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Introduction to Algebraic Geometry

Algebraic geometry has a reputation for being difficult and inaccessible, even among mathe-
maticians! This must be overcome. The subject is central to pure mathematics, and applications
in fields like physics, computer science, statistics, engineering, and computational biology are
increasingly important. This book is based on courses given at Rice University and the Chinese
University of Hong Kong, introducing algebraic geometry to a diverse audience consisting of
advanced undergraduate and beginning graduate students in mathematics, as well as researchers
in related fields.

For readers with a grasp of linear algebra and elementary abstract algebra, the book covers
the fundamental ideas and techniques of the subject and places these in a wider mathematical
context. However, a full understanding of algebraic geometry requires a good knowledge of
guiding classical examples, and this book offers numerous exercises fleshing out the theory. It
introduces Grobner bases early on and offers algorithms for almost every technique described.
Both students of mathematics and researchers in related areas benefit from the emphasis on
computational methods and concrete examples.
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Preface

This book is an introduction to algebraic geometry, based on courses given at Rice
University and the Institute of Mathematical Sciences of the Chinese University of
Hong Kong from 2001 to 2006. The audience for these lectures was quite diverse,
ranging from second-year undergraduate students to senior professors in fields like
geometric modeling or differential geometry. Thus the algebraic prerequisites are kept
to aminimum: a good working knowledge of linear algebra is crucial, along with some
familiarity with basic concepts from abstract algebra. A semester of formal training
in abstract algebra is more than enough, provided it touches on rings, ideals, and
factorization. In practice, motivated students managed to learn the necessary algebra
as they went along.

There are two overlapping and intertwining paths to understanding algebraic geo-
metry. The first leads through sheaf theory, cohomology, derived functors and cat-
egories, and abstract commutative algebra — and these are just the prerequisites! We
will not take this path. Rather, we will focus on specific examples and limit the
formalism to what we need for these examples. Indeed, we will emphasize the strand
of the formalism most useful for computations: We introduce Grobner bases early on
and develop algorithms for almost every technique we describe. The development of
algebraic geometry since the mid 1990s vindicates this approach. The term ‘Groebner’
occurs in 1053 Math Reviews from 1995 to 2004, with most of these occurring in the
last five years. The development of computers fast enough to do significant symbolic
computations has had a profound influence on research in the field.

A word about what this book will not do: We develop computational techniques as
a means to the end of learning algebraic geometry. However, we will not dwell on the
technical questions of computability that might interest a computer scientist. We will
also not spend time introducing the syntax of any particular computer algebra system.
However, it is necessary that the reader be willing to carry out involved computations
using elementary algebra, preferably with the help of a computer algebra system such
as Maple, Macaulay 11, or Singular.

Our broader goal is to display the core techniques of algebraic geometry in their
natural habitat. These are developed systematically, with the necessary commutative
algebra integrated with the geometry. Classical topics like resultants and elimination

Xi
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theory, are discussed in parallel with affine varieties, morphisms, and rational maps.
Important examples of projective varieties (Grassmannians, Veronese varieties, Segre
varieties) are emphasized, along with the matrix and exterior algebra needed to write
down their defining equations.

It must be said that this book is not a comprehensive introduction to all of algebraic
geometry. Shafarevich’s book [37, 38] comes closest to this ideal; it addresses many
important issues we leave untouched. Most other standard texts develop the material
from a specific point of view, e.g., sheaf cohomology and schemes (Hartshorne [19]),
classical geometry (Harris [17]), complex algebraic differential geometry (Griffiths
and Harris [14]), or algebraic curves (Fulton [11]).
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Manuel Ladra, Dajiang Liu, Miles Reid, Burt Totaro, Yuri Tschinkel, and Fei Xu
for helpful suggestions and corrections. I am indebted to Bradley Duesler for his
comments on drafts of the text. My research has been supported by the Alfred P.
Sloan Foundation and the National Science Foundation (DMS 0554491, 0134259,
and 0196187).

The treatment of topics in this book owes a great deal to my teachers and the
fine textbooks they have written: Serge Lang [27], Donal O’Shea [8], Joe Harris [17],
David Eisenbud [9], and William Fulton [11]. My first exposure to algebraic geometry
was through drafts of [8]; it has had a profound influence on how I teach the subject.



1

1.1

Guiding problems

Let k£ denote a field and k[x, x7, ..., x,] the polynomials in xi, x5, ..., x, with
coefficients in k. We often refer to k as the base field. A nonzero polynomial

_ 3] «
f= E CarayX] oo X", Cayap €K,

has degree d if ¢4, =0 when oy + --- + @, > d and cq,. o, 7 0 for some in-
dex with oy + - - - + &, = d. It is homogeneous if c,,. o, = 0 whenever a; + - - - +
o, < d. We will sometimes use multiindex notation

f= anx“

where o = (a1, ..., &), Co = Cay...ap» x* ZX;)” . -X,‘f", and |o| = o1 + -+ - + oy,

Implicitization

Definition 1.1 Affine space of dimension n over k is defined
A'k) ={(a1, a2, ...,ay) : a; € k}.

For k = R this is just the ubiquitous R"”. Why don’t we use the notation k" for affine
space? We write A" (k) when we want to emphasize the geometric nature of " rather
than its algebraic properties (e.g., as a vector space). Indeed, when our discussion
does not involve the base field in an essential way we drop it from the notation,
writing A”.

We shall study maps between affine spaces, but not just any maps are allowed in
algebraic geometry. We consider only maps given by polynomials:

Definition 1.2 A morphism of affine spaces

¢ A"(k) > A" (k)



GUIDING PROBLEMS

is a map given by a polynomial rule

(1, X2, ey X)) B (D1(X1y ey Xn)s e DX, X)),
with the ¢; € k[xq, ..., x,].
Remark1.3 This makes a tacit reference to the base field k, in that the polynomials

¢; have coefficients in k. If we want to make this explicit, we say that the morphism
is defined over k.

Example 1.4 An affine-linear transformation is a morphism: given an m x n ma-
trix A = (a;;) and an m x 1 matrix b = (b;) with entries in k, we define

b AM(k) — A" (k)

X ayxy +- -+ apx, + by
. .
Xn am1X1 +--+ AmnXn + bm
Example 1.5 Consider

AR) - A’(R)
given by the rule
t > (t,1%).

If y; and y, are the corresponding coordinates on R? then the image is the parabola
{(y1, y2) : y2 = y}}. More generally, consider the morphism

¢ Al(k) > A™(k)
t (1,120, ..., ™).

Can we visualize the image of ¢ in A™ (k)? Just as for the parabola, we write down
polynomial equations for this locus. Fix coordinates yy, ..., y, on A™(k) so that ¢
is given by y; > t'. We find the equations

Yiyi=Yi+; 1<i<j=<m
yivi=wyn i+j=k+I1

corresponding to the relations t'¢/ = t'*/ and t't/ = t*t' respectively.
The polynomial equations describing the image of our morphism are an implicit
description of this locus. Here the sense of ‘implicit’ is the same as the ‘implicit

function theorem’ from calculus. We can consider the general question:

Problem 1.6 (Implicitization) Write down the polynomial equations satisfied by
the image of a morphism.
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1.1 IMPLICITIZATION 3

Elementary row operations from linear algebra solve Problem 1.6 in the case where
¢ is a linear transformation.
Suppose ¢ is given by the rule

AN Q) — A*(Q)

(x1, x2) = (X1 + X2, X1 — X2, X1 + 2x7)

and assign coordinates y, y», y3 to affine three-space. From this, we extract the system

Y1 =X+ x2
Y2 =X — X2
3 = x| + 2x2,
or equivalently,
X1 +x2 =Yy =
X1 —X2 —»n =0
x1 +2x; -y =0,
which in turn are equivalent to
X1 +x2 —y1 =0
=2x +y1 =2 =0
X2 4+ -y =0,
and
X1 +x2 =y =
—2x2 +y1 —»m =0

+3y1 =3y, —y3 =0.
Thus the image of our morphism is given by
3y1—=y2—2y; =0.

Our key tool for solving Problem 1.6 in general — Buchberger’s Algorithm — will
contain elementary row operations as a special case.
Moral 1: To solve Problem 1.6, choosing an order on the variables is very useful.

The implicitization problem seeks equations for the image of a morphism
¢ A"(k) —> A" (k).

We will eventually show that this admits an algorithmic solution, at least when the
base field is algebraically closed. However, there is a natural converse to this question
which is much deeper.
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Definition 1.7 A hypersurface of degree d is the locus
V(f):={(a,....an) € A"(Kk): f(ay,...,ay) =0} C A"(k),

where fis a polynomial of degree d.
A regular parametrization of a hypersurface V(f) C A”(C) is a morphism

¢ : A"(C) — A™(C)

such that

the image of ¢ is contained in the hypersurface, i.e., f o ¢ = 0;
the image of ¢ is not contained in any other hypersurface, i.e., for any & €
Clyi, ..., ym] with h o ¢ = 0 we have f|h.

Problem 1.8 Which hypersurfaces admit regular parametrizations?

Example 1.9 Here are some cases where parametrizations exist:

hypersurfaces of degree one (see Exercise 1.5);
the curve V(f) C A%, f = y? — y3, has parametrization (cf. Exercise 1.8)

¢ : A'(C) - AX(C)
r— (3, 1%)

if f =y + y} — y3 then V() has a parametrization
(s, 1) = (2st, s> — 12, 5% + 12);
if f= yg + y13 + y; + y33 then V(f) has parametrization

yo = (uy + u)u3 + (u% + 2u%)u3 — 3+ uyud — 2wiuy —ui
V= u% — (ur + ul)ug + (u% + 2u%)u3 + ulug — ZM%uz + u?
y2 = —u3 + (uy + uy)ui — (u% + 2u%)u3 + 2uyu3 — uiuy + 2u3

y3 = (upy — 2u1)u§ + (u% — u%)u3 + u% — ulué + 2u%u2 — 214?.

The form here is due to Noam Elkies.

We will come back to these questions when we discuss unirationality and rational
maps in Chapter 3.

Ideal membership
Our second guiding problem is algebraic in nature.

Problem 1.10 (Ideal Membership Problem) Given fi,..., f, € k[x1, ..., x,], de-
termine whether g € k[xy, ..., x,] belongs to the ideal (f1, ..., f;).



1.3

1.3 INTERPOLATION 5

Example 1.11 Consider the ideal

I={y- Yioys— yi1y2) C k[y1, y2, y3]

and the polynomial g = y;y3 — y3 (cf. Example 1.5 and the following discussion).
Then g € I because

yivs = vs = (s — yiy2) + v (7 — »).

Again, whenever the f; and g are all linear, elementary row reductions give a
solution to Problem 1.10. However, there is one further case where we already know
how to solve the problem. The Euclidean Algorithm yields a procedure to decide
whether a polynomial g € k[¢]is contained in a givenideal / C k[t]. By Theorem A.9,
each ideal I C k[¢] can be expressed I = (f) for some f € k[t]. Therefore g € I if
and only if f divides g.

Example 1.12 Check whether > + 13+ 1 € (£3 + 1):

|12 +1
B+1]r +3 +1
r +1?
+13 -2 +1
+13 +1
2

thusg =>4+ land r = —t>. We conclude £> + > + 1 & (13 + 1):

Moral 2: In solving Problem 1.10, keeping track of degrees of polynomials is
crucial.

Interpolation

Let P, 4 C k[xy, ..., x,] denote the vector subspace of polynomials of degree < d.
The monomials

x“=x{ X o+ ta, <d

form a basis for P, 4, so we have (see Exercise 1.4)

d
dim Py = (" + )
n

Problem 1.13 (Simple Interpolation Problem) Given distinct points

Pl,..., pn € A"(k)

what is the dimension of the vector space I;(p1, ..., py) of polynomials of degree
< d vanishing at each of the points?
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Here is some common terminology used in these questions:

Definition 1.14 Given S C A”"(k), the number of conditions imposed by S on
polynomials of degree < d is defined

Cd(S) := dim Pn,d — dim Id(S).
S is said to impose independent conditions on P, 4 if
Ca(S) =1S|.

It fails to impose independent conditions otherwise.

Another formulation of the Simple Interpolation Problem is:

When do N points in A" (k) fail to impose independent conditions on polynomials of degree
<d?

In analyzing examples, it is useful to keep in mind that affine linear transformations
do not affect the number conditions imposed on P, 4:

Proposition 1.15 Let S C A'"(k) and consider an invertible affine-linear transfor-
mation ¢ : A"(k) — A" (k). Then Cy(S) = Cy(¢(S)) for each d.

Proof By Exercise 1.11, ¢ induces an invertible linear transformation ¢* :
Pud = Pua With ¢*(f(x1, ..., %) = (f © )1, - .. xy). Thus (" f)(p) = O for
each p € S if and only if f(g) = 0 for each g € ¢(S). In particular, ¢*(1;(¢(S))) =
1;(S) so these spaces have the same dimension. O

Let S = {p1, p2, p3} C A"(k) be collinear with n > 1 or S = {py, p2, p3, p4} C
A" (k) coplanar with n > 2. Then § fails to impose independent conditions on poly-
nomials of degree < 1.

Let S = {p1, p2, P3, Pa» P35, Ps} C A2(R) lie on the unit circle

x4 x=1.

Then S fails to impose independent conditions on polynomials of degree < 2; indeed,
C(S)=5<6.

When does a set of four points {p1, p2, p3, pa} C A%(k) fail to impose independent
conditions on quadrics (d = 2)? Assume that three of the points are non-collinear,
e.g., P1, P2, p3. After translating suitably we may assume p; = (0, 0), and after a
further linear change of coordinates we may assume p, = (1,0) and p3 = (0, 1).
(Proposition 1.15 allows us to change coordinates without affecting the number of
conditions imposed.) If ps = (ay, ay) then the conditions on

2 2
coo + c1oX1 + co1x2 + C20x] + criX1X2 + copx; € Py
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take the form

coo =0 (p1)

coo+cro+co =0 (p2)

coo + co1 +co2 =0 (p3)

coo + Cloar + co1ax + c0ai + criaias + copd; = 0. (p4)

If these are not independent, the matrix

1 00 0 0 0
010 1 0 0
0 0 1 0 0 1
0 0 O al2 —a; ajar a% —ap

has rank 3. This can only happen if
af—al =aa :a%—ag =0,

which means p4 € {(0, 0), (1, 0), (0, 1)} = {p1, p2, p3}, a contradiction. Thus we
have shown:

Proposition 1.16 Four distinct points in the plane fail to impose independent
conditions on quadrics only if they are all collinear.

Here are some sample results:

Proposition 1.17 Any N points in the affine line A'(k) impose independent
conditions on Py 4 ford > N — 1.

Assume k is infinite. For each N < (";d), there exist N points in A" (k) imposing
independent conditions on P, 4.

Proof For the first statement, suppose that f € k[x;] is a polynomial vanishing
at

Pls--->» DN € Al(k).

The Euclidean Algorithm implies that f is divisibleby x — p; foreachj =1, ..., N.
Consequently, it is also divisible by the product (x; — p;)...(x; — py) (see Exer-
cise A.13). Moreover, if f # 0 we have a unique expression

f=qxi—p)...(xi —pn), g€ Pra_n.

The polynomials of this form (along with 0) form a vector space of dimension
d—N+1,s0

Ca(pr,..., py) =min(N,d + 1).
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The second statement is established by producing a sequence of points
) Z2 p(n:d) such that
Li(pr, ..., pj) 2 La(p1, ..., Pj+1)

for each j < (”j;d). The argument proceeds by induction. Given py, ..., p;, linear
algebra gives a nonzero f € P, 4 with f(p;) = ... = f(p;) = 0. It suffices to find
some pj41 € A"(k)suchthat f(pj41) # 0, which follows from the fact (Exercise 1.9)
that every nonzero polynomial over an infinite field takes a nonzero value somewhere
in A"(k). O

Exercises

Consider the linear morphism

¢ AXR) > A*R)
(t,t,3) = G+, +4, 01+t + 13,1 — 1 — 13).

Describe image(¢) as the locus where a linear polynomial vanishes.
Decide whether g = #3 4 t> — 2 is contained in the ideal

-1, —1) c Q[r].
If so, produce Ay, hy € Q[t] such that
g=m@ =D+ h =1
Consider the ideal
I={y2—y1. 53 = Y1Y2 -2 ¥ — Y1Ym—1) C kYoo, Y.

Show this contains all the polynomials y;1; — y;y; and y;y; — yxy; where i + j =
k + [ (cf. Example 1.5.)

Show that the dimension of the vector space of polynomials of degree <d in n
variables is equal to the binomial coefficient

n+d\ (n+d)!
< d )‘ d'n! ’

Compute the dimension of the vector space of homogeneous polyonomials of degreee
d inn + 1 variables.
Given

f=caxi+cxy+-- 4 cuxy +co
with ¢; # 0 for some i > 0, exhibit a morphism
¢ ATl A"

such that image(¢) = V(f) and ¢ is one-to-one.



1.6

1.7

1.8

1.9

1.10

1.4 EXERCISES 9

Let A = (a;;) be an m x n matrix with entries in k and b = (by, ..., b,) € k. For
eachi =1,...,m, set
Ji=anxi + -+ ainxy € klxy, ..., x]

and g = byx; + -+ -+ b,x,. Show that g € (f1, ..., fu) if and only if b is contained
in the span of the rows of A.
Consider the morphism

j Ak — ASK)
(u,v,w) > (uz, uv, v, vw, wz, uw).

Let a1, ain, ax, axs, ass, and a3 be the corresponding coordinates on AS(k) and

ain app an
A=\|apn axn ax
a3 a3 am

the symmetric matrix with these entries.

(a) Show that the image of j satisfies the equations given by the two-by-two minors
of A.

(b) Compute the dimension of the vector space V in

R = kla1, arz, ax, a3, a3, a3]

spanned by these two-by-two minors.

(c) Show that every homogeneous polynomial of degree 2 in R vanishing on the
image of j is contained in V. Hint: Degree-2 polynomials in R yield degree-4
polynomials in k[u, v, w]. Count dimensions!

Show that the parametrization given for the curve V(f) C A%(C), f = x? — x3

satisfies the required properties.

Let k be an infinite field. Suppose that f € k[x;, ..., x,]is nonzero. Show there exists

a=(ay,...,a,) € A"k)with f(a,...,a,) #0.

Let § C A”(k) be a finite nonempty subset and let k[S] denote the ring of k-valued

functions on §. Show that the linear transformation

Poq — k[S]
f= fIS

is surjective if and only if S imposes independent conditions on polynomials of
degree d.

Let¢ : A"(k) — A™(k)be an affine linear transformation given by the matrix formula
¢(x) = Ax + b (see Example 1.4). Consider the map induced by composition of
polynomials

OF k[yi, ..., Y] = klxq, ..., x,]
P(y) = P(Ax + D).
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Show that

(a) ¢* takes polynomials of degree < d to polynomials of degree < d;

(b) ¢ is a k-algebra homomorphism;

(c) if the matrix A is invertible then so is ¢*.

Moreover, in case (c) the induced linear transformation ¢* : P, 4 — P, 4 is also
invertible.

Consider five distinct points in A%(IR) that fail to impose independent conditions on
P> 3. Show that these points are collinear, preferably by concrete linear algebra.
Show that d + 1 distinct points

P, ..., Pat1 € A"(Q)

always impose independent conditions on polynomials in P, 4.
Let £1, £, £3 be arbitrary lines in A*(Q). (By definition, a line £ C A3 is the locus
where two consistent independent linear equations are simultaneously satisfied, e.g.,
X1+ x +x3 — 1 = x; — xp + 2x3 — 4 = 0.) Show there exists anonzero polynomial
f € P35 such that f vanishes on £, £, and £3.

Optional Challenge: Assume that £, £,, and ¢3 are pairwise skew. Show that f is
unique up to scalar.



2 Division algorithm and Grobner bases

2.1

In this chapter we solve the Ideal Membership Problem for polynomial ideals. The key
tool is Grobner bases: producing a Grobner basis for a polynomial ideal is analogous
to putting a system of linear equations in row echelon form. Once we have a Grobner
basis, a multivariate division algorithm can be applied to decide whether a given
polynomial sits in our ideal. We also discuss normal forms for polynomials modulo
ideals.

The existence of a Grobner base can be deduced from nonconstructive arguments,
but actually finding one can be challenging computationally. Buchberger’s Algorithm
gives a general solution. The proof that it works requires a systematic understanding
of the ‘cancellations’ among polynomials, which are usually called syzygies.

Monomial orders

As we have seen, in order to do calculations we need a system for ordering the terms
of a polynomial. For polynomials in one variable, the natural order is by degree, i.e.,

o B
xp>x) ifa>p.

However, for linear polynomials in many variables, we have seen that the order is
essentially arbitrary.
We first fix terminology. Given a polynomial

o %
E Cay..oan X ...xn"

each cal___a”xf“ ...xy" is a term. A polynomial of the form
x% = x

is called a monomial.

Definition 2.1 A monomial order > onk[x, ..., x,]is atotal order on monomials
satisfying the following:

11
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Multiplicative property If x* > x# then x*x? > xfx? (for any «, B, ).
Well ordering An arbitrary set of monomials

{x%}aea

has a least element.

The stipulation that > be a total order means that any monomials x* and x? are
comparable in the order, i.e., either x* > xP, x* < xP, or x® = xP.

Remark 2.2 The well-ordering condition is equivalent to the requirement that any
decreasing sequence of monomials

x4 5 x0@ o @@

eventually terminates.

We give some basic examples of monomial orders:

Example 2.3 (Pure lexicographic order) This is basically the order on words in a
dictionary. We have x® >, x? if the first nonzero entry of (a; — B, 0 —
Ba, ..., 0, — B,) is positive. For example, we have

3 100
X1 Zlex X3 >lex X2X3 >lex X3

We prove this is a monomial order. Any two monomials are comparable: given x*
and x”, either some o; — B; # 0 (in which case x* >j¢x x? orx* <jex x#)ora; = B;
for each j (and x* = x#). For the multiplicative condition, it suffices to observe that
forany y = (y1, ..., ¥») we have

(aj +yp)—Bj+v)=a;—Bj,
SO X¥x" >1x xPx? if and only if X% >4 xP.
Finally, given any set of monomials {x*},c4, wWe extract the smallest element.
Consider the descending sequence of subsets
A=Ay DA DA D...DA,
defined recursively by
Aj={a € A;_y : o is minimal}.

Each element of A is smaller (with respect to >x) than all the elements of A\ A;.
On the other hand, A, has a unique element, which is therefore the minimal element
in A.
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Definition 2.4 Fix a monomial order on k[xq, ..., x,] and consider a nonzero
polynomial

f= anx“.

The leading monomial of f (denoted LM( f)) is the largest monomial x* such that
co 7 0. The leading term of f (denoted LT( f)) is the corresponding term c,x“.

For instance, in lexicographic order the polynomial f = 5x;x2 + 7x5 + 19x17 has
leading monomial LM( f) = x;x, and leading term LT( f) = 5x,x,. One nonintuitive
aspect of lexicographic order is that the degree of the terms is not paramount: the
smallest degree term could be the leading one. We can remedy this easily:

Example 2.5 (Graded lexicographic order) X% >glex x# if deg(x®) > deg(x”) or
deg(x*) = deg(xﬂ) and x% > xP.

Example 2.6 (Graded reverse lexicographic order) X% > grelex xP if deg(x*) >
deg(xﬁ) ordeg(x®) = deg(xﬁ) and the lastnonzero r; — f; < 0. (Yes, this inequality
goes the right way!) Note that x;x,x4 > griex x1x32 but x1x2x4 <grelex xlxg. Generally,
this is more efficient than lexicographic order (see Exercise 2.10).

Grobner bases and the division algorithm

Algorithm 2.7 (Division procedure) Fix a monomial order > on k[xy, ..., x,] and
nonzero polynomials fi, ..., f, € k[x1, ..., x,]). Given g € k[xy, ..., x,], we want
to determine whether g € (f1, ..., fr):

Step o Put gy = g. If there exists no f; with LM(f;)|LM(go) then we STOP.
Otherwise, pick such an f;, and cancel leading terms by putting

&1 = go — [, LT(go)/LT(f},).

Step i Given g;, if there exists no f; with LM( f;)|LM(g;) then we STOP.
Otherwise, pick such an f;, and cancel leading terms by putting

gi+1 = & — fi;LT(g:)/LT(f;). 2.1)

As we are cancelling leading terms at each stage, we have

LM(g) = LM(go) > LM(g;) > ... > LM(g;) > LM(gi+1) > ....
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By the well-ordering property of the monomial order, such a chain of decreasing
monomials must eventually terminate. If this procedure does not stop, then we must
have gy = 0 for some N. Back-substituting using Equation 2.1, we obtain

N—-1 r r
g=Y fiLT(g)/LT(f;) =) (Z LT(g:)/LT(f )) fi=> hifj
i=0 j=1 \ji=j j=1

where the last sum is obtained by regrouping terms.
Unfortunately, this procedure often stops prematurely. Even when g €
(f1, ..., fr), it may happen that LM(g) is not divisible by any LM( f;).

Example 2.8

Let fi =x+ 1, f, = x and g = 1. We certainly have g € (fi, f>) but LM(g) is not
divisible by LM( f;) or LM( f>), so the procedure stops at the initial step.

If fi=x+4+2y+1, pb=x—y—35,and g =y + 2 then we have the same prob-
lem. Linear algebra presents a solution: Our system of equations corresponds to the

augmented matrix
1 2 1
I —1|-=5)

Put this matrix in ‘row echelon form’ by subtracting the first row from the second

1 2 1

0 -3|-6)
which corresponds to the new set of generators fi, f» = —3y — 6. Our division
algorithm works fine for these new generators.

To understand better why this breakdown occurs, we make the following defini-
tions:

Definition 2.9 A monomial ideal J C k[xy,...,x,] is an ideal generated by a
collection of monomials {x*}yc4.

The main example is the ideal of leading terms of an arbitrary ideal I C k[xy, ..., x,].

Definition 2.10 Fix a monomial order > and let I C k[xy, ..., x,] be an ideal.
The ideal of leading terms is defined

LT() := (LT(g) : g € I).

By convention, LT((0)) = (0).
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Definition 2.11 Fix a monomial order > and let I C k[xq, ..., x,] be an ideal. A
Grobner basis for [ is a collection of nonzero polynomials

{fi..... fitcl

such that LT(f1), ..., LT(f,) generate LT([).

Nothing in the definition says that a Grobner basis actually generates /! We prove
this a posteriori.

Remark 2.12 Every generator for a principal ideal is a Grobner basis.

Proposition 2.13 Let I C k[xy,...,x,] be an ideal and fi, ..., f. a Grobner
basis for 1. The Division Algorithm terminates in a finite number of steps, with either
& = 0 or LT(g;) not divisible by any of the leading terms LT( f;).

In the first case, it returns a representation
g:h1f1+~-~+h,f, hjek[xl,...,xn],

and g € 1.
In the second case, we obtain an expression

g=hfi+--+hfr+g LIg) ¢ LIf1),...,LT(f),

hence g & I.
The proposition immediately implies the following corollary.

Corollary 2.14 Fix a monomial order >. Let I C k[xy, ..., x,] be an ideal and
fi, ..., fr a Grobner basis for I. Then I = (f1, ..., fr).

The proof of the proposition will use the following lemma.

Lemma2.15 (Key lemma) Let I = (x%),c 4 be amonomial ideal. Then every mono-
mial in I is a multiple of some x“.

Proof of lemma Let x? be a monomial in /. Then we can write
xP = Zx”‘(i)wi,
i

where the w; are polynomials. In particular, x# appears in the right-hand side, is a
monomial of x*®w; for some i, and thus is divisible by x*®. O
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Proof of proposition We have already shown that we obtain a representation

g:h1f1+"'+hrfr

unless the algorithm stops. We need to show the algorithm terminates with g; = 0 for
some i whenever g € I.

If g € I then the intermediate g; € I as well. We now use the definition of a
Grobner basis: If, for some i, the leading term LT(g;) is not divisible by LT( f;) for
any j, then

LT(gi) & (LT(f1). ..., LT(f))

by Lemma 2.15. It follows that g; ¢ I; the formula relating g and g; guarantees that
gegl. O

Normal forms

Theorem 2.16 Fix a monomial order > on k[x,...,x,] and an ideal I C
klxi, ..., xn]. Then each g € k[xy, ..., x,] has a unique expression

o

g= Y cex“ (mod D),
x*&LT(I)

where c, € k and all but a finite number are zero. The expression )y, cox® is called

the normal form of ¢ modulo 1.

Equivalently, the monomials {x* : x* ¢ LT(/)} form a k-vector-space basis for the
quotient k[xy, ..., x,]/1.

Corollary 2.17 Fix a monomial order > on k[xy,...,x,], an ideal I C
k[xi, ..., x,], and Grobner basis fi, ..., f. for I. Then each g € k[xi, ..., x,] has
a unique expression

g= anx“ (mod 1),

where LM( f}) does not divide x* for any j or a.

Proof of theorem: We first establish existence: the proof is essentially an
induction on LM(g). Suppose the result is false, and consider the nonempty set

{LM(g) : g does not admit a normal form}.

One of the defining properties of monomial orders guarantees that this set has a least
element x#; choose g such that LT(g) = x?.

Suppose x? € LT(I). Choose h € I with LT(h) = x? and consider § = g — h.
Note that LM(g) < LM(g) and & = g (mod /). By the minimality of g, we obtain a
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normal form

g= Y cex” (modI).
x¢dLT(I)

But this is also a normal form for g, a contradiction.
Now suppose x? ¢ LT(I). Consider § = g — x? so that LM(g) < LM(g). By
minimality, we have a normal form

g = Z cex®  (mod ).
x*gLT(I)

But then we have

g=xP+ Z cex® (mod 1),
x*gLT(I)

i.e., a normal form for g, which is a contradiction.
Now for uniqueness: Suppose we have

g= anx"‘ = Zéax“ (mod 1)

with ¢, # ¢, for some «. It follows that

hi=Y (ca—E)x* €1, h#0,

and LT(h) = (¢, — €y)x? for some «. We have x* € LT(/), a contradiction. O
Example 2.18 Choose > such that

X1 > X2 > ...> Xy,
Let0 C I C k[xy, ..., x,] be an ideal generated by linear forms

g = ) _aijXj+ajo, ajj € k.

n
=1
It is an exercise to show that (g;) admits a Grobner basis of the form:

fi= Z bijxj + b, by #0
Jj=e)

Hh= Z bojxj 4+ by, brp) #0
Jj=e2)

fr= Z byjxj +bro, by #0
Jj=Lr)
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where £(1) < £(2) < ... < £(r). The numbers €(1), ..., £(r) are positions of the
pivots of the row echelon form of the matrix

ar ... A | A10
any ... Ay | Ao

We may write

(1,2,...,n) = {&1), ..., €)Y U {m(L), ..., m(n — r)}.

Theorem 2.16 says that for each g € k[xy, ..., x,] there exists a unique P €
k[Xm(1ys -+« s Xmn—ry] With g = P (mod I). Its proof implies that if g is linear we
can write

8 = C1Xm(1) + 4+ Cn—rXm(n—r) + ¢co (mOd I)

for unique ¢y, ¢y, ..., cy—r € k.

Algorithm 2.19 Fix a monomial order > on k[xy, ..., x,], a nonzero ideal I C
klxi,...,x,], and a Grobner basis fi, ..., f, for 1. Given a nonzero element g €
klxi, ..., x,], we find the normal form of g (mod I) as follows:

Step o Put go = g: If each monomial appearing in go is not divisible by any
LM(f}) then gg is already a normal form. Otherwise, let cpxP© be the largest term
in go divisible by some LM( f;), say LM(f},). Set

g1 = go — X" f3,/LT(f,)

so that g1 = go (mod I)....

Stepi Given g;, if each monomial appearing in g; is not divisible by any LM( f})
then g; is already a normal form. Otherwise, let cﬂ(,-)xﬂ(i) be the largest term in g;
divisible by some LM(f}), say LM(f},). Set

giv1 = & — cpx™V £ /LT(f5)
so that giy1 = g; (mod I).

Proposition 2.20 The algorithm terminates in a finite number of steps, with either
gi = 0 or g; in normal form.

Proof In passing from g; to g;41, we replace the largest term of g; appearing in
LT(7) with a sum of terms of lower degrees. Thus we have

xﬁ(o)>xﬁ(l)>...>xﬁ(i)>xﬁ(i+])>....
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However, one of the defining properties of a monomial order is that every descending
sequence of monomials eventually terminates, so the algorithm must terminate as
well. O

Existence and chain conditions

We have not yet established that Grobner bases exist, or even that each ideal of
k[xy, ..., x,] is finitely generated. In this section, we shall prove the following
theorem.

Theorem 2.21 (Existence Theorem) Fix a monomial order > and an arbitrary
nonzero ideal I C kl[x1, ..., x,]. Then I admits a finite Grébner basis for the pre-
scribed order.

We obtain the following result, named in honor of David Hilbert (1862—1943), who
pioneered the use of nonconstructive arguments in algebraic geometry and invariant
theory at the end of the nineteenth century:

Corollary 2.22 (Hilbert Basis Theorem) Every polynomial ideal is finitely
generated.

It suffices to show that LT([) is finitely generated. Indeed, if f1, ..., f, € I arechosen
such that

LT(I) = (LT(f1), ..., LT(f;))

then Corollary 2.14 implies

I={fi,.... ).

Thus the proof of the Existence Theorem is reduced to the case of monomial ideals:

Proposition 2.23 (Dickson’s Lemma) Every monomial ideal in a polynomial ring
over a field is generated by a finite collection of monomials.

Proof Let J C k[xy, ..., x,] be a monomial ideal; we want to find a finite
number of monomials {x*, ... x*®} € J generating J. The proof is by induction
on n, the number of variables. The case n = 1 mirrors the proof in Appendix A that
every ideal in k[x;] is principal: If x{ is the monomial of minimal degree in J and

xfz € J,thena < B andxf‘|x{3.

For the inductive step, we assume the result is valid for k[xy, ..., x,,] and deduce
it for k[xy, ..., x,,, ¥]. Consider the following set of auxillary monomial ideals J,, C
klxy, ..., x.]:

Jn = (X% € klxy,...,x,] : x%y" € J).
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Note that we have an ascending chain of ideals:

JoCchC...
The following result will prove useful:

Proposition 2.24 (Noether’s Proposition) Let R be a ring. Then the following
conditions are equivalent:

every ideal I C R is finitely generated;
every ascending chain of ideals

I()CIlCIzC...

terminates, i.e., Iy = Iy for sufficiently large N.

Then we say the ring R is Noetherian.

This terminology pays homage to Emmy Noether (1882-1935), who pioneered
abstract approaches to finiteness conditions and primary decomposition. [33]

Proof of Proposition 2.24 Suppose every ideal is finitely generated. Consider
Ioo =U, In’

which is also an ideal (see Exercise 2.13). Pick generators gy, ..., & € I; each

gi € I, forsome n;. If N = max(n,, ..., n,) then Ioo = Iy.

Conversely, suppose every ascending chain terminates. Let / be an ideal and
write

I = (fa)aeA'

If I is not generated by a finite number of « then we may construct an infinite sequence
Sy fa@), .. with

L= {fays - fa) © Lt = (fays - -+ fatr4)

for each r, violating the ascending chain condition. (]

Remark 2.25 The same statement applies to S = k[x, ..., x,] with the ideals
restricted to monomial ideals. Note that every monomial ideal with a finite set of
generators has a finite set of monomial generators.

Completion of Proposition 2.23 The sequence of monomial ideals J, C
k[xy, ..., x,] terminates at some Jy. Therefore, there is a finite sequence of
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monomials:

(xa(O,l), o xo:(O,no)) — ]0
(xa(l,l)’ o xa(l,m)) — Jl

(xot(N,l), o xa(N,nN)5 — JN

generating each of the J,, form > N. The ideal J is therefore generated by the terms
x@mDym form =0, ..., N. O

Essentially the same argument proves the following more general theorem:

Theorem 2.26 Let R be a Noetherian ring. Then R[y] is also Noetherian.
Proof Given J C R[y], consider
Jn ={am € R:apy™ + ap_1y" ' +---4ag € J forsome ag, . .., an_ € R},

i.e., the leading terms of degree m polynomials in J. We leave it to the reader to check
that J, is an ideal. Again we have an ascending sequence

JCchC...

so our Noetherian assumption implies the sequence terminates at Jy. Thus we can
find aij € R with

<a(),17 MR ] a(),l‘l()) = J()
<a1,1, e ,Cl]_,”) = J]
<(,1N,1, e ,aN,nN> = JN

Choose polynomials f;; € J with leading terms a;;y’. We claim these generate J.
The proof is by induction on the degree in y. Indeed, given f € J we have

f = bay? + lower-order terms

with by € J,;. There exist h;; € R such that

bd = Zhijaij'

i<d

The difference g := f — _ h;; fi;y? " has degree d — 1 and is contained in J. Hence
g € (fij) by induction and f € (f;;) as well. i
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Buchberger’s Criterion

In this section, we give an algorithm for finding a Grobner basis for an ideal in
k[xy, ..., x,]. We first study how a set of generators for an ideal might fail to be a
Grébner basis. Consider

I = (flyu-sfr)
and assume that
h= fihi+---+ fh, (2.2)

has leading term not contained in J = (LM(f}), ..., LM(f;)). Consider the mono-
mial

x° = max{LM(f;h )} = max{LM(f;)LM(h )},
i j

which is contained in J. Therefore, the occurences of x® in (2.2) necessarily cancel,
and some smaller monomial takes up the mantle of being the leading term.
We will describe precisely how such cancellation might occur:

Definition 2.27 The least common multiple of monomials x® and x” is defined
LCM(XOJ xﬂ) — x{nax(alqﬁl) xmax(an,ﬂ,,)

Fix a monomial order on k[x{,...,x,]. Let fi and f, be polynomials in
k[xy, ..., x,] and set

x71D = LCM(LM(f1), LM(f2)).
The S-polynomial S(f;, f>) is defined

S(fi, ) := (x"2/LT(M) fi — (x7 "2 /LT(f)) fo

The S-polynomial is constructed to ensure the sort of cancellation alluded to above:
we have

X712 = max {LM(fix” "2 /LT(f)}
but the x?1:? terms cancel; in particular,
LM(S(f1, f2)) < LCM(LM(f1), LM(f2)).
For example, using lexicographic order and

2 2
f1 = 2)61)62 - X3, f2 = 3x1 — X3,
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the S-polynomial is

2 2
X1 X2 X7X2
! (2X1X2 — x32) — ?

1

S(f1, o) = (3x7 —x3) = —1/2x1x3 + 1/3x0x3.

2X1X2

Our goal is to show that all cancellations can be expressed in terms of S-
polynomials. Later on, we will put this on a more systematic footing using syzygies.
Now we will prove the following:

Theorem 2.28 (Buchberger’s Criterion) Fix a monomial order and polynomials
fis ooy frink[xy, ..., x,). The following are equivalent:

fi, ..., fy form a Grobner basis for ( fi, ..., fr).
Each S-polynomial S(f;, f;) gives remainder zero on application of the division
algorithm.

Proof (=) Each S-polynomial is contained in the ideal I = (fi, ..., f,). If we
have a Grobner basis, the division algorithm terminates with a representation

S(fis f) =Y hGjnfi LM(S(fi, £)) = LM(h(ij) fi) (2.3)
=1

In particular, S(f;, f;) has remainder zero.

(<) Suppose that each S-polynomial gives remainder zero; for each i, j we have
an expression in the form (2.3). If the f; do not form a Grobner basis, some i € I does
not have leading term in (LM( f}), ..., LM(f})). Choose a representation as in (2.2)

h Zhlfl ++hrfr
satisfying the following minimality assumptions:

x% ;= max;{LM(f;h,)} is minimal;
the number of indices j realizing the maximum (i.e., LM(f;hA;) = x%) is minimal.

After reordering the f;, we may assume that
LM(fih1) = LM(f2h2) = - - = LM(fuuhw) = x°

but LM(f;h;) < x? for j > m. Note that m > 2 because the x? term cancels in (2.2).
Fori =1, j = 2, (2.3) takes the form

SCA. )= _h(12)fi,  LM(S(fi, £2)) = LM(h(12), f)).
=1
Write out the S-polynomial using the definition

(L)) fr = (7P /LT() fo = erh(lz)lfz =0 x"" > LM(h(12) ).
=1
(2.4)
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Since LM(fih;) = x%,i = 1, 2, we know x”1?|x? and pux?"? = LT(f,)LT(h;) for
some monomial w. We subtract i x (2.4) from (2.2), to get a new expression

h=hfi+hfo+---+hf

such that x4 > (LM(f jﬁ )), with strict inequality for j > m and j = 1. This contra-

dicts the minimality assumption for (2.2). O
Corollary 2.29 (Buchberger’s Algorithm) Fix a monomial order and polynomials
fis.oos fr € klx1, ..., x,]. A Grobner basis for ( fi1, ..., f.) is obtained by iterating

the following procedure:
For each i, j apply the division algorithm to the S-polynomials to get expressions

S(fi £3) =Y _hGjnfi+r(ij),  LM(S(fi, £;) = LM(h(j) fr)
=1

where each LM(r(ij)) is not divisible by any of the LM( f;). If all the remainders
r(ij) = Othen fi, ..., f, are already a Grobner basis. Otherwise, let f.1, ..., frts
denote the nonzero r(ij) and adjoin these to get a new set of generators

{fls-”’ fra fr+ls seey fl‘—&-s}-

Proof Write I =(fi,..., f), Si={fi,..., fr}, and J; = (LM(f),...,
LM(f;)). If J; = LT(I) then we are done. Otherwise, at least one of the remainders
is nonzero by the Buchberger criterion. Consider S» = {fi, ..., fry fr+1s---» fras}
and let J, denote the ideal generated by leading terms of these polynomials. Iterating,
we obtain an ascending chain of monomial ideals

J1 € CJ... CLT{)
and subsets
$1C8HCS;...CL
Aslong as J,, € LT(I), Buchberger’s criterion guarantees that J,, C J;,41.

The chain terminates at some Jy because k[x, ..., x,] is Noetherian. Since Jy =
Jn+1 = - -+, we conclude that Jy = LT(I) and Sy is a Grobner basis for 1. O

We compute a Grobner basis of
I = (f], f2> = ()C% — X2, )Ci% — X3>

with respect to lexicographic order.
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The first S-polynomial is
SUf, ) =x1fi — fr=x1(x] —x2) = (x] — x3) = —x13x2 + x3;
its leading term is not contained in
(LM(f1). LM(f)) = (x{).
Therefore, we must add
f3=x1% — X3

to the Grobner basis.
The next S-polynomial is

S(fi, f3) = x2fi — X1 f3 = x1x3 — X3;
its leading term is not contained in
(LM(f1), LM(f2), LM(f3)) = (x7, x1x2).
Therefore, we must add
fo=x1x3—x;

to the Grobner basis.
We have:

S(fo, f3) = x2fo — Xi f3 = X1x3 — X2X3 = X3 f1,

S(fi, fa) =x3fi—x1fa= x1x§ — Xx3 = X3 f3,

S, f)=x3fo—xifa= x1x2 —Xq (x1x2 + x3) f3,
S(fs, fa) = X35 — X2 fs = X5 — X3.

The last has leading term not contained in
(LM(f1), ..., LM(f)) = (x7, X122, x1x3).

Therefore, we must add

3 2
fs=x3 —x3

to the Grobner basis.
Adding this new generator necessitates computing the S-polynomials involving fs:

S(fi. f) =x3fi—xifs = —%+M% (163 + x3) fa,
S(fo, f5) = X3 fr — xi fs = —X3x3 + X1 X3 = x{x3 f3 + X2x3 f1,
S(fs, f5) = X3 f3 — X1 fs = —X3X3 + X1x3 = X3 f1,

S(fa, f5) = X3 fa — x1X3.fs = xX1X3 — X3 = X3 f4 — X3 fs.
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Buchberger’s criterion implies { f1, f2, f3, fa, fs} is a Grobner basis.

Remark 2.30 Note that

LM(f2) € (LM(f1), LM(f3), LM(f4), LM(f5s))

so that f, is redundant and can be removed from the minimal Grébner basis.

The division algorithm applied to the S-polynomials for fi, f3, fa, f5 gives the
following relations

0=S(fi, i) — fa=x2fi —x1f3— fa,

0=S(f1, fa)—x2fs =x3f1 —x1fa — x2f3,

0=S(fi. f5) — (xix3 + x3) fu = x3 f1 — x1 f5 — (x133 + X3) fa,
0=S(fs, fa)— fs=x3f3 —x2fa — f5,

0=S(fs, f5) —x3fa = X3 f5 — x1 f5 — x3 fa,

0="5S(fs f) — x5 fa+x3fs = (x3 —x3) fu — (¥1x3 — x3) fs.

Syzygies

We now formalize the notion of cancellations of leading terms of polynomials, and
give an important example of how modules arise in algebraic geometry.
According to the Webster Third International Unabridged Dictionary, a syzygy is

the nearly straight-line configuration of three celestial bodies (as the sun, moon, and
earth during a solar or lunar eclipse) in a gravitational system.

Just as the sun or moon is obscured during an eclipse, leading terms of polynomi-
als are obscured by syzygies. The original Greek term o v vy o refers to a yoke,
conjunction, or copulation.

Definition 2.31 Let fi, ..., fr € klx1, ..., x,]. A syzygy among the f; is a rela-
tion

hfi+hfa+--+hf, =0

where (hy, ..., h,) € k[xy, ..., x,]". The set of all such relations is denoted
Syz(fi, ..., fy) Cklx1, ..., x,]".
It is easy to check the following property of syzygies:

Proposition2.32 Syz(fi, ..., fr)isak[xy, ..., x,]-submodule of k[xy, ..., x,]".
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Example 2.33 Given a finite set of monomials

with x7@/) = LCM(x*®), x*)). The syzygies among the 1 ; of the form
Gy oy ety

generate Syz(uy, ..., i4,). The proof is the same as the inductive argument for the
Buchberger criterion, i.e., that all cancellations among leading terms are explained
by S-polynomials (see Exercise 2.16).

Theorem 2.34 Let fi, ..., fr be a Grobner basis with respect to some monomial
order on k[xy, ..., x,]. Consider the relations

(7D ILT(f)) fi = (D ILT(fD) £ — Y kG fi =0
1
obtained by applying the division algorithm to the S-polynomials

S(fis [i) = Zh(ij)/fz, LM(S(fi, f7)) = LM(h(@j) f1)
I
These generate Syz(fi, ..., fr) as ak[x, ..., x,]-module.

Corollary 2.35 (Generalized Hilbert Basis Theorem) The module of syzygies among
a set of polynomials is finitely generated.

Proof The proof is essentially contained in our proof of Buchberger’s criterion.
Suppose we have a syzygy

Sfilh 4+ fLho+ -+ frh, =0. 2.5)
The proof proceeds by induction on

x* = max(LM(f;h,))
J

and the number of indices j realizing this maximum. After reordering, we may assume
that this set of indices is {1, 2, ..., m} with m > 2. Consider the syzygy associated
to f1 and f5:

(< PTCO) i = (PP fo = Y kAL 2ufi =0 (26)
1

Choose the monomial p such that pux?? = LT( f,)LT(h,). Subtract 1 x(2.6) from
(2.5) to get a new relation

fiki + pho+ -+ frh, =0
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with fewer indices realizing x° or with

max(LM(fjfz_,-)) < x3.
J

This can be placed in a much more general context:

Theorem 2.36 Let R be Noetherian and M C R" an R submodule. Then M is
finitely generated.

Proof The basic strategy of the proof is induction on n; the n = 1 case is im-
mediate because R is Noetherian. We record some elements of the argument which
might be useful in other contexts:

Lemma2.37 Let My C M be R-modules suchthat M and M | M| are both finitely
generated. Then M is also finitely generated.

Given generators m, ..., ms; € M, and elements my, ..., mg, € M with images
generating M /My, my, ..., my,, generate M. Indeed, for an arbitrary elementm € M,
first choose 7541, ..., Fs++ € R such that

m —ryp Mgy — o — Fsymgyy — 0 € M/M,.

But this difference is also in M, so we can write
M —Fs Mgy — - — Vs Mgy =Ty + - + Fshi

for some ry,...,r; € R.
Iterating the previous argument gives the following result.

Lemma 2.38 Suppose there exists a sequence of R-submodules
O=MyCcM,CM,...CM, =M

such that each M; | M;_, is finitely generated. Then M is finitely generated.

To prove the theorem, consider the sequence of modules
OCR'cR*c...cR"'cR"
where

Rj:{(rl,rz,...,rj,O,...,O):rl,...,rjeR}.
——

n—j times
Each R/ C R" is a submodule and R//R/~' ~ R. We have an induced sequence

OocMicM,Cc..._cM, .CM, =M
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where M; = M N RJ/.Each M ;j 1s a submodule of M. One of the standard isomor-
phism theorems of group theory gives

M;j/M;_y =(MNR)/MNR"~ R//RI"' = R.

In particular, we can regard each quotient as an ideal. Applying the lemmas above
and the case n = 1 gives the result. U

Remark 2.39 The 1966 thesis [5] of Bruno Buchberger, supervised by Wolfgang
Grobner (1899-1980), introduces Grobner bases and the Buchberger algorithm. The
extension to syzygies is due to F.O. Schreyer [36]; this is presented in [9, ch. 15].

Exercises

Prove the assertion in Remark 2.2.
Prove the assertion in Remark 2.12.
Let I = (x*®, ... x*®) C k[xi, ..., x,] be a monomial ideal. Given a polynomial

f:Zc,gxﬂ €l, cg#0,
B

show that each x” is divisible by some x*), j =1,...,r.

Let k[t1, ..., t,] and fix real numbers wy, ..., w,, the weights corresponding to the
variables, i.e., w(t;) = w;. Given a monomial ¢* with exponent a = (ay, ..., a,), its
weight is defined

wi*) =wia; + - - - +wyay,.

We order the monomials by weight: t¢ > ¥ if and only if w(t*) > w(t?). This is

called a weight order.

(a) Taken =2, w; = 3, and w, = 7. Is the weight order a monomial order?

(b) Take n =2, w; = 1, and w, = w. Show that the weight order is a monomial
order.

(c) Give necessary and sufficient conditions on the weights for the weight order to
be a monomial order.

(d) Can lexicographic order be defined as a weight order, in the sense defined above?
(However, see [8] where a more general notion of weight order is defined.)

Show there is a unique monomial order on C[x].

(a) Giveanexample of amonomialideal I C C[x, y]with aminimal set of generators
consisting of five elements.

(b) Is there any bound on the number of generators of a monomial ideal in C[x, y]?
Prove your answer!

Show that

<)C1 — x§7, X1 — x;g)

is not a Grobner basis with respect to lexicographic order.
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Consider the ideal I C C[x, y]
(x> =y n=1,2,3,4..)

Find a finite set of generators for I and show they actually generate the full ideal.
Consider the polynomial

f =x4+x2y2 +y3 —x’e Clx, y]
and the ideal

Compute the dimension of C[x, y]/I as a complex vector space. Determine whether
x° =1y° (mod I).
Using the Buchberger Algorithm, compute Grobner bases for
<X3 — )CIS, Xy — x13>

with respect to both lexicographic order and graded reverse lexicographic order.
Include all the relevant S-polynomial calculations. Which computation takes more
effort?

Compute the normal form of x;x,x3 with respect to each Grobner basis.

Fix a monomial order < on k[xy, ..., x,] and a nonzero ideal I C k[xy, ..., x,]. A
reduced Grobner basis for I is a Grobner basis { f1, . .., f,} with following additional
properties:

(1) LT(f;) = LM(f;) for each j, i.e., the leading coefficient of f; equals one;
(2) foreachi and j with i # j, no term of f; is divisible by LM( f;).

Show that I admits a unique reduced Grobner basis.

Given ¢1, ..., ¢ € k[x1, ..., x,], consider the k-algebra homomorphism

w:k[xly*~-’xnaylr‘~"ym] - k[.XI,...,xn]
Vi @)
Xi = X;.
Show that
ker(Y) = (y1 — b1, Y2 — P2, o+ s Y — D) -
Hint: Check that the generators of
= —¢1,y2—¢2, ..., ym — dum) C ker(yr)

are a Grobner basis under lexicographic order with

VI> V2> o>V > X > .. > Xy
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Conclude that normal forms modulo / correspond to polynomials in k[xy, ..., x,].
The inclusion
Joiklxy, ..o, x0]l = kX, oo X Vi e e s Yl
is a right inverse for v, i.e., ¥ o j is the identity. Hence ker(y) N k[xy, ..., x,] =0
and the quotient
k[xlv e Xns Yl eees ym]/l - k[.XI, e Xns Y1 oo es ym]/ker(l/f)
is injective.
Consider an ascending chain of ideals
hchchcC...
in aring R. Show that I, = U, I, is also an ideal.
Show that the ring of polynomials in an infinite number of variables
klxi, X2, X3, ..., Xy, .. .]
does not satisfy the ascending chain condition.
Let fi, f> € k[x1, ..., x,] be polynomials with no common irreducible factors. Show

that

Syz( f1, f2) = (f2, —fOklx1, ..., x,] C

k[xi, ..., x,]%

What happens if f; and f, have common irreducible factors?

Letpj=x;forj=1,...,

is generated by

O, ...

n. Verify explicitly that

Syz(peq, ..., a) C klx1, ...,
,0, —x;,0,...,0, x

—— ~—~—

ith place jth place

Consider the matrix

and the ideal

ap diz a3
A=
az dyy a3

Xn]"

I C klayy, apz, agz, azy, ax, ax]

generated by the 2 x 2 minors of A4, i.e.,

g1 = ajpdz3z — apszan,

& = —anax + apayy,

g3 = dajiaz — appazy.
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(a) Do the minors form a Grobner basis with respect to lexicographic order a;; >
daipp > a3 > dy > dxy > a23?
(b) Compute a set of generators for the syzygies among g1, g,, and g3.
Commutative algebra challenge problem:
Aring R satisfies the descending chain condition if any descending sequence of ideals
in R
LDODLDI...
stabilizes, i.e., Iy = Iy for large N. Such a ring is said to be Artinian.
(a) Show that Z/nZ and k[t]/ (t") are Artinian.
(b) Show that Z and k[¢] are not Artinian.

(c) Show that an Artinian ring has a finite number of maximal ideals. Hint: Consider
chains

m; Omm; DOmmymsz....
(d) Show that every prime ideal in an Artinian ring is maximal. Hint: Consider chains
mOm>om’...Dp

where p is a nonmaximal prime and m D p is maximal.

(e) Show that an Artinian ring R finitely generated over a field & satisfies dimg(R) <
oo. (To say that R is finitely generated over k means that R is a quotient of a
polynomial ring k[xi, ..., x,].)



3 Affine varieties

3.1

In this chapter, we introduce algebraic varieties and various kinds of maps between
them. Our main goal is to develop a working dictionary between geometric concepts
and algebraic techniques. The geometric formulations are dictated by the algebraic
structures in the background, e.g., we only consider maps that can be expressed using
polynomials.

For researchers in the field, geometric intuition and algebraic formalism are (or
ought to be) mutually reinforcing. Most of the algebra is developed with a view
toward geometric applications, rather than for its own sake. Often, complex algebraic
manipulations are more transparent in vivo than in vitro.

For much of the rest of this book, the base field is assumed to be infinite. Finite
fields exhibit pathologies that complicate their use in algebraic geometry (cf. Defini-
tion 3.26). For instance, the polynomial function x” — x vanishes at every point of
F, = Z/pZ, where p is a prime integer. However, it does not vanish over the field
extension F 2, so we cannot identify x” — x with 0.

Ideals and varieties

Definition 3.1 Given S C A"(k), the ideal of polynomials vanishing on S is
defined

I1(S)={f € klx1,...,x,]: f(s) =0foreachs € S}.

This is an ideal: if f; and f, both vanish on S then so does f; + f>. If f vanishes on
S and g is arbitrary, then gf also vanishes on S.

Example 3.2

S = A"(R) then I(S) = (0);
S={(ay,...,an)} then I(S) = (x|, —ay, ..., Xy — an);

33
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S ={1,1),(2,3)} c A%(Q) then
1(8) =((x = D(y —3),(x = Dx =2),(y = Dx = 2), (y = D(y = 3));

S =N c A!(C) then I1(S) = {0}, because every nonconstant polynomial f € C[x]
has at most deg( f) distinct roots (see Exercise A.13);
S={(x,y): x>+ y>=1,x # 0} C A’ (R) has ideal I(S) = (x> + y> — 1).

Definition 3.3 An affine variety is the locus where a collection of polynomial
equations is satisfied, i.e., given F = {f;};es C k[x1, ..., x,] we define

V(F)={a € A"(k) : fj(a) =0foreach j € J} C A"(k).

These polynomials are said to define the variety.

The structure of an algebraic variety on a given set depends on the choice of base

field. For example, the set of rational numbers Q is a variety when it is regarded as a

subset of A!(Q), but not when it is regarded as a subset of A'(R) or A!(C). When we

want to put particular emphasis on the ground field, we will say that V is an affine

variety defined over k. This means the defining polynomials have coefficients in k.
In what follows, B is a (possibly infinite) index set:

Proposition 3.4 For each B € B, let Fg C k[x1, ..., x,] denote a collection of
polynomials. Then we have

V(Ugep Fp) = Ngep V (Fp).
Proof
V(UﬂeBFﬁ) = {(l (S An(k) . f((l) = 0 for each f (S UﬂeBFﬂ}
= Ngepfa € A"(k) : f(a) = 0foreach f € Fg}

= mﬂeB V(F'B)

Thus as we add new polynomials to our collection, the corresponding variety gets
smaller:

Proposition 3.5 For each collection of polynomials F = {f;}je; C klx1, ..., x,]
and each subset F' C F we have V(F') D V(F).

We have the analogous statements for ideals, which are left to the reader:

Proposition 3.6 For each B € B, let Sg C A"(k) denote a subset. Then we have

I(UgepSp) = Npepl(Sp).
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Proposition 3.7 For any subsets S" C S C A" (k) we have 1(S") D I(S).

The variety defined by a collection of polynomials only depends on the ideal they
define:

Proposition 3.8 Given F ={fj}jes Cklx1,...,x,] generating an ideal I =
(fi)jes, we have V(F) = V(I).

Proof Proposition 3.5 guarantees V(F) D V(I). Conversely, for v € V(F)
we have f;(v) =0 for each j € J. For each g = Z,N:] hifj, € 1 we have g(v) =
SN hifi(0)=0,50v € V(). O
Definition 3.9 Given a ring R and a collection of ideals {/g}gcp of R, we define

the sum to be

Zlﬂ ={fi+...+ fr: f; € I for some B;},
BeB

i.e., all finite sums of elements each taken from one of the /4.

We leave it to the reader to check (see Exercise 3.4) that this is the smallest ideal
containing Ugep .

Proposition 3.10 For any collection of ideals {1g}gcp in k[xi, ..., x,], we have
1% <Z 1,3> = NpesV ().
pBeB
Proof This follows from Proposition 3.4 and the identity
14 (Z 1ﬂ> = V(Upeplp)
BeB
of Proposition 3.8. U
Definition 3.11 Given aring R and ideals I}, I, C R, the product I I, is the ideal

generated by products f| f> with f| € I and f; € I,.

Proposition 3.12 For any ideals I, I, C k[x, ..., x,], we have
V(Ihnh)=V(iL)=V({)UV(L).

Proof We have inclusions

LLhchLnLCcl, b
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so Proposition 3.5 yields
V(i) D V(I N L) D VL), V().
It remains to show that V(I;1;) C V(I;) U V(I3). Suppose that v € V(I;1) but v &

V(I,). Then for some f € I; we have f(v) # 0. However, for each g € I, all the
products (fg)(v) = 0. Thus g(v) =0and v € V(I). O

We describe the behavior of varieties under set-theoretic operations:

Proposition 3.13 An arbitrary intersection of varieties Ngep Vg is a variety. A
finite union of varieties UlNzl Vi is a variety.

Proof For the intersection part, write each Vg = V (Ig) for some ideal Iz. Then
Proposition 3.10 gives the result. To show that a finite union of varieties is a variety,
we apply Proposition 3.12 successively. (]

The above properties and the Hilbert Basis Theorem from Chapter 2 together
imply the following.

Proposition 3.14 Every variety can be defined as the locus where a finite number
of polynomials vanish.

We can take products of affine varieties:

Definition 3.15 Consider affine varieties V C A"(k)and W C A™ (k). The product
variety

V x W c A" (k)
is defined as the set

{(a],...,a,,,b],...,bm)2(611,...,(1,,)6V,(b],...,bm)GW}.

The projections
T VxW—->V, m:VxW->W
are defined
Xy oo s Xy V1o e ooy Ym) = (X1, ooy Xn)y  T2(X0y ooy Xy V1o e v o s V)

=1y Ym)-
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Proposition 3.16 Considerideals I) C k[x1,...,x,]Jand I, C k[y1, ..., ym]and
the corresponding varieties V(1) C A"(k) and V(1) C A" (k). Let

J:Ilk[xh""xn?y]?"'aym]+12k[xl5"'7xll5yla"'7ym]a

i.e., the ideal in k[xi,..., Xy, Y1, ..., Ym] generated by I, and I,. Then V(I}) X
V(L) =V({J).

Proof We start with some notation: Givenamap ¢ : X — Y andasubsetZ C Y,
we write

o NZ)={x e X:pkx) e Z).
Consider the projection morphisms

I : A" — A"
Xy e Xy Vo e Ym) > (X1 e, X)),
My : A7 — A™

(X15 oo s Xy Y1 oy Ym) > (V1 ey Vi)

Since

7' (VD) = {(@y. ... an. bro ... by) < f(ay, ..., a,) =0foreach f € Iy}

it follows that HII(V(II)) is the variety in A"™*" defined by I, C k[xy, ..., x,] C
k[xi, ..., X, Y1, .., Ym]. Proposition 3.6 then implies
O (VAUD) = VKL o X Y1, V)

We can express the product as an intersection
V() x V(L) =TT (VD)) Ny (VL)
Proposition 3.10 then yields

V() x V(L) = V(). O

We have defined an affine variety as the locus in A" (k) where a collection of poly-
nomials vanish. Over some base fields, it can be very difficult to determine precisely
where a polynomial is zero!

Example 3.17 Fermat’s Last Theorem, as proven by Andrew Wiles and Richard
Taylor, asserts that for any integers x, y, z with

N4y =N, N=>3,
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at least one of the three integers is zero. We may as well assume x, y, z € Q; mul-
tiplying through by the least common multiple of the denominators would yield an
integral solution. In our notation, Fermat’s Last Theorem takes the following form:
IfN>3and V = V(&N +y¥ — V) c A3Q) then xyz € I(V).

For any ideal I C k[xy, ..., x,] we have (cf. Exercise 3.3)
(V) D I.

Whether equality holds is a subtle problem, depending both on the base field and the
geometry of V(I). There are many general theorems asserting that I(V(f)) 2 (f) for
certain classes of polynomials f. When k = Q, a number field, or a finite field, these
problems have a strong number-theoretic flavor. This area is known as Diophantine
geometry or Arithmetic algebraic geometry. Onthe other hand, when k is algebraically
closed the Nullstellensatz (Theorem 7.3) allows precise descriptions of I(V([)) in
terms of 1.

Closed sets and the Zariski topology
Definition 3.18 The algebro-geometric closure of a subset S C A”"(k) is defined
S={aeA"(k): f(a)=0 foreach f € I(S)} = V(I(S)).

Asubset S C A”"(k)is closedif S = S; U C A"(k)is openifits complement A" (k) \ U
is closed in A" (k).

Example 3.19

The closure of N C A!'(C) is the complex line A!(C).

The closure of {(x,y):x24+y2 =1,x #0} C A%(R) is the circle {(x,y): x>+
y2 =1}.

The open subsets of A!(C) are the empty set and U C C with finite complement, e.g.,
U =(C\{a1,...,ad}.

You may remember open and closed sets from calculus, e.g., U C R” is open if,
for each x € U, a sufficiently small ball centered at x is contained in U. There is a
very general definition underlying both usages:

Definition 3.20 A topological space consists of a set X and a collection of subsets
Z = {Z C X} called the closed subsets of X, satisfying the following:

b, X e Z;
ifZy,Z, € Zthen Z, U Z, € Z,
if{Zj}jej C Z then ijJZj € Z.

A subset U C X is open if its complement X \ U is closed.
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Our axioms imply that a finite intersection of open subsets is open and an arbitrary
union of open subsets is open.

Proposition 3.13 shows that closed subsets of affine space (in the sense of algebraic
geometry) satisfy the axioms of a topological space. This is called the Zariski topology
in recognition of Oscar Zariski (1899-1986). By Proposition 3.14, all Zariski open
sets are of the form

U = A"(k)\ Z with Z closed
={aeA'K): fila#0,j=1,....r, fj €klxi,...,x,1}

i.e., where a finite set of polynomials do not simultaneously vanish.

The Zariski topology on affine space induces a topology on subsets V C A" (k):
Z C Visclosedif Z =V NY for some closed Y C A"(k). If V. C A"(k) is an affine
variety then closed subsets of V are precisely closed subsets of A"(k) contained in
V. This is called the Zariski topology on the affine variety.

Definition 3.21 A function of topological spaces f : X — Y is continuous if for
each closed Z C Y the preimage f~'(Z) = {x € X : f(x) € Z} is closed.

The concept of a ‘Zariski continuous’ function is really too weak to be of much use.
For instance, any bijective function C — C is automatically Zariski continuous!

One useful class of Zariski continuous functions are the morphisms introduced in
Chapter 1:

Proposition 3.22 Let ¢ : A"(k) — A™(k) be a morphism of affine spaces. Then
¢ is Zariski continuous.

Proof  Let Z C A"(k) be closed, i.c.,
Z=1{beA"k):g;jb)=0,{gj}jes Cklyi,..., yml}
Thus
¢~ (Z2) = {a € A"(k) : gj($(a)) = 0}

is also closed, because g; o ¢ is a polynomial. O

Coordinate rings and morphisms

We elaborate on algebraic aspects of morphisms of affine space.

Definition 3.23 Choose coordinates xi,...,x, and yi, ..., y, on A"(k) and
A" (k). Let ¢ : A"(k) — A" (k) be a morphism given by the rule

Xt o X)) = (DXL, - X))y, G(XL, L X)), @ € KXy, L, X
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For each f € k[y, ..., Yml, the pull-back by ¢ is defined
¢ f=fod=fl@i1(x1,. .. %), s Bulx1, .oy Xn))

We obtain a ring homomorphism

¢*:k[y1,~-~,ym] - k[-xla-“vxn]
Yj = q)j(x],...,xn),

with the property that ¢*(c) = c for each constant ¢ € k, i.e., pull-back is a k-algebra
homomorphism.
Conversely, any k-algebra homomorphism

oikly, -, Yl = klxq, ... x0]

is determined by its values on the generators. Writing ¥;(xy, ..., x,) = ¥ (y;), we
obtain a morphism

A"(k) — A™(k)
Ky ooy Xp) > (U1, ooy X))y s WX, vy X))

To summarize:

Proposition 3.24 There is a natural correspondence between morphisms ¢ :
A" (k) = A™(k) and k-algebra homomorphisms

kv, oy Y] = klxg, oo, x]

identifying ¢* and .

We have already considered the ring of polynomial functions on affine space.
How does this generalize to arbitrary affine varieties? Let V C A”"(k) be affine
with ideal I(V). We restrict polynomial functions on A" (k) to V; elements of (V)
are zero along V, so these functions can be identified with the quotient k[xy, ...,
xp1/1(V).

1(V) C klx1,...,x,] — klx1,...,x,]1/1(V)
\! 2 v

0 € functions on V

Example 3.25 Consider the circle V = {(x,y): x>+ y?> =1} C A%(R) with
I(V) = (x?> 4+ y? — 1). The polynomials x> and 1 — y? define the same function on
the circle. We have

x>=1-—y* mod I(V).
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Definition 3.26 Let V C A"(k) be an affine variety. The coordinate ring is defined
as the quotient ring

k[V] =klx1, ..., x,1/I(V).

Note that k[A"] = k[xy, ..., x,] provided k is infinite (see Exercise 3.2). This is
one point where finite fields create difficulties. Our definition of the coordinate ring
requires modification in this case.

Definition 3.27 Fix an affine variety V C A" (k). Two morphisms @, ¢ : A" (k) —
A" (k) are equivalent on V if the induced pull-back homomorphisms

*  k[A™] — k[V], &* : k[A™] — k[V]

are equal. The resulting equivalence classes are called morphisms ¢ : V. — A" (k).
Each ¢ : A"(k) — A™(k) in the equivalence class is called an extension of ¢ to affine
space.

Example 3.28 Consider the circle V = {(x, y): x>+ y?> = 1} C A%2(R) with
1(V) = (x? + y> — 1). The morphisms

cA’(R) —> AN(R),
(x,y) —> x2,
s A2(R) » AN(R),

(x, ) > 11—y

i

>

are equivalent on the circle.
Equivalent morphisms are equivalent as functions:
Proposition 3.29 Let V C A"(k) be an affine variety and
¢, p: A"(k) — A" (k)
two morphisms equivalent on V. Then we have ¢(v) = ¢(v) for each v € V.

Proof If ¢(v) # ¢(v) then they can be differentiated by coordinate functions
from k[A™], i.e., we have

Yi( @) # yi(d(1))

for some i. It follows that ¢*y;(v) # ¢*y;(v), which violates the equivalence
assumption. (]
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Definition 3.30 Fix affine varieties V C A"(k) and W C A™ (k). A morphism
¢ : V — W is defined to be morphism ¢ : V. — A™(k) with ¢p(V) C W.

The geometric condition ¢(V) C W is equivalent to the algebraic condition
¢*I(W) C I(V). Indeed first assume that ¢* I (W) C I(V). Givenv € V and an arbi-
trary g € I(W), we have g(¢(v)) = ¢*(g)(v) = 0as¢*(g) € I(V),sothatp(v) € W.
Conversely, if (V) C W then, given g € I(W), we have g(¢(v)) = Oforeachv € V,
and thus ¢*g € I(V).

We are tacitly assuming that the polynomials defining ¢ have coefficients in k. If
we have to make this explicit, we say that the morphism is defined over k.

Proposition 3.31 Let V. C A"(k) and W C A" (k) be affine varieties. Any mor-
phism ¢ : V. — W induces a k-algebra homomorphism ¢* : k[W] — k[V]. Con-
versely, each k-algebra homomorphism r : k[W] — k[V] can be expressed as ¢*
for some morphism ¢.

Proof Suppose we have a morphism ¢ : V — W. Consider the composition

¢*
klyi, ..o, yml = klx1, ..., x,] > k[V]
U U U

wy 5 vy S o

The ideal 1(W) is mapped to zero in k[ V], so there is an induced homomorphism
¢ k(W] =klyi, ..., yml/I(W) = k[V].
Conversely, suppose we have a k-algebra homomorphism

k[yl,...,ym] klxy, ..., x,]
\: \
k[W] — k[V]

It suffices to find a k-algebra homomorphism

‘/f/ : k[)’ha)’m] — k[)C], "'7-xn]
making the diagram above commute. Indeed, Proposition 3.24 then gives a morphism
@' : A"(k) — A™(k) such that ¢y’ = ¢'*. The diagram guarantees '(I1(W)) C 1(V),

so ¢'(V) C W and the induced homomorphism on coordinate rings kK[W] — k[V]is
just .
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To construct ¥, consider the elements ¥ (y;) € k[V]. Lifting these to polynomials
¢; € k[xy,...,x,],j=1,...,m, we obtain a homomorphism

I/f/ : k[Yl, RN} ))m] g k[xl’ e v-xn]
yj = @
making the diagram commute. O

The main idea here is that polynomial rings are extraordinarily flexible; we can
send the generators anywhere we like!

Corollary 3.32 Let V and W be affine varieties. There is a one-to-one correspon-
dence between morphisms V. — W and k-algebra homomorphisms k[W] — k[V].

Definition 3.33 An isomorphism of affine varieties is a morphism ¢ : V. — W
admitting an inverse morphism ¢! : W — V. An automorphism of an affine variety
is an isomorphism ¢ : V — V.

One important consequence of Corollary 3.32 is that automorphisms of V corre-
spond to k-algebra isomorphisms k[V] — k[V].

Example 3.34 Consider V = A%(k) and the homomorphism

Yx) =x1, Y2)=x2+gk1), ge€klxl,

with inverse

vl =x1, ¥ ) = x — g(x).

Each ¢ = ¢* for some automorphism ¢ : A?(k) — A?(k). Thus each polynomial
g € k[x;] yields an automorphism of the affine plane. See [37] chapter I, section 2,
esp. exercise 9, for more information.

Exercise 3.14 is the classification of automorphisms of the affine line A'(k). As
far as I know, there is no intelligible classification of automorphisms of A3(k). There
is substantial research on this question: see [2], for example.

Rational maps

Let k(xq, ..., x,) denote the fraction field of k[x1, ..., x,], consisting of quotients
f/g where f, g € klx1,...,x,],8 #0.

Definition 3.35 A rational map p : A" (k) --» A" (k) is given by a rule

p(xla -~~’xn): (pl(-xlv"'axn)a "'7pm('xl5 "'7-xn))7 IOj € k('xl""a-xn)'
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A rational map does not yield a well-defined function from A" (k) to A™ (k) —hence
the dashed arrow! Represent each component p; as a fraction

ej=filgi,» [fi.& €klxt,....,x,]);

we will generally assume that f; and g; have no common irreducible factors, for
j =1,...,m. Wherever any of the g; vanish, p is not well-defined; the closed set
V{gi,.--,gn}) C A"k) is called the indeterminacy locus of p. However, over the
complement

U:={ai,...,ap) e A"Kk): gj(ar,....,a,) #0,j=1,...,m}

we obtain a well-defined function to A™ (k).
The argument for Proposition 3.24 also yields:

Proposition 3.36 Each rational map p : A" (k) --+ A" (k) defined over k induces
a k-algebra homomorphism

p*:k[yla"-vym] - k('xh'-'axn)’
Vi (X, X)),

Conversely, each k-algebra homomorphism
k[ylv s0ay ym] — k('xls s 7xl‘l)

arises from a rational map.

Definition3.37 Let W C A™(k)be an affine variety. A rational map p : A" (k) --»
W is a rational map p : A"(k) --» A" (k) with p*I(W) = 0.

Example 3.38 IfW = {1, y2): 3 =y} + i} C A*(Q) then we have the ratio-
nal map

p: Al -5 W,
1 —s2 1 -2
s R .

How do we define a rational map from a general affine variety p : V --» A™(k)?

As in our discussion of morphisms, we realize V C A”(k) as a closed subset. It is
natural to define p as an equivalence class of rational maps p’ : A"(k) --+ A™(k),
restricted to V. However, rational maps can behave badly along a variety, especially
when one of the denominators of the p} vanishes along that variety.

Example 3.39 Consider the rational map

p: A(R) --» A*(R),
(x1,x2) — (xl_3,x1_lx2_1,x2_3),
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which is well-defined over the open subset
U = {(x1, x2) : x1x2 # 0} C A*(R).
However, p is not defined along the affine variety

V = {(x1, x2) : x; = 0} C A’(R).
We formulate a definition to address this difficulty:

Definition 3.40 Letp : A"(k) --» A™(k)be arational map with components p; =
fi/gj with f;, g; € k[xy, ..., x,] having no common irreducible factors. Let V C
A”(k) be an affine variety with ideal /(V) and coordinate ring k[V]. Assume that
the image of each g; in k[V] does not divide zero. Then we say that p is admissible
onV.

We would like an algebraic description of rational maps, generalizing Proposi-
tion 3.36 in the spirit of Corollary 3.32. We require an algebraic construction gener-
alizing the field of fractions of a domain:

Definition 3.41 The ring of fractions of aring R is defined
K ={r/s :r,s € R, s not a zero divisor},

where ry/s| = ry /s, whenever ris, = r,51.
We can realize R C K as the fractions with denominator 1 (see Exercise 3.17).

Definition 3.42 For an affine variety V, let k(V) denote the ring of fractions of
the coordinate ring k[V].

Proposition 3.43 Let p : A"(k) --+ A" (k) be a rational map admissible on an
affine variety V.C A"(k). Then p induces a k-algebra homomorphism

% T k[A™] — k(V).
Conversely, each such homomorphism arises from a suitable rational map.

Proof By hypothesis, each component function p; of p can be expressed as a
fraction f;/g;, where f;, g; € k[xy, ..., x,] and g; does not divide zero in k[V]. In
particular, each f;/g; goes to an element of k(V) and we obtain a homomorphism

10* : k[ylv"'aym] - k(V)5
yi = fil8;-
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Conversely, given such a homomorphism i, we can express ¥ (y;) =7;/s;
withr;,s; € k[V]for j =1,..., m. Choose polynomials fi, ..., fi, &1,--.,8m €
klxi, ..., x,] with f; =r; (mod I(V))and g; = s; (mod I(V)). The rational map
with components p; = f;/g; induces the homomorphism 1. O

With these results, we can make the general definition of a rational map:

Definition 3.44 Let V C A"(k) be an affine variety and
p, b A"(k) — A"(k)

rational maps admissible on V. These are equivalent along V if the induced homo-
morphisms

p*, 0% k[A™] — k(V)

are equal.

Definition 3.45 Let V and W be affine varieties realized as closed subsets of A" (k)
and A" (k) respectively. A rational map p : V --+ W is defined as an equivalence
class of rational maps p’ : A"(k) --» W admissible on V. Each such o’ is called an
extension of p to affine space.

The following analog of Corollary 3.32 is left as an exercise:

Corollary 3.46 Let V and W be affine varieties. There is a one-to-one corre-
spondence between rational maps V --+ W over k and k-algebra homomorphisms
kW] — k(V).

Resolving rational maps

We will introduce a systematic procedure for replacing rational maps by morphisms
defined on a smaller variety. This will be used to compute the image of a rational map
in Chapter 4:

Proposition 3.47 Let V and W be affine varieties realized in A" (k) and A™ (k)
respectively. Consider a rational map p : V --+ W obtained from a map

A (K) —=» A"(K)
(xls ...,Xn) = (fl/glv"'s fm/gm)

admissible on V. Write g = g1 ...gu So that p is well-defined over the open set
U =1{veV:gW)#O0}. There is an affine variety V, and morphisms 7= : Vo, — V
and ¢ : Vo — W, with the following properties:
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7(Vy) =Uj;
there is a rational map  : 'V - V,, well-defined on U, such that w o ¢y = Idy and
vf o = Id\/g N

(;5:,007'[.

Thus 7 is a birational morphism, i.e., a morphism which admits an inverse rational
map. We’ll discuss these more in Chapter 6.

Proof The new affine variety is obtained by imposing invertibility by fiat: take
A'(R)g = {01, X0, ) 1 2g(x o xn) = 1) C AR
so that projection

7w AU(k) — A"(K)

(-xl’~--a-xn’z)'_) (.X],...,.xn),
takes A" (k), bijectively to A"(k) \ {g = 0}. Similarly, define
Ve ={peA"k), : m(p) e V}.
Abusing notation, we use 7 to designate the restriction of the projection to V,; it also
maps V, bijectively to U.
These varieties have coordinate rings

klx, X2l klxr, oo xal[1/8] CkQxrs oo, X)
(zg = 1)

k[A"(k)g] =
and
k[Vg] = k[V][1/g] C k(V).
The rational map inverse to m is
Yxr, oo, xn) = (1,00, X, 1/8);

we use the same notation for its restriction to V. The morphism

A"H(k) — A™(k)
X1, o X0, 2) > (f182 - 8mZs oo, 81+ 8im1 [i&it1 -+ - 8mZs -+ 2)
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X={(x,2):xz=1}

1

Resolving the rational map x — ;.
restricted to A" (k), coincides with the composition

Ak > AT(k) - Am(k)
Restricting to V, yields ¢ : V, — W with the analogous factorization. O

The varieties V, < V produced above are called affine open subsets of V.

Example 3.48 The rational map

p: Ak --» 1§1<k),

X = -,
x

is defined on the open subset U = A! \ {0}. We can identify U with the affine variety

X =AYk, = {(x,2) 1 xz = 1},

which is a hyperbola. The morphism 7 is projection onto the x-axis; ¢ is projection
onto the z-axis.

Example 3.49 The rational map

p: ANR) --> A*(R),
. x?—1 1
X S 5 4 |
x2+1" x24+4
is defined on U = A!(R).
The rational map over the complex numbers defined by the same rule
p': ANC) --» AX(C)
is defined on U’ = AY(C) — {+i, +2i}.

Example 3.49 shows that the behavior of rational maps under field extensions can
be subtle. Proposition 3.47 has content even when p is defined at each point of A" (k),
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0,0,0,0)

The rational map of Example 3.50.

i.e., when g has no zeros over k. The morphism A" (k), — A" (k) is bijective but is not
an isomorphism unless g is constant. This reflects the possibility that g may acquire
zeros over an extension of k. We will be able to say more about this once we have the
Nullstellensatz at our disposal (see Proposition 8.40.)

Proposition 3.47 has one major drawback. The open set U C V and the variety V,
are not intrinsic to the rational map p : V --» W. Rather they depend on the choice
of extension

A"(k) --» A" (k),

as shown by the following example.

Example 3.50 Consider the varieties

V={x;=x=0U{x; =x4 =0} C A*k)
W={xi=x=x5=0}U{x3=x4 =x5 — 1 =0} C A>(k)

with coordinate rings

k[V] = klx1, x2, x3, X4]/ {(X1X3, X1X4, X2X3, X2X4)

k[W] = klx1, x2, X3, x4, X5]/ {x1(xs5 — 1), x2(x5 — 1), x3X5, X4x5).
The rational maps

o AYk) --» Ad(k)
(x1, X2, X3, X4, X5) > (X1, X2, X3, X4, X1 /(X1 + X3))
" T Ak) -+ AS(k)
(1, X2, X3, X4, X5) > (X1, X2, X3, X4, X2/ (X2 + X4))
are admissible on V and induce the same rational map p : V --» W. (Check this!)

However, the corresponding open sets U' ={v € V :x; +x3 #0}and U" = {v €
V 1 xp + x4 # 0} differ, as do the affine varieties Vi, 4y, and Vy, 4y, .
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How then should we define the indeterminacy locus of a general rational map of
affine varieties p : V --» W? For each extension p’ : A"(k) --+ A™(k), we have an
open subset U’ C V where the denominators of the coordinate functions of p do not
vanish. However, in some sense a map is well defined at all points v € V for which
there exists some extension well defined at v.

Provisional Definition 3.51 (Indeterminacy locus) Let p: V --» W be a rational
map of affine varieties. We define the indeterminacy locus as

Z=n,(V\U),
where the intersection is taken over all extensions
o A'(k) --» A" (k)
and U’ is the open set where p’ is well defined.

Our ultimate definition will have to wait until we define the indeterminacy ideal in
Chapter 8.

Example 3.52 In Example 3.50 the indeterminacy locus of p is the origin.

The proof of Proposition 3.47 and the definition of the ‘ring of fractions’ are both
instances of a very common algebraic construction:

Definition 3.53 Let R be a ring and S C R a multiplicative subset, i.e., for all
s1, 82 € S the product s;s, € S. The localization R[S™'] is defined as equivalence
classes {r/s : r € R, s € S}, where we identify r|/s; = r,/s, whenever there exists
at e S with #(r;s, — rps1) = 0. This is a ring under the operations of addition and
multiplication of fractions.

We leave it to the reader to verify that the operations are compatible with the equiva-
lence classes (see Exercise 3.19).

Example 3.54

If R is a domain and S = R* then R[S~!] is the field of fractions of R.

If R is a ring then the nonzero divisors form a multiplicative set S (Check this!) and
R[S~ '] is the ring of fractions.

If R =kl[x;,...,x,] and S is the multiplicative set generated by g then R[S =
klx1, ..., x,1[1/g]is the coordinate ring of A" (k),, the variety introduced in the proof
of Proposition 3.47.
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Rational and unirational varieties

We introduce a more flexible notion of parametrization, generalizing the regular
parametrizations studied in Chapter 1.

Definition 3.55 Consider an affine variety W C A™ (k). A rational parametriza-
tion of W is a rational map

p A" k) --» W

such that W is the closure of the image of p, i.e., if U C A"(k) is the open subset
over which p is defined then p(U) = W. W is unirational if it admits a rational
parametrization.

Here p is defined over k; to emphasize this, we’ll say that W is unirational over k.
Here are some examples beyond those introduced in Chapter 1.

Example 3.56
W = {(y1, y2) : y? + y5 = 1} C AX(Q) is unirational with parametrization
p: ANQ - W
25 s2—1
s (. 5— ).

s24+17s52+1
The image of p is W \ {(0, 1)}.
W = {(y1, y2. y3) : ¥} + ¥3 + v = 1} C A3(Q) is unirational with parametrization

o ANQ) --» W,

(s,1) —

2s 2t sTH12—1
24241 24241 241241/

The image of p is W \ {(0, 0, 1)}.

These formulas come from stereographic projections of the unit sphere from the north
pole (the points (0, 1) and (0, 0, 1) respectively).

Proposition 3.57 Let W be a unirational affine variety with rational parametriza-
tion p : A" (k) --+ W inducing

o k[W] — k(A") = k(xq, ..., x,).
Then p* is injective and induces a field extension

J k(W) = k(xi,...,x,).
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Conversely, if W is an affine variety admitting an injection of k-algebras
U k[W] = k(xq,...,x,)

then W is unirational.
We will put this on a systematic footing when we introduce dominant maps.

Proof Suppose that p* were not injective, so there exists f % 0 € k[W] with
p*f =0. Let U C A"(k) denote the complement of the indeterminacy of p. We
therefore have

d(U) C{weW: f(w)=0}CW;

the strict inclusion reflects the fact that f is not identically zero on W. It fol-
lows that ¢(U) # W, a contradiction. The injection p* allows us to regard k[W] C
k(xy, ..., x,); its ring of fractions k(W) C k(xy, ..., x,) as well.

Conversely, suppose we have an injection i as above. Corollary 3.46 yields a
rational map p : A"(k) --» W. If ¢(U) C W then there must exist some f # 0 €
k[W] vanishing on ¢(U), contradicting the assumption that ¥ is injective. O

Example 3.58 Consider the curve
W= {32 1y = ¥5} € A%K)
where m, n € N are relatively prime. Then W is unirational via

kW] — k(s)
(1, y2) = (5", ™).

There is a stronger notion which is also worth mentioning:

Definition 3.59 An affine variety W is rational if it admits a rational parametriza-
tion p : A"(k) --» W such that the induced field extension

J k(W) — k(xi,...,x,)
is an isomorphism.

We have the following algebraic characterization:

Corollary 3.60 An affine variety W is rational if and only if k(W) >~ k(xy, ..., X,)
as k-algebras.

Proof The isomorphism restricts to an injective homomorphism

kIW] — k(x1,...,x,).
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Proposition 3.57 yields the rational parametrization p : A" --» W.

Example 3.61 Both instances of Example 3.56 are rational. For the first case, we
must check that j : Q(W) — Q(s) is surjective. However, the fraction y; /(1 — y,)
goes to s. In the second case, j : Q(W) — Q(s, t) is surjective because y; /(1 — y3)
goes to s and y,/(1 — y3) goes to ¢.

Example 3.58 is also rational: m and n are relatively prime so k(s™, s™) = k(s).

Here are some open problems in the field:

Problem 3.62 (Unirationality of small degree hypersurfaces) Let f € Cly1, ..., Y]
be an irreducible polynomial of degree d < m, and V(f) C A”(C) the corresponding
hypersurface. Is V(f) unirational?

For general such hypersurfaces, there are no techniques for disproving unirationality.
However, unirationality has been established only whend =2, m > 2,d =3, m > 3
[26], or m >> d [18] [34]. Indeed, m grows very rapidly as a function of d; for fixed
d > 4, there are many values of m for which unirationality is an open problem.

On the other hand, general degree d hypersurfaces in A”(C) do not admit rational
parametrizations when d > m [25] §4. For instance, the hypersurface

{12, 33) v+ 33 +y3 =1}

lacks one.

Deciding whether hypersurfaces are rational is even more difficult: There are open
problems even for cubic hypersurfaces! Given f € C[xy, ..., xs] of degree 3, when
is V(f) c A>(C) rational? [20] It would be wonderful to have an explicit test that
would decide whether C(V) >~ C(zy, ..., t;)!

Exercises

Prove Propositions 3.6 and 3.7.
(a) Let S € A"(k). Show that

1(S) = k[x1, .. ., Xn]

if and only if S = ¢.
(b) Let k be an infinite field. Show that

1(A"(K)) = (0).

Hint: Use induction on .
For each ideal I C k[xy, ..., x,], show that

(V) D 1.
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Give an example where equality does not hold.
Given aring R and a collection of ideals {Ig}gep of R, show that 3, I is an ideal.
Prove it is the smallest ideal containing Ugep I4:

Zlﬁ = (f € Ig for some B € B).
BeB

Let {Vg}gcp be a (possibly infinite) collection of affine varieties Vg C A"(k). Show
there exist a finite number of 8, ..., B, € B such that

mﬁeBVﬁ = Vﬂl ﬂVﬂzﬂ...Vﬂ.

-

(a) Show that every finite subset S C A”"(k) is a variety. Prove that dimy k[S] = |S].

(b) Suppose that V- C A" (k) is an affine variety, with |V| = co. Show that dimy k[ V]
is not finite.

Compute the Zariski closures S C A?(Q) of the following subsets:

(@) §={(n* n’):neN}cA Q)

(b) § ={(x,y): x> +y* < 1} C AXQ);

© S={(x,y):x+yeZ}CAQ.

Let V;, Vo, C A"(k) be affine varieties. Show that

I(Vi)+1(V2) C I(ViNVy).

Find an example where equality does not hold.
Consider the varieties V, W c A%(C)

V={aLxm i+ =1}, W={0nm:yi+y=1}
and the morphism

¢ A*(C) > A*(C)

(x1, x2) = (xlz, x%)

Show that ¢(V) C W.
(Diagonal morphism) Let V be an affine variety. The diagonal map is defined

A:V->VxV
vi> (v,v)

with image Ay := A(V)C V x V.

(a) Show that A is a morphism.

(b) Let V = A"(k) and fix coordinates x, ..., x, and yy, ..., ¥, on A"(k) x A" (k).
Show that

I(Apry) = (X1 — Y1, X2 = Y2, ooy X — Yu)-

(c) For general V, show that Ay is closed in V x V and hence an affine variety.
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(d) Show that A : V — Ay is an isomorphism. Hint: Use the projections my, 5 :
VxV-—=V.
Consider the following lines in affine space A3(R):

b={xi=x=0}, L={x =x3=0}, € ={x=x;3=0}

Compute generators for 1(€; U €, U £3). Justify your answer.
Identify 2 x 3 matrices with entries in k

A (an aiy  ar >
axy ax» ax

with the affine space AS(k) with coordinates a;,, a2, ai3, asi, azs, a3. Show that the
matrices of rank 2 are open. Write explicit polynomials vanishing along the matrices
of rank < 1.
Show there is a one-to-one correspondence between morphisms V — Al(k) and
functions f € k[V].
Show that every automorphism of the affine line A'(Q) takes the form

x—ax+b, a,beQ, az#0.
Let Y c A%(C) be the variety

{01, y2) 37 = ¥3}

(a) Show there is a bijective morphism ¢ : A'(C) — Y. Hint: Try y; = x*.

(b) Show that ¢ is not an isomorphism, i.e., ¢ does not have an inverse morphism.
Let Wy, W,, and V be affine varieties. Given a morphism ¢ : V. — W; x W, show
there exist unique morphisms ¢; : V. — Wj and ¢, : V. — W, such that

g =mo¢p, ¢r=mod.

Conversely, given ¢ : V — W; and ¢, : V — W,, show there exists a unique mor-
phism ¢ : V — W; x W, satisfying these identities.
Let R be a ring with ring of fractions K. Show that the rule

R— K
re—r/l

defines an injective homomorphism R — K.

Describe the rings of fractions of the following:

(a) R=12/12Z;

(b) R = k[x1, x2]/ (x1x2).

Let Rbearingand S C R amultiplicative subset. Show that the operations of addition
and multiplication for the localization R[S~!] are well-defined on equivalence classes
of fractions.
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Prove Corollary 3.46.

Let Rbearing, g1,...,8n» € R,and g = g1g2 ... gn. Let S and T be the multiplica-
tive sets generated by g and {g, . . ., g} respectively. Forexample, T = {g{" ... g% :
er, ..., e, > 0}. Show that the localizations R[S~!] and R[7T ~'] are isomorphic.
(General linear group) Identify A" (k) with the space of n x n matrices A = (a;}),
with coordinate ring

k[alla cees Alp, A215 « - o A2y« - -5 Ay ~~-aann]-

(a) Show that matrix multiplication induces a morphism

w: AT (k) x A (k) — A" (k)
(A, B) — AB.

(b) Show that there is a rational map

LAY (k) - AT (k)
A AL

Hint: Use Cramer’s Rule.

(c) The affine variety A" (k)det(a) constructed in Proposition 3.47 is called the general
linear group and denoted GL, (k). Show there are multiplication and inversion
morphisms

w: GL, (k) x GL,(k) - GL,(k), t:GL,(k) - GL,(k).
A variety G with multiplication and inversion operations
n:6xG—->G, 1:6—->G

satisfying the axioms of a group is called an algebraic group.
Verify that p’ and p” in Example 3.50 are admissible along V' and define the same
rational map V --» W.

(a) Verify the images of the maps in Example 3.56.
(b) Given nonzero numbers ry, r», r3, show that

() =G -G =

is unirational.
Show that

W = {(y1, y2, y3) : yiy2ys = 1} € A*(Q)

is rational.
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Eliminate, eliminate, eliminate
Eliminate the eliminators of elimination theory
From Shreeram S. Abhyankar, Polynomials and Power Series [, pp. 783]

Elimination theory is the systematic reduction of systems of polynomial equations in
many variables to systems in a subset of these variables. For example, when a system
of polynomials admits a finite number of solutions, we would like to express these as
the roots of a single polynomial in one of the original variables.

The language of affine varieties, morphisms, and rational maps allows us to un-
derstand elimination theory in more conceptual terms. Recall that one of our original
guiding problems concerned implicitization: describe equations for the image of a
morphism ¢ : A"(k) — A" (k). In light of the theory we have developed, it makes
sense to recast this in a more general context:

Problem 4.1 (Generalized Implicitization Problem) Consider an affine variety V C
A"(k), with ideal I(V), and a morphism ¢ : V — A" (k). Describe generators for the
ideal I(¢(V)) in terms of generators for (V).

A warning is in order: the image of a polynomial morphism is not necessarily closed,
so the best we can do is to find equations for the closure of the image. We will come
back to this point when we discuss projective elimination theory in Chapter 10.

In this chapter, we continue to assume that the base field is infinite.

Projections and graphs

We start with an example illustrating how images of morphisms can fail to be
closed:

57
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Example 4.2 Consider the variety V = {(x1, x») : x;x, = 1} and the morphism
¢V - Alk)
(x1, x2) > x1.
The image ¢(V) = {x; : x; # 0}, which is not closed.
Here ¢ is induced by a projection morphism A*(k) — A'(k); projections play an

important role in elmination. Initially, we will focus on finding images of varieties
under projection:

Theorem 4.3 Let V. C A"(k) be an affine variety with ideal J = I(V).
Consider the projection morphism

7w AR — A (k)
(-xla"'a-xilayla"'aym)l_) (yl’-"aym)-

Then we have

a(V)y=VU Nklyi, ..., Yul)-

Proof Given a polynomial f € k[yy, ..., yu], T f is the polynomial regarded
as an element in k[xq, ..., Xn, V1, -+ Yml-

To establish the forward inclusion, it suffices to check that # (V) C V(J N
k[y1, ..., yml). This is the case if each f € J Nk[yy,..., yn] vanishes on 7 (V).
For each p = (ay,...,ay,) € 7(V), choose ¢ = (by,...,b,,a1,...,a,) € V with
m(g) = p. We have

fp) = flar,...,am)
=a*f(by,...,by,ai,...,ay)

=n"f(q)=0

as f vanishes on V.
We prove the reverse inclusion

V(I Nkly1, ..., ym]) C (V).

Pick p = (a1, ...,an) € V(J Nkly1,...,Yn]) and f € I(w(V)). Polynomials van-
ishing on 7 (V) pull back to polynomials vanishing on V, i.e.,

7 I(x(V)) Cc I(V)=J.
In particular, 7* f € J Nk[yy, ..., ] sothat f(ay,...,a,) =0. O
The key in passing to general morphisms is the graph construction:

Definition 4.4 The graph Ty of a morphism ¢ : V — W is the locus of pairs

{v,p(w):veV}CV xW.
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There are projections

N Ty N W, p(v))
/ \ v Ny
1% w v o)

where 71 is invertible and 72(I'y) = ¢(V).
The graph of a morphism is itself an affine variety. We will prove a more precise
statement:

Proposition 4.5 Consider affine varieties V. C A"(k) and W C A" (k) and a
morphism ¢ : V. — W. Then Iy is naturally an affine variety.

Precisely, choose a morphism (13 : A"(k) — A" (k) extending ¢ with coordinate
functions ¢1, ..., ¢m € k[x1, ..., x,]. Then we have

I(Ty) = I(V)+ (31— 1oy Y — D)y
V(I('y)) =Ty,

where 1 : A" (k) — A"(k) is the projection morphism.
Proof Here the projections are induced by:
(xlv-"v-xnvylv-"vym)

' N
()C],...,.Xn) ()’1~--,)’m)

The inclusions

[y CV x W CA"Kk) x A"(k) = A" (k)
yield w[I(V) C I(Ty). If v = (vq,...,v,) € V then

W) = (D11, sV oo B (Vi V),
so y; — ¢; vanishes at (v, ¢(v)). This proves that

IT) DafI(V)Y+ i — @1y ooy Y — D).

It remains to check that

ITy) CaI(V)+ i — @1,y Y — D).

For each f € k[xy,..., Xy, Y1, -..Ym], we have (see Exercise 2.12)

f=fn, o X, d1(X1, ooy X))y oy (X1, ooy X))
(mod (y1 — @1, ..., Ym — &m)),
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i.e., each element is congruent modulo (y; — ¢y, ..., ¥ — @) to a polynomial in
X1, ..., x,. However, if f € k[xy, ..., x,] vanishes along I'y then f € I(V).

Finally, suppose we are given (v, w) € V(I(I'y)). We have 7 I(V) C I(I'y) so
that V(I(I'y)) C nfl(V), i.e., v € V. The remaining equations

Vi=6¢jx, ... x), j=1,....m

imply that w = ¢(v), hence (v, w) € I'y. O
Definition 4.6 A monomial order on k[xy, ..., X,, Y1, ..., Y] 1S an elimination
order for xy, ..., x, if each polynomial with leading monomial in k[y1, ..., y,] is
actually contained in k[yy, ..., ], i.e.,

LM(g) € k[y1, ..., Yml = g € kY1, ..., Yml.

Example 4.7

Lexicographic order with x; > y; for each i, j is an elimination order for xy, ..., x,.
However, this is usually relatively inefficient computationally (see Exercise 2.10).
Fix monomial orders >, and >, on x1, ..., x, and yy, ..., Y, respectively. Then the
product order is defined as follows: We have x*y# > x7y% if

:x"‘ >, xV or

x% =, x¥ and yf >, y’.

One fairly efficient elimination order is the product of graded reverse lexicographic
orders >, and >,.

Theorem 4.8 (Elimination Theorem) LetJ C k[x1,...,Xn, Y1, ..., Ym] beanideal
and > an elimination order for x1, ..., x,. Let { f1, ..., f;} be a Grobner basis for J
withrespectto >. Then J Nk[y1, ..., yu]is generated by the elements of the Grobner
basis contained in k[y1, ..., ym], i.e.,

JOkye, ooyl = fi €kl oo ym]) Tkl oo, Yl

Proof It suffices to show that each element g € J Nk[yy, ..., yn,] is generated
by the f; € k[y1, ..., Ym]. Choose

ge (U Nklyl,...,yaD\{Sfj: fi € klyt, .., Yl

with LM(g) minimal. Apply the division algorithm to g and let f; be a Grobner basis
element with LM( f;)|ILM(g). Hence LM(f;) € k[y1, ..., Ym] so the definition of the
elimination order implies f; € k[yi, ..., yul. Thus

g = g — fiLT(g)/LT(f;)
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is an element of (J Nk[yi,...,yuD\(fj: fj €klyi,..., ym]) with LM(g) <

LM(g), a contradiction.

Example 4.9 (Solvability of varying equations) For which values of a € C is the
system
x+y=a,
24y =dd,
By =d

solvable? Let Z C A3(C) be the solution set and

7 : A3(C) > ANC)
(x,y,a) — a,

projection onto the coordinate a. We want to compute the image 7 (Z).
We compute a Grobner basis for the ideal

I=(x+y—ax>+y*—a’, x> +y’ =d°)
with respect to lexicographic order:
4

x+y—a,2y’—a’ —2ya+ad* 2d° +a® —3a*.

Thus 7 (Z) is given by the solutions to the last polynomial

Here are some corresponding solutions:

111
= 1,1 = ).
(x’ y’ a) (O’ 07 O)’ (07 9 )’ (4’ 47 2)

Images of rational maps

Consider a rational map

p: A(k) --+ A" (k)
X1y X0) B> (f1/815 -5 fn/8m)s

well-defined over the open set U = {g = g1 ... gn 7# 0}. Proposition 3.47 yields an
affine variety A"(k), and a morphism ¢ : A"(k), — W such that ¢(A"(k),) = p(U).

Recall that A"(k), C A""!(k) is given by

{1y ooy X0, 2) s 28X, oy x,) = 1)
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We write down equations for the graph of ¢ in A"+!(k) x A™ (k). Since

filgi=81---8j-1fi8j+1---8m/8
we have
ITg)=(zg—1,yj—g1...8&j-1fi&+1---8mz, j=1,...,m).

The equations for the image p(U) are obtained by eliminating xi, ..., x,, z, i.e., we
find generators for 1(I'y) N k[y1, ..., Yml.

Example 4.10 Compute the image of the rational map

Al(k) --» A%(k)

(x2+1 1)
x> | 2.
xz_l X

Y= A K)o = {(x,2) s z(x* — Dx — 1 = 0}

The associated affine variety is

and the graph of ¢ : ¥ — A’(k) has equations
I(Ty) = (z(x* = Dx = 1, y1 — 2x(x® + D, y2 — 2(x* = D).
Using lexicographic order, we get a Grobner basis
{¥2 =y 4+ 1+ y3y1, —yayi + 32 422, =1 + xy2, xy1 — x — yay1 — 12}

and the first entry is the equation for the image p(A'(k)).

Computing the image of a rational map from a general affine variety looks trickier —
it is hard to describe the locus where the map is well-defined (cf. Example 3.50).
Luckily, a complete description of the indeterminacy is not necessary.

Proposition 4.11 Letp : 'V --» W be arational map of affine varieties V. C A" (k)
and W C A™(k). Let Z C V be the indeterminacy locus for p. Choose an extension

o AMK) --> A"(K)

writeg' =g\ ...g&,, andlet¢ : Vo — W be the morphism given by Proposition 3.47.
Then we have

p(V\ Z) = ¢(Vy).

Proof Recall the indeterminacy locus is the set of points in V where each ex-
tension p’ fails to be well-defined

V' \ Z = Uexensions p’{V ev: g/(V) # 0}

where g’ is the denominator of p'.
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It suffices to show that the closure of the image is independent of the choice of
extension. Given

o' p" Atk) -=> A" (k)

’

@) (/81 f/ 8
p// ,
(X],...,Xn) = (fl///gi/’7fr:1/g;;l)
with ¢'=g1...8,, 8" =¢g{,....¢), and ¢ : Vg — W and ¢" : Vo — W the

morphisms coming from Proposition 3.47, we will show that

We can also consider ¢ : V,,» — W, by inverting the product g’g”. Since
¢(Vgg) C @' (Vyr), ¢"(Vgr)

is suffices to show that

¢(Vg/g”) = ¢/(Vg/)~

This is a special case of the following:

Lemma 4.12 Let Yy : Y — W be a morphism of varieties, h an element of k[Y]
which does not divide zero, and U = {x € Y : h(x) # 0}. Then

YyU) =y ).
Proof of lemma If y(U) € ¥ (Y) then there would exist an f € k[W] such that
v*f # 0but f(¥(u)) = 0foreachu € U.Butthen hyy*™ f = 0 € k[Y], contradicting
the assumption that 4 does not divide zero. U

Thus to compute the image of a rational map
p:V-—->W,
it suffices to compute the image of any morphism
¢V, —>W
given by Proposition 3.47. The graph of ¢ has equations
ITy)=(y; —81---8i-1fj&+1---8mz,28 — 1) + I(V)

and equations of the image are generators for I(I'y) N k[y1, ..., yul.
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Definition4.13 Letp : V --» W be arational map well-defined outside the closed
subset Z C V. The graph of p is the locus

(v, oD} C(V\NZ) x W.

The graph of a rational map may not be an affine variety — this will be a crucial point
when we discuss abstract varieties.

Example 4.14 The graph of

o A%(k) --» A%(k)
(-xlv-xz) = (-xlvxz/-xl)

satisfies the equations
yi— X1 = yx1 —x =0.
The corresponding variety contains the line
x1=x=y; =0,
which lies over the indeterminacy of p.

Definition 4.15 Let p : V --» W be a rational map with indeterminacy locus Z.
The closed graph of p is the closure

o ={(v,p(v):veV\NZ}CV xW,

which is an affine variety.

Again, we have projections 71 : I'y — Vandm, : Ty — W.
Equations of I', can be obtained by computing the image of the rational map

Id,p):V --» VxW
v (v, o).

Example 4.16 Consider the rational map

o Al(k) --» A%(k)
t e (t/t+1),2/@—1)

and the induced map

(Id, p) : Alk) --» Al (k) x A%(k).
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The corresponding morphisms are

¢ Al(k)p_) — A%(k)
(t,z2) — (t(t — Dz, 2@t + 1)z2)
(r, ¢) : Al(k)ey — Al(k) x A*(k)
(t,2)— (t,t@t — Dz, 2@ + D7)

where z(t> — 1) = 1. The equations of the graph are given by generators of

k[t, y1, 210 (y1 — t(t — Dz, yo — 13(t + Dz, z(t* — 1) — 1)

which equals

(= 2y1y2 +1 — Y1+ 2, 2y7y2 + ¥i = 3y1y2 + »a).

Secant varieties, joins, and scrolls

In this section we describe some classical geometric constructions and how elimina-
tion techniques can be applied to write down their equations.
Consider the variety

Ay ={(ti,....tn) i+ + -+ 1y = 1} C AV(K).
For each finite set of points S = {py, ..., py} C A"(k), we have a morphism

os: Ay —> A"
(ty ... tN) > tip1+ -+ tvpn,

where we add the p; as vectors in k". The image is called the affine span of S
in A"(k) and denoted affspan(S). We leave it to the reader to verify this is closed
(cf. Exercise 4.9.)

Example 4.17 Given distinct points pi, p» € A%(R), affspan(p;, p;) is the
unique line joining them. Given distinct noncollinear points py, pa, p3 € A*(R),
affspan(p;, p2, p3) is the unique plane containing them.

Proposition 4.18 The set S = {p1, ..., pn} imposes independent conditions on
polynomials of degree < 1 if and only if oy is injective. We say that S is in linear
general position.

Proof os is not injective if there are distinct (1, . . ., ty), (t], ..., tyy) € Ay with

npr+--Hivpy =tHpr+--+HIypa.
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Reordering indices, if necessary, we can assume 7| # f{; we can write

té — t;\/ —In
— 4+ .4 ,
D1 P— P2 P— PN
i.e., p1 € affspan({pa, ..., pn}). It follows that every linear polynomial vanishing at
P2, - - ., py also vanishes at p; (see Exercise 4.9) so § fails to impose independent

conditions on polynomials of degree < 1.
Conversely, suppose S fails to impose independent conditions on polynomials of
degree < 1. After reordering, we find

L(pa, ..., pn) = Li(p1, P2, -- -, PN),
which implies (see Exercise 4.9)
p1 € affspan(ps, ..., py).
We can therefore write p; = thpy + - - - + ty py Witht, + - - - + ty = 1. Inparticular,

os(1,0,...,0) =050, 12, ..., 1y)

S0 o is not injective. O
Definition 4.19 Given a variety V C A"(k) and points p, ..., py € V in linear
general position, affspan(py, ..., py) is called an N-secant subspace to V.

Examples include 2-secant lines and 3-secant planes.
All the N-secants are contained in the image of the morphism

oy Vx...xVxAy — A"
————

N times
Wiy ooy VN, (oo tN) > VL + - H ENVN.

The closure of the image is the N-secant variety of V

Secy(V) = on(V x ... x V x Ay).

Example 4.20 (Secants of twisted cubic curves) Consider the curve V C A’(k)
satisfying the equations

<X3 — X1X2, X2 — x12) .

Show that Secy(V) = A3(k).

We compute the image of V x V x A, under o,. Let {z;, 22, z3} designate the
coordinates on the first V and {w;, wy, w3} the coordinates on the second V. The
homomorphism o is induced by

Xi > hz +hw;, i=1,2,3.
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The defining ideal of the graph is

J = <Z3 — 2122, 22 — Z%, W3 — Wiwa, Wy — W%, H+n-—1,
xi —(hzi + 0w, i =1,2, 3).

Take a Grobner basis with respect to the product of graded reverse lexicographic
orders on {t, t,, wi, wa, W3, 21, 22, 23} and {x1, x, x3}. This has more terms than can
be produced here, but none of them involve just xy, x;, x3. It follows that

J ﬂk[xl,xz,xg] =0

and Sec,(V) = A3(k).
The computation is a bit easier if we use the parametrization A'(k) — V given in
Example 1.5: x; = t, x; = 1%, x3 = t°. Then we get a morphism

Al x Al x Ay, > A3
(s, u, (t1, ) = (15 + tou, 115> + u?, ts> + tu®)

with graph defined by
I = (x; — (t15 + u), X — (t15> + tu®), x3 — (t1s° + ), 1y + 1 — 1).

The Grobner basis with respect to the product of graded reverse lexicographic orders
on {t, t, s, u} and {x1, x3, x3} has no terms involving x;, x5, x3.

Our analysis of the twisted cubic curve suggests the following variation:

Definition 4.21 Let V be an affine variety and
o), ..., dp(N): V — A"
morphisms to affine space. The scroll
Scroll(V; (1), ..., ¢p(N)) C A"
is defined as the closure of the image of

V x Ay — A"
v, (t1, ..oy IN) B> 1 P(DV) + -+ - + ING(N)(V).

Example 4.22 Let V = A! with coordinate s and consider morphisms
d(1): Al — A3 $(2) : Al — A?
s — (s,0,0), s — (1,1, 9).

Equations for Scroll(V; ¢(1), ¢(2)) are given by computing the intersection

klxi, x2, 3] N (xp — (f1s + 1), X2 — 1o, X3 — s, 1 + 1 — 1).
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?((V)

Scroll over two curves.

Compute a Grobner basis using the product of graded reverse lexicographic orders
on {71, £, s} and {xy, x2, x3}:

2
(—X3 + X1X2 — X5 +X0X3,8 — X1 + X2 — X3, —Xp + 0, Xp+ 1 — 1>
The equation is
2
—X3 + X1x2 — Xy + Xox3 = 0.

Definition 4.23 Let V(1),...,V(N)C A" be affine varieties. The join
Join(V(1), ..., V(N)) C A" is defined as the closure of the image of

V() x V2)...x V(N) x Ay — A"
), ..., v(N), (t1, ..., ty)) > tv(1) + - - -+ tyv(N).

Let V C A" be affine and p € A". The cone over V with vertex p is defined

Cone(V, p) = Join(V, p).

Exercises
The cardioid is defined as the curve C C R? with parametric representation
x(0) =cosf + 3 cos20, y(0) =sind + 3sin20, 0<6 <2

Show that C can be defined by a polynomial equation p(x, y) = 0. Hint: Introduce
auxiliary variables u and v satisfying u*> + v? = 1. Express x and y as polynomials
in 4 and v; eliminate u and v to get the desired equation in x and y.

Consider the image of the circle

V= {(xl,xg):xlz—i—x%: 1} c R?
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Cone overacurve V with vertex p.

under the map ¢ : V — A%(R) given by

(lexz)—>< il x1x22>.
14+x5 14x;

Compute the equation(s) of the image. Bonus: Produce a nice graph of the real points
of the lemniscate.

Consider the morphism

¢ : AY(C) — A*(C)

x — (xz, x3).

Write equations for the graph of ¢ and compute the image of ¢ using elimination
theory. Advice: Throw out superfluous generators from the ideal as you go along.
Suppose that x, y € C and satisfy the relation

ity =1,

where we allow each of the possible roots of x and y. Show that x and y satisfy the
polynomial relation

x2—=2x —6xy—y>+3y? =3y +1=0.



70

4.5

4.6

4.7

4.8

ELIMINATION

Using a computer algebra system, extract the polynomial relation correponding to

Vx4 3 = VEF.

Hint: For the second problem, introduce auxilliary variables s, ¢ and u with §3 =
x,tzzy,anduzzx—i—y.

Prove the Descartes Circle Theorem: Given four mutually tangent circles
Cy,...,Cs C R? with radii |, rp, 3, r4. Take r; to be negative if the other three
circles are in the interior of C; and positive otherwise. Show that

2(rf2+r{2+r§2+r;2) = (rf1 —i—r{1 +r;1 +r;1)2.
Hint: If (x;, y;) is the center of the ith circle, the relevant equations are
(i =) + i — y)* = (i + 1))
Consider cubic polynomials
p(x) =x4+ax>+bx+c

over C; we regard these as an affine space with coordinates (a, b, c). We say that p
has a double (resp. triple) root if there exists an o € C such that

(x — a)*|p(x) (resp. (x — @)’ p(x)).

(a) Find equations in a, b, ¢ for the locus of cubic polynomials with a triple root.

Hint: We must have @ = —3a, b = 3a?, ¢ = —a’.

(b) Find equations in a, b, c¢ for the locus of cubic polynomials with a double root.
(c) Show that x> + x2 + x + 1 has no multiple roots.
Consider the ideal

I=(x14+x24+x3—a,x;+2x2+4x3 —b,x; — X +x3 — C)
and the corresponding variety
V(I) c A%C).
Consider the projection morphism

7:V(U) —> A?
(x1,x2,x3,a,b,¢) = (a, b, c).

Determine the image of 7.
Write down equations for the image and the graph of the rational maps

AYQ) --» A%Q)
(a) 1 1 1 1 1 1
(X1, X2, X3, X4) ( )

X1X2 X1X3 X1X4 XaX3 XoX4 X3X4
L A2 3
1 A2(k) —-» A3(k)

(b) 1 1 X2
(x1,x2) , s .
xi+1 x1+x x53+1
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49 ForS ={pi,..., py} C A"(k), show that
(a) I)(affspan(S)) = I;(S), i.e., the polynomials of degree < 1 vanishing on
affspan(S) equal the polynomials of degree < 1 vanishing on S;
(b) affspan(S) = V(I1(S)).
Conclude affspan(S) is an affine-linear subspace (and hence a closed subset) of A" (k).
4,10 Let N <n + 1 and consider the subset

U:={(pi,...,pn): P1,--., py In linear general position}
C A"(k) x ... x A"(k) ~ A"N (k).
N times
Show that U is open and nonempty. Hint: Write each p; = (a;y, ..., a;,) consider

the N x (n + 1) matrix

an  ap a1
ax  ax a1
A= .
ayy a2 ... dnp 1
Argue that py, ..., py are in linear general position if and only if some N x N minor

of A has nonvanishing determinant.
4.11 LetV C A*k) denote the image of

A'k) — A*k)
t (1,12, 13, 1%).

(a) Extract equations for V by computing
(x1 — 2,20 — x5 — 1, x4 — t4> Nk[xi, x2, x3, X4].

(b) Show that V = V.
(c) Show that Sec, (V) satisfies the equation

—X2X4 + xé’ — 2x1X0x3 + x12x4 + x§ =0.
4.12  (a) Consider morphisms ¢(i) : A> — A® i =1,2,3
@1(51, 82) = (51, 0,0, 52,0, 0),
@2(s1, 82) = (0,51, 0,0, 52, 0),
@3(s1,82) = (0,0,51,0,0, 53).

Show that Scroll(A%; ¢(1), ¢(2), ¢(3)) is given by the 2 x 2 minors of the matrix

X1 X2 X3
X4 X5 Xg '
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4.14

4.15

ELIMINATION

(b) Consider morphisms ®(i) : A3 — A® i = 1,2 given by

O(1)(r1, 12, r3) = (r1,0, 72,0, 13, 0),
Q) (r1, 12, 13) =(0,71,0, 12,0, r3).

Compute equations for Scroll(A%; ®(1), ®(2)).
Consider morphisms

p(1): Al — A3 (2): Al — A3

s — (s,0,0), s — (1, s, s2).

Compute an equation for Scroll(A'; ¢(1), ¢(2).

Let £(1), £(2) € A3(R) be disjoint non-parallel lines. Show that Join(£(1), £(2)) =
A3R).

Let p = (0,0, 0) and

V= V(x3— 1,x12+x§+x32—2).

Write down an equation for Cone(V, p).



5 Resultants

5.1

In this chapter, we develop criteria for deciding whether systems of equations have
solutions. These take the form of polynomials in the coefficients of the equations that
vanish whenever they can be solved. The prototype is the determinant of a system
of linear equations: let A = (a;;) be an N x N matrix with entries in a field k. The
system Ax = b can be solved for each b € k" if and only if det(A) # 0, in which
case we can put x = A~'h. However, in general our methods will not give an explicit
formula for the solution.

For higher-degree equations, we allow solutions in some extension of k. Finding
solutions in a given field like k = Q or I, is really a problem of number theory rather
than algebraic geometry.

Most of the algebraic techniques in this chapter apply over an arbitrary field.
However, the geometric interpretations via elimination theory are valid only when k
is infinite.

Common roots of univariate polynomials

We translate the search for common solutions to a problem in linear algebra, albeit
over an infinite-dimensional space:

Proposition 5.1 Consider polynomials
f=amx" +an 1 x"" 4 4 ag, g = byx" + by 1x" 4+ 4 bo € k[x]

of degrees m and n, i.e., with a,,, b, # 0. The following conditions are equivalent:

f and g have a common solution over some extension of k;
f and g share a common nonconstant factor h € k[x];
there are no polynomials A, B € k[x] with Af + Bg = 1;
(f,8) & klx].

Proof We prove the first two are equivalent. Suppose f and g have a common
solution & € L, where L/k is a field extension. Let k[o] C L denote the k-algebra

73
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generated by «. It is a quotient

q : k[x] — kla]
X o

with kernel generated by a polynomial % (see Theorem A.9). Since f(«) = g(a) =0,
f, g € (h(x)) and h is nonzero and divides f and g. But if & were constant then g
would be zero, which is impossible.

Conversely, suppose that f and g share acommon factor € k[x]. We may assume
hisirreducible, sothatk[x]/(h) is afield. Since f and g are in the kernel of the quotient
homomorphism

k[x] — kl[x]/{h),

f and g both have roots over that field.

We prove the equivalence of the second and third conditions. If 2| f, g then h|(Af +
Bg)forany A, B, whence Af + Bg # 1. Conversely, assume Af + Bg # 1 foreach
A, B € k[x]. Since k[x] is a principal ideal domain (PID; see §A.5) we can write

(f, 8) = (h) & klx]

and £ is a divisor of f and g.
The last two conditions are equivalent because ( f, g) = k[x]ifandonly 1 € (f, g).
a

Example 5.2 Consider the case m = n = 1, i.e.,
f=aix+ayp, g=bix+ b,
where a;, b; # 0. These have common roots if and only if a;by — apb; = 0.
Example 5.3 (Geometric approach) Consider the variety V C A’(k) given as
V ={(x,ap, a1, by, by) : ap + aix = by + b1x = 0}
and the projection

TV > Ak
(x, ao, a1, by, by) — (ag, a1, by, by).

The image (V') corresponds to the f and g that have common roots, as in Exam-
ple 5.2. Note that the closure

7OV) = 1 (a0, ar, bo, by) s det [ 1 4} =ol.
by by

We shall pursue this further in Section 5.3.
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Definition 5.4 The resultant of polynomials of positive degrees

f = am-xm + am—lxm_l + -+ ao,
8= bnxn + bn—l-xn_l +--- 4 bO S k[x], A, bn # 05

is defined as the (m + n) x (m + n) determinant

ap  Ap-1 ce ao 0 0 0

0 Am  Qp—1 ag 0 0

0 0 : 0

_ 0 0 0 an am- aop

Res(f, g) = det by by b 0 0 0
0 b, b,_1 -+ b 0 0

0 0 e : 0

0 0 0 b, b, by

The first n rows involve the a;s and the last m rows involve the b;’s.

This is sometimes called the Sylvester resultant, in honor of James Joseph Sylvester
(1814-1897).

Theorem 5.5 Two nonconstant polynomials f, g € k[x] have a common factor if
and only if Res(f, g) = 0.

Proof Our first task is to explain the determinantal form of the resultant. For each
d > 0,let P, ; denote the polynomials in k[x] of degree < d. Recall (see Exercise 1.4)
thatdim P; ; = d + 1 with distinguished basis {1, x, . . ., xd}. When d < 0 we define
Py 4 = 0. Consider the linear transformation

8o(d) : Prg—m ® Prg—n — P14

We have
image(§o(d)) = Pira N{f, g)

so the following are equivalent:

80(d) is surjective for some d > 0;
1 € image(8y(d)) for some d;
(f, &) = klx].

We compute a matrix for §y(d). Since

dmP gy ® Prygn=2d—m—n+?2
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thisisa (d + 1) x (2d — m — n + 2) matrix. Write

A=rgmx®™ 4419, B=siax""+- 450

so that

d
Af+Bg=Zxd7j |: Z rilai2+silbiz].
=0

i1 +ia=d—j
We can represent

8o(d)(A, B) = (Fg—m, -+ + 705 Sd—n> -+, 50) -

m—+1 columns d—m columns
d
. aw 0 0 0 o\ [ 5,
0 aw -+ a 0 0 ol
0 0 e 0
0 0 0 0 ap ao
by by O 0 0
0 b, by 0 0 _
0 0 cee 0 :
X
0 0 0 b, bo 1
d—n columns n+1 columns

The linear transformation §o(d) is represented by a square matrix precisely when

d = m +n — 1, in which case

det(§o(m +n — 1)) = Res(f, g). 5.1
The next ingredient is a precise form of Proposition 5.1:

Lemma 5.6 Consider nonconstant polynomials
f=apx" +ap_1x" "+ Fag, g =bux" +by_1x" N+ 4+ by € k[x]

with a,,, b, # 0. The following conditions are equivalent:

there exist polynomials A, B € k[x]with Af + Bg = 1;

there exist polynomials A, B € k[x], withdeg(A) < n — 1 anddeg(B) <m — 1, such
that Af + Bg = 1;

for each polynomial p € k[x] of degree d, there exist C, D € k[x] with deg(C) <
max(d —m,n — 1) and deg(D) < max(d — n,m — 1), such that Cf + Dg = p.

The argument is quite similar to the proof of Theorem 2.34; we study possible
cancellations in the expressions Cf + Dg.
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Proof of lemma It is clear that the third condition implies the second, and the
second implies the first. We prove the first implies the third.

Suppose there exist A, B € k[x] with Af + Bg = 1. Since (pA)f + (pB)g =
p there exist polynomials C, D € k[x] with Cf 4+ Dg = p. Choose these such
that

M = max(deg(C) + m, deg(D) + n)

is minimal. We claim that M < max(d, m 4+ n — 1). Assume on the contrary that
M > d and M > m + n. The leading terms of Cf and Dg are therefore of degree
> d and necessarily cancel

LT(C)LT(f) + LT(D)LT(g) = 0.

This cancellation implies that deg(C) + m = deg(D) +n = M;since M > m +n it
follows that deg(C) > n and deg(D) > m.
We define polynomials

C'=C — (LT(C)/LT(g)g, D' = D — (LT(D)/LT(f)) f € klx]
so that deg(C") < deg(C), deg(D') < deg(D), and
C'f+ D'g =Cf + Dg — (fg)(LT(C)/LT(g) + LT(D)/LT(f)) = Cf + Dg = p.
Since
M’ := max(deg(C') + m, deg(D') + n) < M

we have a contradiction. O

We rephrase this in terms of the linear transformation §o(d). The following are
equivalent:

1 € image(8o(d)) for some d;
1 € image(§o(m + n — 1));
80(d) is surjective foreachd > m +n — 1.

We complete the proof of Theorem 5.5: by Proposition 5.1, f and g have acommon
factor if and only if there existno A, B € k[x] with Af + Bg = 1. It follows that 1 ¢
image(8o(m + n — 1)), §o(m + n — 1) is not surjective, and det(5o(m +n — 1)) = 0;
Equation 5.1 implies Res( f, g) = 0. Conversely, if Res(f, g) = Othen §o(m +n — 1)
is not surjective, and the previous lemma implies that

1 ¢ image(do(d)) = (f, g) N Pra

for any d. In particular, there existno A, B € k[x] with Af + Bg = 1. O
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Recall that « is aroot of f = @, x™ + Gp_1Xpu_1 + - - - + ag if and only if (x — )| f;
it is a multiple root if (x — )| f. A polynomial f has a multiple root if and only if
f and its derivative

f = mapx" "+ m — Dap_1x" 2+ -+ 2arx + ay
have a common root. Indeed, if f = (x — «)°g where g(«) # 0 then
fl=ex—a) g+ (x — ).

If e > 2 then f'(a) = 0;if e = 1 then f'(@) # 0.
Therefore, a polynomial f has multiple roots only if Res(f, f’) = 0. For example,
in the case m = 2 we have

a ay  ao
Res(f, f)y=det| 2a a; O
0 2612 a

= az(—al2 + 4apay).

In general, the leading term a,, occurs in each nonzero entry of the first column of
the matrix computing Res(f, f'), so we have

Res(f, f/) = (=1y""D2q,,disc(f),

where disc(f) is a polynomial in ay, - - - , a,, called the discriminant of f.

Remark 5.7 There is disagreement as to the sign of the discriminant: some books
omit the power of (—1).

In our definition of resultants, we required that the polynomials have non-vanishing
leading terms. There is an alternate approach which does not require any assumptions
on the coefficients.

Consider homogeneous forms in two variables

F=ayxy +---+aoxi", G =b,xi+---+box| € k[xo, x1]

of degrees m and n. We define Res(F', G) using the formula of Definition 5.4. We can
reformulate Theorem 5.5 as follows:

Theorem 5.8 Let F, G € k[xo, x1] be nonconstant homogeneous forms. Then
Res(F, G) =0 if and only if F and G have a common nonconstant homogeneous
factor.

In particular, F and G have a nontrivial common zero over some extension of k. Here
the trivial zero is (0, 0).
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Proof Write f(x) = F(x, 1)and g(x) = G(x, 1); these are called the dehomog-
enizations of F and G with respect to x.

Suppose that F' and G have a common factor H. If H is divisible by x; then a,, =
b, = 0 and the first column of the matrix defining Res(F’, G) is zero, so the resultant
vanishes. If x; does not divide H, then h(x) = H(x, 1) is nonconstant and divides
f(x) and g(x), so Res(f, g) = 0 by Theorem 5.5. Of course, Res(F, G) vanishes as
well.

Now suppose Res(F, G) = 0. If a,, = b,, = 0 then x; divides both F and G and
we are done. If a,, # 0 and b,, # 0O then

Res(f, g) = Res(F, G),

so f and g have a common factor h = c¢;x? + - - - + ¢y, ¢q # 0. The homogeneous
polynomial

H = cqx§ +ca1xd x4+ - + cont
divides F and G. (This is called the homogenization of h.)
We therefore focus on the case where just one of the leading coefficients is zero,
e.g., a, = 0but b, # 0. Then we can express

F(xg, x1) = x1 E(x0, x1),  E(x0, X1) = @mo1X)' " + @max 2x1 + - - - + apx}" ™!
Compute Res(F, G) using expansion-by-minors along the first column. The only
nonzero entry in that column is b,, (in the (n + 1)th row) and the corresponding minor
is

am—1 ap 0 0 0
0 Ay—1 ao 0 0
0 e : 0
0 0 0  anu_q ao
b, b,y -+ by 0 0
0 : 0
0 0 b, b, by

which is the matrix for Res(E, G). We therefore have
Res(F, G) = (—1)"b,Res(E, G),

which implies Res(E, G) = 0. If a,,_; # 0 then we stop; otherwise, we iterate until
we obtain

F(X(), x]) = xleEe(XQ, xl), Ee(xo, xl) = am_ex{,"_e + -+ aox]“_e

with a,,_, # 0and Res(E,, G) = 0. Then the previous argument applies, and we find
a common factor H dividing E, and G. (]
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The resultant as a function of the roots
We continue our discussion of the resultant of two polynomials
f=anx" +---+ap, g=Dbyx"+---+bo

by finding an expression for Res(f, g) in terms of the roots of f and g. Pass to
a finite extension of k over which we have factorizations (see Theorem A.17 and
Exercise A.14)

f=an[]6c—a). g=b,]]x-8).
i=1 j=I1

The coefficients can be expressed in terms of the roots

k
au_r = (=1 "a, Z Qi .. Qs

i1<...<ij

buk = (=1fby > BB

J1<e-<Jk

These yield a k-algebra homomorphism

I/f:k[a07~'-»amvb07-~-sbn]_)k[am»bnvalw--,amvﬁls~-~vﬂn]
and a morphism
¢:Am+n+2 N A&m+n—&-2

with ¢* = . Write R = ¥ (Res(f, g)), i.e., the resultant written as a function of the
roots.

Example 5.9 Whenm =1 and n = 2 we have

f=ailx —a1), g=Dbyx—Bx— Ba)

so that
a) —da1q 0
R=det]| O a —a o
by —by(B1+ B2) b2B1B2
= alby(B1 — a1)(Br — 1)
Proposition 5.10 R is divisible by

S:=apby [ (-8
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Proof The determinant definining R has n rows divisible by a,, and m rows
divisible by b,, so R is divisible by a, b;’. If some root «; of f equals some root 8;
of g then R is zero. This implies that o; — 8; divides R as well.

The polynomial ring k[a,,, by, ¢y, ..., &y, Bi, - - ., Bn] 1S @ unique factorization
domain (UFD; see Theorem A.14), so each element has a unique expression as a
product of irreducible elements. Since ay,, b,, and the o; — B; are irreducible and

distinct, the product S is part of the factorization for R. U
Proposition 5.11 The polynomials S and R coincide up to a constant factor.
Proof The homomorphism v admits factorizations
klags - am, bov - byl S Klap 01, .. s Do . by
B b w8

()
klag, ..., am, by, B1, ..., Bl — klam, by, a1, ..., Bul.

All these homomorphisms are injective (see Exercise 5.5). We write R, =

o (B)(Res(f, g)) and Ry = o (a)(Res(f, g)).
We express the polynomial § in two different ways:

m

S = lan [ [(B1 — )] . lan | [(Bx — a))(—1)""B)"
i=1 i=1
= 7(a) (B (=D f(B1) ... F(Br) := T(@)(Sa)

S =a), |:bn l_[(al — ,Bj):| e |:bn l_[(am - ,Bj):|

Jj=1 Jj=1

= 7(B) (ang(@r). .. g(en)) == T(B)(SH)

The first representation shows that S, ishomogeneous of degree ninthe ay, . . . , a,.
However, R, is also homogeneous of degree n in ay, . . ., a,,; we find

R = p(bnv ﬂlv 1ﬂn)S

The second representation shows that S, is homogeneous of degree m in the b;. Since

Ry, is also of degree m in the b;, we conclude p is constant. O
Proposition 5.12 Res(f, g) is irreducible.

Proof Suppose we can write the resultant as a product of nonconstant poly-
nomials

Res(f,g) = PiP,, Py, Pyeklag,...,an, bo,...b,l.
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Up to multiplying by a constant, we have

Y(POY(P) = apbit | [ — B))-
ij

The coefficients a; and b; are symmetric in the roots ay, ..., o, and B, ..., B,
respectively. Thus both ¥(P;) and v (P,) are symmetric in both the «; and the ;. In
particular, if just one a; — B; divides ¥ (P;), the entire product

[ (@-8»

i=1,m,j=1,-n

also does. (We are using the fact that polynomial rings are UFDs.) It follows that
Res(f, g)|alb? Py

for suitable p, g.
However, a,, and b, do not divide Res(f, g). Indeed, if a,,|Res(f, g) then the
resultant would vanish whenever a,, = 0, but when

am=...=a1=bn,1=...=b0=0, a():b,,zl
it can be evaluated directly via row operations
Res(f, g) = £1.

We conclude then that Res( f, g)| P;. O

Resultants and elimination theory
Consider the variety V C A™+"#3(k) given as
V={(,a9,...,an,bo,....b,) a0 +a1x+---+a,x" =by+bix+---+b,x" =0}

and the projection

TV — A2 (k)
(x,a0,...,am, by, ...,by) = (ao,...,am, bo,...,by).

Our goal is to describe the closure 7 (V) using elimination techniques (e.g. Theo-
rem 4.3):

Theorem 5.13 IfI = (f,g) Cklx,aq,...,an, bo,...,b,]istheideal generated
by

f=anx" +aux""" + -t ag, g =byx" + by 1x" -+ by
then

I Nklao, ..., am, bo, ..., by] = (Res(f, g)).
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Remark 5.14 In principle, one could prove the theorem directly with Grobner
bases by eliminating the variable x. For instance, in the case m = 2,n = 3 theresultant
is the last term of the Grobner basis below.

(b3x3 + b2x2 + b1x + by, a2x2 + a1x + agp,
x2b3a1 + xbzag — arb1x — axbg + brayx + byag,
—ayby + x2b3a0 — xaxbg + xbyay + byag,
b3a,2x + bzajag — arxbzag + (l%b]x + a%bo — arbraix — arbray,
—arbiag + xbzajag + xa%bo — xarbray + b3a§ + ayazby,
— arboag — xarbyag + xb3a§ + bzag + alzb() + arboax — a1b;ay,
b3a3a2bo + bga(%xazb] — b%agx - b3a8b2 - 2b3aoa12b0
+ 2b3(1§61]b1 — b0b3a?x — (l]d%b(z) + 2a1bparbray — (l]dzb%ao
+ blxb3a12a0 + b]alzazb() — albsz3a§ — albgag — b2a13b0 + b2a12bla(),
— b0b3a12x - b0b3a1a0 + boasz3a0 - a%b(z)
+ 2boarbray — azb%ao + bixbzaiag + b1b3a§
+ biayasby — byxbsai — baal — byatbg + bya,byag,
—2a1bjazbray — biapaibi + braibra) — byaiab} + 2bzapatbl + bibsaix
— blafazb% + b()b%agx + b()b3(lgb2 + b0a1b§a§ + boalbszwg
+ 2b1agb0a2b2 + b%aéxbyzl + 2b%aoa1a2bo - blagbsz3 - 2b1a0b2a%bo
— 2b1a0b0b3a12x — b?aéaz‘F b%08b3 — blagbg—i- d]d%bé‘f‘ bza%bg — 3b3a§b1a1b0,
— 2b3a§a2b1 + b%ag + 3a2b0a1b3a0 + agbg — 2b0a§b2ao + a%b%ao
- b1a1a§b0+ agbgag—}— azbza%bo — arbra brag— a1b2b3a§ - b0b3a13+ b1b3afa0>

Proof of Theorem 5.13 We first establish
Res(f, g) € I Nklao, ..., an, by, ..., b,].

This is an application of Cramer’s Rule: Let M be an N x N matrix with entries
taken from a ring R. The classical adjoint ad(M) is the matrix with entries

ad(M); ; = (—1)"*/ det(M; ),

where M ; is the (N — 1) x (N — 1) minor obtained by removing the jth row and
ith column. For example, when N = 2

M= <m11 m12>, ad(M) — < ma —mu).
mpy mpy —myy mi
There is a universal identity
Mad(M) = ad(M)M = det(M)Id.

In particular, for any v € RN we can write

det(M)y = M - ad(M)v € image(M).
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When det(M) is invertible, we obtain the formula
M~ = ad(M)/ det(M),

which is Cramer’s Rule from linear algebra.
Apply Cramer’s Rule to the matrix for o(m + n — 1) to obtain

Res(f, g)1 = 8o(m +n — 1) -ad(8o(m +n — 1)1 € (f, g).

Since Res( f, g) is a polynomial in the a; and b, the proof of the first part is complete.
We prove the reverse inclusion of Thereom 5.13:

I Nklag, ...,am,bo,...,b,] C (Res(f,g)).

Again given P € I Nklay, ..., b,], after substituting the roots «; and ; we obtain
a polynomial v (P) vanishing whenever some o; = ;. Thus

[ (@—Bplwe)

so Res(f, g)|a} b} P for some p, g. Since a,, and b, do not divide the resultant, we
conclude that Res(f, g)|P. O

Remark 5.15 The trick here — replacing a polynomial by its factorization — is an
example of faithfully flat base change or passing to a faithfully flat neighborhood.
Intuitively, the roots of a polynomial can be expressed locally as a function of the
coefficients. For example, when m = 2 and k = C we can write

—a1+,/a12—4a0a2 —al—‘/a%—4a0a2

o] = Oy =
2(12 ’ 2(12 ’

this is only valid in a neighborhood of [ f] € A3(C) \ {ay # 0}, as there is no consistent
way to choose the sign of the square root over the entire complex plane.

Writing the roots as explicit functions of the coefficients is tricky in general,
even with the help of complex analysis. Algebraic geometers formally introduce new
variables to represent the roots. This approach works well over more general base
fields.

Remarks on higher-dimensional resultants

Suppose that Fy, F,, F3 € k[xg, x|, x] are homogeneous polynomials of degrees
my, my, m3. When do the equations

Fi=F=F=0

admit nontrivial common solutions over some extension of k?
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In light of our analysis in the univariate case, it is natural to consider the linear
transformation

8o(d) : Sa—m, ® Sa—m> ® Sa—my —> Su
(A1, Az, A3) > AL FL + APy + A3 B3

where S, is the vector space of homogeneous polynomials of degree d in xg, x1, X2
and (cf. Exercise 1.4)

dimsd:(d”):W,

d 2

Naively, one might expect image(5o(d)) to have dimension

d—m;+2 " d—my+2 " d—m3+2
2 2 2 ’

However, this does not take into account syzygies among Fj, F», F3, which corre-
spond to elements in ker §o(d) for various values of d. For example, we have the
following obvious syzygies

(F23 _Fls0)9 (Os F37_F2)3 (F3307_F1)'
Therefore, defining

Sl(d) : Sd—ml—mz ® Sd—mz—WI3 Y Sd—m3—m1 - Sd—ml Y Sd—mg ® Sd—m3
(A2, Az, Az)) > (AP + Az 3, —An P + A F3, —AnF, — A3 Fy)

we have
image(8;(d)) C ker(8p(d)).

Less naively, one might expect image(dy(d)) to have dimension
d—my+2 n d—my+2 n d—m3+2
2 2 2
d—ml—m2~|—2 d—mz—m3~|—2 d—m3—m1~|—2
2 2 2 ’

There are still syzygies among the syzygies! We have

82(d) : Sd*m]*mzfmj; - Sdfmlfmz ® Sd,m27m3 SY) Sdfm_;fml
(A123) = (A3 Fy, A1z Fa, A1z F3)

so that
image(8,(d)) C ker(6:(d)).

These force ker(§;(d)) = 0 whend > m| + my + ms.
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Remark 5.16 In the discussion above we are essentially defining the Koszul
complex associated to Fy, F>, F3:

52(d)
0— Sdfmlfmzfm3 — Sdfmlfmz Y Sdfmzfm3 ® Sd7m37m1

d1(d) do(d)
I Sd—ml @D Sd—mz @ Sd—m; I Sd~

This is one place where cohomological methods have profoundly influenced algebraic
geometry. For more information, see [9, ch. 17] (cf. [12, p. 52]).

We expect the image of §y(d) should have dimension

8(d, my, my, m3)

L d—my+2 d—my+2 d—ms3;+2

()T 0)
d—my—my+2 d—my—m3+2 d—m3—m;+2
()

+<d—m1—n;2—m3+2>.

We shall see more expressions like this in Chapter 12, when we discuss Hilbert
polynomials and the Bezout Theorem. Observe that the identity

() () (15 (5
()6

E(n’ll +my +m3 — 29 miy, my, m3) = dim Sm1+m2+m3—2-

(5.2)

implies

We therefore focus on the case d = m| 4+ m, + m3 — 2, where 6,(d) = 0.

Our generalized resultant should define the locus where 8o(m + m, + m3 — 2)
fails to have ‘expected’ rank. There is a generalization of the determinant, the deter-
minant of a complex, which can be applied in this context. This approach, pioneered
by Arthur Cayley (1821-1895) [6] (see also [28] or [12, ch. 14]), yields a resultant
which can be expressed as a quotient of determinants of large matrices.

There has been quite a bit of recent work on finding simple determinantal formulas
for resultants of multivariate polynomials (see [23], for example.)

Bibliographic note: Our discussion is inspired by early editions of van der Waer-
den’s Moderne Algebra [39]. However, the fourth German edition of Volume II ex-
punges elimination theory, which gives context for the quote by Abhyankar in the
previous chapter.
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Exercises

Consider the polynomials f = x? 4+ 3x + 1 and g = x> — 4x + 1. Compute the re-
sultant Res( f, g). Do the polynomials have a common zero over C? Also compute

Res(fg>, f*8).
Compute the discriminant of the polynomial

f(x)=x4—|—px—|—q, p.q € k.
Consider the polynomial
X242y +y+1

as a polynomial in x with coefficients in C[y]. Compute the discriminant of x. How
do you interpret its roots?
Consider polynomials

f = amxm + am—lxmi1 +---4a, g= bnxn + bn—lxni1 + -+ b

with a,, #0 and b, # 0. Suppose that the (m + n) x (m + n) matrix defining
Res(f, g) has rank m +n — 1. Show that f and g share a common linear factor,
but not a common quadratic factor.

Let L be a field and consider the L-algebra homomorphism

o(a): Llay, ..., an] — Llan, a1, ..., 0]

Am—k > (_1)kam Zi1<"'<ik Qjy - Oy

fork=1,---,m.

(a) Show this is injective. Hint: Apply the method of Exercise 2.12.
(b) Deduce the same conclusion when L is a domain.

Show that the polynomial

-1
X" + ay X"+ - +ag € klx, ag, -+, an]

is irreducible. Hint: Introduce its roots as formal variables.
Consider a matrix
1 1
T — ( 00 foi )
o T

acting on homogeneous forms of degree d in xg, x;:

T* . S; — Sy

F(xo, x1) = F(xotoo + X1t10, Xoto1 + X1111).

Show that T* is linear (cf. Exercise 1.11) and compute its determinant in terms of
det(T).



88

5.8

5.9
5.10

RESULTANTS

Consider homogeneous polynomials

F(x0,x1) = amxy + -+ -+ aox]’, G(xo, x1) = byxgy + - - + box| € k[xo, x1].
(a) Set

F(xo, x1) = F(x1, x0), G(x0, x1) = G(x1, x0)

and show that

Res(F, G) = (—1)¥™MRes(F, G),
mm—=D+nn—=D+m+n)(m+n—1)
] .

e(m,n) =
(b) Givent € k, set
Fi(xo, x1) = F(xo +tx1, x1),  G(x0, x1) = G(x0 + £x1, x1)
and show that
Res(F;, G;) = Res(F, G).

Hint: Exercise 5.7 might be useful. If the general case is tricky, work out (m, n) =
(1, 1), (1, 2), and (2, 2).

Verify the combinatorial identity (5.2).

Consider the polynomials

f = x>+ aijox + aoy + ap,
g = Xy + biox + bory + boo,
h = y* + ciox + co1y + oo

over a field k. Find a nonzero polynomial
R € klayo, ao1, aoo, b1o, bo1, boo, c10, Co1, Cool

such that R = 0 whenever f = g = h = 0 has a common solution over some exten-
sion of k. Hint: Use a computer algebra system to analyze

(f, g, h) Nklaio, aor, aco, b1o. bo1 . boo, 10, Cot, cool-



6 Irreducible varieties

Factorization is ubiquitous in algebra and number theory. We decompose integers as
products of prime numbers and polynomials into irreducible factors. Special tech-
niques are available for analyzing the resulting irreducible objects. Here we shall
develop geometric notions of irreducibility applicable in algebraic geometry. We can
decompose arbitrary varieties into irreducible components, which are generally much
easier to understand. Surprisingly, these notions are more robust than traditional al-
gebraic factorization techniques, which are most effective for special classes of rings.
In Chapter 8 we will return to the topic of algebraic factorization, with a view to
translating the techniques developed here into algebraic terms.

Recall that the polynomial ring k[x1, . . ., x,] is a unique factorization domain (see
Theorem A.14): each nonconstant f € k[xy, ..., x,] can be written as a product of
irreducible polynomials

f=nhhfr

This representation is unique, up to permuting the factors or rescaling them by con-
stants. The factors need not be distinct, i.e., two of them might be proportional.
However, we can choose distinct factors f; , ..., fj so that

f=c Jil"‘fje,-r’

where ¢ € k* and ¢; is the number of times f;, appears in the factorization.
We recast this in geometric terms. The hypersurface

Vi =A{,....,a): flar, ... ,a,) =0}

can be expressed as a union

V(H=V(ipU---UV(f).

Indeed, f vanishes if and only if one of its factors f; vanishes. Of course, V(cf;) =
V(f;)and V(c) = ¥ when ¢ € k*.

89
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In this chapter, we put such decompositions into a general framework. Again, we
assume the base field & is infinite (cf. Remark 6.3).

Existence of the decomposition

Definition 6.1 A variety V is reducible if we can write it as a union of closed
proper subsets

V=ViUV, V,V,CV.

It is irreducible if there is no such representation.
If V isirreducible and V = U;_, V;, aunion of closed subsets, then V = V; for some .

Example 6.2
The affine variety V = {(x, y) : xy(x — y)(x + y) = 0} C A?(Q) is reducible
V={x=0U{y=0U{x=y}U{x =—y}.

Any finite set {py, ..., p,}, n > 1, is reducible; it is a union of singleton sets.

Remark 6.3 When £ is finite our definition is problematic: any subset of A" (k) is
the union of its points!

Theorem 6.4 Let V.C A"(k) be a variety. Then we can write
V=vVviuW,u...uV,

as a finite union of irreducible closed subsets. This representation is unique up to
permutation provided it is irredundant, i.e., V; ¢ V; foranyi # j.

The V; are called the irreducible components of V.
Proof (Existence) We consider the process of decomposing a variety into a union
of closed proper subsets:

V=WUw,, W,Ww CV.

Since V is not irreducible, such a decomposition is possible. Either W; and W/ are
irreducible or, after reordering, we can write

Wi=W,UW), W, W,CW,.

There are two possibilities. Either this process terminates with an expression of V as
a union of irreducibles, or there is an infinite descending sequence of closed subsets

VOWi 2 W,



6.2 IRREDUCIBILITY AND DOMAINS 91

and an infinite ascending sequence of ideals
I(V) S I(Wy) S I(Wy)--- .

However, such a sequence violates the ‘ascending chain condition’ for ideals, derived
from the Hilbert Basis Theorem (see Proposition 2.24).
(Uniqueness) Suppose we have two representations

V=Viu.--uV, Vv=V/U...uV/
with V; ¢ Vj and V/ ¢ V/ for any distinct i, j. We have
V= VNV =U_({V;NV)

so that V; = V; N V/ for some i, i.e., V; C V/. Similarly, V/ C V,, for some m. The
irredundancy assumption implies that j = m, so we have V; C V/ C V;, and the two
sets are equal. (]

Irreducibility and domains

We translate the geometric condition of irreducibility into algebraic terms. Unfortu-
nately, the algebraic notion of irreducible elements is not adequate for this purpose; see
Exercise 6.2 for instances where irreducible elements give rise to reducible varieties.

Theorem 6.5 Let V. C A"(k) be a variety. The following are equivalent:

V is irreducible;
the coordinate ring k[V] is a domain;
I(V) is prime.

Proof The equivalence of the last two conditions follows from Proposition A.7.
We prove 1 & 2: Let f,, f, # 0 € k[V] with f, f, = 0. Consider the closed
subsets

Vi={veV: fi(v)=0}.
We have V; C V because f; # 0, and
ViUVa=veV:f fr(v)=0}=V.

Thus V is reducible.
Conversely, if V is reducible we can write

V=WVUV, V,WhC.V

Thus I(V;) 2 I(V), and we can take f; € I(V;)\ I(V). The product f; f> is zero on
ViUV, =V and is thus in /(V). The resulting elements ?i € k[V] are divisors of
Zero. [l
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Definition 6.6 Let V be an irreducible variety, so that k[ V] is a domain. The field
k(V) is called the function field of V.

Our geometric notion of irreducibility is nevertheless related to irreducible poly-
nomials:

Proposition 6.7 A nongzero principal ideal (f) C k[xy,--- , x,] is prime if and
only if f is irreducible.

Corollary 6.8 Consider a nontrivial hypersurface V.C A"(k), i.e., a variety with
I(V)={(f) with f € k[x1,---, x,] nonconstant. Then V is irreducible if and only
if f isirreducible.

Proof Theorem A.14 implies k[xi, - -- , x,] is a unique factorization domain.
Thus every irreducible element f generates a prime ideal by Proposition A.11.
Suppose that f # 0 is reducible and is not a unit. We can write f = f] f», where
f1 and f> are neither zero nor units. We claim f; and f> are not contained in
(f), hence (f) is not prime. Indeed, suppose the contrary, e.g., fi = gf for some
g € k[xy, -+ ,x,). Then f = f, f» = gff>, whichimplies 1 = gf>, contradicting the
assumption that f, is not a unit. O

Example 6.9 Let f € k[xy, ---, x,] be an irreducible polynomial. We have not
shown that V(f) is irreducible. Indeed, consider the irreducible polynomial

f=x*(x =1 +y*+2% €Qlx, v,z

Then V(f) = {(0, 0, 0), (1, 0, 0)}, which is reducible as a variety!

Over an algebraically closed field, V (f) isirreducible if and only if f is irreducible.
We will deduce this from the Nullstellensatz in Theorem 7.23.

Dominant morphisms
We develop tools for proving certain varieties are irreducible.

Definition 6.10 A morphism of affine varieties ¢ : V — W isdominantif (V) =
W, i.e., W is the smallest affine variety containing the image of V.

Proposition 6.11 A morphism of affine varieties ¢ : V — W is dominant if and
only if ¢* : k[W] — k[V] is injective.

Proof Recall that ¢(V) is contained in a subvariety Z C W if and only if
¢*(Iz) C Iy. If (V) is contained in a proper subvariety Z C W then there exists a
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nonzero f € I; C k[W]vanishing ontheimage ¢(V).In particular, ¢* f = 0 € k[V].
Conversely, suppose that ¢* f = 0 for some f # 0 € k[W]. Then we have

dp(V)CWN{weW: fw)=0}C W. .

Example 6.12

Any surjective morphism is dominant.
Consider the projection morphism

;. V.= {(xl,xz) X1 Xy = 1} — Al(k)
(x1, X2) = Xx;.

The image consists of the subset A' (k) \ {0}, which is not contained in a proper closed
subset of Al(k).

Keeping Corollary 3.46 in mind, Proposition 6.11 suggests the following extension:

Definition 6.13 A rational map p : V --» W is dominant if the induced homo-
morphism p* : k[W] — k(V) is injective.

This is compatible with our original definition: If p is a morphism then p* factors

k[W] — k[V] = k(V).

Proposition 6.14 Let V be an irreducible variety and p : V --+ W a dominant
map. Then W is also irreducible.

Proof Since V is irreducible, k[ V'] has no divisors of zero. However, the domi-
nance assumption implies that

0% k[W] = k(V)

has trivial kernel. In particular, any zero divisors in k[ W] would yield zero divisors
of function field k(V'), a contradiction. O

Finally, we have the following extension of Proposition 3.57:

Proposition 6.15 Let p: V --+» W be a dominant map of irreducible varieties.
Then p* : k[W] — k(V) induces a k-algebra homomorphism k(W) — k(V). Con-
versely, given a homomorphism of k-algebras

U k(W) — k(V)

there exists a dominant rational map defined overk, p : V. --+ W, with p* inducing .
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Proof By definition, p* : k\[W] — k(V) is an injection. Since k(V) is a field, p*
extends to a field extension k(W) — k(V).

The homomorphism 1 restricts to an injective homomorphism k[W] — k(V).
Corollary 3.46 yields a rational map V --» W, which is dominant by definition. [

Definition 6.16 Let V and W be affine varieties defined over k. We say that V
and W are birational over k if k(V') and k(W) are isomorphic as k-algebras.

Example 6.17 An affine variety W is rational if and only if it is birational to A" (k)
(see Corollary 3.60).

Proposition 6.15 implies that two irreducible varieties V and W are birational if
and only if there are rational maps

p:V-—-W, &:W-->5V

which are inverse to each other (see Exercise 6.9 for discussion of compositions of
rational maps). A rational map that induces an isomorphism of function fields is called
a birational map .

Algorithms for intersections of ideals
Consider the decomposition of a variety into irreducible components
V=viuWu---UV,.

Given equations for V, it is fairly difficult to compute equations for each of the
irreducible components. We will discuss methods for doing this when we discuss
primary decomposition. For the moment, we will focus on the reverse problem:

Problem 6.18 Let V; and V, be affine varieties in A"(k), with ideals (V) and
1(V3). How do we compute I(V; U V;)?

This boils down to computing the intersection of the ideals (V) and I (V). Indeed,
Proposition 3.7 implies

I(ViU V) = 1(V)NI(Vs,).
We shall require the following general result:
Proposition 6.19 Let I, J C R be ideals in a ring, and consider the ideal
tI+(1—-0)J =)+ (1—1)J CR[t],
generated by elements tf and (1 — t)g where f € I and g € J. Then we have

¢l +(0—-0HNR=1NJ.



6.4 ALGORITHMS FOR INTERSECTIONS OF IDEALS 95

Proof The inclusion (D) is straightforward: for any 4 € I N J, we can write
h=th+(A—-thetl+(1—1)J.

For the reverse inclusion (C), suppose we are given an element 2 € t1 + (1 —t)J N
R, which may be expressed

h:th,-r,-—i—Z(l—t)gjsj, fiel,gjeJ,ri,sjeR[t].

i J

The left-hand side is constant as a polynomial in ¢. Setting + = 0 we obtain

h =0+ZSj|t:0gj eJ
J

and setting ¢+ = 1 we obtain

h=Y ril=ifi+0el
i
This proves h € I N J. O
This result reduces the computation of intersections to an elimination problem:

Algorithm 6.20 (Computing intersections) Given ideals

I={fi,.... fr),J =(g1,...,8) Cklxi,...,x,]

the intersection 1 N J is obtained as follows: Compute a Grébner basis hy, ..., hy
for

tl+(1 _t)J = (tflv"'3tfrs(1 _t)glvs(l _t)gs) Ck[.XI, "'7xn’t]
using an elimination order for t. The basis elements h; € k[xy, ..., x,] generate
InJ.
Example 6.21 Compute equations for {(0, 1), (1, 0)}.

Weset I = (x;,x, — 1) and J = (x; — 1, x,), so that
tH+ (1 —10)J = (tx;, t(xp — 1), (1 —)(x; — 1), (1 — t)x7).
With respect to lexicographic order, we have Grobner basis
<t — X2, X1 + X3 — 1,x§ —x2>

so we recover the equations x; + x, = 1 and x% = Xx.

The algorithm computing the intersection of two ideals has a geometric interpre-
tation. Given varieties V, W C A" (k) with ideals I and J, the ideal ¢ I corresponds to

(V x Al(k) U (A" (k) x {0}) C A"(k) x Al(k) = A" (k),
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while (1 — #)J corresponds to
(W x Al(k) U (A"(k) x {1}) C A"(k) x Al(k) = A" (k).

Adding ideals corresponds to intersecting varieties, so ¢/ 4 (1 —¢)J defines the
variety

[(VNAW)x A'6OTUTV x {1}JJU[W x {0}].

The image under projection to A" (k) is the union V U W.

Domains and field extensions

Extending the base field can affect whether a quotient ring is a domain. Let f € k[¢]
be irreducible; recall that

k — k[t]/ (f(@®))

is a field extension (see Section A.6). However, if L/k is a field extension over which
we have a factorization

f =818, &8 €L[t],

then L[]/ (f(¢)) has zero divisors.
On the other hand, extending the base field will not cause a reducible variety to
become irreducible:

Proposition 6.22 Let fi,..., fr €klxy,...,x,] and L/k a field extension. If
Llxi,...,x,1/ (f1,..., fr) is a domain then k[xi,...,x,1/ {f1,..., fr) is also a
domain.

Proof The key ingredient is the following fact:

Lemma 6.23 The induced ring homomorphism

ﬂik[xl,-»-,xn]/ (fla'“vfr) - L[xlv"'v-xﬂ]/(flv"'ifr>
is injective.

Assuming this, the proposition is straightforward: suppose we have g,h €
k[xi,...,x,] with

gh=0 mod (fi,..., [).

The fact that L[xy, ..., x,]/ {(fi,..., fr) is a domain implies 1(g) or n(h) is zero.
Since 7 has trivial kernel, either g or 4 is zero.
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We prove the lemma: choose a monomial order on k[xy, ..., x,], which automat-
ically induces an order on L[xy, ..., x,]. We claim that

LT(flv"‘rfr)k ZLT(fl?'°"fr>L;

the subscripts designate the coefficient fields in each case. The lemma fol-
lows by analyzing normal forms: let & := {x*} denote the monomials not ap-
pearing in LT (fj, ..., f+). Every element of k[x,...,x,1/(f1,-.., fr); has a
unique expression as a k-linear combination of monomials from ZE; elements of
Llxi,...,x,1/ {(f1, ..., fr), have unique expressions as L-linear combinations of
the same monomials. An element of k[xy, ..., x,] is zero in the first quotient if and
only if it is zero in the second quotient.

We establish the claim: the inclusion C is evident, so we focus on the reverse

inclusion D. Suppose x* is the leading term of

h1f1+"'+hrfrv hlv"'shrEL[xlv"'»xn];

choose d such that 4, ..., h, all have degree < d.
We assert that thereexist gy, ..., g, € P, 4 (polynomialsink[xy, ..., x,] of degree
< d) with

LT(g1fi+ - + g fi) = 2°.

This is just linear algebra. Let m = max{deg(f;)};=1,..,, and consider the linear
transformation

(O P;:,d — Pn,d+m
(gh""gr) = glfl ++g7‘.f7

We want an element

p= X:cﬁx’3 € image(P)
B

with ¢, = 1 and ¢g = 0 for each 8 > «. Note that each cg is linear as a function of

the coefficients of g1, ..., g, which we interpret as free variables. Finding p boils

down to solving over k a system of linear equations with coefficients in k. However,

we already know that this system of equations has a solution over L, i.e., (hy, ..., h;).
Our claim then is a consequence of the following result, left as an exercise:

Lemma 6.24 Let L/ k be a field extension, A an M x N matrix with entries in k,
and b € kM a column vector. Consider the system of linear equations
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and assume there is a solution with t|, ...,ty € L. Then there is a solution with
H,...,ty €k.
Remark 6.25 Lemma 6.24 reflects the fact that L is flat as a module over k. We

will not discuss flatness systematically here, but [29, pp. 49] describes how flatness
can be expressed in terms of systems of linear equations.

Exercises

Is the intersection of two irreducible varieties irreducible? Give a proof or counterex-
ample.

Irreducible elements can give rise to reducible varieties:

(a) Show that

V={xy2:xy—2"=0C A R)}
is irreducible. Hint: It’s the image of a morphism

A’R) - A3R)
(s, 1) — (s2, 12, s1).
(b) Show that z € R[V] is irreducible as an element in R[V].
(c) Show that {z = 0} C V is reducible.
Let S C A"(k) be a finite set. Show that the affine span affspan(S) is irreducible.

Suppose that V C A" (k) is irreducible. Show that V' x A™ (k) is irreducible.
Consider a matrix with entries in k

A (au au)
azy ax
with det(A) = ajjaxn — ajpaz; # 0. Show that

p Alk) —-» Al (k)
ajt +ap
axit +axn

is dominant.
Consider the ideal I C Clxy, ..., x¢] generated by two-by-two minors of

X1 X2 X3
X4 X5 Xg )
Show that [ is prime. Hint: Use Proposition 6.14 and Exercise 4.12.
Let V C A"(k) be irreducible and choose nonzero pq, ..., p, € k[V]. Consider

W={,yi,....y)ipiyvi=pyr=---=py, =1} CV x A'(k),
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where yi, ..., y, are coordinates of A" (k). Prove that W is irreducible and birational
toV.

Show that the composition of two dominant morphisms is itself a dominant morphism.
Let V, W, X denote irreducible varieties and

v 2w S x

dominant rational maps. Show that there is a rational map V --+ X which equals the
composition & o p over a suitable nonempty open subset U C V.
Consider the affine varieties

Vi={xy:y'=x"} C AQ)
and
Vo = {(u,v): u® =v*} c AX(Q).

with function fields Q(V;) and Q(V3).

(a) Show that these function fields are isomorphic as (Q-algebras.

(b) Construct an explicit birational map V| --» Va.

(Intersections versus products)

(a) We generally have I} N I 5 I, I, even when [, and I, define distinct varieties.
Consider the lines

Vi={xi=x=0, WV={x=x=0, W={x=x =0}

Show that the product ideal I(V})I(V,)I(V3) is smaller than the intersection
I(Vy) N I1(V,) N 1(V3), even though they define the same variety.
(b) Suppose that I, J C R are ideals such that / +J = R. Show that IJ = 1N J.
Let V, W C A"(k) denote affine varieties. Define the disjoint union

VUW CA" x Al > A"

as the union of affine varieties
(V. x{0hU W x {1}).
Writing k[A"] = k[xy, ..., x,], k[A'] = k[r], and R = k[x1, ..., x,, t], show that
IVUW)=UWV)R+{NNUW)R+(t - 1))

and

k[VuW]=k[V]®kIW].
The direct sum of rings R and R; is defined

Ri® Ry ={(r1,r2) :r1 € Ri, 2 € Ry}

with addition and multiplication taken componentwise.
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Let X = A'(k) U Al (k) be the disjoint union of two affine lines. Express X explicitly
as an affine variety, compute the coordinate ring k[X], and find examples of zero
divisors.

Consider monomial ideals

1 = (xa(l), e x"“”), J = (xﬁ('), el x‘%)) C k[x1, ..., x,].

Show that

1N J = (LCMx*?, xP7)) ;

i=1,...,r,j=1,....8

in particular, any intersection of monomial ideals is monomial. Hint: You may not
have to use Proposition 6.19; try a direct approach via Exercise 2.3.

Prove Lemma 6.24. Hint: Any system of linear equations over k with a solution in L
is consistent.



7 Nullstellensatz

‘Nullstellensatz’ is a German term translated literally as ‘Zero places theorem’. Itis as-
sociated with a problem first identified in Chapter 3: given anideal I C k[xy, ..., x,]
defining a variety V (/), what are the polynomials vanishing on V(7)? Generally, we
have the inclusion (cf. Exercise 3.3)

I(VI) D I.

When does equality hold? Where there is a strict inclusion, can we obtain 1(V (1))
directly from 7?
Raising a polynomial to a power does not change where it vanishes, i.e.,

V(f)= V(D)

for each N > 1. A general definition will help us utilize this fact:

Definition 7.1 The radical of an ideal [ in a ring R is defined
VI={geR:g" el forsomeN eN}.

An ideal J is said to be radical if /J = J.

The reader should verify that VI is automatically an ideal (see Exercise 7.3). Our
observation then translates into the following result:

Proposition 7.2 If I C k[xy,...,x,]is anideal then
VI c1v).
Proof For each f € /I, there exists an N > 0 such that £ € I. We have

V)=V o v,

hence f vanishes over V(I). U

101
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7.1.1
Effective

results

NULLSTELLENSATZ

Statement of the Nullstellensatz

Theorem 7.3 (Hilbert Nullstellensatz) If k is algebraically closed and I C
k[x1, ..., xn]is an ideal then I(V(1)) = /1.

In other words, given a function vanishing at each point of a variety, some power of
that function can be written in terms of the defining equations for the variety.

Example 7.4 The relationship between /1 and I(V(I)) is still quite subtle over
nonclosed fields. Consider

I'={x"+y"+1) CR[x,y]
so that
=V c A*R)

and I(V(I)) = R[x, y]. On the other hand, VI C R[x, y]. Indeed, if JI= R[x, y]
then 1 € /1 , which would imply that 1 € I, a contradiction. Thus we have

NIE (440)))
Here is another very useful statement also known as the Nullstellensatz:

Theorem 7.5 (Nullstellensatz 11) Let k be algebraically closed and I =
(fi,..., fr) Cklx1,...,x,]. Then either

I =k[xy,...,x,]; or
there exists a common solution (a;, . .., a,) for the system

fi=fi=...=f =0

In other words, over an algebraically closed field every consistent system of poly-
nomials has a solution. Of course, an inconsistent system has no solutions over
any field: if fi,..., f, have a common zero then (fi,..., f,) does not contain
1 and

<f17"'7fr) gk[xlvu-»xn]'

It is very desirable to have constructive approaches to these questions. We refer the
reader to [24, 4] for more discussion and results.

Problem 7.6 (Effective Nullstellensatz) Consider polynomials fi,..., f. €
k[xi, ..., x,]. Find explicit constants N and N’ depending only on the degrees of
the f; and the number of variables, such that
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ifgeJ{fi..... f)thengV e (fi,.... f);
if f1, ..., f» have no common zeros over an algebraically closed field then there exist
polynomials gy, ..., g, of degree < N’ such that fig, +---+ f,g = 1.

The a priori bound on the degrees allows us to solve for the coefficients of g1, .. ., g,
using linear algebra.

The Hilbert Basis Theorem does yield a non-effective result for the first part of the
problem:

Proposition 7.7 Let R be a Noetherian ring and I C R an ideal. There exists an
integer N such that

gevIi=g'el

Proof Let hy,...,hs be generators for /1 and choose M such that
Y, ..., hM € I. We take N = M. For each

g=g1h1 ++g\'hv E\/Y
we have

gV =g" = > nee(ih) .. (ghy),

ej+-+e=Ms

where the n,, . are suitable positive integers. Each term has some e; > M and thus
is contained in 7. We conclude that gV € I as well. (]

Classification of maximal ideals
We start with a general result, valid over any field:
Proposition 7.8 Letay, ..., a, €k and consider the ideal
m= (x| —aj,x;—ay,...,x, —a,) Cklxg,...,x,]

Then wm is maximal and coincides with the kernel of the evaluation homomorphism

ev(a)

klxy,...,x,] =k
Xi = a;.
Proof (cf. Exercise 2.12) For any monomial order on k[xy, ..., x,] we have

LT(m) = (x1, ..., Xx,),

so the normal form of f € k[x(,...,x,] modulo m is constant and equal to
flar,...,a,) =ev(a)f. 0
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Theorem 7.9 (Nullstellensatz I) Let k be an algebraically closed field. Then any
maximal ideal m C k[xy, ..., x,] takes the form (x| — a, ..., x, — ay).

Theorems 7.5 and 7.3 follow easily from this statement.

Proof of Theorem 7.5 assuming Theorem 7.9 Suppose that 1 ¢ I so that [ C
k[x1,...,x,]. Then there exists a maximal ideal m D I, and Theorem 7.9 im-
pliesI C (x; —ay,...,x, —ay), forsome (ai, ..., a,) € A"(k). Hence (ay, ..., a,)
e V(). O
Proof of Theorem 7.3 assuming Theorem 7.9 Consider the affine variety

A (k)g = {(X1, -+ X0, 2) 1 28(X1, .o, X)) = 1} C A" (k)

introduced in the proof of Proposition 3.47. Projection onto the variables xi, ..., x,
takes this variety to the open subset

U={(x1,....x,):8(x1,...,x,) # 0} C A"(k).
Our hypothesis says that U N 'V = {J, so consider the ideal

J={fi,.... fr.gz—1),

which is the full polynomial ring k[xy, . . ., x,, z] by Nullstellensatz II. Therefore, we
may write

mfi+--+hfi+hgz—0)=1, hy,....h, heklxy,...,x,, 2]
Substitute z = 1/g to get
L=hi(xy, . ox 1) fi 4+ he(e, o x, 1/8)
so that, on clearing denominators, we have for some N

gszllf]‘i‘""i‘iirfrv fz_,-ek[xl,...,xn]. O

Transcendence bases

Let F/k denote a field extension.

Definition 7.10 F/k is finitely generated if F = k(zy, ..., zy) for some choice
ofzy,...,zy € F.

Example7.11 Let! C k[xy, ..., x,]beprimesothatk[xi, ..., x,]/I isanintegral
domain with fraction field F. Then F/k is finitely generated, e.g., by xj, ..., x,,. In

particular, the function field of an affine variety is finitely generated.
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Definition 7.12 An element z € F is transcendental over k if it is not algebraic.
A collection of elements zy, ..., zg € F is algebraically independent over k if there
is no nonzero polynomial f(xy,...,x4) € k[x1,...,xqg] with f(z1,...,24) =0. It

is algebraically dependent otherwise.
The following result is left as an exercise:

Proposition 7.13 Let F/k be a field extension. Then the elements z,, ..., zq are
algebraically independent over k if and only if

71 Is transcendental over k;
Zo Is transcendental over k(z,);

z4 18 transcendental over k(zy, ..., Zq—1).

Definition 7.14 A transcendence basis for F/k is a collection of algebraically
independent elements

Z],---,ZdEF

such that F is algebraic over k(z1, ..., z4). By convention, the empty set is a tran-
scendence base for an algebraic field extension.

Proposition 7.15 Every finitely generated field extension admits a transcendence
basis; we may take a suitable subset of the generators. Any two transcendence bases
have the same number of elements.

The resulting invariant of the extension is called its transcendence degree.

Proof Express F = k(zi, ..., zy) for some z; € F. If the z; are all algebraic
over k then F is algebraic over k (by Proposition A.16), and the transcendence basis
is empty. We therefore assume some of the z; are transcendental.

After reordering zy, .. ., 2y, we have

{z1,...,za} CHz1, ..., 2w}

as a maximal algebraically independent subset, i.e., for each j > d the set

{z1, ..., za, z;} is algebraically dependent. We therefore have a nonzero polynomial
f (S k[xl, ey Xd, xd+1]
such that f(zi, ..., z4,z;) = 0; expand

f = Zﬁ(-xls ...,Xd)x;+1
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where f; # 0 for some i > 0. (Otherwise, zj, ..., z; would be algebraically depen-
dent.) Thus each z;, j > d, is algebraic over k(zy, ..., zq4), and F is algebraic over
k(zi, ..., za).

Remark7.16 The remainder of the argument is analogous to a linear independence
result: given linearly independent sets

{zt, .o zal Wi, .o, we)

generating the same subspace, we necessarily have d = e. The proof entails exchang-
ing elements of the second set for elements of the first, one at a time. After reordering
the z;s and w ;s, we obtain a sequence of linearly independent sets

{Z]7Z27""Zd}7 {WI7Z27""Zd}7 {W]7W27Z3’""Zd}’""{W15W27W37“"Wd}

all generating the same subspace. If there were a w; with j > d it would have to be
contained in the subspace generated by {wq, ..., wg}.

Suppose we have algebraically independent sets
{zi, .. zab wr oo we b CF

such that F is algebraic over k(zy, ..., z4) and k(wy, ..., w,.). We want to show that
d = e. For simplicity, we assume d < e.

We know that w; is algebraic over k(zy, ..., z4), i.., there is a nonzero f €
k[xy1, ..., x4, xq41] such that f(zy, ..., z4, w;) = 0. Since w; is not algebraic over
k, f must involve at least one of the variables xi, ..., x4, say x;. Then z; is al-
gebraic over k(wy, 22, ..., 24), and hence F is algebraic over k(wy, 22, ..., z4) by
Proposition A.16.

We know then that w is algebraic over k(w1, z2, . . ., z4). Proposition 7.13 implies
wy is not algebraic over k(w;). We then have g £ 0 € k[xy, ..., x4, x411] such that
gwi, 22, ..., 24, w2) = 0; g must involve at least one of the variables x», ..., x4,
say x,. But then z, is algebraic over k(wy, w», z3, ..., z4) and F is algebraic over
kWi, wa, 23, ..., 2d)-

We continue in this way, deducing that F is algebraic over k(wq, ..., wg). In par-
ticular, if there were aw ; with j > d then this would be algebraic over k(wy, ..., wy).
This contradicts our assumption on algebraic independence. U

Integral elements

Let R and F be Noetherian domains with R C F. An element « € F is integral over
R if either of the following equivalent conditions are satisfied:

a is a root of a monic polynomial t? + rp_tP~1 + ... rg € R[t];
the R-submodule R[] C F generated by « is finitely generated.
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The equivalence is easy: R[«] is finitely generated if and only if we can write

D D-1 D-2
—a” =rp_1x +rpa +---+rg, rj€ER,

for some D.

Proposition 7.17 Assume that the fraction field L of R is containedin F. Ifw € F
is algebraic over L then there exists a nonzero p € R such that pw is integral over
R.

Proof Let g denote the irreducible polynomial for w over L. Clearing denomi-
nators if necessary, we may assume g € R[z]. Write

g=ant™ +---+ay, a €R,ay#0,

and observe that

aN g—Za, N=i=ltan).

The polynomial
Za, vl =u fayanu™ T 4+ agay ! € Rlul

is monic and has ayw as a root. In particular, ayw is integral over R. U

Proposition 7.18 Let R be a unique factorization domain with fraction field L.
Then every element of L integral over R is contained in R.

Proof Suppose « is algebraic over the fraction field L of R. Consider the eval-
uation homomorphism

Lit] = L)
= o

with kernel generated by an irreducible g € L[¢]. Clearing denominators, we may
assume g € R[t] with coefficients having no common irreducible factor.

If « is integral over R then there exists a monic irreducible # € R[¢] such that
h(a) = 0. We know that g|h in L[¢], so Gauss’ Lemma (Proposition A.12) implies
h = fgfor f € R[t]. The leading coefficients of f and g are units multiplying to 1;
g becomes monic after multiplying by the leading coefficient of f.

Thus we may assume the irreducible polynomial for o over L is a monic poly-
nomial g € R[¢]. If « € L then g has degree 1, i.e., g(t) =t — «. In particular,
o € R. O



108

7-5

NULLSTELLENSATZ

Proposition 7.19 Let S C F denote the elements in F that are integral over R.
Then S is a subring of F.

Proof We recall Theorem 2.36: A submodule of a finitely generated module
over a Noetherian ring is itself finitely generated. Suppose that o, 8 € F are integral
over R. Then R[«] is finitely generated over R and 8 remains integral over R[], so
R[a][B] is finitely generated over R[«] and R. It follows that the subrings R« + B8]
and R[«pB] are also finitely generated over R and thus o 4+ 8 and «f are integral. [J

Proof of Nullstellensatz |

Suppose m C k[xy, ..., x,] is maximal. Consider the field F = k[x, ..., x,]/m,
which is finitely generated as an algebra over k. By definition, a k-algebra R is
finitely generated if it can be expressed as a quotient of a polynomial ring over k.

Lemma 7.20 Let k be an algebraically closed field. Then any field extension F / k,
finitely generated as an algebra over k, is trivial.

Assuming Lemma 7.20, we obtain the theorem: consider the induced map m; :
k[x;] — F.Since F istrivial over k, 7r{(x;) = o for some o € k,thus x; — @y € m.

We prove Lemma 7.20: first, observe that, if « € F is algebraic over k, then it
must have an irreducible polynomial f(¢) € k[t]. Since k is algebraically closed this
is necessarily of the form ¢ — « (see Exercise A.14), and o € k.

If F/k is nontrivial then Proposition 7.15 gives a nonempty subset

{'xj]a "'7xjd} C {xlv"'axn}
such that the images
2 =Xj,...,2d=Xj, €F

are a transcendence basis for F over k. For notational simplicity, we reorder the x; so
thatz; =Xx;forj=1,...,d. Write R = k[z\, ..., z4] C F, which is a polynomial
ring because z1, . . ., z4 are algebraically independent. Take the remaining generators
for F over k

Wi = Xd+41s+++sWn—d = Xn—d,

which are algebraic over L := k(z1, ..., 24)-

Let § C F denote the ring of elements of F' integral over k[z1, . .., z4] (see Propo-
sition 7.19). Proposition 7.17 yields nonzero py, ..., p,—q4 € klz1, - . ., 24] such that
each t; := p;w; is integral over k[zy, ..., zq],i.e.,t; € S.

Pick an element f/g € k(z1, ..., zq), with f, g € k[z1, ..., zq], such that g is rel-
atively prime to py, ..., py_q. It follows that p{' .. .pfl"_’;j(f/g) isnotink[zy, ..., z4]
foranyey, ..., e,—4 € N. However, we can represent /g = q(xy, ..., x,) for some
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polynomial g with coefficients in k, i.e.,

fle=qzi,....2a,1/P1s - s taed/ Pn—a)-

Lete;, j =1,...,n —d, denote the highest power of x,; appearing in g, so that

multiplying through by pi' ... p;"*4 clears the denominators in

Q(Zl, "-7Zd7tl/pla '-'7tl‘l—d/pn—d)'

It follows that there exists a polynomial ¢’ over k such that

Cn—d

Pl p i fle=q"(z1, o Za ty oo tyma) € S.
We also have

€n—d

Py pa(f8) € k(zu, .. 2a),

thus Proposition 7.18 implies

Pl pang(fl9) € klzi, ... zal,

a contradiction. O

We sketch an alternate (and much easier!) proof of Lemma 7.20 over k = C. Any
finitely generated algebra over C has a countable basis, e.g., a subset of the monomials
xi‘ .. x,’l On the other hand, if x| # «; for any «; € C, the uncountable collection
of rational functions xl%a € F, o € C are linearly independent over C.

Applications

Unfortunately, computing over algebraically closed fields presents significant tech-
nical difficulties. How can a computer represent a general complex number? The
Hilbert Nullstellensatz gives us a procedure for deciding whether a polynomial van-
ishes over the complex points of variety without ever computing over the complex
numbers! We just need to check whether the polynomial is contained in the radical
of the ideal generated by some defining set of equations. This can be checked over
any field containing the coefficients of the polynomials at hand.

We no longer assume that k is algebraically closed. To test whether a polynomial
g€ VI, where I = (f1,..., fr), we use the following criterion.

Proposition7.21 Givenanideal I = (f1, ..., f;) Cklx1,...,x,], g € «/Yzfand
only if (fi,..., frozg — 1) = k[x1, ..., X, z.

Proof The proof of the Hilbert Nullstellensatz gives that

le(fi,..., fr.zg — 1) = g" e I for some N.
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Conversely,if gV = fih; +--- + foh, thenzVg" = fi(h;z2¥)+ --- + f.(h,z")and
L= fithiz™)+ -+ fr(h,2V) + (1 = 2Ng").

Since(1 —z¥gM =1 —zg) 1 +2zg + --- + 7V gV 1), weconclude 1 € (fi, ...,

fra 8 — 1) U
Algorithm 7.22 To decide whether g € \/I, compute a Grober basis for
(fis- s frozg — 1) Cklxy,...,xn, 2] If it contains 1 then g € V.

Note, however, that we have not given an algorithm for computing generators for
/T for an arbitrary ideal /.

Let k be algebraically closed. Given f € k[xy, ..., x,] with associated hypersurface
V(f), we can factor

f= g

as a product of irreducibles. This yields a decomposition

ViH =V(A")uV(S?)... V(£
=V(MUV(f)...V(f).

Are these the irreducible components of V(f)? In other words, does the algebraic
formulation of irreducibility for polynomials coincide with the geometric notion of
irreducibility for varieties?

Theorem 7.23 Let k be algebraically closed. If f € klxi, ..., x,] is irreducible
as a polynomial then V (f) is irreducible as a variety.

Proof Since k[xy,...,x,] is a unique factorization domain, the ideal (f) is
prime by Proposition A.11. By the Nullstellensatz, I(V(f)) = /(f), so we just need

to check that o/{f) = (f). Given g € /{f) theng" e (f)and f|g". Since f is irre-

ducible and k[x1, ..., x,] is a unique factorization domain, we conclude that f|g and
g € (/). O
Corollary 7.24 If f1,..., fr areirreducible and distinct in k[xy, ..., x,], with k

algebraically closed, then

(A =fe )

Remark 7.25 The assumption that k is algebraically closed is necessary. We
have seen (Example 6.9) the irreducibility of f does not guarantee the irreducibility
of V!
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Dimension

Definition 7.26 Let V C A"(k) be an irreducible affine variety. The dimension
dim V is defined as the transcendence degree of k(V') over k.

We outline an effective procedure to compute the dimension of a variety. Let
I C kl[x1, ..., x,] beaprimeideal, F the quotient field of k[xy, ..., x,]/I, and d the
transcendence degree of F over k.

By Proposition 7.15, there exist indices

1<ij<ihb<...<ig<n

such that x;,, ..., x;, form a trascendence basis of F over k. Indeed, any maximal
algebraically independent subset will do. We therefore focus on determining whether
a subset of the variables is algebraically independent. For notational simplicity, we
take the first few variables.

Proposition 7.27 The elements xi,...,x, € F are algebraically independent
over k if and only if I N k[xy,...,x.] =0.

The intersection can be effectively computed using the Elimination Theorem (Theo-
rem 4.8)

Proof If xi, ..., x, are algebraically dependent then there exists a nonzero poly-
nomial f € k[t, ..., ] suchthat f(xq,...,x,) =0 (mod I). This gives a nontriv-
ial element of 7 N k[xy, ..., x.]. Conversely, each such element gives an algebraic
dependence relation among xi, ..., X,. O

Corollary 7.28 Xi,...,Xxq € F are a transcendence basis for F/k if and only if
I Nklxy,...,xgq]=0and I Nk[xy,...,xq,x;] # 0foreach j >d.

Nonzero elements g(xi, ..., xq, x;) € I Nk[xy, ..., xq,x;] show that x; is alge-
braically dependent on xy, . .., xg4.

This suggests that to check whether an algebraically independent set of variables
X1, ..., Xgq is a transcendence basis, we should carry out n — d distinct eliminations.
We can do a bit better:

Proposition 7.29 Foreach j =1,...,nlet
Ij = Nklxy,...,x;Dklx1, ..., x,].
Then x1, ..., x4 form a transcendence basis for F | k if and only if

O=hL=hL=...=1,CIs1... C I,
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These ideals can be extracted by computing a Grobner basis with respect to a monomial

order which is simultaneously an elimination order for the sets {xi,...,x;}, j =
d, ..., n.Pure lexicographic order has this property.
Proof Suppose that i € k[xy, ..., x,]is contained in /;. By Exercise 7.13, each
coefficient of 4, as a polynomial in x;41, ..., X,, is also contained in I;.

The vanishing of Iy, ..., I; is equivalent to the independence of xi, ..., x4 by
Proposition 7.27.

Suppose that x;..., x4 is a transcendence basis for F'/k. For each j > d there
exists a nonzero g;(t, ..., 1, s) € k[t1, ..., 14, s] such that

gj(x],...,xd,x.,-)EO (mod I).

If g; € I;_; then each coefficient of g; (regarded as a polynomial in s) is contained
in I;, which is zero. Thus g; € I; and g; & I;_;.

Conversely, suppose we have the tower of ideals as described in the proposition.
For j > d choose h € k[xy, ..., x,] Nk[x1,...,x;] with h & I;_;; we may expand

N
h = Zhe(xl, .. ,xj,l)xj
e=0

with some 4, # 0 (mod 7). This implies x; is algebraic over k(x1, ..., x;_1). Iterat-
ing Proposition A.16, we deduce that x; is algebraic over k(x, ..., xg4). O
Exercises

Let F € C[x, y] be an irreducible polynomial. Consider the set
V ={(x,y) € C*: F(x,y) =0}

Suppose that G € C[x, y] is a polynomial such that G(u, v) = 0 for each (u#, v) € V.
Show that F|G. When C is replaced by R, can we still conclude F divides G?

Let V C A"(k)be an affine variety with coordinate ring k[ V']. Foreachideal I C k[V],
let

Vl)={v eV :glv)=0foreach g e I}.

Assume that £ is algebraically closed. Prove that V(1) = ¢ if and only if I = k[V].
Let I C R be an ideal. Show that the radical

VI={geR:g" el forsomeN €N}

is automatically an ideal.

Let § € A"(k) be a subset. Show that /(S) is radical.

Let F/k be a finitely generated extension which is algebraic. Show this extension is
finite.
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Determine the dimensions of the following varieties:

(a) affine space A" (k);

(b) a point;

(c) an irreducible hypersurface V(f) C A"(C).

Let V C A%Q) be defined by the two-by-two minors of the matrix

X1 X2 X3
X4 X5 Xg '
We write F = Q(V). Exhibit a transcendence base zi, ..., zy for F over Q, and

express F explicitly as an algebraic extension over Q(z1, ..., Z4)-
Let F be the quotient field of

Claxt, X2, X3, X4, X51/(x} +x3 + x3 — 1).

Exhibit a transcendence base zy, .. ., z4 for F over C, and express F explicitly as an
algebraic extension over C(zy, .. ., Z4)-

Prove Proposition 7.13.

Let R be a domain with fraction field L, and assume that « is algebraic over L. Show
that

{r € R : ro integral over R}

is a nonzero ideal in R.

Let V — W be a dominant morphism of affine varieties. Show thatdim V > dim W.
Let R and S be Noetherian integral domains with R C S. Suppose that «, 8 € S are
roots of the monic polynomials

x>+ ayx +ag, x> + bix + by € R[x]

respectively. Using Grobner basis techniques, exhibit a monic polynomial that has
a + B as aroot. Do the same for of8.
Let I C k[xy, ..., x,] be an ideal and set

Ij = Oklxy,...,x;Dklxy, ..., x,]
so that
LCchLC...Cl,.

Given h € k[xy, ..., x,] write

_ Aj+1 «,
h= E CajprmanXjiy - X"

Qjyy...0p

such that each ¢y ,..q, € k[x1, ..., x;]. Show thatif 4 € I; then each cy,,, .o, € ;.
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o]

Given a monomial x% = x| ...x,", write

rad(x®) = ]_[ Xi.

i with ;0
For each monomial ideal

= (x0 = x@@D  elm
I=(x""=x ~--x3ln)i=l,...,"

show that
ﬁ = (rad(xa(i)))i:L... re

Assume that the generating set of monomials for / is minimal, i.e., given distinct i, j
=1, ---r, x*® does not divide x*), Show that I is radical if and only if each
a(i,f)=0orl.

Write down all the radical monomial ideals in k[xq, x2, x3] and describe the cor-
responding varieties in A3(k).
Show that every maximal ideal m C R[xy, x;] is one of the following:
e m = (x; — oy, X, — ap) for some oy, a, € R;
e m = (x —rx; — S, x] +bx; +c) for somer, s, b, c € R with b*> — 4c < 0;
e m = (x; — 1, x5+ bxy +c) for some 1, b, c € R with b*> — 4c < 0.
Let I = (f1, fo) C Clx, y] be an ideal generated by a linear and an irreducible
quadratic polynomial. Suppose that g € +/I. Show that g2 € 1.
(Geometric version of Proposition 7.27) Let V C A”(k) be an irreducible affine
variety over an infinite field. Show that dim(V') > d if and only if there exists a subset

{xj, oo X, Clxn, oo, X}
so the projection morphism

7 A"(k) — Ad(k)
(G ) N S (I T |

is dominant.
Let I and J be ideals in a ring R.
(a) Show that

VIinT =VInVI.
(b) On the other hand, give an example in R = k[xy, ..., x,] where

VIFT £+

(Codimension-1 varieties are hypersurfaces) Show that any irreducible vari-
ety V C A"(k) of dimension n — 1 is a hypersurface. Hint: It suffices to prove
that any prime ideal I C k[xy, ..., x,] with I Nk[xy, ..., x,—;] =0 is principal.
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Assuming I # 0, we can express I = (fi, ..., fr) where each f; is irreducible
and does not divide any of the f;, j #i. Suppose r > 1 and consider fi, f> in
L[x,] where L = k(xy, ..., x,—1). The resultant Res(f}, f>) is defined; verify that
Res(fi1, f2) € k[x1, ..., x,—1] N I and thus is zero. Deduce the existence of an irre-
ducible polynomial in L[x,] dividing both f; and f,. On clearing denominators and
applying Gauss’ Lemma, we obtain an irreducible & € k[xy, ..., x,] with k| f, f>.
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8 Primary decomposition

We have shown that every variety is a union of irreducible subvarieties
V=viuWhu.. .UV, V,ZVi#]j.

Our goal here is to find an algebraic analog of this decomposition, applicable to ideals.

Example 8.1 Let I = (f) C k[xy, ..., x,] be principal and decompose the gen-
erator into irreducible elements

=

where no two of the f; are proportional. Then we can write

1=(f)0lf). ()
=P'N...0P", P ={(fi).

Note that P; is prime by Proposition A.11.

A warning is in order: decomposing even a univariate polynomial into irreducible
components can be tricky in practice; the decomposition is very sensitive to the base
field k. For example, given a finite extension L/Q and f € Q[¢], factoring f into
irreducible polynomials over L is really a number-theoretic problem rather than a
geometric one. This makes it challenging to implement primary decomposition on a
computer, although there are algorithms for extracting some information about the
decomposition [10].

Irreducible ideals

Here we emulate the decomposition into irreducible components described in Theo-
rem 6.4. Keep in mind that unions of varieties correspond to intersections of ideals
(cf. Propositions 3.6 and 3.12).
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Definition 8.2 Anideal I C R is reducible if can be expressed as the intersection
of two larger ideals in R

I=hNnJh, I,

An ideal is irreducible if it is not reducible.

Proposition 8.3 Let R be Noetherian. Then any ideal I C R can be written as
an intersection of irreducible ideals

I=0LNL...N1I,.

We say that the decomposition is weakly irredundant if none of the I; can be left out,
ie.,

Ij 21 ﬂ...]j_l mlj-H .N L.
Proof Suppose this is not the case, so we get an infinite sequence of decomposi-
tions [ = I[1]1NI[1], with I[1], I[1] 2 1, I[1] = I[2] N I'[2], with I[2], I'[2] D
I[1], etc. Thus we obtain an infinite ascending sequence of ideals
I CI[1]1CI2]...,

violating the fact that R is Noetherian. (]

A variety V is irreducible precisely when (V) is prime (Theorem 6.5). This
connection persists in our algebraic formulation:

Proposition 8.4 Any prime ideal is irreducible.

Proof Suppose that 7 is prime and I = J; N J, with I C J;. Pick f € J; with
f & 1.Given g € J, we have

fgehhCclhinh=1I
Since [ is prime, it follows that g € I. We conclude that I = J;. O
Example 8.5 If I = (xy, y?) C k[x, y] then we can write
I=(y)Nx?y).

The first term is prime, hence irreducible, so we focus on the second term. Suppose
there were a decomposition

(xy)y =N
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with I C J;, J,. The quotient ring R = k[x, y]/(xz, y) has dimension dim; R = 2,
so dimy k[x, y]/J; = 1 and each J; is a maximal ideal containing (x?, y). The only
possibility is (x, y), which contradicts our assumptions.

Theorem 6.4 also asserts the uniqueness of the decomposition into irreducible com-
ponents. This is conspicuously lacking from Proposition 8.3. Unfortunately, unique-
ness fails in the algebraic situation:

Example 8.6 Consider I = (x2, xy, y?) C k[x, y]. We have
I'=(y.x®) N (% x) = (y+x.27) N x, (v +2)7).
The analysis in Example 8.5 shows that the ideals involved are all irreducible.

For the rest of this chapter, we will develop partial uniqueness results for repre-
sentations of ideals as intersections of irreducible ideals.

Quotient ideals

Definition 8.7 Given ideals I, J in aring R, the quotient ideal is defined

I:J={reR:rselforeachs € J}.

For any ideals I, J, K C R, IJ C K if and only if I C K : J. This explains our
choice of terminology.

Proposition 8.8 Forideals 1, J C k[xy, ..., x,] we have:

[:JCIVI)\ V),
VI :J)DVIH\ V),
I(V): I(W) = I(V\ W).

Proof Given f €1 :J,wehave fg € [ foreachg e J.Forx € V(I)\ V(J),
there exists a g € J such that g(x) # 0. Since (fg)(x) = 0 we have f(x) = 0, which
proves the first assertion. The second assertion follows by taking varieties associated
to the ideals in the first assertion. The inclusion (V) : I(W) C I(V \ W) follows
from the first assertion; set I = I(V) and J = I(W). To prove the reverse inclusion,
note thatif f € I(V \ W)and g € I(W)then fg € I(V)andthus f € I(V): [(W).

O

We develop algorithms for computing the quotient by reducing its computation to
the computation of intersections:

Proposition 8.9 Let I C R be an ideal and g € kl[x1, ..., x,]. If

IN{(g)=(hy,.... hy)
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then
I: <g) = <h1/g»h2/gv BRI hs/g)
Given an ideal J = (g1, ..., &) we have
I:J=U:{g)NU:{g)N...0U:(g)).

Proof Each h;/g € I : (g), so the inclusion D is clear. Given f € [ : (g) we
have gf € I, (g),1.e., gf € I N (g). The last assertion is an immediate consequence
of the definitions. O
Algorithm 8.10 To compute the quotient I : J of ideals I, J C k[xi, ..., x,] with
J ={g1,..., &), wecarry out the following steps:

compute the intersections I N (g;) using Proposition 6.19;

using the first part of Proposition 8.9, write out generators for I : {(g;) in terms of the
generators of I N (g;);

compute the intersection

(I {g)NU :(g)N...NU :(g),

which is the desired quotient I : J.

Remark 8.11 To compute the intersection of a finite collection of ideals
J],...,Jm Ck[xl,...,x,,],
the following formula is useful:

Jn..NJpy=61h 4+ F+sudm+ 1+ +sm— 1) NKk[x, x2, ..., x,].

Primary ideals

Definition 8.12 An ideal [ in a ring R is primary if fg € I implies f € I or
g™ e I for some m.

Example 8.13

If P = (f) C k[xi, ..., x,] is principal and prime then P is primary.
Ifm=(xy,...,x,) Cklxi,...,x,]Jand I C k[xy, ..., x,]is anideal withm™ C I
for some M > 0 then [ is primary.

We prove the second assertion. Suppose that fg € I and g & I for any m. It
follows that g € m and g(0, ..., 0) # 0. We claim the multiplication

Pg s k[xt, ..o xl/mM — k[xy, ..., x,]/mY

h+— hg
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is injective: if & has Taylor expansion about the origin
h = hy + higher-order terms, hy # 0,
then gh has expansion
gh =g, ...,0)h; + higher-order terms,
with the first term nonzero. The quotient k[xy, ..., x,] /mM is finite-dimensional,

SO [, is also surjective. Since po(f) C I, we must have (/) = 1 (mod m¥). In
particular, fg € I implies f € [ + mM =1,

Remark 8.14 It is not generally true that if P C k[xy, ..., x,] is prime then P™
is primary! A counterexample is given in Example 8.18.

Proposition 8.15 Let Q be a primary ideal. Then \/Q is a prime ideal P, called
the associated prime of Q.

Proof Let fg € /O. Then fMgM ¢ Q and either f¥ € Q or g"™ € Q, and
thus f € /Q org € J/O. O

Proposition 8.16 Any irreducible ideal I in a Noetherian ring R is primary.
The converse does not hold — see Exercise 8.10 for a counterexample.

Proof Assume that [ is irreducible and suppose that fg € I. Consider the se-
quence of ideals

Icl:(gycl:(g))C...,
which eventually terminates, so that
I:i(g")=1:(""
for some N. We claim that

I+ E"HNU+(fH=1

The inclusion D is clear. Conversely, given an element & € (I + (g¥) NI + (f)),
we can write

h=F +Hg"=F+Hf F,Fel

Since fg € I we have gV*'H, € I and thus gV H; € I and h € I. Since [ is irre-
ducible, the claim implies either f € I or gV € I. (]
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Combining this with Proposition 8.3, we deduce the following result.

Theorem 8.17 (Existence of primary decompositions) For any ideal I in a Noethe-
rian ring R, we can write

I=0,N0,N...N0,

where each Q; is primary in R. This is called a primary decomposition of 1.
Example 8.18 Consider the ideal P C k[A, B, C, D, E, F] with generators
AD— B?>, AF —-C?) DF—E?, AE—-BC, BE-CD, BF—-CE,

i.e., the two-by-two minors of the symmetric matrix

<
|
SRSIRN

B C
D E
E F

This ideal is prime: it consists of the equations vanishing on the image V of the
map

Ak) = AS(k)
(s,t,u) —> (sz, st,su, t2, tu, uz).

We claim that P? is not primary. Consider the determinant
det(M) = ADF — AE* — B’F + 2BCE — C*D,

a cubic polynomial contained in P. However, det(M) ¢ P? because P2 is generated
by polynomials of degree 4.
We have the following relations

Adet(M) = (AD — B*)(AF — C?*) — (AE — BC)?

Bdet(M) = (AD — B*>)(BF — CE) — (AE — BC)(BE — CD)
Cdet(M) = (BF — CE)(AE — BC) — (AF — C*(BE — CD)
Ddet(M) = (AD — B*>)(DF — E*) — (BE — CD)?

E det(M) = (AE — sBC)(DF — E*) — (BF — CE)(BE — CD)
Fdet(M) = (AF — C*)(DF — E*) — (BF — CE)’.

If P? were primary then some power of each of the variables would be contained in
P2, i.e., for some m

(A,B,C,D,E,FY" C P~

In particular, V = V(P?) C {(0, 0,0, 0, 0, 0)}, a contradiction.
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Uniqueness of primary decomposition

A primary decomposition
I=01N0rN...NQ,,

is weakly irredundant if none of the Q; is superfluous, i.e.,

Q;$0iN...0,.1NQjs...N 0,

for any j. For a weakly irredundant primary decomposition, the prime ideals P; =
/ Q; are called the associated primes of 1.

Unfortunately, even weakly irredundant primary decompositions are not unique in
general:

Example 8.19 Consider two weakly irredundant primary decompositions

I = (xz,xy)
=(xX)N{y.x) =01 N0,
= (x) N (y% x%, xy) = Q1 N Q).

Here Q| = P, is prime but Q) and Q> are not prime. They are primary with associated
prime

PZ:@Z@=<x’Y)-

When the ideal is geometric in origin, e.g., I = I(V) for some V C A"(k), the
primary components reflect the geometry:

Example 8.20 Consider the weakly irredundant primary decomposition

I = (xz—yz,z—xy)
=(xz—yLz—xy,y—x)N{y,2)
=(z—xy,y—x)N{y,2)=01N0O,

Both Q| and Q, are prime: Q consists of the equations vanishing on the image of
the morphism

¢
> (1,1

and Q, consists of the equations for the x-axis. The ideal / = I(V) where V =
image(¢) U x-axis.

See Remark 8.28 for a conceptual explanation of this example.
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Proposition 8.21 An ideal I C R is primary if and only if each zero divisor v €
R/1 is nilpotent, i.e., 7™ = 0 for some m. When Q is primary, the nilpotents in R/ Q
are images of the associated prime P = \/Q.

Proof By definition, / is primary if and only if
fgel= felorg"el
for some m, i.e.,
fg=0(modI) = f=0(mod /) or 2" =0(mod]I),

which is the first assertion. Thus when Q is primary, all zero divisors in R/Q come

from P = /0. O

Theorem 8.22 (Uniqueness Theorem I) Let R be Noetherian and I C R an ideal
with weakly irredundant primary decomposition

I=0/N0>...0 0.

The associated primes are precisely those primes which can be expressed as

P =yI:(f)

for some f € R. In particular, the associated primes are uniquely determined by 1.

Proof From the definition of the quotient ideal we see that

I:(f)=01:{f)N...0 0, : {f).

Taking radicals and applying Exercise 7.18, we find that

VI () =01 (fHin...0J0, : {f).

Furthermore, Proposition 8.21 gives

_[riffeo

QZU%_Rﬁfe@.

By the irredundance assumption, there exists f ¢ Q; with f € N;x; Q;. Then

VI =0 (f) =P,

and each associated prime has the desired form.
Conversely, suppose that P = /I : (f) for some f € R. Then we have

P =0Njrgo,Pj.
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To finish, we need the following fact:

Lemma 8.23 Let R be a ring and P C R a prime ideal which can be expressed
as a finite intersection of primes

P=0,_ P
Then P = P; for some j.

Proof Suppose, on the contrary, that P C P; for each j. Products are contained
in intersections, so we have

P=ﬁ‘;:1P]‘ D P ... P

Pick g; € P;,g; ¢ P so the product g = ]_[‘;:1 gj € P but each g; ¢ P. This
contradicts the fact that P is prime. O

Corollary 8.24 Let I C R be an ideal in a Noetherian ring. The zero divisors in
R/ 1 are the images of the associated primes for I.

Proof The proof above shows that every element of an associated prime is a zero
divisor. Conversely, suppose we have ab = 0 in R/I with a, b # 0. Then for some
j.a ¢ Q;butab € Q;. Then b is a zero divisor in Q; (or is contained in Q;), and
b € P; by Proposition 8.21. 0

Definition 8.25 Let I C R be an ideal in a Noetherian ring. An associated
prime is minimal if it does not contain any other associated prime; otherwise, it is
embedded.

Proposition 8.26 Let I C R be an ideal in a Noetherian ring. Then /I is the
intersection of the minimal associated primes of I.

Proof Fix a primary decomposition

I=0,N...N0Q,

with associated primes P; = \/Q;,i = 1, ..., r. Exercise 7.18 implies

Vi=Join...Jo,=pPn..np.

Of course, excluding the embedded primes does not change the intersection. (]

Example 8.27 We retain the notation of Example 8.18. We showed that P is not
primary by computing

(detM))m C P2, wm:=(A,B,C,D,E,F),
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but det(M) ¢ P2. It follows that

VP2 {det(M)) =m

and Uniqueness Theorem I (8.22) implies m is an associated prime of P2.

P is the unique minimal associated prime of P2: Indeed, for any prime P and
integerm > Owehave P = /P (cf. Exercise 8.3.) By Proposition 8.26, the minimal
associated primes of an ideal are the associated primes of its radical.

The only associated primes of P? are m and P. The proof uses some Lie theory:
Essentially, one classifies prime ideals in k[A, B, C, D, E, F] (the 3 x 3 symmet-
ric matrices) invariant under similarities, i.e., the equivalence relation M ~ TMT'
where T is a 3 x 3 invertible matrix. This is carried out in [35, Prop. 4.15]; see also
Exercise 8.12.

Remark 8.28 Minimal associated primes have a nice interpretation for ideals
arising from geometry. Let V C A" (k) be a variety with irredundant decomposition
into irreducible components

V=ViU...UV,, V¢ Vid].

In Exercise 7.4 we saw that I(V) C k[xy, ..., x,] is radical. Proposition 3.6 gives the
decomposition

I(V)=1(V)n...0n1(V,), I(Vi) D I(V)),i# ],

and each /(V;) is prime by Theorem 6.5. Thus the I(V;), j =1, ..., r are the minimal
associated primes of 7(V).

We can sharpen this over algebraically closed fields:

Corollary 8.29 Let k be algebraically closed and I C k[xy, ..., x,] anideal. The
minimal associated primes of I correspond to irreducible components of V (I).

Proof Proposition 8.26 expresses VT as the intersection of the minimal associ-
ated primes of . The Hilbert Nullstellensatz gives VIi=1 (V(I)), and we know that
the minimal associated primes of /(V') correspond to the components of V. O

Based on this geometric intuition, we might expect the primary components asso-
ciated with minimal associated primes to play a special role. We shall prove a strong
uniqueness theorem for these components.

Proposition 8.30 Let Q1 and Q, be primary ideals with /O = «/Q> = P. Then
Q1 N Q, is also primary with /O N Oy = P.
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Proof Let fg € Q1 N Q,.Supposethat f € Q; N O», and assume that f & Q.
Then g” € Q, for some m, and thus g € P. Since /0> = P, PY C Q, for some
large M and g™ € Q,. Consequently, g™>*"M) ¢ 0, N Q,. O

Suppose we have a weakly irredundant primary decomposition

I=0,N0,N...N0,

such that two primary components have the same associated prime, i.e. P, = P; for
some i # j. The proposition allows us to replace Q; and Q; with the single primary

0:NQY;.
Definition 8.31 A primary decomposition

I=0,N0,N...N 0,

is (strongly) irredundant if it is weakly irredundant and the associated primes P; are
distinct.

Theorem 8.32 (Uniqueness Theorem II) Let I C R be an ideal in a Noetherian
ring with irredundant primary decomposition

I=0,N0N...N0Q,.

Suppose that P; is a minimal associated prime. Then there exists an element a €
Nizj P;, a & Pj, and for each such element we have

Qj =Unll : {a"™)).

In particular, the primary components associated to minimal primes are unique.

Proof If there exists no element a with the desired properties then P; D N;; P;.
Repeating the argument for Lemma 8.23, we find that P; O P; for some i # j, which
contradicts the minimality of P;.

Given such an element, for any r € R there exists an m such thata™r € Q;,i # j.
On the other hand, a is not a zero-divisor modulo Q;, soif r ¢ Q; thena™r & Q;
for any m. Thus

a"rel=0,N0,N...NQO,

form > Oifand only if r € Q;. O

Remark 8.33 The elements employed in Theorem 8.32 are easy to interpret when
the ideal comes from geometry. As in Remark 8.28, suppose that I = I(V) for a



8.4 UNIQUENESS OF PRIMARY DECOMPOSITION 127

variety V C A”"(k) with irreducible components
V=Viu...uUV, V,gVi#]j.
The associated primes of I(V)are P; = I(V;), j=1,...,r and
NizjP; ={a € k[V]:a=0oneach V;,i # j}.

Theorem 8.32 requires an element a € k[ V] vanishing on V; for each i # j but not
onV;.

Theorem 8.32 is quite useful for computations. Once we have found an element
satisfying its hypotheses, we can effectively compute the corresponding primary
component. The key tool is the following fact:

Proposition 8.34 Let R be a ring, I C R an ideal, and a € R. Suppose that for
some integer M > 0

where by convention a® = 1. Then we have
Up(I 2 (@) =1 : (a™).
Proof It suffices to show that
I @ty =1 (@2,
Indeed, this will imply
[:@y=T: @Y =1:@"?=1:u"?=..,

which is our result.

Pick r € (I : (@™*?)), so that ra¥+? e I. We therefore have ra € I : (a”t!)
and our hypothesis guarantees then that ra € I : (a™). We deduce that (ra)a™ =
ravtl e 1. O

Example 8.35 We retain the notation of Example 8.27.
What is the distinguished primary ideal Q; D P? corresponding to the minimal
prime P? We shall show that

Q) = P? + (det(M)).

First we establish thatdet(M) € Q;;ifdet(M) ¢ Q; then elements of m would be zero
divisors (and hence nilpotents) modulo Q, whence m C +/Q; = P, a contradiction.
To apply Theorem 8.32, we need an elementa € m,a ¢ P; we take a = A.
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Using the algorithms for computing quotient ideals and intersections (Algo-
rithm 8.10 and Proposition 6.19), we compute

P?:(A) = (AE?> —2BCE — AFD + C>D + B’F, D*F* —2DFE? + E*,
BF’D — BFE?> — CEDF + CE3, BEDF — BE? — CD?*F + CDE?,
B*F? —2BFCE + C*E?, BE?’C — AE?> — CDBF + AEDF,

B?’E? — ADE? — B’DF 4+ AD?F,C3E — C*BF — AFCE + AF’B,
BEC? — AE?’C — B>CF + BEAF,CEB?> — ADCE — B*F + ADBF,
DB?>C — AD?>C — EB®+ ADBE,C* —2AFC? + A*F?,

BC3 — AEC? — BCAF + A’EF, A’E?> —2AEBC + B*C?,

B3C — ADBC — B>AE + A’DE, A’D?> —2ADB? + B%)

= (det(M)) + P?

and
P?: (A% = (det(M)) + P>.
Proposition 8.34 implies that
01 = U, P? : (A™) = (det(M)) + P>.
One last intersection computation implies that our primary decomposition is
P? = (P? + (det(M))) N m*.
The component Q, = m* is not unique: we could take

0,=0,+(g), gem’, gd(det(M));

any proper ideal Q5 D m” is m-primary.

8.5 An application to rational maps

Definition 8.36 Let p : V --» W denote a rational map of affine varieties. The
indeterminacy ideal 1, C k[V]is defined

{r € k[V]:rp*f € k[V] foreach f € k[W]}.

We leave it to the reader to check that this is an ideal!
This is compatible with our previous definition of the indeterminacy locus:

Proposition 8.37 The indeterminacy locus of p is equal to V(I ,).
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Proof Choose realizations V C A"(k) and W C A™(k), so that p is determined
by the pull-back homomorphism (see Corolllary 3.46)

oF T kly1, .oy Y] — k(V).
Suppose first that v € V(1,). Let
o 1AM (k) --» A" (k)

be a rational map admissible along V such that p’|y = p. Express each coordinate
p} = f;/g, with f;, g € k[xy,...,x,] and g not dividing zero in k[V]. We have
gp*k[W] C k[V] and thus g € I,. Hence g(v) =0 and p’ is not defined at v. In
particular, v is contained in the indeterminacy locus of p.

Assume that v € V(I,). We claim there exists an element g € I, such that g
does not divide zero in k[V'] and g(v) # 0. It follows that gp*y; € k[V] for each j.
We can then choose polynomials g, f1, ..., fi € k[x1, ..., x,] such that g = g and
fi = gp*y; in k[V]. The rational map

o A"(k) - A" (k)
1y x) > (f1/8, -, fin/8)

is admissible on V and induces p.
To prove the claim, we will require the following

Lemma 8.38 (Prime avoidance) Let R be aring and Py, ..., Py prime ideals in R.
If 1 C Ris anideal with I C Uj_, P, then I C P, for some L.

We first give the application: The zero divisors of k[V] are the union of the primes
associated to the zero ideal in k[V]; they correspond to functions vanishing on at
least one irreducible component of V (see Corollary 8.24 and Remark 8.28.) Let
R =k[V], Py, ..., Ps_; be the primes associated to zero, and P, the maximal ideal
corresponding to v. Not every element of /,, is a zero divisor, as p has a representative
by a rational map on affine space admissible along V. In particular, I, ¢ UE;} P, and
I, ¢ P; = I(v). The lemma says that /, ¢ Uj_, P, so we can pick g € I, such that
g neither divides zero nor vanishes at v.

Proof of lemma: The argument is by induction: if I C Uj_, P; we show that [/ is
contained in the union of some collection of s — 1 primes. Suppose, on the contrary,
that for each £ =1, ..., s there exists r, € I with r, ¢ U, P;. We must then have

re € P, for each £. Consider the element
t=r+nrn...rykel CPLUP,U...UP;.

Ift € Pithenry...ry € Py and ry € P; for some £ # 1. On the other hand, suppose
t € P; for some j > 1;since ro...r; € P;, we deduce r| € P;. In either case, we
reach a contradiction. O
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Proposition 8.39 Retain the notation of Proposition 8.37. The following are
equivalent:

p is a morphism;
P*k[W] C k[V];
I, =k[V].

Proof The equivalence of the first two conditions follows from Corollaries 3.32
and 3.46: rational maps V --» W (resp. morphisms V — W) correspond to homo-
morphisms k[W] — k(V) (resp. k[W] — k[V]). For the third, I, = k[ V] precisely
when 1 € I,,i.e., when p* f € k[V] for each f € k[W]. O

Our next result sharpens Proposition 8.37 and puts Example 3.49 in a general
framework:

Proposition 8.40 Let k be algebraically closed and consider a rational map of
affine varieties p : V --» W. Then the following are equivalent:

p is a morphism;
the indeterminacy locus of p is empty.

Proof The first condition obviously defines the second; we prove the converse.
Let I, C k[V] denote the indeterminacy ideal; Proposition 8.37 implies V({,) =
@. Realize V C A"(k) as a closed subset with quotient homomorphism g :

klxi,...,x,] = k[V], and set I =q*1I, so that V(I) =V (l,). Since V(I) =0,
the Nullstellensatz (Theorem 7.5) implies / = k[xi, ..., x,] and thus I, = k[V]. It
follows that p is a morphism. O

Given a rational map p : V --» A" (k), we seek an algorithm for computing the
indeterminacy ideal

I, ={r € k[V]:rp*k[A™ (k)] C k[V]} C k[V],
or, more precisely, its preimage in k[x, ..., x,]
Jvpi={heklx,....,x,]:h (mod I(V)) e l,}.
We have

I, ={reklV]:rfj/gj€klV],j=1,...,m}
= ﬂyzl{r eklV]:rfi/g;j € k[V]}
= ﬂyzl{r eklV]:rf; € gjklVI]}
=N (g) : (fi),
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which implies
Jv,p =0 ((g5) + T(V)) = ((f) + T(V)). (8.1)

The last step is an application of the following general fact

Lemma 8.41 Let ¥ : R - S be a surjective ring homomorphism, Ji, J, C S
ideals with preimages I; = ¥~'(J;) C R. Then

L:L=vy"'J:h).

Proof The surjectivity of  implies ¥ (I;) = J; fori = 1,2. Weprove I, : I, C
Y~I(Jy 1 Jp) first. Given r € R withrI, C Iy, applying v yields ¥ (r)¥ (1) C ¥ (I;).
It follows then that v (r) € J; : J,. We turn to the reverse implication. Take r € R
with ¥ (r) € J; : Jo. Foreachw € I, we have ¥ (r)yr(w) = ¢¥(rw) € J,hencerw €
Y1) = I,. It follows that r € I, : L. O

Formula 8.1 allows us to compute Jy , by iterating our previous algorithms for
computing quotients and intersections (Algorithm 8.10 and Proposition 6.19.)

Exercises

Flesh out the details in Example 8.6. Prove
(2%, 2y, %) = () N2 a0 = (37 0 e (0 07

using our algorithm for computing intersections. Verify that the ideals appearing are
irreducible.

Let C = {(x1, x2) : x; —x7 = 0} C A%(Q) and consider the birational parametriza-
tion

¢ : AN Q) — C

t = (12, 1%).

Use the method of §8.5 to compute the indeterminacy ideal 1,1+ C Q[C].

Let P C R be a prime ideal and m a positive integer. Show that ~/P™ = P. In
particular, if R is Noetherian then P is a minimal associated prime of P™. In this
case, the primary component of P associated to P is called the mth symbolic power
of P.

Let R be Noetherian and m C R a maximal ideal. Let Q C R be an ideal such that
mM C Q C m for some M. Show that Q is m-primary.

(a) Show that the ideal

0 = (xy —2%,x) C Clx, y, 2]

is primary. Describe the associated prime.
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(b) Compute an irredundant primary decomposition and associated primes of the
ideal

I = (%, yz,xz2,y* — x*(x + 1)) € Qx, y, z].
(c) Consider the ideal
I ={(xy,xz) C Qlx,y, z].

Describe the irreducible components of V (/) and compute the primary decom-
position of 1.
Consider the ideals

PIZ(X,y>, PZZ(X,Z>, P3=<)’»Z)CQ[X3y,Z]-

Show that the P; are prime and compute an irredundant primary decomposition and
the associated primes of the product P; P, Ps.
Consider the ideals

II=<x7y>7 122()’72)-

(a) Compute the intersection I; N I, using the Grobner basis algorithm.

(b) Find a primary decomposition for /; I,. Does it have an embedded prime?

(C) Does 11]2 = Il N 12{7

Let I, I, C k[xy, ..., x,] be ideals. Show that I; : I, = I, if I, is not contained in

any of the associated primes of /.

Show that a principal ideal in a polynomial ring has no embedded associated primes.
On the other hand, if

R = k[x1, x2, x3, x4]/(x1x4 — X2X3, X3 — XiX3, X5 — szf)
show that the principal ideal
(x2) CR

has embedded associated primes.

Give an example of a primary ideal Q C k[xy, ..., x,] which is not irreducible, i.e.,
O=LNhL, L, I#Q.

(a) Find generators for the ideals J(X;) for the following closed subsets:

X1={XO=X1=O}U{X1=)C2=O}U{X2=)C3=O}U{X3=)C0=0}CP3
Xo = (fxo=x1 =0} U {x, = x3 = 0}) N {xo + x; +x, +x3 =0} C P?

(b) Is the ideal J(X;) equal to

J = ({x0, x1) N {x2, x3)) + {x0 + x1 + X2 + x3)?
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(c) Compute the primary decompositions of J(X;) and J. Hint: What is \/J : (f)
for f = xo 4+ x1 — xp — x3?

(d) How do you interpret the embedded prime of J?

Two symmetric n X n matrices M, M’ are similar if there exists an invertible n x n

matrix T with M’ = TMT".

(a) Show that similar matrices have the same rank.

(b) Show that complex matrices of the same rank are similar.

Identify A""*+D/2(C) with the n x n complex symmetric matrices M = (m; i)- An

ideal I C C[my;] is invariant under similarity if, for every invertible matrix T,

f(Myel= f(TMT")e I

(c) LetS, ¢ A"*+D/2(C) denote the matrices of rank r. Show that I(S,) is prime and
invariant. Hint: Consider the morphism

Anz s An@+D/2
T+ TMT!

with image S, with r = rank(M).
(d) Show that each invariant prime ideal P C C[m;;] equals I(S,) for some .
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9 Projective geometry

Projective geometry arose historically out of plane geometry. It is very fruitful to in-
troduce points ‘at infinity’ where parallel lines intersect. This leads to a very elegant
approach to incidence questions, where points and lines are on an equal and symmetric
footing. In the context of algebraic geometry, points at infinity are crucial in the state-
ment of uniform results, like Bezout’s Theorem on the intersection of two plane curves.

However, to do projective geometry we must leave the realm of affine varieties. A
projective variety is constructed by gluing a number of affine varieties together. There
are many subtle issues that arise, especially when the base field is not algebraically
closed. These are deferred to the end of this chapter.

Thankfully, there is an extremely concrete approach to projective geometry us-
ing the algebra of homogeneous polynomials. This allows us to apply many of the
computational techniques developed for affine varieties to projective varieties, with
minor modifications. Indeed, concrete problems in affine geometry often become
more transparent once they are translated into projective language.

Introduction to projective space

Projective n-space P" (k) is the set of all lines in affine space containing the origin
0etc A (k).
Each such line takes the form
span(ag, ..., a,) = AMag, ..., a,), A€k,

where (ag, ..., a,) € A""(k) — {0}. Two elements (ay,...,a,), (g, ...,a,) €
A"1(k) span the same line if

(ag, -..,a,) = Maog, . ..,a,), . € k*.
Thus we can identify projective space with equivalence classes

P'(k) = (A" (k) — {0}/ ~
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where
(ags ..., ay) ~(ao, ...,ay) if(ag,...,a,) =rag, ..., a,), X*€k”
We’ll use the notation [ay, . . ., a,] to denote one of the resulting equivalence classes.
There is a natural way to parametrize ‘most’ lines in A"*!(k) by an affine space of
dimension n. Foreachi = 0, ..., n, consider the lines of the form

U; = {lag, ...,a,] :a; # 0} C P'(k).

The vanishing (or nonvanishing) of a; is compatible with the following equivalence

relation: when [ag, ..., a,] ~ [a, ..., a,] a; = 0 if and only if a; = 0. We have a
function
wi : U,' — An(k)
lao, - .., anl > (ao/ai, ..., ai-1/ai, aiy1/ai, ..., an/a;)

with inverse

vt AN K) — U
(b(),...,b,',l,b,'+1,...,b,1)I—)[bo,...,b,‘,l, 1 ,b[+1,...,bn]'

ith place

The function ; identifies lines in U; with points in the affine space A"(k) with
coordinates by, ..., b;_1, b1, ..., b,. For any point in P"(k) some a; # 0, so we
can express

P'k)=UyUU, U...UU,, U;>~A"k). 9.1)
Example 9.1 The line span(ay, a;) C A%(k) is defined by the linear equation
ayxg — apx; = 0.

When ay # 0 we can divide through by ag to get

x1 =bixo, b1 =ai/ap;
these are the lines in Uy. When a; # 0 we get

xo = boxi, bo=ao/ar,
corresponding to the lines in Uj.

What are the lines ‘left out’ by our distinguished subsets U; C P"(k)? The
complement

H;:=P"(k)\U;={lao, ..., ai—1,0,a;41,...,a,] : (@g, ..., ai_1,Qix1, ..., a,) # 0}
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Figure 9.1

o
>

U =
Two A's parametrizing lines in A”.

consists of the lines through the origin in the affine subspace

0etcA"(k)={a; =0} Cc A" (k).
We therefore may express

P'(k) = U; U H; = A"(k) UP"'(k),
where we interpret P°(k) as a point.

tions

How do the identifications v; : U; >~ A" (k) fit together? Restrict to the intersec-

AN
A"(k) A" (k)
with i < j for notational simplicity. We consider the compositions p;; = ¥; o ¥

-1
J
vioy; !
iU, NU;)) — vi(U; N U;)
I Il
A\ (b =0} % A"\ (b, = 0).
Since (y; o wj’l) o(jo ¢[1) =Y; 0 w;l we have the compatibility condition

Pij © Pjt = Pit
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for all i, j, £. We explicitly compute p;;
v
(b()"-'7bj—labj+]7~"abn)—/) [b()a-"vbj—lalabj+17-"abn]
= [bo/bi, ..., bi—1/bi, 1, biy1/bi, ..., bj_1/bj,1/bi,bj11/bi, ..., b,/bi]

Vi
—> (bo/bi, ..., bi_1/bi, biy1/bi,...,bj_1/b;,1/bij,bj11/b;, ..., b,/b;)

which defines a birational map A”"(k) --» A"(k). Eliminating indeterminacy using
Proposition 3.47, we get an isomorphism of affine varieties
A"\ (b = 0} B A"\ {1 = 0)
Il I
A k), — A (K)p, -

Example 9.2 For P!(k) we get a single birational map
por : Alk) --» A!
by +— 1/by.
For P?(k) we get

por = A%(k) --» A%(k)
(bo. b2) — (b, b2/bo).
poz : AX(k) --» A%(k)
(bg, 1) = (b1/b 1/bp)
pr2 2 A%(k) --» A%(k)
by, b)) = (b{)/b/, l/b/l)
satisfying pg2 = po1 © p12-

Remark 9.3 (Coordinate-free approach) Let V be a finite-dimensional k-vector
space of dimension n + 1. The projectivization of V is defined

P(V) = {one-dimensional vector subspaces £ C V}.

While this is just P" (k), for some constructions it is useful to keep track of the under-
lying vector-space structure. For example, P(k[xo, . .., x,]4) denotes the projective
space modeled on the homogeneous forms of degree d.

Homogenization and dehomogenization

Each polynomial f € k[xo, ..., x,] can be decomposed into homogeneous pieces

f=F+F+---+F, d=deg/),
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i.e., each F; is homogeneous of degree j in xo, ..., x,. Anideal J C k[xo, ..., x,]
is homogeneous if it admits a collection of homogeneous generators. Equivalently, if
a polynomial is in a homogenous ideal then each of its homogeneous pieces is in that
ideal (see Exercise 9.1).

Dehomogenization with respect to x; is defined as the homomorphism

Mi :k[-xo""v-xn] - k[y09-~"yi717 )’i+1,~~7)’n]
x; —> 1

For f € k[yo, ..., Yi—1, Yi» - - - » Yu], the preimage /,Li_l(f) contains
{xin(xo/x[, e Xi 1/ Xiy Xig1 [ Xiy ooy X /X))t D > deg(f)}

and equals the affine span of these polynomials. The homogenization of f with respect
to x; is defined

d
F(xo,...,x,) ==x; L) (X0 /Xty vy Ximt [ X0y Xig1 [ Xi -+ s Xn ] X0).

The homogenization of an ideal I C k[yo, ..., ¥i—1, Yi+1, - - - » Y] 1s the ideal gener-
ated by the homogenizations of each f € I.

Given an ideal I = (fy, ..., f;), the homogenization J need not be generated by
the homogenizations of the elements, i.e.,

deg(f})
T (x; 3 (0/ Xt X /%0 Xt [ - X XD) iy

in general.
Example 9.4 Consider

I=(y—y.y3—ny)=(fi. f)
and dehomogenize with respect to xg
Ko : klxo, X1, x2, Xx3] = k[y1, y2, y3].
The homogenization of the elements f;, f» gives an ideal
(xzxo — xlz, X3X0 — xlxz) C J.

The polynomial & = x% — x1x3 € J because y% — y1y3 = y2./1 — Y1 />, but k is not
contained in the ideal generated by the homogenizations of f| and f5.

Definition 9.5 A monomial order on k[yy, ..., y,] is graded if it is compatible
with the partial order induced by degree, i.e., y* > y# whenever |a| > |B].

For instance, lexicographic order is not graded, because small degree monomials in
the first variable precede large degree monomials in the subsequent variables.
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Theorem 9.6 LetI C k[y1, ..., yulbeanidealand J C k[x, ..., x,] its homog-
enization with respect to xo. Suppose that fi, ..., f, is a Grobner basis for I with
respect to some graded order >. Then the homogenizations Fy, ..., F, of fi,..., fr
generate J.

Proof We first introduce an order >, on the x-monomials derived from >. We
define

s o Bi Bn
oy o @ o Po B P & iy oy >y
xtxy x> x'xy L xh s

oryf”...yf[”:yf‘...y,, and ag > fo.

We leave it as an exercise to verify that this defines a monomial order.
The theorem will follow once we show that Fy, ..., F, form a Grébner basis for
J with respect to >,; Corollary 2.14 guarantees they generate J.

Lemmag.7 Let G € k[x, ..., x,] be homogeneous with dehomogenization g =
110(G). IfLT=(g) = cy™ ...y then LT (G) = cxg = D9 &xa e in partic-
ular, LT-.(g) = po(LT- (G)).

Let G’ denote the homogenenization of g with respect to xp, so that G =
xgeg(c)_deg(g) G'. It suffices to show that LT (G') = cx" ... x%. Since > is graded,
LT.(g) = cy]" ...y has degree equal to deg(g). Thus cx{" ...x2 is a term of G'.
Consider terms in G’ in which only x1, x2, ..., x, appear; the leading term of G’
is one of these. Indeed, terms containing xo dehomogenize to terms in yy, ..., y, of
degree < deg(g), and thus are smaller than monomials of degree deg(g) in x, ..., x,.
The order induced on monomials in yy, ..., y, by > coincides with the order induced
on monomials in x, ..., x, by >,, so the leading terms of g and G’ coincide. This
completes the proof of the lemma.

Lemma 9.8 wno(J) C I.

Choose a homogeneous H € J and express

degg;
H = ZAjgj(xl/xo,...,x,,/xo)xoegg , g€l Ajeklxo, ..., x,].
J

Dehomogenizing with respect to xp, we obtain

uo(H) =Y A;(1,y1, .. y)g;
J

so (o(H) € I and the lemma is proven.

Suppose that H is a homogeneous polynomial in J. It suffices to prove that
LT. (H) is divisible by LT (F;) for some j. By the second lemma above h =
no(H) € 1. Since fi, ..., f, are a Grobner basis for I we have LT (f;)|LT (k) for
some j. Applying the first lemma twice, we conclude LT (F;)[LT. (H). (]
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Projective varieties

Definition 9.9 A projective variety X C P"(k) is a subset such that, for each
distinguished U; >~ A"(k),i = 0, ..., n, the intersection U; N X C U; is affine.

Definition g9.10 X C P*(k) is Zariski closed if X N U; is closed in each distin-
guished U;. For any subset S C IP"(k), the projective closure S C P'(k) is defined as
the smallest closed subset containing S.

Definition .11 A projective variety X C P"(k) is reducible if it can be expressed
as a union of two closed proper subsets

X=X1UX;, X1,X,CX.

It is irreducible if there is no such representation.
We describe a natural way to get large numbers of projective varieties:

Proposition g.12 Let F € k[xo, ..., x,] be homogeneous of degree d. Then there
is a projective variety

X(F) :={lag, ...,a,]: Fao, ...,a,) =0} C P"(k),

called the hypersurface defined by F. More generally, given a homogeneous ideal
J C klxo, ..., xn], we define

X(J) :={lao, ...,a,] : F(ay,...,a,) =0 for each homogeneous F € J},

the projective variety defined by J.

Proof Note that F does not yield a well-defined function on P"(k): If
(ay, ..., ay) = Aap, ..., a,) then

F(ag, ..., a,) =1F(ay, ..., a).

However, we can make sense of the locus X(F) where F vanishes, because
F(aj, ...,a,) = 0if and only if F(ag, ..., a,) =0.

We check this is closed. On U; we have x; # 0, so F = 0 if and only ifxi_dF =0.
However,

fi=x7UF = Fxo/Xi, -+ Xio1 /Xis 1, Xig1 [Xi <+ oy X0 /X0,
is a well-defined polynomial on A" (k). Hence
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is affine for each i. The final assertion is obtained by intersecting the X(F) for
homogeneous F € J. (]

Example 9.13

The 2 x 2 minors of
A B C
B D E
C E F
define a closed subset of P°(k) (which we’ll show is isomorphic to P?(k)).

The 2 x 2 minors of
A B C
B C D

define a closed subset of P?(k) (which we’ll show is isomorphic to P! (k)).

Given § C P"(k), the homogeneous ideal vanishing along S is defined

J(S) = (F € k[xo, ..., x,] homogeneous : F(s) =0 for each s € S).

Equations for projective varieties

Our goal is to prove that Proposition 9.12 is robust enough to produce every projective
variety:

Theorem g.14 Let X C P"(k) be a projective variety. Then there exists a homo-
geneous ideal J such that X = X(J).

Our argument will yield an effective algorithm for computing J from the ideals
(X NU;).

Proposition g.15 If S C P"(k) then X(J(S)) = S.

Proof It is clear that S C X(J(S)), so we have S C X(J(S)). We prove the
reverse inclusion. Suppose that p ¢ . There exists a distinguished open subset U; C
P"(k)suchthat p € U; and x;(p) # 0. Since U; N Sis closed, there exists apolynomial
f € I(U; N S) that does not vanish at p. Let F be the homogenization of f; we still
have F(p) # 0. Note that F vanishes at all the points of S N U; and x; vanishes at each
point of S not contained in U;. Thus x; F € J(S) and (x; F)(p) # 0, s0 p & X(J(5)).

(]
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Proposition 9.16 Let V C A"(k) ~ Uy CP" be an affine variety with ideal
I(V) C kly1,..., yul Let J C klxo, ..., x,] denote the homogenization of 1(V).
Then J(V)=J and X(J) = V.

Proof Once we prove J(V) = J, Proposition 9.15 implies X(J) = V.

We prove J(V) D J. For each homogeneous G € J, g := uo(G) € I(V) by
Lemma 9.8. Thus G vanishes on [1,ay,...,a,] whenever (ai,...,a,) €V, ie.,
GeJW).

Conversely, suppose we are given a homogeneous H € J(V), so that
H(,by,...,b,) =0 for each (by,...,b,) € V. Writing h = uo(H), we find that
h € I(V). We can write

H = xgeg(mh(xl/xo, ey X/ X0) = xgeg(H)_deg(h)H/

where H’ is the homogenization of k. In particular, H is contained in the homoge-
nization of 1(V). d

Remark g.17 In this situation, the hyperplane
HO = {X() = 0} = Pn(k) - U()
is often called the hyperplane at infinity. We have Hy O (V \ V).

Example 9.18 Note that, in Proposition 9.16, we used the ideal of al/l functions
vanishing on V rather than an arbitrary ideal vanishing on V. This is actually neces-
sary; using any smaller ideal can lead to unwanted components at infinity.

For instance, consider the ideal

I = (yl2 + y§> C Rly1, y21
which defines the origin in R?. The homogenization is
J = (x(%xlz + xg),
which defines a variety
X(J) = {x; = x, =0} U {xg = x» = 0} C P*(R).

This is strictly larger than the closure V(I); it contains an extra point at infinity.

The reason for this pathology is that we are working over a nonclosed field. Over the
complex numbers, {x3x7 + x5 = 0} C P*(C)isaplane curve C with two singularities,
[0, 1, 0] and [1, O, O]. These singularties are the only real points of C.

The following result reduces the computation of the equations of a projective
variety to the computation of the equations for affine varieties:
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Proposition 9.19 Let X C P" be closed, I = 1(U; N X) where U; C P"(k) is one
of the distinguished open subsets, and J; C k[xo, ..., x,] the homogenization of I;.
Then we have

JX)=JhNJN...N0Jy,.

Proof Foreachi =0, ..., n we have

XDOUnNnX
and thus
JX)cJUNX)=J;,

where the last equality follows from Proposition 9.16. In particular, J(X) C N/_,J;.
Conversely, each x € X is contained in some distinguished U;, so X C U?_,(X N U;)
and

J(X) D Ny l;. O

Example 9.20 Consider
X = {x3 +x{ =x3} U{xo =0} U {x; =0} U {x, = 0} C P*C).

We have

UoNX ={1+y =y} U{n =01U{y=0)
and hence

I(Uy N X) = (yiy2(1+ 57 — »3))
with homogenization
Jo= (xlxg(xg +xi — x%))
Similarly,
Ji = <x0x2(x§ +x12 — x2)>, J = <x0x1(x3 +x12 — x%))

and therefore

J(X) = JoNJi N Ty = (xoxyx2 (x5 + x7 — x3)).
Example 9.21 Consider

X = {(xo, X1, X2) : xé = X0X] = XoX3 = xlz = XXy = x% = 0} c P*(k)
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so that
IUonNX)= (1), IUINX)=(1), I(UNX)=(1)

and Jo = J; = J, = J = (1). In particular, X is empty! This shows that we some-
times get additional equations by looking carefully in each of the distinguished open
neighborhoods U;.

Projective Nullstellensatz
In the previous section, we gave an example of a homogeneous ideal
J C k[xq, ..., x,]

where X(J) =0 and J(X(J)) = k[xo, ..., x,]. Now we describe systematically
when this happens.

Definition g.22 A homogeneous ideal J C k[xo, ..., x,] is irrelevant if J D
(x{', ..., xN) for some N.
Proposition 9.23 Fix m = (xq, ..., X,). A homogeneous ideal J is irrelevant if

and only if either of the following two equivalent conditions holds

J > mM for some M;
J is m-primary.

Proof The analysis of m-primary ideals in Example 8.13 shows the equivalence
of the two conditions. It is clear that if the first condition holds then J is irrelevant.
Conversly, if xév , x{v e x,llv € J then every monomial in xo, ..., x, of degree at
least (n + 1)N is contained in J. O

Proposition 9.24 If J C k[xo, ..., x,] is irrelevant then X(J) = @.

Proof By Proposition 9.23, we know that xév e x,’l\' € J for some large N,
hence

X =x=...=x=0}={x=x=...=x,=0=0. O
Theorem 9.25 (Projective Nullstellensatz) Let k be algebrically closed and J C

klxo, - .., x,] be a homogeneous ideal. Then X(J) = @ if and only if J is irrelevant.

Proof The implication < is Proposition 9.24. To prove =, assume that X (J) =
@. Let I; be the dehomogenization of J with respect to x;, i.e., I; = u;(J). For any
g € I; with homogenization G, we have

de
xiexi 2(8)

gxo/xi, ..., xn /X)) =x{G € J
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for some e > 0.Indeed, g is the dehomogenization of some homogeneous H € J and
wehave H = x{G. Wededuce U; N X = V(I;) becauseon U; N X, g vanishes exactly
where G vanishes. Since U; N X = @, the affine Nullstellensatz IT (Theorem 7.5)
implies /; = (1), and it follows that x{ € J. We conclude that J is irrelevant. 0

Theorem 9.26 (Projective Hilbert Nullstellensatz) Let k be algebraically closed and
J C klxo, ..., x,] be homogeneous with variety X = X(J). If H € k[xo, ..., x,] is
homogeneous and vanishes on X then HY € J for some N.

Proof Retain the notation introduced in the proof of the last theorem. If
h; = w;(H) is the dehomogenization of H with respect to x; then th " e I; for some
N; by the affine Hilbert Nullstellensatz (Theorem 7.3). Rehomogenizing, we get
x{"HNi € J for suitable ¢; > 0. Each monomial of sufficiently large degree is con-
tained in (x;’, ..., x&), so we have HY € (x(°, ..., x%) for some M > 0. It follows
that

HM gymax{No.....N,} c J. O

Morphisms of projective varieties

Recall that a morphism of affine spaces is a polynomial map

b A" (k) — A" (k)
(X],...,xn)l—>(¢1,...,¢m), ¢jek[x1,...,xn].

Naively, we might try to define a morphism ¢ : P"(k) — P" (k) analogously

¢ : P"(k) —> P™(k)
[x0, ..., X1 = [0, ..., D], @) € k[xo, ..., x4l

This only makes sense when the ¢; are all homogeneous of degree d, in which
case

P[Axo, ... Ax,] = Mo, ..., A% = [P0, .. .. D] = Blx0, ..., X,]
and ¢ is well-defined on equivalence classes.
Definition 9.27 A polynomial (rational) map
¢ P"(k) --» P"(k)
is given by a rule
[x0, -, Xn] = [0, ..., Pl

where the ¢; € k[xo, ..., x,] are all homogeneous of degree d > 0.
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Of course, ¢ is defined everywhere on IP"(k) provided the ¢; have only trivial
common zeros, i.e., if

dolag, ...,ay) = ... = pplag,...,a,) =0 = a=...=a,=0. (})

In other words, ¢(ay, ..., a,) determines a point in P (k) for each [ay, ..., a,] €
P"(k). The following example suggests why we might want to ask for a bit more:

Example 9.28 Consider the polynomial map

¢ : P(R) --» PY(R)

2, .2 2, 2
[x0, X1, X2] — [x0+x1,x1 +x2],

which satisfies both of our naive conditions. However, the same rule does not define
a function

¢ : P*(C) - PY(©).
Over C, ¢y and ¢, have a common solution.

Thus condition (1) does not behave well as the coefficient field is varied. We faced
the same issue for the indeterminacy of rational maps over nonclosed fields (see
Example 3.49 and Proposition 8.40.)

We can avoid this problem by insisting that (¢y, ..., ¢,,) be irrelevant. Proposi-
tion 9.24 then guarantees that ¢ is well-defined over any extension:

Proposition 9.29 A polynomial map
¢ P"(k) --» P (k)
defines a morphism provided the ideal {¢y, . .., ¢n) is irrelevant.

The irrelevance is not a necessary condition for the polynomial map to induce a
morphism (see Exercise 9.10).

This generalizes readily to arbitrary projective varieties X C P"(k), with a slight
twist. For a polynomial map ¢ to specify a morphism

¢ X — P"k)

itis not necessary that the ¢; have no common solution anywhere on P (k). We don’t
care whether ¢ makes sense on the complement P”(k) \ X:

Proposition 9.30 Let X C P™(k) be a projective variety. A polynomial map ¢ :
P"(k) --» P (k) restricts to a morphism X — P™ (k) provided J(X) + {(¢o, . . . , Pm)
is irrelevant.



9.6.1
Projection
and linear
maps

9.6 MORPHISMS OF PROJECTIVE VARIETIES 147

Remark 9.31 This situation is in marked contrast to the affine case discussed in
Chapter 3: given affine V C A"(k) and W C A" (k), amorphism ¢ : V — W always
extends to a morphism ¢’ : A"(k) — A™(k).

The proofs of Propositions 9.29 and 9.30 make reference to the general definitions
of abstract varieties and morphisms in §9.8. Readers who wish to avoid this machinery
might take Proposition 9.30 as a working definition of a morphism from a projective
variety to projective space.

We generalize the distinguished open affine subsets U; introduced in the definition of
projective space:

Proposition 9.32 Let L =Y""_cix; € k[xo, ..., x,] be anonzero homogeneous
linear form. Then the open subset

Uy ={lag, ...,a,]: L(ag, ..., a,) # 0} C P"(k)

is naturally an affine variety, isomorphic to A" (k).

This expanded inventory of affine open subsets will be useful in describing morphisms
from P" (k).

Proof We describe the identification with affine space. Consider the map

d: U, - A"(k)

lao, ..., a,] — (ao/L(ag, ...,an),...,a,/L(ay, ..., a,))

and write by, . . ., b, for the coordinates on affine space. The image of @ is the affine
hyperplane

V ={(bo, ..., bn): cobo+ -+ caby = 1} C A" (k).
Note that V =~ A" (k): If ¢; # 0 then the projection

M:V — A"k
(b()’"’?bl‘l)}_) (b()"-"bi—l’bi-‘rla"‘7bl‘l)

has inverse
(Bos - bit, bists ... b)) > (bo, ... by, (1 — chb,) JCivbitts ... by).
J#L
Thus we obtain a bijective map

Vi = (Mo ®): U, — A"(k)
[a(), ...,a,,] = (a()/L, ...,ai_l/L,aH_]/L, ,an/L)
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This discussion might leave a nagging doubt in the reader’s mind: is ¥, compatible
with the identifications v; : U; — A" (k) used in the definition of projective space?
Consider how these fit together over the intersections

ULnU;

12 YL

N
A" (k) A"(k)

where we assume i < j for notational simplicity. The composition

Yroy;!
(U, NU;)) — Y (U, NUj)
[l [l

Pij n
A"\ {L =0} — A"\ ({b; =0},
where L = L(b),, ..., b;qv 1, b}ﬂ, ..., b)), is given by

Bo/L. ... b\ /L b /L, ... b, JL /LB, /L, ... b,/L).

These are birational, just as in the case of the distinguished affine open subsets. [

Remark 9.33 A more formal approach, explicitly using the language of abstract
varieties, is sketched in Exercise 9.22.

Corollary 9.34 Let X C P"(k) be projective and L € k[xy, ..., x,] be a linear
form such that L € J(X). Then

U,NX CUp~A"k)

is naturally an affine variety.

Definition 9.35 A linear map ¢ : P"(k) --» P™(k) is a polynomial map induced
by alinear transformation, i.e., there exists an (m + 1) x (n + 1) matrix A with entries
in k such that

¢[x07 ceey xn] = [a()()X() + -+ aoXn, - -, ApoXo - - -+ amnxn]-
Proposition g.36 (Linear case) Fix a linear map t : P*(k) --» P™(k) with matrix
A. It defines a morphism P"(k) — P™(k) if A has trivial kernel. If X C P"*(k) is
projective then t defines a morphism X — P™ (k) if

J(X)+<Ll = ajoXo + - - - + AinXn, l=09am>

is irrelevant.
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Projection from a point in IP3.

A morphism t : P"(k) — P"(k) induced by an invertible (n + 1) x (n + 1) matrix is
called a projectivity.

Proof It suffices to prove the second assertion, which subsumes the first. Let
Vo, - .., Vi be the distinguished affine open subsets of P (k) and Uy, C P"(k) the
corresponding affine open subsets. We tacitly ignore rows of A which are zero.

Using the identifications of Proposition 9.32, t induces a sequence of morphisms
of affine varieties

U, > Vi,i=0,....m
1l
A"(k) = A™(k).

Assuming that the entry a; ¢ # 0, we can compute T;:

-1

Vil
(Bos - be—1, besrs oo by) > bos o bet (1=30 4 aijb )/ aies b, - .., bal
S Ly Lo L Ly LS (L L L, Lim)

where

L, =a,oby+ -+ are—1be—i + an <1 - Zaijbj) /ai¢ + arep1begt + - - - Arnby
J#L

for r # i. These are morphisms of affine spaces.

These together define a morphism X — P™ (k) provided the U.,,i =0,...,m
cover X. In the language of Section 9.8, {U;, N X};—o...» is an affine open covering
of X. This is guaranteed by our irrelevance hypothesis: the linear equations

Ly=Li=...=L,=0

have no nontrivial solutions along X—even over extensions of k. Thus the U, contain
all of X. g
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Definition 9.37 Let A C P"(k) be a linear subspace, i.e., the locus defined by
the vanishing of linearly independent forms Ly, ..., L,, for m < n. The polynomial
map

A PI(k) -3 P™(k)

['x()v'-~a-xn] = [LOv--wLm]
is called projection from the subspace A.

We give another special instance of Proposition 9.29. Because of the importance of
this example, we offer a precise description of its image:

Proposition 9.38 (Veronese embedding) The polynomial map

w(d) : P"(k) — P(k[xo, x1, ..., x,]0) = PCiD~1(k)

o

[x0, ..., Xp] — [x =xg°...x2‘”]

all monomials with |a|=d

is a morphism. Its image is closed and defined by the equations
Zalp = Zyls 9.2)

for all indices witha + B = y + 8. Moreover, v(d) is an isomorphism onto its image.
This is called the Veronese embedding, after Giuseppe Veronese (1854-1917).

Proof The equations correspond to the identities

xxP =x"x%, a+pB=y+S8.
We show that v(d) defines a morphism by analyzing it over each of the distinguished
affine open subset U; C P"(k). For notational simplicity we assume i = 0. Now Uy
is mapped into the distinguished affine open subset

Ugo..0 = {za0..0 # 0} C IP’(";d)fl(k),

so we must show that the induced map of affine spaces v(d)y : Uy — Ugo..o is a
morphism.

Lety, ..., y,andwy, 4, becoordinates on Uy and Uy o respectively. The second
set of variables is indexed by nonconstant monomials of degree < d in n variables,
i.e., the dehomogenizations of the x® other than xg . The map v(d)y is given by

Oty - Ya) P (Y o<ar+tan<d-
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This corresponds to the homomorphism
v(d)§ : k[wal — klyi, ..., yal
Way .., 7> y?l cee )’,lf"

so v(d)p is a morphism of affine varieties.
The image of v(d)y is easy to characterize in terms of polynomial equations: For
eachi =1, ..., n, write

i=¢@,...,0,1,0,...,0)
N— —
i—1 times n—i times
and w; the corresponding variable, i.e., v(d)jw; = y;. For each (B, ..., B,) with

Bi + - -+ B, < d, we have the relation (cf. Exercise 1.3):

4 = WiWp . ..py — WhifisBi+1Binpy = 0-
Thus all the w,, are determined from the w; and we have
klwal/ (gp) = klwi, ..., wal.
—
all B

This proves that image(v(d)y) is closed and isomorphic to affine n-space with coordi-
nates wi, ..., w;; moreover, v(d)y : Uy — image(v(d)o) is an isomorphism. Finally,
the homogenization of gg is

Zd—10...010..02 0By .. B Bu — ZPo—1B1..Bi+1..8,2d0..0 = 0

where the ‘1’ in the first subscript occurs in the ith positionand Sy = d — (B; + - - - +
B.) > 0. These are instances of the equations (9.2).

To complete the argument, we check that the projective variety defined by the
equations (9.2) lies in the union of the n + 1 distinguished affine open subsets

Uao..0 Y Uogo..0 Y ... Up..0a-

(Then the local analysis above implies v(d) is an isomorphism onto its image.)
Suppose we have

240..0 = 2040..0 = - .. = Z0..0d = 0.

Iteratively applying the equations (9.2), we obtain

d ) o) oy
Zag...c, = £40...020d0...0 *  + 20...0d

for each «. (This combinatorial deduction is left as an exercise.) It follows that
Zap..a, = 0 for each . 0

We pause to flesh out some important special cases of Proposition 9.38:
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Example 9.39 The Veronese embeddings of P! take the form

b : P'(k) — P™(k)

m—1
[x0, x11 =[x, xg"xp, 1]

The image is called the rational normal curve of degree m. It is defined by the 2 x 2
minors of the 2 x m matrix

< im0  Zm-11 --- Zlm—])
Im—11 im—22 .- 20m
Example 9.40 The degree-2 Veronese embedding takes the form

¢ P (k) — PC)1 (k)

2 2
[X0, X1, -« .o X ] = [X, X0X1, X0X2 - . ., Xyo1 X, X -

all monomials of degree 2

The image is defined by the 2 x 2 minors of the symmetric (n + 1) x (n + 1) matrix
M, where M;; = M, is the coordinate function mapped to x;x;.

Proposition 9.38 gives a large number of affine open subsets in P” (k).

Proposition 9.41 Let F € k[xo, ..., x,] be homogeneous of degree d > 0. The
open subset

Vi ={(xg,...,x,) € P"(k): F(xo,...,x,) # 0} C P"(k)

naturally carries the structure of an affine variety.

Proof Express

F = Z Cax®

la|=d

and write

Hyp = {[Za] :Lp = anza = O} C I[D(”;d)fl(k)
for the corresponding hyperplane with complement

Ur := {[Za] : anza i 0}-

By Proposition 9.32, Uy is naturally affine space with coordinate ring

klbal/() . caba —1).
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The Veronese map v(d) identifies Vy with the intersection Ur N v(d)(P"). Propo-
sition 9.38 implies v(d)(P") is cut out by homogeneous equations, S0
n (n+d)71
UrNu(d)P") Cc Up = Al ¢

is defined by polynomial equations and thus is affine. O

Remark 9.42 The coordinate ring of Uy has an alternate description

k[UF] 2 k[2o1[L 7' laegree 0,

the quotients G/L% with G homogeneous of degree N in the z,. With a bit more
work, we could compute analogously

k[VFr] = (k[xo, ..., xn][l/F])degreeOs

the homogeneous fractions in k[xo, .. ., x,][1/F] of degree zero.

Example 9.43 Let F = x} + 4x;x2 — 3x3. Then we can realize Vr C P?(k) as
the affine variety

{302, y11. v20) - Vi = Yo2y20, Y20 + 4y11 — 3yo2 = 1}.

Example 9.44 Let X = {(xo, x1,x2) : x5 + x; +x5 =0} C P2(C) be a plane
curve. The rule from Example 9.28 does define a morphism on X

¢ : X — PY(C)

[xo0, X1, X2] — [xS + X, x7 ~|—x§].
We have
¢7'0,01 = {[1,4, 11, [1, —i, 11, [—1,4, 1], [—1, —i, 1]} € P*(k),

which is disjoint from X.

Every polynomial rational map
¢ P"(k) --» P"(k)
can be factored
P (k) "9 U (k) s P

where v(d) is the Veronese embedding and 7 is linear. Indeed, writing each coordinate
function

¢ = Zc,-;ax"‘, deg(o) = d,
o
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T arises from the (m + 1) x (”ji'd

tions 9.38 and 9.36.

) matrix (¢;,). Our results follow from Proposi-

Products

Proposition g.45 (Segre embedding) The product P (k) x P"(k) is a projective
variety. It can be realized as the locus in P"" " (k) where the 2 x 2 minors of

200 201 oo 20n
210 211 oo Zn (9 3)
Zm0  Zml oo Zmn

vanish. Here we regard P™" "+ (k) as the projective space of all (m + 1) x (n + 1)
matrices (z;;).

This is called the Segre embedding of P™ (k) x P"(k) into P+ (k), after Corrado
Segre (1863-1924).

Proof Our analysis here presumes the abstract variety structure on the product
P™(k) x P"(k) (cf. Proposition 9.52).
Our first task is to construct a morphism

¢ : P (k) x P"(k) — P HDO+D=1 gy,
This is given by the rule

[x0, -« oy X ] X [Y0, -+ Yol = [X0Y0, X0Y15 « -+ 5 X0Yns X1Y05 « -+ » X1 Y5> X2Y05 - - -],

which is well-defined on projective equivalence classes.

Consider the distinguished affine open subsets V; = {[xq, ..., x,] : x; # 0} C
P™(k), W;=Alyo,....yal:y; #0} CP"(k), and Ui; = {lz00,-- -, 2mnl : zij #
0} C P +m+7 (k). Note that ¢(V; x W;) C U;; for each i and j.

The restriction of ¢ to V x W, takes the form

Vo x Wy — Uy
(1, x1/x0, -« xm/X0], [, y1/¥0, - - Yn/ Yol = [xiyj/X0Y0l-

Ifay,...,a,and by, ..., b, are coordinates on Vy >~ A" (k) and Wy >~ A"(k), ¢ can
be expressed

Poo : A™(k) x A*(k) — Amntmn g
(ah .. ~7amsb19 e 1bl‘l) = (blabZa cee 7bna ai, albls e aalbnva27a2b11" . vambn)-

This is a morphism of affine varieties.
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We claim that image(¢) is closed and
P" (k) x P"(k) = image(¢).
Fix coordinates on Uy:

COl’"'7601’156117'-'aclnv"'5cmn

such that
* * * . .
doocoj = bj, popcio = ai, bppcij = aib;, i=1,...,m, j=1,...,n.

The image of ¢q is the closed set defined by the relations c¢;; = cjpco;, which is
isomorphic to affine space A™*"(k) with coordinates cyq, .. ., Cuo, Co1s - - - » Con- (IN-
deed, ¢go has a left inverse: project onto the variables corresponding to the a; and
b;.) Repeating this over each of the distinguished affine opens, we conclude that each
local realization ¢;; : V; x W; — Uj; has closed image and is an isomorphism onto
its image.

It remains to extract homogeneous equations for the image. Homogenizing ¢;; =
ciocjo yields z;;zo0 = ziozo;. Working over all the distinguished affine open sets, we
obtain the relations

ZijZhe = Zieznj, Lh=0,...,m, j,£=0,...,n,
which are the 2 x 2 minors of our matrix. O
Remark 9.46 Identify the (m + 1) x (n + 1) matrices (z;;), up to scalar mul-

tiplication, with P+ (k) The matrices of rank 1 form a closed subset R; C
prntmin(k), defined by the 2 x 2 minors of (z;;). The image of a rank-1 matrix
(zij) is a one-dimensional subspace of k™*!, thus a point in P™ (k). The kernel is a
codimension-1 linear subspace of k"*!, defined by a linear form

ker(zi;) = {(wo, ..., wn) € K" s agwo + -+ + a,w, = 0},
where (ao, ..., a,) is proportional to any of the nonzero rows of (z;;). We regard
lao, . .., a,] € P"(k), the projective space associated to the vector space dual to k" *1,

This gives us a function

Ry — P™(k) x P"(k)
(zij) = (image(z;;), linear form vanishing on ker(z;;)).
Since there is a unique rank-1 matrix with prescribed kernel and image, this is a

bijection.

We can now address one complication that arises in the study of morphisms of
projective varieties. Consider projection onto the first factor

71 : PYk) x P'(k) — P'(k)
([xo0, x11, [yo, y11) = [x0, x1],
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which is definitely a morphism. And we have just seen how P'(k) x P'(k) can be
realized as the surface

) 3
{[z00 Zo1, 210, Z11] © Z00z11 = Z01Z10} C P (k).

Does 7; come from a polynomial map P3(k) — P! (k)? Definitely not! Any degree-d
polynomial in the z;; corresponds to a polynomial homogeneous of degree d in both
{x0, x1} and {yo, y1}; the degree in the x; equals the degree in the y;. However, m;
cannot be represented with such polynomials.

The polynomial rational maps P3(k) --» P! (k) best approximating 7, are

¢ :PP(k) --» P'(k)
[z00, 2015 210> 211] = [200, Z10],
¢ P(k) -+ P'(k)

[z00s 2015 210, Z11] > [2o1, 211
Note that ¢ agrees with ; away from the line
{zoo = 210 = 0} = P'(k) x [0, 1] C P'(k) x P'(k) C P (k)
¢’ agrees with 71 away from the line

{zo1 = zi1 = 0} = P'(k) x [1,0] C P'(k) x P'(k) C P*(k).

Abstract varieties

We would like to endow P”(k) with the structure of a variety, compatible with our
decomposition (9.1) as a union of affine spaces. To achieve this we will need a more
flexible definition of algebraic varieties, going beyond the affine examples we have
studied up to this point. This section can be omitted on first reading.

Let p : V --» W be a birational map and I', C V x W the closure of its graph. Let
pv : Ty, — Vand py : T, — W be the morphisms induced by the projections. Let
I, C k[V] denote the indeterminacy ideal of o and I,-1 C k[W] the indeterminacy
ideal of its inverse. Consider the intersection of the graphs of p and p~!

U, ={(v,w): p defined at v, p~ ! defined at w}.
We can regard this as an open subset of both V and W. By Proposition 8.37, we have
U,=T,\(py,'VUI,) U pyp'VU,)) .

We are interested in whether U, = I',, i.e., whether the indeterminacy py,'V(I,)
or py'V(I,-1) actually meets T,. This might be sensitive to the field — indetermi-
nacy may be apparent only after base extension (see Example 3.49.) However, if & is
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algebraically closed then Proposition 8.40 (or a direct argument using the Nullstel-
lensatz) implies that U, = I',, if and only if

I(Ty)+ (py 1, N pyd,1) = k[V x W1.

We say then that p : V --» W satisfies the closed graph condition. In this case, U,
is naturally an affine variety.

Example 9.47 The birational map

o Alk) --» Al(k)
x = 1/x

satisfies the closed graph condition. We have I(I',) = (xz — 1), 1, = (x),and [ ,-1 =
(z), so that

I(Ty) + (k[x, z11, Nkl[x, z]l,-1) = {1 — xz, xz) = k[x, z].
The birational morphism

01 A2(k) ——» A2(k)

(x1,x2) = (x1,x1x2)

does not satisfy the closed graph condition. Here I(I',) = (y; — x1, y2 — x1x2), I, =
k[x1, x2], and I,-1 = (y1), so we have

(y1 — X1, y2 — x1x2, y1) # klx1, X2, y1, y21.

For pedagogical reasons, we introduce the ideas behind abstract varieties in the
familiar context of affine varieties, where they are more transparent.

Let V be an affine variety. Choose gg, ..., g, € k[V] and write U; = {v € V :
gi(v) # 0} for each i. Suppose that (go, ..., g,) = k[V], so there exist kg, ..., h, €
k[V] with

h0g0+ +hngn =1
In particular, for each v € V we have g;(v) # 0 for some i and
V=UUU;...UU,.

If k is algebraically closed then the fact that V can be expressed as a union of the U;s
implies that (go, . .., g,) = k[V]; this follows from the Nullstellensatz (Theorem 7.5).

As in the proof of Proposition 3.47, we endow each open subset U; with the
structure of an affine variety. Let

Ve, i={(v,2): gz =1} C V x Al(k)
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so that projection onto V maps V,, bijectively onto U;. The collection {V,,}i—o, ...
is called an affine open covering of V. The intersections U; N ... N U;, also are
naturally affine varieties; they correspond to the affine open subsets V, _, .

Here is the crucial property of affine open coverings:

Theorem 9.48 Let V and W be affine varieties. A morphism ¢ : V. — W is equiv-
alent to the data of an affine open covering {Vy, }i—o,... » and a collection of morphisms
{i : Vg > W,i =0, ..., n} satisfying the compatibility ¢;|Vy,e. = ¢V,

Proof Given ¢ : V. — W, we obtain ¢; by composing
Vo >V —>W

where the first arrow is the standard projection morphism. These are compatible on
the intersections V. by construction.

Conversely, suppose we are given a collection {¢;} as above. By Proposition 3.31,
we get a collection of k-algebra homomorphisms

oF k[W] — k[VI[g ']

The morphism V., <> V, corresponds to the localization homomorphism
k[V][gl._]] — k[V][(g,-gj)’l]. By assumption the compositions

o -1 -1 ¢ —1 -1
kKIW1 = klV1[g '] = kIVII(gigH)™'1  kIWI = k[VI[g;'] = kIVII(gig)™"]

are equal.
We construct a unique k-algebra homomorphism

v k(W] — k[V]

such that for each f € k[W]andi =0, ...,n we have ¥(f) = ¢} f in k[V][gi_l].
Our desired ¢ : V — W is the unique morphism with ¢* = .

Lemma 9.49 Let R be a ring and gy, . .., g, € R such that
hogo+hig1+---+h,g, =1
for some hg, ..., h, € R. Then for each N > O there exist hy,, . .., h, such that

hogo +higl + -+ hgy =1.

Proof of lemma: Taking N(n + 1) powers and expanding gives

Pey.e,(hos .. By .8 =
eo+--+e,=N(n+1)
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where P, ., (ho, ..., h,)is asuitable polynomial in the ;. For each term, one of the
e; > N, i.e., each summand is divisible by g for some i. Regrouping terms in the
summation gives the result. (]

First, if {( f) exists it must be unique: Suppose we have another {/( f) € k[V] with
U (f) = ¥(f) € k[V1lg, "] for each i. Then there exists an N such that g™ (¥(f) —
¥(f)) = 0 for each i. It follows that

T =) =Y hel @)= v(f)=0.
i=0

Second, observe that this uniqueness forces ¥ to be a homomorphism: Given fi, f> €

KWL, w(f)) = ¢F(f1) and Y (f2) = ¢7(f2) in k[V]lg; '] imply that
V() + v ()= (fi + f).

Thus ¥ (fi + fo) =¥ (fi) +¥(f2). A similar argument proves ¥ (fif) =
Y(fOv(f2).

It suffices then to write a formula for ¥ and verify the required properties. Given
f € k[W], choose N such that gilvqbf(f) € k[V] for each i and (gigj)Nqbi*(f) =
(g,-gj)N¢;f(f) for each i, j. Write

Y (f) = Z” Yor()

j=0

so that
VU () =Yg hi(gi g i(f)
=N (gig)" ¢ (f)
= (Zoomiel) ger(h)
=1-g"o/(f)
which means that ¥ (f) = ¢/(f) in k[V1[g; ']. 0

How are the various affine open subsets V,, related? Suppose that g;, g; € k[V]
are not zero divisors so that

(V) = kOV) = k(Y.

In particular, V,, and V,, are birational, and Corollary 3.46 yields inverse rational
maps

Pij i Vg == Voo pji i Vg ==2 Vg,

J

The birational maps p;; are called the gluing maps.
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The birational maps p;; satisfy the closed-graph property. Since
Vgig] - Fﬂij - Vgi X Vg,‘

itsuffices to show that V- is closed in the product. If 7; : Vo, — Vandrw; : Vy, — V

are the standard projections then
(i, 7)) Ay = {1, v2) 1 (1) = 7 (2)} C Ve, x Vg, C (V x Al(K))?
is closed by Exercise 3.10. This is equal to
{0,2i.2)) € V x Alk) x AlK) 1 2igi(v) = 2;8;(v) = 1,

i.e., the affine variety with coordinate ring k[V][g; L gj_']. The isomorphism of k-
algebras

kIVIg . g1 = kIVII(gig)™']
induces an isomorphism of affine varieties

~ -1
Vgigj —> (JTZ‘,JT]‘) Av.

An abstract variety X consists of a collection of affine varieties Uy, ..., U, and
birational maps

pij :Uj = U;
satisfying the closed-graph property and the compatibility conditions
Pij © Pje = Pie

foralli, j, € € {0, ..., n}.
We regard X as the quotient of the disjoint union

Upu...uU,

under the equivalence relation &~ generated by the following ‘gluing data’: Given
u; € Uy and uj € Uj, u; ~ u; if p;; is defined at u; and u; = p;;(u;). The p;; are
called the gluing maps. The intersection U; N U; C X therefore has the structure of
the affine variety U;; := T, .

The collection {U;};—..., is called an affine open covering of X. We say that
Z C X is closed if each intersection Z N U; is closed in U;.

Example 9.50 Let V be affine and g, ..., g, € k[V] as in § 9.8.2. Then the
collection of open affines

Ui={veV:gb)#0}

makes V into an abstract variety.
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A refinement {W;.;} of a covering {U;} is a union of open coverings {Wi.c}o=1. m,
of each Uj, as described in §9.8.2. There are induced birational gluing maps among
the Wi;[.

Let X be an abstract variety and W an affine variety. A morphism ¢ : X — W is
specified over an affine open covering {U;} of X by a collection of morphisms

¢iZUi—>W

compatible with the gluing maps p;; : U; — Uj,i.e.,¢; = ¢; o p;j, foreachi, j. The
compatibility condition is equivalent to stipulating that ¢; |U;; = ¢;|U;;, foreachi, j.
Theorem 9.48 shows that our new definition is consistent with our orginial definition
when X = V is affine and {U; = V,,} arises as in § 9.8.2. It also guarantees our defi-
nition respects refinements of affine open coverings. We do not distinguish between
a morphism specified over a covering and the morphisms arising from refinements of
that covering.

A morphism of abstract varieties ¢ : X — Y is specified by the following data:
affine open coverings {U;};—

..........

with j(@) € {0, ..., m}, such that the compatibility condition
®ja)i © Pia = Ej)j@ © Pjara
holds for each i, a € {0, ..., n}. Equivalently
¢ii|Uia = (Ej61.j@ © $i@.a)|Uia

holds on the interesections U;, = U; N U,,.

Remark 9.51 If we fix coverings {U;} and {V;} of X and Y thenmost¢ : X — Y
cannot be realized by compatible collections of morphisms {¢;¢); : Ui — Vji)}. As
we saw in our analysis of morphisms of projective spaces, the choice of covering
must take into account the geometry of the morphism.

We define rational maps of abstract varieties analogously.
The formalism of abstract varieties is quite useful for constructing products:

Proposition 9.52 Let X and Y be abstract varieties. Then the product X x Y has
a natural structure as an abstract variety and admits natural projection morphisms
m:X XY —>Xandm,: X xY —>Y.

Sketch proof Let {U;}i=o...m and {V;};—0...
tively by affine open subsets, and p;, : U, --» U; and & : V};, --» V; the birational
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gluing maps. The product X x Y is covered by the affine varieties {U; x V;} with
gluing maps

(Pia» &Ejp) 1 Ug x Vp —=» U; x V.
The projections
Ui x V> U, m:UxV;—>YV,

are clearly compatible with the gluing maps, and thus define the desired morphisms.

O
Exercises
Show that an ideal J C k[xo, ..., x,] is homogeneous if, and only if, for each f € J
the homogeneous pieces of f are all in J.
Fora = [ay, ..., a,] € P"(k), show that

J(a) = (xja; — x;a;)i j=o,..n-

Let Z = P! (k) L P! (k) L P! (k) be the disjoint union of three copies of P! (k). Show that
Z ~ X x P'(k) where X = {po, p1. p2} C P'(k). Realize Z explicitly as a projective
variety and find its homogeneous equations. Consider the disjoint union

W =P k) uP'(k)... uP'(k).

n times

Explain how W can be realized as a closed subset of P3(k).

Let I, J C k[xo, ..., x,] be irrelevant ideals. Show that / N J and I + J are also
irrelevant.

Consider the polynomial map

[X0, X1, X2, X3] > [X0X1, XoX2, X0X3, X1X2, X1X3, X2X3].
(a) Does this induce a well-defined morphism
¢ PAQ — P(@?
(b) Consider the hypersurface
X = {[xo,xl,xz,x3] : xg -l—xl2 +x§ +x32 = O} C IP’3((C).

Does our polynomial map induce a well-defined morphism X — P3(C)?
Consider the homogeneous ideal

J = <x§x1,xf,x1x§).
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(a) Let[;,i =0, 1, 2 denote the dehomogenization of J with respect to x;. Compute
each ;.

(b) Let J; be the homogenization of /; with respect to x;. Compute each J;.

(c) Compute the intersection J' := Jy N J; N J,. Show that J C J'.

(d) Show that (J : {xg, x1, x2)) # J.

Describe the irreducible components of the projective variety

X = {[xo, X1, X2, X3] 1 X0X1 — Xax3 = Xox2 — x1x3 = 0} C P(k).

Hint: You may find it easier to work first in the distinguished affine neighborhoods.
Consider the ideal

L= (y2— Y0, 93 = V1Y« oo Yu — Y1Ynt) = Vit1 —V1Vini = 1,...,n —1).

Show that the homogenization of [ is generated by the 2 x 2 minors of the matrix

X0 X1 ... Xp—

(xl X2 ... X )
Compare this with Examples 1.5 and 9.39 and Exercise 1.3.
Consider the rule ¢ : [s, t] — [s%, s%¢2, t*].
(a) Show that ¢ defines a morphism P'(k) — P2 (k).
(b) Compute the image ¢(P'(k)) C P?(k) and its closure ¢(P!(k)).
(c) Show that ¢ is not dominant.
Consider the polynomial rational map

¢ : P'(k) --» P2(k)
[x0, x1] — [x3, x3x1, x0xF].

Show this is well-defined on the distinguished open set Uy C P!(k) and there is a
morphism

é : P'(k) — P*(k)

such that ¢|Uy = ¢|Up.

Let f =agx?+---+ap and g =b,x¢+---+ by be nonzero polynomials in
x. Consider the corresponding points [f] = [ag,ai,...,a4] € P4 (k) and [g] =
[bg, by, ..., b.] € P°(k). Show that

{(Lf), [g]) : Res(f, g) = 0} € P?(k) x P*(k)

is a well-defined closed subset.
Let X C P"(k) be closed and ¥ C P"(k) a finite set disjoint from X. Show there
exists an affine open subset V with

X CVC®'k)\X).
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Consider the complex plane curves
C = {[X(),xl,)Cg] : xgxz = x13}
and
Cy, = {[xo, X1, Xx2] : xoxg = x0x12 +xf}.
Show that each of these is the image of the rational normal cubic curve
X =v(3)P" c P*(C)

under projection from a point A € P3(C) not on that curve.
Our discussion of projective geometry ignores its historical origins in the study of
parallelism. Here we partially fill this gap.

A line L C P%(k) is defined L = {[x0, x1, x2] : poxo + p1x1 + p2x>» = 0} where
(po, p1, p2) # 0. Note that (po, p1, p2) and A(po, p1, p2), A € k*, define the same
line. Thus the lines in P?(k) are also parametrized by a projective plane, the dual
projective plane P2(k).

(a) Show that the incidence correspondence

W = {[x0, x1. X21, [Po. p1., P21 : poxo + pix1 + paxa = 0} C P*(k) x P*(k)
is closed. Check that the projections
p:W = PXk), p:W— Pk

have projective lines as fibers, i.e., p~'([ag, a1, a2]) ~ P'(k). (Translation: the
lines through a point in the plane form a projective line.)

(b) Show that the open subset U = 2 \ {[1, 0, 0]} corresponds to lines in the affine
plane

A%(k) = Uy = {xg # 0} C P*(k).
(¢) Show that

Y = {[xo, x1, x21, [po, P1, P21, [90, q1, 2] : poxo + p1x1 + p2x2 =0,
qoxo + q1x1 + q2xa = 0} C P2(k) x B2(k) x P*(k)

is closed.
(d) Show that the open subset

V = {lpo, p1. P21, (90, 91, 21 : p1g2 — p2g1 #0} C U x U

parametrizes pairs of non-parallel lines in the affine plane.

(e) Let g : Y — P2(k) and § : ¥ — P2(k) x P%(k) be the projection morphisms.
Show that ¢(g~'(Up)) contains V. (Translation: any two non-parallel lines in
the affine plane intersect somewhere in the affine plane.)
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(f) Show that §(Y) = P2(k) x P2(k). (Translation: any two lines in the projective
plane intersect.)

(g) Let £y, ..., £, C A%(k) be a collection of parallel lines and L1, ..., L, their clo-
sures in P?(k). Show that Ly, ..., L, share a common point s € Hy = {xo = 0},
the line at infinity. Moreover, each point s € Hj arises in this way. (Translation:
the points on the line at infinity correspond to equivalence classes of parallel lines
in the affine plane.)

Let X be a projective variety. Show that X isisomorphic toa variety ¥ C PV (k) defined

by quadratic equations. Hint: Given X C P”" defined by homogeneous equations of

degree < d, analyze the equations satisfied by ¥ = v(d)(X) in ]P’(";d)’l(k).

It is quite fruitful to consider real morphisms

¢ : P"(R) — P"(R)

whose image happens to lie in a distinguished open subset.
Consider the following version of the 2-Veronese morphism:

¢ : P'(R) - P*(R)
[x0, x1] > [x§ + x{, x5 — X7, 2x0x1 .

Show that the image satisfies the equation
Zf + z% = z%

and verify that o(P'(R)) C Uy. Conclude that there is a bijection between the real
projective line and the unit circle

C={ny):y+y =1}

Challenge: Show that P'(R) and C are not isomorphic as varieties, by proving there
exists no non-constant morphism P!(R) — A'(R).

(Steiner Roman surface) This is a continuation of Exercise 9.16. Consider the poly-
nomial map

¢ : PA(R) -—» P’(R)

[x0, x1, x2] > [x3 +x7 + x2, X122, Xox2, Xox1 .

(a) Show that ¢ is a morphism and ¢(P*(R)) C U.
(b) Verify that image(¢) satisfies the quartic

7125 + 7123 + 7325 = 20212223
(c) Writing

V ={(1. 2, 33) 1 y1v3 + 0195 + ¥393 = yiveys} CAYR)
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Figure 9.3  Steiner Roman surface.

we have a well-defined function
¢ :PXR) —> V.

For each point v € V, determine #{p € P*(R) : ¢(p) = v}. Hint: Analyze care-
fully what happens along the coordinate axes.
The surface V C R? is known as the Steiner Roman surface, after Jakob Steiner
(1796-1863). It is a useful tool for visualizing the real projective plane.
9.18 (a) Working from the definitions, show that P'(k) x P'(k) x P'(k) is an abstract
variety.
(b) Verify that the rule

¢ PY(k) x P'(k) x P'(k) — P (k)
taking ([so, 511, [f0, 1], [uo, u1]) to
[sotouo, sotou, Sot1uo, Sot1id1, S1loto, S1toU1, S1t1lg, S1tiy]

gives a well-defined morphism of varieties.
(c) Show that the image of ¢ is closed in P’(k) and write down equations for the
image.
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(d) Check that ¢ is an isomorphism onto its image and conclude that P! (k) x P! (k) x
P! (k) is projective.

Let X be a projective variety.

(a) Show that the diagonal map

A:X—>XxX
X = (x,x)

is a morphism. Its image is denoted A .
(b) Let X = P"(k) and fix coordinates x, X1, ..., x, and yg, y1, ..., ¥, on P"(k) x
P"(k). Show that

I(Apny) = (xiy; — X Yi)i,j=0,..n-

(c) For general X, show that Ay is closed in X x X and isomorphic to X.

(d) Repeat parts (a) and (c) for an arbitrary abstract variety. Hint: Let {U;} be a
covering for X with gluing maps p;; : U; --» U;. Verify that Ay N (U; x U;)
corresponds to the graph of p;; and apply the closed graph property.

For each m, n > 0, show that there exists no constant morphism

¢ : P"(C) —» A™(C).

Hints:

(a) Reduce tothe m = 1 case: Suppose that for each projection 7; : A”(C) — A!(C)
the composition 7r; o ¢ is constant. Then ¢ is constant.

(b) Reduce to the n = 1 case: Suppose that ¢ : P"(C) — A'(C) is constant along
each line £ C P"(C). Then ¢ is constant.

(c) Express C[A!] = C[r]. Show there exists a collection of homogeneous forms

{Fo, ..., Fu} C Clxo, X1]degree d
such that (Fy, ..., F,) is irrelevant and

¢*t| VE, € Clxo, xl][Fiil]degreeO

for each i (cf. Proposition 9.41).

(d) Suppose Fi, F> € C[xy, x;] are homogeneous of degree d with greatest common
divisor G. Suppose that i € C(xg, x1) is a rational function expressible in two
different forms

h=H [F\, h=H/F),

where N > 0 and H, and H, are homogeneous of degree Nd in C[xy, x1]. Show
that h = H/G for some homogeneous H with deg(H) = deg(G).
Let V be an affine variety over an algebraically closed field, and {g;};c; € k[V] a
possibly infinite collection of elements such that

V=UgeU, U ={veV:g)#0}.
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Show that there exists a finite collection of indices i(0),...,i(n) such that
{Vgin}j=0...n is an affine open covering of V. In other words, every affine open
covering admits a finite subcovering; this property is known as quasi-compactness.
Recall the notation of Proposition 9.32. Consider the map

o' A"k — UL C P (k).

Show this defines a morphism A" (k) — P"(k), using Theorem 9.48 and the definition
of a morphism to an abstract variety.
Recall that the birational morphism

Uy = A2k) 2 U, := A2(k)
(x1, x2) = (x1, X1x2)

with inverse
P~ . y2) = 1 ya/ )

does not satisfy the closed graph condition.
Show that the intersection Uy of the graphs of p and p~
variety with coordinate ring

! is nonetheless an affine

k[Uo11 = k[y1, v21[y7 '] = klx1, x21[x1 ']

Observe that Uy, is naturally an affine open subset of both U and Uj.

Describe the quotient of U LI U; obtained by gluing along Uy, : given ug € Uy and
u; € Uy, we have ug ~ uy if ug, u; € Uy and ,()(140) =Uj.

Is this an affine variety? A projective variety?



10 Projective elimination theory

What is projective geometry good for? We focus on a key property of projective
varieties that differentiates them from affine varieties: the image of a projective variety
under a morphism is always closed.

Recall that the image of a morphism of affine varieties is not closed. For example,
consider the variety

V= {0,y ay =1} C A%K)
and the projection map

5 0 A2(k) — A'(k)
(x, y) = y.

The image

(V) ={y e Al(k): y # 0}

is not closed. This phenomenon complicates description of the image of a morphism.
Of course, we have developed algorithms for computing the closure of the image of
a map of affine varieties in Chapter 4.

Projective geometry allows us to change the problem slightly, so that the image of
the morphism becomes closed. We introduce the method for our archetypal example.
Regard

vV c Al(k) x A'(k) c PY(k) x Al'(k),

where the affine factor corresponding to the variable x is completed to the projective
line. The projective closure

V c Plk) x Al(k)
is obtained by homogenization

V = {([x0, x11, y) : X1y = xo}.

169
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We still have a projection map

7 Plk) x Al(k) — A'(k)
([x0, x11, ¥) =y,

but now 7,(V) = Al (k). Indeed, the point added at infinity is mapped to the origin,

m(([0, 1],0) = 0.

Homogeneous equations revisited

A polynomial F € k[xq, ..., Xn, ¥1,--.,Vm] is homogeneous of degree d in
X0, ..., Xy if

F=" x*ha(y1, ... ym),

loe|=d
where the hy € k[y1, ..., yn]. Regard f € k[wy,...,w,, y1,..., Y] as a polyno-
mial in wy, ..., w, with coefficients in k[yy, ..., ¥,] of degree d. The homogeniza-
tion of f relative to wy, ..., w, is defined as

F(XOv~'-»x117y17~'-,ym)=ng(xl/x07'--,xn/x0’yl"-~7ym)'

An ideal J C k[xo, ..., Xy, Y1, ..., Ym] is homogeneous in xy, ..., x, if it can
be generated by polynomials that are homogeneous in x, ..., x,. Given I C
kwi,....Wu, y1, ..., Ym], the homogenization of I relative to wy,...,w, is the
ideal J C k[xo, ..., Xn, Y1, ..., Ym] generated by homogenizations of elements in /.

A monomial order > on k[wi,...,w,, y1,...,¥n] is graded relative to
Wi, ..., w, if it is compatible with the partial order induced by degree in the w-
variables, i.e., w*y” > wfy® whenever |a| > |8|. We have the following straightfor-
ward generalization of Theorem 9.6:

Proposition 10.1 Let I Ck[wi,...,Wu, V1,...,Ym] be an ideal and J C
k[x0, .-y Xny V1, - -+ Ym] its homogenization relative to wy, ..., w,. Suppose that
fi, ..., fr is a Grobner basis for I with respect to some order > graded rela-
tive to wi, ..., w,. Then the homogenizations of f, ..., f, relative to wy, ..., w,
generate J.

For each F € k[xq, ..., Xy, Y1, - - -, Y] homogeneous in xy, ..., x, of degree d,
we have

F()\X(), --~,)»Xn,y1,~--,)’m) z)‘dF(XOa ~--,)’m)
so the locus where F vanishes is well-defined in P" (k) x A™(k). Let

X(F) = {([-XOa ~~-v-xn]v Y1, -~'9ym) S ]Pn(k) X Am(k) : F(.X(), sym) :O}
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denote the corresponding hypersurface. More generally, for any ideal J C
klxo, ..., Xp, Y1, - - - » Ym] homogeneous in x, . . ., x,, we have the closed subset

X(J) C P*(k) x A" (k).
For each subset S € P"(k) x A™(k), write
J(S)={F € k[xo, ..., Xn, Y1, --., Ym] : F(s) =0foreachs € S}.

We would like to find equations for closed subsets of P"(k) x A™ (k). Whenm =0
we have already addressed this problem: Theorem 9.14 implies each closed X C P"(k)
is given by a homogeneous ideal. The general picture is very similar:

Proposition 10.2 If S C P"(k) x A™(k) then

J(S) Cklxgy -y Xny Y1y v vy Y]

is homogeneous and X (J(S)) = S. Moreover, J(S) can be computed effectively from
the local affine equations vanishing along S. Consider the distinguished subsets of
P (k) x A™(k)

Ui = {([x0, - o> Xu ], Y1s oo os Yym) 1 X0 # 0} = A% (k) x A™ (k)
and the ideals
L =1UNS) Ck[Wo, oo, Wi, Wity oo s Wiy Y1y e v v s Yml-

If J; denotes the homogenization of I; relative towq, ..., Wi_1, Wit1, ..., W, (using
X; as the homogenizing variable) then

J(S) =Ny ;.

The proof proceeds just as in Section 9.4.

Projective elimination ideals

Given a closed subset X C P"(k) x A™(k), we would like algorithms for computing
the image m,(X) C A" (k).

Definition 10.3 Let J C k[xo, ..., x,] be homogeneous and m = (xo, ..., x,).
The saturation of J is defined

J ={F €klxo, ..., x,]: m¥F C J for some N > 0}.

An ideal is saturated if it is equal to its saturation.

Note that an ideal is irrelevant if and only if its saturation is k[xo, . . ., x,]. Generally,
we have X(J) = X(J) (see Exercise 10.2.)
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Definition 10.4 Given an ideal J C k[xq, ..., Xy, Y1, - .-, Ym], homogeneous in
X0, - - -, X, the projective elimination ideal is defined
J={feklyi,...,yml:m" (f) C J forsome N > 0}, m= (xq,...,X,).

The reason for the fudge-factor m" is that we want any irrelevant ideal to have
elimination ideal (1): The image of the closed subset defined by an irrelevant ideal
(i.e., the empty set) is empty!

Proposition 10.5 Consider an ideal homogeneous in xy, . . ., Xy,

J Ck[x()v-'-sxnvylv-'-sym]s
defining a closed subset X(J) C P"(k) x A" (k). Then we have

(X (J)) C V().

Proof Suppose we have (by, ..., b,) € m,(X(J)), corresponding to
(Tag, ..., a,), b1, ...,by) € X(J).

For each F € J we have F(ao,...,ay, by, ...,b,)=0. For some i, a; # 0, say,
ap # 0.1 h(yy, ..., ym) € J then x)'h € F for some N > 0, so

alhbi,...,by) =0

and hence h(by, ..., b,) = 0. O

Theorem 10.6 (Projective Elimination) Assume k is algebraically closed. Let
J Cklxo, ..., X, V15 - .-, Ym] be homogeneous in xo, . .., x,, X = X(J) C P*(k) x
A"™(k), and Jc k[yi, ..., Ym] the projective elimination ideal. Then

(X)) = V(J).

Proof It suffices to show V(J) C m2(X): the reverse implication has already
been proven.

Suppose we are given ¢ = (cy,...,Cn) € V(f), but ¢ € mp(X). Write J =
(F1, ..., F.),with Fy, ..., F, homogenous in xy, ..., X,, and set

Fi(xp,...,%xn,¢) = Fi(X0, ...y X, Cly o vy Cy)-
Since the equations

Fi(xo,...,x,,¢0)=...= F,(x0,...,x,,¢)=0
have no common solutions, Projective Nullstellensatz gives

mN C (E(x07 AR .xn, C))l:]

.....
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for some N > 0. In particular, for each monomial x* with || = N we can write
r
X =" Fi(X0. ... X O Hia(xo, ... Xp),
i=1
where the H; , are homogeneous.

We may choose monomials xPi and indices ije{l,....,rjforj=1,..., (
such that

W)

{xﬁj E/_(.XO, [ C)}j:hm(N;/rn)

forms a basis for homogeneous forms of degree N in xg, . . ., x,. Consider the corre-
sponding polynomials in xg, ..., Xu, Y1, - - - , V'

G (X0s -y X Vs e s Ym) 1= XPTFy (Xou oo Xs Y1s e V)

Express
Gj= Y x"Aja(i....Ym)
la|=N
so that A = (A;4) is an (V") x (V") matrix of polynomials in yi, ..., y,. The
determinant

D(y1, ..., ym) = det(A)

is hence also a polynomial in yy, ..., y,, and D(cy, ..., c,) # 0 by hypothesis. By
Cramer’s rule

(N}«\,FH)
D(y1, ..., yu)x% = Z BioOi, .o s Yym)G (X0, ooy X, Y1y o vy Ym)
i=1

for a suitable matrix B = (B, ), with entries polynomials in yi, ..., y,. It follows
that

D(y1, ..., ym)x* € (F1, ..., F))

and thus

D(yi,...,Ym) € J.
This contradicts the assumption that (cy, ..., ¢,) € vV (J). O
Remark 10.7 This is strikingly similar to our analysis of resultants, especially

Theorems 5.5 and 5.8. We encourage the reader to apply the argument for Theo-
rem 10.6 to

d

d -1 d —1
J = (adxl +ag_1x{ " xo 4 4 aox§, bexy +be—ix{ xo+ -+ boxg),
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which defines a closed subset X C P!(k) x A""t2(k). Here ay, . .., a4, bo, . .., b,
play the role of the y-variables in our argument; the elimination ideal is generated
by resultant of the two generators. One advantage of this special case is the good
control we have over N, which makes possible the elegant determinantal form of the
resultant.

The Projective Elimination Theorem needs the assumption that k is algebraically
closed. For general fields, at least two problems arise.

First, the ideal J(X(J)) may be much larger than J, and may include equations
that are not algebraic consequences of the equations in J. This is the case if X(J)
happens to have few points with coordinates in k, i.e., when there are polynomials
vanishing on X (J) that are not consequences of polynomials in J. See Example 3.17
for concrete examples and further discussion.

The second problem arises even when X(J) does have lots of k-rational points.
Consider the real variety

V = {([x0, x11,¥) : x5 = yxi} € P'(R) x A'(R).
The image,
m(V)={y e A'®):y >0},

is not a Zariski-closed subset of A'(R).

Computing the projective elimination ideal

Let J C k[xo, ..., Xn, Y15 --., Ym] be an ideal, homogeneous in xy, .. ., x,. How do
we compute the projective elimination ideal J?

Method | By definition,
T =y :m™)Nklyr, ... yul

form = (xo, ..., x,,). For any particular N, Algorithm 8.10 computes the quotient J :
m”. To compute the union, we use the ascending chain condition and a generalization
of Proposition 8.34:

Proposition 10.8 Let R be a ring and 1, J C R ideals. Suppose that for some
integer M > 0

[:JM =1 gMH!
where J° = R by convention. Then we have

[:JM = Mt = M2 g3 —



10.4

10.4 IMAGES OF PROJECTIVE VARIETIES ARE CLOSED 175

Method Il For each i =0, ..., n, let I; denote the dehomogenization of J with
respect to x;. Then
= 0o VKDY - YD)
is equal to J.
Proof of equivalence Suppose f € J, so that for some N > 0 we have

x(l)vf,vaf,...,x,flfel.

It follows that f is contained in each dehomogenization /;, and thus in I.

We prove the reverse inclusion. Recall that if F' is homogeneous in xo, ..., X,
f its dehomogenization with respect to x;, and F’ the rehomogenization of f, then
F = x{ F’ for some e. Hence if J is a homogeneous ideal, /; its dehomogenization
with respect to x;, and J; the rehomogenization with respect to x;, then

Ji = (J : (xlN)) forall N > 0.

We have
LNk[yr, ..o, vl =i Nklyr, .oy Yl
and hence
I=00 (i Nkyr, .., ym))
On the other hand,
Nizodi = (J :m"™), N > 0,
sofl =J. O

Images of projective varieties are closed

Theorem 10.9 Assume k is algebraically closed. Let X C P"(k) be a projective
variety, Y an abstract variety, ¢ : X — Y a morphism. Then ¢(X) is closed.

Proof Let
Fy CXxYCP'(k)xY

denote the graph of ¢. We claim that this is closed. Consider the induced morphism
(P, 1d): X xY > Y x 7,

with the second factor the identity. We have

Tp={(x,y) € X xY: (£,1d)(x,y) = (y, 1} = (¢, 1d) ' (Ay),
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where Ay is the diagonal. Since Ay is closed in ¥ x Y (see Exercise 9.19), I'y is
closed as well.

Choose an affine open covering {V;} for Y; realize V; C A™(k) as a closed subset.
The intersection

Ty Ny (V) € P(k) x A™ (k)
is also closed, and the Projective Elimination Theorem (10.6) implies
m(Ty N1y ' (V)))

is closed, which is the equal to 75(I'y) N V; = ¢(X) N V;. Thus the intersection of
¢(X) with each affine open neighborhood is closed in that neighborhood, and ¢(X)
isclosedin Y. O

Proposition 10.10 Assume k is algebraically closed. Let V. C A" (k) be an affine
variety, ¢ : V. — A" (k) a morphism with graph T'y. Let

Ty C P'(k) x A" (k)
be the projective closure. Then w2(T ) = ¢(V).

Proof The Projective Elimination Theorem (10.6) implies nz(F_¢) is closed, and
it contains the image ¢(V), so it also contains ¢(V'). On the other hand, 7, L@(V))
contains Ty, and also T'y; applying ¢, gives the desired result. O

Remark 10.11 Let V C A"(k) be affine and ¢ : V — A”(k) a morphism. If its
image fails to be closed, the extra points in the closure come from points ‘at infinity’,
i.e.,

d(V) — ¢(V) C ma(Ty N X (x0)).

Here we are identifying A"(k) with Uy = {xo # 0} C P"(k); X(xo) = (P"(k) x
A™(k)) \ (Uy x A™(k)) is the hyperplane at infinity.

Further elimination results
For the remainder of this section, we discuss how elimination results for affine varieties

can be applied in projective contexts.

Proposition 10.12 Let X C P"(k) be a projective variety and ¢ : X --+ P"(k) a
rational map induced by the polynomial map

P (k) --» P™(k)
[xo,...,x,,] = [¢0,...,¢m].
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Writing

1=(YO_QbO,-u’)’m_¢m)+k[x0,»--7xn,)70,'-~»Ym]J(X)
J=10k[yo, ..., Yml.

then X(J) is the closure of the image of ¢.

Of course, if k is algebraically closed and ¢ is a morphism then ¢(X) is automatically
closed.

Proof Let C(X) C A"!(k) be the cone over X, i.e., the subvariety defined by
the equations in J(X), or the union of lines

(A(x0, ..., X0) s A €k} € A" (k)

for [xp, ..., x,] € X. The polynomials defining ¢ also determine a map of affine
varieties

91 C(X) — A" k),
whose graph is defined by the equations in /. It is easy to see that

C(o(X)) = p(C(X)),

which has equations that may be analyzed with affine elimination theory (see §4.1).
In particular, the image is given by the ideal J. O

Exercises

Prove Proposition 10.8.

Let J C k[xo, ..., x,] be a homogeneous ideal with saturation J.

(a) Show that X(J) = X(J).

(b) For each i =0,...,n, let I, Ck[yo,...,Yi—1, Yit1,-..,Yn] denote the
dehomogenization of J and J; C k[xo, ..., x,] the homogenization of /;. Show
that

J=JhnJNn...0J,.

(c) Show that J = J if and only if m = (xo, ..., x,) is not an associated prime of J.
Consider the ideal

J = (xoyo + x1y1, Xoy1 + x1¥0) C Clxo, x1, Y0, ¥11,

which is homogeneous in x, X;.
(a) Compute the intersection J N C[yp, y1].
(b) Compute the projective elimination ideal J.
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(c) Compute the image ,(X(J)), where X(J) C P'(C) x A*(C).

(d) Note that J is also homogeneous in yy and y; and thus determines a closed subset
X c PY(C) x P'(C). Describe X.

(Cayley cubic surface) Consider the rational map

o P2(k) --» P3(k)
taking [xo, x1, x2] to
[—xox1x2, Xox1(X0 + X1 + X2), XoX2(X0 + X1 + X2), X1x2(x0 + X1 + Xx2)].

Describe the indeterminacy of p in P?(k) and the equations of the image in P3(k).
Optional: Show that P?(k) --+ image(p) is birational.

F € kl[xo, ..., Xn, Y0, - -, Ym] 18 bihomogeneous of bidegree (d, e) if it is homoge-
neous in xo, . .., x, of degree d and homogeneous in yy, ..., y, of degree e.

(a) Show that if F is bihomogeneous then

Y(F)={(ao,...,as],[bo,....by]): F(ao,...,au, by, ...,by,) =0}

is a well-defined closed subset of P" (k) x P™ (k).

(b) Using the Segre embedding, express Y (F) as the locus in P+ (k) where a
collection of homogeneous forms vanish. Hint: If d > e express y? F, for each
with || = d — e, as a polynomial in the products x;y;.

(c) For F = xgyo + x% yi + x% y, write down explicit equations for Y (F) C P8(k).

(d) If J C k[xo, ..., Xn, Y0, - - - » Y] 1S 2 bihomogeneous ideal show that

Y(J):=NpeyY(F) C P'(k) x P (k)

is projective.

(e) Let X Cc P™(k) and Y C P"(k) be projective varieties. Show that X x Y is
projective.

Given a polynomial morphism

¢ P(k) — P"(k)
[x()’-"vxn] = [¢07"'5¢m]

it can be tricky to extract equations for the graph.
(a) Show that the graph always contains the bihomogeneous equations

Yidj — yidbi.
(b) For the Veronese morphism

v(2) : Pl(k) — P2(k)

[x0, x1] > [x5, xox1, x7]
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show that the equations of the graph are

(YoXx1 — Y1Xo, y1X1 — Y2Xo).

(c) Extract bihomogenous equations for the graph of v(2) : P2(k) — P5(k).

A binary form of degree d is a nonzero homogeneous polynomial F =
aox(‘)l + alxg_]xl + -+ adxf’ € k[xg, x1]. Binary forms up to scalar multiples are
parametrized by the projective space P(k[xq, x114) = {[ao, - - ., aq4]}.

(a) Show that multiplication induces a morphism

P(k[xo, x1]e) x P(k[xo, x1]a—c) — Plk[x0, x1]a)
(F,G)— FG.

Suppose k is algebraically closed. We say F has a root of multiplicity > e if there

exists a nonzero linear form L = lyxo + [;x; with L¢|F.

(b) Prove that the binary forms with a root of multiplicity e form a closed subset
R, C P(k[x¢, x1]4). Hint: Verify that the map

P(k[xo, x111) x P(k[xo, x1]a—c) — P(k[x0, x11a)

(L,G)—~ LG
is a morphism of projective varieties.
(c) Write down explicit equations for
* Ry C P(k);
* Ry C P3(k), P4(k).
Let F be homogeneous of degree d in k[xo, ..., x,]; all such forms (up to scalars)

are parametrized by
P (k) = Plk[x, . . .., x01a)-

Fora = [ay, ..., a,] € P"(k), we say that F has multiplicity > e at a (or vanishes to
order e at a) if (cf. Exercise 9.2):

F e J(a) = (xjaj —xja;, i,j=0,...,n)°.

(a) Show that F has multiplicity > e at[1, 0,0, ..., 0] if and only if the dehomoge-
nization

mo(F) € k[y1, ..., yul

has no terms of degree < e.
Consider the locus

Z. := {(a, F) : F has multiplicity > e ata } ¢ P"(k) x PCa)~1 (k).

Assume k is a field of characteristic other than two and d = 2.
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(b) Show that Z, = {(a, F): 0F/dx;(ag,...,a,) =0,i =0,...,n}.

(c) Write
Yoo Yor .-  Yon X0
Yor Yir .-+ Yin X1
F(xo, ..., xp) = (xox1 -+ x2) | . .
Yon Yin T Ynn Xn

forY = (y;;) asymmetric (n + 1) x (n + 1) matrix. Compute the projective elim-
ination ideal of

(aF/a)CO, "‘78F/axn) C k[x()’ -"7-xn7 )’OO’ ""yl’ln]

and show that 7,(Z,) = {Y : det(Y) = 0}.
(d) Returning to the general case, show that Z, is closed.
Conclude that the hypersurfaces with point of multiplicity > e are closed in
PC)=1 (k).



11

Parametrizing linear subspaces

The vector subspaces of k" are parametrized by a projective variety called the Grass-
mannian. This is the first instance of a very important principle: algebraic varieties
with common properties are often themselves classified by an algebraic variety. Ap-
plying the techniques of algebraic geometry to this ‘classifying variety’ gives rise to
rich insights. For example, we write down explicit equations for the Grassmannian
in projective space, using the formalism of exterior algebra. Such representations are
crucial for many applications.

Dual projective spaces
Recall that we defined projective space

P"(k) = space of all lines 0 € £ C k"*!
= one-dimensional subspaces £ = span(x, . .., X,).

Definition 11.1 The dual projective space " (k) is the space of all n-dimensional
vector subspaces H C k"t

It is a basic fact of linear algebra that every n-dimensional subspace can be expressed
as

H=H(Pow--,[’n):{(xo,---,xn)IP0x0+"'+17nxn=0}
for some (py, ..., p,) # 0, where
H(po, ..., pn)=H(pys ..., Py < [Pos -y pul =[Pos - --» P € P(K).

Thus the map H(po, - .., pn) = [Pos - - -, Pn] allows us to identify P" (k) with ]f”"(k).

181
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Example 11.2 (General incidence correspondence) Consider the locus

W:={( H):¢C H Ck""}
- {[XO,---yxn],[PO»--an] :x0p0+"'+xnpn :0}
c P(k) x P(k).

Recall the Segre embedding

¢ P(k) x P(k) < P2k
k(z00, - - -+ Zun] = klxo, ..., x,] X k[po, ..., pal

Zij 7 XiPj

with image given by the vanishing of the 2 x 2 minors of the matrix

200 201 --- Z0n

Zio0 211 -+ Zn
7 =

Zn0  <nl oo Znn

The locus W C ¢(P"(k) x P"(k)) is defined by
200 + - -+ + Zun = Trace(Z) =0,

and thus is a projective variety.

Tangent spaces and dual varieties

Let V C A"(k) be a hypersurface, i.e., [(V) = (g) forsome g € k[yy, ..., y,]. Given
b € V, the affine tangent space is defined:

T,V = {(yl,..-,yn) D> 0g/0y;ly - (v —bj) = 0}~ (11.1)

j=1

This is an affine-linear subspace of A" (k). Itis a hyperplane if dg/dy;[, 7# O for some
index j; in this case, we say that V is smooth at b. Otherwise, it is singular.
For a general affine V C A"(k) and b € V, we define the affine tangent space by

T,V = {(yl,...,yn) : Zag/ay,|b(y, —bj)=0foreach g I(V)}.

Jj=1

We say that V is smooth at b if it has a unique irreducible component containing b of
dimension dim 7, V. (The dimension of a variety at a point is well-defined when the
variety has a unique irreducible component containing the point.)
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Consider an affine linear subspace expressed as the solutions to a system of linear
equations, i.e.,

V1
L=gy=|:]|:Ay=by CA"(K)
yl’l

where A is an m X n matrix of maximal rank, b € k™ is a column vector, and
dim L = n — m. Express A"(k) as a distinguished open subset Uy C P"(k). Using
Proposition 9.16, the projective closure of L can be expressed

X1
L=1{I[x0,...,x, ] €P"(k): A 2| =bxo

This is a linear subspace of P"(k) as well.

Proposition 11.3 Let X C P"(k) be a hypersurface with J(X) = (F), where

F € k[xo, ..., x,]ishomogeneous ofdegreed, anda = [ay, ..., a,] € X N U;. Write
V=XNU;,b= (ay/a,...,ai_1/a;,ai+1/ai,...,a,/a;) € A"(k) the correspond-
ing point of affine space, and f € klyo, ..., Yi—1, Yi+1, - - - » Ym] the dehomogenization

of F with respect to x;. Then the projective closure T,V equals the linear subspace

ToX =1 [X0. ... %] 1 Y _(OF/0x)|ax; =0 .
i=0

This is called the projective tangent space of X at a.

In particular, a hypersurface in P"(k) is singular at a point if its projective tangent
space there is P" (k).

Proof For notational simplicity assume i = 0. Let

Mo klxo, ..., x,] = klyi, ..., Yl

denote the dehomogenization homomorphism. Fori =1, ..., n we have

wo(0F/0x;) = df/dy;.

Writing out f as a sum of homogeneous pieces

f=fHh+fit+t---+ fa

we find

mo(@F/0x0) =dfo+(d -1 fi+---+ fa1.
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We analyze the expression

n

> OF/9x;)|ax;. (11.2)

i=0

This is homogeneous in a of degree d — 1, i.e.,
D OF[3x)lia =271 (OF /0x)a-
i=0 i=0

Since we are only interested in where this vanishes, we may assume that ¢y = 1 and
a; =b;,i =1,...,n. Dehomogenizing (11.2) therefore yields

(dfo+(d = Dfi+ -+ faDls + Y 0f/0y;16y;.
j=1
This is equal to (11.1) provided we can establish

= " biaf/ayily = dfo+ @ — D fi + -+ faDl-
=1

J

Lemma 11.4 (Euler’s Formula) If F € k[xo, ..., x,] is homogeneous then

deg(F)- F =Y x;0F /ox;.
=0

Proof of lemma Both sides are linear in F'. It suffices then to check the formula
for x¢ = xg" c.xpn, o+ - - -+ o, = d. In this case we have

n a n
E xia x% =x* E o =dx“. 0
i=0 Xi i=0

Applying p¢ to Euler’s formula and evaluating at (b4, ..., b,) yields

d-fbr,....fo)=@fo+d-Dfi+---+ fu_Dlp + ijaf/ayjlb-
pr

Since f(by, ..., b,) = 0 we obtain

(df0+(d_1)f1+"'+fdfl)|b:_ijaf/a)’ﬂb' 0
j=1
Corollary 11.5 Retain the notation of Proposition 11.3.

Ifae XNU;and 0F /x|, =0 for each j # i then 0F /dx;|, = 0 as well.
a € X is singular if and only if 0 F /9x;|, = 0 foreachi =0, ..., n.
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Suppose that (char(k),d) = 1 or char(k) = 0. Singular points a € X are precisely
the simultaneous solutions to the equations

IF/dxg = ... = dF/dx, = 0.

Proof Only the last assertion requires proof. Euler’s formula gives

i=0
which vanishes whenever the partials all vanish. (]
Definition 11.6 Let X C P"(k) be a projective variety and a € X. The projective

tangent space of X at a is defined

n

ToX = {[x0.....%,]: Y 3F/dx;|ox; = O for each F € J(X){ C P"(k).
i=0

X is smooth at a if it has a unique irreducible component containing a of dimension
dimT,X.

Definition 11.7 Let X C P"(k) be an irreducible projective variety. The dual va-
riety X C P"(k) is the closure of the locus of all hyperplanes tangent to X at smooth
points, i.e.,

X ={H e P"(k) : T,X C H for some a € X smooth }.

Remark 11.8 Let k be algebraically closed and X C P"(k) projective. Consider
the incidence variety

Wx ={(a,H):a C HC T, X}
C X x P"(k) c P*(k) x P"(k),

which is contained in the incidence correspondence introduced in Example 11.2. Note
that 77,(Wy) is closed by Theorem 10.9; X is a union of irreducible components of
this variety.

For many applications, it is important to restrict attention to hypersurfaces without
singularities. However, a hypersurface with no singularities over a given field may
acquire them after the field is extended. This is just the problem we faced in defining
a morphism. The following definition circumvents this difficulty:

Definition 11.9 A hypersurface X(F) C P"(k) is smooth if (F,9F/0xy,...,
dF/dx,) is irrelevant.
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Proposition 11.10 Let X C P"(k) be a hypersurface with J(X) = (F). The poly-
nomial map

P"(k) --» P"(k)
[x0, ..., x4,] = [0F/0x¢,...,0F/0x,]

induces a morphism X — P"(k) when X is smooth. Even when X is singular its
image is X, with equations given by

(F, po—0F/0xq, ..., pn —0F/0x,) Nk[po, ..., pnl.

Proof The first statement follows from general properties of polynomial maps of
projective spaces (Proposition 9.30). Let X* C X denote the union of the irreducible
components containing smooth points. We obtain a rational map X* --» P” with
closed image X . The equations are obtained from Proposition 10.12. (]

Example 11.11 Assume char(k) # 3. Consider the smooth plane curve
X = {(xo,xl,xz) : xg +xf +x23 = 0} c P(k).
Then the dual is given as

X = {(po, p1, p2 : p§ + P+ pS —2pip3 — 2pip3 — 2pipg} C PA(k).

When X is a smooth hypersurface the dual X is usually singular, even for plane curves!
Figure 11.1 shows two typical cases where the dual curve acquires singularities; for
generic X these are only possibilities. In the first case we have an inflectional tangent,
where the tangent line £ meets X at p with multiplicity 3 rather than 2. (Formal
definitions can be found in §12.4.2.) X admits an inflectional tangent at p precisely
when the differential of the map X — P2 vanishes at p. One can show that the image
X has a cusp at £, i.e., a singularity with local normal form y? = x3. In the second
case, we have a bitangent, i.e. £ is tangent to X in two points p;, p,. Thus p; and p,
are mapped to the same point of P2, so the image X has two local branches at these
points. We say that X has a node at £, with local normal form y? = x2.

There are formulas relating the invariants of X and X. Let d and d be the degrees
of X and X, f the number of inflectional tangents X (which equals the number of
cusps of X), and b the number of bitangents to X (the number of nodes of X). Then
we have the Pliicker formulas

d=dd-1)
f =3d(d —2)
b=(@dd—-1)—d—-3f)2.

We will deduce the second formula from the Bezout Theorem in §12.4.2.



Figure 11.1

1.3

11.3 GRASSMANNIANS: ABSTRACT APPROACH 187

) ) dual to X
inflectional tangent
L

cusp singularity

X

L
bitangent
dual to X
X

node singularity

Typical singularities of the dual curve.

Grassmannians: Abstract approach

We have defined the spaces of all lines and hyperplanes in k"*!. Why not consider
subspaces of arbitrary dimension? The study of arbitrary finite-dimensional spaces
was pioneered by Herman Giinter Grassmann (1809-1877) in his 1844 book Die
Lineale Ausdehnungslehre, ein neuer Zweig der Mathematik. (An English translation
is available in [13].)

Definition 11.12 Foreach M =1,2,..., N — 1, the Grassmannian Gr(M, N) is
the set of all vector subspaces A C k" of dimension M.

In particular, Gr(1, N) = PV~!(k) and Gr(N — 1, N) = PN=1(k).

Theorem 11.13 The Grassmannian Gr(M, N) carries the structure of an abstract
variety. It is irreducible and rational of dimension M(N — M).

For the moment, we only describe the affine open covering and the gluing maps.
Here is the idea of the argument: fix a basis ey, ..., ey for kN. Each A can be

expressed as the row-space of an M x N matrix W of maximal rank M. This W is

not at all unique. Indeed, applying elementary row operations to W does not affect
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A, so we may replace W by its reduced row echelon form. For ‘most” W, we have

1 0 ...| by ... bin
RREFW)=10 . 0 © ... ... |=UlB),
: 0 1 | bymsr .- bun
where [ is the identity. Allowing permutations of ey, ..., ey, every subspace admits

a reduced row echelon form of this type.
To formalize this, we will need several results from linear algebra:

Lemma 11.14 Fix a partition
{1,...,N}=8SUT, S={s1,....sm}, T =1{t1,...,tn_m}

withsy < ... <sy,t <...<ty_y.Foreach N x (M — N) matrix B = (by,) with
rows and columns indexed by S and T respectively, consider the subspace

A(S; B) = span <ex + st,e, 15 € S) .
teT
These satisfy the following:
dim(A(S; B)) = M;
A(S;B) = A(S;C)onlyif B=C.

Proof Let R(S; B) be the M x N matrix with ith row equal to e;, + >, 7 by,cer.

For example, when S = {1, ..., M} we have
1 0 blM-H blN
RS;B)=| ¢ =(I|B),
0 1 | byumsr .- bun

where I is an M x M identity matrix. The rows of R(S; B) span A(S; B); since
R(S; B) has rank M, dim(A(S; B)) = M and the first assertion follows.

We leave it to the reader to verify the second assertion. U
Lemma11.15 Retain the notation of the previous lemma. Each of the distinguished
subsets

Us ={A(S;B): BisaM x (N — M) matrix } C Gr(M, N)
admits a natural identification

W Us — AMN=M(k)
A(S; B) — B.
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The Grassmannian is covered by these subsets, i.e.,

GI'(M, N) = Upartitinns SuT US-

Proof Each A € Gr(M, N) can be expressed as span(wy, ..., wy,) for suitable
linearly independent w, ..., wy € A C kV. Let W be the M x N matrix having
these vectors as its rows. Note that multiplication from the left by an invertible matrix
does not change the span of the rows, i.e.,

row span(W) = row span(AW)

provided det(A) # 0. Choose indices sy, . . . , s); such that the corresponding columns
of W are linearly independent and let Wy be the square matrix built from these
columns. The matrix W "W is of the form R(S; B) for some M x (N — M) matrix
B. The natural identification with affine space arises by identifying M x (N — M)

matrices with points in AYV=M)(k), O
Lemma 11.16 Given partitions corresponding to S, S’ C {1, ..., N}, the overlap
maps

pss =Yg oprg ' AMNTM () s AMN=M)(f

are birational, given by the rule

vy . 1o Y8
B> A(S;B) = A(S;B) = B
R(S; B) — R(S; B)y'R(S; B).

Here R(S; B)g is the M x M matrix obtained by extracting the columns of R(S; B)
indexed by §’; this is invertible provided B € ¥s(Us N Ug).

Proof Observe that R(S;B)E,IR(S;B) contains the identity matrix in the
columns indexed by §’. It is therefore of the form R(S’; B) for some suitable B’.
Again we have

row span(R(S; B)) = row span(R(S’; B)),

i.e., A(S; B) and A(S’; B’) coincide. [l

What is left to do in the proof of Theorem 11.13? We have not verified that
the pgs satisfy the closed-graph condition. In Proposition 11.30, we will estab-
lish that the Grassmannian is projective, in a way that is compatible with the pro-
posed abstract variety structure: our distinguished open subsets Ug will be intersec-
tions of the Grassmannian with distinguished open subsets of the ambient projective
space.



190 PARAMETRIZING LINEAR SUBSPACES
Example 11.17 We give examples of gluing maps for Gr(2, 4). Let S = {1, 2} and
S = {1, 3} so that

Us = span(e; + bizes + biaes, 2 + bazes + bases) >~ A*(k),
Us = span(e; + bj,er + b e4, e3 + bl,es + bl e4) = A (k).

Start with the matrix

1 0 bz by
R(S;B) =
(5:8) (0 1 bo bz4>
and left multiply by
_ 1 —bi3/by
R(S;B)g' =
(S; Bs @ u%)
to get

R(S': B') = R(S;B);,l _ <1 —bi3/byz 0 b —b13b24/1923>

0 1/bys 1 by /b3
The gluing map is

Pebl, = —bi13/bx,  pigbly = bia — bi3bys/bo3
Pysbyy = 1/ba,  pygbsy = bau/bs.

We have seen that PV~ (k) ~ PN~1(k); this is not a coincidence:

Proposition11.18 Choose a nondegenerate inner product on kN, e.g., the standard
dot-product

(ar,...,ay)-(b1,...,by) =aib; +---+anby.
These we have a natural identification
Gr(M,N) ~ Gr(N — M, N).
Proof Given a subspace A, we define the orthogonal complement
At ={x ek :x.-v=0foreachv e A}.

Since the product is nondegenerate, dim At = N —dim A and (A1)t = A. The
association

Gr(M,N) - Gr(N — M, N)
A At

gives the desired identification. (]
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Exterior algebra

In the last section, we introduced the Grassmannian as an abstract variety. Both for
theoretical and practical reasons, it is very useful to have a concrete realization of the
Grassmannian in projective space. Here we develop the algebraic formalism needed
to write down its homogeneous equations.

We work over a field with characteristic char(k) # 2.

Let V ={cie; +---+cnen} be a finite-dimensional vector space with basis
{e1,...,enx}.ForeachM =0, ..., N, the Mth exterior power is defined as the vector
space

M
/\ V= Z Ciyig€iy N €Ciy oo N €y 1y

1<i|<ir<..<iy<N
with the convention that /\0 V = {cyl}. The basis for /\M V is indexed by subsets

{il,...,iM}C{l,...,N}

M .
dim V
di V)= .
im ( A ) ( " )
The direct sum of all the exterior powers is written:

/*\Vz/O\V@/l\VGB...GB/N\V.

We describe an associative but noncommutative multiplication operation

ANVxN\N'V—> A"V

1, w) = nAo,

with M elements, so

called the wedge product. It satisfies the following axioms:

A is k-linear in each factor, i.e.,

(rwy +rw) An=ri(wy An) +r(w An)
nA(rwr +rw) =ri(nAwy)+rmAw)

%
rurek, onLonne \V;
A is graded commutative:
e Nej=—e; Nej,

s0, in particular, ¢; A ¢; = 0.
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Example 11.19

(e1 +e3) AN(er Nex+e3Aes)
=e NegNe+eNe3sNes+e3Ne Ney+e3NesNey
=O+€1A€3/\€4+(—1)2€1/\62/\e3+0
=e;Ne3sNes+e Ney Nes.
(61A62+e3/\e4)2=e1Aeg/\elAeg
J+er Nexy ANesANes+e3sNesNegNey+e3NegNesNey
=2e; Aex Ae3 Aey

Proposition 11.20 The wedge product is uniquely determined by the two axioms
and associativity.

Proof By linearity, we can compute arbitrary wedge products once we have
specified products of basis elements

(ejy Ao Nej )N (ej Ao Nejy),

where ji < o <...<jrand joo1 <...< ju.
To evaluate these, we will use basic facts about permutations

o:{l,....M}> {1,..., M)}
i o).
The sign of the permutation satisfies the following:

1. sign(o) € {£1};

2. sign(oo’) = sign(o)sign(o’);

3. if o is a transposition, i.e., a permutation exchanging i and j but fixing all the other
elements of {1, ..., M}, then sign(c) = —1.

Every permutation can be represented as a product of transpositions, and any two
such representations have the same number of transpositions modulo 2. These two
facts guarantee that the sign is well-defined.

Let o be a permutation of {1, ..., M} with

Jo) < Jo@ - =< Jom

and express o is a product of transpositions. Successively applying the second axiom
of wedge products, using the properties of the sign, we can write

ej N...Nej, =sign(a)e;, , A...ANej ..

However, if any jy¢) = jo(e+1) thenej, , Aej, .., = 0 and thus the whole product is
zero. Otherwise, we find

(ejy Nooone )N (e Ao Nejy,) =sign(a)e A Aej . O
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It remains to verify that the multiplication rule arising out of this analysis is a
well-defined associative product:

Proposition 11.21 Consider the following multiplication rule on \*V: given
. A B o
basis elements e, N...Nej, € NV and e, N...Nej,., € N\ V with j <

j2 <...< jAande_H <... <jA+B,wetake

0if j, = jp for some a # b,

ey Ao nej)N(ej N.ooNej ) =1 . )
sign(a)ej,,, A ... A ej, .., Otherwise,

where in the second case o is the unique permutation of {1, ..., A + B} with

Jo() < Jo@ < -+ < Jo(A+B)-

This defines an associative multiplication on /\* V.

Proof We need to verify the identity

(e Aeoone ) Aeju Ao ANej)) A€apn A A€inic)

(11.3)
= (ejl AN A ejA) A ((e.iA+1 ARERA e.iA+B) A (e.iA+B+1 A A ejA+B+C))’

where j; < ... < ja, ja+1 < ... < jarp,and jarpi1 < ... < jarp+c. Both sides
are zero whenever any two of the indices coincide, so it suffices to consider the case
where all the indices are distinct.

We introduce four permutations

o, ,t,7:{1,...,A+B+C})—{1,...,A+B+C}:

o is the unique permutation fixing A+ B+ 1,..., A+ B + C with j,q) < js2) <

- < Jo(A+B):
o’ is the unique permutation such that jo/(s(1y) < ... < jo/(c(A+B+C))S
7 is the unique permutation fixing 1,..., A with jra+1) < jraayo) <... <
Jr(A+B+0);

7’ is the unique permutation such that jr/(;(1y) < ... < jr(z(A+B+C)-

For each r =1,...,A+ B+ C, we have o'(c(r)) = t/(t(r)) — we write this
index i,.
The left-hand side of (11.3) is
sign(o”)sign(o)e;, A ... Aei,,,. .

and the right-hand side is

sign(t')sign(t)e;, A ... A€, ..
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The multiplicative property of the sign
sign(o”)sign(o) = sign(o’o’) = sign(t't) = sign(t’)sign(t)
yields our identity. U

Thus ™ V is a graded-commutative k-algebra under wedge product. This is called
the exterior algebra of V.

Proposition 11.22 Let T : V. — W be a linear transformation. Then there is an
induced k-algebra homomorphism

/\T:/*\V—>/*\W.

Suppose that {e;} and {fi} are bases of V and W. If (A;;) is the matrix of T with
respect to these bases then

(/\T)(ejl/\...AejM)z N A fa Ao A fe (1)

i1<..<iy

where Aj, iy jw 1S the determinant of the M x M minor of (A;;) obtained from
extracting the rows {i, ia, ..., iy} and the columns {ji, ..., ju}.

The assertion that /\ T is a k-algebra homomorphism means that it is k-linear and
respects wedge products

(/\T)(n/\cu):(/\T)(n)/\(/\T)(a)), (11.5)
and, in particular,
(/\T)(vl/\.../\vM):T(Vl)/\.../\T(vM). (11.6)

We also use the notation AY 7 : AM Vv — AY W when we restrict to the Mth
exterior power; A\° T is the identity and \' 7 = T.

Example 11.23 For T : k> — k* we have

</\ T) (e1 A e2) = (ajier + axiez) A (anne) + axner)
= (anax — apax)e; A e;.

For T : k* — k3 we have

(/\ T) (e1 Aex) = (an fi +an fo +as f3) A(annfi +anfo +anfi)
= (anaxn —anax) fi A fo
+(a1a3 — az1an) fo» A f3 + (anias — apas) fi A fi.
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Proof of Proposition11.22 In fact, a direct computation shows that Property (11.6)
implies that the matrix of A T is given by Expression (11.4). However, we shall
work in reverse: We verify that the linear transformations /\M T defined by Expres-
sion (11.4) have Property (11.5).

Since each /\M T is linear and the operation A is linear in each factor, we need only
check Property 11.5forn =e; A...Aej, andw =ej; A ... Aej . Byinduction on
B, it suffices to assume w = e;. Recall the matrix identity

_ M+1+r R
Air v jM,j’—E:(_l) i, j Ay o TVINEY .
r

obtained by expanding along the j’-column. This yields

M+1
(/\ T)(ejl /\.../\ejM/\ejr)

.....

|
=
L
h
=

>

>
=
<
&

I <...<ipg+1

M+1+
Z (=D i Ay i i S N N T N fig,

I <..<ip+15 T

= Z Ai b iviii g it N oo i o N fiyy A ai, i i)

1 <..<ipm415 T

T S T ]M‘fI; VANPIVAN ﬁ}’l/t A\ (Z al‘/j/f‘i/)
It

I

M
N T A nej) AT(ep).

In changing indices from iy, ..., iy, ..., ipm41 tO], .. ., i},, it might seem that we are
adding extra terms, i.e., the cases where i’ equals one of the if, ..., i},. However, in
precisely these cases

We deduce the following corollaries:

Corollary 11.24 Let T : V. — V be a linear transformation on a vector space of
dimension N. Then

N N N
( A\ T) AV AV
is multiplication by det(T).

Corollary11.25 LetT : V — W be alinear transformation. Then rank (T) < M
if and only if \M T = 0.
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Indeed, a matrix A has rank < M exactly when each of its M x M minors vanish.

Corollary 11.26 Letvy,...,vy €V be linearly independent, and choose
Vi .o, Vi € span{vy, ..., vy}
withv] = "™ a;;v;. Then we have
i = 2.j=1%jV;-

J

VIA LAV =det(ajvi AL Avy.

Definition 11.27 An element w € \™ V is completely decomposible if there ex-
istvy,...,vy € Vsuchthat =v; A... Avy,. Anelement w € \" V is partially
decomposible if = v A7 forsomev € Vandne N V.

Proposition 11.28 Letwe \"V.

If w is partially decomposible then v N w = 0.
w is partially decomposible if and only if the linear transformation

pw): V> N"tv
Wk wA®

has nontrivial kernel.
If{vi, ..., vy} is a basis for kernel(¢p(w)) then

m—M
WO=VIA...ANVy AN, NE /\ V.

w is completely decomposible if and only if ker(¢(w)) has dimension m.
Proof If o =v A nthen
OAO=VvANAVAR=(=1)"""WAVvARAR=0,

which proves the first assertion. It is evident that v € ker(¢(w)), which is the ‘only

if” part of the second assertion. Similarly, if o =vi A... A v, then vy, ..., v, €
ker(¢(w)).

For the third assertion, extend vy, ..., vy to a basis vy, ..., vy for V. Then we
have

w = E CiyysigViy N oo - ANV

1<..<lp
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and
ViNw = z : CiyooninVj N Vip A A Vi,
1<...<lp
= E CiryoinVj N Vi A AVi,
x]‘<,..<5m
ir#j
This is zero if and only if ¢;,,_;, = O for all indices {ii, ..., i,,} ¥ j. Similarly,
MAw=...=vyrAw=>0

if and only if ¢;, _;, = O for all indices {i, ..., i} B {1,..., M}. Then we have
W=V A... vy Anfor

/
= Z Citrjsgm Vit N NV

Jisees JM—m
where
C}I """ jMfmzj:CI’ I:{l,...,M,jl,...,jm_M}.
The ‘if” parts of the second and fourth assertions follow from this analysis. ]

Grassmannians as projective varieties

The following result realizes the Grassmannian in projective space:

Proposition 11.29 There is a well-defined map
j:Gi(M,N)— P (/\M kN)
span(vy, ..., vy) = [Vi AL A V]

which is a bijection between elements of the Grassmannian and projective equivalence
classes of completely decomposible elements @ € /\M kN,

Proof We first check that j is well-defined. If vy, ..., vy and v{, ..., v}, are
bases for a subspace A then

iAc AV =DV A L AV,

by Corollary 11.26.
We can recover span(vy, ..., vy) easily from v; A ... A vy Proposition 11.28
implies

span(vy, ..., vy) = ker(p(vi A ... Avy)).

We conclude that j is injective. ]
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Proposition 11.30 The inclusion j : Gr(M, N) — IP’(/\M k™) realizes the Grass-
mannian as a closed subset of projective space.

This is called the Pliicker embedding in honor of Julius Pliicker (1801-1868).
Our argument will also complete the proof that the Grassmannian is an abstract
variety (Theorem 11.13.)

Proof Foreach S = {sy,..., sy} C{l,..., N} with complement T, write

Vg = {[Cil...iM] eP (/M\ kN> S oy P o}

for the corresponding distinguished subset of P( /\M k™). Recall the notation in the
discussion of the abstract variety structure on the Graassmannian (cf. Theorem 11.13):
let Ug ~ AMN=M) (k) c Gr(M, N) denote the distinguished subset corresponding to
subspaces of the form

span (ex + st,e, NS S) .

teT

Observe that j~!(Vy) = Us: adecomposible element v; A ... A vy, has nonvanishing
coefficient ¢y, _s,, if and only if (after permuting indices) each e;; appears in v;.

For notational simplicity, we take S = {1, ..., M}. We can expand out j(A(S; B))
as

4 /\"'/\eM+Zl§i§M<j§Nel N N€i—q /\(ejbi,j)/\ei+l N...Néey
F D ici <iyem<jy o<y €1+ A(€jbi j) N A (epbi )AL em

or in the form

M
Z Z Pi,,...,i,-;jl,...,jM,,.(bij)eil VANPERVAN e;, A e, VANV €ivi,

r=1 1<ij<..<i,<M<ji<..<jy—r<N

where p;, iy (bi;) is a polynomial of degree M — r in the b;;, and
P iy = DY by (11.7)

Since the b;; are the coordinates on Us ~ AMN=M (k) j: Us — Vg is a morphism
of affine varieties.

Proposition 11.29 implies that j is bijective onto its image. Projection onto the
coordinates (11.7) and adjusting for the signs, we obtain a left inverse Vg — Uy for
jlUs. It follows that j(Ug) C Vg is closed and Ug — j(Us) is an isomorphism of
affine varieties. O
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Equations for the Grassmannian
The proof of Proposition 11.30 gives some equations of the Grassmannian:
Example 11.31 Let M =2 and N = 4. We want to classify
w=Xxpe1 Ney+ -+ x34e3 Ney
arising from the Grassmannian. The condition
wAw=0,
translates into the quadratic equation
X12X34 — X13X24 + X14%23 = 0.

The corresponding hypersurface X C P( /\2 k*) contains Gr(2, 4).
On the other hand, we can compute the image

2
jUp)CP </\ k“)

and its projective closure. We have j(Ujy) C Vi, where Vi, = {x1» # 0}, and let
Y13, Y14, Y23, Y24, Y34 be affine/dehomogenized coordinates for Vi,. The induced
morphism of affine varieties j|U;, — Vi, takes

(e1 + bizes + biseq) A (ex + byzes + bogey)
to
(D23, baa, —b13, —b14, b13bag — b1abo3)
with graph
Y13 = b2z, y14 = boa, Y23 = —b13, you = —b1a, y3a = b13b2a — brabos.
Eliminating the variables b;; gives
Y34 = —Y23Y14 + ¥Y24)13
and homogenizing gives the projective closure
X12X34 + X23%14 — X13%24 = 0.
This equation can be put in a more general context. Given

w = E Xiyiyg€iy N\ oo o N €y

1<..<iy
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if [w] € j(Gr(M, N)) then w is partially decomposible and w A @ = 0 (Proposi-
tion 11.28). This translates into quadratic equations in the x;, _;,,. In the special case
M = 2, we can write these explicitly: For each set of four indices i} < iy < i3 < i4
we have

XiirXisiy — XiyizXigiy T XiyiyXiniy = 0.

For M > 2 there exist partially decomposible elements which are not completely
decomposible, so these equations are insufficient to cut out the Grassmannian. How-
ever, we do have the following:

Proposition 11.32 (Rough draft of the equations for Gr(M, N)) An element [w] €
IF’(/\M kN) is completely decomposible if and only if each of the (N — M + 1) x
(N — M + 1) minors of the matrix of

M+1
d(w): kN — /\ kN

W wAw

vanish.

Proof By Proposition 11.28, w is completely decomposible exactly when ¢(w)
hasrank <N — M. If w =vi A ... Avy #0, then (Zj>Mcjvj)/\a) # 0 unless
each ¢; =0, so the rank < N — M only when @ = 0. The (N — M + 1) x (N —
M + 1) minors of a matrix B vanish if and only if rank (B) < N — M + 1. O

Remark 11.33 This is only a rough draft! Even in the case M = 2, N = 4 we do
not get generators for the homogeneous ideal of the Grassmannian. Here we obtain
the 3 x 3 minors of a 4 x 4 matrix

el (%) es €4
exnesNey [0 xau —xu xn3
ernesANes | xaa 0 —xi xp3
erNey ey X204 —X14 0 X12
er NeyNes X233 —X13 X12 0

There are altogether six nonzero equations

X;j(X12X34 — X13X24 + X14%23) = 0.

We give, without proof, the complete set of homogeneous equations for the Grass-
mannian. These are known as the Pliicker relations.

For any vector space V over k, the dual space V* consists of the linear transfor-
mations V — k. Given a subspace W C V, we define

Wt ={feV*: f(w)=0foreachw € W} C V*.
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Each linear transformation 7 : V — W induces a transpose 7" : W* — V* with
formula

(T*e)(v)=g(T(v), geW'veV.

Let V be a vector space of dimension N with basis {e;j,..., ey} for V; let

e',...,e" denote the dual basis of V* so that e'(e;) = §;;. Our choice of basis

induces an isomorphism

ANV Sk
eiN...Ney — 1.

The wedge-product
M N-M N
AVvx ANVv—>AVv=k
is a nondegenerate pairing. Concretely, we have dual basis elements
e, N...Ney, & sign(ole;, A...Nej,
where o is the permutation
. . . . a
{iv, oo ovimy Jiseeos jnem) = {1, ..., N}
Example 11.34 The dual basis elements for A' k* and A’ k* are
41 ey Ne3 N ey
e | —e1 Ne3Ney
e3 ep Nexy ey '

eq | —e1 NeyNes

Our duality induces an isomorphism

N-M M
y: \NV—=> AV (11.8)
given by
viej, Ao .ejy ) = sign(o)e’ A ... AeM.

y depends on the choice of the isomorphism A but not on the precise choice of basis.
It is therefore uniquely determined up to scalar multiplication.

Observe that @ is completely decomposible if and only if y(w) is com-
pletely decomposible: if @ = vi A ... Avy and vM+1 vV € V* are a basis for
Span {vy, ..., vy}* then y(w) = cvM*1 A ... A VY for some scalar ¢ € k.



202 PARAMETRIZING LINEAR SUBSPACES

Consider the linear transformation

Y): \VF —> ANy
f— fAay().

This has rank < M if and only if y (w) is completely decomposible. Moreover, using
the relationship between w and y (w), we find

ker(Y(w)) = span{yM*1 . vV}
= ker(¢(@)".

Consider the transpose maps

M+1 N—-M+1

p@ s \V =V @ )\ VoV
For a linear transformation 7' : Wi — W, with transpose T* : W) — W/, we have
image(T*) = ker(T)".
Thus we find
image(¢(w)*) = ker(¢(w))" = ker(y () = image(y (w)*)".
This means that for eacha € AY*' V*and g e AV M v
Ba.p(@) := (@) (@)Y (@) ()] =0

this is a quadratic polynomial in the coordinates of w.

Theorem 11.35 [22, ch. 7] The Pliicker relations generate the homogeneous ideal
of the Pliicker embedding of the Grassmannian j : Gt(M, N) — ]P’(/\M kM), ie.,

M+1 N—-M+1 >

J(Gr(M, N)) = <Emﬁ(w) cae ANvipe NV

11.7 Exercises

11.1  Consider the plane curve
X = {(xo, X1, X2) - xgxl +x13x2 +x§xo} C IPZ((C).
(a) Show that X is smooth.

(b) Compute the dual curve X C P?(C).
(¢) Find at least one singular point of X.
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Enumerate the singularities of the Cayley cubic surface
{w,x,y,z] : wxy +xyz + yzw + zwx = 0} C P*(C)
and write down an equation for its dual. Describe the dual to the hypersurface
{lw,x,y,z]: wxy — 2> = 0} C P*(C).
Consider the plane curve
X = {(xo, X1, X2) - )céxl2 + xlzxg + x%xg} c PX(C).

Show that X is not smooth. If you are ambitious, work out the following:
(a) Set

J =(0f/0xp, 0f/0x1, df/0x2) .

Compute the dehomogenization I; of J with respect to each of the variables
x;. Find a Grobner basis for each I; with respect to a graded order. Compute
the rehomogenization of each I;, J; C C[xg, x1, x2], and the intersection J' :=
JoNJi N Jy.

(b) Determine the singular points of X.

(c) Show that J # J’ and compute primary decompositions of J" and J.

Consider the complex projective curve

C = {(x0, x1, X2) : Xox] = X372 + x5} C P*(C).

(a) Determine whether C is smooth. If it is not smooth, find its singularities.
(b) Compute the tangent line to the curve at the point [—1, 0, 1].

(c) Decide whether this tangent line is an inflectional tangent.

Prove the statement

AGS:B)=A(S:C) = B=C
from Lemma 11.14.
Let G(M — 1, N — 1) denote the set of all linear subspaces A ~ P¥~! c PN~ Show
there is an identification

GWM —1,N — 1) =Gr(M, N).

Verify directly that the gluing maps for Gr(2, 4) satisfy the closed-graph condition.
Show that the Pliicker relations for the Grassmannian

2
Gr(2, N)C P (/\ kN) ~ p(3)-1
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are equivalent to
Xijxig — XieXj +xuxje =0, {i, j,k, [} C{1,2,...,N}.
Fix a two-dimensional subspace A C C*. Consider the set
Xpa={A €Gr(2,4): ANA #0}.

Show this is a closed subset of Gr(2,4) C P3(C) and find explicit homogeneous
equations for X 5 in the special case A = span(e;, e;). This is anexample of a Schubert
variety.

Consider the lines £, £,, £3, £4 C P3(C) with equations

£y = {xo=x; =0} £, = {x; =x3 =0}

B={xo—x2=x1—x3=0}, £4={x0—x3=x;+x=0}
How many lines A C P3(C) intersect all four? Describe the set
{AeG(,3): AN #£0,i=1,2,3,4}.

There is a well-developed theory for enumerating the linear subspaces meeting pre-
scribed configurations of linear subspaces. This is called Schubert calculus after the
enumerative geometer Hermann Schubert (1848—1911).

Let T : k¥ — k" be an invertible linear transformation. For each M-dimensional
subspace A C k", T(A) is also an M-dimensional subspace. Show this induces an
automorphism of the Grassmannian

T :Gr(M,N)— Gr(M, N).
Consider the map S : A*k* — A*k* given by

S(x12e1 A ex + X131 A ez + X1ae1 A eq + Xp3€3 A €3 + Xpaen A ey + X3ae3 A eq)

= Xx34e] N ey + Xoge1 A ez + Xp3ep A eg+ Xjuex A ez + Xi3ep A eg + Xppez A ey.

(a) Show that S is an invertible linear transformation and thus yields an automorphism
2 2
S:P (/\k“) - P (/\k“) :
(b) Show that S(Gr(2, 4)) = Gr(2, 4) and that S restricts to an automorphism

S :Gr(2,4) — Gr(2,4).

(c) Can this automorphism be realized as one of the automorphisms introduced in
Exercise 11.11?
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Consider the incidence correspondence

I ={(,A):£CACk*teP A eGr?2,4) cPk) xGr2,4).

(a) Show that I is an abstract variety.
(b) Find equations for

2
1 C P(k) x Po(k) = P(k*) x P (/\ k“) )

Hint: Use and prove the following fact from linear algebra: If w =v; A vy €
A\’ k* is decomposible and w € k*, then w € Span {v1, v,} if and only if » A w
=0.

(a) Decide whether

3
a):elAez/\e3+ez/\e3/\e4+e3/\e4/\el+e4/\el/\eze/\k4

is partially decomposible. If so, find v and n so that w = v A 7.

(b) Show that every element w € /\3 k* is partially decomposible.

(c) Prove or disprove: every element w € /\3 k> is partially decomposible.

(d) Challenge: Find equations for the locus of partially decomposible elements in
A\’ k8. Hint: Consider the induced map

4

ko — /\ K

W WA .
Consider the subset Z C Gr(2,4) x Gr(2, 4) defined by

Z={(A1,A): A, Ay CKkY, AN Ay #0).

(a) Show that Z is closed in Gr(2, 4) x Gr(2, 4).
(b) Find bihomogeneous equations for Z in P>(k) x P3(k).
Fix integers M;, M, N with 0 < M| < M, < N and consider the incidence
F(My, M>) C Gr(My, N) x Gr(M,, N) given by

F(My, My) = {(A1, Ay) : Ay C Ay C kMY

(a) Show that F(M;, M>) is a closed subset of Gr(M;, N) x Gr(M,, N).
(b) Fix My =1, M, =2, N = 4. Write down equations for

F(1,2) C Gr(1,4) x Gr(2, 4) = P3(k) x Gr(2,4) C P*(k) x P3(k)

where Gr(2, 4) C P3(k) is the Pliicker embedding.
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(¢c) For Ay € Gr(M,, N), consider the set
W(Ay) :={Ay: Ay D A1} C Gr(M;, N).

Show that W is closed. Hint: Observe that W(A ) = ma(m, Y(A))) where 7 e
F(My, M) — Gr(M;, N) is the projection.
The varieties F (M|, M,) are called two-step flag varieties.



12 Hilbert polynomials and the Bezout Theorem

12.1

Hilbert polynomials are the main tool for classifying projective varieties. Many in-
variants of topological and geometric interest, like the genus of a Riemann surface, are
encoded in their coefficients. Here we will carefully analyze the Hilbert polynomials
of ideals defining finite sets over algebraically closed fields. The Bezout Theorem is
the main application.

Hilbert polynomials are defined in terms of the Hilbert function, but the precise
relationship between the Hilbert function and the Hilbert polynomial is extremely
subtle and continues to be the object of current research. The interpolation prob-
lems considered in Chapter 1 involve measuring the discrepancy between these two
invariants.

Hilbert functions defined

While our main focus is homogeneous ideals in polynomial rings, Hilbert functions
and polynomials are used in a much broader context:

Definition 12.1 A graded ring R is a ring admitting a direct-sum decomposition
R =&iczRy

compatible with multiplication, i.e., R, R,, C Ry, 4, forall ¢;, , € Z. The decompo-
sition is called a grading of R and the summands R, are called its graded pieces;
elements F' € R, are homogeneous of degree ¢.

Let k be a field. A graded k-algebra is a k-algebra R with a grading compatible
with the algebra structure, i.e., for any ¢ € k and F € R, we have cF € R,.

Observe that the constants in a graded k-algebra necessarily have degree zero.

Example 12.2

S = k[xo, ..., x,] is a graded ring with graded pieces

S, = k[xo, ..., x,]; = homogeneous forms of degree ¢.

207
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Let wy, ..., w, be positive integers. Then S = k[xy, ..., x,] is graded with graded
pieces

oy

Sy = span(xg® ... x2" : woag + -+ waa, =1).

This is called a weighted polynomial ring.
Let J C S = k[xg, ..., x,] be a homogeneous ideal. The quotient ring R = S/J is
graded with graded pieces

R, = image(k[xo, ..., x,]; = S/J).

Here is a proof: For each ¢, the inclusion k[xo, ..., x,1; C k[xo, ..., x,] induces an
inclusion R, C R. These together give a surjective homomorphism @,>9R; — R.
We claim this is injective. Suppose we have homogeneous F; € k[xo, ..., x,];, j =
0,...,r,suchthat Ff+---+ F, =0inR,ie., Fy+---+ F, € J. By Exercise 9.1,
each F; € J and thus F; = 0in R;.

For any projective variety X C P"(k) the ring

R(X) = k[xo, ..., x,1/J(X)

is graded; it is called the graded coordinate ring of X.

Definition 12.3 Let R be a graded k-algebra with dim; R, < oo for each t. The
Hilbert function HFg : 7. — Z is defined

HFR(¢) = dimy R,.
We compute Hilbert functions in some important examples:

Example 12.4

For S = k[xo, ..., x,] with the standard grading, we have

HF (1) = <tt">

If F € k[xo, ..., x,] is homogeneous of degree d and R = k[xy, ..., x,]/ (F) then

wor-()-(4)

for t > d. Indeed, the elements of (F) of degree ¢ are of the form F G where G is an
arbitrary homogeneous polynomial of degree t — d.
Ifa =lag,...,a,] € P"(k)and R = k[xy, ..., x,]/J(a) then HFg(¢) = 1 fort > 0.

Hilbert functions are invariant under projectivities:
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Proposition 12.5 Let J C k[xo, ..., x,] be homogeneous, ¢ : P"(k) — P*(k) a
projectivity, and J' = ¢*J. If R = k[xq, ..., x,1/J and R' = k[xo, ..., x,]/J then
HFg(t) = HF R (2).

Proof The coordinate functions of ¢ take the form
Gi(x0y ..., Xp) = Zaijxj
Jj=0
where A = (g;;) isan (n + 1) x (n + 1) invertible matrix. The corresponding homo-
morphism
o*  klxo, ..., xn] = k[xo, ..., x4]
restricts to invertible linear transformations
(@) : klxo, - .., xn]y = klxo, ..., x,]);
X' .. X0 > (Z'}ZO aojxj>a0 .. (Z?:o anjxj)a”
for each ¢ > 0. It follows that
dimy J! = dimg(¢p™), J; = dimy J,

for each ¢, and HF () = HF g/ (¢). O

Proposition 12.6 Let J,J Ckl[xg,...,x,] be graded ideals with intersection
J" = JNJ, and write

R =klxg,...,x,1/J, R' =kl[xq,...,x,1/J, R =k[xq,...,x,1/J".
Then we have
HFR(t) + HFg/(t) > HF ¢/ (2).

Equality holds fort >> 0 if and only if J + J' is irrelevant.

Proof Let J;, J/, and J/" denote the degree-t graded pieces of the corresponding
ideals, e.g., J; = J Nk[xo, ..., x,],. For each t > 0, we have a surjection

S ®J -+ T,
with kernel J/”. Thus we find
dim J; + dim J; = dim(J + J'), + dim J/”
and

dim R, 4+ dim R, = dimk[xo, ..., x,1,/(J + J'); + dim R
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This yields the identity of Hilbert functions
HFg(t) + HF g (t) = HF g/ (1) + dimk[xo, ..., x,1:/(J + J)r,

and our first inequality follows. J + J’ is irrelevant if and only if (J + J')y =
k[xo, ..., x,]n for N > 0; equality holds for precisely these values of ¢. O

Definition 12.7 The Hilbert function of a projective variety X is defined
HFx(7) = HFp(x)(2),

where R(X) is its graded coordinate ring.

Proposition 12.8 If Xy, ..., X, CP"(k) are projective varieties then
r
HFy,x, (1) < ) HFx, (0).
j=1

Equality holds for t > 0 provided J(X;) + J(X ;) irrelevant for each i # j.

Proof By induction, it suffices to address the » = 2 case. Just as for affine
varieties, we have

J(X1 U Xo) = J(X1) N J(X2).

Proposition 12.6 then gives the result. O
An application of the Projective Nullstellensatz (Theorem 9.25) yields

Corollary 12.9 Let k be algebraically closed. Suppose X1, ..., X, C P*(k) are
projective varieties which are pairwise disjoint. Then fort > 0

HFy,x, (1) = ) HFx, (0).
j=1

In the special case where each X ; is a point we obtain
Corollary 12.10 Let S C P"(k) be finite. Then HF(¢) = |S| fort > 0.

The following case is crucial for the Bezout Theorem:

Proposition 12.11 Let F,G € S = k[xo, ..., x,] be homogeneous of degree d and
e without common factors. The quotient ring R = S/ (F, G) has Hilbert function

HF(t) = dim S, — dim S,_y — dim S,_, + dim S,_4_,
— (H—n) _ (H—n—d) _ (H—n—e) + (H—n—d—e)

n n n n

providedt > d + e.
Ifn = 2 then HFg(t) = de fort > O.
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Proof Let g : S — R be the quotient homomorphism and ¢(¢) : S; — R, the
induced linear transformation. Recall (Exercise 2.15) that AF + BG = 0for A, B €
kl[xo, ..., x,]ifandonlyif A = CG and B = —CF for some C € k[xo, ..., x,]. We
have a series of linear transformations (cf. §5.4)

08 0.5 j@5.,.% 5 Dgr o
C — (CG,—CF)
(A,B) +— AF+ BG

where ker(8y(7)) = image(§,(?)), ker(g(¢)) = image(8y(¢)), 8;(¢) is injective, and g (t)
is surjective. Applying the rank-nullity theorem successively, we obtain

dimR; =dimS; —dim S;,_; —dim S, _, +dim §,_,4_..

The formula dim S, = (r:”) is valid for » > 0 and yields

t+n t+n—d t+n—e t+n—d—e
o= (0") = () () ()
n n n n
fort > d + e. We also have

_ r+nmr+n—1...(r+1)

dim S,
n!
forr > —n; when n = 2, we obtain HFz (1) = de forallt > d + e — 2. U
Hilbert polynomials and algorithms
Proposition12.12 LetJ C S = k[xo, ..., x,] beahomogeneousideal, > a mono-

mial order, and LT(J) the ideal of leading terms of J. Then HFg,;(t) = HF g 11(5(1).

This reduces the computation of Hilbert functions to the case of monomial ideals.

Proof This follows immediately from the existence of normal forms (Theo-
rem 2.16): The monomials not in LT(J) form a basis for S/J as a vector space. In
particular, the monomials of degree ¢ not in LT(J) form a basis for (S/J), = S,/ J;.

]

From now on, we use binomial notation to designate polynomials with rational
coefficients: For each integer r > 0, we write

r

C)_t@—nuﬂ—r+nﬁ!iﬂ>0
B ifr =0,
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which is a polynomial of degree r in Q[¢]. We allow ¢ to assume both positive and
negative values.

Proposition 12.13 Let f : Z — 7 be a function such that
(Af)t) = fr+ 1) = f(1)

is a polynomial of degree d — 1. Then f is a polynomial of degree d and can be
written in the form

d
f(t)=Zaj(dij), aj 7. (12.1)

=0
In particular, any polynomial P(t) € Q[t] of degree d with P(Z) C Z takes this form.
Proof The key to the proof is the identity
(7)-0)-()
r r r—1)’
which we leave to the reader.

The argument uses induction on degree. The base case d = 1 is straightforward:
If (Af)(¢) is a constant a( then

f() =aopt +a; =ao<i) +a1<(t)).

The inductive hypothesis implies that

d—1 ¢
(Af)D) = Za,(d_ )

i=0 1=

for some a; € Z. Set

so that (A Q) = (Af) by our identity above. It follows that f = Q + a; for some

constant a; € Z and f takes the desired form. U
Theorem 12.14 (Existence of Hilbert polynomial) Let J C S =k[xg,...,x,] be
a homogeneous ideal and R = k[xy, ..., x,]/J. Then there exists a polynomial

HPz(t) € Q[¢t] such that
HFR(1) = HPg(2), 1 > 0.

This is called the Hilbert polynomial and takes the form (12.1).
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Proof If J C S is an ideal, write
. t+n
HF,(t) = dim J, = < ) — HFg,,(®).
n

Of course, HFg,,; () is a polynomial function for # > 0 if and only if HF;(z) is a
polynomial function for 7 > 0.

We may assume J is a monomial ideal by Proposition 12.12. The argument is by
induction on n. The base case n = 0 is straightforward: if J = (xév ) then HF,(t) = 1
fort > N.Fortheinductive step, assume each monomialidealin S" = k[xo, ..., x,_1]
has a Hilbert polynomial.

Define auxilliary ideals

Jml={feS: fx' eJ}
so that
JI0] C J[11cJ[2] C

This terminates at some J[oo] so that J[m] = J[oo] for m > M. Assume that
HF jjo0)(t) = HP j[o0i(t) whenever t > N.

We can write each element of J; as a sum of terms f,,x' where f;,, € J[m];—
Hence we have

J >~ @;1:0-][ li- mxm

and, fort > 0,

HF(t) = Y HF jj)(t — m)

m=0

= Z HF ) (t — m) + Z HF ) (t — m)

O

M-1

= ) HFp@ —m)+ Z HF ooy (1 — m)
m=M

3
o

M-1
= Z HFj[m](t —m)+ Z HF][OO]([ —m) + Z HF][OO](t —m)

= m=t—N+1
(substltutmg HF][OO](S) = HPo01(s) for s > N)
M—1
= Y HF )t —m) + Z HP (oo (t — m) + Z HF (o) (t — m)
m=0 m=M m=t— N+1
(substituting HF j(1(s) = HPjp(s) form = 0, . —1,s > 0)

= Z HP j,(t — m) + Z HP o) (t — m) + Z HF joq)(t — m)

m=t—N+1

5
:>

M-1

t—M
= > HPypuy(t —m)+ Y HPjjoq(j) + Z HF  oe1 ().
m=0 Jj=N j=0
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The first part is a finite sum of polynomials in ¢, hence is a polynomial in ¢. The third
part is constant in ¢. As for the second part, write

—M
f@©) =Y HPji)(j)
j=N
and observe that
(Af)(t) = f(t +1)— f(f) = HP][OO](I +1—-M)
isapolynomialinz. Proposition 12.13 implies f is also a polynomial in t. We conclude

that HF(¢) is a polynomial in ¢ for ¢ > 0. O

Definition 12.15 Let X C IP"(k) be a projective variety. The Hilbert polynomial
of X is defined

HP)(([) = HPR(X)

where R(X) = k[xo, ..., x,/J(X).

In light of our previous results on Hilbert functions, we have

HPx(t) = ("7") — (’—ff") when J(X) = (F) where F € k[xo, ..., Xula;
HPx (¢) is invariant under projectivities;
HPx(¢) = deg(F)deg(G) when J(X) = (F, G) C k[xo, x1, x2], where F and G are
homogeneous with no common factors;
HPg(t) = |S| for S finite;
HPy, x,(t) = Z;=  HPx, (t) when the X ; are pairwise disjoint and k is algebraically
closed.
Example 12.16 Consider the ideal of the twisted cubic curve C C P3(k)
J(C) = (Xoxz — X7, XX3 — X1 X2, X1 X3 — x%),
which has leading term ideal (with respect to pure lexicographic order)

J = {xox2, X0X3, X1X3) .

We have J[0] = (xpx,) hence

t
HF () = HPjjo9(1) = <2>
Furthermore,
JIm] = (xo, x1) = J[00]

forallm > 1 and

t+2
HF jo01(t) = HP jjo(2) = -1,



12.3

12.3 INTERSECTION MULTIPLICITIES 215

because J[co], contains all monomials of degree ¢ besides x5. Thus we have

HF, (1) = Y HF;_;1())

and HP-(r) = 3¢ + 1.

Proposition 12.17 If J C S =klxo,...,x,]isa homogeneous ideal with satura-
tion J then HPg,(t) = HPg, ;(1).

Proof Write m = (xo, ..., x,) so that
J={F €klxg,...,xn: Fm" c J for some N}.

The inclusion J C J is obvious, so it suffices to show J, C J, for 7 > 0. If J is
generated by homogeneous Fi, ..., F, then there exists an N such that mVE cJ
fori =1,...,r.Fort > max;{deg(F;)} + N we have J, C J,. O

Intersection multiplicities

How do we count the number of points where two varieties meet? We want this
number to be constant even as the varieties vary in families. Such a method satisfies
the continuity principle.

Example 12.18

Consider the complex plane curves C; = {y = x> — t} and D = {y = 0}. The inter-
section

Ci N D = {(£V/1,0))

is two distinct points for ¢ # 0 and one point for ¢+ = 0. This reflects the fact that Cy
is tangent to D at the origin.

Consider the complex plane curves C; = {y = x> —tx} and D = {y = 0}. The
intersection
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multiplicity 1
Intersections of families of plane curves.

is three distinct points for # # 0 and one point for ¢ = 0. Note that D is an inflectional
tangent to Cy at the origin.

We now define the multiplicity: let p = (aj,...,a,) € A"(k) and m, =
(x; —ay, ..., x, — a,) the corresponding maximal ideal. Let Q C R := k[xy, ...,
x, ] be an ideal with

N
m, CQCm,

for some N. Such ideals are precisely the primary ideals in R with associated prime
m,, (see Exercise 8.4). The induced quotient map R /m”f’ — R/Q is surjective and

dimg R/mY = dimg k[x1, ..., x,1/mY = (” " 2’ B 1),
so dim; R/Q < oo. We define the multiplicity of Q at p by
mult(Q, p) = dimy R/Q.
We extend this to more general classes of ideals I C k[xy, ..., x,]. Assume that

m,, is a minimal associated prime of /. Then the multiplicity of I at p is defined

mult(/, p) = mult(Q, p),

where Q is the primary component of I corresponding to m,, which is unique by
Theorem 8.32. If m, 7 I then we define mult(/, p) = 0.

Remark12.19 Assume that k is an algebraically closed field. Then m,, is a minimal
associated prime of / if and only if p is an irreducible component of V() (by
Corollary 8.29).

Definition 12.20 Let k be algebraically closed, Vi,...,V, C A"(k) hyper-
surfaces with I(V;) = (f;),i =1,...,n. Suppose that p is an irreducible
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component of V; N...NV,. The multiplicity of Vi N...NV, along p is defined
as mult({f1, ..., fu), p).

Example 12.21 We return to Example 12.18, computing the multiplicities of C, N
D along each of the points of intersection:
In the first example

I =y, =y +x>—1) = (y, =t + %)
= (y.x =) Ny x + 1)
primary decomposition if ¢ # 0
= (y.x%)
primary decomposition if # = 0.

In the first instance each primary component has codimension 1, so the two
points of intersection have multiplicity 1. In the second instance we have just one
primary component with codimension 2, so there is a single intersection point of
multiplicity 2.

In the second example

I =(y,y—x>+1tx) = (y, —x° + 1x)
= (. 0) N (y.x + V1) Ny x = Vi)
primary decomposition if # # 0

= (y.x")
primary decomposition if + = 0.

In the first instance each of the three intersection points has multiplicity 1; in the
second, there is one point with multiplicity 3.

Example 12.22 Consider the ideal I = (yx, (x — 2)?x) with primary decomposi-
tion

I={x)N(y, (x =27,
thus
V() ={y —axis} U {(2, 0)}.
The second component is associated with m, for p = (2, 0) and mult(/, p) = 2.
We describe an algorithm for computing intersection multiplicities. Let I C
k[x1, ..., x,] be an ideal, p € A"(k) a point, and m, the corresponding maximal

ideal. Assume that m, is a minimal prime of /. Fix an irredundant primary decom-
position

I=0N0,N...NQ,

where is Q the primary component associated to m,,.
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Localize to Q. Find some

feodin...ngQ
with f & Q, so that

O=(uf—-1)+1

We can interpret this geometrically when k is algebraically closed: throw out the
irreducible components of V (I) other than p.
Compute a Grobner basis for Q: since k[xy, ..., x,]/Q is finite dimensional, the
monomials not appearing in LT(Q) form a basis for the quotient (Theorem 2.16). The
number of these mononials equals mult(/, p).

Example 12.23 Consider the ideal
I=(y,y—x>+x%)

so that V(1) = {(0, 0), (1, 0)}. To compute mult(/, (0, 0)) we first extract the primary
component

Qo0 = (Uux — 1) = 1) +1 = (u(x —1),y,y —x*+x%),
which has Grébner basis
{y,xz, u+x+1}.

The monomials not in LT(Q 9,0y) are {1, x} so mult(Z, (0, 0)) = 2.
The primary component

Quo = (ux — 1, y,y —x* +x7)
has Grobner basis
fu—1,x-1,y}.

The only monomial not in LT(Q(y,p)) is {1} so mult(/, (1, 0)) = 1.

Theorem 12.24 Let I C k[yi, ..., ynl be an ideal whose associated primes are
all of the form w, for some p € A"(k). Then we have

dimk[yy, ..., yal/I = Z mult(Z, p).
peV(l)

Proof We fix some notation. Choose an irredundant primary decomposition

I=0:/N...N00Q,
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with associated primes m,,, ..., m, . We have the linear transformation

I klyr, oo ynl = @5 klyr, - al/ Q)
f = (f(mod Qy),..., f(mod Q))).

It suffices to show IT is surjective: since ker IT = I, the definition of the multiplicity
and the rank-nullity theorem yield our result.
Recall that for large N each Q; D m%_ , so the quotients

KIyis «oos yal/my = kyis .o, yal/Q;
are surjective. Thus IT is surjective provided

Wkl syl = @5kl yal/mY
f = (f (modm)), ..., f (mod m})))

is surjective. This means there exists a polynomial with prescribed Taylor series of
order N at the points p1, ..., ps (at least over a field of characteristic zero where
Taylor series make sense). Note that the N = 1 case, i.e., finding a polynomial with
prescribed values on a finite set, was addressed in Exercise 3.6.

The proof is by induction on the number of points s. The base case s = 1 is straight-
forward, since after translation we may assume p; is the origin. For the inductive step,
consider the polynomials mapping to zero in

Kyt s yal/my,
forj =1,...,s — I, which form an ideal I Tt suffices to show that the induced map
Wyt = klyi, ..o yal/m))

is surjective. The image of W is an ideal, so it suffices to check it contains a unit, i.e.,
an element that does not vanish at p,. Let ¢;,i = 1,...,s — 1, be linear forms with
£;(p;) = 0 by £;(ps) # 0. The polynomial

—1
P=[]er el

Jj=1

but P(p,) # 0. O

Bezout Theorem

Our first task is to analyze ideals with constant Hilbert polynomial:

Proposition 12.25 Let J C kl[xo, ..., x,] be a homogeneous ideal and R =
klxo, ..., x,1/J. I[fHPg(t) has degree zero then X(J) is finite.
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Proof Suppose X (J) is infinite. Then one of the distinguished open sets U; C
P"(k) (say Up) contains an infinite number of points in X(J). Let I C k[yy, ..., ¥l
be the dehomogenization of J with respect to xo, which is contained in 1 (Uy N X (J).
We therefore have surjections

k[0, -+ xa) /T 5 KDy, - vl /T — K[Up N X ().
For each ¢, write
W, = image(R; = k[xoq, ..., x,):/J; = k[Uo N X(J)]),

i.e., the functions on Uy N X(J) that can be realized as polynomials of degree < t.
We have dim W, < dim R;.

By Exercise 3.6, dimg k[Uy N X(J)] = |Up N X(J)| = oo and W; is unbounded
for t > 0. On the other hand, dim R; is bounded because HP(¢) is constant, a
contradiction. O

Over algebraically closed fields, we can sharpen this:

Proposition 12.26 Suppose k is algebraically closed, J C k[xo, ..., x,] is a ho-
mogeneous ideal with R = k[xo, ..., x,]/J, and HPg(t) is constant and nonzero.
Then the minimal associated primes of J are the ideals J(p) for p € X(J) C P"(k).

Proof Irrelevant ideals yield trivial Hilbert polynomials (Proposition 12.17),
so our hypothesis guarantees J is not irrelevant. The Projective Nullstellensatz
(Theorem 9.25) then guarantees that X (J) is nonempty.

Lemma 12.27 If J C klxo, ..., x,] is homogeneous then each associated prime
of J is homogeneous.

We can put this into geometric terms using Corollary 8.29. Recall that V(J) C A"+!(k)
is the cone over the projective variety X(J). Irreducible components of V(J) corre-
spond to the cones over irreducible components of X(J).

Proof of lemma By Theorem 8.22, each associated prime of J can be writ-
ten P = /J : f for some f € k[xg, ..., x,]. Write f = Fy+ --- + F; as a sum of
homogeneous pieces and K; = +/J : F;. Since J is homogeneous,

J:f=J:FpNJ:FN...NJ:F

and Exercise 7.18 gives

VI f=JVI:FRnJJ:Fn...nJ:F,.

Since prime ideals are irreducible (Proposition 8.4), P = /J : F; for some i, and
thus is homogeneous. (]
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Each irreducible component of X(J) is a point p € P"(k) (by Proposition 12.25).
Thus each irreducible component of V(J) is the line £ C A"*!(k) parametrized by
that point. The description of the minimal associated primes of J follows. (]

Corollary 12.28 Retain the assumptions of Proposition 12.26 and assume in ad-
dition that J is saturated. Then the associated primes of J are the ideals J(p) for
peX(J).

Proof The only possible embedded prime is m = (xo, ..., x,), which would
correspond to an irrelevant primary component. In the saturated case, these do not
occur (see Exercise 10.2). O

Our next task is to tie Hilbert polynomials and multiplicities together. We start
with a fun fact from linear algebra:

Lemma 12.29 Assume k is infinite and let S C P"(k) be a finite set. Then there
exists a linear L € k[xo, ..., x,]1 such that L(p) # 0 for each p € S.

Proof First, we construct an infinite collection of points py, p2, ..., Pw,
PN+1s - - - in P"(k) such that any n + 1 of the points are in linear general position.
Given distinct oy, s, ... € k set

pi=1[la,a?, ..., a' ePk).

Recall the formula for determinant of the Vandermonde matrix

2 n
I up uy ... Uy
2 n
I uy ... uj
det| @ : : . 1—[ () — up).
2 n O<i<j<n
1 Un—1 un—l un—l
2
I u, u uy,

In particular, the determinant is nonzero unless u; = u; for some i # j. Taking
ug, ..., U, to be any of n 4 1 distinct values of the «;, we get the desired linear
independence. In geometric terms, the images of any collection of distinct points in
P! (k) under the Veronese embedding

v, : Pl(k) = P"(k)

are in linear general position.
There exists then a collection of n + 1 points in [P” (k) in linear general position, but
not contained in S. There exists a projectivity taking these to the coordinate vectors

eo=1[1,0,...,0],e, =1[0,1,0,...,0],...,e, =[0,...,0,1].

We may then assume that S does not include any of these points.
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We finish by induction on n. Suppose n = 1 and S = {(ay, b)), ..., (an, by)}. If
t € k is distinct from each b; /a; then L = x| — txg has the desired property. For the
inductive step, project frome, = [0, ..., 0, 1]

e, PP(k) --» P71 (k)

[‘x07 .. ‘7x”] H [x()’ AR 7xn_1]’
which is well-defined along S. By induction, there exists L € k[xo, ..., x,—1]; that
is nonzero at each point of ., (S). Regarding L € k[xo, ..., x,], we get a form non-
vanishing at each point of S. O

Our next task is to explain how Hilbert polynomials and multiplicities are related.

Proposition 12.30 Suppose k is algebraically closed, J C k[xy, ..., x,] is a ho-
mogeneous ideal with R = k[xo, ..., x,]/J, and HPg(t) is constant. Assume in
addition that X(J) C Uy. If I Ck[y1,...,y.] denotes the dehomogenization of
J then

mult(/, p) = HPg(?).
peX(N=V(I)

Proof We may replace J by its saturation without changing either the Hilbert
polynomial or the dehomogenization (see Proposition 12.17). From now on, we
assume that J is saturated.

Proposition 12.25 implies that X(J) finite and consequently V(I) is finite. The
minimal associated primes of I are all of the form m,, where p € V(1) (see Corol-
lary 8.29). Our interpolation result (Theorem 12.24) implies

dimy k[y1, ..., ya)/1 =) muli(Z, p).

pel

Again, consider the dehomogenizations
R:=klxo, ..., xal/J B kly1, ..., yal/I
and the images of the induced

Rt = k[X(), --'sxn]t/Jt - k[)’l, .~-,)Jn]/1

for each 7. We claim that these are isomorphisms for 7 >> 0, which implies our
result.

Surjectivity is not too difficult. The quotient k[yy, ..., y,]/I has finite dimension,
with a basis consisting of monomials of bounded degree. To prove injectivity, suppose
that F is homogeneous of degree d and dehomogenizes to a polynomial f € /. This
is the dehomogenization of some homogeneous F’ € J, with F’ = x{ F for some e.
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To show that F is also in J, we establish that the multiplication map

R, — Rtfl
F— )C()F

is injective.
Corollary 12.28 gives the primary decomposition of J. If X(J) = {py, ..., ps}
then

J=01N...N00,,

where Q; is associated to P; := J(p;) fori =1,...,s. However, xo(p;) # 0 for
each i by assumption, so xo € P;. The only zero divisors in R are in the im-
ages of the associated primes of J (Corollary 8.24); thus x( is not a zero divisor
in R. O

Theorem 12.31 (Bezout Theorem) Let k be an algebraically closed field, F, G €
k[xo, x1, x2] homogeneous polynomials without common factors, and J = (F, G).
There exist coordinates 2o, 21, 22 such that zo(p) # 0 for each p € X(J). If I is the
dehomogenization of J with respect to 7 then

> mult(/, p) = deg(F) deg(G).
PeX()

Proof Lemma 12.29 guarantees the existence of coordinates with the de-
sired property. Then the theorem is just the combination of Propositions 12.11 and
12.30. ]

Corollary12.32 Two plane curves of degrees d and e with no common components
meet in de points, when counted with multiplicities.

Etienne Bézout (1733-1783) wrote the Théorie générale des équations
algébraiques in 1779. An English translation [3] was published in 2006.

Theorem 12.33 Let Fy, ..., F, be homogeneous in S = k[xy, x1,...,x,], J =
(Fy,..., F,), and R = S/J. Suppose either of the following equivalent conditions
holds

foreach j =2,...,n, F;isnot azero divisor (mod (Fy, ..., F;_1));

X(J) has a finite number of points over an algebraically closed field.

Then we have

HPR(1) = deg(F)). .. deg(F).
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Idea of proof Let d; denote the degree of F;. The computation of HPg(#) requires
knowledge of the Koszul complex

0K, "k, .. K" VK .. Ko %R —0.

Here the terms are

Ko =5,
Kl = Z] Stfd/-
K, = Zj(1)<j(2) St—djo ~djo

K, = Zj(1)<j(2)<...<j(r) S’*d/(l)*'“*dj(r)

K, =S8—_4-.,
and the maps &, (¢) are direct sums of multiplication maps

Si—d = 84,

jn==djr) iy = =djis-n=djs+n==dji)

G (—1)SFJ'(S)G.

The signs are chosen so thatimage §,(¢) C ker 6,_1(¢) for each r; see §5.4 for a special
case.

Under our assumptions, the only syzygies among the F; are the ‘obvious’ ones,
e.g., F;(F;) — F;(F;) = 0.In this context, the Koszul complex is exact, i.e., the kernel
of each map equals the image of the one before. We then have

dimR, =) (=1 Y dimS g may,
r=0

Jj(H<...<j(r)

B n e t—d'(l)—"'—d‘(r)'i'l’l
-y ()

Jj(D<...<j(r)
=d...dy,

where the last step is a formal combinatorial identity. (]

This granted, our proof of Theorem 12.31 yields the following.

Theorem 12.34 (Higher-dimensional Bezout Theorem) Let k be an algebraically
closed field, Fi, ..., F, € k[xo, ...,x,] homogeneous polynomials, and let J =
(F1, ..., F,). Assume that X(J) is finite and xo(p) # 0 for each p € X(J). If 1
is the dehomogenization of J with respect to xo then

Z mult(, p) = ll[deg(Fi).
i=1

peX(J)
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Let C C P?(C) be asmooth plane curve over the complex numbers with homogeneous
equation F € Clx, y, z] of degree d.

A line ¢ C P? is tangent to C at p if the multiplicity of £ N C at p is greater
than or equal to 2. It is an inflectional tangent to C at p if the multiplicity is greater
than or equal to 3. In our discussion of the Pliicker formulas in §11.2.1, we observed
that the number of inflectional tangents to C equals the number of cusps in the dual
curve C.

How do we count the number of inflectional tangents? Recall that the dual curve
is the image of the morphism

¢:C — P?
[x,v,z] — [0F/dx,dF/dy, dF/dz].

The inflectional tangents are precisely the critical points of this map. The differential
of ¢ has nontrivial kernel when the Hessian

3*F ’F ’F

dx? dxdy 0x0z
_ a a °F _
H(F) = det oy 7 oy | = 0.
°F ’F  °F
9xdz  dydz 072

This is a polynomial of degree 3(d — 2). We conclude therefore that
#{inflectional tangents of C'} = #{critical points of ¢ : C — P2}
= #{solutions of F = H(F) = 0}
=3d(d - 2),

where the last equality is the Bezout Theorem. We obtain the following table:

deg(F) ’ #{inflectional tangents}

2 0
3 9
4 24
5 45

The Bezout Theorem counts intersection points with multiplicity. The points where
C intersects { H(F') = 0} with multiplicity > 1 include inflectional tangent £ meeting
C with multiplicity > 4.

For more information on multiplicities and plane curves, see [11].

Interpolation problems revisited

We apply some of these ideas to the interpolation problem first considered in Chapter 1.
Before stating the General Interpolation Problem, we need a definition:
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Definition 12.35 Let f € k[y1, ..., yoland p = (by, ..., b,) € A" (k). The poly-
nomial f has multiplicity > m at p (or vanishes to order m at p) if

fem;,::(yl_bla“-ayn_bn)m-

When k has characteristic zero, this means the the Taylor series for f at p only has
terms of degree > m.

Problem 12.36 (General Interpolation Problem) Fix interpolation data
S =(p1,mi;...;pn,my)

consisting of distinct points py, ..., py € A"(k) and positive integers my, ..., my.
What is the dimension of the vector space of polynomials of degree < d vanishing at
each p; to order m;?

Let P, 4 denote the polynomials of degree < d and
14(S) = Poa N (N, m,’)
denote the polynomials satisfying the interpolation data.
Definition 12.37 The number of conditions imposed by
S=(p1,mi;...;pn,my)
on polynomials of degree < d is defined as
Cy(S) :=dim P, ; — dim 14(S).

S is said to impose independent conditions on P, 4 if
N
n+m;—1
Cy(S) = ! .
a(S) Z( . )
j=1
It fails to impose independent conditions otherwise.
The expected number of conditions is given by naively counting the Taylor coefficients
we set equal to zero!
Fix N and my, ..., my. It may not be possible to choose pi, ..., py such that

the data S impose independent conditions on P, ;. There are counterexamples even
when the expected number of conditions is less than the dimension:

gc+?—j§¢:ﬂ.
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Example 12.38

Let p; =(0,0), p» =(1,0) € A’(k) and consider the conditions imposed by

(p1, 2; p2, 2) on quadrics. Since x% vanishes to order 2 at p; and p,, we have

Cx(S)<6—1=5.

242-1
(P37 ) =s
2

Let p1,..., ps € A?(k) and consider the conditions imposed by

On the other hand,

(P1,2:p2,2: 3,2, pa, 2, ps, 2)

on quartics (d = 4). There is a unique (up to scalar) nonzero f € P, such that f
vanishes at each of the p;. Hence f 2 € P, 4 vanishes to order 2 at each of the p ; and
C4(S) < 15 — 1 = 14. However, the expected number of conditions is

24+2-1
5<+ ):15.
2

We recast these problems using Hilbert functions and polynomials. Realize A" (k)
as the distinguished affine open Uy C P"(k) and consider py, ..., py € P"(k). We
write S = k[xo, ..., x,]. Dehomogenization with respect to xg

wo - klxo, .., Xyl = k[yi, ooy Yl

identifies J(p;) with m,, and S; with P, ;. Homogeneous forms of degree d with
multiplicity m; at each p; (cf. Exercise 10.8) are identified with 1,(S). Writing

J(S) =N J(p)™,  R(S) = S/I(S),
we have an isomorphism
o : RS = Poa/1a(S)
and thus the equality

HFgs)(d) = C4(S).

Proposition12.39 LetS = (py, my;...; pn, my,) be acollection of distinct points
in P" (k) and positive integers my, ..., my. Write

J(S) =N J(p)™,  R(S) = S/I(S).
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Then we have

N
n+m;—1
HPs)(1) = Z( n’ )
j=1

Proof Let p=10,...,0,1] € P"(k) so that J(p) = {(x0,...,X,—1) and the
monomials

o)) Up—1 oy .
{xo R R e 7 s e ol ¢ <m}

form a basis for S/J(p)™. It follows that

n+m-—1
HFS/J(p)”I(t) = < " )

for t > m. By Proposition 12.5, this analysis applies to each p € P"(k); Proposi-
tion 12.6 the gives the result. O

Corollary12.40 Consider interpolation data S = (py1,my;...; py, my) in P"(k)
and the corresponding graded ring R(S). S imposes independent conditions on
polynomials of degree < d if and only if HPgs)(d) = HFg(s)(d). Thus S imposes
independent conditions on polynomials of degree < t provided t >> 0.

The last assertion is the defining property of the Hilbert polynomial (Theorem 12.14).
Thus our General Interpolation Problem reduces to the following.

Problem 12.41 (Projective Interpolation Problem) Fix interpolation data

S =(pi,mi;...;pN, my)
consisting of distinct points py, ..., py € P"(k) and positive integers my, ..., my.
If we write

J(S) =N J(p)™,  R(S) = klxo, .., %1/ J(S),
for which ¢ is

HFg(s)(t) = HPgs)(2)?

Lemma 12.29 implies we can always choose coordinates such that py,..., py €
Uy >~ A"(k), so the Projective Interpolation Problem reduces to the affine case.

Even for generic points in the plane, the General Interpolation Problem is still open!
There are precise conjectures of Hirschowitz [21] and Harbourne [15, 16] predicting
which interpolation data fail to impose independent conditions on polynomials of
degree < d. A good survey can be found in [31].
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Classification of projective varieties

The importance of the Hilbert polynomial is that most important invariants of projec-
tive varieties can be defined in terms of it.

Definition 12.42 Let X be a projective variety.

The dimension dim(X) is defined as the degree of HPy.
The degree of deg(X) defined as the normalized leading term of HPy:

deg(X) 4
HPy (1) = ,gi()td"“(x ) + lower-order terms.
dim(X)!
In our discussion of Hilbert polynomials, we showed that each can be expressed
in the form

dim(X) ;
HPx()= ) a (dim(X) - i)’

i=0

with the a; integers. The coefficient ay = deg(X).

These definitions can be related to existing notions of ‘dimension’ and ‘degree’,
when these can be easily formulated. A finite set X has dimension zero and degree
| X|. Projective space P" (k) has dimension n and degree 1. As for hypersurfaces, the
following holds.

Proposition 12.43 Let X C P"(k) be a hypersurface with J(X) = (F), with F a
polynomial of degree d. Then dim(X) = n — 1 and deg(X) = d.

Proof We have already computed the Hilbert polynomial

o= (7)< (74
n n
_t+nm+n—1)...c+1) (¢—d+n)...t+1-d)
- n! B n!
—t"*1n+(n_l)+"'+1_(n_d)_(”_1—d)—"'—(1—d)
B n!

+ lower-order terms

_.nd
=" 1—‘ + lower-order terms.
n!

In particular, the Hilbert polynomial has degree n — 1 and ap = d. O

It takes some work to prove in general that the Hilbert-polynomial definition of
dimension agrees with the transcendence-base definition given in Chapter 7. See [9,
ch. 8] for a discussion of the various notions of dimension.

Not only the leading term of the Hilbert polynomial gets a special name. The
constant term is also significant:
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A curve of genus 3.

Definition 12.44 The arithmetic genus of an irreducible projective variety X is
defined as

Pa(X) = (= D)I®(HPy(0) — 1).

Example 12.45

The curve X C P3(k) with equations
2
{)C()XZ - x12, X0X3 — X1X2, Xy — X1X3}

has deg(X) = 3, p,(X) = 0.
Let X C P?(k) be a plane curve of degree d. Then we have

HPy (1) = <t—|2-2>_<t—cé+2)

P R

so that p.(X) = (d — 1)(d — 2)/2.

The geometric meaning of the arithmetic genus is a bit elusive in general. However,
for curves it has a very nice geometric interpretation.

Theorem 12.46 Let X C P*(C) be a smooth irreducible complex projective curve.
Then X(C) is an oriented compact Riemann surface of genus p,(X).

The proof, which uses the Riemann—Roch Theorem and significant analysis, would
take us too far afield. We refer the interested reader to a book on complex Riemann
surfaces, e.g., [30, p. 192].

Example 12.47 Consider the plane curve X C P*(C) given by the equations x§ +

x} = x3. This is smooth (and thus irreducible by the Bezout Theorem!) with genus

3.2
— =3.
2

The complex points X(C) are displayed in Figure 12.2.
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We sketch briefly how projective varieties are classified using Hilbert polynomials.
Fix a polynomial f(r) € Q[¢] with f(Z) C Z, and consider all varieties X C P" with
HPx(t) = f(#). Choose M >> 0 such that HPx (M) = f(M); while it appears that M
depends on X, it is possible to choose a uniform value for all the varieties with Hilbert
polynomial f. Let

n+M

Gr .= Gr(< M

) — f(M), klxo, ..., Xulm)

denote the Grassmannian of codimension- f (M) subspaces of the space of polynomi-
als of degree M. The homogeneous polynomials of degree M vanishing on X define
a point

[X]M = J(X)M e Gr.

For M > 0, the set of all projective varieties with Hilbert polynomial f are
parametrized by a locus

Hlbf(z) c Gr

known as the Hilbert scheme. For details on the construction and discussion of Hilb ¢
as a projective variety see [32, ch. 14].

Example 12.48 Consider all plane curves X C P?(k) of degree d. These have

Hilbert polynomial
t+2 t—d+2
t) = -
O ( 2 ) ( 2 )

so that f(d) = (*}?) — 1. If X is defined by F € k[xo, x1, x2], then
(X1 = [F] € Gr(1, k[xo, x1, ¥2]a) = BT,

A similar analysis applies to arbitrary hypersurfaces of degree d in P".

Exercises

Consider the ideal
J = (xox1, x3) C k[x0, x1, x2].

Compute the Hilbert polynomial HP(¢).
Let f = x3 4+ y® and g = x* + y° and write

I'=(fg), p=(0).

Compute the multiplicity mult(Z, p).
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Consider the interpolation data S = ((0, 0), 2; (0, 1), 2; (1, 0), 2) for A2(R). Show that

this imposes independent conditions on polynomials in P 3.

(a) Let py, ..., p7 be any distinct points in A?(R). Show that there exists a nonzero
cubic polynomial vanishing at p; to order 2 and at p,, ..., py to order 1.

(b) Compute the expected number of conditions Cs(S) imposed on P; ¢ by the inter-
polation data

S = (p1,4; p2,2; p3,2; pa, 25 ps, 2; pe, 25 7, 2)

for generic points py, ..., p7 € A2(R).
(c) Show that S fails to impose independent conditions on P; ¢.
Compute Hilbert polynomials for the following varieties:
(a) the quadratic Veronese varieties

v@)(P" (k) € PUD k;
(b) the Segre variety
X =P"(k) x P"(k) C P (k);
(c) the Grassmannian
Gr(2,4) c P(k).

Compute the degree and dimension from the Hilbert polynomial.

Let X = {p1, p2. p3. ps} C P*(Q) be a collection of four distinct points. List all

possible Hilbert functions HF x ().

Let S = k[xg, x;] be a weighted polynomial ring, where x, has weight w( and x; has

weight w.

(a) Assume that wo = 2 and w; = 3. For each ¢t > 0, express t = 6g + r where
0 <r < 5. Show that

1 if 1
R = {471 17
q ifr =1.

Explain why this does not contradict Theorem 12.14.
(b) Let M denote the least common multiple of wg and w and pick an integer R with
0 < R <M — 1. Show that HFg(M¢q + R) is a degree-1 polynomial function in
q for g > 0.
Show that any smooth plane curve is irreducible. Hint: The irreducible components
of a plane curve are themselves plane curves! Check that the following complex plane
curves C C P(C) are irreducible:

xy+x4+x =0

xg +x13 + x23 = Axox1x2, A3 #* 27.
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Find all points of intersection of the following pairs of plane curves {F = 0},
{G = 0} C P*(C), and the multiplicities of the intersections.

(@) F=x}+xi+x5and G = xox2 — x5

(b) F = xox3 — xj and G = xox3 — xox7 — X3;

Compute the inflectional tangents of the curve C C P?(C) given by

3 3 3
xy +x7 + x5 = 2xox1x2.
Consider the complex projective curves

C = {(x0, x1,%2) : x5 + 37 = x3} C PX(C)

D= {(xo,xl,xz) : xg —x12 = x%} c PX(C).
Describe the intersection C N D and compute the multiplicity of each point. Make
sure you prove that you have found every point of the intersection!

Let V be an affine variety with p € V and m, C k[V] the corresponding maximal
ideal. Consider the graded ring

R=®=0R =k[V]/m, ®m,/m; @m>/m> ... &m,/m&.. .,

i.e., Rp=kand R, = mjp/m’;rl for ¢t > 0. This is called the graded ring associated
tok[V]and m,,.

(a) Letxo, ..., x, be generators of Ry =m,, /mf, as a vector space over k. Show that
Xo, - . ., X, generate R as a k-algebra. Hint: Check that the monomials x* with
|| = ¢t span R;.

(b) Show that the kernel J = ker(k[xo, ..., x,] — R) is homogeneous. The corre-

sponding affine variety
V(J) C A" (k)
is the tangent cone to V at p and the projective variety
X(J) C P*(k)

is called the projective tangent cone.
(c) Suppose that 0 = p € V. .C A™(k) and I(V) = (f) for some f € k[yy, ..., Y]
with graded pieces

f=Fu+Fyup+-—-+Fi;, Fu#0.

Show that the associated graded ring is k[yy, ..., Y 1/{(Fu)-
(d) Draw the graph of V = {(y1, y2) : y22 = yl2 + y?} C A%(R) and its tangent cone.
Do the same for V' = {y7 = y; + y!} C A’(R).
Find an explicit formula for the arithmetic genus of a degree d hypersurface X C
P3(C).
Extract equations for Hilb ¢, for the following classes of varieties:
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(a) Lines £ € P3 with f(¢t) =t + 1. Hint: Use Gr(2, k[xo, x1, X2, X3]1).

(b) Pairs of points X = {p;, p»} C P? with f(¢) = 2. Hint: Use the Grassmannian
Gr(4, k[.X(), X1, x2]2).

Is Hilb s(;y closed in the Grassmannian? If not, describe the points in the closure.

Challenge: Each bihomogeneous F € C[xg, x1, Yo, y1] defines a curve in P!(C) x

PP!(C). State and prove a Bezout Theorem for a pair of bihomogeneous forms F, G

without common factors.



Appendix A Notions from abstract algebra

This appendix is a brief resumé of the abstract algebra used in this book. Sketch
proofs are sometimes included to highlight the key ideas. We encourage the reader
to consult a general text in abstract algebra for detailed arguments and discussion.
Michael Artin’s book [1] contains all that we require (and much more besides).

Rings and homomorphisms
A commutative ring R is a set with two operations, addition
RxR—> R
(a,b)—>a+b
and multiplication
RxR— R
(a,b) — ab
satisfying the following conditions:
R is an abelian group under addition:

e addition is associative, i.e., (a + b) + ¢ = a + (b + c¢) foreach a, b, ¢ € R;

e addition is commutative, i.e.,a + b = b + a for each a, b € R;

o there exists 0 € R such that 0 +a = a foreacha € R;

e there exist additive inverses, i.e., for each a € R there exists an element b € R such
thata + b = 0.

Multiplication on R satisfies the following:

® (ab)c = a(bc) for each a, b, ¢ € R;
® ab = ba foreacha, b € R;
e there exists 1 € R such that 1a = a for each a € R.

The addition and multiplication operations are compatible, i.e., for all a, b, c € R we
have (a 4+ b)c = ac + bc.

235
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We will not consider rings with non-commutative multiplication, so we frequently
shorten ‘commutative ring’ to ‘ring’.

Example A.1 The integers form a ring Z under the standard operations of addition
and multiplication.

If N > 1 is an integer then congruence classes a (mod N) form a ring Z/N7Z
under the operations of addition and multiplication modulo N.

A homomorphism of rings is a function ¢ : R — S satisfying the following
conditions

¢la + b) = ¢p(a) + ¢(b) and ¢p(ab) = ¢p(a)p(b) forall a, b € R;
(1) =1.

A domain is a ring R with no nontrivial zero-divisors, i.e., if ab = 0 thena = 0
or b = 0. A field k is a domain such that the nonzero elements k* := k \ {0} form a
group under multiplication, i.e., for each a # 0 € k there exists b € k with ab = 1.
Every domain R has a field of fractions

,
K::{—:r,seR,s;ﬁO},
S

where we identify r /s and r, /s, when rys, = r,s;. The operations are addition and
multiplication of fractions

non_ (ris2 +r281) rn\(r\ _nn
S 52 5182 ' S1 52 s182

We realize R C K as the fractions r/1.

Example A.2 The real numbers R and complex numbers C are fields under the
standard operations of addition and multiplication. The rational numbers

Q= {i ir, S GZ,S;AO}
s
are the field of fractions of the integers Z.

Let k be a field. A k-algebra is aring R along with a ring homomorphism k — R.
By Exercise A.4, this homomorphism is injective provided R # 0, so we may regard k
as a subset of R. A homomorphism of k-algebras ¢ : R — S is aring homomorphism
such that ¢(ca) = c¢(a) foreacha € R and ¢ € k.

Constructing new rings from old

Let R be a ring. An ideal is a nonempty subset / C R satisfying the following
properties:

for any fi, f» € I wehave f| + f» € I;
forany f € [ andr € R we have fr € I.



A.2 CONSTRUCTING NEW RINGS FROM OLD 237

Given a finite set

{fl?fZ!"'?fr}CRs

the ideal generated by this set is denoted (fi, f>,..., f;) and consists of all the
sums fihy + fohy + -+ frh, where the h; € R. (Showing this defines an ideal is
an exercise.) More generally, for any subset { f;};c; C R, we can consider the ideal
(fi)ie; C R consisting of all finite sums f; h;, + -+ - + f; h;, withi; € I and h;; € R.

Let R be a ring and I an ideal of R. Two elements a, b € R are congruent
modulo 1,

a=b (mod ),

if a — b € I. As the notation suggests, this is an equivalence relation on R. Addition
and multiplication are compatible with congruence: if a; = a, (mod ) and b; = b,
(mod I) then a; + by = ay + b, (mod 1) and a1by = a,b, (mod I). In particular,
addition and multiplication are well-defined on congruence classes. The quotient
ring R/I is the set of congruence classes modulo / under these operations. We have
natural quotient homomorphism

R — R/I
at+—>a (mod I).

Example A.3 Let R =7, N a positive integer, and I = (N). Then Z/(N) =
Z/ NZ is the corresponding quotient ring.

Given a ring R, the polynomials with coefficients in R is the set of finite formal
sums

RIx1={po+ pix + -+ pax’ : po, p1,.... pa € R};

the largest power x’ appearing with a nonzero coefficient is the degree of the polyno-
mial. This is a ring under the operations of addition

(Po + p1x + -+ pax?) + (qo + qix + - - + gex©)
= (po+q0)+ (p1 +q)x + (p2 + g)x*> + - -

and multiplication

(po+ p1x + -+ pax)(qo + q1x + - + qex®) =
Pogo + (p1go + poq)x + -+ + (piqo + pi—1q1 + - -+ + pog)x’ + -+ - + pagexTe.

We use the shorthand
Rlxy, ..., xx] = Rlx11[x2] . .. [x,];

this does not depend on the order of the variables.
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We can combine these constructions, e.g.,

R =7Z[x]/(3, x> + 1).

Modules

When we develop linear algebra over general rings, modules play the role of vector
spaces: an R-module M is an abelian group M (written additively) equipped with an
action

RxM-—>M
(r,m)+— rm

satisfying the following properties:

r(my +my) = rmy + rm, foreachr € Rand m, m, € M,
(ri+rpm=rm+rymforeachr;,r, € Randm € M,
(riro)m = ri(rym) foreachri,r, € Randm € M.

Given R-modules M and N, a homomorphism of R-modules or R-linear homo-
mophism is a function ¢ : M — N satistying the following:

d(my + my) = ¢p(m1) + ¢p(my), forall my, my € M;
¢(rm) = r¢p(m), foreachr € Randm € M.

Example A.4
(a) Every additive abelian group M is a Z-module under the action

r,m)yr—>rm, reZ,meM.
(b) R isitself an R-module with action
(r,s)+—>rs, r,seR.
(c) if M, and M, are R-modules then so is the direct sum
M, ® My = {(m1, my) : my € My, my € My},
where addition is taken componentwise and R acts by ‘scalar multiplication’
r(my, my) = (rmy, rmy).
(d) Foreach n > 0 we have the R-module

R'={(c1,...,c,):¢ci€ER}=R&®...®R.
[ —

n times

We will use the standard notation

er=(1,0,...,0),...,¢,=1(0,...,0,1).
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Given an R-module M, an R-submodule N C M is a subgroup such that, for
eachr € R and n € N, we have rn € N. Two elements m, m, € M are congruent
modulo N,

if m; —m, € N. The R-action respects congruence classes: if m; = m, (mod N)
thenrm; = rm, (mod N) foreach r € R. The resulting set of equivalence classes is
denoted M/N.

Proposition A.5 If M is an R-module and N C M an R-submodule, then M /N
naturally inherits an R-module structure, known as the quotient module structure.

Example A.6 A subset I C R is a submodule if and only if it is an ideal. The
resulting quotient ring R/[ is also naturally an R-module.

An R-module M is finitely generated if there exists a finite set of elements
mi, ..., m, € M such that every m € M can be expressed

m=rm +---+rym,, ri,...,r €R.

This is equivalent to the existence of a surjective R-linear map ¢ : R" — M.

Prime and maximal ideals

Let Rbe aring. Anideal m C R is maximal if there exists noideal I withm C I C R.
Anideal P C R is prime if, for any a, b € R withab € P, eithera € Porb € P.
These notions are useful in constructing rings with prescribed properties.

Proposition A.7 Consider an ideal I C R. I is maximal if and only if R/I is a
field. I is prime if and only if R/1 is a domain. In particular, every maximal ideal is
prime.

Proof If I is maximal then, forany x € R \ I, we have I 4+ (x) = R. Thus there
existy € Randr € [ withxy +r = 1,and xy = 1 (mod [I). Conversely, if R/I is a
field then for any x € R\ I we have xy = 1 (mod /) for some y € R, and any ideal
J 2 I contains 1.

The remaining assertions are left as an exercise. (]

Example A.8 If p is a prime number then the ideal (p) C Z is maximal. Indeed,
given a € Z not divisible by p, we show that (p, a) = Z. Consider the powers

{a,a%,a>, ..., a"} C 7/ pZ.

None of the a’ is a zero divisor in Z/pZ: if a’b = 0 (mod p) then p|a’b, but since
p does not divide a we must have p|b, i.e., b =0 (mod p). Now Z/pZ has p — 1
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nonzero elements, so we find that ¢’ = @/ (mod p) forsome 1 <i < j < p. Since

a'(1 —a’~") =0 (mod p), we must have 1 —a/~ =0 (mod p), ie., aa/" "' =1
(mod p) and aa’~'~! = 1 + np for some integer n. This implies that 1 € (a, p) and
thus (p, a) = Z.

Proposition A.7 guarantees Z/ pZ is a field, called the finite field with p elements.

Factorization of polynomials
A domain R is a principal ideal domain (PID) if every ideal [ is principal, i.e., there
exists an f € R such that I = (f).

Theorem A.g Let k denote a field. Then k[x] is a principal ideal domain.

Proof The key ingredient is following systematic formulation of polynomial
long division, which can be found in any abstract algebra text:

Algorithm A.10 (Euclidean Algorithm) Let k denote a field, f # 0 a polynomial in
k[x], and g € k[x] a second polynomial. Then there exist unique q, r € k[x] such that
g = qf +r anddeg(r) < deg(f) (where deg(0) = —o0). We say q is the quotient of
g by f, and r is the remainder.

Let I C k[x] be an ideal. Let 0 # f € I have minimal degree among nonzero el-
ements of I. Given another element g € I we apply the division algorithm to find
g and r such that g = fq + r and deg(r) < deg(f). Note thatr = g — fq € I, so
by our assumption on f we have r = 0, and g is a multiple of . We conclude that

I=(f). O
The units of a ring R are the elements with multiplicative inverses
R* ={u € R : thereexists v € R with uy = 1};

this forms a group under multiplication. Suppose a € R is neither a zero-divisor nor
aunit; a is irreducible if, for any factorization a = bc with b, ¢ € R, either b € R* or
¢ € R*. A domain R is a unique factorization domain (UFD) if the following hold.

Each a € R can be written as a product of irreducibles

a=pi...pry Ply---,Pr €R.

This factorization is unique in the following sense. Suppose we have another factor-

ization @ = ¢qj . ..q,. Then s = r and after permuting pi, ..., p, we can find units
up,...,u, € R*suchthat p; = u;q;,i =1,...,r.
Proposition A.11 If f is anirreducible element of a unique factorization domain R

then ( f) is prime. If f is irreducible in a principal ideal domain then { f) is maximal.
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Proof Suppose R is a UFD. Given ab € (f) then ab = hf for some h € R,
and f must be an irreducible factor of either @ or b. Now suppose R is a PID.
Given an ideal / C R with (f) C I, we can write / = (g) for some g € R. We have
f =ghforsomeh € R; h ¢ R* because (f) # (g). Since f is irreducible, g € R*
and/ = R. (]

Proposition A.12 (Gauss’ Lemma) Let R be a unique factorization domain with
fractionfield L. Let g, h € R[x]and assume that the coefficients of g have no common
irreducible factor. If g|h in L[x] then g|h in R[x].

Proof Given a polynomial f = fyx? +--- + f, € R[x], we define

content(f) = gcd(fo, ..., fa)s

the greatest common divisor of the coefficents, which is well-defined up to multi-
plication by a unit. A polynomial has content 1 if its coefficients have no common
irreducible factor.

We shall establish the formula

content( fg) = content( f) - content(g)

for f, g € R[x]. Dividing through f and g by their contents, it suffices to prove
this when f and g have content 1. Suppose p € R is irreducible dividing all the
coefficients of fg. If f and g have degrees d and e respectively, we obtain

P | fdge
Dl fa8e—1 + fa-18e
Pl fage—2+ fa-18e—1 + fa-28e

Suppose p does not divide f,;. The first expression shows it divides g.. The second
expression shows it divides f;g._1, so it divides g._;. The third expression shows it
divides f;g.—», so it divides g._,. Continuing, we conclude p divides each g;, hence
plcontent(g).

We can divide the coefficients of 4 by their common factors to obtain a poly-
nomial of content 1. Without loss of generality, we may assume that 4 has con-
tent 1. Suppose we have h = fg with f € L[x]. Clear denominators, i.e., choose
r € R such that f :=rf € R[x] with content 1. We have rh = fg so our claim
implies 4 has content 1. This is only possible if » € R*, in which case f = r~' f
€ R[x]. ]

Corollary A.13 Let R be a UFD with fraction field L and f € R[x] irreducible
and nonconstant. Then f is irreducible in L[x].
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The following fundamental result about unique factorization can be found in most
abstract algebra textbooks:

Theorem A.14 If Ris a UFD then R[x] is a UFD. In particular, if k is a field then
k[xi, ..., x,] has unique factorization.

Sketch Proof Suppose we want to write 4 € R[x] as a product of irreducibles.
We first express i = rh where /i has content 1 and r € R, and factor r as a product
of irreducibles over R. Then we factor

fl:pl...pr

where p; is irreducible over the fraction field L of R. Successively applying Gauss’
Lemma, we can choose the p; to be polynomials of content 1 in R[x].

Field extensions

A field extension L /k is a nontrivial homomorphism of fields
k— L;

Exercise A.4 guarantees these are injective. The extension is finite if L is finite-
dimensional as a vector space over k.

Here is the main source of finite extensions: Suppose f € k[x] is an irreducible,
so that ( f) is maximal by Proposition A.11. Then L = k[x]/ { f(x)) is a field and the
induced homomorphism

k< k[x] — L

is nonvanishing as f is nonconstant; we have dim; L = deg f and k = L if and only
ifdeg f = 1.

Definition A.15 Given a field extension L/k, an element z € L is algebraic over
k if there exists a nonzero polynomial f € k[x] with f(z) = 0. The extension is
algebraic if each element z € L is algebraic over k.

Given a field extension L /k and elements zy, ..., zy € L,letk(zy, ..., zy)denote
the smallest subfield of L containing k and zy, ..., zy.
Proposition A.16 Let L/ k be a field extension.

If L/ k is finite then it is algebraic.

An element z € L is algebraic over k if and only if k(z)/ k is finite.
The collection of all elements of L algebraic over k forms a field.

If M/L and L/ k are algebraic extensions then M/ k is algebraic.
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Proof Suppose L/k is finite and take z € L. Consider k(z) C L, a finite-
dimensional vector space over k. For d sufficiently large, the set {1, z, o z%) s
linearly dependent, i.e.,

cat + a1V =0.

We take f = cqx? + -+ + ¢y € k[x].
Consider the k-algebra homomorphism

ev(z) : k[x] — klz]
X = Z.

Since k[x] is a PID, ker(ev(z)) = (f) for some f € k[x]. Now k[z] is an integral
domain because it sits inside L, so f is either irreducible or zero. Of course, f
is irreducible precisely when z is algebraic, in which case dim; k[z] = deg f. (We
call f the irreducible polynomial of z over k.) Furthermore, (f) is maximal by
Proposition A.11 so

klz] >~ k[x] {f(x))

is a field. It follows that k[z] = k(z) and dimy k(z) = deg f. On the other hand, f =0
when z is not algebraic, in which case dimy, k[z] = oo.

Suppose z; and z, are nonzero and algebraic over k; a fortiori, 7, is algebraic
over k(z1). By our previous analysis, k(z) is finite-dimensional over k and k(z, z2)
is finite-dimensional over k(z;). It follows that k(z;, z») is finite-dimensional over k.
We have

k C k(z1 4 22), k(z1 — 22), k(z122), k(z1/22) C k(z1, 22),

so all the intermediate fields are finite extensions of k. This implies that z; + z», z; —
22, 2122, 21/ 22 are all algebraic over k, so the algebraic elements form a field.
We prove the last assertion. Given z € M, there exists a nonzero polynomial

f(x)=cax?+ -+ ¢y € L[x]

with f(z) =0. This means that k(z,cp,...,cq) is finite-dimensional over
k(co, - .., cq). However, each c; is algebraic over L and so k(c;) is finite over k.
Iterating the argument of the last paragraph, we find that k(cy, ..., ¢s) and hence
k(co, ..., cq, z) is finite over k. But then k(z) C k(cy, ..., cq4, z) is finite over k, and
z is algebraic over k. (]

Afield k is algebraically closed if it has no nontrivial finite extensions; equivalently,
any nonconstant polynomial in k[x] has aroot in k (see Exercise A.14). Standard texts
in complex analysis and abstract algebra prove the following theorem.

Theorem A.17 (Fundamental Theorem of Algebra) The complex numbers are alge-
braically closed.
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More generally, every field k admits an extension L /k which is algebraically closed
[1, p. 528].

Exercises

Let R be aring.

(a) Show that there is a unique element e € R with ea = a foreacha € R.

(b) Show thatif 0 = 1 then R = 0.

Show that Z/ N Zis notadomainif N > 1isacomposite number. Show that R[x]/ (x?)
is not a domain.

Let R be a domain with |R| < oco. Show that R is a field.

Show that any ring homomorphism & — R from a field to a nonzero ring is injective.
Let ¢ : R — S be aring homomorphism. Show that the kernel

ker(p) ={a € R : ¢p(a) =0} C R
is an ideal. Show that the image
image(¢) ={b € S :b = ¢(a)forsomea € R} C S

is a ring.

Show that the intersection of two ideals 7, J C R is an ideal. Show by example that
the union of two ideals need not be an ideal.

Show that any quotient of a finitely generated module is finitely generated.

Finish the proof of Proposition A.7.

Show that the ring

R=72Z[x1/(3, x>+ 1)

is a field with nine elements.

(a) Let k£ be a ring. Show there exists a unique nonzero ring homomorphism j :
7 — k.

(b) Ifk is afield, show that j(Z) is a domain. Prove that ker(j) = (0) or ker(j) = (p)
for some prime p.
In the first case, we say that k is a field of characteristic zero. In the second case,

k is a field of characteristic p.

Let k be a field. Show that k[x]* = k*.

Prove Corollary A.13.

Let k be a field, f € k[x] a nonzero polynomial, and « € k.

(a) Show that x — « is irreducible in k[x].

(b) Show that f(«) = 0 if and only if x — « divides f(x).

(¢c) Show that if f(a;)=---= f(a,) =0 for distinct &y, ..., o, € k then (x —
ap) - (x — o) divides f and m < deg(f).

Let k be a field. Show that the following statements are equivalent:

(1) k is algebraically closed;
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(2) every nonconstant polynomial g € k[x] has a root in k;
(3) every irreducible in k[x] has degree 1;
(4) every nonconstant polynomial g € k[x] factors

d
g:cl_[(x—ai), c,0q,...,04 €k.
i=1
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