the degrees of L(c;) and L(;) over L are also equal, which
shows that the irreducible factors of f(X) corresponding to «; and «; over L have the
same degree by T.4.2. (Notice that [L(«) : L] = [L(«) : K]/[L : K].)

Now oj;(fi(X)) is a polynomial in L[X] having «; as its zero. Hence it is divisible
by the minimal polynomial of «; over L. But both have the same degree and are
monic, so they are equal, that is, 03 ( (X)) = fi(X).

Problems of Chap. 8

8.1 (a) The minimal polynomial of X over the field F,(X?) is 72> — X2. This
polynomial is irreducible, since X ¢ F,(X?) and is not separable, since its zero

X has multiplicity 2. In fact, if X € F,(X?), then X = ’; gz;, where p(T), q(T) are

polynomials over IF,. Then Xg(X?) = p(X?) and we get a contradiction, since the
polynomial to the left has odd degree, and to the right, even degree.

(b) We want to prove that L = F,(X), K = F,(X?) is a non-separable field
extension. The minimal polynomial of X over K is 77 —X?, which shows that X is not
separable over K using the definition of separability (the polynomial has a multiple
zero X) or T.8.1(b). In order to show that 7 — X is irreducible over IF,(X?), we can
use Exercise 4.11(c), which gives [F,(X) : F,(X?)] = p. Thus T” — X? is irreducible
over F,(X?) by T.4.2.

8.2 Assume first that the characteristic of K is different from 2. If y € L\ K, then
L = K(y) and y% + py + g = 0 for some p,q € K. Hence, @ = y + p/2 satisfies
o’ =a € K,wherea = (17/2)2 —qgand L = K(y) = K(a). According to T. 8.1(b),
the extension K C L is separable.

If the characteristic of Kis 2 and y € L\ K, then we have two possibilities: Either
y is not separable and then according to T.8.1(b) its minimal polynomial is X> + a
for some a € K or y is separable and has a minimal polynomial X> 4 pX + ¢ where
p.q € K and p # 0 by the same theorem. In the first case, we have L = K(«), where
a? = a € K if we take o = y. In the second case, we can choose @ = (1/p)y and

then o = & + a, where a = q/p?. Of course, we have L = K(a), since« € L\ K.
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8.3 (a) If « is not separable over K and has minimal polynomial f(X), then by
T.8.1 (b), we have f(X) = g(X?) for a polynomial g over K. If degf = n, then
degg = n/p and g(a’) = 0, so [K(«’) : K] < n/p and [K(«) : K] = n, thus
K@) K(x).

Assume now that « is separable and suppose that K (o) K(x). Let f(X) and
g(X) be the minimal polynomials of «, respectively, over K and K(«”). Of course,
we have deg g(X) > 2. Since « is a zero of X? — o over K(?), we get that g(X)
divides both f(X) and X? —«”. But the former polynomial has only the multiple zero
a (with multiplicity p). Thus g(X) has a multiple zero «, which implies that f(X)
has a multiple zero «, which contradicts the assumption that « is separable over K.
Thus the separability of « implies K(o’) = K().

(b)IfK C Lisseparableand o € L,then@ € K(«”) € KL” by (a),soL C KLY C L.
Hence, we have K[V = L.

Conversely, assume that KI” = L. This equality implies thatif ¢ = o, ..., € L
are linearly independent over K, then o, . .., o are also linearly independent over
K. In fact, we can assume that »r = [L : K] (if not, we can extend these elements
to a basis of L over K). Then L is the set of all linear combinations of a1, ..., a,
with coefficients in K. Hence, L” consists of all linear combinations of the elements
a‘f ,...,of with coefficients in K”, and L = KI? is the set of all linear combinations
of a‘f ,...,of with coefficients in K. Thus a’l’ ,...,of generate L over K and since
the number of them is equal to the dimension of L over K, they form a basis of this
space. Hence they are linearly independent.

Now we get that any ¢ € L must be separable over K. If not, then the minimal
polynomial f(X) of « over K has the form f(X) = g(X?) for a polynomial
g(X) € K[X] by T.8.1(b). Let f(X) = X"" + ap— 1 X"V + ... + | XP + ay,
a; € K. Since g(a”) = 0, we get that («)?, (@ ') ...,aP, 1 are linearly
dependent but ™, o™« lare linearly independent, since by T. 4.2 all powers
aPm a1 are linearly independent.

(c) Assume that K is perfect. If a € K, take any irreducible factor f(X) of X? — a.
If degf(X) > 1, then a splitting field of f(X) over K cannot be separable, since
f(X) has only one zero with multiplicity equal to its degree (the same is true of
the polynomial X? — a). Thus all irreducible factors of X? — a have degree 1, which
means that X” —a has a zero b € K, thatis, we have K € K?. Since always, K? C K,
we get K = KP.

Conversely, if K = KP?, then use the same argument as in the proof of T.8.1(a) on
p- 121 in order to show that K is perfect.

(d) By (b), we know that L is separable over K if and only if K[/ = L. But of
course, we have [7 = L, since L is algebraically closed (for each a € L, the equation
X? — a = 0 has a solution in L). Now if f(X) € K[X] is an irreducible polynomial,
then it splits in L[X] as L is algebraically closed. Thus, the extension K C L is
normal.

8.4 (a) By T. 8.1(a) every field extension of a field K of characteristic O is separable,
so we can assume that K is a field of finite characteristic p.
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We have to show that if the elements «y, ..., «, are separable over K, then every
B € K(uy,...,qa,) is separable over K. Notice that by Exercise 8.3(a), we have
K, ...,al) = K(ay,...,a,) as K(of) = K(o;) forevery i = 1,...,n.
According to T. 8.2, there exists an @ € K(«y,...,®,) such that K(«y,...,q,) =
K(x). Notice that « is separable over K, since otherwise, we have K(o’)  K()
and noting that o’ € K (o) foreveryi = 1,...,n, we geta contradictory inclusion:
K(of,....,al) CK(a’) K(x) =K(,..., ab).

Let B € K(x) and let f(X) be the minimal polynomial of o over K(8). Then
f(X)P = f1(XP), where fi (X) is a polynomial whose coefficients are p-powers of the
coefficients of f(X). Thus & is a zero of the polynomial f; with coefficients in K(S7)
whose degree, say m, is equal to the degree of f(X). Hence [K(«) : K(B?)] < m and
[K(a) : K(B)] = m, so K(B”) = K(B), by the Tower Law, since K(8”) € K(B).
According to Exercise 8.3(a), the element 3 is separable over K.

8.5 Let o, € L be separable over K. By Exercise 8.4, the field K(«, B) is a
separable extension of K. Thus o + 8, &f and /8, when B # 0, are separable over
K as elements belonging to K(«, ).

8.6 Let f(X) be the minimal polynomial of @ € L over K. If « is separable over
K, then r = 0, since ¢ € L;. Assume that « is not separable over K. Then by
T. 8.1(b), there is a polynomial f; (X) € K[X] such that f(X) = fi(X?). Of course,
the polynomial f; (X) is irreducible over K, since if it is reducible, then f(X) is also
reducible, which is not the case. Let r be the biggest exponent such that f(X) =
f-(XP") for some polynomial f,(X) € K[X] (we have r > 1). We claim that o is
separable over K, that is, o’ € L. If not, then for the polynomial f,(X), which is
irreducible over K and minimal for o, we have f,(X) = g(X”) by T.8.1(b). This
gives f(X) = f,(XP) = g(XPrJH), which contradicts the definition of r. Hence, we
have o’ € L.

8.7 (a) Since L, is a finite extension of K, we have L; = K(«) for a separable
element @ € L by T.8.2. Let f(X) be the minimal polynomial of « over K and let
o) = a,...,q, beall zeros of f(X) in N. Notice that all zeros of f(X) are in N, since
N is normal over K. Moreover, all these zeros are different since « is separable over
K. Of course, we have [K(«) : K] = m by T.4.2. It follows from Theorem T. 5.1
that for every o; (i = 1,...,m), there exists an isomorphism 7; : K(«) — K(o;)
such that (o) = «;. Using Exercise 7.4(b), we get an automorphismo; : N - N
such that o; restricted to K() is equal to 7;. Since every isomorphism of K(«) over
K maps « onto a zero of f(X), we see that there are exactly m images of K(«) under
the automorphisms of N over K, that is, the elements of G(N/K). What remains to
show is that m is exactly the number of restrictions of these automorphisms to L.
If the characteristic of K is zero, then L is separable over K, so L = L; and there
is nothing to prove. So assume that K has a finite characteristic p. By Exercise 8.6,
for every o € L, there is an exponent r such that o’ € L, If now o | =0 |
for 0,0’ € G(N/K), so o(a”") = o’ ("), which gives (o () — 0/ (@0))”" = 0 (see
Exercise 2.12), so 6(«) = o’(a)). Thus ¢ |;= ¢’ |;, which means that there are
exactly m different restrictions of automorphisms of N over K to L.
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(b) Let K’ = 7(K) € N. The proof is almost the same as in (a)—we only have
to take the zeros of the polynomial t(f(X)) in the field N, which contains all the
zeros of this polynomial, since it is algebraically closed (in fact, it is normal over
K’). These zeros are all different, since 7(f (X)), like f(X), is separable (see T.8.1).
This time, we only count the number of embeddings of L into N, which are defined
by m different images of «.

88 If L © M O K and L is separable over K, then clearly M is separable over
K. Every element o € L is separable over K, so its minimal polynomial f(X) over
K has different zeros. The minimal polynomial g(X) of « over M divides f(X) (see
T.4.1) so it also has different zeros, that is, the element « is also separable over M.

If both L O M and M O K are separable, then by Exercise 8.3(b), we have
KMP = M and MLP = L. Hence L = ML? = KMPL? C KIP C L, which implies
KI? = L, that is, the extension K C L is separable by Exercise 8.3(b).

8.9 We want to use Exercise 8.7(b). Let N be any algebraically closed field in which
we can embed the field K. For example, we take N = K, the algebraic closure of
K with the identity as an embedding of K into K. Let [L : K]y = n, [M : K|, = m
and [L : M]; = gq. By Exercise 8.7(b), there are s embeddings 71, ..., 7, of M into
K which restrict to the identity on K. Forevery 7; (i = 1,...,s), there exists exactly
g embeddings of L into K, which restricted to M are equal to ;. Thus, we have gm
different embeddings of L into K, which restricted to K give the identity on K. In
this way, we have at least gm different embeddings of L into K, which restricted to
K give the identity. But each embedding of L into K, which is the identity on K,
when restricted to M must be equal to one of the 7;. Hence, it must be one of the gm
embeddings, so gm = n.

8.10 Example. We find a primitive element of L = Q(i, v/2) over K = Q. We
have [L : K] = 6 (see Exercise 4.4(c)). Hence, according to the proof of T.8.2,
we have to find ¢ € K such that @ = i + /2 has six different images under the
isomorphisms of L into the complex numbers. These isomorphisms map i onto =i

and /2 onto £+/2, where ¢ is one of the three third roots of unity (¢ = 1, %ﬁ).

It is easy to check that ¢ = 1 is a good choice. Hence, we have L = Q(i + v/2).
Notice that also L = Q(i~/2), since B = i+/2 also has six different images under
the isomorphisms of L into C. The minimal polynomial of 3 is X® + 4 (just take the
smallest power of 8 which gives an integer). Notice also that a normal closure of L
is L(¢) = Q(i~/2, ¢), where & # 1 is a third root of unity (compare Exercise 7.2 on
p. 190). The field Q(i~/2, €), is the splitting field of X° + 4 over Q, has degree 12
and Galois group Dg (see Exercise 10.16(e)).

8.11 Let K = F»(X?,Y?) and L = FF5(X, Y). First show that [L : K] = 4 considering
the chain L D F,(X2,Y) D K. Then show that for each y € L, we have y? € K, so
the degree [K(y) : K] is at most 2. Thus L # K(y).

8.12 (b) We prove that if the number of fields M between K and L is finite, then L is
a simple algebraic extension of K. First of all, the field L is algebraic over K, since
a transcendental element X € L generates a subfield M = K(X) which has infinitely
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many subfields by Exercise 4.11. Next note that L is finitely generated over K, since
otherwise, we could construct an infinite chain

K C K(oy) C K(ag,00) C-+- C K(og, 000, ...,000) C-+-CL

of subfields of L choosing each time an element in L which does not belong to a
finitely generated subfield K («;, oz, . . ., o) for consecutive n. Thus L is a finitely
generated algebraic extension of K and as such, it is a finite extension (see T.4.4).
Hence L is a vector space of finite dimension over K.

Here, we split our proof into two cases (even if there exist proofs where this is
not necessary). If K is finite, then also L is finite and the group L* is cyclic by
Exercise 5.8. Any generator y of this group generates the field L over K, that is, we
have L = K(y).

If K is infinite, we use the fact that a linear space over K cannot be a union of a finite
number of its subspaces. Knowing this, we can take the union of all proper subfields
of L containing K (a subfield of L containing K is a linear space over K). Since such
a union is not equal to L, we choose any y € L outside this union. Then L = K(y),
since K(y) is a subfield of L and it is not proper depending on the choice of y.
Thus what remains is a proof of the following auxiliary result:

Lemma. A linear space over an infinite field K is not a union of a finite number of
its subspaces.

Proof. Let alinear space V over an infinite field K be a union of its proper subspaces
Vifori =1,...,n and assume that n has the minimal value in such presentations of
V (that is, no V; can be removed from the union when it is equal to V). Take x € V;
and choose y € V' \ V. Now form infinitely many vectors x + ay where a € K and
a # 0. Notice that all these vectors are not in Vi, since y ¢ V;. Hence, there exists an
index i > 1 such that infinitely many vectors x +ay € V;. If x + ay, x + a'y € V; for
a # d, then the difference of these vectors is in V;, which gives that y € V;. Hence,
we have x € V;. Since x was an arbitrary vector in V|, this shows that V| is contained
in the union of V; for i > 1, which contradicts our choice of the presentation of
V as a minimal union of its proper subspaces. Hence such a presentation of V is
impossible. O

813 Take K = F,(X*,Y?), L = F,(X.Y) and consider the fields M, =
F,(X?,Y?, X + cY), where ¢ € K. Notice that X + ¢¥ ¢ K and (X + cY¥)* € K,
so M, D K is a quadratic field extension. In order to show that the fields M, are
different for different ¢, use Exercise 2.5(b).

8.14 According to T.8.2, there is an ¢ € L such that L = Q(«). Let f(X) be
the minimal polynomial of a over Q. Since the degree of L over Q is odd, the
polynomial f(X) has odd degree. Hence, it has a real zero and we can choose it in
order to generate L over Q, since L is normal. Thus L C R (and all the zeros of f(X)
are real).
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8.15 (c) Take n = 2. The cyclic group Fj has eight elements and the number of
its generators is ¢(8) = 4 (see A.2.2). Since the field [F9 has nine elements and the
field IF5 has three elements, the number of elements in the first and not in the second
is equal to 6. Each of these six elements generates the field g over [F'5.

Problems of Chap. 9

9.1 We look at two examples—a Galois field extension and an extension which is
not Galois.

Example 1. Let K = Q(+/2, v/3). Is Q C K a Galois extension? We notice that v/2
and +/3 have minimal polynomials X?>—2 and X>—3. The zeros of these polynomials
are +/2 and £+/3, so all these numbers are in the field K. Hence, the field K is a
splitting field of the polynomial (X — 2)(X? — 3), so it is normal according to T. 7.1
and separable (as a field of characteristic zero—see T. 8.1). By T. 9.1(d), the field K
is Galois over Q.

Example 2. Consider now the field K = Q(+/2, v/2). In this case, the minimal
polynomial of 2 is X* — 2 and its zeros are £ /2, +i~/2. Not all of them are in K,
since i~/2 is not real, but the field K consists of only real numbers. Hence K is not
normal over Q by T. 7.1, so it is not Galois by T. 9.1(d).

9.2 We consider two examples similar to those in the exercise.
Example 1. Let f(X) = X* — 4X? + 1. We want to find the splitting field of the
polynomial, find its Galois group, all its subgroups and the corresponding subfields.

We find the zeros of the polynomial: +v2 4 /3. Leta = v2+ 3 and B =
V2 — /3. The splitting field is L = Q(«, B), since the zeros are £, &f. Now
notice that ¢ = 1, so L = Q(«). The polynomial f(X) is irreducible (check this
by one of the methods from Chap. 3). Thus [L : Q] = 4 and the Galois group has
order 4. The automorphisms o; (i = 0, 1, 2, 3) are given by the four possible images
of o according to the table below, which defines each automorphism by its effect on
«. In the last column, we write the order of the automorphism as an element in the
group G(L/Q) (this information helps to list all the subgroups and also to find the
corresponding subfields):

G| «alo The subgroups of G: G, I = {0y},

ool a1l Hi={00,01},Hy ={00,02}, H3 = {00, 03}.

o1/—a2  The fields between Q and L = Q(v/2 + v/3) = Q(+/2, V/3):
oo B2 L°=QL =1L,

os—fl2 L' =Q(3), " = Q(/6), L' = Q(~/2).

02 (o))
Itis easy to find the order of 0. For o;, wehave ¢ —— B = é — % =
o, that is, we get the identity after two compositions. Similarly for o3. Having the
orders of the elements, it is easy to find all subgroups (their orders are 1,2, 4 by
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Lagrange’s theorem—see A.2.6) choosing the identity and one of the elements of
order 2 in subgroups of order 2.

In order to find the fixed fields corresponding to nontrivial subgroups H; for i =

1,2, 3, we take the norms Nry, (o) = «-0;(«) and the traces Try, (o) = o+ 0i(«) for
i =1,2,3 (see p. 36), which are fixed by 0;. We have Nry, (¢) = o - 0;(at) = —a?,
so 2 is fixed by o;. But =24 \/5, s0 v/3 = a2 —2 s fixed by o1. Moreover, we
have Try, (o) = a + 02(a) = a + B. Notice that (@ + B)> = 6,50 + B = /6
(in fact, the sum is equal to /6, since it is positive). Thus +/6 is fixed by o,. Finally,
we have Try (@) = o + 03(2) = o — B. But (0 — B)> = 2, s0a — B = +2
(in fact, +/2), which shows that +/2 is fixed by o3. Now [L : L#i] = 2 by T.9.1(a),
so [L7 : Q] = 2 by T.4.3 for i = 1,2,3. Hence L"' = Q(+/3), L'> = Q(+/6),
L' = Q(v2).
Example 2. Consider the polynomial f(X) = X* — 4X?> + 2. The zeros of the
polynomial are ++v/2 + +/2. Let @ = v/2 + +/2 and B = V2 — +/2. The splitting
field is L = Q(a, B), since the zeros are +a, . Now notice that af = /2, so
L = Q(a) as B = a/~/2 and +/2 € Q(a). The polynomial f(X) is irreducible by
Eisenstein’s criterion ( for p = 2). Thus [L : Q] = 4 and the Galois group has order
4. As in Example 1 above, the automorphisms o; (i = 0, 1,2, 3) are given by the four
possible images of « according to the table below, which defines each automorphism
by its effect on . As before, we write the order of each automorphism as an element
in the group G(L/Q). Notice the essential difference between this case and the
previous one.

G| oo The subgroups of G: G,I = {0y},

ool «|ll Hy={oo,01},Hy = {00,02},H3 = {09, 03}.

o1|—a 2 The fields between Q and L = Q(v/2 + v/3) = Q(+/2, V/3):
o B4 LS=Q. L =L

o —pla L™ =Q(3), " = Q(6), L' = Q(v2).

The order of o is of course 2. To find the orders of o3 and 04, we need their effect
on +/2, since B = +/2/a. But v/2 = a? — 2, so we have 0,(v/2) = 0»(a?) —2 =
B? —2 = —+/2 and similarly, 04(+/2) = —+/2. Hence

02
Ol%ﬂ:

N2 =2 _
o B

Thus, we have 022(05) = —q« (that is, 022 = 01), which means that af =1,
that is, the order of o, is 4. Similarly, we get that o3 has order 4. Therefore, the
Galois group G(L/Q) is this time cyclic of order 4 (and generated by o, or 03). We
have three subgroups: I = {0}, G = G(L/Q) and the only nontrivial subgroup
H = {09, 01}. The field L corresponding to H is rather evident, since it must be the
only quadratic extension contained in L, and such a field is Q(+/2), since we already
know that /2 € L. But we could find L using the same method as in Example 1
above by, for example, taking Nry(a) = aoj(a) = —(2 + +/2), which is fixed by
o1 (so V2 is also fixed).
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9.3 (a) We denote by X; = {oy,...,a,} the set of all zeros of the polynomial
fX) (L = K(ai,...,0,)) and note that according to Exercise 6.1, for every
automorphism o € G(L/K), we get a mapping o : Xy — Xy, where o(o;) = o
for some j € {1,...,n}. As in the text, it is convenient to denote the permutation
of the indices i of the «; by the same symbol o even if formally it is a mapping
on the set {1,...,n}. Thus o(a;) = o; means that o(i) = j. In this way, we get
a mapping @ : G(L/K) — S, defined by @(c) = o, where o on the right-hand
side denotes a permutation of the indices {1,...,n} of the zeros «;, that is, o (i)
is defined by o(a;) = ay(;). It is clear that @ is injective (if @ (o) is the identity
permutation, then o is the identity in the Galois group G(L/K)). But we also have
d(ot) = P(0)P(1), since P(o1)(i) = o1(i)) = DP(0)P(r)(@) = o(z(i)) as
ot(a) = dgr(y) = 0(T()) = (i) = Ao (2(i))-

94 (a)If o € G(L/K) and o;; € Xy = {«y,...,0,} (Xf is the set of zeros of f(X))
is a zero of an irreducible factor f;(X) of f(X), then the image o (c;) is also a zero
of the same irreducible factor f;(X) by Exercise 6.1. Hence the permutation of the
indices of the zeros, which corresponds to o according to Exercise 9.3, splits into
k orbits, since f(X) has k irreducible factors (see p. 267). This means that the set
X = {l1,...,n} of the indices of the zeros is partitioned into k subsets so that every
o permutes the elements of every such subset.

(b) If f(X) is irreducible and «;, oj are two zeros of it, then by T. 5.1(b) there exists
an isomorphism 7 : K(c;) — K(a;) over K. By T.5.2(b), this isomorphism 7 is a
restriction of an automorphism o € G(K;/K), since Ky is a splitting field of f(X)
over both K(c;) and K(e;j). Thus, G(K;/K) acts transitively on the zeros of f(X)
(see Exercise 9.4).

Conversely, if G(K;/K) acts transitively on the zeros of f(X), then f(X) cannot be
reducible over K, since its reducibility implies, according to (a), that there are at
least two orbits (k > 1).

(c) Let the set Xy = {o1, ..., a,} of the zeros of f(X) be partitioned into k subsets so
that each o € G(Ky/K) permutes only the elements of each of these sets. Let X =
{B1...., B} be one of these k subsets of X;. Consider the polynomial g(X) = (X —
B1) -+ (X — B,). The coefficients of this polynomial are the elementary symmetric

functions of By,..., B, (see section “Symmetric Polynomials” in Appendix), so
every o € G(K;/K) maps every coefficient of g(X) to itself. Thus, these coefficients
belong to KfG KeK) — (the equality by T.9.1(b)). This shows that g(X) € K[X]

and g(X) is irreducible by (b). Thus f(X) has k irreducible factors corresponding to
the given k subsets of X.

9.6 The group V = Z, x Z, has three different subgroups of order 2 (every
nonzero (a, b) € Z, x Z; together with (0, 0) form a subgroup). Take two of these
subgroups Hy, H,. Then according to T.9.2, the fields L#! and L#> are different
and are quadratic extensions of Q by T.9.1(a) and T.4.3. Now using Exercise 4.5,
we find d;,d, such that L' = Q(+/d)) and L'> = Q(+/d;). The product d;d; is
not a square, since otherwise Q(+/d;) = Q(+/d3), which contradicts the choice of
different subgroups of V. The field Q(+/d;d>) corresponds to the third subgroup of
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order 2 in V, since it is quadratic and different from the fields Q(+/d}), Q(+/d2) (for
example, by Exercise 2.5(b)).

9.7 Take K = Q, M = Q(+/2) and L = Q(~/2). L is not Galois over Q as the
irreducible polynomial X* — 2 has one of its zeros ~/2 in L, but not all of them.
Hence, the extension Q C L is not Galois (see T.9.1(a)). The extensions Q C M
and M C L are Galois.

9.10 (b) Let t : M — M’ be a K-isomorphism of M with a subfield M’ of L
containing K. By Exercise 7.4(b), there is a 0 € G(L/K) such that 7 is a restriction
of o to M. According to (a), those 0 € G(L/K) for which the restriction maps M
onto M form a subgroup H(L/M).If M| = M, M,, ..., M, are all different subfields
of L, which are K-isomorphic to M, then M; = o0;(M) for some 0; € G(L/K)
and 0;(M) = o0;(M) if and only if o; '0;(M) = M, that is, o; '0; € H(L/M),
which is equivalent to 0;(H(L/M)) = oj(H(L/M)). Thus, we get that the number
of different subfields M; K-isomorphic to M is equal to the index of H(L/M)
in G(L/K), that is, r = |G(L/K)|/|H(L/M)|. Consider a group homomorphism
¢ : HL/M) — G(M/K), where p(0) = o|y. As we already know, this is
a surjective homomorphism whose kernel is equal to G(L/M). Thus, the group
G(L/M) is normal in H(L/M), the group G(M/K) is isomorphic to the quotient
H(L/M)/G(L/M) and we have:
|H(L/M)| _ |G(L/K)]| [L:K] _ [M:K]

GOV =G = Hewm] = dLm ¢

sor = [M : K]/|G(M/K)|. In the computations above, we use T.9.1(a) for Galois
extensions L © K and L D M.

(c) It follows immediately from (b) that G(M/K) = [M : K] if and only if
r = 1, which is equivalent to H(L/M) = G(L/K). This equality says that each
automorphism of L over K restricted to M gives an automorphism of M.

(d) Since G(L/M) is normal in H(L/M) by (b), we get that H(L/M) € N (G(L/M))
by the definition of the normaliser (see p. 241). Conversely, if 0 € N(G(L/M)),
then 07 'toc € G(L/M) for any © € G(L/M). Thus, for m € M, we have
o~ 'to(m) = m, that is, t(6(m)) = o(m) for any = € G(L/M). Hence, we
have t(m) € M. Thus t(M) € M, that is, t € H(L/M). This proves that
N(G(L/M)) € H(L/M) and together with the converse inclusion noted earlier,
we get the equality. The isomorphism of G(M/K) to the quotient H(L/M)/G(L/M)
was proved in (b) and now we can replace H(L/M) by N (G(L/M)).

9.11 (a) We have 0;(a) = oj(«) if and only if 0, '0j(¢) = «, that is, Ui_loj €
Gg, which is equivalent to 0,G, = 0;G,. Thus the number of different images
of « by elements of G(L/K) is equal to the index of G, in G(L/K). This gives the
equality |G(L/K)x| = |G(L/K)|/|Gy|- Since G, = G(L/K()), we get the equality
|G(L/K)x| = [K(«) : K] by T.9.1(a) and T.4.3.

(b) Let X = {Bi,...,B,} be the set of all different elements in the orbit
G(L/K)a. The coefficients of the polynomial f,,(X) = (X — B1)---(X — B,)
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are the elementary symmetric functions of fi,..., B, (see section “Symmetric
Polynomials” in Appendix), so every 0 € G(L/K) maps every coefficient of f, (X)
to itself. Thus, these coefficients belong to LE/K) = K (see T.9.1(b)). This shows
that f,, (X) € K[X] and f, (X) is irreducible by Exercise 9.4(b).

(c) The number of different images § = o(«) for 0 € G(L/K) is equal to [K(x) :
K], so every such B appears |G(L/K)|/[K(«) : K] = |G| times. This says that
Jf«(X) appears as a factor of F,(X) exactly |G| times.

9.12 (a) We have Try (o) = ),y 0(c). By T.6.3, there exists an o € L such that
Try (o) # 0, since otherwise, a; = -+ = a, = 1 in T. 6.3 contradicts the claim.
Consider now L and L as vector spaces over L”. Then Try is a linear function
from L to L (of vector spaces over L). We see that the image of L, which is a
linear subspace of [ contains nonzero elements, so it must be equal to the whole
one-dimensional space L.

(b)Since aty, . . . , a,, generate L over L7, their images Try (a1). . . ., Try(a,) generate
L since there is at least one among these images which is nonzero, by (a).

9.13 (b) According to Exercise 2.12, the function o(x) = x is an automorphism
of L. Let [L : K] = n. Then L has ¢" elements. We have o'(x) = x4, so o', for

i = 1,...,n, are n automorphisms and 0" (x) = x?¢' = x is the identity, since the
field L has q" elements (see T. 5.4). Moreover, these automorphlsm are all different,
since 0/ = o/ for | < i < j < n should mean x¢ = x? for every x € L, that

is, x=4 = 1 for all x # 0 in L, which contradicts the fact that L has ¢" — 1
different nonzero elements (of course, ¢ — g’ < ¢" — 1). Thus L has at least n
different automorphisms over K and [L : K] = n. Hence the powers of ¢ really are
all automorphisms and the extension K C L is Galois with the cyclic Galois group
G(L/K) ={o,...,0"!,6" = 1} = (o), since an extension of degree n has at most
n automorphisms (see Exercise 6.5).

(c) Since the group L* is cyclic of order ¢" — 1 and the kernel of Nr;/x has % = 1

elements, the image of L* in K* has g—1 elements (see A.2.11). Hence each element
of K* is in the image of the norm map.

9.14 Example. We solve a similar problem for the polynomial X* 4+ X + 1. It is
irreducible over I, so [L : F,] = 4. According to Exercise 9.13(b), the Galois group
G(L/F») is cyclic of order 4 and it is generated by the automorphism o () = o?.
The Galois group contains exactly one subgroup H of order 2 and H = {¢?). Thus,
by T.9.2, there is exactly one quadratic field extension and it equals L. In order to
find B such that L# = F,(B), we take B = Try(a) = a +0a?. Since a* +a+1 = 0,
we easily check that 82+ 8+1 = 0 (the polynomial X?>+X+1 is the only irreducible
quadratic polynomial over [, so we know which polynomial should be checked).
Since X? 4+ X + 1 is irreducible over 5, we have [F5(B) : F,] = 2 and F2(8) € L,
so L = F,(B).

9.15 (a) By Exercise 7.6, the field M; M, is normal over K. It is separable over K by
Exercise 8.16. Thus MM, is a Galois extension of K by T. 9.1(d).
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(b) For 0 € G(MM,/M,) define ¢(0) = oly,. Since o(M;) = M, by
Exercise 7.5(a), we have a group homomorphism ¢ : G(M 1M, /M) — G(M,/K).
By Exercise 7.4(b), ¢ is surjective and if o is in its kernel, then it is the identity on
both M, and M|, so it is simply the identity on M;M;. Thus ¢ is an isomorphism of
G(M M,/ M,) with G(M, /K).

9.17 Choose a prime p such that G C S, (G can be embedded in such a group S,
by A.8.3). Let Q C L(C C) be a Galois extension with Galois group S, (such an
extension exists by Exercise 13.4(c)). Take K = LY and apply T.9.1(c).

9.18 (b) Choose a prime number p = nk + 1 for some integer k, which is possible

by Dirichlet’s Theorem. Let L = Q(g), where ¢ = ¢’ . ThenLisa splitting field of
XP —1,[L: Q] = p—1 (see Exercise 3.7(d)) and G(L/Q) is a cyclic group of order
p — 1 (see Exercise 5.9). This group contains a cyclic subgroup H of order k since k
divides p—1 (see A.2.2). Let K = L. Then K is a Galois field extension of Q (since
L is a Galois field extension of Q with an abelian Galois group, all its subfields are
Galois extensions of Q). Moreover, we have [L7 : Q] = (p — 1)/k = n, so the
Galois group G(L#/Q) = G(L/Q)/G(L/L¥) is cyclic as a quotient of a cyclic
group and has order .

9.19 We show that L = Q(+/3 + +/3) is such a field with a subfield M = Q(+/3),
that is, there are no nontrivial automorphisms of L over Q but, of course, the field
Q(~/3) has a nontrivial automorphism mapping /3 onto —+/3. In order to show that
there are no nontrivial automorphisms of the field L, we have to show that no other

zeros of the minimal polynomial of & = V3 + 3arein L. We have o® = 3+ /3
and squaring /3 = o’ — 3, we get that X® — 6X> + 6 is the minimal polynomial
of « (for example by Eisenstein’s criterion—see Exercise 3.6). All its zeros are &'a
and &'B, where B = V3-=43,i=0,1,2and & = 1,¢ # 1 is a primitive third
root of unity. We have [L : Q] = 6.

The field L’ = Q(ea) is isomorphic to L and we prefer to show that L’ contains
only one zero e« of the polynomial f(X) (which shows that L also contains only one
zero « of this polynomial).

Of course, the real numbers «, B are not in L’ since they generate real fields of
degree 6 over Q and L’ is not real.

If 2a € L/, then ¢ = g2a/ea € L, so L' contains a subfield Q(+/3, €) whose
degree over Q is 4. This is impossible, since L' has degree 6 over Q.

Ifef € L, then y = ca/ef = V24 /3 € L. We have y° = 2 + /3, so
X% — 4X3 + 1 is the minimal polynomial of the real number y—it is not difficult to
check that this polynomial is irreducible using, for example, Gauss’s Lemma (see
Chap. 3) or by replacing X by X 4 2 and using Eisenstein’s criterion for p = 3. Now
we have a contradiction, since Q(y) is a real field of degree 6 over Q but L’ is not
real.

If 28 € L/, then sas’f = V6 € L', so L’ contains the real field Q(+/3, v/6)
whose degree over Q is 6, which is impossible, as before. Thus, the field L has no
nontrivial automorphisms.
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9.21 Since L is an abelian Galois extension of K, each subfield M of L containing
K is a Galois extension of K. In fact, the subgroup G(L/M) of G(L/K) is normal,
so M is Galois over K by T.9.3. Since « € M = K(«) is one of the zeros of f(X)
and K () is Galois over K, all other zeros of this polynomial must belong to K ()
as well.

9.22 (a) Let L be a splitting field of a polynomial f(X) € K[X]. It is clear that
LM is a splitting field of the same polynomial considered as a polynomial with
coefficients in M (in fact, in K). If o is an automorphism of LM over M, then its
restriction to L maps this field into itself, since L over K is normal. Thus, the image
of any element x € L must be a zero of the minimal polynomial of x over K (and all
zeros of this polynomial are in L by the normality of L over K). This shows that the
restriction defines a homomorphism of the Galois group G(LM /M) into G(L/K). If
o0 € G(LM/M) belongs to the kernel of this restriction, that is, o gives the identity
on L, then o is the identity on both L and M, so it is the identity on LM. Hence
the restriction of automorphisms from LM to L is an injection of G(LM /M) into
G(L/K).

(b) Of course, we have LN M C LEIM/M) since any element in L N M is fixed by
o € G(LM/M). On the other hand, if x € LEEM/M) then x is in LM and is fixed by
the group G(LM /M), so it belongs to M and L, that is, to the intersection L N M.
Thus LEEM/M) C 1, N M. Thus, we have LEUM/M) — 1.1 M.

9.23 If L is not real, then the complex conjugation is a nontrivial automorphism of
L, since for any o € L, we have o € L. In fact, both o and its complex conjugate o
have the same minimal polynomial over K (see Exercise 3.5(a)). The automorphism
o(a) = « of Lis over K and has order 2, so M = L where H = (o), is areal field
and by T. 6.2, we have [L : M| = |H| = 2.

9.25 (a) Every transposition of two zeros o;, «; of f(X) changes the sign of o;—«;, so
the square of such a factor in A(f) is fixed by a transposition. Since every element
of the Galois group Gal(L/K) is a composition of such transpositions of two fixed
elements (in S, which contains Gal(L/K)), the discriminant A(f) is fixed by all
automorphisms in Gal(L/K). Hence by T.9.1(b), we get A(f) € LOE/K) = K.

(b) First observe that \/A(f) € L is fixed by each even permutation, since
such a permutation is a composition of even number of transpositions, that is, an
even permutation gives a sign change an even number of times. Conversely, if an
automorphism in Gal(L/K) does not change the sign of \/A(f) then it must be
an even permutation of zeros, since odd permutations are compositions of an odd
number of transpositions, so they change the sign of / A(f). Thus \/A(f) € K if
and only if Gal(L/K) has only even permutations, that is, Galy(L/K) = Gal(L/K).
If there are odd permutations in Gal(L/K), then the index of Galy(L/K) is 2, since
the composition of two odd permutations is an even permutation (see A.8.2). Thus
[Gal(L/K): Galp(L/K)] = 1 or 2 and the second possibility occurs if and only if
VA K.
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Of course, K(y/A(f)) € LS /K since every even permutation does not change
VA).

If all permutations in Gal(L/K) are even, then Gal(L/K)=Galy(L/K) and +/A € K,
SO LGal()(L/K) — LGal(L/K) — K= K(\/Z)

If there are odd permutations in Gal(L/K), then the index of Galy(L/K) in Gal(L/K)
is 2 and VA ¢ K. Since LO0(©/K) > K(4/A) and both these fields have degree 2
over K, we have L620(®/K) = K(\/A) in this case.

9.26 (b) The minimal polynomials of o; = o 4 i over K all have the same degree,
since this degree equals [K(c;) : K] by T.4.2. Since all of them divide f(X) =
XP — X + 1, their common degree must divide p, which shows that there is only
one such divisor and it must be f(X) itself. Thus f(X) is irreducible. The field L is
its splitting field and as such is normal over K. It is also separable, since the zeros
of f(X) are different. Hence, the field L is Galois over K and G(L/K) is a group of
prime order p, so it is cyclic. In fact, we can easily describe all its elements. These
map « onto any other zero of f(X), so we have p automorphisms o;(«) = o + i for
i=0,1,...,p—1.

9.30 Example. We construct an irreducible polynomial of degree 15 over [, by
using irreducible polynomials of degrees 3 and 5 whose splitting fields are subfields
of F215 .

As we know, the degree of L = F,i5 over I, is 15 and the Galois group G(L/F>)
is cyclic. Thus, the field L contains subfields of degrees 3 and 5 over [F,. This follows
from the fundamental theorem of Galois theory T. 9.2, since the Galois group, as a
cyclic group, contains subgroups of orders 5 and 3 and, in fact, these subgroups are
unique (see A.2.2(b)). Let K = F,(a) be the unique subfield of L of degree 3 over
F,, and let K’ = F»(b) be the unique subfield of L of degree 5 over F,. We can
assume that the minimal polynomial of a is any irreducible polynomial of degree 3,
and the minimal polynomial of b is any irreducible polynomial of degree 5 both in
F,[X] (all finite fields with the same number of elements are isomorphic). We define
>alias (a=RooOf (X"3+X+1) mod 2)

a
>alias (b=RooOf (X"5+X*2+1) mod 2)
a,b

We claim that the element ab is a generator of L over IF,. In fact, this product is
neither in K nor K’ (notice that K N K’ = FF, depending on the relatively prime
degrees of K and K’ over IF,). Thus, we have F,(ab) = L, since the subfield
generated by ab is one of four possible subfields of L and L is the only possibility.
We could find the minimal polynomial for ab over F, by computing the product
X — (ab)? fori = 0,...,14 as all automorphisms in the Galois group G(L/F,)
are o (x) = x> (see Exercise 9.13). Unfortunately, Maple may be unable to find the
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product as the task can be too demanding for your computer. But one can split the
computation in a simple way. First, we find the minimal polynomial of ab over K’:
>simplify ((X —ab)(X — a®?b*?)(X — a'"?*b'%?%)) mod 2

S+ pX + b

as the Galois group G(L/K’) consists of automorphisms x +> x, x2,x2" (this
is a subgroup of order 3 in the cyclic group G(L/F;) of order 15 generated by
the automorphism x +> x?). The polynomial above is one of the five factors of
the minimal polynomial of ab (over [F,), when this polynomial (of degree 15) is
factorized over the field K (see Exercise 7.8). The automorphisms of L over K are
23 26 29 212 . . . .

X x,x°,x°,x°,x°, so the minimal polynomial of ab over I, is
>simplify (X3 +02X+b3) (X3 +b'X + 5?4 (X3 +b'28X + b)) (X3 + 102X +
1530 (X3 4 BB192X + 52288) ) mod 2

1+ X2+ X0+ X+ X104 x12 4 x1

Notice that the field L over [F, can described by a somewhat simpler irreducible
polynomial of degree 15, namely, the polynomial X'> + X + 1, which can be
easily found using Maple. But our construction of an irreducible polynomial using
subfields of a finite field as intermediatory steps is instructive and has some
advantages, providing an alternative to random search. Irreducible polynomials are
useful in different mathematical applications (e.g. coding theory or cryptography),
but, unfortunately, it is not easy to find such polynomials of high degrees.

Problems of Chap. 10

10.2 Example. We compute the cyclotomic polynomial @30y (X). Since n = 300 =
2%2.3.52 we have r(n) = 2-3-5 = 30. It follows from (b), that @309(X) =
@30(X'%). Now we could use (c) twice but we prefer to start with p = 5 and use the
already computed polynomial @4(X) = X> — X + 1: ®30(Y) = P(Y?)/Ps(Y), so
D300(X) = P3(X"?) = P(X7)/Ps(X") = (X' =X + 1)/(X* =X+ 1) =
XSO +X70 _XSO _X40 _X30 +X10 +1.

10.3 (a) Let g; = ez%j, for 0 < j < k,(j,k) = 1, be all ¢(k) primitive k-th
roots of unity. Let d = n/k and consider all d-th roots of all &;. These numbers are

4o 2mi(j4kl) .
e~ 4 = ¢ n forjasbeforeand/ = 0,1,...,d — 1. Now we note that all

these numbers are n-th roots of unity and all j 4 k/ are relatively prime with #, since
any prime dividing n and j + kIl must divide k (by the assumption r(k) = r(n)), so it

must divide j, which is impossible as (j, k) = 1. The number of sums j 4 k/ is equal
27i(j~+k)

to p(k)d = ¢(n) (see A.11.4), so the numbers e~ »  are all the zeros of @,(X)
and at the same time all zeros of @ (X% ), which proves the equality.
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(b) We use T.10.2(a) several times. We start with @ (X) = H¢¢|S(X” — 1)), so
Dy(X4) = [y, (X¢ — 1)(2). Therefore,

[T .09 = [T [Toxe/— 1606 = T o -1,

d|r dlr als dlr als

But the products b = ad are exactly all divisors of rs, so the products above are
equal to [T,,,(X? —1)*(%) = &,(X), which shows the required equality. Notice that
we use the equality p(x)u(y) = p(xy), when x, y are relatively prime (see A.11.1).

10.4 The polynomial @,, (X) is characterized as a monic irreducible polynomial
having a primitive 2m-th root of unity as its zero. We want to show that &,,(—X)
is such a polynomial. Of course, this is a monic irreducible polynomial (if m > 1),
since @,,(X) is irreducible by T. 10.2(d) and its degree is even (if m > 1).

Let ¢ be a primitive m-th root of unity. We want to show that —¢ is a primitive
2m-th root of unity. Since —¢ is a zero of @,,(—X), we get the required equality
Don(X) = Pp(—X).

Assume that the order of —¢ is n. Since we have (—&)?” = 1, it follows that
n | 2m (see p. 237).

Since £* = (—&)*" = 1 we have m | 2n, and as m is odd, we get m | n. Let

= gm for an integer q. Thus gm | 2m shows that g is 1 or 2. But m = n is
impossible (as (—&)" = —1), son = 2m.

105 (a) If &, = e%, then ¢, = ¢}, and g, = & , which shows that

Q(em)Q(en) S Q(&mn). On the other hand, since m, n are relatively prime, we have

1 = km + In for suitable integers k, [, SO &, = sfn':‘l*'l” = 8 5 . Thus, we have

Q(emn) € Qem)Q(&r), 50 Q(e)Q(er) = Q(&mn)-

By T.10.1, we have [Q(emn) : Q] = @(mn), [Q(en) : Q] = @(m), [Q(e,) : Q] =
@(n). Thus [Q(em) : Q(em)] = ¢(n) and [Q(em) : Q(e4)] = @(m).

Let M = Q(&n) N Q(ey,). Using Exercise 9.15(b) with M| = Q(e;,) and M, =
Q(en), we get [Q(emn) : Qen)] = [Q(em) : M]. Thus [Q(em) : M] = @(m) as well
as [Q(en) : Q] = @(m) imply [M : Q] = 1, thatis, M = Q.

(b) The polynomial @,(X), of degree ¢(n), is irreducible over Q(e,), since
Q(emn) = Q(em)(&,) has degree ¢(n) over the field Q(g,,) (see T.4.2). Similarly,
the polynomial @,,(X), of degree ¢(m) is irreducible over Q(ey,).

(c) This is a generalization of (a). The proof below follows almost exactly the
argument given in (a), but it it necessary to make use of a relation between the least
common multiple [m, n] and the greatest common divisor (m, n) of two integers m, n,
which introduces a (small) complication. So we prefer to present a solution again.

2mi

The relation is [m, n](m n) = mn (see A.3.4 for R = Z). We have g|, ) = el*,
Em = 6™ and &n = 8('" "’ , which shows that Q(e,,)Q(s,) < Q(s[m a1)- On the other

[m,n]
hand, since (m,n) = km + In for suitable integers , I, we get k¢!, = &},,. Thus,
we have Q(ejn,n) S Q(e,n)Q(en), which, together with the converse inclusion, gives

Qem)Q(en) = Q(epmm)-
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We also have ¢([m, n])o((m,n)) = ¢(m)p(n) (see A.11.4(a)). By T.10.1, we have
[Q(epmay) + QI = @(Im.n)), [Qen) : Q = @(m), [Qen) : Q] = ¢(n). Thus
[Q(epmm) : Qlen)] = @([m.n])/o(n) = @(m)/e((m, n)).

LetM = Q(e,,) NQ(ey). Of course, we have Q(g,n) € M. Using Exercise 9.15(b)
with M| = Q(sm) and M, = Q(sn), we get [Q(s[m,n]) : Q(Sn)] = [Q(Sm) : M] Thus
[Q(em) = M] = @(m)/@((m, n)) as well as [Q(en) : QEmn)] = @(m)/p((m,n))
imply [M : Q(egnn))] = 1, thatis, M = Q(e@nn))-

10.6 Let o(x) = x be the complex conjugation on the field K = Q(g,). The
subgroup H = {1,0} of the Galois group of K has order 2. The maximal real
subfield of K is the field K* (see Exercise 9.23). Of course, we have () =
o(e, + &) = 1,50 Q(n) € K¥ C K. We have [K : K] = 2 by T.6.2. We
also have [K : Q(n)] < 2, since &, is a zero of the polynomial X> — nX + 1. Thus,
we have K = Q(n) by T.4.3.

10.7 (b) Notice that [K5¢ : Q] = m by T.6.2 and Q(8,) € K%, since 6" (0,;) = 64,
where o generates the group G4. According to T.4.1, the elements 1, ¢, . .. ,85_2
are linearly independent over Q. Consider

O,r(ed) — Ur(é‘p) + am-l—r(gp) 4t O,(d—l)m+r(£p) — Eir + Sierr et Sﬁ(dfl)mJn

forr = 0,1,...,m — 1. All these m elements are different, since any equality
o"(8) = 0" (6,) for r # r gives a relation of linear deipendence between 2d
of the elements 1,¢,, ... ,eﬁ_z (notice that the elements &7, where k = gm + r

forq = 0,1,....d—1andr = 0,1,...,m — 1 are all dm = p — 1 elements
Lep,..., 85;_2). By Exercise 9.24, we have the equality K% = Q(8,), since the
number of images of 6, is equal to the degree of K% over Q.

10.8 Example. We find all the quadratic subfields in the cyclotomic extension K =
Q(e12) of Q. We know that the Galois group G(K/Q) = (Z/12Z)* = {1,5,7,11}.
If £ denotes a primitive 12-th root of unity (say, ¢ = e%), then the automorphisms
in the Galois group are og(g) = &, 01(e) = &°, 02(e) = &', 03(¢) = &'l. The
order of each automorphism different from the identity oy is equal to 2, which is
a consequence of the equalities 5 = 7> = 11> = 1 (mod 12). By T.9.2, the
quadratic subfields of K correspond to subgroups of order 2 in the Galois group
G(K/Q). Thus there are three such subgroups: H; = {0p,0;} fori = 1,2,3. In
order to find all these subfields, we note that all 12-th roots of unity are zeros of the
polynomial X'2—1 = (X*—1)(X®+1) = X=X+ 1) (X*+X+1)(X>—X+1)(X>+
1)(X*—X2+1). Of course, the primitive roots &, £°, &7, &' are zeros of the last factor.
The quadratic factor X +X + 1 with zeros e, &® (since X’ —1 = (X—1)(X>?+X+1)
and these numbers are 3-rd roots of unity) has the splitting field Q(+/—3). The other
quadratic factor X + 1 has zeros &, &” (since €% = —1) and the splitting field Q(i).
The third quadratic subfield is, of course, Q(+/3) (since i~/—3 = ~/3). Finally, the
cyclotomic field Q(e1,) has three quadratic subfields: Q(+/7), Q(+/3) and Q(+/=3).
Which of the automorphisms is the complex conjugation? How to express +/3 in
terms of powers of £? An alternative possibility to find the quadratic subfields could
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be to study suitable traces or norms of ¢ with respect to the subgroups H;. Notice

that K1 = Q(i), K*2 = Q(+/=3) and K™ = Q(+/3).

10.9 Example. We find all subfields of the cyclotomic field K = Q(eq;) using the
Gaussian periods defined in Exercise 10.7. The Galois group G(K/Q) = (Z/11Z)*
is cyclic of order 10. It has four subgroups corresponding to the divisors 1, 2, 5, 10
of its order. The trivial subgroups of orders 1 and 10 define, correspondingly, the
subfields K and Q. Let o(g11) = &3,. It is easy to check that o generates the Galois
group G(K/Q). In fact, we have 2> = 4 and 2° = —1 (mod 11), so the order of 2
in (Z/11Z)* is 10 (it could be 2, 5 or 10 and it is neither 2 or 5), which shows that o
has order 10 in G(K/Q). Thus, we have G, = (¢°) and G5 = (¢?), the subgroups
of G(K/Q) of orders 2 and 5, respectively.

Now we want to find the subfields of K: K¢2 = Q(6,) and K% = Q(8s), which
correspond to the subgroups G, and Gs.

By Exercise 10.7(c), we have 6, = &1 +0°(e11) = 11 +¢]° and [K? : Q] = 5,
since [K : K] = 2 by T.6.2. We have K = Q(6,) and the minimal polynomial
of 6, is

4
foX) =[x =0'(62) =X° + X* —4X> - 3X> +3X + L.
i=0

In order to describe K9, we consider 05 = & +02(g) +0*(e) +0°(e) +08(e) =
e+ et + & + &% + & We have [K% : Q] = 2, since [K : K9] = 5 by T.6.2.
Thus 65 is a zero of a quadratic polynomial and we can find it using its second zero
0(0s) = &%+ &8 +&'% + &7 + £° Thus K9 = Q(6s), where

fos(X) = (X = 05)(X —0(65)) = X> + X + 3.

Notice that K9 = Q(+/—11). Compare Exercise 10.10 and its solution.

Remark. In order to carry out the computation, we can use the following commands
in Maple:

>alias (¢ =RootOf(x'' = 1)/(x—1))

which defines a primitive 11-th root of unity and

>0 := ¢+ &!0

>0 1= x = x°

>simplify([Ti,(X — (o'(e) + o' (%))

which is the sought minimal polynomial of 6,. Similarly for 65 even if it is easy to
compute the coefficients of fp, without a computer.

10.10 According to Exercise 10.7(c), the quadratic subfield of Q(¢g), where ¢ is a
p-th root of unity (¢ # 1) is defined as an extension of Q by 6, corresponding
=3 =3, .
tom=2andd = (p—1)/2. Thus 6, = ¥, 2, 0%(e) = Y.,2, &, where 0 is a
generator of the Galois group G(Q(¢)/Q) and o (g) = &3. Notice that g is a generator
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of the cyclic group ]F;, so all nonzero residues modulo p are g' fori = 1,...,p—1
(&' =1 (mod p)).
The automorphism o restricted to the quadratic subfield gives the nontrivial auto-
—3 p—3 .
morphism of this subfield and maps 6, onto 6} = jp:TO o¥tl(e) = ]IZTO e
We want to find the minimal polynomial of 6,, which is quadratic, and which must
have 6} as the second zero. Thus this polynomial is X* — (6> + 6;)X + 6,6;.

It is easy to see that 6, + 0] = Y2 ai(e) = Y'_; &8 = —1, since the sum
of all p-th roots of unity is equal to 0, and the last sum has all these roots with the
exception of 1. Thus, we have to compute the product 6,65, and this is more difficult.

First, we observe that it is necessary to find all possible products of the terms,
which are all of the form & to a power of g% + g% *! (mod p). The number of such
terms is (p — 1)?/4 and they can be considered as values of the quadratic form
X+ ng, where X, Y are nonzero elements of the finite field IF,.

In our solution, we need to count the number of solutions (x,y) € Fﬁ of the

equation X* + g¥Y? = r, where r € FF,.. These numbers are the following:

0 ifp=1 (mod4)andr =0
p+1 ifp=1 (mod4)andr # 0
2p—1ifp=3 (mod4)andr =0
p—1 ifp=3 (mod4)andr #0

{(y) e POl + gy =r} =

We prove this auxiliary result at the end of the solution below.

There are two cases depending on the residue of p modulo 4. We start with the
case p = 1 (mod 4). In this case, the quadratic form X 4 g¥? is non-isotropic,
which means that the equation X> + g¥?> = 0 (mod p) has only the solution X =
Y = 0. Thus, the sum g% + g¥*! (mod p) is never 0. In how many ways can we
obtain a term &” with r # 0, r = g% + g¥*! (mod p), in the product 6,65? The
equation X? + g¥? = r has p + 1 different solutions. We have to exclude those with
X = 0orY = 0.Itis easy to see that there are two such solutions: either X?> = r has
two solutions if 7 is a square, or g¥> = r has two solutions if 7 is not a square (since
g is not a square in IF;‘ ). Thus, we have p — 1 solutions such that XY ## 0. These
solutions give (p — 1)/4 possibilities for X, since exactly (+X, £Y) give the same
X2. This means that in the product 6,0;, we get every term &” exactly (p — 1)/4
times, so 6,0; = —’%1 and the minimal polynomial of #, is X> + X — ’%1 when
p =1 (mod 4).

Assume now that p = 3 (mod 4). In this case, the quadratic form X? + g¥?
is isotropic, which means that the equation X> + g¥> = 0 (mod p) has nontrivial
solutions. The number of solutions is 2p — 1 but we have to exclude the trivial
solution (X, Y) = (0, 0). In the remaining solutions, we have XY # 0 and as before,
the solutions (£X, Y) give the same X>. Thus, in the product 6, 6}, we get ¢” with
r= g%+ g¥ ! =0 (mod p) exactly (p — 1)/2 times. Every such term contributes
e’ = 1 to the sum, so we have (p — 1)/2 terms equal to 1. If » # 0, then the
total number of solutions is equal to p — 1. As before, we have to exclude the two
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solutions with X = 0 or Y = 0 and we get p — 3 solutions with XY # 0. This
time, we get (p — 3)/4 different possibilities for X, so in the product 6,6, we get
every term &" with r # 0 exactly (p — 3)/4 times. Each sum of all different " (r
nonzero) is equal to —1, so we get (p — 3)/4 times a term —1. Thus, finally, we get
6,05 = (p—1)/2—(p—3)/4 = (p + 1)/4 and the minimal polynomial of 6 is
X>+ X + 2% whenp = 3 (mod 4).

Now we show how to compute the number of solutions to X> + g¥? = r over
a field F,. If p = 1 (mod 4), then the equation X*> + g¥?> = 0 (mod p) has only
the solution X = Y = 0. In fact, if we had a solution with Y # 0, then the equality
g = —(X?/Y?) would imply that gl%l = (X/Y)»~! = 1, which contradicts the
assumption that g is a generator of the cyclic group IF;‘ (and has order p—1). Thus the

quadratic equation T2 4+ g = 0 has no solutions in [F, and when we extend this field
by a zero « of this equation, we get a quadratic field IF,[or] over F,,. Every element of
this field has shape a + ba, where a, b € F,, and the nontrivial automorphism maps
this element onto a — ba. The norm Nr of such an element is (a + ba)(a — b)) =
a®> + gh?, so it is precisely a value of the quadratic form X> + g¥? and the norm
mapping Nr : F,(e) — F, is a homomorphism of the group of nonzero elements
of IF, () onto the group of nonzero elements of IF,. That we really get a solution
of X?> 4+ g¥? = r for any r # 0 follows from the fact that either X*> = r has two
solutions if r is a square in I, or gY? = r has two solutions if r is not a square in F,
(since g is not a square and the quotient of two non-squares is a square). The norm
maps a group of order p> — 1 onto a group of order p — 1, so the kernel (the group of
elements of norm 1) has p + 1 elements. Thus the norm assumes each value p + 1
times, that is, for every r € IF; the equation X> + g¥? = r has p + 1 solutions.

Assume now that p = 3 (mod 4). In this case, the quadratic form X? + g¥?
is isotropic, which means that the equation X> + g¥?> = 0 (mod p) has nonzero
solutions in IF,. This means that —g is a square in I, that is, there is an o € [, such
that @> = —g. We have X? + g¥? = (X —aY)(X + a¥) = O if and only if X = a¥
or X = —aY, so we get 2p — 1 solutions when ¥ = 0, 1,...,p — 1. Consider the
ring F,[o] consisting of all a + be, a, b € F,. We have a mapping Nr : F,[0] — [,
such that Nr(a + ba) = (a + ba)(a — ba) = a®> + gh*. The elements a + ba
such that Nr(a + ba) = a*> + gb?> # 0 form a multiplicative group, since a product
of two elements in F,[a] with norm different from O has norm different from 0
(see A.2.1). Since the number of elements in [F,[or] with norm different from zero
isp> — (2p — 1) = (p — 1)? (p? is the number of all elements in F,[a]), so Nris a
homomorphism of the group of all elements with a nonzero norm in F,[«] onto the
group IF[’," That the mapping is surjective follows from the same argument as in the
case p = 1 (mod 4). Thus Nr maps a group of order (p — 1)? onto a group of order
p — 1, which means that the kernel has order p — 1. Thus the norm assumes each
value p — 1 times, that is, for every r € IF[’," the equation X> 4+ g¥?> = rhasp — 1
solutions.

10.11 (b) Let ¢ be any primitive n-th root of unity over I, and let f,(X) be its
minimal polynomial over [F,,.
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Let k be the degree of f.(X). Since p t n, there are ¢(n) primitive roots and, of
course, for each of them the field I, (¢) is a splitting field of @, ,. Thus the degrees
of all irreducible factors of @, , are equal to the degree k of this splitting field over
[, (notice that this is a special case of T. 10.2(c)).

The group of nonzero elements in F,(¢) has p* — 1 elements, so &~1 = 1. But the
order of ¢ in a splitting field of @, , is equal to n, so n | p* — 1. Hence, we have
p* = 1in (Z/nZ)*, which shows that the order of p in this group divides k. But this
order must be equal to k. In fact, if the order of p is [ < k, then n | p' — 1, which
means that the field F; of degree / over I, contains an element of order n, that
is, it contains a splitting field of the polynomial X” — 1. Thus, it must also contain
a splitting field of the cyclotomic polynomial @, ,. This is a contradiction, since
the degree of this splitting field is k > . Thus, we have proved that all irreducible
factors of @, , have the same degree k, which is equal to the order of p in (Z/nZ)*.

10.12 (a) Both polynomials @,(X) and @, (X) have a zero x modulo p. The identity
X'—1= l_[dln @,(X) from T.10.2(a), taken modulo p, shows that X" — 1 has a
double zero x modulo p in the field IF,,. Hence, it follows from T. 5.3 (or T. 8.1) that
the derivative of X" — 1 has a common zero with X" — 1 in [F,,, which happens only
if p | n.

(b) Let p be a prime divisor of @,(x). Notice that p } x, since p | @,(x) | X" — 1.
Denote by k the order of x in the group Z; of order p — 1. Thus k | p — 1, that is,
p =1 (mod k). Since x" = 1 (mod p), we getk | n.

If k = n, then p = 1 (mod n). If k < n, then the identity X* — 1 = ]_[d‘k D,4(X)
implies that p | @,(x) for some divisor d of k, since p | x** — 1. Thus, we have
p | @4(x) and p | @,(x), so (a) implies that p | n.

(c) Since @;(X) = X — 1, we have @;(0) = —1. By Exercise 10.2(a), we have
®,(0) = 1 for any prime p. Now we use induction with respect to n and assume the
equality @,,(0) = 1 for all m such that 1 < m < n.If n is not a prime and p is a
prime factor of n, then by Exercise 10.3(a), we get @,(0) = @,/,(0) = 1.

(d) Assume that there are only finitely many prime numbers congruent to 1 modulo
n. Let N be the product of all such primes and n. Of course, N > 1. Consider
the cyclotomic polynomial @,(X). Since its leading coefficient is 1, we can find
an exponent k such that ®,(N*) > 1 (of course, ®,(x) — oo when x — 00).
Take any prime number p dividing @, (N*). Such a prime cannot divide N, since
N | @,(N*) — 1 by (c). Thus p 4 n (n is a factor of N). According to (b), we have
p = 1 (mod n) and p is different from all the primes dividing N, that is, also all
those which are congruent to 1 modulo 7. This contradiction shows that the number
of primes congruent to 1 modulo 7 is infinite.

10.13 (a) G is a product of cyclic groups of some orders ny,...,n; (see A.6.2).
By Dirichlet’s Theorem (see Exercise 10.12), for every n; (i = 1,...,k), we can
find infinitely many primes congruent to 1 modulo n;. Let us choose such primes
pi = nik; + 1, for some integer k;, so that all p; are different. Since the group
ZI’; is cyclic of order p; — 1 = n;m;, it contains a subgroup of order m; and the
quotient of Z;‘l_ by this subgroup is isomorphic to Z,,. Hence, we have a surjection
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i - Z;,- — Z,,. Putting these surjections together, we get a surjection ¢ : Z;l X
e X Z;‘k — Zp, X +++ X Ly, where o((r1,...,7)) = (@1(r1),...,¢x(r)). But
Z[’fl X +ee X Z;‘k ~ Z;l”’[’k (see A3.11) and Z,,, x --- X Z,, = G, so we have a
surjection of Z[’fl wpy ONLO G.

(b) Let G be a finite abelian group. By (a), we can find n such that Z has a surjective
homomorphism onto G. Let H be the kernel of this surjection. By T. 10.1, the group
Z} is the Galois group of the cyclotomic field L = Q(g), where ¢ is a primitive
n-th root of unity. By T.9.3, the field M = L¥ is Galois over Q (since L is a Galois

abelian extension of Q) and its Galois group is G(L/Q)/H = Z; /H = G.

10.14 (a) Consider a tower K € K(¢) € K(e,®), where ¢" = 1, K(¢) is a splitting
field of X* — 1 and o" = a. All zeros of X" — a are ', where i = 0,1,...,n— 1
and ¢ is any primitive n-th root of unity. Of course, L = K(e, @) is a splitting field
of X" — a over K (see Exercise 5.11).

If 0,7 € G(L/K(g)), then o () = &' and 7(at) = &/x for some i, j € Z,. We have,
ot(x) = &M, so we have an injection of G(L/K(g)) into Z, when we map an
automorphism onto the exponent of ¢ which corresponds to it. Thus H = G(L/K(¢))
is isomorphic to a subgroup of Z,. It is, of course, a normal subgroup of G(L/K) by
T.9.3(a).

If 0,7 € G(K(¢)/K), then o(¢) = &' and 7(g) = &, where i, are relatively prime
to n, since the image of a generator of the group of n-th roots of unity must be a
generator of this group. We have o7(g) = &, so we have an injection of G(K(¢)/k)
into Z; when we map an automorphism onto the exponent of & which corresponds
to it. Thus G(K(g)/K) is isomorphic to a subgroup of Z*. By T.9.3(b), we have
G(K(e)/K) = G(L/K)/H.

(b) Let 0 € G(L/K) and let 6(¢) = &%, a € Z} and o(a) = &b, b € Z,. Then
o(ela) = &P, We define a mapping ¢ : G(L/K) — GL,(Z,) such that

oo =(57):

If, in a similar way, we have t(s'a) = &9, then it is easy to check that (o7) =

@(0)@(1), so ¢ is an injection of G(L/K) into the group GL,(Z,).

10.15 (a) Let n be the order of the group of all roots of unity in K = Q(e,,) and let
&n € K be its generator. Of course, we have m | n, since all m-th roots of unity form
a subgroup of order m in the group of order n of all roots of unity. Moreover, the
number &, is a power of &, so K = Q(e,,) = Q(e,,). Thus [K : Q] = ¢(m) = ¢(n)
by T.10.1(a). Using the formula A.11.4(b), the equality ¢(m) = ¢(n) together with
m | nimply n = mor n = 2m and m is odd. If n = m, then all roots of unity in K

are s’,‘n fork =1,...,m.If n = 2m, where m is odd, then there are 2m roots of unity
in K = Q(e,): sfl =fork = 1,...,n = 2m. We claim that this set is equal to the
set of all powers ¢k fork = 1,...,m. We have an inclusion of two cyclic groups:

(em) C (&4). The first group has an odd order m, and the second, the order n = 2m.
Thus the index of the first group in the second is equal to 2. The number —1 is in
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the group of roots of unity in K, but it is not in the first group, since —1 has order 2
while the order of the first group m is odd. Thus the group of roots of unity in K has
a splitting in the two cosets (&,) = (&,,) U (—1){&n), which proves that it consists of
elements :ts’,‘n fork = 1, ..., m. Notice that in the second case (n = 2m, m odd), the
number —¢,, is a generator of the group of roots of unity in Q(e,,) (its order is 2m).
(b) If n = mor n = 2m, where m is odd, then Q(g,,) = Q(e,,). This is evident when
n = m. In the second case, the number —¢,, generates the group of n-th roots of
unity by (a). Hence Q(e,) = Q(—¢,) = Q(enm).

Conversely, let K = Q(e,,) = Q(e,), where m < n, and denote by N the order of
the group of roots of unity in K. Then m < n < N and m | n (say, n = dm for an
integer d). As we know from (a), we have N = m or N = 2m and m is odd. Thus
either m = n or m < n. The second case is only possible when N = 2m and m is
odd. Since m < n = dm < N = 2m, we get n = 2m, where m is odd.

(c) We have Q(e,,) € Q(g,) if and only if Q(e,,) N Q(g,) = Q(ey) if and only if
Q(e@mm) = Q(em) (see the solution of Exercise 10.5(c)). By (b), the last equality
holds if and only if (m,n) = m, thatis, m | n or m = 2(m,n) and (m, n) is odd
(since m > (m, n)). In the second case, we have that m is even, % | n and n is odd
(since (m, n) is odd and m is even).

10.16 Example 1. Consider the Galois group of X'> 4 1. Let ¢ be a zero of this
polynomial, that is, !> = —1. Then &?* = 1 so a splitting field of X' + 1 is
contained in a splitting field of X>* — 1. Conversely, if ¢ is a primitive 24-th root
of unity, then !> = —1. Thus Q(¢), where ¢ is a primitive 24-th root of unity is a
splitting field of X'? 4 1. By T.10.1, the order of the Galois group is ¢(24) = 8.

Example 2. Consider the Galois group of the binomial X'>—3. As in Exercise 10.14,
we get the splitting field as K = Q(e, ¥/3), where ¢ is a primitive 12-th root of
unity. The field Q(~/3) has degree 12 over Q, and Q(¢) = Q(i, +/3) has degree
¢(12) = 4 over Q (see Exercise 10.8 in this chapter). Hence K = Q(~/3, i) is the
sought splitting field and its degree over Q is 24, since its degree over Q(~/3) is 2.

Problems of Chap. 11

11.1 In order to find a normal basis in a Galois extension K C L, one can follow the
proof of T.11.1, that is, start with any basis «; . . ., o, write down the images of a
“general element” ajo; + - -+ + a,, under all automorphisms 0;,i = 1,...,n, in
the Galois group and try to find a; such that these images are linearly independent,
thatis, @« = ajo; + - -+ a,, is normal. In the proof of T.11.1, we show that such a
choice always exists, but it is not too practical to follow the general argument (in the
proof of T. 11.1) and usually it is not difficult to find a normal element, “designing”
it in a suitable way. We consider one example.

Example. Let L be a splitting field of the polynomial f(X) = X> — 2 over Q, so
L = Q(s, ¥/2), where €2 4+ & + 1 = 0. The Galois group G(L/Q) consists of six
automorphism defined by o(¢) = +¢',i = 1,2 and 6(v/2) = ¢/¥/2,j = 0,1,2.
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Let us choose & = (1 + €)(1 + +/2). We want to show that the six images o () =
(1 + &")(1 + £/+/2) are linearly independent over Q. First note that 1 + &, 1 + 2 are
linearly independent over Q, so they form a basis of Q(¢) over Q. Next observe that
1+632 forj = 0, 1, 2 are linearly independent in L over Q(¢), since 1, 2,822
form a basis of L over Q(g), so a(1 4+ ~/2) +b(1+&v/2) +c(14¢%)+/2 = 0 implies
a+b+c=0,a+ be+ c(—1—¢) =0, which implies a = b = ¢ = 0, since the
second equality gives a — ¢ = b — ¢ = 0. Now we can use the argument from the
proof of T.4.3 that a basis of L over QQ can be obtained by multiplying any basis of
L over an intermediate field M (here M = Q(¢)) by a basis of M over Q. A similar
argument works when such an intermediate field exists in the extension for which
we want to construct a normal basis. See also Exercise 11.2.

11.2 (a) We denote by o the nontrivial automorphism of L over K. If « € K or
Tr(e) = o 4+ o(@) = 0, then « is not normal, since & and 8 = o(¢) = L« are
linearly dependent.

Conversely, let @ ¢ K and Tr(«) # 0. We want to show that « and o («) are linearly
independent. If not, then o' (&) = aa for some a € K. Hence 0 (at) = ao(a) = a’a.
Since 02 = 1 and & # 0, we get > = 1. This gives either () = a, so @ € K, or
o(a) = —a, so Tr(e) = @ + o(«) = 0. Both consequences are impossible, which
implies that o and o («) are linearly independent.

Notice that the solution of (b) below gives another method of treating (a).

(b) Exactly as in (a), if @ € K or Tr(a¢) = a + o(a) + 0*(er) = 0, then « is not
normal, since &, f = o(«) and y = o(B) are linearly dependant.

Conversely, let « ¢ K and Tr(o) # 0. Using Lemma 11.2 on p. 129, we get that
a, B, y are linearly dependent if and only if

apy
Bya|=@+B+la—B>+B-—y)’+F—a)?]=0.
yap

The last equality implies Tr(¢) = ¢ + f + y = 0ora = B = y, in which case,
B = o(@) = a,s0 a € K. Thus, we get a contradiction, which shows that «, 8, y
are linearly independent.

11.3 (a) Let G(L/K) = {01,...,0,} and let « € L be a normal element. Then
o1(®), . ..,0,(x) form a basis of L over K and, in particular, are all different. Hence
« is a generator of L over K by Exercise 9.24. The converse is not true, since a
generator of L over K need not be normal. For example, the generator i of Q(i) over
Q is not normal, since i, —i is not a basis of Q(i) over Q.

(b) Take a finite field generated over F, by an element whose trace is 0. For example,
let L = Fy(a), where o® +a + 1 = 0. The group L* has order 7, so 7 is the order
of a. The zeros of the minimal polynomial f(X) = X® + X + 1 are a,a? and
a* = a? +a, which are the images of & under all automorphisms of G(L/F,). They
are linearly dependent as & + @® + a* = 0. Thus « is a group generator of L*, but
it is not a normal element.
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A normal element need not be the group generator for the group of nonzero elements
in the field. Consider a quadratic extension F; C F;(a) = L, where o> + 1 = 0.
The nontrivial automorphism in the Galois group is defined by o («) = —« and an
element x = a + bo, a, b € Fy, is normal if and only if x = a + b, 0(x) = a — b
are linearly in dependent over 7, which happens if and only if ab # 0. Thus, we
have 36 normal elements. Since the field L has 49 elements, the nonzero elements
L* form a group of order 48. The number of its generators is ¢(48) = 16. Thus,
certainly there are normal elements in L which do not generate the group L*. Since
there are 12 non-normal elements in L*, at least 4 elements in L* must be both
normal and group generators. Which ones?

Remark. Summarizing, we see that both group primitive and normal elements are
field primitive, but a field primitive element need not be normal or group primitive.
On the other hand, the two subsets of field primitive elements—group primitive and
normal elements—may intersect, but a normal element need not be group primitive
and a group primitive element need not be normal. It is known that in a finite field
extension there exist elements which are both normal and group primitive (see [LS]).

11.4 (a) We assume that X, Y, Z are positive integers. Since Nr(a) = 1, where
a= %, Hilbert’s Theorem 90 says there exists a 8 = m + ni such that e = /8.
We can assume that m, n are relatively prime integers (8 and B can be divided by
the greatest common divisor of m and n). Thus, we have

X+Y. B m —+ ni mz—n2+ 2mn
o= — —l= == = 1
Z Z B m—ni m?4+n2 m?+n?
SO

X m? — n? d Y 2mn

— = an -—= —.

Z m?4n? Z m?4n?

Since m, n are chosen to be relatively prime, a common divisor of m? — n? and
m? + n? can only be 2 and this happens only when m, n are both odd. The same
is true of 2mn and m?> + n?. If it happens, then we can find integers k, [ such that
k+!l=mandk—[=n,thatis, k = (m+n)/2and [l = (m —n)/2. Of course k, [
are of different parities and

X 2kl Y K-P

4 d L=
Z k1P an 7 R+P

Thus, we can assume that already from the beginning, the numbers m,n are of
Zl’j;ﬁ m%’j_’; ~> are in the lowest terms. Since
we assume that X, Y, Z are relatively prime positive integers, the fractions %, % are
also in the lowest terms. Thus, we have the equalities X = m?> —n?,Y = 2mn,Z =

m? + n?, m, n are relatively prime positive integers of different parities and m > n.

different parities, so the fractions and



216 19 Examples and Selected Solutions

(b) Using similar arguments as in (a), but in the field Q(+/—2), the formulae are
X =m?—2n% Y = 2mn, Z = m*> + 2n%, m, n are relatively prime positive integers,
m is odd and m > n+/2.

11.5 (a) A cyclic extension of degree n over K is a Kummer extension of exponent
n and by T.11.3, it is of the form K(/a) for some a € K, a # 0. Conversely,
every extension of this form is cyclic and has degree n. According to T. 11.4(c), the
extension K({/a) of K corresponds to a subgroup of K*/K*" generated by aK*".
The extensions K ({/a) and K(/b) of K are isomorphic if and only if aK*" and bK*"
generate the same subgroup of K*/K*". Since all the generators of the cyclic group
generated by aK*" are a"K*", where ged(r,n) = 1 (see A.2.2), we get bK*" =
a’K*" for some r relatively prime to n, that is, ba™" € K*".

(b) If L is a quadratic field extension of Q, then by Exercise 8.2, we have
L = Q(J/a), where a € Q. We can always choose a € Z, since a = p/q,
where p,q € Z,q > 0 and Ja = (1/q)./pq. Moreover, we can always choose
p, g relatively prime and without factors which are squares of integers (we have
Q(r/a) = Q(4/a) for any nonzero rational number r). Hence, we can choose pg
as a product of different prime numbers or as —1 in the special case when p, g are
units (that is, +1). If now Q(/a) and Q(+/b) are two quadratic extensions such that
a, b are both positive or negative products of different prime numbers or —1, then
by (a), we get that two such extensions are equal if and only if ba™! is a square of
a rational number. This is the same as saying that ab is a square of an integer, since
ba™' = ab - (1/a)*. But a, b are square free, so ab is a square if and only if a = b.
Thus every quadratic extension of QQ can be uniquely written as Q(/a), where a is
a product of different factors which are prime numbers or —1. Notice that it is easy
to prove (b) directly without the general result in (a).

11.6 (b) If K D Q is a cyclic cubic extension, then by Exercise 9.15, the field EK is
a Galois extension of E and Galois extension of Q with Galois group Z, x Z3 = Zg.
Conversely, if L is a Galois extension of Q with Galois group Zg containing E, then
the fixed field of the only subgroup of Z¢ of order 2 (the identity and the complex
conjugation) is a cyclic cubic extension K of Q. It is uniquely defined by L.

(c) The minimal polynomial of ¢/ over Q is ¢(X) = (X> —a)(X® —a) = X® —
Tr(a)X? + Nr(), since it has rational coefficients and the degree 6 is equal to the
degree [L : Q] = [L : E][E : Q] = 6. Thus, if L over Q is Galois, we have v/& € L,
since it is a zero of the same irreducible polynomial, which has &/« as its zero.
Hence, we have L = E(J/a) = E(~/a@). Conversely, if these equalities hold, then
the field L is a splitting field of the polynomial ¢ (X), so it is a Galois extension of Q.
The fields E({/a) and E(~/@) are Kummer extensions of E of exponent 3 and by
T.11.4(c), the equality E(J/@) = E(5/@) says that & and & generate the same
subgroup of E* modulo E*3. This is equivalent to a?E*3 = GE*? or E*® = GE*,
that is, «@ = Nr(«) € E* or o’@ = aNr(a) € E*3.

Assume that the first case occurs. As a splitting field of ¢(X), the field L has six
automorphisms mapping its zero /& to one of the six others: &' /o, &'~/ for
i = 0,1,2. It is easy to check that the automorphism mapping /o onto e/
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has order 6 (it follows from the assumption that J/av/@ = ¢/Nr(x) is a rational
number). Hence, the Galois group G(L/Q) is cyclic.

Conversely, assume that G(L/Q) is cyclic. We want to prove that Nr(«) is a rational
cube. In fact, we have /a~/@ = J/Nr(x) € L. Hence L contains a splitting field of
the polynomial X3 —Nr(«) with rational coefficients if this polynomial is irreducible.
But the splitting field of such an irreducible polynomial is of degree 6 over Q and
its Galois group is the symmetric group Sz (see Exercise 10.14(c)). This contradicts
our assumption about G(L/Q). Hence the polynomial X* —Nr(«’) must be reducible,
which shows that Nr(«) is a rational cube.

Thus, we have proved that the Galois group G(E(/«)/Q) is cyclic if and only if
Nr(x) is a rational cube. Consequently, it must be the symmetric group S3 if and
only if E(/«) is Galois over Q and aNr(«) is a cube in Q, since there are only two
non-isomorphic groups with six elements.

(d) Using the formula (a + b)® = a® + b + 3ab(a + b) with a = Vff2, b = Vff2,
we get y° = ff24+ff24+3Nr(f)y = Tr(f)Nr(f)+3Nr(f)y. Thus y has the minimal
polynomial:

X* = 3Nr(f)X — Tr(f)Nr(f), (19.1)

over Q. The cubic roots in y = /ff2 + v/ff? are so chosen that their product is
equal to Nr(f).

11.7 (b) If K D Q is a cyclic quartic extension, then by Exercise 9.15, the field
L = EK is a Galois extension of E and a Galois extension of Q with Galois group
Z; x Z4. In fact, the quadratic subfield of K is real by Exercise 9.23,s0 ENK = Q.
Conversely, let L be a Galois extension of Q containing E with Galois group Z; X Zs.
It is not difficult to check that the group G = Z, x Z4 contains exactly two elements
of order 2, which generate subgroups H such that G/H is cyclic of order 4 (the
subgroups H generated by (1,0) or (1,2)). The fixed fields K; and K, of these
two subgroups are the only two cyclic quartic extensions of Q which are contained
in L. The third element of order 2 in G generates a subgroup H such that G/H
is the group Z, x Z, (the element (0, 2)). Its fixed field K contains three quadratic
extensions of Q and among them, the field E, since all quadratic extensions of Q in L
are contained in K (the group G contains exactly three subgroups of order 4, whose
fixed fields are quadratic over @, and the field K contains exactly three quadratic
subfields). The intersection of K; and K, must be a real quadratic subfield of both
(see Exercises 9.15 and 9.23) and K is not the real subfield of L, since it contains
E. Thus one of the fields K, K, must be real, but not both, since K; K, = L and L
is not real (it contains E). Hence, the field L uniquely defines a pair of its subfields
K, and K (one real and one nonreal), which are cyclic quartic over Q and such that
EK, = EK, = L.

(c) The minimal polynomial of ¢/ over Q is ¢(X) = (X* —a)(X* —a) = X% —
Tr(a)X* + Nr(), since it has rational coefficients and the degree 8 is equal to the
degree [L : Q] = [L : E][E : Q] = 8. Thus if L over Q is Galois, we have v& € L,
since it is a zero of the same irreducible polynomial, which has </« as its zero.



218 19 Examples and Selected Solutions

Hence, we have L = E(/a) = E(~/a@). Conversely, if these equalities hold, then
the field L is a splitting field of the polynomial ¢(X), so it is a Galois extension
of Q.

The fields E({/a) and E(~/&@) are Kummer extensions of E of exponent 4 and by
T.11.4(c), the equality E(J/a) = E(~/@) says that @ and @ represent the same
subgroup of E* modulo E**. This is equivalent to @3 E** = gE** or @’E** = gE**
or aE** = @E**, that is, a@ = Nr(a) € E** or a’ad = aNr(x) € E* or o’a =
a®Nr(a) € E**,

Assume that the first case occurs. As a splitting field of ¢(X), the field L has eight
automorphisms mapping its zero &/« to one of the numbers: i ¥/, i" v/& for r =
0,1,2,3. Since Nr(x) is a fourth power in E*, it is easy to see that Nr(«) = M,
where r > 0 is a rational number. In fact, if Nr(o) = (a + bi)* = (A + Bi)? for
suitable rational numbers a, b, A, B, then we first see that AB = 0 and, using this,
that ab = 0 (since Nr(x) is a rational number). Hence, we can choose r as the
absolute value of a (or b). Let us fix the values of &/« and /@ in such a way that
Yay/a = rand define o(Y/a) = iv/a. Taking fourth powers on both sides, we
get o(a) = @, so o is nontrivial on E, which shows that o (i) = —i. Using this and
the equality o (v/@) = —i/a, which follows from the equality </a~/& = r and the
definition of o, we check that o has order 4. The automorphism t(¥/a) = —¥a
has order 2, which is also a consequence of our choice of /& and +/&. We check
that o0t = to, which implies that the group generated by these two automorphisms
is isomorphic to Z;, x Z4. Thus, it is the whole Galois group G(L/Q).

In the second case, we have a’a = B*, where B € E*. This equality says that
@ = y? for some y € E*, so o = y? and we get y*y? = B*. Hence, once again, we
see that y is a square in E* and, consequently, « is a fourth power of an element in
E*. This is impossible, since L has degree 4 over E.

In the third case, we have a@ = B*, where B € E*. Let us fix </ and ~/@ in such
a way that Ja? Ja = B. Consider two automorphisms o, 7 of the field L such that
o(¥a) = i¥a and () = iv/a. We check that o has order 4, T has order 2 and
ot = o~ !. In fact, taking the fourth powers in the equalities defining o and 7, we
geto(o) = a and (o) = @. Thus o is the identity on E, and 7 is the complex
conjugation on E. Hence, we have o() = B and 7(8) = B. Using this and the
equality vo3 /@ = f, we find that o (v/@) = iv/& and T(¥&) = —i&/a. Now, we
have Y@ v ida > —da > —ida > Yo and Ya v iVa v> Ya, that is,
o* = 1 and 1> = 1. Moreover Ya > i¥/a > V& > i¥/@, so oo = t, that
is, T70 = o~ 'z. These relations say that G(L/Q) consists of automorphisms o'/,
where i = 0, 1,2,3,j = 0, 1. These eight elements form a group isomorphic to the
square group Dy (see p. 239 on the definition of D, by generators and relations).
(d) We fix a value of ¢/« and choose v/@ so that /av/@ = Nr(f)|g|. Then one
may show as in (c) that the automorphism o : &/ — /@ has order 2 and that the
quotient of the Galois group G(Q(¥/)/Q) by (o) is a cyclic group (of course, of
order 4). But it is more instructive to find the Galois group of the field Q(/a){*) =
Q(y), y = Yo+ ¥&, which has degree 4 over Q by T. 6.2, since [Q(&/«) : Q] = 8.
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In fact, we have
yt=a+a+4vaval(Ve): + (Va)] + 6(vVa) (Va)
= Nr(f)g*[Tr(f)* — 2Nr(f)] + 4Nr(f)gly* — 2Nr(f)g] + 6Nr(f)*g>
= 4Nr(f)gy” + Nr(f)g*[4Nr(f) — Tr(f)*].

Thus y is a zero of the polynomial X* — 4Nr(f)gX? + Nr(f)g?[4Nr(f) — Tr(f)?]

whose zeros are \/2g (Nr(f) + % Nr(f)).
(e) Taking f = k + li, we get Tr(f) = 2k and A = Nr(f) = k*> + I>. Thus,

we may choose y = +/m(A + k+/A), where m = 2g. We may assume that m
is a square-free integer (of course, m = 1 is a possibility). For example, when

f=1+42i,m=1, we get the extension Q(v/5 + v/5) of Q.

11.8 We have Tr(1) = p -1 = 0. According to the additive version of Hilbert’s
Theorem 90 (see T.11.2(b)), there is an « € L such that  — o () = 1, where o is
a generator of the Galois group G(L/K). The images of o by the automorphisms of
LoverK area,o(a) =a —1,0%(a) =a —2,...,0" (@) = a — (p—1). Since
a has p different images, we have L = K(«) by Exercise 9.24. Now we find the
polynomial of degree p in K[X] having these zeros: f(X) = ]_[i:é (X — (¢ —1)). We
have, in fact, f(X) = X? — X — a, where

a=al@—=1)-(@—=(p-1).

In order to prove this, we check that f(0) = —a (observe that for p = 2, we have
—1 = 1 and for p > 2, the number of factors defining f(X) is odd) and X? — X has
the same value o —a = @ foralla —i,i = 0,1, ..., p— 1 thanks to Fermat’s Little
Theorem (see Exercise 6.3(c)). We have ¢’ € K, since @’ is invariant with respect to
all automorphisms of L (that is, @’ € L°%/K) = K). Thus the zeros of X? — X — d’
are the same as the zeros of f(X), which gives the required equality and, of course,
d =a.

11.9 Since L is a Galois extension of K, we can choose a prime number g dividing
[L : K] and a subgroup of order ¢ in G(L/K) (see A.9.3). The degree of L over the
fixed field of such a subgroup is g. Therefore, we assume that we have an extension
K C Lsuchthat [L: K] = q is a prime number. Consider now two cases I and II.

Case I: g is not equal to the characteristic of K (which may be zero). Notice that
all g-th roots of unity are in K. This is clear when g = 2. If ¢ > 2 and the polynomial
X9 — 1 has an irreducible factor of some degree d > 1, thend < g and d | g, since
each zero of this factor in L generates an extension of degree d over K. But this is of
course impossible, since ¢ is a prime number. Thus, all irreducible factors of X — 1
have degree 1. Let ¢ generate the group of g-th roots of unity in K. Since L is a
cyclic Galois extension of degree ¢, we have L = K(«), where «? = a € K.
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Let B € L be such that B¢ = «. If g is odd, then taking the norms, we get
Nr(B)¢ = Nr(a) = a = a?. Hence, we have @ = &'Nr(8) € K for some i, which
is a contradiction. (Notice that for ¢ = 2, we have Nr(«) = —a, so the argument
fails.)

Case II: ¢ is equal to the characteristic p of K. By the “additive” Hilbert 90 (or
the description of Artin—Schreier extensions), we have L = K(«), where « is a zero
of an irreducible polynomial X? —X —a, a € K (see Exercise 11.8). We want to show
that this is impossible, since each such polynomial has a zero in K. The elements
l,a,...,a"" formabasis of L over K. If x = ap + a1t + -+ + a1’ ', a; € K,
then X’ —x = by + bhjoo + --- + bp_lotp_l for some b; € K. We want to find b,
expressed by a;. In the computation below we denote by --- all terms which are
expressed as a linear combination of the powers 1, «, . . ., P2, We have:

p—1 p—1

p—1 p—1
X —x= (Z aio’y — Z aa’ = Z afoti" - Z ad
i=0 i=1 i=0 i=1
p—1 p—1
= Zaf'(oz +a) — Zaiai = (] —a)a” -
i=0 i=1

Now choose x € L to be an arbitrary zero of the equation X? — X — ao”~! in the
field L—such a zero exists since L is algebraically closed. Then the left-hand side
above is aa”~!, so the corresponding a; satisfies a‘i’ — a; = a, which gives a zero q;
of X — X —a.

Thus the second case g = p is also excluded and the only possibility that remains
is that L is an algebraically closed field of finite dimension over its subfield K and
[L : K] is a power of 2.

Assume that [L : K] = 2. Denote by i a zero of X> 4+ 1 in L. We claim that
L = K(i). Assume that i € K and let L = K(a), where «> = a € K. Take
B € L such that B2 = a. Then Nr(8)?> = Nr(a) = —a = —a?, which implies that
a = +iNr(B) € K, which is impossible. Thus, we have i ¢ K, that is, L = K(i).

If now [L : K] is a power of 2 bigger than 2, then the Galois group G(L/K) has
a subgroup of order 4. Assume that K is its fixed field, so [L : K] = 4. A group
of order 4 contains a subgroup of order 2, so there is a subfield M of L containing
K such that [L : M] = 2. Let M be any such subfield of L. Then L = M(i) as we
already know. But [K(i) : K] = 2 (i € K), so we can take M = K (i) and we get a
contradiction—for such a choice of M, we have i € M and i & M.

Problems of Chap. 12

12.2 (a) Since G/N is abelian, we have glgzgl_lgz_1 € N when g1, 8, € G (since
Ngi1g» = NgiNg, = NgaNgi = Ngogi, we have Ng1g287'¢," = N). Let (a, b, ¢)
be an arbitrary cycle of length 3 and let g = (a,b,d), g2 = (c,e,a), where
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a,b,c,d,e €{l,2,...,n} for some n > 5. By the assumption, we have g1, g> € G.
Thus

21828785 = (a,b,d)(c,e,a)(d,b,a)(a,e,c) = (a,b,c) €N,

which shows that any cycle of length 3 is in N.

(b) Assume that A, is solvable for some n > 5, that is, there is a sequence Gy =
A, DGy DD Gy DG, = ((1)) such that Gi4; is normal in G; and G;/ G+
is abelian for i = 0,...,m — 1. Thus Gy = A, has a normal subgroup G; such
that Go/G; is abelian. But every cycle (a, b, c), where a,b,c € {1,2,...,n},is in
Gy = A, (since (a, b, ¢) = (a, b)(b, c) is even), so by (a), the group G, also contains
every cycle of length 3. In the same way, the group G, contains all cycles of length
3. Using induction, we see that all subgroups G; must contain all cycles of length
3. This is a contradiction, since G,, has only one element. Thus, the group A, is not
solvable when n > 5.

12.3 Among all possible chains G = Gy D G; D ... D G, = {e} choose a
chain with maximal possible value of n. If for some i < n the quotient G;/ G4 is
not cyclic of prime order, then it contains a nontrivial subgroup H/G;4, where
G; D H D Gjy1 (see A.2.15). This contradicts our choice of n. In fact, Gy,
is a normal subgroup of H, since it is normal in G;, and H/G;4+ is an abelian
group as a subgroup of G;/G;4;. The group H is normal in G; as an inverse image
of a normal subgroup H/G;+1 in G;/G;t1, by the natural surjection of G; onto
G/ G+ (see A.2.13). Finally, the quotient G;/H is abelian as the image of a natural
surjection of G;/G;4+1 onto it (see A.2.12).

12.4 (e) We have ¢, (X) = @un p(ar—1 4--+a+1) (se€ Exercise 12.4(b) on p. 171), so
if the order of ¢, is p, then @” = 1. Since, according to Fermat’s Little Theorem,
a” = a, we geta = 1. Thus all elements of order p are in 7,.

12.5 First, we prove that (a) and (c) are equivalent. Of course, (c) implies (a), since
the group G, is solvable, so if G is isomorphic to its subgroup, then it is also solvable
by T.12.1(a).

Assume that G is a solvable group. We choose X = {0,1,...,p — 1}, so G acts
transitively on X (see section “Group Actions on Sets” in Appendix). We prove the
claim by induction on the order of G. The order of G is at least p by (d). If it is p,
then G is a cyclic group with a generator o of order p. This generator ¢ must be a
cycle of length p, since every permutation is a composition of disjoint cycles whose
lengths divide the order of the group element. So o must be one cycle of length p,
since the order of o is a prime number p. Let 0 = (ap,...,a,-1), a; € X. Let T be
the permutation 7(a;) = i. Then tot™' = (0,1,....p — 1) (see A.8.1(c)). Thus G
is conjugate to 7,,.

Assume now that the claim is true for groups whose orders are less than the order
of G and that G is not of order p. As a solvable group whose order is not a prime
number, G has a nontrivial normal subgroup N (see Exercise 12.3). Since the order
of N is smaller than the order of G and N C §,, acts transitively on X by (e), we can
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use the inductive assumption, which says that N is conjugate to a subgroup of G,
containing 7,. We may assume that 7, € N C G, (and take instead of G a conjugate
group containing N, which we still denote by G). We want to show that G C G,. Let
o € G. Since the order of ¢, ; is p, the order of a¢1,10_1 is also p and this element
belongs to

07;,0_1 CoNo 'CcNC Gp.

As we know (see Exercise 12.4(e)), the group G, contains exactly one subgroup
consisting of all elements of order p—the subgroup 7, generated by ¢; ;. Hence,

-1 a
0110 = ¢11 =@la

forsome a, 0 < a < p.If r € F), then 091 1(r) = ¢f,0(r), thatis, o(r + 1) =
o(r) + a. Hence o (r 4+ 2) = o(r) + 2a, and repeating the argument, o (r + x) =
o(r) + ax. Putting r = 0 and 0(0) = b, we get o(x) = ax + b. Thus o € G, and
our proof of the inclusion G C G, is completed.

Now we prove that (b) and (c) are equivalent. Of course, (c) implies (b) by
Exercise 12.4(d). Conversely, assume that every element of G has at most one fixed
point on X. Let f; be the number of fixed points of 0 € G acting on X. According to
Bernside’s Lemma (see A.9.2(c)),

1
E Zfa

is the number of orbits of G in its action on X. Since the action is transitive, this sum
is 1. Let r; be the number of elements of G with f; = i. The number f, may assume
three values: 0, 1 or p (the last one for the identity). Hence, the expression above
gives the equality |G| = p + r1. On the other hand, we have |G| = 1 + ry + r; (there
is only one element in G with f; = p, namely, the identity of G). Thus, we get that
ro = p — 1 is the number of elements of G without fixed points. As permutations of
X, these elements are cycles of length p. The subgroup N generated by one of them
must contain all the others (it contains p elements, which with the exception of the
identity have order p). Moreover, the subgroup N is normal in G, since an element
of N conjugated by an element of G gives again an element of the same order, so
it must be an element of N. Exactly as in the proof (@) = (c), we show that N
is conjugate to 7,. Denoting 7, by N (the only subgroup of G and G, containing
all elements of order p), the same arguments as in the proof (a¢) = (c) show that
G - gp-

(d) Let x € X and let G, = {g € G|gx = x} be its stabilizer (for the definition,
see p. 267). By A.9.2(a), we know that the number of elements in the orbit Gx is
equal to the number of cosets of G, in G, that is, it is equal to |G|/|Gy|. Since G is
transitive, we have |Gx| = |X|, so |X||G,| = |G|. Hence the order of G is divisible
by the number of elements in X.
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(e) As above (i.e. by A.9.2(a)), the number of elements in an orbit Hx of a group H
acting on X is equal to |H|/|H,|, where H, = {h € |hx = x} is the fixed group of x
in H. Assume that there is an element x’ which is not in this orbit. Since the group G
acts transitively on X, we have g € G such that gx = x". The number of elements in
the orbit Hx' is equal to |H|/|Hy|. But Hy = gH,g~' (see A.9.2(a)). Thus H, and
H,, have the same number of elements, which shows that the orbits of x and x” have
the same number of elements, say, m. Let k be the number of orbits of H on X. Of
course, we have km = |X|. Since |X| = p is a prime, we get m = 1 or m = p. In the
first case, each orbit has only one element, so every element of H acts as the identity
on X. In the second case, there is only one orbit, which consists of p elements, so H
acts transitively on X.

12.6 Let G act on itself by conjugation (see section “Group Actions on Sets” in
Appendix). This means that we take X = G and we define an action of g € G
onx € X as gxg~!. Let as usual G, denote the stabilizer of x, that is, G, = {g €
Glgxg™! = x} (G, is the subgroup of elements which commute with x). Notice that
G, = G if and only if the element x belongs to the center C(G) of G (see p. 245).
Let ¢ be the order of the center, that is, the number of elements for which the orbit of
the action of G on X has only one element. If there are other orbits Gx having more
than one element, then every such orbit has |G|/|G,| = p™ elements, where n, > 0
(see A.9.2(a)), since the orders of G and G, are different powers of p. By A.9.2(a),
we have

|G| |G|
|G| Zx: Gl c+X§;0 TRk
where x represent different orbits of the action of G on X. Since both |G| and the
last sum to the right in the formula above are divisible by p, we get that ¢ must also
be divisible by p. Thus the center is not trivial (has more than one element).

A proof that G is solvable can be given by induction with respect to the order of
the group. If G has order p, then it is cyclic, so as an abelian group it is solvable
(see Exercise 12.1(a)). Let |G| = p" and assume that p-groups of order less than p”
are solvable. Consider the center C(G) (see p. 245). If C(G) = G, then G is abelian
and therefore a solvable group. If C(G) # G, both C(G) and G/C(G) are solvable
groups (the first one is even abelian, but the second definitely has order less than the
order of G). Thus G is solvable by T.12.1(c). Notice that the center C(G) is normal
in G (see p. 245).

Problems of Chap. 13

13.1 Example. We show that L = Q (\/ J2+ 2, 5/5) is a radical extension

of Q. We construct the following chain of extensions in which each bigger field
is an extension of the preceding one by a root from an element belonging to this
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smaller field:

Ko=@c1<1=KO(%)CK2=K1(<5)CK3=KZ( %+%)CK4=K3(%>=L.

13.2 Example. We prove that the equation X'2—3X*—3 = 0 is solvable by radicals.
Denote X* by T. Then the equation reads T3 — 37 —3 = 0. This equation is solvable
by radicals, which is shown in Chap. 1. If « is any solution of this equation, then
in order to find a solution of the starting equation, we have to solve X* = «. Each
such equation is of course solvable by radicals, so we can express all solutions of
the equation X'2 — 3X* — 3 = 0 by radicals.

13.3 Let K C L be a radical extension as in (13.1) and consider a longest possible
chain of fields

K=KyCK, C...CK,=L

such that K; = K;—i(«;), where «;' € K;— and r; are positive integers for i =
1,...,n — 1 (observe that we assume that the next field is strictly bigger than the
preceding one). We claim that all ; must be prime numbers. Assume that some r;
is not a prime. Then r; = pr; where p is a prime number and r; > 1 is an integer.
Instead of K;—; C K; = Ki—i(e;), we can take K;i—; C K] = K;_1(B;)) C K; =

Ki—1(v;), where 8; = al.r". Thus, we have ,Bf’ = o' € K;—. This chain may extend
the chain above and then we get a contradiction. But it may happen that we have an
equality K;—; = K/ or K = K; (but not both!) and then either K;_; = K/, so we can
replace r; by a smaller number 7}, or K! = K;, which makes it possible to replace
r; by a prime number p. In the first case, we have to repeat the argument with 7,
instead of r; if / is not a prime number. Continuing, we get that all r; can be chosen
as prime numbers.

13.4 (a) Denote by L a splitting field of f(X) over K. The complex conjugation
shifts two nonreal zeros and fixes all the remaining real p — 2 zeros. We order the
zeros so that the nonreal zeros have indices 1, 2. Thus, the complex conjugation is
the transposition T = (1, 2). The action of the Galois group G(L/K) on the zeros is
transitive, since the polynomial is irreducible (see Exercise 9.4(b)). The set of zeros
has p elements, so the order of the Galois group is divisible by p by Exercise 12.5(d).
By Cauchy’s Theorem (see A.9.3), the group G(L/K) contains an element of order
p- Since such an element is a permutation of the set of p zeros of f(X), it must be a
cycle of length p. Some power of this cycle maps 1 to 2, so we can choose this power
as o and, if necessary, we can change the numbering of the remaining zeros so that
o = (1,2,...,p). Now according to A.8.4, the Galois group as a group generated
by o and 7 is equal to the whole group S,,.

(b) The derivative 5X* — p2 has 2 real zeros x = + ﬂ The values of the function

3
fxX) = X5 — sz — p at these points aref(ﬁ) = % — ng p =

F (1=r- ) <0s () == (-1 ) -0
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for every prime p. Thus the polynomial f(X) has exactly 3 real zeros (and 2 nonreal).
It is irreducible by Eisenstein’s criterion. According to (a) its Galois group is Ss.

13.6 Let f(X) = 0, where f(X) € Q[X], be irreducible and assume that it has 3 real
and 2 nonreal (conjugate) complex roots. It follows from Exercise 13.4(a) that the
degree of the splitting field of such a polynomial over any number field over which
the polynomial is irreducible equals 120.

Let, as in the text of the exercise,

Q=KCKiC...CK, =L

be a chain of fields such that K; = K;—(¢;), where ocir " € K;_1, the exponents r; are
prime numbers (see Exercise 13.3) fori = 1,...,n—1 and the splitting field of f(X)
over Q is contained in L. Let i < n be the least index such that f(X) is irreducible
in K;_; but reducible in K; (i must exist, since f(X) is irreducible in Q but reducible
in L). We show that f(X) must still be irreducible in K;, which gives a contradiction
showing that f(X) = 0 cannot be solvable by radicals.

Denote by B;, j = 1,2,3,4,5, the zeros of f(X) in L and let M =
Ki—1(B1, ..., Bs) be a splitting field of f(X) over K;_;.
(a) We prove that [K; : K;—1] = 5, where K; = K;— (®;), af =a; € K;_.
According to the assumption, the degree [K; : K;—] is a prime number, but since
the polynomial f(X) of degree 5 is irreducible in K;—; and reducible in K;, Nagell’s
lemma says that [K; : K;—] = 5.
(b) Assume that the polynomial f(X) is reducible over K;. We show that this cannot
happen considering two possibilities: f(X) = g(X)h(X) over K;, where deg(g) = 2,
deg(h) = 3 ordeg(g) = 1, deg(h) = 4.
We start with the first case (deg(g) = 2, deg(h) = 3). As we know, the degree
[M : Ki—;] = 120 (see Exercise 13.4(a)). But we have the tower K;_; C K; C
Ki(,Bh ey ,35) in which [Kl : Ki—l] = 5and [Ki(,Bh ey ,35) : Kl] < 2-6 = 12, since
we extend by zeros of a quadratic polynomial g(X) (at most a quadratic extension)
and by zeros of a cubic polynomial #(X) (an extension of degree at most equal 6).
Thus [K;(B1,...,B5) : Kii1] <5-2-6 = 60. But M is a subfield of K;(B, ..., B5)
containing K;—; and has degree 120 over K;_;, which gives a contradiction. Hence
f(X) cannot be factorized as a product of g(X) and A(X).
Now, we consider the second case (deg(g) = 1, deg(h) = 4). Let N = K;—i (¢, &),
where &° = 1, ¢ # 1, be a splitting field of X" — a; over K;_; (recall that the zeros
of X'i — q; are da; forj = 0,1,2,3,4—see Exercise 5.11(c)). We have K;—; C
K; C N = Ki—1(;, &) and the degree [N : K;—;] < 5-4 = 20, since ¢ is a zero of
X* 4+ X34 X%+ X+ 1. But f(X) is irreducible over K;_; and having a factor of degree
1 over K, it has a zero in N. Since N is normal over K;_, all the zeros of f(X) are
in N. Hence N contains M, whose degree over K;_; is 120. This is a contradiction,
which means that factorization of f(X) over K; of the given type is impossible.

13.7 There are at least two possibilities. Using T. 13.1 and Exercise 12.1(a),(b),(c)
together with T. 12.1(a), we get that the Galois groups of all equations of degree < 4
are solvable (see also the solution of Exercise 13.12).
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A more direct way is to use the fact that the equations of degree < 4 really
are solvable by radicals, which was shown in Chap. 1. Of course, in each case it
is possible to give an explicit chain of fields like (13.1) such that K is the field
containing the coefficients of an equation, and L is a field containing one or more of
its solutions. For example, for a cubic equation X3 + pX +¢ = 0, Cardano’s formula
(1.5) gives the following chain:

3 s 2 3
K=KO=Q(p,q)§K1=Ko( %+p—)§L=K2=K1( -1+ %Jr’z’—)

Notice that § = 3—%— £ 4+% € Las aff = £p/3, where o =

3 q q2 [73
V-i+VE+ 5

13.9 (a) Let L be a splitting field of an irreducible polynomial f(X) over a field
K. Assume that L is generated over K by any two zeros of f(X). If a nontrivial
automorphism ¢ in G(L/K) has more than one fixed point as a permutation of the
zeros oy, ..., o, of f(X) and, say, o, are such zeros, then o (o;) = o; fori = 1,2.
But L = K(o,®3), so o is the identity on L, which contradicts its choice. Thus,
every nontrivial automorphism in G(L/K) has at most one fixed point

Conversely, assume that every 0 € G(L/K), 0 # 1, has at most one fixed point
among the zeros of f(X). If there are two zeros o, o; of f(X) which do not generate
L, then there is a zero oy of f(X) such that o € L\ K(o;, o). Take a nontrivial
automorphism 0 € G(L/K(a;, j)) (see T.9.1 and T.9.3). Then o has two fixed
points in the set of zeros of f(X), which is a contradiction.

(b) If f(X) € K[X] has prime degree p and is solvable by radicals, then its Galois
group G(K;/K) is solvable (see T.13.1). By Exercise 12.5 every nontrivial element
of this group has at most one fixed element (as a permutation of the zeros of f(X)).
By (a), we get that Ky is generated over K by any two zeros of f(X).

Conversely, assume that Ky is generated over K by any two zeros of f(X). Then the
Galois group G(K;/K) is transitive as a permutation group on the set of zeros of
f(X) (see Exercise 7.4) and every nontrivial automorphism has at most one zero of
f(X) as a fixed element (by (a)). According to Exercise 12.5, the group G(K;/K) is
solvable. Hence the equation f(X) = 0 is solvable by radicals by T.13.1.

13.11 (a) Let o, i = 1,2,3,4,5, denote the zeros of f(X), so A(f) =
]_[151.<j55(oci — ocj)z. The polynomial has 1, 3 or 5 real zeros. If all zeros are real,
then of course, A(f) > 0. If only one zero is real, say, @; = a and the remaining
ay3 = b % ci, ay5 = d + ei are nonreal, where a,b,c,d,e € R, ce # 0, then
A(f) is a product of ten differences o; — j and it is easy to see that only 2ci and 2ei
contribute with nonreal factors, while the remaining eight factors form four pairs
of conjugate complex numbers. Thus the product of squares is positive, that is, we
also have A(f) > 0 in this case. If exactly 3 zeros are real, say, «; = a, @y = b,
a3 = ¢, 045 = d + ei, where a,b,c,d,e € R, e # 0, then in a similar way, we
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see that in the product, there is only one nonreal factor £2ei, whose square gives a
negative real number. Thus A(f) < 0 in this case. Hence A(f) < 0 if and only if
the polynomial has exactly 3 real zeros and by Exercise 13.10, this implies that the
equation f(X) = 0 is not solvable by radicals.

13.12 (a) The Galois group G(L/K), where K = Q(e,s1,52,53) and L =
K(X1,X2,X3) = Q(e,X1,X2,X3), is S3 and consists of all permutations of the
variables X1, X», X3 (or the indices 1,2, 3)—see the proof of T.13.2. The field L
is a splitting field of the general polynomial f(X) = X® — 5;X? + 5,X — 53 over the
field K.

The group S3 is solvable according to Exercise 12.1(b). In fact, we have the sequence
S3 D Az D (1), where A3 is the group of even permutations of 1,2, 3 generated by
the cycle (1, 2, 3). In this sequence, the group Az is normal in S5 and S3/Aj3 is cyclic
of order 2, and A3 is cyclic of order 3. The fixed field corresponding to S3 is, of
course, K, and the fixed field corresponding to As is, as usual (see Exercise 9.24)
the field generated by VA = X — Xo)(X2 — X3)(X3 — X1), where A = (X; —
XZ)Z(Xz — X3)2(X3 — X1)? is the discriminant of f(X). Let K, = Ko(«/Z). We have
[K(~/A) : K] = 2. By the Tower Law, we have [L : K(~/A)] = 3 and L is a
cyclic extension of K;. By T.11.3, we can find ¢ € L such that L = K;(«) and
o’ € K. In fact, according to the first proof of this theorem (see p. 131), we can
take @ = X| + X, + €2X;. Thus, we have the following chain

Ko =K CK; =Ky(VA) CK, =K (o) = L.

(b) In order to solve the equation f(X) = 0, that is, to express the zeros Xi, X5, X3
in terms of the coefficients sy, 52,53 using the arithmetic operations and roots,
we observe now that the nontrivial automorphism of the quadratic field extension
K(+/A) D K is induced by any element of order 2 in S3. Take B = X; +&X; + &2X,,
which is obtained from « by an element of order 2 in S3 (here (2,3)). We also
have B3 € K;. Moreover a® + B, a°B> € K, since these elements are fixed by
all automorphisms (see T.9.1(a)). Now we compute o + B3 and af (in fact, the
easiest way to carry out quick computations is to use e.g. Maple) obtaining:

o + B3 =253 — 95155 + 2753, 3B = (5% — 350,

so &3, B3 are zeros of the quadratic equation 72— (253 —9s15,+2753) T+(s7—3s52)* =
0. Notice that & = 57 — 3s,. Now we can solve this equation, which gives o, 3
and taking the third roots so that «ff = s% — 357, we find three possibilities for o, .
Finally, notice that the equation system:

X +8X2+82X3 =«
X+ 2%, +eXs = B
X1 +X+ X3 =51

gives X; = 2(s1 + o + B). Xo = 1(s1 + e%a + £B). X3 = 1(s1 + s + 7).
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Remark. The above solution of the cubic equations seems to result in more
complicated formulae than in Cardano’s method. But in reality, the formulae are
identical when we specialize and choose an equation with s; = 0. This is always
possible when we work with concrete equations and number coefficients. Notice
that in the case of the quadratic equation which we used above, 7% — (ZS? — 95150 +
2753)T + (s? — 3s2)* = 0, its discriminant is equal —27 A(f), which can be checked
by direct computations (preferably using e.g. Maple).

13.13 Let L be a radical extension of K such that
Kh=KcCK,C...CK,=LCR,

where K; = Ki—(;), ;' = a; € K;, r; are prime numbers for i = 1,...,n and
Ky = K(x1,...,x,) C L, where x; are the zeros of f(X) in L. If all zeros of f(X) are
in K, then K; = K and the claim is true. Assume that one of the zeros of f(X), say x1,
is not in K. Choose i > 1 such thatx; € K;_; but x; € K;. Since K;—; C K;—1(x1) C
K; and [K;—1(x1) : Ki—;] > 1 divides the prime number [K; : K;—;] = r;, we have
K; = Ki—1(0;) = Ki—1(x1) (K; and K;—;(x;) have the same prime degree r; over
K;—1). Thus X' — q; is irreducible over K;_; (see Exercise 5.12) and has a zero «; in
K; = K;—1(x1). As a consequence, the polynomial X"/ —a; splits in the splitting field
Ki—1(x1,...,x,) of f(X) over K;—;. But if r; > 2, we get a contradiction, since the
field K;—; (x1, ...,x,) € Lis real, while all the zeros of X" — g; with the exception
of «; are nonreal. Hence, the only possibility is that all »; = 2, so that the degree
[L : K] is a power of 2. This shows that the degree [K; : K] as a divisor of [L : K] is
also a power of 2.

13.14 (a) Let K be a finite extension of R of odd degree. Then K = R(«) by T.8.1.
Let f(X) be the minimal polynomial of @ over R. Since f(X) is irreducible over R
and has a real zero as a polynomial over R of odd degree, this degree must be equal
to 1. Hence f(X) = X —a and [K : R] = 1, thatis, K = R.

(b) A quadratic extension of C is generated by a zero of an irreducible quadratic
polynomial over C. But any such polynomial has a complex zero by the known
formulae for its zeros. Hence any quadratic polynomial over C is reducible and
quadratic extensions of C do not exist.

If K is a quadratic extension of the real numbers R, then K = R(«), where « is a
zero of a quadratic polynomial. By the known formula, the zeros of this polynomial
are complex numbers, so K = C.

(c) Let f(X) € C[X] be an irreducible polynomial. We have to prove that its degree
is 1. A splitting field K of f(X) over C is a finite Galois extension of C. We assume
that it is also a Galois extension of R. In fact, if K = C(«), then we can take the
minimal polynomial of & over R and multiply it by X?> + 1. Such a polynomial has
a splitting field over R which contains K. Thus, we assume that we have a Galois
extension K of R containing C. This field K has even degree over R equal to at least
2. We prove that it equals 2, that is, K = C by (b) (the only quadratic extension
of R).
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Assume that K has (even) degree > 2 over R. Let G = G(K/R) be the Galois group
of K over R. Let |G| = 2*m, where m is odd and let H be the Sylow 2-subgroup of
G (see A.9.4). Then [K” : R] has odd degree m, so K = R by (a). Hence m = 1
and G is a 2-group.

By Exercises 12.6 and 12.3, there is a chain of subgroups of G:

G:GoDGlD...DGk:{e}

such that G;4+; is normal in G; and the quotient group G;/G;+ is cyclic of order 2
fori =0,1,...,k— 1. By T.9.2, there is a corresponding chain of subfields of K
such that

R=K%CC=K""CcK®”C---CK%=K

in which K¢ is a quadratic extension of R, so K = C by (b), and K°? is a
quadratic extension of C if k > 1. However, this is impossible by (b), so k = 1.
Consequently, K = C, which means that C does not have any nontrivial algebraic
extensions.

Problems of Chap. 14

14.2 1t is well-known how to construct a perpendicular projection of a point on a
given line or a line perpendicular to a given one in a given point.

If a point (a, b) is constructible from X, then also (a,0) and (0, b) are con-
structible as projections of (a, b) onto the lines (the axes) through (0, 0), (1, 0) and
(0,0), (0, 1), respectively. Hence the numbers a, b are constructible since |a| is the
distance between (a, 0) and (0, 0), and |b| between (0, b) and (0, 0).

Conversely, if a, b are constructible, then we can find the points (a, 0), (0, b) and
constructing the lines perpendicular to the axes at these points, we find (a, b) as their
intersection.

14.3 (a) In general, if a, b are given constructible numbers, then the numbers a +
b,ab, \/m and a/b for b # 0 can be constructed (see the proof of T. 14.1 on p. 141).
Thus, the number +/a? + b2 is also constructible—given |a| and |b|, we construct
a®,b?, then a®> + b? and finally «/a? + b2. Another possibility is to construct a right
triangle with legs (catheti) |al|, |b|—its hypothenuse is just v/ a2 + bZ.

14.6 (b) There are integers a and b such that 1 = ak + bl, that is, kl = a% + b%.
Thus the angle 37 ” is constructible if the angles £ and ” are constructible. The
remaining part follows from (a).

(d) If the angle 22 is constructible, then the point (cos 2% il ,sm =%) is constructible.

This implies that [L : Q] is a power of 2, where L = @(cos 2,sm 2,z) 2

Q(e),e = cos i” + zsm 2 (apply T.14.1 and notice that the degree of
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Q(cos & il ,sm 22) over Q is a power of 2 if and only if the degree of L is such

a power) But [Q(s) Q] = ¢(p?) = p(p — 1) is not a power of 2 if p > 2.

(e) The angle 2 is constructible if and only if the point P = (cos 2% e sin —) is
constructible. The p01nt P is constructible if and only if [L : Q] is a power of 2,
where L = Q(cos I gin 2% z) D Q(e), e = cos = 2” + isin =& 2” (apply T.14.1 and
T.14.2). But [Q(e) : Q] —1, thatis, Pis constructlble if and onlyif p = 27 4 1.
If now T = 2'u, where u is odd, then 27 + 1 is not a prime when ©# > 1 (in fact,
a“+b" = (a+b)(a ' —a"?b+---+ b fora=2,b=1).Hence, T = 2'.

Problems of Chap. 15

15.1 (a) Assume first that f(X) is reducible over K. Then it has a zero «; € K. The
quadratic polynomial g(X) = f(X)/(X —a1) = (X —a2) (X —3) has its coefficients
in K, so g(or;) = (oy —an) (0 —a3) € K. Hence, we have A(f) = g(a1)*(oa —a3)?
and K(v/A) = K(aa—a3) = K(ay, ar, 3), since o, @ +a3 € K and char(K) # 2.
Of course, we have K(\/Z, ar) = K.

Now assume that f(X) is irreducible over K. A splitting field Ky has at most degree
6 (as a splitting field of a polynomial of degree 3) and at least degree 3 over K
(since [K(ay) : K] = 3). If v/A € K, then the Galois group G(K;/K) only has even
permutations (see Exercise 9.25), so we have G(K;/K) = Az and [K; : K] = 3. Of
course, we have K(\/Z, ar) = K;.

If VA ¢ K, then the Galois group G(K;/K) has both odd and even permutations
(see Exercise 9.25), so we must have G(K;/K) = S3 and [K; : K] = 6. Since
[K(~/A) : K] = 2 and f(X) is still irreducible over K(+/A) (see Exercise 4.14(a)),
we have [K(v/A, a;) : K] = 6, that is, K(v/A, a)) = K;.

15.3 (a) Depending on the choice of the factorization f(X) = X* +pX?> +gX +r =
X2+aX+b)X>+adX + b'), the zeros of the first factor can be taken as a;, a4 or
oy, 04 Or a3, 4. Hence a = —(o; 4+ o) fori = 1,2, 3 and the corresponding zero
a® of r(f) is one of the B; = (a; + a4)? fori = 1,2, 3.

(b) Using Exercise 9.25, the notations in (a) and the equality o; + o + o3 + a4 = 0,
we have

A(r(f) = (Bi = B2)* (B2 — B3)*(Bs — B1)°
= (o1 — o) (o1 — aa)* (o2 — @3)* (@2 — @) (@3 — 01)* (03 — 0a)* = A(f).
Thus A(r(f)) # 0 if and only if A(f) # 0, that is, all «; are different if and only if

all B; have this property.
(c) It is clear that

Ki(r (i) = K(B1, B2, B3, i) € K(a1, 22, a3, 04) = K.
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In order to prove the converse inclusion, choose i = 4 and consider the equations:

fix) = X+ as)’ = B;

for i = 1,2, 3. This quadratic polynomial has its coefficients in the field K, () (cts).
Assume that f;(X) is irreducible in this field. By (a), it has a zero X = «;, which is a
zero of the polynomial f(X). Hence f;(X) divides f(X) (as an irreducible polynomial
having a common zero). Thus one more of oy, o, o3, a4 different from ¢; is a zero
of fi(X), say, aj, where j # i. Then

filai) = filey) = 0,
that is,
(oi + 0a)* = (o + o4)?

for j # i, which says that 8; = f;—a contradiction according to (b). Thus the
polynomial is reducible in the field K,r)(c4) and its zero «; belongs to it. This holds
fori = 1,2, 3 (and, of course, also for i = 4) and shows that also Ky C Kj(p)(a4).
Together with the converse inclusion, we get Ky = K,(5)(ts).

15.5 We give at the same time a solution of both (a) and (b) as the essential
difference is only concerned with the distinction between the cases when the Galois
group is D4 or Cy (Case 2 below). We have three cases:

Case 1: The resolvent 7(f) has no zeros in K. This means that r(f) is an irreducible
cubic over K. According to Exercise 15.1(a), the splitting field K,y has degree 3 or
6 over K depending on the discriminant A = A(r(f)) = A(f): the first case when
VA € K, and the second, when /A ZK.

If VA € K (so the degree of K.(s) over K is 3), then the polynomial f(X) of
degree 4 is still irreducible over K, (s (see Exercise 4.2). Hence the splitting field
K, = K(v/A, ), where ; is any zero of f(X) (see Exercise 15.3(c)), has degree
4 over K,(y). Thus the degree of K; over K equals 12, which means that the Galois
group G(Ky/K) is a subgroup of order 12 of S4. There is only one such subgroup
(see A.8.2) and it is the alternating group A4 of all even permutations of 1,2, 3, 4.

If VA ¢ K, then the Galois group G(K;/K) must contain both even and odd
permutations by Exercise 9.25 and its order is divisible by 6, since the splitting field
K; over K contains a subfield K,y of degree 6 over K. Moreover, the Galois group
is transitive, since f(X) is irreducible over K. There is only one such subgroup of
Sy and it is Sy itself (see section “Transitive Subgroups of Permutation Groups” in
Appendix concerning the claim that Sy is the only transitive subgroup of S, of order
divisible by 6).

Case 2: The resolvent r(f) has exactly one zeroin K, say B = B = (a; +a4)*> € K
(see Exercise 15.3(a)), that is, [Ky(y) : K] = 2.

First of all, let us notice that in this case, we have /A ¢ K. In fact, the splitting

field of the resolvent Ky = K(V/A,B) = K(+/A) (see Exercise 15.1) must be
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bigger than K, since otherwise all the zeros of the resolvent are in K. Thus /A
cannot belong K, so the Galois group G(K;/K) must contain both even and odd
permutations by Exercise 9.25.

If f is irreducible over K,(y), then Ky has degree 8 over K (Ky = K,(s)(ct1) has
degree 4 over K,(r)). Thus G(Ky/K) = Dj, since the (transitive) subgroups of order
8 in S, are isomorphic to D4 (see section “Transitive Subgroups of Permutation
Groups” in Appendix). We check that in this case \/,B_A ¢Kif p #0and VA ¢ K
if B = 0. In fact, if 8 # 0, then K (\/B) is a quadratic field over K (if 8 is a square
in K, then f(X) is reducible over K according to Exercise 3.9, which is excluded). If
\/ﬂ € K, then K (\/E) = K(V/A) = K, (1) and the polynomial f(X) is reducible
over K,(y) according to Exercise 3.9, since B is a nonzero square in K. This
contradicts the assumption that f(X) is irreducible over K,y). Similarly, if 8 = 0,
then ¢ = 0. Since the polynomial f(X) = X* 4+ pX? + r is irreducible over K, we
know that § = p? — 4r is not a square in K, so K (V8)isa quadratic field over K. If
V8A € K, then K(v/8) = K(+/A) = K,(s) and the polynomial f(X) = X*+pX>+r
is reducible over K,y contrary to the assumption. Thus, we have VA ZK.

If f is reducible over K, (), then its irreducible factors over this field have degree

2, since no zero of this polynomial can belong to the field K,y (of degree 2 over
K). Hence Ky = K;(y)(cr1) has degree 2 over K, (). Thus the Galois group G(K;/K)
has order 4, is transitive and contains both even and odd permutations. The only
such subgroups of Sy4 are cyclic (see section “Transitive Subgroups of Permutation
Groups” in Appendix). Since in this case the polynomial f(X) is reducible over K,(y),
the same considerations as above show that \/,B_A € Kif B # 0and V8A € K if
B = 0. Since the cases of f(X) reducible and irreducible over K exclude each other,
we get that the conditions on \/,B_A and +/8A in the cases Dy and C, are necessary
and sufficient.
Case 3: The resolvent has all three zeros in K. Since now K5y = K, the splitting
field Ky = K(«), where « is any zero of f(X) by Exercise 15.3(c). Since f(X) is
irreducible, this field has degree 4 over K. Since all §; = (o; + 054)2 are in K,
they are fixed by the four permutations in V4 (see Exercise 15.4(a) for the notation),
which is the Galois group G(K;/K) in this case.

15.6 Assume that
FEO) =X +pX* +gX+r=X>—aX +b) (X2 + aX + V'),

where a,b,b’ € K, § = a*> —4b and §' = a® — 4b’ are not squares in K (since
otherwise, the polynomial f(X) has zeros in K). The zeros of f(X) are a/2 + +/8 and
—a/2 + /8. The field Ky = K(+/8, ~/§) is a splitting field of £(X) over K.

The zeros of the resolvent r(f) are according to Exercise 15.3(a): a2, (v/§ £
\/y)z = § + §' & 2+/88'. The resolvent r(f) has only one zero in K if and only if
V88’ ¢ K, which is equivalent to K(+/8) # K(+/8), that is, Ky = K(+/8,+/8') has
degree 4 over K. The Galois group G(K;/K), in this case, is of course isomorphic
to V—the Klein four-group, since all the automorphisms are given by V8> £6
and V3§ > £/8 (there are four automorphisms and the nontrivial has order 2).
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The resolvent r(f) has 3 zeros in K if and only if /838" € K, which is equivalent
to K(v/8) = K(+/8), that is, Ky = K(~+/§). Thus in this case the splitting field Ky is
quadratic over K and its Galois group is C,—the cyclic group of order 2.

15.9 (a) Let kK’ = k(0), where 0 is a zero of its minimal polynomial g(X) € k[X] (see

T.8.2) of some degree m. The elements 1,6, ..., 0"~ form a basis of ¥’ over k. Of
course, we have K/ = K(0) as K’ = kK'(Yy,...,Y,) = k(0,Y,,...,Y,) = K(0).
We want to show that the elements 1,6, ...,0" ! are still linearly independent
over K, that is, [K’ : K] = m. In fact, if they are linearly dependent over K, then
there is a linear combination Z;”:_Ol ei(Yy,...,Y)0" = 0, where ¢;(Y1,...,Y,) are
polynomials of Yi,...,Y, (we can always multiply all rational functions by their

common denominator to get polynomials as coefficients in such a sum). Now we
gather all different monomials of the type Y;' - - Y/*. These monomials are linearly
independent over the field k. The coefficients of these monomials in the linear
combination above are of the type Z;”:_Ol a;0', where a; € k. Linear independence
of the monomials implies that all these coefficients must be equal to 0. Hence, all
a; are equal to 0, since 1,6, ..., 0" ! are linearly independent over k. Thus, all the
polynomials ¢;(Y7, ..., Y,) are equal to 0. This shows that 1,6, ..., ™1 also form
a basis of K’ over K. Hence, the polynomial g(X) is irreducible over K as its degree
m is equal to the degree [K’ : K] = m (see T. 4.2).

The field ¥ = k(0) is a splitting field of g(X) over k and, of course, the field
K’ = K(0) is a splitting field of the same polynomial over K. If 6; = 6, ..., 6,, are
all the zeros of g(X) in k', as well as in K’, then by Exercise 6.1, each automorphism
in G(k'/k), as well as in G(K’/K), is defined by the image 0;(6) = 6;, so we have
an isomorphism between these two groups mapping each element of the first to
the corresponding element of the second defined by the same action on 6 (and as
identity on the elements of K).

15.10 Example 1. We show that the Galois group of f(X) = X° 4+ X? + 1 is Ss. This
polynomial is irreducible modulo 2, X° +X?>+1 = (X3 +X> +4X +3)(X>+4X +2)
(mod 5) and X° + X% + 1 = (X + 2)(X* + X* + X2 + 2X + 2) (mod 3).

Thus, the Galois group contains a cycle of length 5, a cycle of length 4, and a
permutation which is a product of cycles of length 2 and 3. A square of the last
permutation is a cycle of length 3, and its cube is a cycle of length 2. Hence the
Galois group G(Q;/Q) contains elements of orders 2,3, 4,5 (use T.15.4), so its
order must be divisible by 3 -4 -5 = 60 (see A.2.6). Moreover, it contains odd
permutations (for example, a cycle of length 2). Thus, the Galois group cannot be A
(the group of all even permutations) and consequently, it must contain 120 elements
(the maximal possible order of the Galois group for a polynomial of degree 5S—see
Exercise 9.3). Here we use the fact that there is only one subgroup in Ss of index 2,
namely, the group As (see A.8.2).

Example 2. We show that the Galois group of f(X) = X° +20X + 16 is As. First we
find that the polynomial is irreducible modulo 3, X°> +20X +16 = (X>+2X>+5X +
5)(X—4)(X—5) (mod 7) and X°4+20X+16 = (X—5)(X>+12X+14)(X*>+17X+2)
(mod 23). Thus by T. 15.4, the Galois group contains elements of orders 5, 3 and 2.
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Since the polynomial is irreducible over Q, the Galois group is transitive on its zeros
and its order must be at least equal to 2-3-5 = 30. As we know (see p. 276) the order
of such a transitive subgroup is at least 60. Now we look at the discriminant of this
polynomial, finding that A(f) = 2!65°, so it is a square. Hence by Exercise 9.25,
the Galois group G(Qy/Q) consists of even permutations of the zeros, so it is As.

15.11 (a) We assume that n > 3 (it is easy to handle n = 1, 2, 3). Choose a prime
number p > 3 such that p > n — 2. Choose a monic irreducible polynomial f,(X) of
degree n in [F5[X], an irreducible polynomial g(X) of degree n — 1 in F3[X] and an
irreducible quadratic polynomial /(X) in IF,[X]. Define f3(X) = Xg(X) and f,(X) =
]_[?:_g (X +1)g(X), which are polynomials of degree n. Using the Chinese Remainder
Theorem (see A.7.1 and A.7.2), choose a polynomial f(X) € Z[X] of degree n such
that the reduction of f(X) modulo 2 equals f>(X), the reduction modulo 3 equals
/f3(X) and the reduction modulo p equals f,(X). Then the Galois group of f(X) over Q
is Sy,. In fact, the polynomial £ (X) is irreducible over Q, since its reduction modulo 2
is irreducible over [, so its Galois group is transitive (on its zeros, which we number
by 1,2,...,n and identify the Galois group with a subgroup of §,). According to
T.15.4 applied to the reduction modulo 3, the Galois group G(Qy/Q) contains a
cycle of length n — 1 (which we may identify with the cycleo = (1,...,n — 1)).
Taking the reduction of f(X) modulo p, the same theorem implies that G(Q/Q)
contains a transposition. It follows from A.8.5 that the Galois group G(Qy/Q) is the
group S,.

(b) Example 1. We construct a polynomial of degree 6 with Galois group S¢ over Q.
Letfr(X) = X0+ X+ 1,(X) = X(X°+2X+2) and f7(X) = (X>—1)(X>—4)(X*>+
1) = X®+3X*+46X?+4. Then the polynomial f(X) = X°+24X*+20X%+35X+39
has Galois group S over (Q according to our construction in (a) (see Example A.7.2
how to find the coefficients of the polynomial f(X)).

Example 2. We construct a polynomial of degree 8 with Galois group Sg over Q.
Let H(X) = XX+ X* + X* + X+ 1, s(X) = XX + X> +2) and f1;(X) =
X2 -DX>=-4HX> - 9X>+ 1) = X8 + 9X® + 2X* + 2X? + 8. Then the
polynomial f(X) = X8 4 42X + 57X* 4 55X3 4 24X? + 11X + 63 has Galois group
Sg over Q according to our construction in (a).



Groups, Rings and Fields

Equivalence Relations

A relation on a set X is any subset R of the product X x X = {(x,y)|x,y € X}. For
example, the relation “less than or equal” on the set of real numbers is the subset
R C RxR consisting of all pairs (x, y) such that x < y. If we don’t have any special
reason to use a specific notation for a relation, we shall write x ~ y when x,y € X
are in a relation R on X, that is, (x,y) € R.

We say that a relation R on X is an equivalence relation if it is reflexive,
symmetric and transitive, that is, if for x, y, z € X, we have

(a) x ~ x (reflexivity);
(b) if x ~ y, then y ~ x (symmetry);
(c) ifx ~yandy ~ z, then x ~ z (transitivity).

An equivalence class [x] of x € X with respect to an equivalence relation R is
the set of all X' € X, which are related to x with respect to this relation, that is,
[x] = {¥ € X|x¥' ~ x} (in terms of pairs, [x] = {x' € X|(x/, x) € R}). Every element
belonging to an equivalence class is called its representative.

The equivalence relations play a very important role, since they split all the
elements of X into equivalence classes so that every class contains elements with
some special property (“relatives” to a fixed x € X):

Proposition A.1.1. The equivalence classes of an equivalence relation on X form
a partition of X, that is, every element of X belongs to an equivalence class and
different equivalence classes are disjoint.

Proof. Every element x € X belongs to an equivalence class—its own class [x].
If [x1] and [x,] are two equivalence classes with a common element x, then x; ~ x,
X, ~ x, which implies that x; ~ x, by symmetry and transitivity. If now y € [x;],
then y ~ xj, so x| ~ xp implies that y ~ x, thatis, y € [x;]. In the same way, if
y € [x], then y € [x1]. Thus, [x;] = [x2], which means that two equivalence classes
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with at least one common element already coincide. Hence, different equivalence
classes must be disjoint. O

In general, if X is any set, then its partition is a family X; of subsets of X (for i in
an index set) which cover X (thatis, X = | J X;) and are disjoint (thatis, X; N X; = @
if i # j). It is clear that any partition defines an equivalence relation on X when we
declare that two elements are equivalent when they are in the same subset X;. Of
course, the equivalence classes are just the sets X;. Thus essentially, the notion of
equivalence relation is exactly the same as the notion of partition.

In this book, we meet many equivalence relations. The following example is one
of the most important:

Example A.1.2. Let X = Z be the set of integers and let n be a fixed positive integer.
Define R as the set of all pairs of integers (x, y) such that x, y give the same residue
when divided by n. We check immediately that it is an equivalence relation on Z.
An equivalence class [x] consists of all integers which give the same residue when
divided by n. Since x = ng 4+ r, where r is the unique residue of x such that 0 <
r < n, we have exactly n possibilities for r: 0, 1,...,n — 1. Thus, we get that there
are exactly n different equivalence classes represented by these residues. This set of
equivalence classes [0],[1], ..., [n — 1] is often denoted by Z, and is called the set
of residues modulo n. Very often the notation [x] is simplified to x with no risk of
confusion, and we write Z,, = {0, 1,...,n — 1}. The set Z, also inherits addition
and multiplication (modulo #) from Z, which turns it into a ring (see below A.2.9
and A.3.6).

Groups

A group is a set G with a binary operation which maps every pair g, g» € G onto
8182 € G in such a way that

(@) (8182)8> = g1(g283) (associativity),

(b) there is an e € G such that eg = ge = g for each g € G (existence of an
identity),

(c) for each g € G there exists a g’ € G such that gg’ = g’g = e (existence of an
inverse).

One checks easily that in any group, there is only one identity e (sometimes called
the neutral element) and for each g there is only one inverse g’. The inverse of an
element g € G is denoted by g~!. A group is called abelian if it is commutative,
that is, g182 = g2g: for every pair g, g2 € G.

The multiplicative notation of the group operation is more convenient (more
compact) and it is usually used when the general theory of groups is presented, but
sometimes the group operation is denoted as addition and then the binary operation
maps a pair g;,82 € G onto g; + g2 € G. The associativity then means that
(g1 + g2) + g3 = g1 + (g2 + g3), the identity (now called zero) is usually denoted
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by 0, and the inverse of g € G is then called the opposite element and is denoted
by —g.

Most of the groups considered in this text are finite, that is, G has finitely many
elements. If G is finite, then its number of elements is denoted by |G| and called the
order of the group G. If G has infinitely many elements, we often write |G| = oo.

A subgroup H of G is a nonempty subset of G which is also a group when the
binary operation is restricted to it. A subgroup H which is not equal to G is called
proper. A nonempty subset H of G is a subgroup if and only if 414, € H for each
pair hy, hy € H and h~' € H whenever h € H. In fact, the associativity holds as it
holds in G and the identity element is in H as e = hh™! for any h € H. For a finite
subset of a group, the situation is a little better:

Proposition A.2.1. If H is a finite subset of a group G, then it is a subgroup if and
only if hihy € H whenever hy, h, € H.

Proof. We have to show that »~! € H when h € H. All powers " when n =

1,2,...arein H and since H is finite, they cannot all be different. Thus, there exists
m < n such that " = h", which gives i"™™ = e in G. But this equality says that
l=pm1leq O

If g € G, then the powers of g are defined in the usual manner, that is, g" is
a product of n factors g, when n > 0 and of —n factors g~' when n < 0. We
define g = e. It is clear that all these integer powers of g € G form a subgroup
of G. It is denoted by (g) and is called the cyclic group generated by g. Such an
element g is called its generator. The order of g is defined as the order of the group
generated by it and is denoted by o(g). In the additive notation, that is, when the
group operation is addition, then instead of powers g", we have multiples ng. For
example, in the group of integers Z (with addition), the multiples of g = 1 are all
integers, so Z = (1) is a cyclic group with respect to addition and 1 is its generator
(another generator is —1). In the group Q* of rational numbers with multiplication,
the cyclic group (2) generated by 2 consists of all integer powers 2", n € Z and is
infinite, but the cyclic group (—1) has only two elements. In the field of complex
numbers, all solutions of the equation X" = 1, that is, all nth roots of unity, form a
cyclic group of order n. This group, often denoted by U, consists of the numbers
& = ean‘k = CcOoS % + isin % fork =0,1,...,n—1. A generator is &, for which
we have &, = &, that is, U, = (&).

If all integer powers g" give different elements of the group G, then the cyclic
subgroup (g) has infinite order. In the opposite case, there are different powers which
give the same element, that is, gk = g’ for some integers k < [. Then, we have
g% = e, where n = [ — k > 0. We can choose the least positive integer n such that
g" = eand then it is easy to check that (g) = {e.g....,g"'}. Infact, since for every
integer N we have N = gn + r, where 0 < r < n, it follows that gV = gt = ",
It is clear that the powers g" for r = 0, 1,...,n — 1 are different, since n is the least
positive exponent such that g” = e. Thus, such a least positive exponent is just the
order of g. Notice that if g% = e and 0(g) = n, thenn | N. In fact, if N = gn + r,
where 0 < r < n, then e = gV = gt = g" which implies that » = 0, since
0<r<n.
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Proposition A.2.2. Let G = (g) = {e,g,...,8" '}, 8" = e, be a cyclic group of
order n.

(a) The element gk for 0 < k < n is a generator of G if and only if gcd(k,n) = 1,
so G has ¢(n) generators, where ¢ is Euler’s function (for the definition of ¢, see
p. 279).

(b) Every subgroup of G is cyclic and for every divisor d of n, the element gi
generates a subgroup of order d in G and such a subgroup is unique.

Proof. (a) If gk generates G, then there is an integer / such (gf)! =g, that is,
g"~! =e. Since the order of g is n, we have n | kI — 1, which shows that n and
k are relatively prime, that is, gcd(k,n) = 1 (if d is a common divisor of n and &,
then d must divide 1).
Conversely, if k and n are relatively prime, then gcd(k,n) = 1 = kI + nq for some
integers /, g (see A.3.4(b)). Hence (g¥)! = g'™ = g as g" = e. This shows that a
power of gk equals g, so the powers of g* generate G.
(b) If H is any subgroup of G, we choose the least positive power m of g such
that h = g™ € H.If gM € H for some integer M, then m | M, since otherwise
M = mqg + r, where 0 < r < mand g¥ = g"™" = g" € H, which contradicts
the choice of m. Thus, g" = e € H implies that m divides n. Let d = n/m. Thus,
we have h = gié € H and H consists of exactly those powers of g whose exponents
are divisible by m, thatis, H = (h) = {e,h,....h* '} and h¥ = g™ = g" = e.
Thus H € G uniquely defines m = n/d and, consequently, the subgroup H of G is
uniquely defined by its order d (which, as we found, divides n). |
Formally, we say that two groups G and G’ are isomorphic (denoted by G =~ G’)
if there is a bijective function ¢ : G — G’ such that p(g1g2) = ¢(g1)¢(g2) for
all g1, g> € G. Such a function is called an isomorphism of groups G and G’. An
isomorphism ¢ : G — G is called an automorphism of G.

Example A.2.3. If G = (g) is an infinite cyclic group, then G is isomorphic to
the group of integers Z (with addition), and when G is finite of order n, then
it is isomorphic to U,. In the first case, the function ¢ : G — Z such that
©(g") = n defines an isomorphism—different powers of g map to different integers
and ¢(gkg) = (g™ = k+1 = ¢(g") + ¢(g'). If G is cyclic of order n, then
by A.2.2, we define a bijective function ¢ : G — U, such that ¢(g") = ¢&| for
r=0,1,...,n— 1. We then have ¢(g"g") = ¢(g"®) = &®' = ¢(g")p(g'), where
& denotes addition modulo 7. Notice that g" = e and ] = 1 turn addition of
exponents into addition modulo n. |

Cyclic subgroups are generated by one element of the group. If A is any subset
of G, then there is a smallest subgroup of G containing A—the intersection of all
subgroups of G containing A. Such a subgroup consists of all finite products g; - - - g,
where each g; or its inverse is in A. In fact, a product of two such products and the
inverse of such a product keep the required type. If A = {g1,...,8x}, & € G, is a
finite set, then the smallest subgroup of G containing A is denoted by (g1, ..., g). If
G = (g1, ---,&k), then we say that the group G is generated by g1, .. ., gx and these
elements are called generators of G. Notice that cyclic groups are the groups with
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one generator. Every equality such that a product of the generators or their inverses
is equal to the identity is called a relation among the generators. For example, if
G = (g) is a cyclic group of order n, then g" = e is a relation for the generator g.
If a group is not cyclic, for example G = §3, then the number of generators must be
at least 2. In the case of G = S3, we have G = (g, h), where g* = 1, h> = 1 and
hg = g*h (that is, g?hg~'h~! = 1). For example, take g = (1,2,3) and & = (1,2)
(as g, h one can choose any element of order 3 and any element of order 2 while (1)
is denoted by 1). Generators and relations among them give a very convenient way
to describe groups, which is often used in different computer packages. A group G is
defined by a set of its generators gy, . . . , gk and relations among them if every group
G’ with some generators Ay, . .., i satisfying the same relations (with g; replaced
by 4;) is isomorphic to G (which means “the same”).

Example A.2.4. Consider the symmetry group of a regular polygon with #n sides. It
is usually denoted by D, (n > 3) and called the dihedral group. The order of D, is
2n. It consists of n rotations by angles % fork =0,1,...,n—1 and n symmetries in
n symmetry axes. As for S3 (which is D3), we can choose two elements g, 4, where
the first g is the rotation by the angle 27” and £ is any symmetry of the polygon.
Since the rotation g has order #, it generates a cyclic subgroup C, of D, of order n.
A symmetry 4 has order 2 and is not in C,,, so the products gkh fork = 1,...,n give
n different elements (symmetries) in the group D,,. Notice that the relations defining
D, generated by g, h are g" = 1,h> = 1 and hgh = g* for some k (depending on
the choice of the symmetry 7—the simplest choice is k = —1, when the relation is
ghgh = 1).

If A, B are two subsets of a group G, then AB denotes the set of all products ab,
where a € A and b € B. Such a product is of course associative, that is, A(BC) =
(AB)C for any subsets A, B, C of G. Notice that if H is a subgroup of G, then HH =
H.If, in particular, we take A = {g} and B = H is a subgroup of G, then the product
gH is called a left coset of H in G. Similarly, the product Hg is a right coset of H
in G. Below are some simple, but important properties of cosets:

Proposition A.2.5. Let H be a subgroup of a group G.

(a)gH = H ifand only if g € H.

(b)If g’ € gH, then g'H = gH (every element in a coset represents if).

(c) ¢H = gH ifand only if g”'¢’ € H (additively: g + H = g’ + H if and only if
g —geH).

(d) g € gH (every element in G belongs to a coset).

(e)Ifg € g1H N g2H, then g1H = g,H (two different cosets are disjoint).

(f) If H is finite, then |gH| = |H| for any g € G.

(g) The left (or right) cosets of H in G form a partition of the set G.

Proof. (a) If gH = H, then ge = g belongs to H. If g € H, then gH C H and,
conversely, H C gH, since h = g(g~'h) € gH forany h € H (g"'h € H).

(b)If ¢ = gh, h € H, then ¢'H = ghH = gH by (a).

(c) We have g’H = gH if and only if g~ '¢’H = H if and only if g~'g’ € H by (a).
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(d) We have g = ge, e € H.

(e)If g € g1H N g,H, then g1H = goH = gH by (b).

(f) If H is finite and H = {hy, ..., hy}, then gH = {ghy, ..., ghy,} and all products

gh; are different, since gh; = gh; implies h; = h; (multiply on the left by g h.

(g) This is clear from (d) and (e) and means that any subgroup defines an equivalence

relation on the set G by declaring two elements equivalent if and only if they belong

to the same coset. a
Notice that (left) cosets are equivalence classes of the equivalence relation on G

such that g ~ g’ if and only if g~'g’ € H by A.2.5(c),(d),(e).

A.2.6 Lagrange’s Theorem. The order of a subgroup of a finite group divides its
order. In particular, the order of an element in a finite group divides its order and if
the group has order n, then g" = e for all elements g in the group.

Proof. Let |G| = n and |H| = m. The group G is a union of the left cosets of H
in G by A.2.5(d). These cosets are disjoint by A.2.5(e) and each of them consists of
m elements by A.2.5(e). If i denotes the number of cosets, we have n = mi, so m
divides n.

If g € G has order m, then g" = e and the subgroup (g) has order m dividing n.
Hence, if n = mi, we have g" = g™ = (g")' = e. O

The number of cosets of a subgroup H in a group G is called the index of H
in G and is denoted by [G : H]. This number is finite when G is finite, but it may
also be finite when G is infinite. For a finite group G, we have [G : H] = |G|/|H|
according to the argument given in the proof of Lagrange’s theorem. Notice that in
a finite group, the number of left cosets of a subgroup is equal to the number of
its right cosets, which easily follows from Lagrange’s theorem by noting that the
argument in the proof works equally well for right as for left cosets. In general, it is
easy to construct a bijection between the sets of right and left cosets (but gH need
not be equal to Hg!). Sometimes, we write [G : H] = oo when there are infinitely
many cosets of H in G. Usually what can be said about right cosets can also be said
about the left. Sometimes, we simply say cosets when we mean just a fixed type of
them—Ileft or right, but we prefer to use left cosets when we give proofs of different
statements.

Sometimes the cosets of a subgroup H in a group G form a group with respect
to the multiplication of subsets of G. For this to hold, then in particular the product
of any two cosets gHg H must again be a coset. If this is the case, then this coset
must be gg’H (of course, gg' € gHg'H, so if the product gHg'H is a coset, it must
be gg’H by A.2.5(b)). When a product of any (two) cosets is a coset, then these
cosets form a group, since multiplication of cosets is associative, the identity is the
coset H and the inverse of gH is g~ H. This group is then called the quotient group
of G modulo H and is denoted by G/H. If G is finite, then the order of G/H is
the number of cosets of H in G, that is, the index of H in G. Thus for the orders,
we have |G/H| = |G|/|H|, which in some way motivates the terminology. The
subgroups for which the above construction of the quotient group is possible are
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called normal subgroups. More precisely, we have the following characterization
of normal subgroups:

Proposition A.2.7. Each of the following equivalent conditions defines a normal
subgroup H of G:

(a) The product of any two cosets of H in G is a coset;

(b) For each g € G the left and the right cosets of g coincide, that is, gH = Hg;

(¢) For each g € G, we have g"'Hg C H.

Proof. First, we prove that (a) implies both (b) and (c), which are equivalent. Since
the product of cosets is a coset, we have gHgH = g?H (as we know, the product
is the coset containing g2, so it must be g?H). Thus for every 4 € H, there exists
an h' € H such that ghg = g?I/, that is, hg = gh’. Hence for every g € H, we
have Hg C gH, that is, g_ng C H. Hence, (a) implies (c). Since (c) holds for
any g € G, we can replace g by g~! and we get gHg™! € H. Now notice that this
inclusion is equivalent to gH C Hg. Thus, (c) gives both gH C Hg and Hg C gH,
which is (b). Of course, (c) follows immediately from (b). And finally, (b) implies
that gHg'H = gg’HH = gg'H, so we get (a). O

Notice that the conditions in A.2.7 are satisfied for every subgroup H of any
abelian group G. Thus, all subgroups of any abelian group are normal.

If g € G, then the mapping x +— gxg~! for x € G is called conjugation by
g. Such a function ¢4(x) = gxg~! for x € G is an automorphism of the group
G, which is called an inner automorphism. Using this terminology, A.2.7(c) says
that H is a normal subgroup of G if and only if it is invariant with respect to inner
automorphisms. The fact that H is a normal subgroup of G is often denoted by
H<G.

If H is any subgroup of a group G, then it is easy to check that N'(H) =
{g € G|gHg™' C H} is a group containing H in which H is, of course, normal
by A.2.7(c). The group N (H) is called the normaliser of H in G and is the biggest
subgroup of G in which H is normal. Of course, it may happen that N'(H) = H
or N(H) = G and the last case happens precisely when the subgroup H is normal
in G.

We give two examples of normal subgroups and of quotient groups.

Example A.2.8. If H is a subgroup of index 2 in a group G, then H is normal in
G. In fact, there are two left and two right cosets. One (both left and right) is H.
If g € G is any element not in H, then gH = G \ H is the second left coset, and
Hg = G\ H is the second right coset, so gH = Hg for any g € H. Hence, H is
normal in G.

Example A.2.9. In the group of integers Z with respect to addition, any subgroup is
normal, since the group is abelian. Every subgroup is the set of all multiples (n) of
a fixed integer n. The quotient group Z/(n) consists of the cosets a + (n) and each
such coset consists of all b = a + gn for integers g, that is, b —a = gn. Hence a
coset consists of all integers giving the same residue as a when divided by n. It is
possible to choose the least nonnegative residue 0 < r < n, that is, each coset has a
representative r satisfying this restriction. Hence all cosets are r + (n)(= r 4+ Zn),
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where r = 0, 1,...,n — 1. In fact, the elements of the group Z/(n) are simply the
equivalence classes of the equivalence relation defined in A.1.2 (the same as above).
Usually, we write Z/(n) = Z,. The addition of the cosets [r] = r+ Zn is sometimes
denoted by [r] @ ['] or, as in Maple, r + r mod n. This means that the sum of the
residues r, ¥ in Z, is the residue of the sum of the integers r, 7 when divided by
n. Notice that the group Z, with addition modulo # is cyclic of order #n, since 1 is
its generator. This group is isomorphic to U, (see A.2.3). According to A.2.2 this
group has ¢(n) generators and r is one of them if and only if gcd(r, n) = 1.

If H is a normal subgroup of G, then we have a natural functiont : G - G/H
such that ((g) = gH mapping any element g € G onto its coset. This function has
a multiplicative property: t(gg’) = t(g)t(g’), since gg’H = gHg'H. In general, a
function ¢ : G — G’ is called a group homomorphism if this property holds, that
is, p(gg') = @(g)p(g) for any g,g’ € G. Notice that p(e) = €’ and ¢(g™') =
@(g)~". In fact, we have ¢(e) = ¢(ee) = @(e)@(e), which implies ¢(e) = ¢’. Thus,
we have ¢(2)o(g™") = ¢(gg™") = ¢(e) = ¢, that is, ¢(g~") is the inverse of ¢(g).

The homomorphism: : G — G/H, where H is normal in G, is called the natural
surjection (defined by a normal subgroup H). Notice that the elements mapping on
the identity of G/H, that is, on H, are those g € G for which ((g) = gH = H. The
equality gH = H is equivalent to g € H (see A.2.5(a)).

In general, the kernel of a group homomorphism ¢ : G — G’ is the set of
elements in G whose image in G’ is the identity element ¢’. The kernel is denoted by
Ker(g), that is, Ker(¢) = {g € G|o(g) = ¢€'}. Thus, we have just established that
if H is a normal subgroup of G, then the kernel of the natural surjection of G onto
G/His H.

Notice that the kernel of a group homomorphism ¢ : G — G’ is always a normal
subgroup of G. In fact, if g, g’ € Ker(p), then p(gg’) = ¢/, so gg’ € Ker(p). We also
have g=! € Ker(p) if g € Ker(p), since p(g™!) = ¢(g)~' = ¢ when ¢(g) = €.
Thus the kernel H = Ker(g) of a homomorphism ¢ : G — G’ is a subgroup of G. In
order to check that H is normal, we have to check that ghg™' € H whenever 1 € H.
This follows immediately, since ¢(g~'hg) = ¢(g " He(h)p(g) = ¢(g He(g) =
p(g ") = ple) =¢.

Proposition A.2.10. A homomorphism ¢ : G — G’ is injective, that is, the images
of different elements are different if and only if Ker(¢) = (e).

Proof. We have ¢(g) = ¢(g’) if and only if ¢(g’g™") = ¢, that is, g’g™! € Ker(¢).
Hence, if Ker(¢) = (e), then g'g € Ker(p) gives g'g”! = e, that is, g’ = g and,
conversely, if the mapping ¢ is injective and g € Ker(¢), then ¢(g) = ¢ = ¢(e)
gives g = e, that is, Ker(p) = (e). |

The quotient group G/Ker(¢p) is closely related to the image of G in G’. In fact,
all elements in the coset gH, where H = Ker(¢p), have the same image in G’, since
o(gh) = ¢(g)e(h) = ¢(g). Hence, we can define a function ¢* : G/H — G
mapping the whole coset gH onto ¢(g), that is, ¢*(gH) = ¢(g). It is easy to check
that this function is an injection from G/H to G’ and its image is, of course, ¢(G).
In fact, since H is normal, we have

¢*(gHg'H) = ¢™(gg'H) = ¢(gg") = ¢(9)p(g)) = ¢* (gH)p™ (g'H),
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so ¢* is a homomorphism of G/H into G’. But Ker(¢*) = {gH € G/H|p*(gH) =
@o(g) = €'} = H, so the kernel of ¢* is the identity element of G/H. Thus ¢* is
injective, so it is an isomorphism of G/Ker(¢) with ¢(G), which is often denoted
by Im(p). This is an important fact, which is very often called the fundamental
theorem on group homomorphisms:

A.2.11 Fundamental Theorem on Group Homomorphisms. If ¢ : G —> G’ is
a group homomorphism, then the kernel H = Ker(p) is a normal subgroup of G
and the function ¢*(gH) = ¢(g) is an injection ¢* : G/Ker(p) — G'. Thus ¢* is
an isomorphism of the groups G/Ker(¢) and Im(¢). In particular, if G is finite, we
have |G| = [Ker(p)||Im(¢)|-

Theorem A.2.11 is a special case of a more general result in which a group
homomorphism induces a homomorphism of quotient groups. Let H be a normal
subgroup of G, and H' a normal subgroup of G’. We say that a group homomorphism
¢ : G — G’ is ahomomorphism of pairs if ¢(H) C H'—the pair H C G is mapped
into the pair H € G’. This situation is very common and we meet it several times
in Chap. 12, where we use the following very important consequence:

A.2.12 Group Homomorphism of Pairs. Let ¢ : G — G’ be a group homomor-
phism of the pair H < G into the pair H <1 G'. Then there exists an induced
homomorphism

¢*:G/H—- G /H

such that ¢*(gH) = @(g)H'. Moreover, we have Ker(¢p*) = ¢~ '(H')/H and
¢*(G/H) = ¢(G)H'/H'.

Proof. We have only to check that the function ¢* is well defined, since it would
then follow immediately that

¢*(g1Hg:H) = ¢™(182H) = ¢(g182)H’ = ¢(g1)¢(g2)H’
= ¢(g1)H ¢(g2)H' = ¢*(g1H)¢" (g2H).

In order to check the definition of ¢*, we must show that if g;H = g,H, then
©*(g1)H = ¢*(g2)H’, that is, the definition is independent of the choice of a
representatives of a coset of H. But g1H = g,H is equivalent to gl_l g» € H, which
implies (g7 'g2) € H', s0 ¢(g1)™'¢(g2) € H', which gives p(¢)H' = ¢(g2)H',
thatis, p*(g1H) = @™ (g2H). 0

Proposition A.2.13. Let ¢ : G — G’ be a group homomorphism with kernel
N = Ker(p).

(a) The image @(H) of a subgroup H of G is a subgroup of G' and the inverse
image ¢~ (H') of any subgroup H' of G’ is a subgroup of G containing N. We have
o~ Y (H")) = H and ¢~ (p(H)) = NH. The inverse image ¢~"(H') is normal in
G if H' is normal in G'.
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(b) If ¢ is surjective (so G' =~ G/N), then there is a one-to-one correspondence
between the subgroups H' of G' and the subgroups H of G containing N in which
H' corresponds to the inverse image o' (H') and H corresponds to its image ¢(H).
In this correspondence, normal subgroups of G containing N correspond to normal
subgroups of G'.

Proof. (a) If H' is a subgroup of G’, then one checks easily that ¢~ '(H') is a
subgroup of G. Of course, the group H = ¢! (H’) contains N, which is the inverse
image of the identity ¢’ of G’. If H' is normal in G, then forany g € Gand h € G
such that ¢(h) € H', we have p(ghg™") = ¢(g)¢(h)p(g)~' € H’, since H' is normal
in G’. Hence ghg™! € ¢~ '(H’), so this subgroup of G is normal.

The equality ¢(¢~'(H’)) = H’ is evident (for any function between sets G, G’ not
just groups). In order to check the second equality ¢ ~'(¢(H)) = HN, take g €
¢ ' (¢(H)). Then ¢(g) = ¢(h) for some h € H, so ¢(gh™") = ¢'. Hence, we have
gh™' € N, which means that g € NH. Conversely, if g € NH, then g = nh for some
n€N,h e H Thus ¢(g) = p(nh) = ¢(h) € p(H), so g € ¢~ (p(H)).

(b) Let Xy(G) denote the set of all subgroups of G containing N, and let X(G’)
denote the set of all subgroups of G'. We have two functions: ®(H) = ¢(H)
mapping the subgroups of G to subgroups of G’ (see (a)), and ¥(H') = ¢~ ' (H')
mapping the subgroups of G’ to subgroups of G containing N. Now ®(¥(H')) =
(¢~ '(H') = H' by (a), and ¥(®(H)) = ¢~ '(p(H)) = NH = H by (a) and the
assumption N € H, which implies that NH = H. Hence both compositions @ o ¥
and ¥ o @ give identities, so both are bijections between the corresponding sets
Xy (G) and X(G') (see A.9.1). O

We use the following two results on groups in several exercises:

Proposition A.2.14. Let G be a finite abelian group. Then the exponent of G, that
is, the least positive integer m such that g™ = e for each element g € G (see p. 68)
equals the maximal order n of the elements of G. Moreover, m divides the order of G.

Proof. First we note that if g, h € G are elements whose orders o(g) and o(h) are
relatively prime, then o(gh) = o(g)o(h). In fact, if r is the order of gh, then (gh)" =
e gives (gh)™ = g = ¢ Hence o(g) | ro(h) and by the assumption, o(g) | .
Similarly, o(h) | r, so o(g)o(h) | r. Since, of course, (gh)*@°" = ¢, we have
r = o(g)o(h).

Now let n be the maximal order of elements in G and let g be an element
of that order. Assume that 4 is an element whose order does not divide n. Then
gcd(o(h),n) = d and n = da, o(h) = db, where gcd(a,b) = land b > 1 (ifb =1
then the order of & divides n). The order of gd equals a, and the order of he equals b,
so the order of g?h? = (gh)? equals ab. Thus the order of gh equals dab = nb > n.
This is a contradiction, since n was the maximal order of the elements in G. Thus
b = 1and o(h) | n, so n is the exponent of G.

The last statement is clear, since the order of every element of G divides the order
of this group, so in particular, the exponent divides this order. |

Proposition A.2.15. A group G of order at least 2 has no nontrivial subgroups if
and only if it is cyclic of prime order.
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Proof. 1f the order of G is a prime number p and H is its subgroup, then as the order
of H divides p by Lagrange’s theorem A.2.6, the order of H is 1 or p. Thus H is
either the identity subgroup or the whole group G.

Now assume that G has at least one element different from the identity and no
nontrivial subgroups. Take g € G, g # e. The cyclic subgroup (g) of G is nontrivial,
so G = (g). If the order of g is infinite, then G contains nontrivial subgroups, e.g.
(g%). Thus the order of g is finite, say, n. If n is not a prime number, then n = kI,
where k > 1,1 > 1. Thus G contains a nontrivial subgroup, e.g. (g*). Hence n must
be a prime number. O

A group G without nontrivial normal subgroups is called simple. Simple groups
are in some sense the building blocks of all finite groups, since a group G having
a nontrivial normal subgroup N can be described in terms of N and G/N (even if
such a description is usually not “simple”). The simple groups have been classified
thanks to the efforts of many generations of mathematicians. The classification was
completed around 1980; its proof still takes up several thousands of pages. Those
simple groups which we use are the alternating groups A, for n > 5. The groups
from A.2.15 which do not contain any subgroups are of course simple. These are all
simple abelian groups.

A trivial, but important, situation when a group is described in terms of its
subgroups or quotients is the construction of products. If G; and G, are two groups,
then we can form a new group G| x G, called their product (or direct product),
which consists of all pairs (g1, g2), where g, € Gy, g2 € G, with coordinate-wise
operation, that is, (g1.£2)(g].85) = (g18], &285)- It is not difficult to see how to
embed the groups Gy, G, as (normal) subgroups of G; X G, or to obtain them as
quotients of the product.

There are two groups related to a given group G which in some sense give a
measure of the non-commutativity of G. The first is the center C(G) of G, consisting
of those elements of G which commute with all elements in this group, that is,
C(G) = {x € G|Vg € G xg = gx}. Of course, the center is a normal subgroup of G
and the group is abelian exactly when C(G) = G.

The second group is the so-called commutator group of G, which we define now.
If g1, g» € G, then g, g, and g,g; differ by an element ¢ € G such that g1g> = cg>81
(c “corrects” gog to be the same as g g»). Of course, we have ¢ = glgzgl_lgz_l. The
element c is often denoted by [g1, g2] and called the commutator of g, g». Notice
that [g;, g2] = e precisely when g1, go commute. The subgroup of G generated by all
commutators of pairs g1, g» € G is denoted by G’ (sometimes by [G, G]) and called
the commutator group of G. The group G’ consists simply of all finite products
of commutators, since the inverse of a commutator is a commutator: [g1, g]~! =
[22, g1]. Notice that the group G’ reduces to e if and only if all commutators are
trivial, that is, if the group G is abelian.

The commutator subgroup G’ of G is normal. In fact, if ¢ = [g1,g2] is a
commutator and g € G, then gcg™' = [gg1g™'. gg2¢""] is also a commutator.
Since conjugation by g is an automorphism, it maps any product of commutators
onto a product of commutators. Thus, the commutator group G’ is normal, since
it is invariant with respect to conjugation. The quotient group G/G’ is abelian,
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since G'g1G' g, = G'g,G'gy is equivalent to [g1, g2] € G'. Moreover, every normal
subgroup N of G such that G/N is abelian contains G’, since Ng1Ng, = Ng,Ng;
implies [g1, g2] € N, that is, G € N. This means that G/G’ is the biggest abelian
quotient group of G. In fact, if G C N, then we have an imbedding of the pair G’ C
G into the pair N € G and as a consequence an induced surjection of the quotient
G/ G’ onto the quotient G/N (see A.2.12). As a matter of fact, every subgroup N of
G containing G’ is normal, which immediately follows from A.2.13(a).

Rings

A ring is a set R with two operations usually called addition “4” and multiplication
“” such that R with respect to addition is an abelian group, multiplication is
associative and addition is distributive with respect to multiplication, that is, a(b +
¢) = ab + ac and (b + c)a = ba + ca for all a, b, c € R. In this text, we always
assume that R is commutative, that is, ab = ba for all a,b € R. We say that R
is a ring with identity if there exists an element 1 € R such that la = a for all
a € R. It is easy to see that the identity 1 is unique if it exists. In the sequel, we
only meet rings with identity. A zero divisor in a ring R is a nonzero elementa € R
such that ab = 0 for some nonzero b € R. A ring without zero divisors is called
an integral domain. We will always assume that an integral domain has an identity
element 1. Thus, the ring Z is an integral domain, whereas the rings Z, of integers
modulo n (with the sum a + b and the product ab of a, b € Z, taken as the residues
of the integers a + b,ab when divided by n—see A.2.9 and A.3.6 for a formal
argument) are integral domains only when n is a prime number. For example, in
Z4 = {0,1,2,3}, wehave 2-2 = 0.

A subring of a ring R is any nonempty subset R’ which is also a ring with respect
to the same addition and multiplication as in R. In practical terms, in order to check
that a nonempty subset R’ of R is aring, it suffices to check that when a, b € R, then
a + b,ab,—a € R'. All other conditions in the definition of ring are automatically
satisfied, since they are satisfied in R.

If a ring R is a subring of a ring S and @ € S, then R[] denotes the smallest
subring of S containing R and «. It is easy to see that it consists of all sums ry +
rie + - -+ r,a”, where r; € R and n is a nonnegative integer. For example, the ring
of integers Z is a subring of the complex numbers C and taking o = i, we get the
ring Z[i]. This ring consists of all a + bi, where a, b € Z, since the equality > = —
makes all powers of i with exponents bigger than 1 needless. Notice that Z[i] is
called the ring of Gaussian integers (see Exercise 11.7). A similar construction
gives Z[g], where &3 = 1,& # 1, which is called the ring of Eisenstein integers
(see Exercise 11.6).

If R is a commutative ring with identity, then an element @ € R is called a unit
(or an invertible element) if there exists an @’ € R such that aa’ = 1. The element
d is called an inverse of a. All invertible elements form a group with respect to
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the multiplication in R, which is often denoted by R*. For example, we have Z* =
{£1}, Z[i]* = {+£1, £i}. In the ring Z,, the invertible elements form the group Z
consisting of all k such that ged(k, n) = 1. Its order is the value of Euler’s function
@(n) (for the definition of Euler’s function, see p. 279). In fact, if ged(k,n) = 1,
then kx + ny = 1 for some integers x,y, so kx = 1 in Z,, that is, k is invertible.
Conversely, if k is invertible in Z,, then kx = 1 for some x € Z,, so n|kx — 1, that
is, kx — 1 = ny for some y € Z. Hence, gcd(k, n) = 1. Thus we have |Z}| = ¢(n).

A commutative ring with identity in which every nonzero element is invertible
is called a field. Some facts about fields which we use in this book are discussed in
section “Fields” of this Appendix.

If R; and R, are rings, then it is possible to form a new ring R; X R, consisting
of pairs (r,r;), where r; € R; and r, € R, which are added and multiplied
coordinate-wise. This ring is called the product (or direct product) of the two
rings. Of course, it is possible to extend this definition to any finite number of rings.
If both rings have an identity (both denoted by 1), then (1, 1) is the identity of the
product. For future use, observe that, in this case, (ry, r») is invertible if and only if
r1 and r, are invertible and

(Ry X Ry)* = R¥ xR}, (A1)

where on the right-hand side, we have the product of groups.

If R, R’ are rings, then a ring homomorphism is a function ¢ : R — R’ which
respects both addition and multiplication, that is, ¢(a + b) = ¢(a) + ¢(b) and
@(ab) = p(a)p(b). If R, R’ are rings with identity, we shall also assume that a ring
homomorphism maps the identity in R onto the identity in R’. The kernel of ¢ is
its kernel as a homomorphism of the additive group R into the additive group R,
so Ker(¢) = {a € R|p(a) = 0}. This set is not only a subgroup of the additive
group R, but it is a subring with a stronger property: if a € Ker(p) and b € R, then
ab € Ker(p). Indeed, if ¢(a) = 0, then ¢(ab) = ¢(a)p(b) = 0 for any b € R.
A subring I of R having this strong property for multiplication, that is, ab € I
whenever at least one of the factors a,b € R is in I, is called an ideal (it is called
proper if / # R). Thus kernels of the homomorphisms of R are ideals. In fact, every
ideal is also a kernel of a homomorphism, which will be clear in a moment. Notice
that Ker(p) = {0} if and only if ¢ : R — R’ is an injective function (see A.2.10).
An injective ring homomorphism ¢ : R — R’ is often called an embedding. In the
particular case when ¢ is injective and surjective (that is, ¢(R) = R'), it is called a
(ring) isomorphism.

In any ring, one can fix a finite number of elements ay, . .., a; and consider all
sums ria; + - -+ + rag, where ry, ..., r, € R. It is easy to check that all such sums
of products form an ideal / in R. It is called the ideal generated by a, ..., a; and
is denoted by (ay, ..., a,). The elements a, ..., a; are called generators of /. An
ideal may have many sets of generators. If there is one generator of an ideal I, that
is, I = (a) for some a € R, then [ is called principal. A ring R is called a principal
ideal ring if every ideal in R is principal. If, moreover, R has an identity and there
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are no zero divisors in R (that s, R is an integral domain), then it is called a principal
ideal domain (PID). The following examples of such rings are very important:

Proposition A.3.1. The ring of integers Z and the polynomial rings K[X], where K
is a field, are principal ideal domains.

Proof. Let I be an ideal in Z. The zero ideal is always principal and generated by O,
so assume that / is nonzero. Let d be a nonzero integer in / with the least absolute
value. If @ € I, we use the division algorithm and get a = dq+r, where 0 < r < |d]|.
Butr = a—dq € I, so by the definition of d, we have r = 0. Hence each element of /
is a multiple of d, that is, I = (d) is principal. Notice that looking at / as a subgroup
of the cyclic group Z (with addition and a generator 1), we have also proved that it
is cyclic (and generated by some integer d). This shows that every subgroup of an
infinite cyclic group is cyclic by A.2.3 and A.2.13.

Let now I be an ideal in K[X]. The zero ideal is always principal and generated
by 0, so assume that / is nonzero. Let d be a nonzero polynomial in 7 of the least
possible degree. If f € I, we use the division algorithm and get f = dg + r, where
—1 < degr < degf. Butr = f —dq € I, so by the definition of d, we have r = 0.
Hence each element of / is a multiple of d, that is, I = (d) is principal. a

In any ring R, it is possible to consider the notion of divisibility saying thata € R
is divisible by b € R (or b divides a) if there is a ¢ € R such that a = bc (notation:
b | a). However, such a notion only has meaningful properties when R is an integral
domain (there are no zero divisors in R and 1 € R), which we will assume when
discussing divisibility. Notice that b | a is equivalent to the inclusion (a) C (b). We
have (a) = (b) if and only if a = be and b = an for some &, € R. If R is an
integral domain and ab # 0, then these equalities imply e = 1. Hence ¢ and 7 are
units in R. In general, two elements of a ring which differ by a unit factor are called
associated. We summarize:

Proposition A.3.2. Two elements a,b € R in an integral domain R generate the
same ideal, that is, (a) = (b), if and only if they are associated. In particular, we
have (a) = R if and only if a is a unit.

A nonzero element a € R is called irreducible if it is not a unit and it is not
a product of two non-units. We say that a ring is a unique factorization domain
(UFD) if it is an integral domain in which every nonzero element which is not a unit
can be represented uniquely as a product of irreducible elements. Uniqueness here
means that if » € R and

r:al"'ak:bl”'blv

where a;, b; are irreducible and k,/ > 1, then k = [ and it is possible to order the
factors in such a way that a; and b; are associated.

Notice that the irreducible elements in the ring of integers Z are exactly the prime
numbers (up to sign). In the polynomial rings K[X] over fields K, the irreducible
elements are exactly the irreducible polynomials.
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Proposition A.3.3. Any principal ideal ring is a unique factorization domain. In
particular, the ring of integers Z and the polynomial rings K[X|, where K is a field,
are UFDs.

We give a proof that polynomial rings K[X] are UFDs in A.4.2 (similar arguments
work for the ring of integers Z). For a general proof, see [L], Chap. II, Thm. 5.2.

If a,b € R, then we say that d € R is a greatest common divisor (gcd) of a, b
if d divides both these elements and every common divisor of a and b divides d.
If d exists, it is often denoted by (a, b) or gcd(a, b). If ab # 0 and d exists then it
is defined only up to a unit in R. In fact, if d’ is also a greatest common divisor of
a,b € R, ab # 0, then by the definition, we have d | d’ and d’ | d, that is, (d) = (d')
(see A.3.2).

In some sense, a dual to the notion of greatest common divisor is the notion
of least common multiple (denoted by lem(a, b) or [a,b] for a,b € R). If R is
an integral domain, then a least common multiple of two elements a,b € R is an
element m € R which is divisible by both these elements and divides every element
with this property. As for a greatest common divisor, if m exists, it is unique up to a
unit.

Proposition A.3.4. Let R be a principal ideal domain.

(a) Any two elements a, b € R have a greatest common divisor and it is equal to any
generator d of the ideal (a, b) = (d).

(b) Ifa,b € R and d = ged(a, b), then there exist x,y € R such that d = ax + by.
(c) Any two elements a,b € R have a least common multiple and it is equal to any
generator m of the ideal (a)N(b) = (m). Moreover, we have (a, b)((a)N(b)) = (ab),
so that

lem(a, b) ged(a, b) = (ab).

Proof. We prove (a) and (b) simultaneously. Consider the ideal (a, b) in R. Since it
is principal, there exists d such that (a, b) = (d). Of course, we have d = ax + by
for some x,y € R, which proves (b) as soon as we show that d = gcd(a, b). But
a,b € (a,b) = (d),sod | aand d | b. On the other hand, if &’ | a and d’ | b, then
the equality d = ax + by shows that d’ | d. Hence d really is a greatest common
divisor of a, b.
(c) The ideal (a) N (b) is principal and if m is its generator, then (m) C (a) and
(m) € (b),soa | mand b | m. On the other hand, if a | m' and b | m’ for some
m' € R, then (m") C (a) and (m') < (b), so (m’) C (a) N (b) = (m). This implies
that m | m'. Thus, m is a least common multiple of a and b.

Now we prove a formula relating lcm(a, b) to gcd(a, b). Assume that ab # 0 (if
ab = 0 the equality can be checked immediately) and let

J - ab
"~ lem(a, b)’
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We want to show that ' = d (up to an invertible element). The equality above
implies that:

a lcm(a,b) b lem(a,b)
—=———" and — = ——,
d b d a
so d’ divides both a and b (since on the right-hand sides are elements of R). Thus d’
as a common divisor to a and b divides the greatest common divisor d. Conversely,
both a and b divide %, since it is both a multiple of a (as aﬁ—’i,) and b (as gb). Thus

lecm(a, b) divides %, which means that the quotient % /lem(a, b) = % is an element
of R. Hence, we get that d divides d’. Since both d’ | d and d | d’, these two elements
are associated. a

Sometimes, the elements x, y in A.3.4(b) may be found effectively. In particular,
it is possible when R is the ring of integers or a polynomial ring K[X] over a field
K using the Euclidean algorithm. Since the last nonzero remainder in the Euclidean
algorithm for a,b € R is a greatest common divisor of these two elements, it is
possible to express it as a linear combination of a, b by tracing back all the steps
of this procedure. In these two most common cases, that is, R = Z or R = K[X],
both ged(a, b) and lcm(a, b) are chosen in a unique way. In Z, the units are %1,
and the standard choice is to define gcd(a, b) and lem(a, b) as positive integers
@if ab # 0). In R = K[X] the units are all nonzero constants and in any class
of associated elements, it is possible to choose monic polynomial (that is, with
leading coefficient 1). Thus gcd(a, b) and lem(a, b) are defined uniquely as monic
polynomials (if ab # 0).

The following application of A.3.4(b) is in the case of R = Z sometimes called
the Fundamental theorem of arithmetic (as it implies the uniqueness of factorization
of the integers bigger than 1 as products of prime numbers):

Proposition A.3.5. Let R be a principal ideal domain and p € R an irreducible
element. If p | ab, thenp | aorp | b.

Proof. Take d = ged(a, p). Since d | p, we have d = 1 or d = p (up to a unit
factor). In the second case, the result is true, while in the first case, we have 1 =
ax + py by A.3.4(b). Hence, we have b = abx + pby, which shows that p | b (since
p | ab). |

Notice that A.3.5 shows that irreducible elements in principal ideal domains have
the fundamental property of prime numbers in the ring of integers (or the irreducible
polynomials in the polynomial rings). This property says that if a prime number (an
irreducible polynomial) divides a product, then it must divide some of the factors of
this product.

We return to arbitrary rings and their ideals. Any ideal / in a ring R is a subgroup
of the additive group R, which by definition is abelian. Therefore, we can form the
quotient group R/I with respect to addition, since I is a normal subgroup of the
additive group R. But R/I inherits a ring structure from R when multiplication of
the cosets a + I,b + I, a, b € R is defined by the equality (a + I)(b + 1) = ab + 1.
Here it is necessary to know that the result of multiplication of @ + I and b + I
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does not depend on the representation of cosets by the representatives a, b. In fact,
we may havea+ 1 =d +Tand b +1 = b’ + I for some @’,b' € R. Then our
multiplication is correctly defined if ab +1 = a'b' + 1. Buta +1 = d + I if
and only if @’ —a € I and similarly, b +1 = b’ + I'if and only if b’ — b € I
according to the properties of cosets in groups. Thus @’ = a +iand b’ = b + j,
where i,j € Tand a'b' —ab = ib+ ja+ ij € I, s0od’b’ + 1 = ab + I. The ring
R/I is called the quotient ring of R modulo /. As for groups, we have a natural
surjection ¢ : R — R/I mapping an element a € R onto the coset a + I € R/I.
This mapping is not only a group homomorphism, but also a ring homomorphism,
since t(ab) = ab+ 1 = (a+ I)(b + I) = t(a)t(b). Its kernel is the set of a € R
such thatt(a) = a + I = I, thatis, a € I. Thus Ker(t) = I, which shows that every
ideal I really is a kernel of a ring homomorphism—namely, the kernel of the natural
surjection ¢t : R — R/I.

Example A.3.6. If R = Z and I = (n) is the ideal of all multiples of n € Z, then
the quotient ring Z/(n) consists of the same elements (cosets) as the quotient group
Z/{n) and coincides with Z,, (see A.1.2 and A.2.9). Thus, Z, also has a ring structure
(addition and multiplication modulo 7).

If ¢ : R — R’ is any ring homomorphism and / = Ker(g) its kernel, then there
is a similar relation between the quotient R/l and the image ¢(R) (often denoted by
Im(p)) as for group homomorphisms, since ¢ is a group homomorphism of R into
R’ considered as additive groups and I is its kernel. The only new ingredient is the
presence of multiplication and the mapping ¢* : R/I — R’, where ¢*(a+1) = ¢(a)
is not only a group isomorphism of the quotient R/I onto the image ¢(R) but also a
ring isomorphism. In order to check this, we only need to note that

P*((a+ Db +1D) =¢*(ab+1) = p(ab) = p(a)p(b) = ¢*(a + De* (b +1).

Thus we can summarize these facts in what is called the fundamental theorem
on ring homomorphisms:

A.3.7 Fundamental Theorem on Ring Homomorphisms. If ¢ : R — R’ is a
ring homomorphism, then the kernel I = Ker(¢) is an ideal of R and the function
©*(a+ 1) = ¢(a) is a ring isomorphism of R/Ker(¢) and Im(p).

As in the case of group homomorphisms, Theorem A.3.7 is a special case of a
more general result in which a ring homomorphism induces a homomorphism of
quotient rings. Let I be an ideal in a ring R, and I’ an ideal in a ring R’. We say that
a ring homomorphism ¢ : R — R’ is a homomorphism of pairs if ¢(I) C I'—the
pair I € R is mapped into the pair I’ C R’. As in the case of groups A.2.12, we have:

A.3.8 Ring Homomorphism of Pairs. Let ¢ : R — R’ be a ring homomorphism
of the pair I C R into the pair I' C R'. Then there exists an induced homomorphism

¢* R/I—>R/I

such that o*(r + 1) = @(r) + I'. Moreover, we have Ker(¢p*) = ¢~ (I')/I and
Im(p*) = @*(R/I) = (p(R) + I')/I".
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The proof of this result follows exactly the proof of A.2.12 plus an easy argument
concerning the behaviour of ¢* with respect to the multiplication in the rings R/
and R'/I'. The following property of ring homomorphisms is similar to the property
of group homomorphisms considered in A.2.13 and its proof follows exactly the
same pattern:

Proposition A.3.9. Let ¢ : R — R’ be a ring homomorphism with kernel I =
Ker(¢p).

(a) The image @(S) of a subring S of R is a subring of R and the inverse
image ¢~ (S') of any subring S’ of R’ is a subring of R containing 1. We have
(e~ 1(8) = S and o' (¢(S)) = S + L. The inverse image ¢~ (I') is an ideal in
RifI' isanideal in R .

(b) If ¢ is surjective (so R' =~ R/I ), then there is a one-to-one correspondence
between the ideals J' of R and the ideals J of R containing I in which J'
corresponds to the inverse image ¢~ (J') and J to its image ¢(J).

If R is aring and 1, J its ideals, then it is possible to form their sum 7 + J and
product 1J. The sum is simply the set of all sums i 4 j, where i € [ andj € J. Itis
easy to check that all such sums form an ideal. The product 1/ is defined as the set
of all finite sums of products ij, where i € I and j € J. Here it is also evident that
such finite sums of products form an ideal. If R is a principal ideal ring and I = (a),
J = (b),thenI + J = (a,b) = (gcd(a, b)) and IJ = (ab).

Two ideals /, J in any ring are called relatively prime if /+J = R. This condition
simply means that 1 = i+, where i € I and j € J (since every ideal which contains
1 is equal to R). In general, if I + J = R, then I N J = IJ. In fact, it is evident that
IJCINJ.Butifl =i+ jforsomeiecl,jeJandx e INJ, thenx = ix+xj € 1/,
sowe alsohaveINJ C 1J.

Notice that if 7 is relatively prime to J and J, then it is also relatively prime to
JJ . Infact,I+J = RandI+J' = Rimply thati+j = l and i +j = 1 fori,i’ €I,
jeJ,jeJ Thus,wehaveii' + ijf +ij+j/ = 1. Takei" =i’ +ij +ijel
and ji’ € JJ'. Then " + jj’ = 1, thatis, I + JJ' = R. In several places, we use the
following isomorphism:

Proposition A.3.10. If I,J are relatively prime ideals in a ring R, then the
homomorphism ¢ : R — R/I x R/J such that o(r) = (r + I,r + J) induces an
isomorphism ¢* : R/(INJ) — R/I X R/J.

Proof. 1t is easy to check that ¢ is a homomorphism and that Ker(¢) = I N J
(p(r)=(r+1,r+J)=(0,0)ifandonly if r+1 =1ITand r +J = J, thatis, r € I
and r € J).

We show that ¢ is surjective. Since / +J = R, we have | = i 4 j for some i € /
andj € J. Noticethat 1 + 7/ =j+land 1 +J =i+ J. Hence, for (x + 1,y 4+ J) in
R/I x R/J, we can take r = xj + yi and then

o(r) = +yi+1,xi+yi+J) =+ Lyi+J)=((x+DG+D, (y+)(i+)))
=((+DHA+D,+NHA+N)=x+1Ly+ ),

so ¢ is surjective and by A.3.7, we get the induced isomorphism ¢*. a
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Example A.3.11. Take R = Z,1 = (a) and J = (b) where a, b are relatively prime,
so that I + J = Z by A.3.4(a). Thus, we have I N J = IJ = (ab) and A.3.10 gives

Z](ab) = Z/(a) X L/ (b),

where the isomorphism maps the residue of an integer n» modulo ab to the pair of its
residues (n1, n2) modulo a and b. In more compact notation, we write Z,, = Z,XZp.
Iftn = plf‘ ---pkr is a factorization of an integer into a product of different prime
numbers py, ..., px, then applying the formula above several times, we get a very
useful isomorphism of rings:

L 2l kg X+ XL s
Py DPr

Taking units in these rings, we also have an isomorphism of groups, which we
use several times (see A.1):

Ly = 7% X+ XL .

n Py DPr

Notice that the groups Z:k are cyclic when p is an odd prime number, while Z,

is a product of a cyclic group of order 272 by a cyclic group of order 2 when k > 2
(see [K], Prop. 1.4.2 and 1.4.3). Of course, the groups Z;k for k = 1,2 are cyclic.

Similarly, if R = K[X] is a polynomial ring, I = (f(X)) and J = (g(X)), where
f(X), g(X) are relatively prime polynomials, then as above, we have I + J = K[X]
and A.3.10 gives this time

K[X]/(fe) = K[X]/(f) x K[X]/(8). (A2)

A.3.12 Characteristic of a Ring. If R is a commutative ring with identity, then
the additive subgroup (1) generated by the identity consists of multiples & - 1 for
k € Z. If the order of this group is infinite, then it is isomorphic with the group of
integers Z. In this case, we say that the characteristic of R is zero. If 1 generates
a finite group of order n, then (1) = {0-1,1-1,...,(n —1)-1}andn -1 =
0. This group is isomorphic to Z,, the group of residues modulo n. In this case,
we say that R has characteristic n. Observe that n is the order of 1 in the additive
group of the ring R in this case. The characteristic of a commutative ring R with
identity is sometimes denoted by char(R). Notice that the multiples k - 1 for k €
Z form a subring of R, so a commutative ring R with identity contains a subring
isomorphic to the integers Z if its characteristic is 0, and a subring isomorphic to
Z,, if its characteristic is n. In particular, the ring of integers Z has characteristic 0,
and the ring Z, = {0, 1,...,n — 1} of residues modulo n has characteristic n. For
convenience of references, we record these facts:

Proposition A.3.13. The characteristic of a commutative ring with identity is either
0 or a positive integer n. The identity 1 € R generates a subring isomorphic to the
integers 7. in the first case, and a subring isomorphic to 7, in the second case.
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Notice that if the number n is composite, that is, n = kI, where k, [ > 1, then the
ring Z, has zero divisors, since k # 0 and / # 0 but kI = 0. If the number n = p is
a prime, then Z, is without zero divisors, since kI = 0 in this ring means that p | ki,
which implies that p | kor p | [, thatis, k = 0 or [ = 0 in Z,,.

Polynomial Rings

If R is a commutative ring, then the ring of polynomials with coefficients in R is the
set of all expressions ap + a1 X + a,X? + --- where a; € R, almost all g; are 0 and
X is a symbol (called a variable), which are added and multiplied as polynomials
with number coefficients. This ring is denoted by R[X]. The construction may be
used inductively—we can construct a polynomial ring over R[X] and so on. Thus
R[X][Y] = R[X,Y] is the polynomial ring in two variables over R. Continuing in
this way, we get polynomial rings R[X{, ..., X,] over R in n variables Xi, ..., X,,.

The most common rings in this book are polynomial rings over fields and, in
particular, the polynomial rings K[X] in one variable over fields K. In this case, we
have the well-known division algorithm which for f(X), g(X) € K[X], with g(X) #
0, gives the unique quotient ¢(X) € K[X] and the remainder r(X) € K[X] such that
FX) = §(0g(X) + r(X) and deg r(X) < deg g(X).

A.4.1 Factor Theorem. Let K C L be a field extension.
(a) The remainder of f € K[X] divided by X — a, a € L, is equal to f(a).
(b) An element a € L is a zero of f € K[X] if and only if X — a| f(X) (in L[X]).

Proof. (a) The division algorithm for polynomials gives

JX) = X—-a)q(X) +r,

where degr < 1, that is, the remainder r is a constant polynomial. Thus, taking
X =a,wegetf(a) =r.
(b) Using (a), we have f(a) = 0 if and only if r = f(a) = 0. O

The polynomial rings K[X], like the ring of integers Z, are unique factorization
domains (UFDs, see p. 248). This property is shared by all principal ideal domains
(see A.3.3).

The unique factorization property also holds in the polynomial rings over the ring
of integers and over fields, since in general it is true that if a ring R is a UFD, then
the polynomial ring R[X] is also a UFD (see [L], Chap. IV, Thm. 2.3). Below, we
give a proof that the polynomial rings over fields are unique factorization domains:

Theorem A.4.2. Let K be a field. Every polynomial of degree > 1 in K[X] is a
product of irreducible polynomials. If

f:pl...pk :p/l...p;,
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where p; and p} are irreducible polynomials, then k = [ and with a suitable
numbering of the factors pi,pj’., we have p. = ¢;p;, where ¢; € K.

Proof. First we prove by induction that every polynomial f(X) of degree at least
one is a product of irreducible polynomials. It is clear for polynomials of degree
one (they are irreducible). Assume that we have proved that every polynomial of
degree less than n > 1 is a product of irreducible polynomials. Take an arbitrary
polynomial f(X) of degree n. If f(X) is irreducible, we have what we want. If f(X)
is reducible, then f(X) = g(X)h(X), where 1 < degg < nand 1 < degh < n, so
both g, & are products of irreducible polynomials. Thus f(X) is also such a product.
Now consider two factorizations of f(X) given in the theorem:

/ /
pl...pk :pl...pl’

where all p;, p]’. are irreducible. We prove the theorem by induction with respect to
m = k + I. If m = 2, then we have one factor to the left and one to the right, so
the claim that k = [ is true (and the factors are equal). Assume that the theorem is
true when the number of factors p;, p; is less than m > 2. Consider the case when
the number of factors is m. The irreducible polynomial p; divides the product on
the right-hand side. Hence p; must divide at least one of the factors of this product
(see A.3.5). Say that py| pj (we can change the numbering of the factors if necessary).
But both these polynomials are irreducible, so pf = ¢pi for some constant c,. We
divide both sides by p; and get

P1°Pk—1 = Ckp/] ...p;_p

so the number m is now k + [ — 2 and by our inductive assumption the theorem is
true. Thus k — 1 = [/ — 1, that is, k = [ and by a suitable numbering of the factors,
we getp. =¢p;fori=1,...,k—1. O

Fields

A field is a commutative ring with identity in which nonzero elements form a group
with respect to multiplication. Notice that zero divisors are absent in fields, so any
field is an integral domain (if a is invertible with inverse a ' and ab = 0, then
a~'ab = b = 0). Any field contains at least two elements: 0 and 1. A subring of a
field K which is also a field (with respect to the same addition and multiplication) is
called a subfield of K (it is called proper if it is not equal to K). In order to check
that K’ is a subfield of K it suffices to check that a, b € K’ imply a+b, ab, —a,a”' €
K’ (a” ! fora # 0).

Among all fields considered in this text, a special role is played by the field of
rational numbers @ and the fields of residues modulo prime numbers Z,. These
fields are very often denoted by IF, and we shall use this notation. The fact that
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[F, is a field follows from a general property of finite integral domains—any finite
integral domain is a field. In fact, if R is a finite integral domain and a € R, a # 0,
then the powers a" for n = 1,2,... are nonzero and cannot be different, so there
exist exponents k, / such that / > k and ' = a*. Hence, we have a*(a'~* — 1) = 0,
which implies @/ ~* = 1 as a* # 0. Thus a has an inverse ¥~ in R. Notice that Q
has characteristic O (the order of 1 in the additive group of Q is infinite) and IF,, has
characteristic p (the order of 1 with respect to addition is p)—see A.3.12and A.3.13.

Theorem A.5.1. (a) The characteristic of a field is 0 or a prime number.

(b) Any field K of characteristic O contains a unique subfield isomorphic to the
rational numbers Q, and any field of characteristic p contains a unique subfield
isomorphic to IF,,.

Proof. (a) The characteristic of any commutative ring with identity is either 0 or a
positive integer n by A.3.13. If the characteristic of a field K is not 0, then it is n for
some positive integer n and K contains a subring isomorphic to Z,, also by A.3.13.
But if n is composite (that is, n = kl, k < n,l < n), then Z, contains zero divisors
(kl = 0,k # 0,1 # 0), which are absent in fields (see p. 255). Thus n must be a
prime.

(b) If a field K has characteristic 0, then the multiples k - 1, k € Z form a subring
of K isomorphic to Z. Since every quotient (k- 1)/(I- 1), where [ # 0, must belong
to K, this field contains a subfield isomorphic to the rational numbers Q. If K has
characteristic p, then K contains a subfield isomorphic to I,. Such subfields of K are
unique, since every subfield contains 1, so it must contain the subfield generated by
this element. In fact, the subfield generated by 1 is the intersection of all subfields
of K (it is contained in any subfield). O

The fields Q and IF, are called prime. They are the smallest ones in the sense
that every field contains (an isomorphic copy) of exactly one of them and they do
not contain any proper subfields.

The fields which we use to exemplify the Galois theory in this book are mainly
number fields, that is, subfields of the field of complex numbers C, finite fields
(see Chap.5) and fields of rational functions with coefficients in number fields or
finite fields. The latter are fields of fractions of polynomial rings just as the rational
numbers are the field of fractions of the ring of integers. Both these cases are covered
by a very useful construction of the field of fractions of any integral domain. We
describe this construction now.

Take any integral domain R (for example, the ring of integers Z). Consider the
set K = Ry of all pairs (a, b) such that a,b € R, b # 0. We think of a as numerator
and b as denominator of a fraction. We say that (a,b) and (c,d) are equivalent
if ad = bc (both these pairs define the same fraction). This equivalence can be
denoted in some way, for example as (a,b) ~ (c,d). Denote by a/b the set of all
pairs equivalent to (a, b). Such a class will be called a fraction. Now we define
addition and multiplication of fractions in such a way that we get a field:

_ad+bc ac ac

+

C
d bd ~ bd bd

SR
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Some minor formal calculations are needed to show that the addition and
multiplication of fractions give the same result independently of the presentation of
the involved fractions by the pairs of elements of R (for example, we have to show
that if (a, b) ~ (d’,b') and (c,d) ~ (¢’,d’), then (ad + bc, bd) ~ (d'd’ + b/, b'd")).
When this is done, we have to check that the fractions really form a field and this
also needs some very simple (but also tedious) computations. Anyway, we check
that we get a field in which R can be naturally embedded by mapping a € R onto
the fraction a/1. In fact, in this way, we usually consider R as a subring of its field
of fractions K = Rj. Of course, if R = Z, then Zy = Q is the field of rational
numbers. If R = K[X] is a polynomial ring over a field K, then Ry = K(X) is the
field of rational functions with coefficients in K.

Notice that the field of fractions of R is very often called the quotient field of
R (meaning the field of quotients a/b rather than fractions a/b). There is a little
danger that using “quotient ring” in this sense may be confused with quotients of
rings modulo ideals. We use the term “field of fractions” in order to avoid such
misunderstandings.

In many places in the book, we consider finite subgroups of fields. The most
important property of such subgroups is that they are cyclic:

Proposition A.5.2. Any finite subgroup of the multiplicative group of a field K is
cyclic.

Proof. Let G be a subgroup of order n of the multiplicative group of a field K. Let
the exponent of G be m (see A.2.14), that is, x™ = 1 for every element x € G. Since
the equation X" — 1 = 0 has at most m solution in the field K and every element of
G satisfies this equation, we have n < m. But as we know (see A.2.14), the exponent
m is the maximal order of the elements of G and m | n. Hence m = n and the group
G has an element of order n, that is, G is cyclic. O

Notice that as a special case, the last result says that the groups of nonzero
residues (Z/pZ)* modulo a prime number p are cyclic as the groups of nonzero
elements in the fields F, = Z/pZ (the order of this group is p — 1). More generally,
for any positive integer n, the group of all nth roots of unity in any field (see p. 59),
that is, the group of all solutions of the equation X" = 1, is cyclic, since it is a finite
group. In the particular case of the field of complex numbers, all solutions of the

equation X" = 1, that is, all nth roots of unity, form a group of order n. This group
(often denoted by U,, or C,)) consists of the numbers g; = 5 = cos % +isin %
fork = 0,1,...,n — 1. This cyclic group has ¢(n) generators given by &; for k
relatively prime to n (see A.2.2 and p. 279 for the definition of Euler’s function
@(n)). The usual choice of generator is &1, for which we have g, = s’{.

A.5.3 Maximal Ideals and Fields. Now, we will discuss ideals in rings for which

the quotient rings R/I are fields. First notice the following simple fact:

Proposition A.5.4. A ring with identity has only the trivial ideals (0) and R if and
only if it is a field.
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Proof. If R is a field and [ is a nonzero ideal, then there is an a € I such that a # 0.
Thus a has an inverse, that is, there is an @’ € R such that aa’ = 1. Hence 1 € I, so
I =R.

If R is a ring whose only ideals are (0) and R, then for any a € R, a # 0, we can
take the principal ideal Ra. This ideal is nonzero, sincea = a-1 € I. Hence I = R.
This means that 1 = @’a for some a’ € R, so a has an inverse in R. Hence R is a
field. O

An ideal [ in a ring R is called maximal if it is not equal to R and if an ideal J is
such that / € J € R, thenJ = [ or J = R. A very important property of maximal
ideals, which we use on some occasions, is the following result:

Proposition A.5.5. Anideal I in a ring R with identity is maximal if and only if R/
is a field.

Proof. If R/I is a field, then there are no nontrivial ideals in this ring (see A.5.4), so
the ideal 7 is maximal by A.3.9(b). Conversely, if I is a maximal ideal, then A.3.9(b)
says that R/I is without proper ideals, so it is a field by A.5.4. a

We apply A.5.5 mostly when R is the ring of integers or the ring of polynomials
over a field. As we know, all ideals in Z and K[X] (K a field) are principal (see A.3.1).
For such rings, we have:

Proposition A.5.6. In a principal ideal ring, the maximal ideals are exactly those
generated by irreducible elements.

Proof. If R is a principal ideal ring and (a) an ideal generated by an irreducible
element a (see the definition of irreducible elements on p. 248), then the ideal is
maximal. In fact, if (a) € (b) C R, then a € (b) gives a = bc, where ¢ € R. Hence,
we have that b or ¢ must be a unit in R. But b is not a unit (otherwise (b) = R), so ¢
is a unit, which means that (a) = (b) (see A.3.2). Thus (@) is maximal.

Conversely, if (@) is maximal, then a must be irreducible, since otherwise a = bc,
where both b and c¢ are not units. Hence, we have (a) C (b) C R, since (a) = (b)
implies that c is a unit, whereas (b) = R gives that b is a unit (see A.3.2). a

In the ring Z, the irreducible elements are prime numbers (up to sign), so all
maximal ideals are the ideals (p), where p is a prime number. In the polynomial
rings K[X], K a field, the irreducible elements are exactly all irreducible polynomials
f(X), so maximal ideals are exactly those generated by irreducible polynomials.
Thus each quotient Z/(p) is a field (with p elements). Similarly, each quotient
ring K[X]/(f(X)) is a field when f(X) is an irreducible polynomial. We record this
particular case as we refer to it several times:

Proposition A.5.7. (a) The quotient ring 7/ (n) is a field if and only if n is a prime
number.
(b) The quotient ring K[X]/(f(X)) is a field if and only if f(X) is an irreducible
polynomial.

If K[X] is a polynomial ring over a field K and I = (f(X)) an ideal generated by a
nonconstant polynomial f(X) € K[X], then we write [g(X)] = g(X) +1 to denote the
class of g(X) in the quotient ring K[X]/(f(X)). We have, as usual, [g(X)] = [A(X)] if
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and only if g(X)—h(X) € I = (f(X)), thatis, g(X)—h(X) is a multiple of f(X). Thus,
for every class [g(X)], we have [g(X)] = [r(X)], where g(X) = f(X)g(X) + r(X)
with a unique remainder r(X) such that deg(r(X)) < deg(f(X)). If f(X) has degree
n, then r(X) has degree at most n — 1. Of course, we have [f(X)] = [0].

If a € K is a constant polynomial, then its class [a] may be simply identified with
a, since for classes of the constant polynomials, we have [a] = [b] if and only if f(X)
(a nonconstant polynomial) divides a — b (a constant), so it must be a = b. We will
always identify [a] with a for constants so that K will be considered as a subring of
the quotient K[X]/(f(X)). If we denote [X] by o and if f(X) = a,X"+---+a1X+ap
is a polynomial of degree n, then 0 = [f(X)] = a,[X]" + -+ + a1[X] + ap =
a,a" + -+ + a1 + ay, that is, we have f(«) = 0, which means that f(X) has
a zero « in the quotient K[X]/(f(X)). For any class [r(X)] in K[X]/(f(X)), where
r(X) = by X" V.. .4+ X +by, we have [r(X)] = by [X]n_l +---+b1[X]+by =
bp—1a" ' 4+ b +by. We use the above description of the quotient K[X]/(f(X))
in several proofs, so we record it for reference:

Proposition A.5.8. Let f(X) = a,X" 4+ --- + a1X + ap € K[X] be a nonconstant
polynomial of degree n. Then every element of the quotient K[X]/(f (X)) = K|[«] has
a unique representation as a polynomial expression b, 10"~ 4+ -+« + bjo + by €
K|a], where a = [X] is a zero of f(X) and b; € K.

As an example, we have R[X]/(X? + 1) = R|a], where a®> + 1 = 0 and every
element has a unique representation as a + bo, a,b € R. Thus the quotient is the
field of complex numbers as o> = —1.

In particular, when K = F is a finite field with ¢ elements and f(X) is a
polynomial of degree n, then F[X]/(f(X)) = Flo] is a ring with ¢" elements
by1o" '+ .+ bia + by (we have g possible choices for each b, € F, i =
0,1,...,n—1). Of course, we have f(a) = 0. As we know, this ring F[X]/(f(X))
is a field exactly when f(X) is irreducible in F[X].

Modules over Rings

If R is aring and M is an abelian group, then we say that M is a left module over R
if for every pair (r, m) € R x M, we have an element rm € M such that

(a) r(my + my) = rmy + rmo,

®) (r1 + r)m = rym + rom,

(©) (rr))m = ri(ram),

(d) 1m = m,

where r,r;, 7 € R and m, m;,my € M. A right module is defined in a similar way.
If R = K is a field, then K-modules are called vector spaces or linear spaces (over
the field K) and their elements are called vectors. A homomorphism of modules
over R is a function ¢ : M — M’ satisfying:

(@ p(my +my) = p(my) + ¢(my),

(®) (rm) = re(m),
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when m, my,my € M and r € R. The kernel of ¢ is its kernel as a homomorphism
of abelian groups, that is, Ker(¢) = {m € M|p(m) = 0}. The kernel is also a
submodule of M, that is, if r € R and m € Ker(¢), then rm € Ker(p), since ¢(rm) =
ro(m) = 0 if p(m) = 0.

If M, M, are R-modules, then the set of pairs (m;, m;), where m; € M; and
my € M,, form a module when the addition of pairs and multiplication by elements
of R are defined on coordinates: (mi, my) + (m},m}) = (m; + m, my + m}) and
r(my,my) = (rmy, rmy). This new module is denoted by M| x M, and called the
direct sum (or direct product) of M, M,. This definition can be extended to an
arbitrary finite number of modules (it is also possible to consider infinite families
but the definitions of sum and product are then different).

In this book, we need some knowledge of modules over fields, the ring of integers
and polynomial rings. We say that a module M is finitely generated if there are
elements m;,...,m; € M such that every element m € M can be expressed as a
linear combination of these elements, that is, if there are r,...,r; € R such that
m = rymy + - -+ + rumy.. We write M = (my, ..., my). If such a representation of m
is unique, then my, . . ., my is called a basis of M. If there is one element m € M such
that M = (m), then M is called a cyclic module. Notice that if M = (m) is cyclic,
then we have a surjective homomorphism ¢ : R — M such that ¢(r) = rm. If I
denotes the kernel of ¢, then R/I = M. Thus a cyclic module can also be defined
as a module isomorphic to a module R/I. If R = Z is the ring of integers, than the
cyclic modules are Z/(n) = Z,, which are finite cyclic groups when n > 0 or the
infinite cyclic group Z when n = 0. This explains the terminology.

If M is a left module over a ring R, then the annihilator of M is the set of all
r € R such that rM = O (that is, rm = 0 for each m € M). The annihilator of M
is an ideal in R, which is denoted by Anng(M). In fact, if r|,r, € Anng(M), that
is, "M = rnM = 0, then (r; — )M = 0, so r; — r, € Anng(M). Similarly, if
r € Anng(M), that is, rM = 0, then for any ' € R, we also have (¥r)M = 0, so
r'r € Anng(M). Notice that the annihilator of the R-module M = R/(a) is equal
to (a). In fact, it is clear that aM = 0, so a € Anng(M). On the other hand, if
r € Anng(M), that is, rM = 0, then in particular r(1 4 (a)) = r 4+ (a) = 0, so
r € (a). Hence Anng(M) = (a). In the particular case when M = R = R/(0), we
have Anng(R) = (0).

Theorem A.6.1. If R is a principal ideal ring, then every finitely generated module
M over R is a finite direct sum of cyclic R-modules. Moreover,

M = R/(a1) X R/(az) x -+ x R/(a,),

where a; | a; | ... | a, Ann(M) = (a,) and the ideals (a)), (a2) ..., (a,) are
uniquely defined by M.

We cannot give a proof of this result here, but only note that we use it in two
particular situations, which we explain below (for a proof, see [L], Chap. III, Thm.
7.7). Notice that it may happen that some a; = 0, which corresponds to R/ (a;) = R.
In our notation, we follow the convention that O | a for all @ € R.
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If R = Z, then A.6.1 says that every abelian group is a direct sum of finitely
many cyclic groups. These cyclic groups are either finite of the form Z/(a), a > 0,
or infinite of the form Z. If the group is finite, then there are only the summands of
the first type. Each integer a > 1 can be factorized as a product of prime powers and
each cyclic group Z/(a) can be split into a product of cyclic groups Z/ (p¥) for prime
numbers p and their exponents k such that p* | @ and p**! } a according to A.3.11.
The set of such cyclic groups is also uniquely determined by the isomorphism class
of G (notice that the same prime p with the same exponent kK may appear several
times). We record this result as we refer to it occasionally:

A.6.2 Fundamental Theorem on Finite Abelian Groups. Every finite abelian
group G is a direct product

G=7Z/(a) XZ[/(ap) X ---x Z/(a,),

where a; | ay | ... | a, Ann(G) = (a,) and the ideals (ay), (a3) ..., (a,) are
uniquely defined by G. The cyclic groups Z./(a;) (a; > 1) can be represented as
direct products of cyclic groups whose orders are prime powers. The number of
such factors in the product and the orders of the cyclic groups in it are also uniquely
determined by the group.

The second important case when we use modules over principal ideal rings is the
case of polynomial rings over fields. As we know, every ring R = K[X], where K is
a field, is a principal ideal domain (see A.3.1). Consequently, Theorem A.6.1 is true
over R. The cyclic modules in this case are quotients K[X]/(f (X)), where f(X) is a
polynomial. If this is the zero polynomial, then the cyclic module is K[X] itself. This
module is infinite-dimensional as a vector space over K (a basis is 1, X, X2, . ) If
f(X) is a polynomial of degree n > 0, then by A.5.8, the quotient consists of all
sums by + biot 4+ -+ 4+ b,_10""!, where b; € K, f(a) = 0 (@ = [X] is the class of
X) and the representation of each element of K[X]/(f(X)) in such a form is unique,
thatis, 1,c, ..., " ! form a basis of K[X]/(f(X)) over K

Similarly to the case of integers, every polynomial f(X) can be factored as a
product of irreducible factors, so by (A.2), we can represent M uniquely as a product
of cyclic modules K[X]/(p(X)¥), where p(X) are irreducible polynomials. Thus, for
the polynomial rings K[X], the general case A.6.1 leads to the following result:

Proposition A.6.3. Every K[X]-module M which is finite-dimensional as a vector
space over K is a direct product

M = K[X]/(f1) x K[X]/(f2) x - < K[X]/ (),

wherefi | fo | ... | fr, Ann(M) = (f,) and the ideals (f1), (f2) ... (fr) are uniquely
defined by M. The cyclic modules K[X]/(f;) (degf; > 0) can be represented as direct
products of cyclic modules K[X]/(p*), where p are irreducible polynomials in K[X].
The number of such factors in the product and the ideals (p*) are also uniquely
determined by the module M.
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Notice that if the polynomial f, which generates the annihilator of M is separable
(without multiple zeros), then M = K[X]/(f;)-

A.6.4 Group Rings. If G is a finite group and R a ring, then it is possible to form
a ring, denoted by R[G] and called the group ring of G over R. Formally, this ring
consists of all functions ¢ : G — R. Such functions are added and multiplied in
the following way: (¢ + 1)(8) = ¢(g) + ¥(g) and 9/ (8) = Xy 0(W)Y (™'g).
In practice, we denote ¢(g) by r, and write any element of R[G] as a sum ¢ =
3 ¢eG '¢8- Such sums are added by adding the corresponding coefficients for g € G
and multiplied in the “usual way” (according to the above definitions of addition
and multiplication). This means that if ¢ = deG 5¢8, then the coefficient of g in
the product ¢ is the sum of rs,~ such that g'g"” = g.

In Chap. 11, we defined the notion of a G-module. If A is such a G-module,
which is an R-module for a ring R with the property g(ra) = r(ga) for each r €
R and g € G, then it becomes a module over the group ring R[G] if we define
(D geG 7e8)a = e 1e(ga). Conversely, each R[G]-module A is a G-module (as
in Chap. 11) and at the same time an R-module (and both structures are related by
(rg)a = g(ra) = r(ga) whenr € R, g € Gand a € A).

The Chinese Remainder Theorem

The Chinese remainder theorem (CRT) says that if d,...,d; € Z are relatively
prime positive integers and ry, ..., r; are any integers, then there is an integer a
such that the remainder of a when divided by d; is r; fori = 1, ..., k. When we say

that the remainder of a when divided by d is r, we mean that d divides a — r, which
isdenotedbyd | a—rora—r € (d) ora = r (mod d) (a is congruent to » modulo
d). This result is true in much greater generality. Since we use it both for integers
and polynomials, we give a formulation which covers these two cases:

A.7.1 Chinese Remainder Theorem. Let R be an integral domain and let
dy,...,dr € R be pairwise relatively prime elements, that is, the ideals (d;,d;)
are equal to R fori # j. If ri,...,rx € R, then there exists an a € R such that
a—ri€(d)forali=1,... k

Proof. We use induction starting with k = 1 when the result is of course true.
Notice now that it is true for k = 2, since by A.3.10, we have a surjection of R onto
R/(d,) x R/(d») mapping a onto (a + (d,), a + (d)). But this means that if we take
(r1 + (dy), 2 + (d2)), then we can find an a € R such that a + (d,) = r; + (d;) and
a—+ (dy) =r,+ (dy), thatis,a—r; € (dl) anda—nr, € (dz)

Assume now that the theorem is true for k — 1 elements of R and consider k
(pairwise) relatively prime elements di,...,d;y € R. Letd = dd; - - - dy. First we
note that every d; (i = 1,...,k) and d/d; are relatively prime. In fact, we noted
earlier (see the text preceding A.3.10) that an ideal relatively prime with two other
ideals is relatively prime with their product ((d/d;) is the product of all (d;) for
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Jj # ). Now we use k times the case of two relatively prime elements: d; and d/d;,
(i=1,...,k). We find xq,...,x; € R such that

Xi — le (dl) and X; € (d/dl) - (dj) fOI'j 75 i

Take now a = rix; + - - - + rixg. We check thata —r; € (d;) foralli =1,... k.
Infact, wehavea —r; = rix; + -+ ri(xi — 1) + - - - + rx € (dy). O

Example A.7.2. Let p1, p2, p3 be three prime numbers, for example, p; = 3,p; =
5,p3 = 11. We want to find an integer @ such thata = 2 (mod p;),a = 4 (mod p»)
and a = 8 (mod p3). Let d = pipops. By Fermat’s Little Theorem (see Exercise
6.3(c)), we may choose x; = (pop3)”' ™' = 1 (mod p1), x = (pp3)>~' = 1
(mod p»), x3 = (p1p2)”~' = 1 (mod p3), since x; = 1 (mod p;) and x; = 0
(mod p;) for j # i. According to the proof above, we have a = 2x; + 4x; + 8x3 =
2:(5-11)>+4-(3-11)*4+8-(3-5)'° = 74 (mod 3-5-11). The choice of x; above is
given by a general formula (using FLT), but in the exercises in Chap. 15 (and in this
example), it is not difficult to find suitable x; by simple computations (for example,
we can consider the numbers 11k + 8 and try to find & such that the number gives 2
modulo 3 and 4 modulo 5—this is £ = 6). The command "mod" in Maple is very
useful for computations of residues.

Permutations

If a set X is finite, the bijective functions on it are often called permutations of X.
The most common case is X = {1,2,...,n}. All bijective functions on X form a
group with respect to the composition of functions. This group is denoted by S,, and
is called the symmetric group. The order of S, is n!. Thus, a permutationof 1, ..., n
is a bijective function o : {1,...,n} — {1,...,n}, which sometimes is denoted by

(1 n)
o=1. . s
I ...1,

when o (k) = i, for k = 1,...,n. Permutations can be conveniently written as a
product of cycles. A cycle is a permutation such that for a subset {i,..., i} of
X, ={1,...,n}, we have a(i1) = ir,0(ix) = i3,...,0(ix) = i and o (i) = i for
i &{i,...,i}. Suchacycleis denoted by (i1, i3, ..., ix). A transposition is a cycle
of length 2, that is, a permutation (i, j) which shifts i and j. An arbitrary permutation
o can be written as a composition of disjoint cycles, since we can start with 1, take
its image, the image of the image, and so on. Finally, we have to return to 1 (if
we do not already have o(1) = 1 at the beginning). In this way, we get a cycle
starting with 1. If all 1, ..., n are in the cycle, then o is one cycle. Otherwise, we
choose the smallest number which is not in the cycle starting with 1, and construct
a second cycle, which is disjoint from the first one. We continue the process so that
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every number is in a cycle. Notice that we usually omit the cycles of length 1, that is,
those corresponding to o (i) = i, but we denote by (1) the cycle corresponding to the
identity (essentially, the identity is a composition of # cycles (i) fori = 1,...,n).
For example:

12345678
=(1,4,5)(2,7)(3,8).
(47851623) ( )2.1E.8)
The cycle permutations have many pleasant properties which are important in the
study of the permutation groups. We record the property proved above as well as the
following useful facts:

Proposition A.8.1. (a) Any permutation in S, can be obtained as a composition of
disjoint cycles.

(b) Any permutation in S, can be obtained as a composition of transpositions (even
of only two adjacent numbers).

@ Ifo €S, andt = (if,...,i) €Sy, thenoto™" = (0(iy),...,0(i)).

(d) Any two cycles in S, having the same length are conjugate.

Proof. (b) Any permutation iy, ...,i, of 1,...,n can be obtained from 1,...,n by
a chain of transpositions of two adjacent numbers. Using (a), it is sufficient to check
it for cycles. We have the following evident equality:

Gty eovik) = (oo Be1) (e, ),

so every cycle can be represented as a composition of transpositions repeatedly
shortening the component cycles, replacing them by transpositions according the
formula above. Observe that we compose (“read”) from right to left as usual for
functions on sets. As regards transpositions (i, ) (where j > i 4+ 1), we have the
following formula, which is easy to check:

()=>0i+D0+1Li+2)--(G-1LDG—=2j-D---@i+1).

This formula shows that every transposition is a composition of transpositions of
adjacent numbers.

(c) Let o = oto~'. We have to show that o(c(i1)) = (i), ..., 0(c (i) = o(iy)
and for every i # o (i,), where r = 1, ..., k, we have o(i) = i.

We check simply that o(o(i})) = oto~'(0(i1)) = o(z(i;)) = o(i») and, in
general, 0(0(i;)) = oo™ (0(i,)) = o(t(i;)) = o(i,41) forr = 1,....k, when
the addition of these indices r is performed modulo k.

If i # o(i,), then of course, 0! (i) # i, forall r = 1, ..., k, thatis, T does not move
o~ 1(i). Hence, we have o(c (i)) = oto (i) = o(t(67'(i))) = 6 (671 (i)) = i, that
is, 0 doesn’t move i.

(d) Take two cycles of the same length (iy,...,i) and (ji,...,jx). Choose a
permutation o € S, suchthato(i,) = j, forr = 1,...,k and o is any bijection from
the set i # i, on the set of j # j, Then, it follows from (c) that o (i}, ..., )0~ ! =

(s Ji)- U
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A permutation o of X = {1,2,...,n} is called even if for an even number of
pairs i,j € X such that i < j, we have o(i) > o(j) (this number may be 0). The
even permutations of X form a subgroup of S, called the alternating group, which
is denoted by A,,. Its index in S, is 2, that is, its order is n!/2. Among many possible
proofs of this, we choose an argument which is useful in Chap. 15.

As we know, the group S, acts on the set X = R[X),...,X,] (R any ring)
of polynomials in variables Xj,...,X, by the formula: o(f(X1,....X,)) =
FXoqy, - Xom)-

Consider the following polynomial in Z[X], ..., X,]:

AKX X) = [ &xi-x).

I<i<j<n

It has as many factors as the number of pairs 7,j such that i < j. For any
permutation 0 € §,, we have o(A(X),....X,) = AXsq), ..., Xo@w). This
polynomial also has X; — X; as its factors but each time o(i) > o(j), the
corresponding factor X,y — X,(j in 0 (A(Xy,...,X,)) differs by sign from the
factor X,(jy — Xo(;), which appears in A(Xj,...,X,). Hence a permutation o is
even if and only if 6(A) = A and odd if and only if 6(A) = —A. If 0, T are
two even permutations, then 0t(A) = o(7(A)) = A, which shows that the even
permutations form a group. Recall that it is denoted by A,,. We also have that if both
0,7 are odd, then 0 t(A) = 0(7(4)) = 06(—A) = A, so o7 is an even permutation,
thatis, ot € A,. This property implies that A, has index 2 in S,,, that is, the subgroup
A, has two cosets in S,: one is A, and the second is oA, for any odd permutation o
(for example 0 = (1, 2)). In fact, if 7 is also odd, then 0A,, = tA,, since ot e A,
as a product of two odd permutations (0! & A,, since 0 ¢ A, as A, is a subgroup).
Thus the number of elements in A, is half of the number of elements in S, that is,
it equals n!/2.

Proposition A.8.2. The group A, is the only subgroup of S, having index 2.

Proof. Let H be a subgroup of index 2 in S,,. We claim that no transpositions (a, b)
are in H. In fact, the subgroup H is normal in S, as a subgroup of index 2 (see A.2.8).
If a transposition t = (a,b) € H, then every other transposition is also in H, since
it is conjugate to ¢ (see A.8.1(d)). But the transpositions generate the whole group
Sn, s0 we would have H = §,,, which is not true. Now a product of two elements
which are not in H is an element belonging to H, since H has index 2 in S,. Thus
any product of two transpositions is in H. But any even permutation is a product of
an even number of transpositions, so it is an element of H. Thus A, € H, which
means that H = A, since these groups have the same order. O

A.8.3 Cayley’s' Theorem. Every group G of order n can be embedded into a
permutation group Sy, where N > n. It is always possible to choose N to be a
prime number.

! Arthur Cayley, 16 August 1821-26 January 1895.
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Proof. Let G = {gi,...,gn}, Where g, = e is the identity. For g € G denote by
0g € S, the permutation such that o, (i) = jif gg; = gj, thatis, gg; = go,()- Mapping
g onto the permutation o, gives an embedding of G into S,. In fact, denote by @ :
G — S, the function ¢(g) = o,. For every i, we have (gg')g; = 8o, () and at the
same time, g(g'g;) = 880, (i) = 8a,(0, (1)- Hence, we have oy (i) = 0,4(0y (7). Thus
for every i, we have @(gg')(i) = 0g¢' (i) = 04(0g (i) = Do(Py (i) = P, 0 Dy (i).
This shows that @(gg’) = ®(g) o P(g’), that is, @ is a group homomorphism. It is
clear that @ is an injection as @(g) = (1) if and only if 0, = g; (see A.2.10).
Notice that the group S, can be embedded into any group Sy, where N > n.
For example S, can be regarded as all permutations of the first # numbers among
I,...,n,...,N. In particular, one may choose N to be a prime number (see an
application of this in Exercise 9.17). |

Proposition A.8.4. The group S, is generated by the cycle o = (1,2,...,n) and
the transposition t = (1, 2).

Proof. Let H be a subgroup of S, generated by o and 7. For 1 < k < n — 2,
we have 0¥(1) = k + 1 and 0%(2) = k + 2. Hence ofto™ = (k + 1,k + 2).
Thus the subgroup H contains all transpositions of any two consecutive numbers

among 1,2, ..., n. But any permutation in S, can be obtained as a product of such
transpositions (it is possible to get any permutation ay,...,a, from 1,...,n by a
chain of transpositions of two adjacent numbers—see A.8.1(b)). O

Proposition A.8.5. Let G be a transitive subgroup of the group S, containing the
cycleo = (1,2,...,n—1) and a transposition Tt = (i,j) (i <j). Then G = S,

Proof. First of all, we observe that G contains all transpositions (k, n), where k =
1,...,n. In fact, there is an f € G such that f(j) = n, since G acts transitively on
{1,...,n}. Let f(i) = ko. By A.8.1(c), we have f(i,j)f ! = (f(i).f(j)) = (ko.n).
Now we easily check that all conjugates o' (ko, n)o™" = (0" (ko),n), where r =
1,...,n—1 give all transpositions (k,n) withk = 1,...,n — 1 (see A.8.1(c)). The
transpositions (k, n) generate the whole group S, since for any transposition (a, b),
where 1 < a < b < n, we have (a,b) = (a,n)(b,n)(a,n). Thus G contains all
transpositions of 1, ..., n, which proves that G = S, by A.8.1(b). a

Group Actions on Sets

We say that a group G acts on a set X if for every pair (g,x) € G x X, we have
an element gx € X such that (gg')x = g(g’x) and ex = x (e is the identity in
G). Thus an action of G on X is a function from G x X to X satisfying these two
assumptions, which can be best understood in terms of the transformations of the
set X. If we fix g, then we get a function o, : x — gx for x € X (instead of
the term function, we often use the term transformation in this case). The function
0, is a bijection on the set X, since it has an inverse function Og—1. In fact, we

have 0, 0 0y (x) = 04(0y(x)) = 0,(g'x) = g(g'x) = (8¢ )x = 0,y (x), that is,
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0, 00y = Oy and 0.(x) = ex = x, that is, 0, = idy is the identity mapping on X.
Hence, o, o Og—1 = Ogp—1 = Op = idx and similarly, Og—1 005 = idy, which shows
that o, and o,—1 are inverses of each other (see below A.9.1).

If X is a set, then all bijective functions ¢ : X — X form a group under
composition of functions, that is, if ¢ : X — X is also a bijection, then the
composition to(x) = t(o(x)) for x € X is a bijection on X. The composition of
functions is associative, the identity is the identity function id(x) = x for x € X,
and the inverse of o is the inverse function 0 ~!. Denoting by B(X) the group of all
bijections on X, we define a transformation group of X as any subgroup of B(X).
Notice that, for simple combinatorial reasons, if X is a finite set, then every injective
or surjective function 0 : X — X is automatically bijective (that is, an injective
function must also be surjective, and a surjective function must be injective). This
easy observation is often useful, as is the following general property of functions,
which we often use:

Lemma A9.1. Ifo : X — Yand t : Y — X are functions such that T o 0 = idy,
then o is injective and t is surjective, so if also o o T = idy, then both o and t are
bijective.

Proof. Ifx,x' € Xand 6(x) = o(¥'), then too(x) = Too(¥'),sox = x’. Hence o is
injective (different x, x’ have different images under o). If x € X, then x = (0 (x)),
so 7 is surjective (every element x of X is an image of an element o (x) of Y). |

The observations above concerning actions of groups on sets can be now
simply expressed by saying that any action of a group G on a set X defines a
homomorphism from G to the transformation group B(X) such that g € G maps
onto the transformation o,. Denoting such a homomorphism by @ : G — B(X),
we have @(g) = o,. It is easy to see that also conversely, any homomorphism
® : G — B(X) defines an action of G on X if we define gx = @(g)(x).
The properties @(gg’) = P(g)P(¢g’) and @(e) = Id of the homomorphism @
immediately translate to (gg’')x = g(g’x) and ex = xforg, g’ € Gand x € X.

Let a group G act on a set X. The orbit of x € X, denoted by Gu, is the set of all
images of x under the elements of G, that is, Gx = {gx,x € X}. The stabilizer of
x € X in G, denoted by G,, is the subgroup of G consisting of those elements which
map x to itself, that is, G, = {g € G|gx = x}. If g € G, we denote by X3 the set
of all elements in X fixed by g, that is, X8 = {x € X|gx = x}. We say that G acts
transitively on X if for each pair x,x’ € X there is a g € G such that X' = gx.

Proposition A.9.2. If G is a finite group acting on a finite set X, then:

(a) The orbits of G on X are disjoint and cover the set X, that is, they form a partition
of X. The number of elements in the orbit of x € X is equal to the index of the
stabilizer of x in G, that is, |Gx| = [G : G,] = |G|/|G,|. Moreover; if X' = hx for
h e G, then Gy = hG,h™". Thus, we have

X:UGx and |X|:Z%,

where x represent different orbits of G on X.
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(b) (Burnside’s Lemma) Denoting by |G/X| the number of orbits of G on X, we
have

1
G/X] = = DIl
P>

g€G

(¢) If X has p elements, where p is a prime and G acts transitively on X, then p
divides the order of G.

Proof. (a) It is clear that each element x € X belongs to an orbit (its own). Two
different orbits are disjoint, since if x € Gx| and x € Gx;, for some x € X, then for
any X' € Gx|, we have X' = g'xj and x = g1x; = goxy, thatis, x; = g7 'goxs gives
X = g'g7'gax2, s0 X’ € Gx,. Hence, we have Gx; € Gx,. By symmetry, we also
have the inclusion Gx, C Gx), which gives Gx; = Gx;. Another argument is to use
the fact that the orbits are equivalence classes of an equivalence relation x ~ x’ on
X: we declare x, X' € X equivalent if and only if they belong to the same orbit. When
we check that the relation is reflexive, symmetric and transitive, we get that different
orbits are disjoint, since different equivalence classes of an equivalence relation are
disjoint and form a partition of X (see A.1.1).

The number of elements in an orbit Gx is equal to the number of different elements
gx, where g € G. Now gx = g'x if and only if g~ '¢’x = x, thatis, g7'¢’ € G,,
which is equivalent to g'G, = gG,. Thus, the number of different elements in Gx is
equal to the number of cosets of G, in G, that is, the index [G : G,] = |G|/|G,| of
G, in G.

If X' = hx for some & € G, then

g€Gr o gl =X & ghx=h & h_lghx =x & h_lgh €eG & ge hGh™ !,

s0 Gy = hG.h~".
(b) First note that

D OIXE =) 1G.

g€G XEX

since both these numbers are equal to the number of pairs (g,x) € G x X such that
gx = x. In fact, imagine a “multiplication table” for multiplication of elements of
G by the elements of X in which the intersection of the row g with the column x is
gx and count the number of occurrences of gx = x in two ways: by rows and by
columns.
We have:

_ _ |G| 1
Zngl—Zlle—Z@—ng@-

g€G x€X x€X
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Now we observe that the last sum is simply the number of orbits, since each fraction
el G | appears as many times as the number of elements in the orbit of x, which means
that each orbit contributes 1 to this sum (the elements of X are distributed among all
orbits which are disjoint and cover X). Thus,

> Ix#| = |GlIG/X].

g€G

which proves Burnside’s Lemma (which in reality was proved already by Cauchy

and somewhat later by Frobenius).

(c) By our assumption, we have only one orbit Gx = X for any x € X, so by (a), we

have |Gx||G,| = |G|. Hence p = |Gx| divides |G]|. |
The formula in A.9.2(a) is often used when X = G and the action of the group G

is given by conjugation (that is, g - x = gxg™!). In this case, the equality

Gl Z ||G|

is often called the class formula, since |Ig‘| = [G : G,] = |Gx] is the number of
elements in the group G which are conjugate to x. We use this formula in such a
way in Exercise 12.6. Notice that classes with only one element, that is, |Gx| = 1,
correspond to G, = G, that is, they correspond to the case when gxg~' = x for
every g € G. Such elements x are exactly the elements of the center C(G) of G (see
p. 245). For an arbitrary element x € G, the group G, consists, in this case, of those
elements g € G for which gxg™' = x, that is, those which commute with x. It is
usually called the centralizer of the element x € G.

Very often, we consider X = G and H is a subgroup of G acting by multiplication,
say from the left. Then the orbit of x € G is the coset Hx and the formula of A.9.2(a)
is simply the splitting of G into the right cosets of H in G. We give a few important
applications, which we use on different occasions in the exercises.

A.9.3 Cauchy’s’ Theorem. Let G be a finite group whose order is divisible by a
prime number p. Then the group G contains an element of order p.

Proof. Consider the set X of all p-tuples (g1,82,...,8p) such that g; € G and
8182 -+ &y = e. The number of elements in X is of course n”~!, where n = |G| (one
can choose g1, ..., g,—1 arbitrarily, in n different ways each, and compute uniquely
the corresponding last factor g,).

Let H = (o) be the cyclic group of order p generated by the permutation ¢ =
(1,2,...,p) (the cycle of length p mapping 1 + 2 + --- > p > 1). The group
H acts on the set X, by shifting the indices of g1, g2, ..., g, one place to the right
circularly (the last to the first): 0(g1, 82, ..., 8p) = (8o(1):85(2) - - - » 8o(p))- In fact,

2 Augustin-Louis Cauchy, 21 August 1789-23 May 1857.
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if g1g2---g, = e, then g,---g,81 = e, since we can multiply the first equality by
81_1 from the left and then by g; from the right.

If x = (g1,82,...,8p) € X, then its orbit Hx contains p different elements unless
all g1 = g» = --- = g, when all shifts of x give the same element x, that is, the orbit
Hx has only one element. We just want to show that thereisanx = (g, g,...,8) € X

with g # e, that is, that the number of elements of X whose orbit has only one
element is bigger than 1. Denote by k the number of orbits Hx of length 1 and by s
the number of orbits Hx consisting of p elements.

According to A.9.2(a), the number of elements in X ") is equal to the sum

of the numbers of elements in all orbits. Thus n”~' = k + ps. Since p divides
the order n of the group G, the last equality shows that p divides k, so we really
have k > 1. a

We also use the formula A.9.2(a) in the proof of the following theorem of Sylow,?
which has many applications in Galois theory. Let G be a group and p a prime
number. If p divides the order of G and p* is the highest power of p dividing it, then
each subgroup of G of this order is called a Sylow p-subgroup of G. In general, a
group whose order is a power of a prime p is called a p-group. The Sylow subgroups
play an important role and the main result about them is usually formulated as three
theorems (below (a), (b), (¢)):

A.9.4 Sylow’s Theorems. Let G be a finite group and p a prime number dividing
the order of G. Then

(a) G contains Sylow p-subgroups;

(b) any two Sylow p-subgroups of G are conjugate;

(c) the number of Sylow p-subgroups of G divides their index and is equal to 1
modulo p.

Proof. (a) We use induction with respect to the order of G. If |G| = 2, then the
group is cyclic of order 2 and the theorem is of course true. Assume that it is true
for all groups of order less than the order of a given group G. We prove (a) for
G. Assume that G has proper subgroups, since otherwise it is a cyclic group of a
prime order p and the theorem is automatically true for G (see A.2.15). Let p* be
the highest power of a prime number dividing the order of G. If G has a proper
subgroup H of order divisible by p*, then the theorem is true by induction, since a
subgroup of H of order p* is a subgroup of G of this order. Thus, assume that p*
does not divide the orders of all proper subgroups of G. Consider now the action of
G by conjugation (so X = G, H = G and g - x = gxg~'). As we noted above, the
stabilizer G, = {g € G | gxg~' = x} is the centralizer of the element x € G. We
know that G, = G (that is, G, is not proper) if and only if x is in the center C(G) of
G. The class formula of A.9.2(a) gives

G Gl
G| = Z@ = |C(G)| +Z@,

3Peter Ludwig Mejdell Sylow, 12 December 1832—7 September 1918.
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where in the sum to the right, we take only x representing the classes for which the

“GGl‘ for which G, is

a proper subgroup (since then p* | |G| and p* } |G,|) and ‘GI‘ = 1 each time x is in
the center of G. Since p* divides |G| to the left, we get that p divides |C(G)|. Thus
the order of C(G) is divisible by p, which implies by Cauchy’s theorem A.9.3 that
there is an element g € C(G) of order p. Hence the subgroup (g) has order p and
is normal in G, since g is in the center of this group. The quotient group G/(g) has
order |G|/p less than the order of G and the highest power of p dividing this order
is p*~!. By the inductive assumption, the group G/(g) contains a subgroup of order
p*~ 1. Now the inverse image of this subgroup in G (see A.2.13) has order p*, so it is
a Sylow p-subgroup of G.

(b) Let H, and H, be two Sylow p-subgroups of a group G. We want to show that
there is an element x € G such that H; = xH,x~!. Once again, we use the class
formula of A.9.2(a) but this time, we choose X = G and we act on X by the subgroup
H; x Hy of G x G in the following way (h;, hy)x = hlxhz_1 for (hy, h;) € Hy X H;
and x € G. It is easy to check that this definition really does define an action of
H, x H, on G:

group G, is proper. Hence, the prime number p divides all terms

((hy, o) (. By))x = (i halb)x = (hyl)x(holy) ™!
= hy(hyxhy " Yhy " = (hy, ho) (). Hy)x)

for (h1, h2), (W, h,) € Hi X Hy, x € G and, of course, (e, e)x = x for the identity
(e,e) € H; x H,. The orbit of x € G is HyxH, (this set is called the double coset
of Hy, H, in G). The isotropy group G, of x € G consists of all (4, i) such that
hxhy' = x, that is hy = xhox~'. Such pairs (hy, hy) are exactly those belonging to
the intersection H; N xH,x~!. Hence the number of elements in the orbit H;xH, is
equal to

|Hy x Hy|  |Hi||H;|
|H1 ﬂXHz)C_ll |H1 ﬂtzx_1|

and the class formula of A.9.2(a) says that
Z |H\ || H>|
|H1 N tzx ll

where x represent different orbits of H; x H, on G (double cosets). Now |H;||H>|
is divisible by p*p* = p* and |H, N xH,x~'| as a subgroup of H, is divisible by at
most p*. If H; N xH,x~! is a proper subgroup of H, then its order is at most p*~!,

which means that % is divisible by at least p*~*=D = pk+1 Since the

order of G on the left is divisible exactly by p*, we get a contradiction if all terms to
the right are divisible by p**!. Hence it must be a term in which H; N xH,x™! is not
a proper subgroup of Hj, that is, there must exist an x € G such that H; = xHx™!
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(c) Since all Sylow p-subgroups H of G are conjugate, the number n, of different
such groups is equal to the index of the normalizer N'(H) in G (for the definition
of N'(H), see p. 241) In fact, we have xHx~' = x’Hx'~" if and only if x 'YH =
Hx~'x, that is, x~'x' € N(H), which is equivalent to X A'(H) = xA\/(#). Thus the
number of Sylow p-subgroups divides the order of G. Now in order to prove that this
number is equal to 1 modulo p, we use the same action on G as in (b) with H; =
H, = H. Since we want to find the number of Sylow p-subgroups, which is equal
to the index of V/(H) in G, we have to show that the quotient n, = |G|/|N (H)]| is
equal to 1 modulo p. According to the class formula in (b), we have:

Z |H||H|
|H N xHx7 1|’

and we split the sum into those terms which correspond to x € A (H) and those
for which x ¢ N (H) (notice that H € N(H) C G). In the first case, we have
xHx~' = H, so the term is equal to |[H|. The number of such terms is equal to
the index of H in N (H), so this first sum is simply the order |[N'(H)|. As in (b),

7|H‘ri ‘1111;1|—1| of the second type is divisible by p**! (since H N xHx™' is

proper subgroup of H, its order is at most p*~! and the numerator is |H|?> = p).
Hence the sum of the terms of the second type is p**'m for an integer m. Thus
|G| = |N'(H)| + p**'m, which gives the number of Sylow p-subgroups:

each term

L el _ . Pm R
TN @H) IV (H)|

. . ke, . .
for an integer m’, since the number ﬁ is an integer (as a difference of two

integers) and it must be divisible by p, since the order of N (H) as a subgroup of
G is at most divisible by p*. This proves that the number of Sylow p-subgroups of
G is equal to 1 modulo p. |

Symmetric Polynomials

A polynomial f(X;,...,X,) € R[X1,...,X,] over aring R is called symmetric if it
is unchanged by any permutation of its variables X, ..., X,,. This can be expressed
in terms of the group action of the symmetric group S,, on the ring of polynomials:
o(f(X1..... X)) = fXsq)---.Xo0m)). The polynomial f is symmetric if and only
if o(f) = f for all ¢ € §,. The elementary symmetric polynomials are the
polynomials s; = X; 4+ -+ + Xp, 520 = X1 X0 + XiXs + - + X1 Xy - - o8y =
XX -+ X,. They appear in the coefficients of the general polynomial of degree n
(see p. 78):

gX) =X =X) =X"—s;X""" + X" 2 4o 4 (=1)" 51X + (=1)"s,.
i=1
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The following result has many applications:

A.10.1 Fundamental Theorem on Symmetric Polynomials. If R is a
(commutative) ring and f(Xi, ..., X,) € R[X1,...,X,] is a symmetric polynomial,
then there is a polynomial h € R[Xy,...,X,] such that f(Xi,...,X,) =
h(s1,...,8)-

Thus, the fundamental theorem on symmetric polynomials says that every
symmetric polynomial is a polynomial of the elementary symmetric ones. The idea
of the usual proof of this statement, using mathematical induction with respect to
the degree of the polynomial, is very simple, but its formulation needs the careful
definition of an ordering of monomials, which we omit here (see e.g. [L], Chap.
IV, §6). Such a proof gives a way to effectively find a polynomial 4 for a given
polynomial f.

A.10.2 Discriminant of a Polynomial. Let «, . . ., o, be the zeros of a polynomial
fX) = a, X"+ a, X" ' +---4+ a1 X +ap € K[X] in a splitting field L of f(X) over
afield K (a, # 0). The discriminant of f(X) is then

AN = [] @—-ap

I<i<j<n

It is easy to see that the permutations of «j,...,«, do not affect the
discriminant—it is fixed by all permutations of the zeros (as it is fixed by all
transpositions—see A.8.1). Since the Galois group G(L/K) can be considered as a
subgroup of all permutations of the zeros, this property of A(f) implies that it is an
element of the field K (see T.9.1(b), Exercises 9.25 and 15.2).

It is also possible to prove that A(f) € K using a somewhat different argument
applied to the “general discriminant”

Agx) = [] &xi-x)*ezlx.....X,)]

I<i<j<n

defined by the general equation above. The discriminant A(g(X)) is a symmetric
polynomial of Xj,...,X,. According to the fundamantal theorem on symmetric
polynomials, there is a polynomial 2 € Z[Xj,...,X,] such that A(g(X)) =
h(sy,...,s,). If now f(X) € K[X] and o; € L are the zeros of f(X) in its splitting
field L, then we replace X; by «; in the equality A(g(X)) = h(sy, ..., s,) Formally,
we take a homomorphism of Z[X}, ..., X,] mapping X; onto the zeros «; of the
polynomial f(X) in L (Z is mapped into the prime field in K when 1 in Z is mapped
to 1in K). Then A(g(X)) maps to A(f(X)) and s; to (—1)'a,—;/a, fori =1,...,n,

according to Vieta’s formulae when s, ..., s, are evaluated for X; = oy,..., X, =
a,. Thus, we get A(f(X)) = h(si(or, ..., 0y), .y Su(0g, ..., 0,)) € K.
In this book, we use the polynomial # mainly for n = 2,3,4. For n = 2,

see p. 3, and for n = 3 see p. 177. Already for n = 4, it is a little laborious



274 Appendix: Groups, Rings and Fields

to compute. In Maple, it is possible to get the discriminant using the command*
discrim (£ (T),T), where T is the variable in the polynomial f(T). For n = 4,
we gave the expression of A(f) in terms of the coefficients on p. 89.

Transitive Subgroups of Permutation Groups

A permutation group G C S, is called transitive if for any pair i,j € {1,2,...,n}
there is a permutation o € G such that o(i) = j. Transitive permutation groups
appear when we study Galois groups of irreducible polynomials. In fact, we know
that if f(X) € K[X] is an irreducible polynomial of degree n, then the Galois group
G(K;/K) acts transitively on its n zeros. We met this property in several exercises.
We know that every element of the Galois group is a permutation of the zeros of f(X)
and that there is always an automorphism of Ky over K which maps a given zero onto
any other zero of this polynomial (see Exercises 7.4(a), 9.3 and 9.4). When we want
to classify the Galois groups of polynomials over fields, it is necessary to know
transitive subgroups of permutation groups. This knowledge is used in computer
programs in order to find Galois groups of (irreducible) polynomials. For example,
in Pari/GP, there is such a possibility for irreducible polynomials up to degree 11,
and in Maple up to degree 9 (in 2017).

The symmetric group S;3 of all permutations of 1,2,3 consists of 3! = 6
elements. We can represent each permutation as an isometry of the plane map-
ping an equilateral triangle with vertices at three points 1, 2, 3 to itself. If
{a,b,c} = {1,2,3}, then there are three rotations: the identity (1), the rota-
tions +120%: (1,2, 3), (1,3,2) and three symmetries in the three heights of the
triangle: (1,2),(2,3), (1,3). There are only two transitive subgroups of S3: the
group S3 itself and the subgroup of the rotations (all even permutations) Az =
{(1),(1,2,3),(1,3,2)}. These facts are very easy to check (e.g. by listing all the
subgroups of S3).

The symmetric group S, of all permutations of 1,2, 3,4 consists of 4! = 24
elements. We can represent each permutation as an isometry of the space mapping
a regular tetrahedron with vertices at four points 1, 2, 3, 4 to itself. If {a, b, c,d} =
{1,2,3,4}, then each non-identity permutation can be written as a cycle or a
composition of them:

six symmetries (a, b) of order 2: in the planes through the vertices ¢, d and the
mid-point of the side between a and b;

eight rotations (a,b,c) of order 3: around the axis through the vertex d
perpendicular to the plane through the vertices a, b, c;

three rotations (a, b)(c, d) of order 2: 180° around the axis through the mid-points
of the sides a, b and ¢, d. Notice that these rotations together with the identity (1)

4The discriminant of a polynomial is sometimes defined with a factor, which is a power of the
leading coefficient with suitable sign. Check, in particular, the definition in Maple if you want to
use it!



Appendix: Groups, Rings and Fields 275

form a transitive group of order 4. It is a transitive permutation representation of the
Klein four-group, which we denote by V4, that is,

Va=1{(1).(1,2)3.4).(1.3)(2.4), (1,4)(2.3)}.

Six cycles (a, b, ¢, d) of order 4: compositions of the rotation (a, b, c) with the
symmetry (c, d).

Together with the identity (1), we get 24 possible isometric mappings of the
tetrahedron to itself. Notice that the even permutations are exactly the 12 rotations,
and the odd permutations are the 6 symmetries and the 6 compositions of a rotation
of order 3 and a symmetry.

Now observe that every transitive subgroup of S4 has at least four elements. As
its order divides 24, the allowed orders are 4, 6, 8, 12, 24. Of course, S4 and A4 are
transitive. By A.8.2, the group of even permutations A4 is the only subgroup of S4
of order 12.

In order to describe all transitive subgroups of S4, notice that in any subgroup
G, which contains at least one odd permutation o, half of the elements are odd
permutations, and the other half are even. In fact, if Gy denotes all even permutations
in G, then Gy is a (normal) subgroup of G and G = Gy U oGy, since every
permutation t in G is either even or, if it is odd, then o~ !t is even (that is, in
Go).

The group Sy has three subgroups of order 8. All are isomorphic to the square
group D4 and are transitive. In order to prove this, assume that G is a subgroup
of order 8. Then it must consist of both even and odd permutations—they cannot
all be even, since a group of order 8 cannot be a subgroup of a group of order 12.
The subgroup Gy of G consisting of the even permutations (that is, rotations of the
tetrahedron) must be Gy = V4, since all the remaining rotations have order 3 (cannot
belong to a group of order 8). The odd permutations in G cannot all be of order 2.
Those are exactly the symmetries of the tetrahedron. Among four such symmetries,
there are at least two which shift the same vertex (of four possible), that is, they have
form (a, b) and (a, c¢). Then the group G contains (a, b)(a, c) = (a, c, b), which as
an element of order 3. This order is not allowed by G. Thus G must contain an odd
permutation o of order 4. An easy direct computation shows that there are exactly
three possibilities for o Vy, which give three possibilities for G:

D4 == V4 U {(15 25 45 3)5 (15 37 47 2)7 (17 4)7 (2’ 3)}’
Dy = V4U{(1,2,3,4),(1,4,3,2),(1,3),(2,4)},
D} = V4U{(1.3,2,4).(1.4.2.3).(1,2). (3.4)}.
It is clear that these groups are transitive. Notice that the groups D4, D}, D} are all

isomorphic. They consist of all isometries of a square corresponding to a numbering
of its vertices a, b, ¢, d according to the rotations given by the elements of order 4
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belonging to it. Recall that such a group contains three subgroups of order 4: V4 (the
rectangle group), the cyclic group of the rotations of the square:

Cy ={(1),(a,b,c,d),(a,d,c,b),(a,c)b,d)}
and a non-transitive representation of the Klein four-group (the rhombus group):

Vi ={(1).(a.b), (c.d), (a.b)(c.d)}.

There are no transitive subgroups G of Ss of order 6. In fact, such a subgroup
cannot be cyclic, since there are no elements of order 6 in S4. Thus it must be
isomorphic to S3. As we know, such a group has three elements of order 2 and two
elements of order 3. Among the elements of order 2 at least two must be symmetries
(otherwise V4 is a subgroup of G, which is impossible). They must shift a common
vertex a. Otherwise, they are of the form (a, b), (¢, d) with different a, b, ¢, d. Then
(1), (a,b), (c,d), (a,b)(c,d) is a subgroup of G, which is impossible. If (a, b) and
(a, c) are in G, then it is easy to check that G is the group of all permutations of
a, b, c. It is not transitive on the set {1, 2, 3, 4}.

Any subgroup of order 4 is either cyclic or isomorphic to the Klein four-group.
A cyclic group of order 4 is generated by an element of order 4, which is a cycle
(a, b, c,d). Of course, such a subgroup is transitive (since there are six such cycles
and any cyclic group of order 4 has two of them, there are three cyclic subgroups of
order 4).

Finally, there is only one transitive subgroup of order 4—the group V4. In fact,
a non-cyclic subgroup of order 4 must contain three elements of order 2. A similar
argument to that given above in connection with the subgroups of order 6 shows
that it is impossible to get a transitive group with two symmetries. Thus we can only
have the rotations of order 2, giving V.

Summarizing, we have the following list of isomorphism types of transitive
subgroups of Sy4:

S4,A4,Dy, Cy, V4.

We do not prove that the group S5 has following five types of transitive subgroups
(described below):

Ss5,As, Gs, Ds, Cs.

The order of every transitive subgroup must be divisible by 5 according
to A.9.2(d), so the allowed orders of transitive subgroups are 5, 10, 15, 20, 30, 60,
120. As we know by A.8.2, the subgroup As is the only one of order 60. It is not too
difficult to exclude the orders 15 and 30 as orders of subgroups of 5. The subgroups
of order 5 are the cyclic groups of this order generated by cycles (a, b, c,d, e) of
length 5. These are of course transitive and often denoted by Cs (there are six
such subgroups). Numbering the vertices of a regular pentagon and taking all the
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isometries of it, we get a subgroup of S5 of order 10, which is usually denoted by
D5 and called the dihedral group (of order 10)—see A.2.4. These are all subgroups
of order 10 in S5 and they are transitive (each contains four cycles of length 5 and
there are six different subgroups of this type). Finally, there are transitive subgroups
of order 20 denoted by G5 (sometimes by GA(1, 5), or Fyg, and called general affine
group of order 20—see Exercise 12.4 for n = 5). They can be represented over the
field Fs as affine transformations f(x) = ax + b, a € F%, b € Fs (replacing 0 by 5
in F5 = {0,1,2,3,4}, we get a corresponding permutation in S5, for example, the
mapping f(x) = x + 1 gives (1,2,3,4,5) and g(x) = 2x gives (1, 2,4, 3)). There
are six subgroups of S5 of this type (each contains one of the subgroups of type Ds,
and this one contains one of type Cs).

Some Arithmetical Functions

An arithmetical function is any function from the positive integers N to the
complex numbers. In this book, there are two functions which appear in many
contexts: Euler’s (totient) function ¢ and the M&bius function .

Arithmetical functions form a ring under the usual addition and multiplication of
functions: (f + g)(n) = f(n) + g(n) and (fg)(n) = f(n)g(n). But much more
interesting is another ring structure on the set of arithmetical functions, which
takes into consideration the divisibility relation in the ring Z. It is called Dirichlet
convolution and is defined in the following way:

(f* ) =Y f@e (3) = D f@s(®).

din ab=n

where the first sum is over all positive divisors of n, and the second, over all pairs
a, b of positive divisors of n such that ab = n (the last equality is only a change
of the notation d = a,b = n/d). It is clear that the convolution is commutative,
but the Reader may wish to write down the formulae showing the associativity and
the distributivity of multiplication with respect to addition. Both are easy to check
and the associativity follows immediately by showing that both ((f * g)  #)(n) and
(f * (g * h))(n) are equal to ), _, f(a)g(b)h(c), where the sum is over all triples
(a, b, c) of positive integers such that abc = n. The ring of arithmetical functions
with addition of functions and the Dirichlet convolution as multiplication is often
called the Dirichlet ring. It has an identity ¢ defined by ¢(1) = 1 and e(n) = 0
when n # 1. In fact, (¢ x f)(n) = ) ,,—,€(a)f(b) = f(n), since only the term
corresponding to @ = 1,b = n matters. We will denote by Id the function such
that Id(n) = n for every n. It is not the identity in the Dirichlet ring. Notice that
an arithmetical function f has an inverse in the Dirichlet ring, that is, there is an
arithmetical function g such that f x ¢ = ¢ if and only if f(1) # 0. In fact, if
f*g =g, then (f xg)(1) = f(1)g(1) = 1, which shows that (1) # 0. Conversely,
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if f(1) # 0, then we can find the function g inductively in the following way (it is
unique, if it exists, since the units in every ring form a group). First we find g(1) by
solving the equation f(1)g(1) = 1. When this is done and we already have g (k) for
k < n, then we take the required equality (f x g)(n) = >_,,—,f(@)g(b) = e(n) =0
when n > 1. In this equality, we know all the values of g for b < n and the only
value we have to find is the one corresponding to the term f(1)g(n). Since (1) # 0,
we can compute g(n) using this equality.

An arithmetical function f is called multiplicative if f (ab) = f(a)f (b) when a, b
are relatively prime, that is, the only common positive divisor of both these numbers
is 1. In other words, the greatest common divisor ged(a, b) = 1.

Recall that the Mobius function w(n) is the arithmetical function defined in
the following way: u(1) = 1, u(n) = 0 if n is divisible by a square of a prime
number and () = (—1)¥, when 7 is a product of k different prime numbers. Since
w(1) = 1, the Mobius function has an inverse with respect to the convolution, that
is, there is a unique arithmetic function f such that i x f = e. Computing a few
values of f (as we did in general case above), there is an evident guess that f = 1,
where 1 is defined by 1(n) = 1 for every positive integer n. We record this and give
a proof:

Proposition A.11.1. (a) The Mobius function is multiplicative.
(b) We have 1 x u = ¢, that is,

LepM)=pM)=1 and Axp)n) =Y ud =0 forn>1.
dn

Proof. (a) If a is divisible by k different primes and b by [ different primes, then
ab is divisible by k + [ primes. Hence, if gcd(a, b) = 1, then u(ab) = u(a)(b),
since both sides are equal to either O (if a or b is divisible by a square of a prime) or
(=1)¥* (if both @ and b are square free).

(b) We check immediately that (1 x #)(1) = 1 and for n > 1, we obtain:

Axp)m) =) pd =1+ Y (—1)k=1+2<—1)"<,ﬁ) =(1-1" =0,
k=1

dn piy = piIn

where p; < ... < p, are all different prime numbers dividing n and the sum is over
all possible products of k of these primes fork = 0,1, ...,r withi; < ... < i. The
term 1 corresponds to d = 1. Any remaining d contains at least one prime number.
It is possible to argue in many different ways in order to check that 1 x pu(n) = 0
when n > 1. For example, we note that there are r summands containing only one
prime and they contribute » summands equal to —1. Then there are (;) products of 2
primes (contributing as many summands 1), (;) products of 3 primes (contributing
as many summands —1) and so on. This gives the expression of the sum of (—1)f
as a sum of binomial coefficients with shifting signs depending on the number of
primes in a divisor of n—even numbers of primes give 1, and odd numbers of primes
ind give —1. |
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Using the Mobius function, it is possible to prove one of the fundamental
properties of arithmetic functions, which we use on several occasions in the
exercises:

A.11.2 Mbébius Inversion Formula. Iff is an arithmetic function and

gn) =Y _f(d),

dln
then

fo =" s (3).

dn

Proof. The theorem says that if g = 1  f, then f = u » g, but this is evident, since
uxl=¢gsof =exf=uxlxf=pux*g. a

In Chap. 10, we use a multiplicative version of the Mobius formula. Such a form
sometimes follows immediately from A.11.2 by replacing f(n) and g(n) by logf(n)
and log g(n) (when these numbers are defined). But what we really need is a more
general form of Md&bius inversion:

A.11.3 Multiplicative Mobius Inversion Formula. If f : N — G is a function,
where G is an abelian group (in multiplicative notation), then

g =[]r@
dln
implies

s =TTe (%)™

dln

Proof. In the proof, we prefer the additive notation in G (for typographical reasons).
We have:

Y ug (5) = Do nd) Y fm) = Y pldfm) = Y fm) Y- p(d).

dn dn mlg md|n m|n d|z

But the last sum is 0 if n/m > 1 according to A.11.1 and it is equal to 1 when
n/m = 1, that is, when m = n, so the right-hand side is equal to f(n). |

Recall that Euler’s totient (or phi) function (or simply Euler’s function, when
only this one is considered, as in this book) ¢ is an arithmetic function such that
¢(n) equals the number of 1 < k < n such that gcd(k, n) = 1. Those properties of
Euler’s function which we use are gathered in the following theorem:

Proposition A.11.4. (a) Euler’s function is multiplicative. More precisely, we have

@([a,bDe((a,b)) = p(a)p(b),
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so in particular, p(ab) = ¢(a)e(b) if (a,b) = 1 (and consequently, [a, b] = ab).
(b) If n = p{'---pi* is presentation of n as a product of prime numbers p; for

i=1,...,k then
1 1
(p(n):n(l——)'-'(l——).
P1 Pk

(c) We have y_,, (d) = n, thatis, 1 x ¢ = Id.

Proof. (a)If (a,b) = 1, then by A.3.11, we have a ring isomorphism Z,, = Z, X Zy,
(the residue of n modulo ab is mapped onto the pair of residues of » modulo a and
b). Taking the invertible elements in the rings on both sides, we get an isomorphism
7%, = 7% x Zy (see (A.1)). As we know (see p. 247), ¢(n) = |Z)| is the number
of invertible elements in the ring Z,. Hence, we have ¢(ab) = |Z}, |, ¢(a) = |Z}|,
@(b) = |Z;], so ¢(ab) = @(a)@(b). The generalized formula follows easily from
(b) below (we return to it).

(b) Since ¢ is multiplicative, it is sufficient to show that ¢(p*) = p*(1 —1/p) =
p® — p*~! when p is a prime. But among p® numbers from 1 to p®, those which
are not relatively prime to p® are exactly those divisible by p and their number is
p®/p = p®'. Thus, the number of those which are relatively prime to p is p* —p®~!.
The formula in (a) in its generalized version follows immediately from the formula
just proved by noting that in ¢((a, b)) one takes the product over the primes p such
that p | a and p | b, while in ¢([a, b]) the product is over those primes p for which
plaorp|b.

(c) There are many different proofs of the equality. We use an argument related to
convolution on arithmetic functions. The formula in (b) can be easily expressed in
terms of the Mobius function, since multiplying the factors 1 — 1/p; on the right-
hand side, we get all possible terms of the type #, where d = p;, - - p;, is a divisor
of n containing r different prime numbers dividing n for » = 0, 1, ..., k. Only such
factors contribute nonzero terms to the sum on the right-hand side in

&:(_L).“( _i): n(d)
n : 4 : Dk ; d -’

But this equality says simply that ¢(n) = Zd‘n 2j(d) = (Id  p)(n). Since 1 is the
inverse of u, we multiply both sides of the equality ¢ = Id = u by 1 and obtain the
required equality 1 x ¢ = Id. a

Characters and Pairing

The facts gathered in this section are only used in Chap. 11 in the proof of theorem
T.11.4 on Kummer extensions.
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A character of a group G is a homomorphism x : G — C*. All characters of a
group G form a group G when the multiplication of characters of G is defined in a

natural way: if y1, y2 € G, then y1 x2(8) = x1(g)x2(g) for g € G.

Theorem A.12.1. Let G be a finite abelian group and G its group of characters.
Then G and G are isomorphic. In particular, we have |G| |G]|.

Proof. If G = (g) is a cyclic group of order n with a generator g, then each character
X € Gis uniquely determined by its value y(g) on g. Since this value must be an nth
root of umty (as g" = 1in G), we have n different characters given by x-(g) = 5
forr = 1,...,n. The group G is also cyclic and generated by e.g. y;. Thus, the
groups G and G are isomorphic.

Now, we prove the theorem for arbitrary finite abelian groups using induction
and A.6.2, that is, the fact that each finite abelian group is a product of finite cyclic
groups. If G is a finite abelian group, which is not cyclic, then according to A.6.2, it
has a cyclic subgroup H such that G = H x H’ and H’ is a finite abelian  group \ whose
order is less than the order of G. It is an easy exercise to show that G=HxH
(every character on G is a unique product of characters on H and H’, since the value
of a character on H is umquely determined by its value on a generator of H). As we
know, the groups H and H are isomorphic, and the groups H' and H' are isomorphic
as the order of H’ is less than the order of G. Thus, we have an isomorphism of G
and G. In particular, these groups have the same order. O

Let G, G’ be abelian groups for which we use multiplicative notations. By a
pairing, we mean a bimultiplicative function @ : G x G’ — C*, that is,

D(2182.8) = P(51.8)P(g2.8).  P(g.8185) = P(3.8)P(g.85)

forg.g1.g2 € Gandg'.g].8, € G'.
An example of such a pairing @ is the function:

®:GxG— C*,

where @(g, ) = x(g) forg € Gand y € G.
By the left kernel of @, we mean the subgroup of G:

Go = {g € Glo(g.G) = 1}.
The right kernel G|, of @ is defined similarly
Gy =1{g € Glp(G.g) =1}

as a subgroup of G'.

Lemma A.12.2. Let @ : G x G — C* be a bimultiplicative function such that
G/Gy or G' /Gy is finite. Then both these groups are finite and each is isomorphic
to the dual group of the other.
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Proof. Forevery element g € G, we have a homomorphism @, : G’ — C* such that
D,(g") = P(g.g'), so that @, € G’'. Mapping g onto &, we get a homomorphism
G — G'. But @, maps G, onto 1, so @, defines ahomomorphism @, : G'/G}, — C*

(see A.2.12). Thus, we have a homomorphism G — m mapping g onto 5g. The
kernel of this homomorphism consists of all g € G such that @,(g’) = @(g,g') =1
forevery g’ € G’, which is exactly the left kernel G of @. Thus according to A.2.11,

the homomorphism G — G/’/E/ , defines an injection:

G/Gy — GG (A3)

Interchanging the roles of G and G’ and repeating exactly the same argument, we
get an injection:

G' /Gy — G/Gy. (A4)

Since we have injections (A.3) and (A.4), it is clear that if one of the groups
G/Gyor G/ G’0 is finite, then the other is also finite. Moreover, the same injections
together with A.12.1 show that

IG/Go| <|G'/Gy| = |G'/Gy| and |G'/G)| < |G/Go| = |G/Gol,

s0 |G/ Gyl = |GT/\G{)| and |G'/Gj| = |CT/EO|. Thus, both injections (A.3) and (A.4)
are in fact isomorphisms. |

Zorn’s Lemma

A relation < on a set X (see p. 235) is called a partial ordering if for any x, y, z € X,
we have

@x=<x

(b)x <yandy <zimplyx <z

(c)x <yandy < ximply x = y.

When x <y, then we also write y > x.

A typical example is the set of real numbers R (or any of its subsets) with the
usual relation <. Another common example is the set S(M) of all subsets of a set M
with the inclusion C as the relation <.

If X is a set with a partial ordering <, then we say that an element x* € X is
maximal if the relation x* < x for x € X implies that x = x*. An element y, € X is
called an upper bound for a subset Y of X if y < yp forall y € Y. A subset Y of X is
called a chain if for any two elements y;, y, € Y, we have y; <y, ory, < yj.
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A.13.1 Zorn’s’ Lemma. Let X be a nonempty partially ordered set. If every chain
in X has an upper bound, then there exists a maximal element in X. More precisely,
for each x € X, there exists a maximal element x* such that x < x*.

For a proof of Zorn’s Lemma and a discussion of its different applications in
mathematics see [Ci], Chapter 4.

As an example and an important tool, which we use in order to prove the
existence of algebraic closure of any field, we prove the following result:

Proposition A.13.2. Every proper ideal in a commutative ring with identity is
contained in a maximal ideal.

Proof. Let R be a ring and [ a proper ideal (that is, Iy # R). Let X be the set of all
ideals in R which contain /y. The set X is nonempty, since Iy € X. We consider X
with inclusion as a partially ordered set. Let Y be a chain in X and let J = |,y I.
We claim that J is a proper ideal. Let 7, € J,sothatry € Iy € Yandr, € [, € Y,
wherely ChLorl, CI,.Thusri—r, € lyorri—r, € I, WhiChgiVGS rn—ry, e J. If
reRand ¥ € J, thatis, v € I forsomel € Y, then rr/ € I C J. Thus J is an ideal
that contains Iy (since Iy € I € Y). The ideal J is proper, since 1 ¢ J. Moreover, the
ideal J is an upper bound for Y. By Zorn’s Lemma, there exists a maximal element
I* in X, which means that I* is a maximal ideal containing /. O

SMax August Zorn, 6 June 1906-9 March 1993.
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Notation

A, Alternating group, 55, 265

C,, U, The group of nth roots of unity (cyclic group of order n), 257
D,, Dihedral group, 239

G(L/K) Galois group of a field L over its subfield K, 35

GF(p") Galois field (finite field) with p" elements, 29

Gy(K), Gy (when K is clear) The Galois group G(Ky/K), 36

H <1 G Normal subgroup, 241

H'(G, A) First cohomology group of G with coefficients in A, 67
KK’ Compositum of the fields K and K, 9

K[X] All polynomials with coefficients in K, 13

K* (R*) The group of invertible elements in a field K (in a ring R), 31, 247
K? The set of the p-th powers of the elements of K, 11

Ky A splitting field of f(X) € K[X] over K, 27

LS Fixed field of G, 36

L The field of elements of L fixed by the automorphisms of G, 36
Qs Quaternion group (of order 8), 74

S, Symmetric group, 36, 73, 263

U, The group of nth roots of unity, 237

V, V4 Klein four-group (Z, X Z,), 53

X == Y The groups (or fields, or rings) X, Y are isomorphic, 9, 238
[G, G], G’ Commutator group of G, 245

[G : H] The index in G of its subgroup H, 240

[L : K], Separable degree of a field L over its subfield K, 48

[L : K] The degree of field L over its subfield K, 20

[g, h] Commutator of group elements g, h, 245

A(f), A Discriminant (of a polynomial), 3, 4, 6, 56, 273

Nr, Nrg Norm, 36

®, x(X), @, k n-th Cyclotomic polynomial over a field K, 60

@, (X), &, n-th Cyclotomic polynomial over Q, 60

deg f Degree of a polynomial, 13

ged, ged(a, b) Greatest common divisor (of two integers or two polynomials a, b), 249
lcm, lem(a, b) Least common multiple (of two integers or two polynomials a, b), 249
C Complex numbers, 2

I, Field with p elements (p a prime), 10

F,» Field with p" elements (p a prime), 29
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N Positive integers, 277

Q Rational numbers, 10

R Real numbers, 7

Z Integer numbers, 9

Im(p) The image of a homomorphism, 243

char(K) Characteristic of a field K, 10

|X| The number of elements in a finite set X, 36

Tr, Trg Trace, 36

d | a, d divides a, d, a Elements of a ring (e.g. integers, polynomials etc.), 30, 62, 248

r6.r(T), rg.r General polynomial with respect to a group G € S, and a polynomial
FeK[Xi,..., X,], 86

re.r(f)(T), r.r(f) Resolvent polynomial polynomial of a polynomial f with respect to a group
G C S, and a polynomial F € K[Xj,...,X,], 86

A The field of algebraic numbers, 21

Ker(¢) The kernel of a homomorphism, 242

CRT Chinese remainder theorem, 262
Gal(K;/K) or Gal;(K) Galois group of Ky over K as subgroup of S,,, 37
PID Principal ideal domain, 248

UFD Unique factorization domain, 248



p-group, 75, 270

abelian
field extension, 60
group, 236
algebraic
element, 19
closure, 21, 29
extension, 20
number, 19, 21
algebraically closed, 21
alternating group, 55, 74, 265
annihilator, 260
arithmetical function, 277
multiplicative, 278
Artin’s Lemma, 36
Artin—Schreier
extension, 71
polynomial, 71
associated elements, 248
automorphism
inner, 241
of a field, 35
of a group, 238

Burnside’s Lemma, 268

Cardano’s formula, 4
Casus irreducibilis, 7, 78
Cauchy’s theorem, 269
Cayley’s theorem, 265
center, 245

Index

centralizer, 269
character, 281
characteristic

field, 10

ring, 253
class formula, 269
closure

algebraic, 21

normal, 43
cohomology group, 67
commutator, 245
compositum of fields, 9
constant polynomial, 13
constructible

directly, 81

number, 82

point, 81
convolution, 277
coset, 239
cycle, 263
cyclic

group, 237

module, 260
cyclotomic

field, 59

Dedekind’s duality, 95
Dedekind’s Lemma, 36
Dedekind’s Theorem, 88
degree
field extension, 20
polynomial, 2, 13
separable, 48
dihedral group, 74, 75, 239
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Dirichlet ring, 277

Dirichlet’s Theorem, 62

discriminant
cubic polynomial, 4, 6, 88
polynomial, 56, 273
quadratic polynomial, 3
quartic polynomial, 89, 90

Eisenstein integer, 69, 246
Eisentein’s criterion, 15
element
algebraic, 19
associated, 248
centralizer, 269
degree of, 19
essentially defined, 98
field primitive, 48
group primitive, 49
invertible, 246
irreducible, 248
maximal, 282
normal, 66
order, 237
primitive, 48
transcendental, 19
equation
cubic, 3
de Moivre’s quintic, 7
general, 78
Noether’s, 67
quadratic, 2
quartic, 4
solvable by radicals, 78
solvable by real radicals, 78
equivalence
class, 235
relation, 235
Euler’s function, 279
extension
abelian, 60
algebraic, 20
Artin—-Schreier, 71
finite, 20
Galois, 51
generator, 20
Kummer, 68
normal, 43
radical, 77
separable, 47
simple, 20, 48
simple radical, 31
solvable, 78

Index

Fermat’s Little Theorem, 37
field
algebraically closed, 21
automorphism, 35
characteristic, 10
compositum, 9
cyclotomic, 59
embedding, 27
extension, 9
fixed, 36
Galois, 29
generator, 20
generators, 9
intermediate, 9
isomorphic, 9
of fractions, 257
perfect, 47
prime, 9, 256
primitive element, 48
proper, 9
finite extension, 20
fixed field, 36
Frobenius automorphism, 54
fundamental theorem
of algebra, 2
of arithmetic, 250
of Galois theory, 52
on finite abelian groups, 261
on group homomorphisms, 243
on ring homomorphisms, 251
on symmetric polynomials, 273

Galois
correspondence, 51
extension, 51
field, 29
index, 100
resolvent, 87
Galois group
of a field extension, 35
of a polynomial (an equation), 36
Gauss’s Lemma, 14
Gaussian integers, 246
Gaussian period, 61
general equation, 78
general polynomial, 86
greatest common divisor, gecd, 249
group, 236
p-group, 270
homomorphism, 242
abelian, 236
alternating, 55, 74, 265



Index

center, 245
cohomology, 67
commutator, 245
cyclic, 237
dihedral, 74, 75, 239
exponent, 68
Galois, 35, 36
generator, 237
generators, 238
isomorphic, 238
isomorphism, 238
order, 237
product, 245
quaternion, 74
quotient, 240
relation, 239
simple, 245
solvable, 73
symmetric, 36, 55, 73, 263
transitive, 274
group primitive element, 49

Hilbert’s Theorem 90, 66
Hippocrates’ lune, 107
homomorphism
of groups, 242
of modules, 259
of pairs (for groups), 243
of pairs (for rings), 251
of rings, 247

ideal
generated by, 247
generators, 247
maximal, 258
principal, 247
proper, 247
inner automorphism, 241
integral domain, 246
intermediate field, 9
inverse Galois problem, 54
invertible element, 246
irreducible
element, 248
polynomial, 13
isomorphism
of fields, 9
of groups, 238
of rings, 247

kernel
left, 281

of an integer, 60

of group homomorphism, 242

of ring homomorphism, 247
right, 281
Kronecker’s theorem, 27
Kummer extension, 68
Kummer theory, 67

Liiroth’s theorem, 22
Lagrange’s theorem
on cyclic extensions, 67
on finite groups, 240

least common multiple, lcm, 249

left kernel, 281

lemma
Artin’s, 36
Bernside’s, 268
Dedekind’s, 36
Gauss’s, 14
Nagell’s, 22
Zorn’s, 116, 283

Mobius function, 30, 278
Mbobius inversion formula, 279
Mobius transformation, 37
maximal

element, 282

ideal, 258
minimal polynomial, 19
module

basis, 260

cyclic, 260

direct product, 260

direct sum, 260
monic polynomial, 13
multiplicity of a root, 2

Nagell’s lemma, 22
natural surjection, 242
Noether’s equation, 67
Noether’s problem, 39
norm, 36
normal

basis, 66

element, 66

polynomial, 44
normal basis theorem, NBT, 66
normal closure, 43
normal core, 100
normal extension, 43
normaliser, 241
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one boundary, 67
one cycle, 67
orbit, 267
order
element, 237
group, 237

pairing, 281
partial ordering, 282
partition, 236
perfect field, 47
permutation group S,,, 73
polynomial
Artin—Schreier, 71
constant, 13
content, 110
degree, 2, 13
derivative, 29
discriminant, 273
elementary symmetric, 272
general, 86
irreducible, 13
minimal, 19
monic, 13
normal, 44
primitive (finite fields), 31
primitive (over Z), 109
reducible, 13
resolvent, 86
separable, 47
symmetric, 272
zero, 13
primitive element, 48
primitive polynomial (finite fields), 31
primitive polynomial (over Z), 109
principal ideal domain (PID), 248
principal ideal ring, 248

quaternion group, 74
quotient

group, 240

ring, 251

radical extension, 77
real radicals, 78
reduction modulo, 14, 88
relation, 235
equivalence, 235
reflexive, 235
symmetric, 235
transitive, 235

relatively prime ideals, 252
resolvent
Galois, 87
polynomial, 86
quartic polynomial, 16
right kernel, 281
ring
homomorphism, 247
isomorphism, 247
principal ideal, 248
principal ideal domain, PID, 248
product, 247

Index

unique factorization domain, UFD, 248

separable
degree, 48
element, 47

field extension, 47

polynomial, 47
simple extension, 20, 48
simple radical extension, 31
solvable

by radicals, 78

by real radicals, 78

field extension, 78

group, 73
splitting field, 27
stabilizer, 85, 267
subfield

prime, 9

proper, 255
subgroup, 237

index, 240

proper, 237

Sylow, 270
subring, 246
Sylow p-subgroup, 270
symmetric group, 36, 55, 73, 263

theorem
Bring and Jerrard, 103
Cauchy’s, 269
Cayley’s, 265
Chinese remainder, CRT, 262
Dedekind’s on Galois groups, 88
Dirichlet’s on primes, 62
Fermat’s Little, 37

fundamental, see fundamental theorem

Galois’ on solvable equations, 80
Gauss’s on regular polygons, 83
Hilbert 90, 66

Kronecker’s on simple extensions, 27



Index

Liiroth’s, 22
Lagrange’s on cyclic extensions, 67
Lagrange’s on groups, 240
normal basis, NBT, 66
on natural irrationalities, 55
Sylow’s, 270
Tower Law, 20
Weber’s on Galois group S,,, 79
Tower Law, 20
trace, 36
transcendental element, 19
transformation group, 267
transitive
action, 267
group, 274
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transposition, 263
Tschirnhausen’s transformation, 103

unique factorization domain (UFD), 248
unit element, 246

Vieta’s formula, 2, 3

zero divisor, 246
zero polynomial, 13
Zorn’s Lemma, 282
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