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BIRKARTD AMADEYT 3

Tégeha dawi, yek ji tégehén bingehin e di analiza birkari de,
ew ji girédayi ye bi tevgera fonksiyoneké ve dema ku nenasé wé
néziki hejmareké bibe yan ji néziki bédawi bibe.

Ditina dawiya fonksiyoneké

Ji bo ditina dawiya fonksiyona f(x) dema ku x - a,
em x = a di fonksiyoné de bi cih bikin.

Minak:
Eger f(x) = x3 fonksiyonek be, di dema ku JL
x — 2, dawiya fonksiyoné bibine. Y
Careser:
x .17 [18 [19 [2 |21 |22
fG) | .. | 491 583|685 |8 | 9261064 N

limf(x) =limx® =23=38
x—2 xX—2

Wateya wé ew e ku dema x ber bi 2 ve dice,
wé demé f(x) ber bi 8 ve dige.

Eger 4 binkomika R be 0 f fonksyonek be,
em dibéjin f: A — R ber bi b € R ve bi dawi dibe dema ku x
ber bi x, € A ve bige, sembola wé ji bi vi awayi té nivisandin:

lim f(x)=b

X—X(
yan ji f(x) - b dema ku x — x,

Eger € hejmareke rast tam pozitif be, em dikarin hejmareke
din tam pozitif bibinin ku é§ = (&) 0 li gorT wé:

|x —xo| <6 =|f(x)—b|<c¢ (x € A4)
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Taybetiyén dawiyan

Eger lim f(x) =a QO hm g(x) = b be, wé demé;

1) lim [f(x) + g(x)] = lim f(x) + lim g(x) = a+b
2) lim £0) - gG) = lim () — lim g(x) = a — b
3) Jim [/().g@)] = Jim fG). Jim () = a.b

4) xli_}r)rg:[k.g(x)] - k.JClLrEOL(()](x) = k.ob

. 1\ _ 1 1
5) lim (g (x)) TR (g(x) # 0,b % 0)

X—Xq

_% (g(x) £ 0,b # 0)

6) lim (f )

x=x \g(®)/  lim ()

7) lim [f(x)]" = [llm f]" = a" (n € N)
8) llm,/f(x)— /hmf(x =va (a#,f(x)#0)

) _ S i)

Dawiyén ¢ep O rasté

Dawiya rasté ya f(x), dema ku x )
néziki a dibe ji aliyé rasté ve (ango bi
nirxén mezintir), sembola wé

li i bi vi . N
xllz!rf(x), yan ji bi vi awayi ye \
limf(x) = £,

x—a

Em ji €1 re dibéjin: dawiya f ji aliyé lipf () =,
rasté ve.
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Dawiya ¢epé ya f(x), dema ku x A
néziki a dibe ji aliyé cepé ve (ango bi
nirxén bictktir), sembola wé

lim f(x), yan ji bi vi awayi ye =
x—a

limf(x) = £,

x—a

Em ji £, re dib&jin: dawiya f ji aliyé limf G = ¢,
cepé ve. -

Eger li>mf(x) = li<mf(x) wé demé
xX—-a x—-a

dawiya f li cem xg heye, ango:

limf (%) = limf (x) = lim f(x) = ¢

> X

limf (x) = limf (x) = li_rgf(x) =7

Lé eger £, + £, wé demé dawiya f li cem x, nine.

Dawiyén li rex bédawiyé

% Eger f fonksiyonek di cirané +co de be, dema ku x ber bi
+o0 bice; f ber bi £ ve dice, wé demé em dibé&jin dawiya f li
rex +oo yeksani € ye. sembola wé ev e: xligrnwf(x) =4

% Eger f fonksiyonek be di cirané —co de, dema ku x ber bi
—oo bigce; f ber bi £ ve dice, wé demé em dibéjin dawiya f li
cem —oo yeksani € ye. sembola wé ev e: xlimmf(x) =¥

+» Eger n hejmarek rast tam pozitif be 0 k = 0 wé demé:
.k .k
lim — = , lim —=0
X—>+00 X xX—>—oco X



BIRKARTD AMADEYT 3
Minak 1:

Eger f di R — 2 de fonksiyonek be, li gori ku; f(x) = % ye.

a) Dawiya f(x) ji aliyé rasté ve lirex x = 2 bibine.
b) Dawiya f(x) ji aliyé cepé ve lirex x = 2 bibine.
c) Dawiya f(x) lirex —co (i + oo bibine.

Caresert:
. . 6

a) limf (x) = lim (E) = 400
xX—2 X—2

b) limf (x) = lim (ﬁ) - —w

10 = (25) = iz =255
xl—l>I-Poof(X) =0 (%) - 0(6) =0

6
1-0

lim f(x) = 0(-=)=0(6) =0

Minak 2:
Eger f(x) = ﬁi di ]0, +oo[ de fonksiyonek be, dawiya wé li rex

+1
+oo bibine.

10

Caresert:
3
3 Vx °
fx) = = 1
\/?"'1 1‘|'\/—7
Em dibinin ku: h—a—*-a—«\—RUD 2 4 6

lim f(x) =0
X—>+00
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Teoriya dorpéckiriné
Teori 1:

Eger f, g di D\{a} de du fonksiyon bin; f(x) < g(x) G her du
dawiyén lim f(x) = L 0 lim g(x) = M hebin, wé demé: L < M
x—-a x—-a

Teori 2;

Eger f, g, h di D\{a} de sé fonksiyon bin; h(x) < f(x) < g(x),
0 dawiyén lim g(x) = lim h(x) = € hebin, wé demé:
x—a x—a

limf(x)=1+¢

x—a

Ji teoriya duyem re, teoriya dorpéckiriné té gotin.

awayeé li jér teoriya dorpéckiriné nisan dide.

Qo

Teori 3:

Eger f, g di D\{a} de du fonksiyon bin.

a) Eger g(x) < f(x) Glim g(x) = +o0 be, wé demé:
lim f(x) = +o0 o

b) )ICE_g);aer glx)=>f(x)a Lig}g(x) = —oo be, wé demé:

lim f (x) = —oo0

13
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Minak 1:

Eger f(x) = x2. cos— di R* de fonksiyonek be, lir%xz. cos% bibine.
X x—

Caresert:

Em dizanin ku di R* de
-1< cos% < +1 li gori vé:
—x? < x2. cos% < x?

U ji ber ku }cii%(xz) =0

0 lim(—x?) =0
x—0

Li gori teoriya dorpéckiriné

) 1
limx?.cos— =0
x—0 x

Minak 2:

Eger f(x) = x —vx di [0, +o[ de fonksiyonek be, dawiya wé li rex
+o0 bibine.

Caresert:
Em dibinin ku f(x) >+/x —1 0 ji ber ku
llm (’\/}- 1) = +OO 05

X—>+00

Li gori vé, té ditin ku lirp f(x) =4 o e
X—>+ 00

Minak 3:

Dawiya fonksiyona

flx) = (x— 1)2.cosﬁ li rex 1
bibine.

Caresert:

Eger x # 1 li gori vé

1< cos; <41
(x-1)

Gjiberku(x—1)2%2=>0
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Em dibinin ku:

1
—(x—-1%?< (x- 1)2.cosﬁ < (x—1)?

Ji ber ku lirq(x —1)2 =00 li gori teoriya dorpéckiring, té ditin ku:
X—

1
(x-1) 0

lim(x — 1)2. cos
x—1

Hinkirin:

1) Dawiyén fonksiyonén li jér li rex a bibine.
a) f) = [ a=-1
b) f(x) =Vx2+3x + 4 a=1

2
c)f(x):% a=4,5, +o

-7 *+1
dfeo={";" TI7 a=1
) fx)=3=  a=1,-1-o

3x+4
) f(x) =5~ a=3,-0,+00
2) Li gori teoriya dorpéckiriné, dawiyén fonksiyonén li jér bibine.

a) f(x) = zcos(e”) a = +oo
b) f(x) = x"i 5 a=—o

== =
C)f(x)zxggcosxi2 a=0

— 22 cin L —
d) f(x) =x sin —= a=0
d) f(x) = x+sinx a=+w
e) f(x) = 1+=—- a=+o

3) Dawiyén fonksiyonén li jér bibine.
a) f(x) =v9 —x2 a=3

x? -5 x=>3

b)f(x):{\/;2c+13 x<3 073
o f@={_, ¥} a=o
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REWSEN NEDIYAR

Eger f, g di cirané hejmara rast a de du fonksiyon bin wé demé:

lim £ (x) LeR | LER LER |40 |+ |- |0 |0
)lci_r>r[11g(x) MeR +o0 —0 +00 | —0 | =00 | 400 | —o00
T
xl—l?tll(f(x) L+M + o0 —00 +o0 —00 | 400 | —00
+9x)
L>0 L<O0 L>0 L<O
lim(f(x).g(x)) | L.M 400 | —o0 | 4o
xma +o0 | —o0 | —o0 | 400

Imf(x) | LER [LER|LER| +o | +oo [ —o | —oo | 4o [ -0 | —oo
chi_)ntllg(x) MeR" | +oo —0 |M>0|M<o|M>0| M<0| -0 | +0 | —o
f(x) L
lim—— T - . o -
9(x) M 0 0 + +
x—-a

Rewsén nediyar ev in:

00 0
+00 —o00 -, = , 0w
00 0

Ji bo rakirina rewsén nediyar, em her yeké bi awayeki cuda bibinin:
1) Rakirina rewsa nediyar ya bi awayé +o — o
Bi du awayan c¢édibe

a) Bi derxistina faktorén hevbes.
b) Eger kokdam hebe, em hevdan G parvekirina bi hevjimaré re
pék binin.
Minak 1:
Eger f(x) = x — vx di [0, +oo[ de fonksiyonek be, dawiya wé li rex
+o0 bibine.

16
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Caresert:

Wek em dizanin lim Vx =400 0

X—+00 3
lir+n x = 4o ev nediyar e 0 bi awayé
X—>400
+o00 — o0 ye, ji bo rakirina vé rewsa
nediyar: .

1

lim f(x) = lim x(l——)= o0 ‘ ; ; ; P
m 00 = Jim x(1-) =+

Bi awayeki din
Dema ku f(x) = Vx(/x — 1); x > 0 li gori vé:
limvx = +o

X—>+00

lim f(x) = lim_ Vx(Vx —1) = +oo

X—+00

Minak 2:

Dawiya fonksiyona f(x) =vx+1—x li rex +oo ; Dy = [—1,+oo[
bibine.

caresert: .

Wek em dizanin ku lim vx+1 =+ ( .
X—>+00

lim x = +o0 ev nediyar e (0 bi awayé .

X—+ 00
400 — o0 ye, ji bo rakirina vé rewsa 0
nediyar dema ku )

0<x:f(x)=x</%+xi2—1> 2

Jiberku lim |—+ = = +oo li gori vé:
X X

X—>+o00
lim £ (x) = (+00). (—1) = —oo
X—+00
Minak 3:

Eger f(x) = Vx% + 1 — x fonksiyonke be, lim f(x) bibine

X—>+00

17
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caresert:

fonksiyon li rex +co diyar e.

Wek em dizanin lim vx2+4+1 =40 { ,

X—+ 00

lim x = +c0 ev nediyar e 0 bi awayé

X—+00 !
+00 — o0 ye, ji bo rakirina vé rewsa U¥

nediyar: . e
(A I-x)(@Ti+x) 1
e (S F¥% Rl e e

Me par 0 paran hevdani hevjimaré kir

Ligorivé: lim vx2+1—-x=0

X—+00

2) Rakirina rewsa nediyar ya bi awayé —

Bi derxistina faktorén hevbes, yan ji em par 0 parané hevdané
hevjimara parané bikin.

Minak:

Dawiya fonksiyona f(x) = ‘1“_6—23:5 : Dy = R\{%} wé i rex 4oo
bibine.

caresert: .

fonksiyon li rex ] — oo, 0[ diyar e, dema ku
x < 0 wé demé: '

V 4+— 4 2 Du 2 H 6

fo) =——1 .

f@) = 1=

F_3_i x?2

Ligorivé: lim f(x) = 2
X——00 3
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3) Rakirina rewsa nediyar ya bi awayé %

a) Bi derxistina faktorén hevbes 0 sadekirina kerté.
b) Eger par ( paran fonksiyonén ségoseyi bin, em & guhertinén
péwist pék binin.
Minak 1:
x%2—3x+2

Eger f(x) = =, Dr =R\{0,2} be:

limf (x) bibine.
xX—2
caresert:

Wek em dizanin lirJrrlz(x2 —3x+2)=00
X—

liszz —2x = 0 evnediyar e 0 bi awayé %

xX—

e, ji bo rakirina vé rewsa nediyar;

em f(x) bi vi awayi binivisin;

_x?=3x+2 (x-D(x-2)
fe) = x2—-2x  x(x—2) )
_(x-1)

X

. PO _ 1
Li gori vé, leTzf(X) =~

Minak 2:

1—cosx

Eger f(x) = 0 be:

limf(x) bibine

x—0

caresert:

ev rewseke nediyar e, bi awayé % e

Eger x €] — m, m[\{0}: em f(x) bi vi awayi binivisin;
2 sinzg B sin%

f(x) = %

2 sin® cos®  cos®
SHlZ.COSZ COSZ

19
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. X
limf(x) = lim o = 2 = 0
x—0 x—-0 cos 7 1

4) Rakirina rewsa nediyar ya bi awayé 0.

Bi derxistina faktoré hevbes U sadekiriné.

Minak:

Dawiya fonksiyona f(x) = % (Vx—4)

bibine.

caresert:

ev rewseke nediyar e, bi awayé 0. oo ye.

Eger x > 0;

Vx —4 1

4
fO=—=5F "%

Wek em dizanin ku lim

X—>+00

.4 NP
lim — = 0 ligori vé;

x>+ X

Jim f(x) =0

I
IS

N

Dawiyén fonksiyonén logaritima O bihéz

Teort:
1)
2)
3)
4)
5)

6)

lim e* = 400
X—+co
lim e* =0

X——00

1) lim Inx = 4+
xX—>+00

2) limInx = —oo
x—0

3) lim 2= +oo

x—+00 X
4) lim — = +o
X—+o00 Inx
5) limx.Inx =0
x—0
6) e In(1+x) _
x—0 X

1
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Minak 1:

.e’*—1 ..

lim —— bibine.

x-0 SInx

caresert:

Em dibinin ku lim (e’* — 1) = 0 G lim(sinx) = 0 ev nediyar e G bi
0 x—+0 x—0

awayé - & ji bo rakirina vé rewsa nediyar;

em f(x) bi vi awayi binivisin;

7Xx_ 7X_
flx)=5—= (e L x7x _xx) li gori vé;

sinx 7x sin

limf(x) =1.7.1=7
x—0

Minak 2:

X _
lim <= bibine.
X—+oo X
caresert:
lim ex_l ev nediyar e 0 bi awayé = ye, ji bo rakirina vé rewsa
X—+00 59
nediyar, em f(x) bi vi awayi binivisin; f(x) = <= =% -~

ex

xlrpwf(x) +oo 0 +oo x—1>r-l¥loo X e

21
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Hinkirin:

1) Dawiyén fonksiyonén li jér bibine:

a)fx)=2x+1-Vx2+x—-2 lirex+o

b) f(x) =vx?+ 1+ 2x li rex —oo
C)f(x)=vx2+1+x li rex —oo
2) Dawiyén li jér bibine:
a) li —2x+1 b) li sinx C) li 3x%2-2x+1
x—l>r—noo x2+1 ler(l) Vx2Z+x3 x—l)r—lpoo 4x2+7x-5
. _ x et .oe¥-1
d) xgrpm(x 1)6 e) }cl—l;% 3x f) x1—1>r-|poo x
1-vx+1

g) lim 2

h) li - i) li
x—+00 eX¥—1 )x—1>r—noo(e +X) ) xl—r;r(l)

X
3) Dawiyén li jér bibine:

a) lim x> —xInx b) lim x —In2x c) lim
X—+00 x—+00 x—+oo Inx+x

d) lim In(2x+ 1)+ ln(l) e) lim In(x+1)—In(2x +4)
xX—+00 X X—+00
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DOMDARI

Domdari dema ku x = a be

Eger f di navbera vekiri I de fonksiyonek be, Ga €I be
wé demé: f domdar e li rex a bi mercé limf(x) = f(a)
x—-a

Minak:

fxX)=x+2 :x+4
Eger {f(x)=k : x=4

Nirxé k bibine ta ku fonksiyon domdar be lirex x = 4

fonksiyonek be.

caresert:

Em dizanin ku linlf(x) =6 ligorivé, divé f(4) =6angok =6
xX—

Minak:
ax tx =3
Egerf:{4x+b x| <3
X%+ x tx < -3

Nirxén a, b bibine ta ku f di R de domdar be.
caresert:

Em dizanin ku x — ax di navbera |3, +oo[ de domdar e, fonksiyona
x = 4x + b di navbera | — 3, +3[ de domdar e, G fonksiyona

x = x? + x di navbera ] — o, —3[ de domdar e, li gori vé; mercé
domdariya f di R de, domdariya wé li rex -3 0 3 ye ango

limfC) =f(=3) . limf(0) = f(3)
Dema ku x = —3 be
fX)=x*+x=(-3)>+(-3)=6

U lim f(x) = lim f(4x +b) = =12+ b

x—-3 x—--3
lim f(x) = lim fx?+x)=6
x—-3 x—--3

Li gori vé, domdariya f li rex x = —3 diyar dike ku;
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—-12+b=6 < b=18

Demaku x = +3 be
f)=x*+x=03)2+3=12
U] lim flx) = lim f(ax) = 3a

x—+3 x—+3
lef(x) = limf(4x+b) =12+b =30
x—-3 x—>-3

Li gori vé, domdariya f li rex x = +3 ye |I& bi mercé:
3a=30 & a=10
Biranin:
1) Eger f lirex b domdar be O Eci_r)gg(x) = b wé demé:
limf(g(9) = £ (limg()) = £(b)
2) Eger g lirex a domdar be G f li rex g(a) domdar be wé

demé: f o g li rex a domdar e.
3) Her du fonksiyonén sin 0 cos di R de domdar in.

Minak:

Tekez bike ku lim <sin (ﬂ’fx)> =1

X—DT

caresert:
L (%) = ==l gori vé: li = lim (Z-) ==
Eger g: g(x) = li gori ve, JICI_)H}TQ(X) = chl_)n}_’: (77:+x) -

Ji ber ku sin di R de, domdar li gori vé:

chi_r)l}r[sin(g(x))] = sin <3lci_r)zlrg(x)) = sin (%) =+1
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Hinkirin:

X < —1
1) Egerf(x) =jcx+d :—1<x<2
2x —7 x> 2

Nirxén c, d bibine ta ku f di R de.domdar be
2) Jim (cos (in:)) bibine.

2
3) Eger { cx+1 xx§>3 3 fonksiyonek be.

cx?—1
Nirxé c bibine ta ku fonksiyon di R de domdar be.
in3
|x| + SH;;DC x <0
4) Eger f(x) =g tx=0
Vx +B :x >0
Nirxén A4, B bibine ta ku f di R de domdar be.
A+ x32|j)_ci|2 tx > 1
5) Eger f(x) =1 p x=1
2x—1 tx <1

Ta ku f di R de domdar be, nirxén A, B bibine.
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1)

2)

3)

4)

PIRSEN BESA YEKEM

Dawiyén fonksiyonén li jér bibine.

a) f(x) = ’;\/;_; li rex +oo

2

b) f(x) = +5—x2 lirex +oo
c) f(x) == V22 e oo
d) f(x) —VT*;SG li rex 5
e) f(x) = x2+3 > li rex —2
+x—-20
f) f(x) = ’;xzjm li rex —5

Li gori teoriya dorpéckiriné, dawiyén fonksiyonén li jér bibine.

a)f(x)=8+\/§.sin\/% a=0
b) f(x) = 6_|_x.cosx2

x2+1

¢) f(x) = Ix—5|cos? (%) a=5
d) f(x) =3x+9+6sin(2x) a=+x

a = +ow

Dawiyén li jér eger hebin, bibine.

a) hmw b) 11 x3+2
x—-2 x—2 —2x3+8
¢) lim d) lim YEEYI=E
x=0 14 0% x—>0 X
. 1 1 6—x—2
IlmE-Fo Nl
—2x+1
g) llI)I(l) ; - m h) xl—> oo Vx2+1
x%-16 V2x+10—-4
I) h 54 Vx-2 J) }c—>3 x=3
Dawiyén li jér bibine.
. Inx
Q) lim =5, lim In(2) +
x—Inx
b) llio 2+Inx ’ x1—1>rPoo ln(x) —X
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5) Dawiyén li jér bibine.

sin2x

a) lim=
x—0 Sin 3x

C) lim sinx
x—>0 Vx2+x4

1 CosXx

X

x cos(e™)

x—+oo X244

6) Dawiyén li jér eger hebin, bibine.

. . 2 _ tan(3x)—x
a) 11m(x 2)“.cot(x —2) b) li glc_>0—x+251nx
x3— V2x3-1-
c) lim " — d) lim 2221
-1 x%2-3x+2 x—>1 x—1
e) lim V2x2+3 —+2x2 -5 f) lim 2222
xore x—>1 BSJiCn_;—sin(Bx)
g) }CI_I}}\/E—\/B—x h) }c—>0 x3
) lim ) lrnBsinx—sin(Bx)
x—0 2+cos— x—0 x3
7) Dawiyén li jér eger hebin, bibine.
. 3 _ +1
a) llm(x 8) b) l x2 -
C) limgﬁ d) llm 2 x
xX—9 9—Xx x——00 V7+6x72
Vx 6—x3
e) h 41+2x -x2 f) x—lgloo 7x3+3

8)

9)

g) lim= h) lim (2x —e*)

x-0 X X—+00
i)

j) lim(vx - In(x))

x—1>r4¥1m x—In(x)
Dawiyén fonksiyonén li jér li rex a eger hebin, bibine.

|x+3|

a) f(x) = a=-3
b)f(x)—\/ x—l—x2 a=1
_ 1 x<0 _
¢) ) = { 2x+1 x>0 a=0
1 :x<1
d)f(x)={;2 L xs>q1  a=1
st

Dawiyén li jér bibine.

. sinx . sin3x . 3x
a) lim , ,  lim——cosx

x—0 tanx x—0 XCOSsXx x—1tanx

27
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_ —qi —sin2
b) lim 1 coZSZx , lim X 51f12x ’ lim 1-sin“x
X—+0o X x—0 X+sinx x—0
( A (\/ 2x—21 —V 3x—2) cx>1
x“+3x—4
10) Eger f(x) = —% tx =1
B.sin(x—1) .
(x241).x-1] tx<1

Nirxén A, B bibine ta ku f di R de domdar be.

Ax* +B tx < —1
11) Eger f(x) = —x+21§ :0=>2x>-1
A>==+B :x >0

X

Nirxén A, B bibine ta ku f di R de.domdar be




1)
3)

4)
5)

BESA DUYEM
DARASTIN

Darastin
Fonksiyona darasti ya du fonksiyonén hevg
Bikaranina darastiné di ditina guherina fonksiyona hejmari
de ‘
Nirxén xwecih yén mezin 0 bicOk
Pékaninén nirxén mezin 0 bigik
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DARASTIN

Eger f di I € R de fonksyonek be G x( € I, G fonksyona g bi

vi awayi were dayin; g(x) = w ligori ku I\{x,} e.
—40

Em ji f re dibéjin di x, de darasti ye, tené eger:

lim g(x) = m(xy) € R
X=X
9(x)
Wé demé ji limg(x) re
X—X0
hejmara darasti ya f té gotin,
sembola wé ji f'(xg)

Darastina f li rex xo; meyla
péveka giraflka C; di xala

Mg (x, f(xo)) de ye.
f(x)

Meyla pévek;
(D): f(xi:i(x()) — % 0
0 0

Eger f(x) di navbera I € R de fonksiyoneke darasti be, wé demé
darastina yekem ya fonksiyona 'y = f(x) bi vi awayi té nivisandin:

) — tim LD =)

Ax—0 Ax

U bi yek ji van sembolan t& nisankirin:

dy df

dx ' dx ’ f'G) ’ Y

Eger fonksiyona x — f(x) li rex x, darasti be, wé demé meyla
péveka fonksyona y = f(x) di xala My(x,,y,) de ev e;

y = f(xo) + f(x0) (x — x0)

Hevkéseya rasteka ku meyla wé m be 0 di xala my(x,, y,) re
derbas dibe, bi vi awayi ye; y —y, =

Ax #0

m(x — x,)

d
|
I
I
I
]
|
I
I
|
|
|
1
I
|
|
I
I
—
|
|
|
.
X
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Minak:

Fonksiyona f di R de li gori f(x) = ¥ x dix =0 de té darastin,
an na?

Caresert:

Em fonksiyona g di R* de binivisin;

g() = L0 _ Vx-0_ 1

x—0 x—0 o 3\/ x2
1
l' = 1. ( ) = m
o =inlee) =t

Li gori vé; f dix = 0 de ne darasti ye.
Ji bo ditina darastina yekem:

1) Em qasiya guherina fonksiyona f(x) ber bi f(x + Ax) ve,
bibinin.
2) Em f(x + Ax) — f(x) bibinin.
3) Em navina guherina ﬂx%;_fm bibinin.
4) Di dawi de, em darastiné bi réya dawiyé bibinin:
fe) = lim ==
Minak1:
Darastina yekem ya f(x) = 2x + 5 bibine.
Caresert:

1) Em qasiya guherina fonksiyona f(x) ber bi f(x + Ax) ve,
bibinin.
flx+Ax) =2(x+Ax) +5
2) Em f(x + Ax) — f(x) bibinin.
fx+Ax)— f(x) =2(x+Ax)+5—(2x+5)
=2x+2Ax+5—-2x—-5=2Ax
3) Em navina guherina W bibinin.
flx+Ax)— f(x)  2Ax 5
Ax - Ax
4) Di dawi de, em darastiné bi réya dawiyé bibinin:

F(x) = lim L2 _ iy 0 = 9
Ax—0 Ax Ax—0
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Minak2:

Darastina yekem ya f(x) = v3x — 7 bibine.
Caresert:
f (x) f(x+Ax) f(x) ,/3(x+Ax) 7—+/3x—
N Ax—>0 Ax Ax—>0
1/3(x+Ax) 7—V3x—7 /3(x+Ax)—7+/3x—
Ax—>0 Ax V3(x+Ax)— 7+\/3x 7
— lim 3x+3Ax—7-3x+7 — lim 3Ax
Ax—0 Ax({/3(x+Ax)—74++/3x-7) Ax—0 Ax({/3(x+Ax)—7++/3x-7)
3 3

- Alplcr—r>10 (w/3(x+Ax)—7+\/3x—7) - (3x=7)+V3x=7)  2(/3x=7)
Minaks3:

Eger C girafika fonksiyona f be; f(x) = vx — 3 di navbera ]0, + o]
de be.
1) Darastina fonksiyoné bibine.

2) Hevkéseya péveka C di xala M(1,y) de bibine.
3) Hevkéseya rasteka tik ya li ser péveké bibine.

Caresert:
1) f (x) _ f(x+Ax) flx) — lim J(x+Ax)—3-Vx—-3
Ax 0 Ax Ax—0 Ax
. (x+Ax)-3—Vx-3 \/(x+Ax)—3++/3x-3
= lim
Ax—0 Ax  (x+Ax)—3+/x-3
— lim X+Ax—3—x+3 — lim Ax
Ax—0 Ax\/(x+Ax)—3+\/x—3 - Ax—>0 Ax\/(x+Ax)—3+\/x—3

1 1

Alglcr—r>10 \/(x+Ax)—3+\/x—3 Wx—- )+\/ 3) 2(\/ 3)

f(4) =1 = xala pévek M(4,1)
e.

2) mr=f 4 = 35 = 3
Hevke§eya péveké ev e: | T
y=f (@& —a)+f(@ Z C
y=f@Hx—4+14) PN
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1 1
y=§(x—4)+1=>y=—x—1

2

Em dizanin ku my.my = —1 ji bo ditina hevkéseya rasteka tik ya li

ser pévekeé:
mN == _2

y=—2x—-H+f4

y=—2xx—-4+1=y=—-2x+9

Régezén darastina hin fonksiyonan

Fonkisyon darastin Navber
fx) =k ff(x)=0 x€ER
f(x) = ax ff(x)=a x €ER
fx) =x™ f'(x) =nx™? x € R,n € N*
1
fl) =+x f(x)Zﬁ x € [0, +oo[
1 1 .
f(x)=; f’(x)=—lc—2 x€R
f(x) =xin f’(x)=—x:l+1 x € R*
f(x) =sinx f'(x) = cosx x €ER
f(x) = cosx f'(x) = —sinx x €ER
f(x) =¢e* f(x)=¢€* x €ER
f(x) =In(x) f'(x) :% x € [0, 400
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Minak:
[ - a Navbera
fonkisyon Fonksiyona darasti darasting
f(x)=2x+5 fl(x) =2 x
f) =3x° | f'(x) =3.(6)x5"1 = 18x5 R
5 5 3
f@=x |f@=gw’=gx=2V& | &
fw=5¥ | Fe=txsxt =325
1 5
= 5x3 = m R
= 7
f(x) 7x-\/g f/(x) — ixg_l L 9 =7 R
= X.X2 = X2 2 2
2 —-—
f(x) = % —x3 | Ff(x)=-3x31=-3x"*= x_j R

Teoriyén darastiné

Fonksiyon Régeza darastiné Navbera darastiné
fX)=u+v ff(x)=u+7 I
f(x)=uv f(x) =u'v+v'u I
f(x) =au f'(x) =au’ I
f(x) = 1 f(x) = _i’ I € I/{x:u(x) = 0}
u u?
flx) = % f(x) = _# I S I/{x:v(x) = 0}
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Taybetmend?

1) Fonksiyonén pir pékhate, di R de darasti ne.
2) Fonksiyona kert ya bi awayé % di her navbera vekiri ya di
komika pénasén wé de daragti ye.
Minak 1:
Darastina yekem ya fonksiyonén li jér bibine.

a) f(x) =3x2—-3x—-1

1

b) f(x) = ==
) flx) = x~* — 223 +Vx*
Caresert:

a) f(x) =3x2—-3x—1
f'(x)=23)x—-3=6x—-3

1
b) f(x) = VxZt1
Em dizanin ku (2) = = &L i gorfkuu =vx?2+1e.
u/ u?
Léu' = (sz + 1) = —,%

f/(x) - _ Vx2+1 - _ X - _ X
(VxZ+1)2 (VxZ+1)2Vx2+1 (Vx2+1)3

C) f(x) =x*—2x3 +Vx*
4
fl(x) = —4x~*1—-23)x% 1t + gx?l
4

o) = —Ax=5 — 6x2 42475 = — & _gp2 4t
f'(x) = —4x 6x tox s =—— 6x +55\/§
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Minak 2:
fonksiyon Fonksiyona darasti Navbera
darastiné
f'(x) =1.Inx +ix—-1
x)=xIlnx—x x 0, +c0
I =lnx+1—-1=Inx [ [
f'x) = 1VX +—.x

1 3
—\/E‘l‘é\/_—g—\/E

f'(x)=Bx—4)e*+ (e¥) (3x—4)

fO) = Bx—4).e” =3e* +e*(3x —4) K
) = ) = = R/
F® =31 ) =-57=7 /5
, _ (x+1)’(x2+3)—(x2+3)’(x+1)
f(x) _ x+1 f (X) - (x2+3)2 R
x2 4+ 3 _(MG*+3) -0 +1)  —x*—-2x+3
B (x2% + 3)2 T (k24 3)2
F(x) = 24/x5 + i (2x + 3)
f) = 2x + 3)/x5 = W [0, +oo[
£ = (e*=1)'(Inx) — (lnx)’(e" -1
e —1 (llnx)
f&x) = Tiee _ex(lnx)—i(e"—l) 10, +o0]
B (In x)?

37



BIRKARTD AMADEYT 3

Hinkirin:

1) Darastinén fonksiyonén li jér bibine.

a) f(x) =7x>*+5 b) f(x) = x sin(x)
C)f(x)=§ij d) f(x) =vx?+2x+2
e) f(x) = |== ffe) =22

g) f(x) = (sinx + cosx)sinx h) f(x) = 2xVx
I) f(X) — 2+cosx
2) Hevkéseya péveka C di xala M(a, b) de bibine.

a)f(x)=3x3+4x>—x a=0 b)f(x)=cosx a=0

) flx) =5x3+7x%—x

3—cosx

3) Fonksiyonén li jér li rex a, té darastin an na?
a)f(x)=+vx, a=0 b) f(x) =x?>—4x+7, a=1
c)f(x)=xvx, a=0 d) f(x) = cosvx a=0
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FONKSIYONA DARASTI YA DU
FONKSIYONEN HEVGIRTI

Darastina fonksiyoneke hevgirti

Eger g di navbera J de fonksiyoneke darasti be, h di navbereke
binkomika g(I) de fonksiyoneke darasti be, wé demé:

Fonksiyona h o g li gori ku (h o g)(x) = h(g(x)) di navbera I de
darasti ye.

U zagona darastina wé ev e: (ho g)'(x) = h'(g(x))g'(x)

Minak:

Eger f(x) = (5x% — x)7 be, darastina f (x) bibine.
Caresert:

Eger g(x) =5x2—x 0 h(x) = x” be, ligorivé f = ho g(x)
f'@) =(heg)(x) =h(g(x).g'x) =7. (g(x))é- (10x — 1)
f'(x) =7.(5x% —x)°.(10x — 1)

Darastina héza fonksiyoné

Eger g di navbera vekiri de fonksiyoneke darasti be I € R,
0 fonksiyona f(x) = (g(x))r :r € Q dil; €I de darasti be

Li gorf vé: f'(x) = r(g(x))r_l.g’(x)

39



BIRKART AMADEYT 3
Minak:
Fonksiyon Fonksiyona darasti ZI:;/ab;irr?é
1 -1
f(x)=VxZ -4 () =§(x2—4)7(x2—4)’ s
e 1 = . x » T
= (x* —4)2 —E(x2—4)2(2x)—m
_ f'(x) = 4(6x — 5)*(6x — 5)'
f)=6x =5 | _46x —5)3(6) = 24(6x - 5)° R
f'(x) = Z-Q(x)-g;(x) ] -
2 5 X —00, —
f(x) =In“(x* —4) = 2.In(x —4).x2_4 U2, +oof

Darastina fonksiyonén ségoseyi ya fonksiyoneké

Darastina fonksiyonén ségoseyi yén bingehin ya fonksiyoneké

Fonkisyon

darastin

f(x) = sin(g(x))

f'(x) = g'(x).cos(g(x))

f(x) = cos(g(x))

f'(x) = —g'(x).sin(g(x))

f'(x) = g'(x).(1 + tan?(g(x)))

f(x) = tan(g(x)) __4d®
cos2(g(x))
f(x) =—-g'(x).(1+ cot?*(g(x)))
f(x) = cot(g(x)) __4®
sinZ(g(x))

40
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Minak 1:
i 7 " Navbera
Fonksiyon Fonksiyona darasti darasting
f'(x) = (x* + 3x)". cos(x?
= gi + 3x)
f(x) = sin(x? + 3x) _ (2x+ 3).cos(x 4 31) R
0 — s | F@=@ - - [

= (3x).sin(x® — 1)

f(x) =tan(2x — 7)

f'(x) = 2x—7)"(1+tan?(2x — 7))
=2.(1+tan?*(2x — 7))

f(x) = cotx

- -1

sinzx sinzx

f'x) =

Darastina fonksiyona bihéz ya fonksiyoneké

Darastina fonksiyona bi awayé f(x) = e9™

Eger g(x) di navbera vekiri I € R de fonksiyoneke darasti be,
0 fonksiyona f bi vi awayi be: f(x) = e9™)

Daragtina wé bi vi awayi ye: f'(x) = g'(x).e9% = g'(x).f(x)

Minak:
: : - Navbera
Fonksiyon Fonksiyona darasti darastiné
’ — (6 _ 1, (x%-4x)
_(x5—4x) f'(x) =(x°—4x)".e
f&) = e = (6x° — 4). e@*~40) 12, +oo[
, (-Dx-11-x) 1-—=x
f'(x) = 2 .e x
1-x
f)=ex _ Tl R/{0}
7
_ "(x) = 3x%e7?* + (—2e . x3
f(x) = x3e2x fi( )= D= 2(x3e—2x ) R
f(x) = —5esin¥ f'(x) = =5 cos x eSIn¥ R
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Darastina fonksiyona logaritima ya fonksiyoneké

Darastina fonksiyona bi awayé f(x) = In(g(x))

Eger g(x) di navbera vekiri I < R de fonksiyoneke darasti be,
0 fonksiyona f bi vi awayi be: f(x) = In(g(x))

Eé demé, f di her navbera ku binkomika I de be darasti ye
dema ku g(x) > 0 G darastina wé bi vi awayi ye:

'(x) = I©
=75
Minak:
Fonksiyon Fonksiyona darasti dNaar\;gfi:]aé

2x—-9) 2 9
2x—9  2x—-9 ]§,+oo[

f)=I2x-9) | f'(x)=

,()_(e2x+1)’_ 2e2x
f=IE*+1) | 0 ="mi7 o1 R

_ _ o g 2 ]—o0, =7
f(x) =In(x*—-7) fx)= g(x) x2—7 U [V7, 400

42



BIRKARTD AMADEYT 3

Hinkirin:

1)

2)

3)

Darastinén fonksiyonén li jér bibine.
a) f(x) == —In(1+-) b) f(x) =In2x

c) f(x) =In(3x%2+5x+7) d) f(x) =Inx +x

e) f@)=Inx+1 f) f(x) =In(3x — 3x?%)
9) f(x) =x?Inx + x h) f(x) =lnxe*
i) f(x) =In(3x —1)° i) f(x) = [In(3x — 1)]?

0 £G) = InV 076 = [22)

Di navberén diyarkiri de darastinén fonksiyonén li jér, bibine.
) f(x) = Yfcos(2) + 2 x€R

b) f(x) =V3cos?x + 4 x ER

c) f(x) =sin(V2 + x2) x €ER

d) f(x) = tan(3x) X E]O,%[

e) f(x) =sin(2x? +x —4) x€R

Darastinén fonksiyonén li jér ,bibine.

a) f(x) =vx.e*+x

b) f(x) = e V¥ *1

c) f(x) =sin(vV2 + x?)
d) f(x) = =

e) f(x) =e *In(1+ e?*)
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BIKARANINA DARASTINE DI DITINA
GUHERINA FONKSIYONA HEJMARI DE

Guherina fonksiyona hejmari

Eger f di navbereké de fonksiyoneke darasti be:

a) Divé ku f'(x) = 0 be, ta ku f tam zédeker be di heman
navberé de, béyi ku yeksanti sifir be.

b) Divé ku f'(x) < 0 be, ta ku f tam kémker be di heman
navberé de, béyi ku yeksant sifir be.

Minak 1:

Guherina fonksiyona li jér bibine.

fx) =x3—3x+2

Caresert:

fl(x) =3x2-3=3(x?-1)

Eger f'(x) =0wédemé 3(x>?—1)=3(x+1)(x—-1)=0
Ligorivé: x=1, x=-1

Em hémaya f'(x) di van xalan de bibinin.

x -00 -1 +1 + o0
Hémaya f'(x) + 0 - 0 +

Guherina f(x) -2
TN, e

f zédeker e di ] — o0, —1] de.
f kémkere di] —1,+1[ de.

f zédeker e di] + 1,4oo[ de.
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Em girafika f xéz bikin.

Di girafiké de xwiya ye guherina f li
gori tabloyé ye. Nirxén x yén di
navberén kémker 0 zE&dekera
fonksiyoné de; heman nirxén ku li
wir f' sifir e.

Minak 2:

Guherina fonksiyona li jér bibine.
f(x) =x+2sinx  0<x<2m
Caresert:

f'(x)=1+4+2cosx

A A 1

Eger f'(x) = 0 wé demé cosx = -
. A A 2 4T
ngor|ve:x=T, X =—

Em hémaya f'(x) di van xalan de bibinin.

X - 2n

+ o

3
Hémaya f'(x)

Guherina f(x)

R

2

f zédekere di] — oo,T[ de.
f kémker e di ] =-, == de.
f zédeker e di ]ZT”, +oo[ de.

Em girafika f xéz bikin.
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Di girafiké de xwiya ye guherina f li gori
tabloyé ye. Nirxén x yén di navberén
kémker 0 zédekera fonksiyoné de;
heman nirxén ku li wir f' sifir e.

Tekezkirina newekheviyan

2

Ji bo tekezkirina newekheviyeke bi nenaseké, em é pékhateyan
bi gisti bibin aliyekT ta bibe bi awayé f(x) = 0yanji f(x) >0: f
fonksiyona ku newekhevi wé diyar dike, bistire em & guherina
fonksiyona f bibinin.

Minak:
Tekez bike ku;

a) Inx <x ;X €]0, +oo[
trae T Inx\ _

b) Pistre; xl_l)llloo( ~ ) =0

Caresert:

a) nx<x= x—Inx>0
Em dibinin ku newekhevi bi vi awayi ye f(x) > 0

Fonksiyona f(x) = x —Inx domdar e O di navbera ]0,+oo[ de
. . ~Aa I} 1 x—1
darastiye, li gori vé: f'(x) =1 - —=—

Ji ber ku paran di 0, +oo[ de pozitif e, em dibinin ku hémaya f'(x)
wek hémaya (x — 1) e, li gori vé, tabloya guheriné bi vi awayi
¢édibe:

X 0
Hémaya f'(x) - 0 +

Guherina f(x) \ /
1

Li vir xwiya ye ku f(x) =1 > 0 ji bo hema nirxén x > 0

[

+ o
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Demakux>1=In(x) >0
li vir diyar e ku 0 < In(x) < x : x €]0, 400
dema ku x > 1 li gori vé: vx > 1 bi pékanina newkheviyé

In(x) Vx 2
0< o < 27 =7
ji ber ku lirP ix = 0; li gori teoriya dorpéckiriné:
X—+ 00
lim 292 — o
xX—+0 X
Pékaninén guherinén fonksiyonan
Minak 1:

Guherina fonksiyona li jér bibine.
fx) = x? —4x
Caresert:

f(x) di R de domdar e O darasti ye.
lim f(x) =+

X—+00

lim f(x) = +o0

X——00

Tu nézikerén girafika f (x) rasti xx' ninin.

f'(x) =2x—4
ffx)=0=2x—-4=0=>x=2
f(2) = —4
Em tabloyé xéz bikin.
x —00 2 + oo
f'(x) - 0 +
f () +o0 +o0

Minak 2:
Eger f(x) = % fonksiyonek be:

1) Nézikerén rasti tewareya XX’ bibine.
2) Guherina fonksiyoné bibine.
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Caresert:

1) f(x) di R/{—3} de domdar e O darasti ye.
lier f(x) = lirp S?x =5= 1y =5 néziker rasti XX’ lirex +oo
X—+ 00 X—>+ 00

lim f(x) = lim 5x_x =5=y =5 nézkerrasti XX'lirex —co
X——00 X——00

lirr§+f(x) = —00 = x = —3 nézikerrasti YY' li rex —o
xX——

lin;+f(x) = —o00 = x = —3 nézikerrastl YY' lirex —oo
xX——

, _ 5(x+3)-1(5x+1) 14
2) f'x) = (5x+1)2 T (5x+1)2 >0
X —00 0 + o
f'(x) + +
+ o0 —00
f(x) 5 / 5 /
Minak 3:

Eger f(x) = e* + x fonksiyonek be:

1) Nézikerén rasti tewareya XX’ bibine.
2) Guherina fonksiyoné bibine.

Caresert:

1) f(x) di R de domdar e ( darastiye.
lim f(x) = lim e™ — (—o0) = 400
X—>—00 X—>—00
lim f(x) == lim e** — (+00) = +00 — oo rews ne diyar e,
X—+0o X——00
em f(x) bi awayeki din binivisin;
f(x) =e*(1 - e"—x) li gori vé;
lim f(x) = lim e*(1-2) = +oo(1-0) = +oo
X——00 X——00 e
2) f(x) di R de darasti ye.
i) =e*-1

ffx)=0=e*-1=0=>x=0

Ligorivé f(0) =1

48



BIRKART AMADEYT 3
X —o00 0 + oo
f'(x) -0+
f(x) o0 +oo
\ 1 /
Minak 4:

Guherina fonksiyona li jér bibine.

f(x) =xInx

Caresert:

f(x) di ]0, +oo[ de domdar e (0 darasti ye.
J}1}1(1)1)’(3«7) = ,}l%l(x Inx) =0

lim_f(x) = +0o(+e0) = +oo

1
f'x) = 1.lnx+;.x=lnx+1

f'fx)=0=Inx+1=0=Inx=-1

=>lnx=—lne=ln—=>x=1
e e
1 1
r(5)=-2
X 0 2 + o
f'(x) - 0 +
f(x) 0 +o0

49



50

BIRKARTD AMADEYT 3

Nirxé mezin 0 nirxé biclk yén gisti yén fonksiyoneké

Eger f di D de fonksiyonek be.

a) Demaku f(x) < f(xo) be, ji f(xg) re nirxé mezin yé gisti
yé f té gotin (x € D).

b) Demaku f(x) = f(xo) be, ji f(x,) re nirxé bicik yé gisti
yé f té gotin (x € D).

Minak 1:

Eger f(x) = cos(x) di R de fonksiyonek be.
Em di zanin ku di fonksiyonén ségoseyi de:
cos(m) = —1 < cos(x) < +1 = cos(0)

Li gori vé: nirxé mezin yé gisti yé fonksiyoné 1 e G nirxé biclk yé
gisti -1 e.

Minak 2:

Eger f(x) = x% + 2x di R de fonksiyonek be.

Em di zanin ku:
fO=@E*2+2x+1D)-1=(x+1D?*-1=>-1=f(-1)

Li gori vé: nirxé mezin yé biclk yé fonksiyoné -1 e 0 nirxé mezin yé
gisti yé fonksiyoné nine, ji ber ku xl_i)rpoof(x) = +00.

Minak3:

Eger f(x) = V16 — x2 di [—4,4] de fonksiyonek be.

Nirxé mezin 0 yé bicOk yén gisti eger hebin, bibine.

Caresert:

e f(-H)=y16—(—42=0
f(4)=J16—-(4)%?=0
e f(x)di]—4,4[ de darastiye.
Fi0) = e = 2
2V16 —x%2 V16 — x2
e ff(X)=0=-x=0=x=0
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e f(0)=,16—-(0)2=4

X -4 0 +4
@ 0 -
%) 4
0 0

e Ligoritabloyé:
f(4) = 0 nirxé bigk yé gisti yé f ye.
f(—4) = 0 nirxé biglk yé gisti yé f ye.
f(0) = 2 nirxé mezin yé gisti yé f ye.

Tébin:
Eger f ber bi + ve li rex a bice, wé demé nirxé mezin yé vé
fonksiyoné nine.

Eger f ber bi —oo ve li rex a bice, wé demé nirxé biclk yé vé
fonksiyoné nine.

Minak:

Eger f(x) = x + 2 sin(x) di R de fonksiyonek be.

Nirxé mezin 0 yé biclk yén gisti eger hebin, bibine.

Caresert:

Em dizanin ku f(x) = x — 2 li gori vé:

xl—i>IPoof(x —2) =40 = xlirlqu(x) = 400, nirxé mezin yé gisti yé f
nine.

Li aliyé din f(x) < x + 2 li gori vé:

xl_i)r_noof(x +2)=—-—0= xlirﬁwf(x) = —oo, nirxé biglk yé gisti yé f
nine.
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Hinkirin:

1)

2)

3)

4)

5)

Guherina fonksiyona li jér bibine.
flx) =x*—4x+3 : x€R
Rastiya newekheviya li jér, li gori navbera wé, tekez bike.

e*>1+x : x€eR
pistire rastiya dawiyé ji lirp e* = 4o tekez bike.
X—4 00

Rastiya newekheviya li jér, li gori havbera wé, tekez bike
In1+x)<x : x€]—1,+00f
Rastiya newekheviyén li jér, li gori navbera wan, tekez bike

3 (tanx)3 |

x+x? <tanx 0 tanx <x+ xE[O,g[

tanx—x
x3

pistire nirxé lim bikaranina teoriya dorpéckiring, bibine.

x—0

Nirxé mezin 0 yé bicOk yén fonksiyonén li jér eger hebin,
bibine.

a) f(x) = V4 — x2 : X €]—2,2]
b) f(x) =sinx+cosx+1 : x€ER
c) f(x) =|x—-2]—|x+1] : x€R

d) f(x) =x3 : x €]—1,3]
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NIRXEN XWECIH YEN MEZIN U BICUK

Eger f di D de; fonksiyonek be xo € D.
c) Demaku f(x) < f(xq) be (xg € D), ji f(xo) re

nirxé mezin yé xwecih ji f re té gotin (x € (D n Dy)).
d) Demaku f(x) = f(xq) be (xo € D), ji f(x,) re

nirxé bictk yé xwecih ji f re té gotin (x € (D n Dy)).

TébinT:

a) Nirxé mezin yan yé biclk ya gisti dibe nirxé mezin yan
yé bicOk ya xwecih, 1€ berlQvaji wé ¢cénabe.

b) Eger fonksiyonek tam zédeker yan ji tam kémker be, wé
demé jé re nirxé mezin yan ji bicik yé xwecih jé re nine.

Minak 1:

Nirxén mezin an yén bigdk yén xwecih yén fonksiyona li jér bibine.

f(x)=—x3+6x*—9x +4
Caresert:

e f(x) di R de domdar e ( darastiye
lim f(x) = lim (—x3) = 4o
X—>—00 X—>—00
lim f(x) = lim (—x3) = —
X—+00 X—+o0

e Fonksiyon domdar e ( té darastin:
fl(x) =-3x2+12x—9=-3(x*—-4x+3)=3(x-3)(x—1)
Demaku f'(x) =0wédeméx =3yanjix =1
Du xal pék tén (f(3),4), (f(1),0) ango (20,-3), (—12,1)

Em tabloya guherina fonksiyoné xéz bikin.

x -00 1 3 + oo
Hémaya f'(x) - 0 + 0 -
Guherina f(x) | +oo 4

0 —00
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Em girafika f xéz bikin. 0.4 (3,4

£

Di girafiké de xwiya ye guherina f li gori
tabloyé ye.

~

(4,0)

Tébint

Eger f di D de fonksiyonek darasti be; x, €]a, b[c D

a) Demaku f'(x) > 0be; x €]a, xy[, 0 f'(x) <0 be; x €
]x0, b[ W& demé, f(x,) nirxé mezin yé xwecih ye ji f re.

b) Demaku f'(x) < 0 be; x €]a, xo[, 0 f'(x) > 0 be; x €
]x0, b| W& demé, f(x,) nirxé bicik yé xwecih ye ji f re.

Minak 1:

Guherin O nirxén mezin 0 bicik yén xwecih yén fonksiyona li jér
bibine.

fe) =Yx-12-1
Caresert:

Fonksiyon di navbera | — oo, 1[U]1, +0o[ de domdar e 0 té darastin.
. — T 3 — 2 _ —

Jim £00) = lim (V=17 -1) = +e

lim f(x) = lim (i/(x —-1)2— 1) =+

X—>—00 X——00

Dema ku nirxé x di yek ji navberén | — oo, 1[, ]1, +oo[ be:

f)=2-15 ==

Li gori vé, hémaya f'(x) heman hémaya (x — 1) e.
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Em tabloya guherina fonksiyoné xéz bikin.

X -0 1 + oo
Hémaya f’(x) EEE
Guherina —00 + o0

1 \ 1 / |

Em girafika f xéz bikin.

Di girafiké de xwiya ye guherina f li gori 5 I
tabloyé ye.

Minak 2:

Guherin U nirxén mezin 0 bigdk yén xwecih yén fonksiyona li jér
bibine.

fx) =

Caresert:

x—1
x2
Fonksiyon di navbera | — o, 0[U]0, +oo[ de domdar e G té darastin.
. — Tim (1) —
xl—l>I-Poof(x) - xl—1>r-|poo x2 (x 1) 0
lim f(x) = lim iz(x— 1)=0
X—>—00 X—>—00 X
Li gorf van, tewareya XX' nézikera girafika f ye.
. T L _ _
il_l‘)%f(x) —}Cl_rg = (x—1)=—-

Li gori van, tewareya YY' nézikera girafika f ye.

x%—2x(x-1) - x%+2x - x(x—2)

f1@) = = =

x* x* x*

Li gori vé, hémaya f'(x) heman hémaya — x(x — 2) e.

Em tabloya guherina fonksiyoné xéz bikin.
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x -00 0 2 + oo
Hémaya f'(x) - + 0 -

Guherina f(x) \ / \
0 —00 0 1

Em girafika f xéz bikin.

Di girafiké de xwiya ye . e

f(2) = % nirxé mezin é
xwecih e.

Minak 3:

Eger f(x) =

1) Dawiyén f 0 nézikerén wé bibine.
2) Guherina fonksiyoné bibine 0 tekez bike ku nirxén mezin G bicOk
yén xwecih jé re ninin.

e*+1

eX—1

di R* de fonksiyonek be.

Caresert:

1) Fonksiyon di navbera | —o0,0[U]0,+oo[ de domdar e O té
darastin.

lim f(x) = gf = —1 =y = —1nézikera C 0 rasti XX' li rex —oo

X——00 -

ye.

lim f(x) =§ rews nediyar e, em f(x) bi vi awayi binivisin;

X—+0o0

(L) i L
xX) = ¢— = —=4— li gori vé;
fe) = =2 lig
lim f(x) = 1+g =1=y =41 nézikera C O rasti XX’ li rex +oo
x—+00 -
ye.

Li gori van, tewareya XX' nézikera girafika f ye.

: TN
Ll_I)T(l)f(x)—chl_r)lgxz (x—1)=-
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Li gorf van, tewareya YY' nézikera girafika f ye.

x%=2x(x—1) - x2+2x - x(x-2)

fra) = 2 o =

x% x%

Li gori vé, hémaya f'(x) heman hémaya — x(x — 2) ye.

Em tabloya guherina fonksiyoné xéz bikin.

X -00 0 2 + oo
Hémaya f'(x) -

+ 0 -
Guherina f(x) \ / \

Hinkirin:

Nirxén mezin U yén bigik yén xwecih yén fonksiyonén li jér eger
hebin, bibine.
a) f(x) =x3+3x%+2 b) f(x) = x* — 2x?

c) f(x) = 4x — x3 d) f(x) = 3x5 — 5x3

Q) f(x) =3 x> 0 FG) = G+ 2)5

9) f(x) =x+— h) flx) =x+—

i) fx) = = ) f) = Va3

K) () = 2= ) fG0) = —x° —9x +3
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PEKANINEN NIRXEN MEZIN U BICUK DI
JIYANE DE

Careserkirina giréftariyan
Minak 1:

Diwareki bilindblna wi 2 m
ye, G bi 2 m ji xaniyeki ddr e, em
dixwazin sélmeké ji erdé bigihinin
xani ku ser wi diwari re derbas be,
diréjahiya sélmé ya heri bicOk
bibine.

Caresert:

Eger diréjahiya sélmé h
bilindahiya aliyé jor yé sélmé ji
erdé y, darblna aliyé sélmé yé jér
ji diwar x be:

Li gori Pisagoras:

h?=(x+2)>+y% (1)

Lé % = xxi (wekheviya du ségoseyan)

2x+4

Li gorivé: y = =2+4x"1 (2
Ji bo diréjahiya herfi biclk ya sélmé, divé nirxé h? biclk be.
Em darastina her du aliyén (1) G (2) li gori x bibinin:

L (h?) =2(x+2)x1+2y2 L=

dx ' dx  x2

S (h?) =2(x +2) +2 (Zxx+4) (;—;‘) =2(x +2) (1 —x%)

Eger :—x(hz) = 0 be, wé demé:

A T 8
x = —2 nayé gebdlkirin, an == 1=>x=2
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Bi xézkirina tabloya darastin 0 guherina fonksiyoné:

X 2

Hémaya :—x(hz) - +
h2 \ /"

Em dibinin ku hémaya :—x(hz) di nirxé x = 2 de ji — diguhere +

Nirxé x = 2 yé heri biclk e, em di (1) de bi cih bikin:
h? =(x+2)?+y2=(2+2)?+4? =32

h =42

Diréjahiya sélmé ya heri bick 4v2 m ye.

Minak 2:

Em dixwazin depoyeki avé bi awayé silindir
hecimé wi V = (2m)m3 cékin.

1) Eger niveskéla binkeya depo x be,
rberé wé yé gisti S bibine.

2) Bi ditina guherina fonksiyona x +— S(x)
0 nirxé wé yé biclk yé gisti, bilindahiya
depo bibine.

Caresert:

1) Niveskéla binkeya depo r = x li gori vé,
nirxé wé tam pozitif e, ango x €]0, oo
Eger bilindahi h be, wé demé hecimé depo V = . x2. h |& li gori
ku hatiye dayin vV =_0Q2mm?3 wé demé:

m.x2 h=2r= h=xi2
Zagona ditina rOberé gisti yé depo bi vi awayl ye:
S = 2mrh + 2nr? li gori Vé:
2 2
S(x) = 2nr — 4+ 2nr? = 2n <x2 +—)
X X

2) Fonksiyona S di navbera ]0, +oo[ de domdar e O darasti ye.
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x3—1) _ 4m(x?+x+1) (x—1)

§'(0) = 2m (2x = 5) = 4m (5

li gort vé, hémaya S’ (x) li gori hémaya (x — 1) e.

X 0 1 400
S'(x) - +

S(x)
\ e

Nirxé biclk yé S di navbera ]0, +oo[ de S(1) = 6w ye, dema ku
eskéla binkeya depo yeksanl b|I|ndah|ye be.

Minak 3:

Eger ABC ségoseyek be,
binkeya wé BC =16 cm 0
bilindahiya wé 12 cm ye.
Em dixwazin milkégeki di
hundiré ségose de xéz bikin
li gori ku du gose li ser
binkeya ségose, U her yek ji
her du goseyén din li ser
kenareki ségose ye. diréjahi  p
a firehiya milkés bi mercé ku
raberé wé yé heri mezin be,
bibine.

Caresert:

Em dizanin ku riberé milkésé S = x.y

y _AG _ 12—-x

16 AC 12

(li gori wekheviya ségoseyan)
Ligorive:y==(12-x) :x€[012] (1)
Raberé milkés S = gx(n —x)

ango S = f(x) = 16x — —x (2)

bi darastina her du aliyén (2) li gori x é:

fE@=16-3x , f')=-%
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16x3
=6

Dema ku f'(x) = 0 be, wé demé: x =
ligorivé: f'"(x) <0

guherina fonksiyoné di xala x = 6 de ye, em di (1) de bi cih bikin:
y=—(12-x)=8

rberé milkés yé heri mezin dema ku diréjahiya wé 8 cm Q firehi 6
cm be.

Hinkirin:

1) Du hejmar in, komkirina wan 30, hevdana wan ya heri mezin
e, her du hejmaran bibine.

2) Em dixwazin parceyek erd bi awayé milkéseki bi téleke résayi
ku diréjahiya wé 120 m ye, dorpéc bikin. ROberé parceya erdé
ya heri mezin ku em karibin bi heman télé dorpég bikin, bibine.

3) Ségoseyeki tik e, diréjahiya jené 30 cm ye. Eger diréjahiya
parceya rastekan ya tik di navbera giraca tik 0 jené de ya heri
mezin be; diréjahiya her du kenarén din yén ségoseyé bibine.

4) Téleke diréjahiya wé 18 m ye, em dixwazin du ségoseyén
hemkenar ji vé télé ¢ékin. Diréjahiya kenaré her yeki ji wan li
gori ku komkirina riberé herduyan heri bigik be, bibine.

5) Eger diréjahiya jené ségoseyeki 10 cm be, diréjahiya her du
kenarén din li gori ku riberé wi heri mezin be, bibine.
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PIRSEN BESA DUYEM

Darastinén fonksiyonén li jér bibine.

1) f(x) = es™¥ 2) f(x) = (5 - 3x)?

3) f(x) = e¥'** 4) f(x) = Inx*

5) f(x) = 1~ 2¢775in 6) f(x) ==

7) f(x) = (e* +2)* 8) f(x) = e* + sin(3x)

9) f(x) = sin3(x) 10) f(x) = x%Inx

11) f(x) = x2%e3* 12) f(x) = InxSin*

13) f(x) = (2x + 3)7 14) f(x) = x(x? + 1)?

15) f(x) = V2 — 3x 16) f(x) = sin?x + 2 cos? x

17) f(0) = Wx+ D+ 18) f(x) = In(Co)
Bi sOdgirtina ji pénaseya darastiné, her du taybetiyén li jér
tekez bike.

a) }Ci_l:% (#) =1

b) 1in(1)1“(’;“) =1
xX—
Hevkéseya péveka C di xala M(a, b) de bibine.
a) f(x) = —= a=2 b) f(x) =vV2x+7 a=1

c) f(x) =xcosx , a=§ dfx)=xvx, a=1
Fonksiyonén li jér li rex a, tén darastin an na?
a)f(x)=x*/x a=0 b) f(x) =x?>—4x, a=2

x2+|x| l_cﬂ’x;to

O f) =5 a=0 dfw={ = ¥ a=0
x2cos—; x # 0

e)fx)=x|x| a=0 f) f(x) = . - 0 ,a=0
;X =

Tekez bike ku e* > 1+ x (x € R) O pistre lirP e* = 4o
X—+ 00

Tekez bike ku In(1 +x) <x x €] —1,+0[

Her du newekheviyén li jér li gori ku x € [0,% [ tekez bike.

a) x + x3—3 < tanx
(tanx)3
3
pistre bi stdgirtina ji teoriya dorpéckiriné nirxé xlir(?+
bibine.

b) tanx < x +

tanx—x

x3
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VIIl.  guherina fonksiyonén li jér bibine.
1) f() = (x—3)? 2) f(x) = 2x3 — x*
3) fl) =Yx—1 4) f) ==
5)f() =x*(x-2)  6)f()=1+7
IX.  Nirxén mezin 0 bick yén xwecih yén fonksiyonén li jér eger
hebin, bibine.
1) f(x) = (x — 2)? 2) f(x) =—x*—8x%+8
3) fl) =5 2) f(a) =222
- xzi—}l T ox-2
P
5) f(x) = 6) f(x) = 3/(x — 2)?
X. Eger fdi[-1,+o[deligoriku f(x) =2vx+1—x
fonksiyonek be 0 C girafika wé be.
a) Fonksiyona f li rex x = —1, té darastin an na?
b) Guherina f bibine, tabloya wé xé&z bike G her nirxén mezin
0 biglk nigan bike.
XI.  Eger f di]0, +oo[ de li gori ku f(x) = x+inx fonksiyonek be 0 C
girafika wé be.
a) 111(1)1+ f(x), lirP f(x) G nézikerén C bibine.
X— X—+00
b) guherina f bibine, tabloya wé xéz bike 0 nirxé mezin nisan
bike.
Xll.  Dawiya fonksiyonén li jér ( rasteka nézikera girafiké bibine.
1 .
1) flx) = 7 + In(x) Lirex +co, 0
1 .
2) flx) = ?—ln(x) Lirex +o0, 0
3) (x) =1 (1_x) Lirex1, —3
fe) =1n 3+x ’
4) f(x) =x+In(x+1) —In(x) Lirex 4o, 0
e —1 . .
5) flx) = Lirex —oo, 00 + o

2x
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6) f(x)=e** —e*+1 Lirex +oo
e*—1 .
7 = Li rex +oo
) fe) =——
8) flx) = e% Lirex —oo, 00 +
9) f(x) = 2x.e* Li rex 4+oo

XIIl.

XIV.

XV.

XVI.

64

Dawiyén fonksiyonén li jér li gori nirxé a bibine.

3 [16x7 —4x5

1) f(X) - 2x7+1 a= -+
2) flx) = 222 a=0
YW =T a=0
2) f(x) =5 a=—w
5) f(x) =vx2 -4+ 2x a=—oo

6) f(x) = VIx? — 4x — 3x a= 4w

Téleke diréjahiya wé 20 m ye, em dixwazin milkéseké jé ¢ékin.
Diréjaht O firehiya milkésé li gori ku rGberé wé heri mezin be,
bibine.

Parceyeke giroveré ye,

niveskéla wé 15 cm ye,

em dixwazin kovikeke ku 15¢m

bilindahiya wé h be jé

cékin. Hecmé koviké

V= g.h(zzs —h?) e

hecmé heri mezin é

koviké ku em dikarin

cékin, bibine.

ABCD kelkuteki duhemkenar e, derdora wi 40 m ye O giraca
C = 60° ye. diréjahiya her car kenarén kelkut li gori ku raberé
wi heri mezin be bibine. (bersiv: 10, 10, 5, 15)
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FONKSIYONEN RESEN

Eger f di I de fonksiyonek be G F di I de fonksiyonek darasti be
0 F'(x) = f(x) be, wé demé; F fonksiyonaresen a f ye.

Minak:

Fonksiyon f(x)

Fonksiyona resen F(x)

fxX)=2x+2 F(x)=x*+2x+3
f(x) = X F(x)=+vx2+4
x2+4
f(x) =cosx F(x) =sinx+ 6
1 1
f(x)=; F(x)=—;

TeorT:

Eger f di I de fonksiyonek be O F fonksiyona resen a f be

wé demé:

a) Her fonksiyona bi awayé G: x — F(x) + k fonksiyona
resen e ya f ye (k neguhér e).

b) Her fonksiyona bi awayé G(x) = F(x) + k fonksiyona
resen e ya f ye (k neguhér e).

c) Eger xy €1, y, € R wé demé yek fonksiyona resen
heye G ya f ye ku G(xg) = y,

Teoriya bingehin:

Eger f di I de fonksiyoneke domdar be, wé demé
fonksiyona resen jé re di I de heye.
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Minak:

Tekez bike ku F(x) = %xﬁ di [0, +oo[ de, fonksiyona resen e ya
f(x) =+ x di]0,+oo[ de ye.
Caresert:

Ji ber ku x - x 0 x » v/ x di]0,+oo[ de darasti ne, hevdana wan ji
darasti ye, li gori vé:

2 2 1 2
PO =gVt gagm=3

Fonksiyonén resen én fonksiyonén naskiri

VE 4+ 5VF =VE = [

Di tabloya li jér de F(x) fonksiyoneke resen a f(x) e, C neguhér e.

f(x) F(x) Nevber I
0 C ISR
a :a€R” ax +c ISR
xn+1
x"'neN* +c ISR
n+1
1 x—n+1 1 R
—,n € N*/{1 c
x" /) —n+1+c
sinx —cosx +c ISR
COoS X sinx + ¢ IR

Teori:

a) Eger F, G di I de du fonksiyonén resen yén f, g bin,
wé demé F + G di I de fonksiyonareseneya f + g ye.
b) Eger F di I de fonksiyonek resen ya f be, 4 hejmareke rast
be, wé demé AF di I de fonksiyona resen e ya Af ye.
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Minak:

Li gori rewsén li jér fonksiyona resen F bibine.
1) f == I=]-0,0]

2) f(x)=sin?x [=R

3) f(x) =cos5x.sinx [=R

4) fa)=—=5 1=]0,+oo]

5 f(x)=a3 —xiz 1 =]0, +oo[

6) f(x)=tan’x I=]—%,+ %[
Caresert:
1) f)=—5=x73

FO) =2 =2 ="Ldi]-w,0[de
2) f(x) =sin’x = %—%cost

F(x) = %x—%(%sian)z%—%

3) f(x) =cos5x.sinx = % (sin(5x + x) —sin(5x — x))
i, 1.
= — sinbx — —sin4dx
. RE 2
F(x) = —cos6x + —cos 4x
%2 18
4) f(X)=7—5=3.7—5
F(x) = 3Inx — 5x

1
5) f(x)=x3—x—2=x3—x2
_ x3+1 _ x—2+1 _i 4 i
FQx) = 3+1 o o X T
6) f(x) =tan’x =1+tan’x—1

F(x) = tanx — x
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Hin rewsén cuda

n+1
u'um u
n+1
!
u
—r— 2\ u
Vvu
u’ Inu
u In(—u)
u'et et
;. —cosu
u'sinu
u'cosu sinu

Minak:
Li gori rewsén li jér, ji bo her fonksiyoné; fonksiyona resen bibine.

1) fx)=(x—-2)(x?—4x+5)3 I=R
2) f()=—= [=]—o,-3]

x+3
3 fW=5>; [=R
4) f() =225 T =], 4o

x—1

5 f(x)=xe* =R
6) f() =—=— I=]1+]

Caresert:

1) f(x)=(x—2)(x?—4x +5)3
Eger u(x) = x? — 4x + 5 wé demé u'(x) = 2(x — 2) li gori vé:

1
fG) = =) ()’

Foo) = W) 1o g ey

22 4 8
2) fx) ==
Eger u(x) = x + 3 li gori vé:
_ W)
) ==5

F(x) = 2In(—x — 3) = In(x + 3)?
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3)

4)

5)

6)

f(x) - xif;iS

Eger u(x) = x? — x + 3 li gori vé:
_ w)

f& =5

F(x) =Inu(x) =In(x? — x + 3)
_ 2x+1

fG) =—

bikaranina parvekirina Y0OKklid, wé demé f(x) =2 + &
Eger u(x) = x — 1 li gori vé:
__3 _ L W®
f(x) —u(x)+2 =3 o +2
F(x) =3In(u(x)) + 2x = 3ln(x — 1) + 2x

f(x) = xe*’
Eger u(x) = x? wé demé:
f@) = —u'(@).e"®

— i u(x) — i X
F(x) = 21e =€

2

f(x) - x1Inx

Eger u(x) = Inx wé demé:
. w()

e =5

F(x) =In(Inx)
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Hinkirin:
Li gori rewsén li jér, ji bo her fonksiyoné; fonksiyona resen bibine.

1) fx)=8x>+6x*—-2x+3 I=R
2) o)== 1=]0,+]

3

3) f(x)zw-l-gv%—x—z I =]—o00,0[
4) fe) = 1—231c+x2 ['=]1, +oo]
5) f() = armr 1 =l— o0

4x—2

6) f(x) = Vitx I'=]1,+oo[

) f)=—= I=]-o,—]
8) f(x) == 1=]0,+o]
9) f)=— I=]—o02]
10) f(x) = —— I =] +oo
11) f(x) = cos?3x I

12) f(x) = cos*x I
13) f(x) = cos3x.cosx
14) f(x) = cot?x I =]0,
15) f(x) = tanx I=]%,3Tﬂ[
16) f(x) =cotx I =]0,m[

INfE) === [=]-o,—]

18) f(x) =x.3/ (x2+1)2 =R

X

19) f() =72 1=1-VEV3
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INTEGRAL

Eger F,(x) = x° fonksiyona resen a f(x) = 5x* be (ji ber ku
F/(x) =5x*), 18 F,(x) =x>+1, F;(x) =x°—3 ji fonksiyonén
resenin én f(x) = 5x* (ji ber ku darastina her duyan f(x) = 5x* e).
Bi awayeki gisti, hejmarek bédawi fonksiyonén resen én fonksiyona
f(x) = 5x* hene @ bi vi awayfi té nivisndin:

F(x) =x>+C : (C hejmarek neguhér e).

Eger f(x) di I € R de fonksiyonek be, ji koma fonksiyonén

resen re F(x) + C Integrala bé sinor a f(x) té gotin.
(c hejmarek neguhér e), 0 f(x) = d’;ix)

Sembola integralé ev e: [ f(x)dx = F(x) + ¢

U bi vi awayi té xwendin: Integrala bé sinor a f(x)dx .

f(x) ==X ango dF (x) = f(x)dx

Minak:

Eger:

flx) = (x°) = (x°)' = 5x*dx

f(x) = (e3¥) = (e3*) = 3e3*dx

f(x) = (cosx?) = (cosx?) = —2xsinx? dx
Weé demé:

[ 5x*dx =x°+¢

[3e3*dx =e3* +¢

[ —2xsinx?dx = cosx* + ¢

Ango integral berQvaji darastiné ye.
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Zagonén integralé

1)

2)

3)

Integrala hejmara neguhér
Eger a hejmarek neguhér be, wé demé:
fadx=ax+c

Minak:

integralén li jér bibine.

a) [ 5dx

b) [ —7dx

c) f—%dx

Caresert:

a) [5dx =5x+c¢

b) [—7dx =-7x+¢

C)f—%dxz—%x+c

[ x™dx =
Minak:
integralén li jér bibine.
a) [ x3dx

1
b) dex

2
c) [xsdx
Caresert:
3+

L 1
a) [x3dx="—+c=—x*+c
3+1 4

b)fx%dxzfx“‘dx: :+1 +c= x_3 +c=3—i3+c
2 7

x5 Tt x5 7

c) [x5dx = 5 +c= T +c=%xT+c
Derxistina hejmara neguhér ji integralé yan ji vegerandina
hejmara neguhér li integralé:

[af(x)dx = a [ f(x)dx ji ber ku darastina her du aliyan
heman encami dide: af (x) = af (x)

Minak:

integralén li jér bibine.

a) [ 7x*dx

b) [ =-dx

c) f\/gx_%dx

xn+1

+c l1é n+ -1
n+1
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Caresert:
Tatdx = 7 [ x*dx = 7 4 ¢ = L x5
a) [7xtdx =7 [x*dx =7-—+c=—x"+c
2 dr =2 (Lgy = (v3dy = -2 %
b) [—-dx = fosdx—fx dx— 2_3+1
—+c

C)f\/gx_%dxzx/gfx 3dx=3\/—x T4
4) Integrala komkirina cebri ya ¢cend fonksiyonan, yeksani
komkirina cebri ya integrala wan fonksiyonan e.
SIf() + g@)ldx = [ f(x)dx + [ g(x)dx
Minak:
integralén li jér bibine.
a) [(x? — 2x + 5)dx

b) [ (V& — %) dx
C)f(xs—\/ix—;—z)dx

Caresert:
a) [(x? —2x+5)dx—fxzdx—fodx+f5dx

—3+1

+c

x3
= —x3—x?2+5x+c
b)f( ——)dx—f\/_dx—zf dx
1 +1 - 3
= [x7zdx —2 [ x3dx = xlz S I S
E —3+1 2
C)f(x5 —\/Ex—;—z)dx = [x%dx — V2 [ xdx — 3 [ x2dx
= %x6 —ﬁx2 +3x1+¢
( b)n+1
5) [(ax + b)"dx “(":l)a
Minak:
integralén li jér bibine.
a) [(3x — 7)*dx
b) [(x +5)7dx
Caresert:
ey (3x-7)" _ (Bx-7)°
a) [(3x — 7)*dx =0 to=""——+c
8 8

b) [(x +5)7dx = Ot p o= 4o

(8).(1) )
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6) [ cos(ax+ b)dx = isin(ax +b)+c
[ sin(ax + b) dx = —icos(ax +b)+c

Minak:

integralén li jér bibine.
a) [ cos(9x) dx

b)[ sin(9x) dx

c) [(sinx + cosx) dx
d) [ 2.sin 5x. cos x dx

Caresert:
a)[ cos(9x) dx = %sin(9x) +c
b)[ sin(9x) dx = —%cos(9x) +c

c) f(sinx + cosx)dx = —cosx + sinx + ¢
d) [ 2.sin 5x.cos x dx = 2 [ sin 5x. cos x dx

=2 f%[sin( 5x + x) + sin(5x — x)] dx
= f[sin( 6x) + sin(4x)] dx
= —~cos(6x) — 7 sin(4x) +
= —gcos(6x) — o sin(4x) + ¢
7) Eger u di x de fonksiyonek darasti be, n = —1 |i gori vé:

, unt1
[u'udx = +c
n+1

Minak:

integralén li jér bibine.

a) [ 6x%(2x3 — 6)*dx

b) [ x3(x* —2)%dx

c) [(x? + 1)Vx3 +3x + 1dx
d) [ =Edx

d) [ sinx cos®x.dx

Caresert:
a) [ 6x?(2x® — 6)*dx
egeru = 2x° — 6 = u’ = 6x* wé demé:
5 5 \5
[ 6x2(2x% — 6)*dx = [u'dx = L4 o= B4

b) [x3(x* — 2)%dx i



BIRKARTD AMADEYT 3

egeru =x*—-2 = u’' = 4x3 wé demé:
[x3 (x* —2)%dx = Lf 4x3(x* — 2)%dx
1 ub

=T—+c——(x -2)°+c

c) [(x? + 1)Vx3 + 3x + 1dx
egeru=x3+3x+1 = u' =3x?+3 =3(x%+1) wé demé:

1 1
J.(x2 + 1)vVx3 4+ 3x + 1dx = Tf 3(x2+ 1D)(x®+3x+1)2dx

3
> 3

u 2 =
te=—uz +c

1 , L 1
=—|u'uzdx =—
- T

3
=i(x3+3x+1)7+c
d)flnx =f%.lnxdx

1 A A
egeru=Inx =>u' = ~we demé:

In x 1 u? 1
f—dx=f;.lnxdx= ju’uldx= +c=—In%x+c

X 2 2
e) [ sinx.cos? x dx
eger u = cos?x = u’ = —sinx wé demé:
fsinx.coszxdxz —f—sinx.coszxdx
. u3 cos3 x
=— | vuldx = — 3 +c=—T+c

8) Eger u di x de fonksiyonek darasti be, li gori vé:
f%dx =Inju| + ¢

Minak:
integralén li jér bibine.

)f 2x3+1

x4+2x+1

b) f 2952+5

x+ cos? x
C)f 2+sm2x

Caresert:

2x3+1
a) fx4+2x+1

egeru=x*+2x+1 =u' =4x3+ 2 =2(2x3+ 1) wé demé:
2x3+1 _ 10 2(2x3+1) w1
oo gdx =5 —o—dx = fu dx =-Inful + ¢

x*+2x+1 x*+2x
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=11n|x4+2x+1|+c

b)f 2x2+5
2 A P
eger u = e2* + 5 = u' = 4xe?” wé demé:
xe _ u’ _ 1 _ 1 2x2
fT—I—S ——f ——Zln|u|+C—Zln|e +5|+c
x+cos X
C) f x2+51n2x

egeru = x? +sin2x = u’ = 2x + 2cos?x = 2(x + cos?x) wé
demé:
2 !
J-x+cosx _ J-Z(x+cos x) dXZEIde
2 u

" x2+sin 2x x2+sin2x
Elnlul +c= Elnlx + sin2x| + ¢

9) fu'e'dx=¢e"+c

Minak:
integrala li jér bibine.
[ 2x.eX**4dx

Caresert:
]2x.ex2+4dx
egeru = x% + 4 = u’ = 2x wé demé:
[2x.eX"*4dx = [u'etdx = e¥ +c = eX T 4 ¢
Integrala bi parceyan

Ditina hin integralan bi awayé rasterast zehmet e, wek
integralén li jér:

[sinxe ™dx , [ xsinxdx

Ji ber vé yeké pédivi bi parcekiriné heye, ew ji bi guhertina vé bi
awayé komkirina cebri ya fonksiyoneké 0 integraleké ye.

Zagona integrala bi pargceyan
(uv)' = u'v+uv’ (zagona darastina hevdana du fonksiyonan)
uv = [u'vdx + [uv'dx (integrala her du aliyan)

[uv'dx = uv — [v'vdx + c zagona integrala bi pargeyan)
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Integrala bi parceyan ji bo hevdana du fonksiyonan té bikaranin.
Minak:
Eger u, v’ du fonksiyon bin:

a) Eger hevdana du fonksiyonén (rast G bi héz) be, wé demé
u =rast, v’ =bihéze.

b) Eger hevdana du fonksiyonén (rast O bi ségoseyi) be, wé
demé u = rast, v’ = bi ségoseyT ye.

c) Eger hevdana du fonksiyonén (rast G bi logaritma) be, wé
demé u = logaritma, v' =rast e.

Minak 1:
[ x.e* dx bibine

Caresert:
eger u=x = u =1
v' = e* = v =e* wé demé:

fuvdx=uv—[v.udx

[x.e*dx =x.e*— [e*.(1)dx
=x.e¥ —e*

Minak 2:

[ x.cos 5x dx

Caresert:
eger u=x = u =1
, 1. " "
v =cos5x = v = - sin 5x wé demé:
fuvdx=uv—[v.udx
[ x.cos 5x dx = x. (5in 5x) — [ (5in 5x). (1) dx

1 . 1
==x.8in5x ——cos5x + ¢
5 25

Minak 3:
[x.Inxdx

Caresert:
eger u=lnx = u' =

RIr

li x? A A
v =x =>v=7wedeme.

fuv'dx=uv—[v.udx

79



80

BIRKARTD AMADEYT 3

[x.Inxdx =% lnx—f%.(;)dx

>

Minak 3:
I = [ x%.e* dx bibine

Caresert:
eger u=x? = u' =2
v = e*¥ = v =e* wé demé:
fuvdx=uv—[v.u'dx
[x2.e*dx = x%.e* — [ 2xe* dx
ji bo ditina [ 2xe* dx em integrala bi pargeyan li aliyé rasté careke
din bi kar binin
egeru=x =u' =1
vV =e"=>v=e"

foex dx = 2xe* — Zfex dx = 2x.e* — 2e*

wé demé:

I =x%e*— (2xe* —2e*)+c= (x> —2x+2)e* +c
Minak 4:
[ x3.sin(2x?) dx

Caresert:
eger u=x? = u =2

v' = xsin(2x?) = v = —icoc(ZxZ) wé demé:
fuvdx=uv—[v.udx

[ x3.sin(2x?%) dx = —%xz coc(2x?) + %fxcoc(sz)dx

= —ixz coc(2x?) + %sin(sz) +c
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Integrala bi parceyén kertan

Eger h(x), g(x) du fonksiyonén pir pékhate bin, wé demé:
flx) = % fonksiyoneke kerti ye.

Minak:

Fonksiyonén li jér, fonksiyonén kerti ne
f) =22 f0) =22 fo0) =282 f(x) =
Lé fonksiyonén li jér, ne fonksiyonén kerti ne

fOO =25 fo0) = T2 fx) =57

2+1 x(x2+1)

Ji bo ditina integrala fonksiyona kert f(x) = b dive em

g’
fonksiyoné parce bikin G biguhérin komkirina cend fonksiyonén kert

yén sade (ji ber ku em nikarin integrala wé bi awayeki rasterst
bibinin), pistre ditina integrala wan hésan dibe.

Integrala fonksiyona bi kerta sade
Fonksiyona bi kerta sade:

Dema ku pileya paré bigUktir be ji pileya parané (pisti
nivisandina wan bi awayeki sade).

_ x+1
Minak: f(x) = N
Ji bo ditina integrala fonksiyona bi kerta sade f(x) = E—xi sé
rews hene:

1) Eger em karibin parané bi vi awayi binivisin:
gx)=(x—-a)lx—ay) ... (x —ay)
(pékhateyén parané ji pileya yekem in O dubare nabin)
wé demé fonksiyona f bi vi awayi té nivisandin:
f( )_p(x) A _I_i + An

qx) x-a; x—a x—an
ligori ku 44,4; ... ... A, hejmaén rast in.
2) Eger em karibin parané bi vi away?i binivisin:
q(x) = (x —a)"
(pékhateyén parané ji pileya yekem in @ yek ji wan dubare
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dibe), wé demé fonksiyona f bi vi awayi té nivisandin:
f( ) (x) Aq Az An
q(x) T (x+a) | (x+a)? (x+a)n
ligoriku A4, 4A; ... ... A, hejmaén rast in.
3) Eger em karibin parané bi vi awayi binivisin:
gix) = (x> +tx+s)(x—ay) ... .. (x —a,)
(yek ji pékhateyén parané ji pileya duyem e G dubare nabin)
wé demé fonksiyona f bi vi awayi té nivisandin:

M Bx+C A1 A1 ATL
f( ) = q(x)  x2+tx+s = x—a, + x—ap, " + X—an
ligorikuB,C,A1,4; ... ... A, hejmaén rast in.
Minak 1:

I= f2x+ dx bibine

Caresert:

Li gori rewsa yekem:
2x + 1 2x +1 A B

x%2 -4 :(x—Z)(x+2) - (x—2)+(x+2) (1)
bi hevdana her du aliyén hevkéseyé bi x? — 4 re:

2x +1=A(x+2)+B(x—2)
x=2=212)+1=402+2)+B(2-2)

5=4A=>A=Z
x=-2=2(-2)+1=A(-2+2)+B(-2-2)
~3=—-4B=B=—

Eger me A, B di (1) de bi nirxén wan guhertin, wé demé:

2x+1_5 1 +3 1
—4 4(x-2) 4(x+2)

:>f2x+1 _Sf 1 d+3f iy
*Ti) -y xr )™

5 3
= Zlnlx— 2| +Zln|x+ 2| +c¢
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Minak 2:
dx bibine

I'= fx2+5 +6
Caresert:

Li gori rewsa yekem:
x+6 x+6 A B

x2+5x+6_(x+2)(x+3)=(x+2)+(x+3)
bi hevdana her du aliyén hevkéseyé bi (x + 2)(x + 3) re:

x+6=A(x+3)+B(x+2)

Demakux=-2=-24+6=A(-2+3)+B(-2+2)
=A=4

Demakux=-3=-34+6=A(—-3+3)+B(-3+2)
3=—B=B=-3

Eger me A, B di (1) de bi nirxén wan guhertin, wé demé:

x+6 —4 1 3 1
x24+5x+6  (x+2) (x +3)

=>jx+6d—4j ! -3 — g
24T v x+3) ™

=4In|lx—-2|-3In|x+ 3|+ ¢
Minak 3:

= dex bibine

Caresert:
Li gori rewsa duyem
3x-1 _ A B c

(x2-1)(x-1)  (x+1) (x-1) (x-1)2
bi hevdana her du aliyén hevkéseyé bi(x? — 1)(x — 1) re:

3x—1=Ax—-1)?+Bx+1Dx -1 +C(x+1)
Demakux=1=3(1)—1=A(1-1)2+B(1+1)(1— 1)+ C(1 + 1)

2=20=>C=1

Demakux=-1=3(-1)-1=4(-1-12+BA+1(1—-1)+C(1+1)
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—4 =44 = A=-1

Egerx=0=3(0)—-1=40-1)?+B0O0+1DO0-1)+Cc(0+1)
—1=A-B+C=B=A+C+1=1

Eger me A,B,C di (1) de bi nirxén wan guhertin, wé demé:
3x —1 1 1 1

-DaE-1) G+D) =D =12

e Tudeil Rexw LN Pt L oty

(x2 —1)(x—1) (x+1) G-DT) =12
=—Injx+1|+Injx— 1|+ (x— 1)~ +c_ln|— S
Minak 4:
X242

I_fxz(x+2)

Caresert:

dx bibine

Li gori rewsa duyem
x2+2 A B C

x%(x + 2) x+ (x+2)
bi hevdana her du aliyén hevkéseyé bix?(x + 2) re:
x24+2=Ax(x+2) + B(x + 2) + Cx?

Demakux=-2= (-2)2+2=A(-2)(-2+2)+ B(-2+2) + C(-2)?

6=4C=>ng

Dema ku x=0= (0)>2+2=A4(0)(0+2)+ B(0+2)+C(0)>
2=2B=B=1

Egerx=1= (1)24+2=A4(1)1+2)+B(1 +2) + C(1)?
3=3A+3B+C=A=-

Eger me A,B,C di (1) de bi nirxén wan guhertin, wé demé:
x>+2 A B C

2a+) 2 x
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fx+2 fd+f1d+3f1d
xz(x+2) x 2T (x+2)x

= llnIxI ~14 ilnlx +2|+c
2 X 2
Minak 5:
I=[- 2+ ey 4 bibine

Caresert:

Li gori rewsa séyem;

4 A Bx+D
X244 x 2
4=A,(x*+4)+Bx+D.x
4 =Ax*>+4A + Bx*+ Dx =
4=(A+B)x?+Dx+4A
(0)x2 + (0)x + 4 = (A + B)x? + Dx + 44
Bi hevrdkirina her du aliyan té ditin ku:
A+B=0 (1)

D=0 (2)
4A = 4 (3) = 4 = 1 em di (1) de bi cih bikin:
1+4B=0 =B=-1

4 1+—x+0
x(x2+4) x x2+4

f : fd+f_xd—j1d+j12xd
x(x2+4) X 2+aX T )Y 2 a2+ 4™

1
= In |x| —;lnlx2 +4|+¢
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Ji bo ditina integrala fonksiyona bi kerta hevgirti f(x) = P,

q(x)’
Eger pileya paré ji ya parané mezintir be, em é paré belavi parané
bikin, wé demé fonksiyona f bi vi awayi té nivisandin:
p(x) r(x)
x)=——==H
f(x) 700 (x) + 700

H(x) encama parvekiring, r(x) ya mayi, wé demé

pg% = J.H(x)dx+ (—)dx

q(x)
[ H(x) ev wé hésan be.

r(x) —& Yek ji wan her sé rewsén bori ye.

Minak:
I= dex bibine.
x3

Caresert:

Ji ber ku par ji parané mezintir e, em € paré li parané bi awayé Oklid
belav bikin.
x*—x3—-x-1 x+1 x+1
x3 — x? x3 — x? x2(x—1)

bi parcekirina kerta dawi:

x+1 A A A
x2(x—1) x  x2 x-—
bi careserkiriné em dibinin ku A, =-2, 4, =—-1, A;=2di I de
bicihkirina van nirxan:

1:x+1=A1(x_1)+A2(X_1)+A3x2

2 1 2
I=[xdx—[zdx—[—Sdx—[—dx
=%x2+21n|x|+%—21n|x—1|+c

1 1
=—x2+—+21n|i|+c
2 X x-1



BIRKARTD

AMADEYT 3

Hinkirin:
1) Integralén li jér bibine.
a) [(2vx —3x*) dx

c) [Vx(x —3)%dx
e) [3(3x%? —1)3dx

2) Integralén li jér bibine.
a) [ cos® xsinx dx

c) [(1 +sint)?costdt
e) [ cos® 2tsin 2t dt

3) Integralén li jér bibine.
a) [sin®xdx
c) [ sinxe *dx

4) Integralén li jér bibine.
a) fidx

) f 3x+6

)'f 2+2x 8
d) f 3(x 5
e) [ "Z;’Lg
ke

)fx+4
k) fz dx

x3+x

342
) [5Edx

5) Integrala li jér bibine.

b)f(——4 + )dx

d) [ (5 +

f) [(x* +2x) (4x + 2)dx

b) f\j—zsin\/}dx
d) [ x cos(3x?) dx

b) [ x°e*
d) [Inxdx

€]1, +oo[

xE]—00—3[

_ x+ 2 d
_f(x—Z)(x—1)3 x
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INTEGRALA Bl SINOR

Integrala bi sinor

Eger f(x) di [a, b] de, fonksiyonek be, F(x) di [a, b] de
fonksiyona resen ya f(x) be, wé demé:

J; £6) = [FG0J8 = F(@) = F(b)
Ji vé re integrala bi sinor té gotin.

Bi vi awayi té xwendin: Integrala ji a ber bi b ve.

Taybetmendiyén integrala bi sinor:

1) [JfG)dx=0

2) [P f)dx =~ [ f(x)dx

3) [ kf(x)dx =k [ f(x)dx

4) [P f)dx = [ F(©) de

5) f:f(x)dx = facf(x)dX+bef(x)dx ‘a<c<b
6) [[(fi(0) + () dx = [ (x)dx + [ f,(x) dx

Minak:

Integralén li jér bibine.
1) flz x dx

2) f03(x3 —4x + 1) dx
3) fg cos 6 df

Caresert:

2 _X*p_ 22 1* 4 1 _ 3
1)f1de—2|1—2 %_2 2_2
2) [ —4x+Ddx= G-+ 03

=2 -18+3=2-15
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81-60 21 1
= = = 5_
4 4 4

T

3) [Zcos6do =sin9|f=sing—sin0= 1

Teort:

Eger g(x) be di I de fonksiyoneke darasti; g(1) cJ O
fonksiyona f(x) di ] de domdar be, li gori vé:

f:f(g(x))g’(x)dx = fg((:))f(u) du ; a, b du hejmarén rast in.

g

Minak:

Integrala li jér bibine.

2
f t cos(t?) dt
1
Caresert:
flz t cos(t?) dt = %flz cos(t?) (t?)'dt = %flz cos(g(t)) g'(t)de

1 92 _ 1 4
= 7[9(1) cos(u) du = — J; cos(w) du

= % [sin(w)]? = % (sin(4) — sin(1))
Minak:

Integrala li jér bibine.

Y

f (cosx)? dx
0

Caresert:

b3 2 __ (mcos2x+1
Jo (cosx)?dx = [

dx = %fon(cos 2x + 1)dx

L rrar=t04m =T
2[Zsm X x]o—2 ™ =3
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Integrala bi sinor ya bi parceyan

Eger u, v du fonksiyon bin 0 di [a, b] de darastina wan hebe:
f: u(x) v'(x)dx = [u(x)v(x)]h — f: v(x)u'(x) du
Ji vé re integrala bi sinor ya bi pargceyan té gotin.

Minak 1:

Integrala li jér bibine.

1
f x.e*. dx
0

Caresert:

Egerx=u=u' =1, e* =v' = v = e* be, wé demé:
folx.ex dx = [x.e*]} — folex.dx

=[l.e*—0e%—[e*]s =e— (el —e%) =e’ =1

Minak 2:

Integrala i jér bibine.
T

f X.CoSXx.dx
0

Caresert:

Egerx =u=1u' =1, cosx = v = v = sinx wé demé:
fonx. cosx.dx = [x.sinx]¥ — fonsinx.dx

=0 —[—cosx]§ = [cosm — cos(0)]

=(-1-1)=-2

Minak 3:

Integrala li jér bibine.

e
jlnx.dx
1
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Caresert:

!

1 ~ ~
Egeru=lnx=u' ==, v "=1= v = x wé demé:
X

flelnx.dx = [x.Inx]§ — flex.i.dx =[elne — 0] — [x]¢
=e—-0-(e—-1)=1

Pékaninén integralan

1) Ditina raber

Zanyaré Birétani Barrow bi armanca ditina rdberé girafika
fonksiyonan, bingehé integrala bi sinor dani.

Integrala bi sinor bi pirant ji bo ditina riberé girafikén fonksiyonan
té bikaranin.

Ay
Minak:

Di girafika li kéleké de, /————~
integrala fonksiyona f(x) di
navbera du nirxan de; rberé S yé
ku bi herdurastekén x =a,x=b
0 ji aliyé din ve di navbera S
tewareya X 0 girafika f(x) de
sinor kiri (pargeyé rengkiri) ye.

Jix)
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Ji bo ditina rdber, ¢car rews hene:

Rews Girafik

Girafika fonksiyoné C li jori XX' e.

Zagon bi vi awayi ye: /

b S
S = f f(x).dx
a 0
0
xX=a x=b
Girafika fonksiyoné C li jéri XX’ e.
Zagon bi vi awayi ye: . X=a x=D>b
0
S

S = fb—f(x).dx

Parceyek ji girafika fonksiyoné C li
jort XX’ e G parceya din li jért XX’
e.

Zagon bi vi awayi ye:

/ -
)

S = —jacf(x).dx+fcbf(x).dx

=
Il
Q
=
Il
Sy

Rdber di navbera girafika du
fonksiyonan €4, C, de ye, ligoriku
C, jori C, ye.

Zagon bi vi awayi ye:

b
s= [ (@~ f200).dx o
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Minak 1:

Eger f(x) =x%* fonksiyonek be,
ROberé di navbera girafika f(x) G
tewareya XX’ O her du rastekén x =
1,x = 3 de bibine.

Caresert:
b 3 x3
Szf f(x).dxzf x%.dx =[=]3
a 1 3
27 126
3 3 3
Minak 2:

Eger f(x) = x3 fonksiyonek be, Riberé
di navbera girafika f(x) 0 tewareya XX’
0 her du rastekén x=2,x =-2 de
bibine.

Caresert:
S=[0 —FC)+ [} F(x).dx

=f_02—x3.dx+f_o x3.dx

Minak 3:

w

Eger f(x)=x*—6x+8
fonksiyonek be, Radberé di
navbera girafika f(x) G her du
xalén birina wé bi tewareya XX’
re bibine.

M

Caresert:

(=1

x=1 x =3
c
S
| /i |
2 4 6
x=-2 : x=2
a1

girafika f(x) tewareya XX’
dibire dema ku f(x) = 0 be

li gori wé O ji bu ditina xalén 7
biriné:
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x2—6x+8=0(x-2)(x—4)=0=x=2yanx =4

Girafika fonksiyoné C li jéri XX' e.

Szf;_f(X) =f24—(x2—6X+8)dx= [—%3+%—8x]‘2*

= (-L+3@?2-8) - (-2 +3)? -8(2))

3

—64+48 8+12
+

=(-2+48-32) - (-2+12-16) =

—_ 6, 20_1*
3 3 3
Minak 4:

Eger f(x) = x% + 1 fonksiyonek be, Riberé di navbera girafika
f(x) Grasteka A: y = x + 3 de bibine.

Caresert:

Xalén hevbirina C bi rasteka A re,
dibin careseriya hevkéseya x? +
1=x+ 3, ligori vé:

x?—x—2=0 du careseri hene:
xy=—1lyanx, =2

Li gori vé:
yA—yC=x+3—1—x2

=2+x—-x*=1+x)2-x)=0 B
li gori vé:

2 2
S = f_l(YA —Yyc).dx = f_l(—xz +x+2).dx

=[’;—3+"2—2+2x]51=(§+2+4)—(§+%—2):%
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Tébini
Ji bo ditina raberé di navbera 2o
girafika € ya fonksiyona bi
awayé x = g(y) G her du ¢
rastekény = a,y = b de, em y=a
dikarin bi riya hemaliyé wé ¢’ c
riberé di navbera girafika C’
fonksiyona bi awayé y = g(x) G
her du rastekén x = a,x = b de .
blbinln. x=a y=b »
Minak:

Eger f(x) = x3 — 1 fonksiyonek be, R{beré di navbera girafika
f(x) G tewareya YY' (i rasteka y = 7 de bibine.

Careser:

Téditinkuy=f(x)=x*-1ox=gy) =3y+1

Li gori vé, riberé di navbera girafika f(x) G G tewareya YY’
rasteka y =7 de, yeksani rOberé di navbera girafika g(x)
tewareya XX' (i rasteka x = 7 de ye.

[ B e

Em rdber bibinin:
7 3 7 l 3 é
S = f Vx +1.dx = f (x +1)3.dx = [Z(x+ 13])7,dx =12
-1 -1

C

y=x3-1

0 T T T T T T T
0 1 2 3 4 5 6 7
N

A y 2 —'2/11

o = N w N « o ~
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2) Ditina hecim

Eger C girafika fonksiyona f ya di navbera [a,b] de li dora
tewareya XX’ bizivire, gewdeyek di navbera girafika € O her du
rastekén x = a,x = b de ¢cédibe. Hecmé vi gewdeyi bi vé zagoné té
ditin:

V=[P r(f(x)? dx

Minak 1:

Eger girafika fonksiyona
fx)=x*+1 li dora
tewareya XX’ bizivire, hecmé
gewdeya di navbera girafika
f G her du rastekén x =
1,x = —1 de bibine.

=
Il
I
—_
=
Il
—_

v

Caresert:

EL

&
[ TN S——

b
V=j n(f(x))” dx

<

1
= f m(x? 4+ 1)%dx / | \
-1 y

nx®  2mx3

IR

1
+ nxl
-1

_ m(1)> N 2m(1)3

n(-1)° 2mn(-1)3
5 3 +

z 3 + n(—l))

+ (1) —(
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Minak 2:

Tekez bike ku hecmé goka niveskéla wé R be, yeksani%nR3 e.

Caresert:

Em dizanin ku hecmé goké yeksani hecmé ji encama zivirandina
niv baziné ku bi heman egkélé, li derdora eskéla xwe ye.

Hevkéseya baziné ku navenda wé 0(0, 0) 0 niveskéla wé R ye, bi
vi awayi ye:
x?+y?=R*=y?=R?— x> =y =vVR2—x2? : x € [-R,+R]
31R

X
R2x —
XT3

R

V= f_Rn(f(x))2 dx = nf_R(RZ —xdx=m

- 2 R® 2 (=R)’
(wr =) - (R0 -]
'R3 R? e R\| _ (2R® 2R*\ 4R®
T3\ TN )| T 3T ) T

Minak 3:

-R

Il
3

Il
3

Tekez bike ku hecmé kovika niveskéla bingeha wé R G bilindaht h
ye, yeksani %nRZh ye.
Caresert:

Kovik ji zivirandina parceyeki rasteka ku bi xala destpéké ve
girédayi ye, li derdora tewareya XX', pék té.

Hevkéseya rasteka ku di xala destpéké re derbas dibe ev e:

y=f(x)= %x li gori vé&, hecmé koviké bi vi awayi ye:

h ) h R 2 R2 h
V=J n(f(x)) dx=ﬂf (—x) dx =m— | x%dx
0 o \h h? J,

R2[x3]"  RZ R3S 1
—n—|=| =n—.—=>nR%h
"hz |3 h2'3 3"
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Hecmé xeleké

Eger C; girafika fonksiyona f;, C, girafika fonksiyona f, be li gori ku:
fl = f2 > 0 wé demé:

Hecmi xeleka ji zivirandina devera di navbera her du girafikan 0 her
du rastekén x = a,x = b de, pék té, bi vé zagoné té ditin:

V=1 [ ()~ (f(x)? dx

Minak:

=
Il
—_

Hecmé ji encama zivirandina
her du fonksiyonén

y=x+2 0 2y—-x—-2=0
di navbera her du rastekén
x = 0,x = 1 de bibine.

Careserf: i \ / ’

V=7Tf01(f1(x))2—<%x+1>2dx=nf01(x4+%x2—x+3)dx

[ 15x3  x2 r 1 5 1 79
—n—+————+3x =7r( )

98



BIRKART AMADEYT 3
Hinkirin:
1) Integralén li jér bibine.

a) fozx\/4—x2 dx b) f_lle\/Z—x3 dx

c) Fn(l + cosx) dx
e) fo —dx

2) Integralén li jér bibine.

a) fz(x2 +i) dx
9 x-1

)f0 1+\/_
) Jy i

3) Integralen li jér bibine.

a) fz e2X+1 gy

2Ilnx

c) [y —dx

4) Integralén li jér bibine.

a) folxe"‘2 dx
c) fon(x — 1) cosx dx

e) fon e* cos x dx

d) fOZ(Z —4x) dx
f) [7,12x — 3| dx

b) ffﬁdx

d) f%sin4x dx

e
b) fl(e"(e +2)?) dx
d) fe

X lnx

b) ffx\/x + 3dx
d) fonex sin x dx
f) foz(x —3)e*dx

5) Eger fi(x) =e* 0 f,(x) = e™* be, rGberé di navbera girafikén
her du fonksiyonén f, f, U rasteka x = 1 de bibine.

6) Eger f;(x) =1In(x) 0 f,(x) = In?(x) be, riberé di navbera
girafikén her du fonksiyonan de bibine.

7) Eger girafika fonksiyona f(x) = 2xv4 — x? li dora tewareya
XX' bizivire, hecmé gewdeya di navbera girafika f 0 her du
rastekén x = 0,x = 2 de bibine
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PIRSEN BESA SEYEM

1) Integralén li jér bibine.

a) [ xVx? + 1dx b) [ 5(5x” 4+ 2)%x°dx

c) [VI—4xdx d) [ V5 + 23 (x¥)dx
(1+3x)dx _ 33\501 _ .2

&) [ f) [(3x —x3)5(1 — x?) dx

g) [ g h) [ dx

2) Integralén li jér bibine.

a) [ x?Inxdx b) [(x? + 1)? cosx dx
c) [eV¥dx d) f\/%dx

e) [ 2x cos? x dx f)y [x"Inxdx :reQ\{-1}

3) Integralén li jér bibine.

a) [Tl ax b) J = dx
¢) [Z 2 dx d) [ dx
) [ ax I
0) [ 2L dx h) [ 22 dx
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4)

5)

6)

7

8)

Integralén li jér bibine.

a) f_zl xV9 — x2dx b) f23 x;z dx

2
c) f4x+1 d) foz(x3 — 1)sx?dx
Integralén li jér bibine.
a) J, sinf do b) JZcos 6 db
c) [¥tan6 d6 d) /. (cos 8)2d6
: 0
) J, (sin 0)*do 0 fog (;1: 6)2
g) JZcosOsin(sing)do  h) fol sin(nt — a) d6
Hecmé ji encama zivirandina girafika

fonksiyona li kéleké, li derdora
tewareya XX' pék té, bibine.

Beroseke bi awayé niv gok e, N
niveskéla wé 8 cm e, kdrblna ava ku
té de heyi 3 cm e. hecmé avé bibine. , ’r’/

Hecmé ji encama zivirandina devera di

navbera fonksiyona f(x) de G rastekén hati dayin li derdora
tewareya XX’ bibine.

ay=x+1tx=-4x=1 b)y=4—-—x?0x=—-4,x=3

c)y=3-x0x=-1,x=5 dy=x2-90x=-1,x=4
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9) Hecmé ji encama zivirandina devera di navbera her du
fonksiyonén f(x), g(x) de 0 rastekén hati dayin li derdora
tewareya XX’ bibine.
a)f(x)=x,9(x)=x*0x=0,x=3
b)f(x) =x+1,gx)=x—1tx=1x=4
C) f(x) =sinx,g(x) =cosx lx =0,x =§
df(x)=eX,gx)=e*lix=—-1x=1

10) Hecmé ji encama zivirandina devera di navbera her du
fonksiyonén f(x), g(x) de li derdora tewareya XX’ bibine.

a) f(x) = x>, g(x) = 4x b) f(x) = Vx,g(x) = x —Vx
c)f(x) =4—x%g(kx)=3 d)f(x)=x2+x,9g(x)=2x+6

11) Hecmé ji encama zivirandina devera di navbera her du
fonksiyonén f(x), g(x) de (G rasteka x li derdora tewareya XX’
bibine.

a)f(x)ze;ﬁ,g(x)ze,xzo b) f(x) =vx—4,9g(x)=1,x=38

)J p L
.

T 1 & 4 & & 7 s & wmom
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BESA CAREM

FONKSIYONEN HEJMARI U XEZKIRINA
| GIRAFIKEN WAN

1) Rasteken néziker
2) X€zkirina girafikén hin fonksiyonan
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BIRKARTD AMADEYT 3
RASTEKEN NEZIKER

Rasteka néziker ya rasti yek ji tewareyan

1) Rasteka néziker ya rastitewareya XX’

Eger di D € R de C girafika fonksiyona f be.

Eger A: y = b rastekek be, 0 eger xl_i)tp@f(x) = b be, li gori
vé, y = b nézikera rasti XX’ e.

Ji bo ditina rewsa di navbera C 0 néziker de:

a) Eger f(x) —y > 0 be, wé demé C li jori néziker e.
b) Eger f(x) —y < 0 be, wé demé C li jéri néziker e

K
C
—
e y=>b
xliToof(x) =b xlirzloof(x) =b
y=b y=>b
\ //—
I\ /.
) 0
\C c /
lim fx)=»n lirJrrl fx)=»b
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2) Rasteka néziker ya rastitewareya YY’

Eger di D € R de C girafika fonksiyona f be.

Eger A : x = a rastekek be, O eger ligl f(x) = a be, li gori
X—>1T 00

vé, x = a nézikera rasti XX’ e.

Ji bo ditina rewsa di navbera C G néziker de:

limf(x) = +oo limf (x) = +oo
X—a xX—a

xXx—-a
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Minak:

4x+3
x—=2

Eger C girafika fonksiyona f(x); f(x) = be.

1) Komika andamén f O domdariya wé bibine, pistre nézikerén
girafika C yén rasti tewareya XX' 0 YY' bibine.
2) rewsa di navbera C O her du nézikerén wé de zelal bike.

Caresert: 2
1) D =R/{2} =]-00,2[U]2,+oof
f domdariya di her du navberén "

]-,2[,]2,+o[ de ye G divé em
dawiyén rex keviyén navberén

berdwam bibinin,

lir_rg fx)=4=>y=4 Rasteka
X—+ 0o

néziker ya rasti tewareya XX’ dema x=2
ku x cirané 4o be ye.

lim f(x)=4=>y=4 Rasteka
X——00

néziker ya rasti tewareya XX dema
ku x cirané—o be ye.

lignf(x) = +00 = x = 2 nézikera C ye 0 C dikeve aliyé rasté yé
xX—2

néziker.

lignf(x) = —o0 = x = 2 nézikera C ye 0 C dikeve aliyé rasté yé
xX—>2

néziker.

2) fa)—y=""—4=——

di navbera]|—o,2[ de f(x) —y <0 = C li jéri néziker e.
di navbera]2,+o[ de f(x) —y >0 = C lijori néziker e.

107



108

BIRKARTD AMADEYT 3

IS

Nézikera xwar

w

Eger C girafika fonksiyona f(x) be,
A: y = mx + p rastekek be
a lim (f(x) —y) = 0 be,

x—+oo

[N}

wé demé A nézikera C ye.

Minak 1: /A

Eger C girafika fonksiyona f(x)be: =
x2—x+1

1) Tekez bike ku rasteka A: y = x — 2 li rex o0 nézikera C ye.
2) rewsa di navbera C (O rasteka A de zelal bike.

Caresert:
1) Eger liT (f(x) —y) =0 wé demé,
X—>1T 00

rasteka A nézikera C ye.

x%—x+1 3
f(x) B yA B x+1 B (x - 2) B m -6 -4 -2 : 0 2 4
. . 3
Jim (F) =) = Jim () = 0 ;
Té ditin ku rasteka A nézikera C ye i
rex +oo . A h
2) Jibo zelalkirina rewsa di navbera C G -6

rasteka A de, em hémaya f(x) — ya
bibinin, ew ji hémaya parané ye.

X —00 -1 400

f(X) = ya - +

rews Clijéri Aye Clijori Aye
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Minak 2:

Eger C girafika fonksiyona f(x) be: f(x) = —x + Vx?2 + 8
Tekez bike ku rasteka A : y = —2x li rex —oo nézikera C ye.
Caresert:

Eger xl_i)moo(f(x) —y) = 0 wé demé, rasteka A nézikera C ye.

f(xX)—yp=—x+Vx2+8—(—2x) =Vx2+8+x ligorivé

o (EFBEEFE ) s
IO == s - (rs—x)

wé demé

Jm (fG) —y) =0
Té ditin ku rasteka A li rex —oo nézikera C ye.
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Hinkirin:

1)

2)

3)

x%2—2x+2

Eger C girafika fonksiyona f(x) be: f(x) =

x—1

a) Tekez bike ku f(x) bi vi awayi f(x) = x — 1 +—té
nivisanindin.

b) Tekez bike ku rasteka A: y, = x — 1 nézikera C ye Q pistre
rewsa di navbera C O rasteka A de zelal bike.

Eger C girafika fonksiyona f(x) be: f(x) = x + \/% —4

tekez bike ku rasteka A: y, = x — 4 nézikera C ye U pistre
rewsa di navbera C 0 rasteka A de zelal bike.

Li gori rewsén li jér, tekez bike ku y, li rex +c0 nézikera C ye.
yan —oo 0 rewsa di nevbera C O nézikera wé A de zelal bike.

a) f(x) = 224

, VA =Xx—13
2
b)f(x)—Zx—1+E,yA—2x—1

c) f(x) =x—ln(1+i) , YA = X

x+1

d)f(x)=6—4x—ln( ),yA=6—4x

x—3
e)f(x)=x+ﬁ,n=x+1lirex+oo

) f(x) =Vx2 +9 —x,yp = —2x
9) f(x) =vVx2 +1,y, = x lirex +oo
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XEZKIRINA GIRAFIKEN HIN FONKSIYONAN

Bi shdgirtina ji hin agahiyén wek rastekén néziker, hevbirina bi
tewareyan re 0 taybetiyén hemaliyé, em dikarin girafikén hin
fonksiyonan xéz bikin.

Em dikarin girafika fonksiyonekeé li gori girafika fonksiyoneke xézkiri
bi sGdgirtina ji guherinén naskiri, bibinin.

Hin rewsén guherinén girafikan

1)

2)

3)

Em dikarin bi pékanina kisandina
v(0,b) li ser girafika fonksiyona f,
girafika fonksiyona f;(x)=f(x)+b
bibinin, li gori awayé |I|i kéleké.

flx) +2

Em dikarin bi pékanina
kisandina v(—a,0) i ser
girafika fonksiyona f, girafika
fonksiyona f,(x) = f(x + a)
bibinin, li gorT awayé li kéleké.

y=flx+2)y=

Em dikarin bi ditina hemaliyé girafika \/2
fonksiyona f li gori tewareya XX',
girafika fonksiyona f;(x) = —f(x)
bibinin, li gori awayé Ili kéleké. —

\k7 = fO) —4

y
X
Q 2

F0 ] y=fx~2)

vl
i
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4)

5)

Em dikarin bi ditina hemaliyé girafika
fonksiyona f li gori tewareya YY',
girafika fonksiyona f,(x) = f(—x)
bibinin, i gori awayé |i kéleké.

Em dikarin bi ditina hemaliyé girafika

fonksiyona f |i gori navenda
kordinaté, girafika  fonksiyona
fs(x) = =f(=x) bibinin, li gorl
awayé li kéleké.

12

y=f(=x) \

¥

y=f)

y=-f(=x

%

6) fe(x) =|f(x)| di navbera ku xalén wé li ser YY' pozitif bin wé
demé C, li ser C ye O di navbera ku xalén wé li ser YY' negetif
bin wé demé ¢, hemaliyé C ye li gori XX’ e.
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Bi sddgirtina ji guherinén fonksiyonan, rastekén néziker,
hevbirina bi tewareyan re, taybetmendiyén hemaliyé (kit, cot ...) G
hin agahiyén din yén ji giréftariyan tén girtin, em é féri xézkirina
girafikén fonksiyonan bibin.

Minak 1:

x%-1

Eger di R* de C girafika fonkisiona f(x) = be.

1) Tekez bike ku rasteka A : y = x lirex +oo nézikera C ye, rewsa
di navbera C G rasteka A de zelal bike.

2) Nézikerén girafika C yén bi tewareya XX’ 0 YY' re rasténhev
eger hebin bibine, rewsa di navbera € (0 nézikerén wé de zelal
bike.

3) Tekez bike ku f fonkisioneke kit e.

4) Guherina fonksiyoné bibine 0 tabloyé xéz bike.

5) Giraftka € 0 her du nézikeran xéz bike.

6) Rdberé di navbera girafika f(x) O tewareya XX’ O rasteka
x = 3 de bibine.

Caresert:

1) f domdar e di her du navberén ]—o, 0[, G ]0, + o[ de.

2

fO)=Z—t=x-=f)—ya=—:

xl_i)rpm(f(x) —y) = 0 = rasteka A nézikera C li rex + ye.

xl_i)mg()(f(x) —y) = 0 = rasteka A nézikera C li rex —oo ye.

Ji bo zelalkirina rewsa di navbera C (0 rasteka A de, em hémaya
f(x) — y, bibinin, ew ji hémaya parané ye.

X —00 0 +00
f(xX) —ya + -
rews ClijorT Aye ClijériAye

2) f domdar e de her du navberén ]—oo,0[ O ]0,+oo[ de.
limf(x) = 400 = x = 0 nézikera C ye 0 C dikeve aliyé cepé yé
x—0
néziker.
lignf(x) = —o0 = x = 0 nézikera C ye 0 C dikeve aliyé rasté yé
xX—2

néziker.
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3) Eger her du mercén li jer pék werin; wé demé f kit e,
a) Eger x € D wé demé, —x € D
b) Eger x € D wé demé, f(—x) = —f(x)
f(—x) = ¢ (’“3) = — () = —f@) ligori vé; f kite 0
Girafika fonksiyona f li gori navenda kordinaté hemali ye.

4) Fonksiyon domdar e G di navbera | — o0,0[ 0 ]0, +oo[ de té

darastin.
lim f(x):—oo , lim f(x):+oo
f (x) — x% +4 1+_

Li gori vé, hemayaf (x) >0 :x€eR".
Em tabloya guherina fonksiyoné xéz bikin.

x -00 0 + oo
Hémaya f'(x) + +
Guherina f(x) / +o0 / +00

—C0 — 00

5) ji bo xézkiringé, xalén alikar hene;
hevbirina bi XX’ re té wateya ku
f(x)=0Iligorive, x; =1,x, = —1,

xalén hevbiriné (1,0) G (-1,0) ’
b S
6)S=faf(x).dx—f (x——) dx R
2 -1
= [ - 4Inx]} x =3

- E—éHnB]— [%—41111]
=4 —4In(3)

Minak 2:

x+3

Eger C girafika fonksiona f(x) = x € R\{—2} be.

1) Nézikerén girafika C yén bi tewareya XX' 0 YY' re rasténhev
eger hebin bibine, rewsa di navbera C 0 nézikerén wé de zelal
bike.

2) Guherina fonksiyoné bibine G tabloya wé xéz bike.
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3) C 0 nézikerén wé xéz bike.

4) Radberé di navbera girafika f(x) O her du tewareyén kordinaté
de bibine.

Caresert:

1) f di her du navberén |—oo, —2[ 0 |—2, +oo[ de domdar O darasti
ye.
lim f(x) —i:>y_

xX—+00 2

lim f(x) =i:>y_
X——00 2

néziker rasti tewareya XX' li rex +oo

néziker rasti tewareya XX' li rex —oo

lel\)lw

lim f(x) = 400 = x = —2 nézikera C ye 0 C dikeve aliyé ¢epé
X—>—=2

yé néziker.

lim f(x) = —o0 = x = 0 nézikera C ye 0 C dikeve aliyé rasté
X—>—=2

yé néziker.

Ji bo zelalkirina rewsa di navbera C 0 rastekay = % de, em
hémaya f(x) — y bibinin, ew ji hémaya parané ye.

_3x+3 3 _ -3
f-y= =
X —o0 -2 +0o0
flx)—y + -
rews Clijoriyye Clijériyye
2) f'(x) = . +4)2 > 0 Li gori vé, hémaya f'(x) > 0
X -00 -2 +
Hémaya f'(x) + +
Guherina f(x) / +o0 / 3
2
3
2 —00
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3) ji bo xézkiriné, xalén alikar hene; hevbirina bi XX’ re té wateya
ku f(x)=0 li gori vé, x=-1, xala hevbiriné (—1,0)
hevbirina bi YY' re té wateya

ku x = 0 ligori vé, f(0) = %, J )
xala  hevbirine  (0,2) :

4) S=f:f(x).dx=f_01(%— > ).dx

2x+4

Y OV 1_3_3
—[Zx 21n(2x+4)]0—2 2ln2

Minak 3:

Eger di R de C girafika fonksiyona f(x) = (x — 2)e* be.

1) Guherina fonksiyona f di R de bibine, tabloya wé xéz bike G
nirxé mezin & herémi bibine.

2) C xéz bike 0 €, girafika f 1: f; (x) = xe**? xéz bike.

3) Ruberé di navbera € @ her du tewareyén XX',YY' bibine.

4) Hecmé ji encama zivirandina C li derdora tewareya XX’ G her du
rastekén x = 0,x = 2 pék té, bibine.

Caresert:

1) f di R de domdar e U darasti ye.

liT f(x) =+, lim f(x) =0, y =0 nézikera li ser XX' e i
X—+ 00 X—>—00

rex +oo ye.
f'(x) =(x+1e*demaku f'(x) =0wédeméx=10f(1) =e
x —00 1 + oo
f'(x) - 0 +
f(x) 0 +oo

T~
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2) Ji bo xézkirina C,
xalén alikar hene; . C
hevbirina bi XX’ re té
wateya ku f(x) =0 li
gori vé, x = 2, xala
hevbiriné (2,0) e.
Hevbirina bi YY' re té
wateya ku x =0 i
gori vé, f(0) = —2, xala hevbiriné (0, —-2) ye.

Ji bo xézkirina €, destpéké em f;
bibinin:

flx+2)=(x—2+2)e**? 4 2 o
=xe*? =fi(x) &

i) = fx +2) C,

3) S= f:—f(x).dx = foz—(x—Z)ex .dx
Egeru=—x+2=u"=-1,v =e* =>v=¢*
S=[(—x+2)e*)% - foz —e* dx
= [(—x +2)e*]§ + [e¥]§ = e* =3

4) V= [ n(f(0)) dx = [ (x — 2)%e** dx
eger u=(x—2)2 =>u =2(x-2)

vV =e*=Svp= %eu wé demé:

fuv'dx=uv—[v.udx

Jy(x = 2)%e?* dx =3 (x — 2)2e® — [(x — 2)e** dx

Ji bo ditina [ (x — 2)e?* dx em integrala bi pargeyan li aliyé rasté
careke din bi kar binin.

Egeru=x—-2=u'=1 0 v = ezxzv:%ezx

1 1 1 1
_ 2x — _ 2x __ _ ,2x — _ 2x _ 2%
f(x 2)e?* dx 2(x 2)e fze dx 2(x 2)e 7€
wé demé:

e*+13

=V = n[%(x— 2)2e2x —%(x— 2)e? +%ezx]3 =—
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Minak 4:

Eger di R de C girafika fonksiyona f: f(x) = X pe.

e*+1

1) Tekez bike ku f fonksiyoneke kit e.

2) Nézikerén C yén bi tewareya XX' re rasténhev eger hebin
bibine, rewsa di navbera € ( nézikerén wé de zelal bike.

3) Guherina fonksiyoné bibine 0 tabloyé xéz bike.

4) € G her du nézikeran xéz bike.

5) Rdberé di navbera girafika f(x), tewareya XX’ ( rastekén
x =0,x =1In2 de bibine.

6) C, girafika f ,: f;(x) = Ie '
Caresert:
1) Ta ku f fonkisioneke kit be ,divé ev merc bik were:
f(= x)=—f(x) o ) .
fl=x) = e~*+1 e—x&lixi - E;Zx; - _Zx+1 =—f(x)
li gori vé, f kit e.
2) xlirpmf(x) = —1 =y = —1 nézikera bi tewareya XX' re

xéz hike.

rasténhev e Ii rex —oo
lim f(x) =— ne diyar e, em f(x) bi vi awayi binivisin

x—>+oo
-1 x(l—e‘x) (1—-e™)
f(X)= ex = x - —-x
+1 e*(1+e™) (1+e™)
hrp f(x)—m— 1 = y = 1 nézikera bi tewareya XX' re
X—+0co

rasténhev e li rex +o
rewsa di navbera ca nészerén weé de

fX) —ya, = ex+1+ 1=
FQ) =y, = S -
3) fi0) =2 *;i;f;iex‘” = (eii"l)z >0
x —00 + oo
F0) +
6) - 1
-1
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4) Ji bo xézkirina C,
dema ku x = 0 li gori

x=1In2

vé, f(0) =0, xala
hevbiriné (0,0) e

5) §= f:f(x).dx = folnz(ex_l).dx=foln2(1— 2e_x).dx

e*+1

9
[x+2In(e™*+ 1]} = ln(g)

Gy

le*—1] ex—w

6) fl(x) = eX+1  lex+1

3

e *+1

-3

fiG) = 1f ()| ji ber ku e* +
1>0
Xalén ku li ser YY" O pozitif

-2

bin, wek xwe diminin, xalén ku li bin YY’ 0 negetif bin; em

hemaliyén wan xalan li gor? XX’ dibin.

Minak 5:

Eger di R de C girafika fonksiyona f(x) = In(e?* + 1) — x be.

1) lim f(x) bibine.

2) Tekez bike ku f(x) =In(e* +e™™) 0 f(x) cot e.
3) Tekez  bike  ku  f()-x=In(1+5) (xER)

a) Tekez bike ku rasteka A : y = x li rex 400 nézikera C ye.
b) Rewsa di navbera C 0 rasteka A de zelal bike.

er_

4) Tekez bike ku f'(x) =

e2X+1

(x € R).

5) Guherina fonksiyona f di R de bibine, tabloya wé xéz bike G

nirxé mezin é herémf, bibine.
Caresert:

f di R de domdar e 0 darasti ye.

1) Jim f(x) = +oo
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2) f(x) =In(e* +1) —x = In(e?* + 1) — In(e¥) = In (=)

ex
=In(e* + ) = In(e* + e ™)
3) f(x) —x =In(e® + 1) — 2x = In(e?* + 1) — In(e?*)
2x 1 1
=In () =In(1+;

ezx
a) lim (f(x)—ya) = lim In(1 + % =0=
X—+00 X—+00 e
rasteka A li rex +oco nézikera C ye.

b) Ji bo zelalkirina rewsa di navbera C ( rasteka A de,
em hémaya f(x) — y, bibinin, ew ji hémaya parané ye.
f@)=ya =In(1+—5) > 0ligori
wé C li jorT A ye.
2e%% e?*—1

4) f'(x) = 1= (x €R)

e2x+1 e?x+1

5) f di R de domdar e O darasti ye. \

lim f(x) = 4+ — o rews nediyar e
X——00

lim f(x) = lim In(e*+e™¥) =+
X——00 X——00

dma ku f'(x) =0 be, wé demé
x=0=f(0)=1In2

X —00 0 + o0
f'(x) - 0 +
f ) 0 +o0
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Hinkirin:

1)

2)

2x%-x-1

Eger f(x) = o XER) fonksiyonek be.

a) Guherina fonksiyoné bibine G tabloyé xéz bike,
nézikerén C yén bi tewareya XX' rasténhev eger hebin,
bibine, rewsa di navbera € U nézikerén wé de zelal bike.

b) € G her du nézikeran xéz bike.

c) Eger g(x) = f|x| be, tekez bike ku f cot e, pistire li gori
C, C, x€z bike.

d) Li gori nirxén A careseriyén hevkéseya
A=2)x*+ (A+ Dx + A+ 1 = 0ya girafika f bibine.

Eger di [0, +oo[ de C girafika fonksiyona f(x) = x — 2vx —1

be.

a) Guherina fonksiyona f di R de bibine, tabloya wé xéz
bike G nirxé mezin & herémi, bibine.

b) C xéz bike 0 C; girafika f;: f;(x) = x + 1 — 2v/x xéz bike.

c) Ruberé di navbera € 0 her du tewareyén XX',YY' de
bibine.

d) Hecmé ji encama zivirandina C li derdora tewareya XX' G
her du rastekén x = 1,x = 2 pék té, bibine.
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1)

2)

3)

4)

PIRSEN BESA CAREM

Eger f(x) = xzx_ffz di R/{—1} de fonksiyonek be.
a) Tekez bike ku f bi awayi li jér té nivisandin.

c
= b+——:a,bc€ER
f(x) =ax + +x+1 a,b,c

b) Nézikerén C yén bi tewareya yy' re rasténhev eger
hebin bibine, rewsa di navbera € ( nézikerén wé de
zelal bike.

c) Tekez bike ku rasteka A:y = x + 1, nézikera C ye,
rewsa di navbera C O nézikera A de zelal bike.

d) Guherina fonksiyoné bibine 0 tabloyé xéz bike, Nirxén
mezin an yén biglk yén xwecih yén fonksiyoné bibine.
pistre f(R/{—1}) bibine

e) C O her du nézikeran xéz bike.

f) R0beré di navbera girafika f(x) 0 A:y=x+1 0
rasteka x = 2,x = 3 de bibine.

Eger f(x) = % : x € R/{—1} fonksiyonek be.

X

a) Tekez bike ku f fonksiyoneke kit e.

b) Nézikerén C yén rasti tewareya XX’ eger hebin bibine,
rewsa di navbera € 0 nézikerén wé de zelal bike.

c) Guherina fonksiyoné bibine G tabloyé xéz bike.

d) Hevkéseya T péveka C di xala 0(0,0) de bibine.

e) Radberé di navbera girafika f(x) 0 tewareya XX' O
rasteka x = —1,x = 1 de bibine.

Eger g(x) = 2>*1: x € R/{0} fonksiyonek be.

e2x—1

a) Dawiyén g bibine 0 li gori wé, nézikera C bibine.

b) Hevkéseya T péveka C di xala N(7,y) de bibine.

c) Tekez bike ku g(—x) + g(x) = 2 tu ¢i dibini?

d) C xéz bike.

e) Eger f(x) = g|x| be, tekez bike ku f cot e, pistire li gori
C, Cr xéz bike.

Eger f(x) = e*(x? — 2x) (x € R) fonksiyonek be.

a) Guherina fonksiyona f bibine.

b) Tekez bike ku du pévekén C hene ku di navenda
kordinaté re derbas dibin.

c) Hevkéseya T péveka C di xala N(1,y) de bibine.
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d) C xéz bike.
e) Li gori nirxén hejmara rast K, hejmar G hémaya
careseriyén hevkéseyé bibine.
5) Eger f(x) = x — :i: (x € R) fonksiyonek be.
1. Tekez bike ku f(x) bi van her du awayan té nivisandin.
f(x)=x+1- 28x,f(x)=x—1+ 2

e*+1 e*+1

a) Dawiyén fonksiyoné li rex +oo bibine.

b) Tekez bike ku her du rastekén A;:y = x + 1,

A,:y = x — 1 nézikerén C ne.

c) Rewsa her du rastekén A;, A, li gori C zelal bike.
2. f fonksiyoneke cot e yan ji kit e?
3. Guherina fonksiyona f bibine, tabloya wé xéz bike.
4. Tekez bike ku yek careseriya hevkéseya

x(e*+1) =e* -1 heye, bibine.
5.A,,4A, O C xézbike, riberé di navbera C , tewareya XX’

U rasteka x = 1 de bibine.

6) Eger f(x) = me + x di ]0, +oo[ de fonksiyonek be.
a) Guherina fonksiyona f bibine.
b) Eger F(x) = ~Inx —=Inx — = be, tekez bike ku F

__ (Inx)?
=7

fonksiyona resen e ya fonksiyona g(x)

c) C xéz bike.
d) Rdberé di navbera girafika f(x) (O tewareya XX’ G
rasteka x = e,x = 1 de bibine.
e) Hecmé ji encama zivirandina C li derdora tewareya XX’ (
her du rastekén x = e,x = 1 pék té, bibine.
7) Eger f(x) = In(:=) fonksiyonek be.
a) Dy bibine, her du nézikerén C yén rasti tewareya XX', YY’
eger hebin, bibine,
b) Guherina fonksiyona f bibine.
c) C 0 her du nézikeran xéz bike.
d) Rdberé di navbera girafika f(x) 0 tewareya XX’ O rasteka
x=0,x =1 de bibine.
8) Eger f(x) =In(1 + e™*) fonksiyonek be.
a) Dy bibine, pistre dawiya f li rex +00, —co bibine.
b) Tekez bike ku y = —x nézikera xwar yé C ye.
c) Guherina fonksiyona f bibine.
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10) Eger f(x) = In(

12) Eger f(x) = 2x — —

d) C 0 A xéz bike.
e) Eger A,B C sé xal bin G x4, =0,x5 = 1,x, = —1¢ tekez bike
ku A" péveka C di xala A de rasti BD ye.

9) Eger f(x) = In(+/x — 1) fonksiyonek di |1, +oo[ be.

a) lim f(x) bibine G nézikerén C yén rasti tewareya YY’
X—>00
bibine.

b) Guherina fonksiyona f bibine.

c) C xéz bike 0 pistre eger f;(x) = In(x — 1) be, C; girafika
fonksiyona f; xéz bike.

d) Radberé di navbera girafika f(x) 0 tewareya XX’ G rasteka
x = e de bibine.

xT_l)Z di R/{0,1} de fonksiyonek be.

a) her nézikerén C yén rasti tewareya XX', YY'eger hebin
bibine.

b) Guherina fonksiyona f bibine.

c) C U her du nézikerén C xéz bike.

d) Girafka fonksiyona f, xéz bike; f,(x) = 2In(*>)

-x+1

e) Girafika fonksiyona f, xéz bike; f,(x) = 2In( " )
f) Girafika fonksiyona f; xéz bike; f;(x) = 2[In(x — 1) — In(x)]

11) Eger f(x) = In(ax + b) : D < R O C girafika fonksiyona f be.

a) Eger bé zanin kux = % nézikera C ye, demaku x — %
0 C tewareya XX' di xala A(1, 0) bibire, a 0 b bibine.

b) Jiboa =2, b =—-1wé demé wé: f(x) = In(2x — 1) be.
C O her du nézikerén wé xéz bike.

c) Girafika fonksiyona f;(x) = |In(2x — 1)| xéz bike.

d) tekez bike ku F: F(x) = %[(Zx — 1) In(2x — 1) — 2x]
ligori ku: x € E +oo[ fonksiyona resen ya f ye.

e) R0beré di navbera C G tewareya XX' (i rasteka x = 2 de
bibine.

praw) di R/{0} de fonksiyonek be.
a) Guherina fonksiyoné bibine G tabloyé xéz bike.
b) Tekez bike ku A(O, %) navenda hemali ya C ye.

c) Tekez bike ku y = 2x nézikera xwar yé C ye.
d) C xéz bike.
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PEYHATI

Peyhati fonksiyona ku komika pénasén wé N ye yan ji her
binkomika bé dawi I c N ye, bi awayé {ny,ny+1,ny,+2,...} ;
n, € N ye. sembola peyhatiyé (u,),s0 €, u, pékhateya peyhatiyé bi
nisana n ye.

Tébini:
Hejmara pékhateyén peyhatiyé bé dawi ne.
Minak:

e u, = (—1)™ peyhatiyeke nirxén pékhateyén wé tené —1 0 +1 in.
e (2n),so peyhatiyeke kuny, =0 e.
o (%)n21 peyhatiyeke ku n, = 1 e.

Pénaseya peyhatiyé
1) Awayé rasterast ji pékhateya bi nigsana n
Ditina pékhateya gisti bi alikariya n wek u,, = ﬁ . yan

u, = f(n) : f fonksiyoneke di N de ye wek f(x) =vx2+x+1

2) Forma vegerok
Peyhatiyeke ku pékhateya wé ya gisti li gori pé€khateyén beri
wé yan hin ji wan, té dayin. Ji pékhateya gisti re forma
vegerok a peyhatiyé té gotin.

Minak 1:

Eger (u,)ns0 Peyhatiyeke vegerok be, pékhateya destpéké
u,=1 0 forma vegerok u,,; =u,+3 be, em dikarin her
pékhateyeké li gori pékhateya beri wé bibinin.

u1=UO+3=4‘
U, =u;+3=7

u3:UZ+3:10
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Li gori vé minaké, em dikarin pékhateya u,,; li gori
pékhateya u,, ya beri wé bibtnin. u,,; = f(u,) 0 fonksiyon f bi vi
awayi té nivisandin f(x) = x+ 3

Peyhatiya zédeker, tam zédeker, kémker, tam kémker 0 ya
neguhér

(up) Zédeker Egern € D wé demé u,,,; = u,
(up) Tam zédeker Eger n € D wé demé u,,,; > u,
(uy) Kémker Egern € D wé demé u,,,; < u,
(up) Tam kémker Egern € D wé demé u,,,; < u,
(up) Neguhér Egern € D wé demé u,,; = u,

Ditina tevgera peyhatiyeké bi karanina yek ji yén li jér:

a) Em hémaya u, .1 — u, bibinin.

b) Hevrdkirina réjeya uZ—:l bi hejmara (1) re, |é divé pékhateyén
peyhatiyé tam pozitif bin.

c) Ditina tevgera fonksiyona f, |& divé fonksiyon bi vi awayi be:
u, = f(n)

Minak 1:

Eger a,, = 2n — 1 pékhateya gisti ya peyhatiyeké be.

Ev peyhati, zédeker an kémker e?

Caresert:

Ape1—ap,=2n+1)—-1-2n-1)=2>0

Li gori vé, a,,; > a,, peyhati tam zédeker e,

Minak 2:

Egera, = zin peyhatiyek be

Ev peyhati, zédeker a yan kémker e?
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Caresert:

anyr 1 2m 1
an 2n+l 1 2

Lé % < 1, li gori vé peyhati tam kémker e.
Minak 3:

Eger (a,)nso peyhatiyek be ligorikua, = (n—1)2 : n>0

Ev peyhati, zédeker e yan kémker e?

Caresert:

Em peyhatiyé bi fonksiyona f(x) = (x — 1)? nisan bikin, li gorf vé:
f'(x) =2(x—1), 1€ f'(x) > 0 dema ku x >1 be, li gori vé:

f di navbera [1,+o[ de tam zédeker e, O peyhatiya (a,;)nso Ji
pékhateya a, = 1 ve, tam zédeker e.

Peyhatiya hejmari

Dema ku her pékhateyek (ji bili ya yekem) ji encama
komkirina pékhateya beri wé bi hejmareke rast G neguhér re d
pék té, jé re peyhatiya hejmari té gotin.

Minak: (2,5, 8,11,14,...) d =3

Any1 —Ap =dyan ap,, =a, +d

Pékhateya gisti ya peyhatiya hejmari

Eger a; = a pékhateya yekem be G a,, pékhateya gisti be, wé
demé;

a,=a+(n—-1)d :ne N*
Bi gisti eger n,p € N* bin, wé demé;

a, =a,+(m-pyd
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Komkirina pékhateyén peyhatiya hejmari
Forma gisti Ji bo komkirina n pékhate ya peyhatiya hejmart:
sy, =2a+(n—-1)d Yan snzg(a+l)

n(a+l)

Bi awayeki taybet: 1+24+3 4+ 4+n= >

Peyhatiya geometri

Dema ku her pékhateyek (ji bili ya yekem) ji encama
hevdana pékhateya beri wé bi hejmareke rast G neguhér re d
pék té, jé re peyhatiya geometri té gotin.

Minak: (1, 3, 9, 27, 81, ...)

Eger (a,) peyhatiyeke geometri be ku bingehawé r = 0
pékhateya wé ya yekem a be, li gori wé, pékhateya gisti:
a, =a.r"?

Li eger pékhateya wé ya yekem a, be, wé demé pékhateya

gist; a, =a,.r"?

» Eger 0 < |r| <1 wé demé, peyhati tam kémker e.

Eger r = 1 wé demé, peyhati neguhér e.

Eger r > 1 wé demé, peyhati tam z&deker e.

a(l—rm)
1—-r

M= v v

ak=STl= (T?‘:l)

k=1
Egerr =1 wé demé, S, = na
Bi awayeki taybet:

1—7r"
1—1r

1+r+ri+-4r*l=



BIRKART AMADEYT 3
Tébini:

ji bo ditina wekheviya li jér:
x"—a"=(x—a)(x" T+ x"2a+x"3a% + -+ a1

Emr = % di (1) bi cih bikin:

Ltrartgoppmi= 20 1)
r+ré4+--4+rtl=
1—r
a a? a "1 x" —a"
1+—+— +-+ = (2
x  x2 xn1 x"1(x —a) (2)

U her du aliyén (2) hevdani x™ ' (x — a) bikin, encam dibe

x"—a"=(x—a)(x" T+ x"2a+x"3a% + -+ a1
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Hinkirin:
1) Eger (a,),s0 peyhatiyek be li gori ku a,, = 31—21 ; n €N, tekez

2)

3)

132

bike ku ev peyhati geometri ye 0 bingeha wé bibine.
Pirsén li jér bibersivine.
a) Eger (a,)ns0 peyhatiyeke hejmari be; a, = 41 0 as; = —13,
a,, bibine.
1

b) Eger (a,).s0 peyhatiyeke geometri be; a, = 550
25

2197’

c) Eger (a,)n=0 peyhatiyeke hejmari be, bingeha wé 3 0
a, = —2 be. Nirxé a,, li gori n 0 encama komkirina
a; +a,+ -+ ay bi azy+ az; + as, re bibine.

d) Eger (a,)ns0 Peyhatiyeke geometri be, bingeha wé 3 0
a; = —2 be. Nirxé a, li gori n G encama komkirina
a; +a,+--+a;bia,+a,+ag+ -+ a,, re bibine.

e) Eger (a,).s0 peyhatiyeke hejmari be, bingeha wé —2 O
a, = —3 be. Encama a,s + a,¢ + -+ + a4,5 bibine.

f) Eger (a,)nso Peyhatiyeke geometri be, bingeha wé 2 G
a, = 1 be. Encama a; + a4 + - + a4, bibine.

g) Encama S =%+ 1+%+2+%+3 + ---+ 10 bibine.

h) Eger c, b, d sé pékhateyén li pey hev yén peyhatiyeke
geometri bin, ligoriku c.b.d =343 0c+ b +d =36.75
nirxén c, b, d bibine.

Guherina peyhatiyén li jér bibine.

0 a10 = a30 bIane

a)an=% b)a, =v3n+1

2n—1 1
C) n = n+4 d) dn = n2+1

3n+1 n
€)an =35 Dan =15

ao = 1 { ao = 2
h

9) {an+1 = 2a, ) (ptq = An — 3
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TEKEZKIRINA GAV Bl GAV

Awayeki tekezkirina raveyén birkari yén girédayi hejmarén xwezayi

ye.

Ji bo tekezkirina rastiya raveyeke birkari li gori ku n € N:

1) Em destpéké tekez bikin kun =1

2) Rastblina raveyé li gori hejmara xwezayi k were erékirin.
3) Em tekez bikin ku li gori hejmara xwezayi k + 1 rave rast e.

Minak:
2 2
Eger n € N be, Tekez bike ku: 1 + 22 + -+ n3 = @
Caresert:
2 2
1) Egern = 1be, wé demé 13 = 21"
ligorivé; jibon =1, E4yraste
2 3 _ kz(k+1)2 .
2) eger1+2°+--+k>=———=— :keNrastbe.

3) Em tekez bikin ku dema kun =k + 1, Ey, raste

1422+ -+ +(k+1)>*=1+22+4+k3+ (k+1)°

2 2
= L bkt 1)
k2(k+1)%244(k+1)3
4

(k+1)?[k%+4(k+1)]
4

_ (k+1)?
T4

(k% + 4k + 4)

_ (k+1)%(k+2)2
o 4

Wek té ditin E(,,,.q rast e, li gori vé; E, raste
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Hinkirin:

1) Egern € N be, tekez bike ku:
a) 12422 432 + - 4 p? = HONERED in>1
b) 21 +22+23+..42n =21 2 :n€N
c) 1+22!+33!1+-+nnl=n+1)-1
2) Eger n! > 2™""1 newekheviyek be, tekez bike li gori kun € N
newekhevi rast e.
3) Eger n € N be, tekez bike ku:
a) 4™+ 5 gatjimara hejmara 3 ye.
b) 23" — 1 gatjimara hejmara 7 e.
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DAWIYA PEYHATIYE

1) Dawiya bi dawi

Eger (u,)ns0 peyhatiyek be, piraniya pékhateyén wé (ji bili cendan)
di navbera vekiri de ya ku navenda wé ¢ ye be, wé demé em ji £ re
dibéjin dawiya peyhatiyé ye G bi vi awayi té nivisandin: lim u,, = ¢

n—-oo

Cend pékhate piraniya pékhateyan cend pékhate

v

1 L
| L

?
Minak:
Peyhatiyén li jér bi dawi ne:
1 1 1
un:F , un:F , un:T , un:\/—ﬁ
Dema ku n ber bi +00 ve dige, peyhati ber bi sifir ve dice
limu, =0

n—->0o
2) Dawiya bé dawi

Eger (u,)nso peyhatiyek be, piraniya pékhateyén wé (ji bili cendan)
di navbera bi vi awayi |4, +o[ de be, wé demé em dibéjin peyhati
ber bi 400 ve dige, G bi vi awayi té nivisandin:

lim u,, = +o

n—oo

Cend pékhate piraniya pékhateyan

—_—

v

Minak:

Peyhatiyén li jér bé dawi ne:

u,=n% , u,=n®> , u,=n , u,=+n

U dema ku n ber bi +oo ve digce, peyhati ber bi +oo ve dice

lim u,, = +o
n—oo
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Eger (u,)ns0 peyhatiyek be, piraniya pékhateyén wé (ji bili gendan)
di navbera bi vi awayi | — o, A[ de be, wé demé em dibé&jin peyhati
ber bi —oo ve dige, G bi vi awayi té nivisandin:

lim u,, = —oo

n—-oo

3) Peyhatiyén geometri
Teori

Eger g hejmarek rast be:

a) Demaku —-1<qg<1wédemé: limq"=0
n—-oo

b) Demaku 1 < g wé demé: lim q" = +o
n—>oo

c) Demaku g < —1 wé demé: dawi nine
d) Dema ku g = 1 wé demé: peyhatiya (¢™),so, neguhér e
hema( pékhateyén wé yeksani 1 in G lim g™ = 1

n—-oo

Minak 1:

Peyhatiya geometri u,, = (%)" nézikera sifir e,
jiberku -1<—=<1

Peyhatiya geometri u,, = (%)" dirkeré +o ye,

ji ber ku =—> 1

Minak 2:

Eger peyhatiya (u,),=o ber bi 3 ve bice, li gori ku:

3n—-1
n+1l

U, = , hejmara xwezayi n, li gori mercé li jér bibine.

Eger n > n, wé demé: u,, €]2.99,301] e.
Caresert:

Dema ku u, €]2.99,301[ ev té wateya ku —0.01 < u,, — 3 < 0.01
yan jé [u, — 3| < 0.01, 1é u, — 3 = —=li gori vé, merc bi vi awayi
dibe: ﬁ < ﬁ = 400 <n+1 yann > 399, li gori vé: navbera

12.99, 301[ pékhateyén peyhatiyé bi gisti dihewine.
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Bi awayeki gisti

I, €13—a,3+a[ : a>0Iébimercé |%—3| <a
Angon+1> %, eger ny, hejmarek xwezayi be: ny, > %
Ligorivé: u, € I, : n > n,

Minak:

. ~ 1 1 1 1
Eger (u,)n>1 be, ligorikuu, =1— R 7= Y€

Tekez bike ku (u,),»¢ Néziker e 0 dawiya wé bibine.

Caresert:
Té ditin kuw, = 1 — (% + (%)2 + (%)3 4ot (%)n)

Xwiya ye ku bingeha pékhateyan % ye, encama komkirina di
navbera kevanan de bi vi awayi té danin:

1n
1-q™ 1 1-(50) 1\"
ulox 1— = _2 X 21 = 1 - (_)
q 1—7 2

Li gori vé, u, = (%)n peyhatiyeke geometri ye, bingeha wé

q = % . |q| < 1, néziker e O ber bi sifir ve dige.
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Hinkirin:

r“il_f?o“n_o

Hejmara xwezayi n, li gori ku u,, €] — 1073,1073[ ji bo her
nirxé n > n, be, bibine.
2) Eger (u,)n»1 peyhatiyek be li gori ku u,, = — L0 lim u, = 3.

n—-oo

Hejmara xwezayi n, li gori ku u,, €]2.98, 3.02[ ji bo her nirxé
n > n, be, bibine.

3) Eger (u,),>1 peyhatiyek be li gori ku u,, = nvn
0 lim u, = +. Hejmara xwezayfi n, li gori ku u,, > 10° ji bo

n—oo

her nirxé n > n, be, bibine.
4) Eger (xn)n>1 0 (¥n)n=1 du peyhati bin li gori ku x,, =

1) Eger (u,).»1 peyhatiyek be li gori ku u,, =

n

on

ay, = (10 1)n —— be, dawiya her du peyhatiyan bibine.
5) Eger (xn)n>0 0 (7m)ns0 du peyhati bin li gori ku
Xp41 = X —2,xy =30y, =x, + 3 be.

a) Tekez blke ku (yn)nso PeYyhatiyeke geometri ye
0 x, , y, bi nisaneya n bibine.

b) Eger S, =yo + -+ ¥, 0§, = xo + -+ + x,, be,
S, , S',, bi nisaneya n bibine.
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TEORIYEN DAWIYAN

1) Peyhatiyén bi awayé u,, = f(n)

Teor? 1:

Eger f di navbera ]b, +oo[ de fonksiyonek be U (up)pnsn,
peyhatiyek be ku ji n, dest pé dike bi awayé u,, = f(n).

Li gori vé, eger 11m f(x) = ¢ be, wé demé lim u, =¢

n—-+oo
£ hejmarek rast e, an +o an T —oo ye.
Minak:
Dawiya peyhatiya (i), = 1 li gori ku u, = 2251 pibine.

Caresert:

. ~ A A . . . . A +00
Li gori karaninén li ser dawiyan, rewsa nediyar ya bi awaye —

cédibe, 18 u, = f(n) : f(x) = 2x2+5x+1 G
ditin ku lim u, =2

n—-+oo

a ji ber ku 11m f(x)=2,té

2) Peyhatiyén bi awayé u,, = f(v,)

Teor 2:

Eger f di navbera I de fonksiyonek be 0 (u,),so peyhatiyek
be ku pékhateyén wé bi gisti endamén I ne.
Li gori vé, eger lirp u, =b, 0 lin;f(x) = c be, wé demé
—+ 00 x—
lim f(v,) =c

n-—-+oo

¢, b hejmarén rast in, an +oo an ji —o ne.
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Minak:

Peyhatiya (u,)ns1 li gori ku u, = f% néziker e 0 dawiya wé

3n+2
n+1

yeksani V3 ye, ji ber ku u, = /v, li goriku v, =

Lé ji ber ku lim 22 =3 g limvx = V3 ligorivan: lim u, = V3
+1 x—-3 n—-+oo

n-+oco N

3) Karaninén li ser dawiyan, teoriyén dorpéckiriné

Teor 3:

Eger (un)n=1 » (Wn)n=1 U (Wp)pn=1 S€ peyhati bin
0 ¢ € R be, bi pékanina her du mercén li jér:

a) vp = U, = Wn (n>ny)
b) lim v, = hm wy, =4
n—-+oo

Téditinku lim w, =¥

n—-+oo

Teori 4:

Eger (u)n>1 0 (e,)n>1 du peyhati bin G £ € R
be, bi pékanina her du mercén li jér:

a) e, = |u, — | ligori kun > n,
b) lim e, =0

n-+oo

Téditinku lim w, =¥

n—-+oo

Teori 5:

Eger (u)n=1 0 (v)n=1 du peyhati bin, li gori ku v, > u,, i
gori ku n > ny,

a) Eger lirP u, = +o be, té ditinku lim v, = 4o
n—>+0oo

n—+oo
b) Eger hrf v, = —oo be, té ditin ku lim u,, = —
n—+oo n—-+oo
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Minak 1:

Peyhatiya (u)p=1 li gorl ku w, = >— néziker e 0 dawiya wé

~ A ~ . . PPN 1
yeksani 0 e, té zanin ku |sinn| < 1, ligori vé; |u, — 0| < —

U ji ber ku nl_i)rpooﬁ = 0 e, té ditin ku nl—i>r-poo u, = 0 (li gori teoriya 4)
Minak 2:

Dawiya peyhatiya (u,),s; li gorf ku u,, = n —+/n bibine.

Caresert:

Ji ber ku lim n = +co 0 lim Vn = +oo, té ditin ku rews nediyar e
n—+oo n—+oo

bi awayé (4co0 — o) ye, |1é gava em bi vi awayi binivisin:

1 . ~ A
U, =n (1 — ﬁ) (me n derxist derveyi kevané)

A . 1 A gy .
U ji ber ku nl_l)lzloo\/—ﬁ = 0 té ditin ku nllTw U, = +oo

Nézikblna peyhatiyan
Destpéké em peyhatiyén ji jor an ji ji jér ve bi sinor nas bikin.

Eger M 0 m du hejmarén rast bin:

(uy,) jijorve bisinore |u, <M ;n€N (M pékhateya mezin €)

(uy,) jijérve bisinore |u, >m;n €N (m pékhateya bicik e)

(uy,) bi sinor e, té wateya ku ji jor 0 jér ve bi sinor e

Hem0( pékhateyén u,, yén Hem0( pékhateyén u,, yén
li aliyé cepi M li aliyé rasti m
1 L n
1 L g
M m.
Minak:

Eger (uy,)ns1 li gori ku u, = vn + 1 — +/n peyhatiyek be, tekez bike
ku ji jor O jér ve bi sinor e.

Caresert:

Ji ber kun+1>nté ditin kuvn+1>+nli gori vé&; u,, >0 wé
demé peyhati ji jor ve bi sinor e (m = 0 pékhateya bigOk e).
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Ji ber ku vn+1++/n > 1, bi hevdana bi hevjimar re té ditin ku

U, = ¢n_+1+\/ﬁ <1 wé demé peyhati ji jér ve bi sinor e
(m = 1 pékhateya mezin e).
Teori 1:
c) Her peyhatiya zédeker 0 ji jor ve bé sinor, bi 4o bi
dawi dibe.
d) Her peyhatiya kémker 0 ji jér ve bé sinor, bi —oo bi
dawi dibe.
Teori 2:

a) Her peyhatiya zédeker 0 ji jor ve bi sinor, nézikblye.
b) Her peyhatiya kémker 0 ji jér ve bi sinor, nézikblye.

Minak:

Eger (up)ns1ligorikuu; = % peyhatiyek be 0 u,,; = Tun*3

Bup+7

a) tekez bike kuu, >1e.
b) tekez bike ku u, kémker G nézikbayi ye.

Caresert:

a) Emdizanin ku u; > 1, em rastiya u,, = 1li gori ku p € N* be
eré bikin, li gori vé, em tekez bikin ku u,,; = 1:

Tu,t+3 4
Upyp — 1= —1=(3up+7>(up—1)20

3y, +7
.. [ 4
jlberku(up—l)ZOu( )>0
3y, +7
= Upyq =1
_ Tup+3 _3(1-ud)
b) Unyy —un = Bup+7 T 3,

@1—-u2<0e,ligorivée: u,;y —u, <0

wé demé u,, kémker e ( ji jor ve bi sinor e 0 nézikbQye.
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Tébint:

Eger peyhatiyek ji jor ve bé sinor be, wé demé ne péwist e ku
dawiya wé +oo be.

Minak:

peyhatiya (u,)ns1 li goriku u, =n+ (=1)"n, yan ji u,, =4n Q0
Uyneq = 0 ji jor ve bé sinor e O dawiya wé ne +oo ye.

Eger peyhatiyek bi +co bi dawi bibe, ne péwist e ku zédeker
be.

Minak:

peyhatiya (u,)ns1 ligoriku u, = 2n+ (—=1)"n, yan ji u,, = 6n
U Uypeq = 2n+ 1, ne zédeker e 1€ u,, > n,

li gori vé: lim u, = 4+

n—oo
Hinkirin:
Dawiya peyhatiya (u,),>1 €ger hebe bibine.
2n+3 5n-3
Dy = 3n-1 2) U = 3n-5
1 5n“-3n+7
3 un =13 Aun =Tt
-3n?+2n+4 n 2n
5) Un = e 6)un =3+
10n-3 3n—von2+1
Nun =55 8)un = —Jss -
4n-3 2n2-1
9) un —_ n+1 10) uTl - 3n+1
2nm . nm+1
11) u,, = cos (3n+1) 12) u,, = sin (ﬁ)
13) u,, = 2" 14)un=n2</2+i—x/§>
3n n
15) u, = =2 16) u, = V2nZ — 5 — nv2
_.n__n _ nvn+n
Nwn =5~ 18 u, ==
Peyhatiyén li jér, ji jor an ji jér ve bi sinor in? bibine.
1) u, =sinn 2)un:1+n—12
1 1
Nun =15 Aun =
n n2-1
S) Un = T 6)un = 7o
-2
7)un=\/m 8)u, =nv3 -2
Nu,=n>+n-1 10)un=$+n2
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PIRSEN BESA PENCEM

1) Eger (u,), 0 (v,), du peyhati bin li gori ku
Uy =0 0 upy; =2u, +3" neN), v, =3"-u, (neN)
a) Tekezbikekuu, >0 (neN)e.
b) Tekez bike ku u,, kémker G nézikblyi ye.
c) Tekez bike ku v, peyhatiyeke geometri ye ku bingeha wé 2
ye.
d) v, G u, binisana n bibine.
e) S, binisana n bibine.
Sp=ugtu, +--+u,
2) Eger (u,), peyhatiyek be li gori ku
up=—2 0 Upy =2 +u)? -2 (MEN)
a) Tekezbikeku -2 <u, <-1 (neN)e.
b) Tekez bike ku u,, kémker G nézikblyi ye.
c) Dawiya peyhatiya u,, bibine.
3) Eger (up)ney peyhatiyek be li gori ku
Uy =00 uyyq =%un—n—% (n eN)
a) u, bibine.
b) Tekez bike kuu, > -2n—-1 (neN)e.
c) Tekez bike ku u,, kémker e.
d) Egerv, =2u,+4n—-6 (n€N)
e) Tekez bike ku v, peyhatiyeke geometri ye ku bingeha wé

1
> Ye.
. 1\"
f) Tekez bike kuu, =3-2n-3 (?) (neN)e.

g) Dawiya peyhatiya u, bibine.
4) Eger u,, peyhatiyek bi awayé li jér be:

u0=1
2
u
Upyq = " _:neN

2+ uy,
a) Tekezbikeku0<u,<1 (neN)e.
b) Tekez bike ku w,, kémker G nézikblyi ye.

¢) Tekezbikeku 0 <u, <(2) (neN)e.
d) Dawiya peyhatiya u, bibine.
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5) Eger u, peyhatiyek bi awayé li jér be:

uy =410 un+1=%(un+3) :n€eN
U v, peyhatiyeke dinbe v, =u, -3 (n €N)

a) Tekez bike ku v, peyhatiyeke geometri ye, bingeha wé G v,
bibine.
b) Tekez bike ku u,, =3 + zin (n €N) ye.
c) Tekez bike ku u,, kémkere G u, =3 e.
d) EgerS, =up+u,+--+u, (neN)
e) Tekez bike ku S, =3n+5 _zin (neN)e.
f) lim S, bibine.
6) Eger u,, 0 v, du peyhatl bin:

U =00 Upyy = /8+”3L2 (m€EN) ,v, =12 —u,? (n€N)

a) uy bibine.
b) tekez bike ku0 <u, <2v3 (neN)e.

c) tekez bike ku u, zédeker e.

d) tekez bike ku u,, nézikbayi ye.

e) tekez bike ku v, peyhatiyeke geometri ye, bingeha wé 0 v,

bibine.

f) v, 0 u, binisana n bibine.

g) limu, bibine.
7) Eger u, peyhatiyek bi awayé li jér be:

7uUn
1+2un

u0=20 Up+1 = (nEN)

0 v, peyhatiyek be: v, = ;Z (n € N)

a) TekezbikekuO<u,<3 (neN)e.

b) Tekez bike ku u,, zédeker e.

c) Tekez bike ku v, peyhatiyeke geometri ye

d) v, Gu, binisana n bibine.

e) limu, bibine.
8) Nézikblna van her du peyhatiyan bibine.
3n-_2n 10™-1

b)u, =
3n—-1 10™+1

a) Up =
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9) Eger(u,) peyhatiyek bi awayé li jér be:

—1+1+1+1+ +1 >1
117273 (n=1)

a) Tekez bike ku : =

b) Tekez bike ku un > 3 ye (3 pékhateya mezin e ya u, ().
c) Tekez bike ku u,, nézikbayi ye.
10) Eger( u,) peyhatiyek bi awayé li jér be:

SN s S

a) Tekez bike ku u, =

n € N ye.

_an

\/_ = 0 pistre tekez bike ku( u,,) ber bi

sifir re nézikbayi ye.

b) Eger (v,)n>1 peyhatiyeke din be:
1 1 1

1+vV2 V2++3 Vn—1++vn

Bi sGdwergirtina ji agahiyén u,, , bendekeya v, binisaneya

n bi awayeki sade bibine.
11) Eger( u,) peyhatiyek bi awayé li jér be:

1 1 1 1

un—§+2—2+§+ +— (TlZl)

v, =1+

a) Tekez bike ku u,, zédeke e.
mTwammmnMsm& (n>1)e.
c) Tekez bike ku peyhati zédeker O nézikblyi ye.
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BIRKARTD AMADEYT 3
DIBETI

Hin tégehén bingehin yén dibetiyé

Tecrube :her ceribandineke ku ¢éblna wé gengaz e, yan ji
blyereke xwezayi ye ku encamén wé tén naskirin.

Encamén tecrubeyé: bi tevahi encamén ku ji ceribandiné tén
bidestxistin, sembola wé Q (oméga) ye.

Bayer: binkomika encamén tecrubeyé Q ye, sembola wé ji yek ji
tipén A, B, C, D, ... ye.

Hin bdyerén taybet

Blyera tekez: Q

Blyera negengaz: ¢

Blyera sade: bldyera bi endameki.

Bayerén dijber: A4, B dijberin -» ANB = ¢

Blyerén hevtemamker: A,B hevtemamker in — ANB = ¢
0AUB=Q,dihemandeméde: B =

QA=A A B

YV VVY

Karaninén li ser bdyeran

a) Yekgirtina du bayeran:
Blyerén endamén A yan ji B,

endamén hevgirtina her du blyerén AUB
A 0 B ne, sembolawé AUB
AUB pék hatiye @ xe Ayanjix € B A
ye
b) Qetandina du bdyeran: ANB

Bldyerén endamén A 0 B, endamén
getandina her du bdyerén A G B ne.
AN B pék hatye ©xe Al x€eBye
c) Ferga du blyeran:
Ferga A O B, bOyerén ku endamén A B
A ne, |é ne endamén B ne. A/B B/A
Ferga B 0 A, blyerén ku endamén
B ne, |é ne endamén A ne.
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A\B pék hatiye © x€e A0 x ¢ B ye.
B\A pék hatye @ xe Bl x & Aye

Fonksiyona dibetiyé

Eger Q encamén tecrubeyeke diyarkiri be, wé demé fonksiyona
P yaku ji P(Q) dest pé dike G bi [0, 1] bi dawi dibe, jé re fonksiyona
dibetiyé té gotin, I€ du mercén wé hene:

1) P(Q) =1
2) Eger AnB=¢9 , wé demé P(AUB)=P(A)+P(B)
aji (Q, P(Q), P)refezayadibetiya bi dawi té gotin.

Di fezaya dibetiya bi dawi de (Q, P(Q), P):

P(@)=0

P(AHY=1-P(4)

AC B = P(4) < P(B)

P(A\B) = P(A) —P(ANnB)

P(AUB) =P(A)+P(B)—P(ANB)
P(AUBUC)=P(A)+P(B)+P(C)—P(ANB)—P(ANC) —
P(BNC)+P(ANBNC)

* X/
L XA X4

X3

*

X3

S

R R/
A X4 A X4

TébInT:
(AnB)Y =A'"UB', (AuB) =A'nB’
Minak 1:

Di sindogeké de 8 kartén bi hejmarén 1,...,8 nisankiri hene, bi
kisandina sé kartan, encamén tecrubeyé Q li gori rewsén li jér
bibine.

1) Kisandina 3 kartan li pey hev bi vegerandin.
2) Kisandina 3 kartan li pey hev bé vegerandin.
3) Kisandina 3 kartan bi hev re.

Caresert:

1) Karta yekem bi 8 awayan, ya duyem bi 8 awayan 0 ya
séyem ji bi 8 awayan tén kisandin, li gori vé:
n(Q) = 8.8.8=8% =512
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2) Karta yekem bi 8 awayan, ya duyem bi 7 awayan 0 ya
séyem bi 6 awayan tén kisandin, li gori vé:
n(Q) =8.7.6 = 336

3) Binkomikeke ji 3 endaman ji komika {1, ... ,8} té kisandin, li
gori vé:
n(Q) =C(8,3) =8.7=56

Minak 2:

Di sindogeké de 15 gokén wek hev hene, 6 ji wan spi, 7 res G 2 gok
sor in

1)
2)

3)
4)
5)

6)

Me gokeke tené derxist, dibetiya ku gok spi be bibine.

Me 2 gok li pey hev G bé vegeranidin derxistin, dibetiya ku her
du gok sor bin, bibine.

Me 3 gok li pey hev G bé vegeranidin derxistin, dibetiya ku rengé
her sé gokan jev cuda be, bibine.

Me 3 gok li pey hev G bi vegeranidin derxistin, dibetiya ku rengé
her sé gokan jev cuda be, bibine.

Me 3 gok li pey hev G bi vegeranidin derxistin, dibetiya ku rengé
her sé gokan sor be, bibine.

Me 7 gok bi hev re derxistin, dibetiya ku rengé van gokan bi vi
awayi be: 3 spi, 2 res 0 2 sor, bibine.

7) Me 3 gok bi hev re derxistin, dibetiya ku heri kém gokek ji wan
sor be, bibine

Caresert:
c61) _ 6

1) c(151) 15

2) @2 _ 2 _ 1

3)

5)

€(152) 210 105
Dibetiya ku rengén gokan bi rézé spi, res 0 sor be:
672 _ 672 2
P(153)  15.14.13 65
Ev ji yeksani dibetiya her yek ji her ses guhertinén ku li gori
wan derxistina gokén jev cuda pék té.
Li gori vé; dibetiya ku rengé gokan jev cuda be:

2 12
— X3! ==
65 65
2.6.7 31 = 56
15.15.15 375
2.2.2 8
X3l =—
15.15.15 3375
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6)
7

€(63).€(7,2).C(2,2) _ 28
C(15,7) 429
Em dikarin bi du awayan ¢areser bikin:
Awayé yekem:
Eger A blyera bidestxistina heri kém gokek, A; blyera
bidestxistina tené gokeke sor O A, blyera bidestxistina du
gokén sor be:
€(2,1).c(13,2) 12

PA)=—"Cl53 35
C(2,2).c(13,1) 1
P(4;) = c(15,3) 35
Lé her du bayerén A, U A, dijberi hev in, li gori vé:
P(4) = P(A) + P(Ag) = o 4 = = 25
(4) = P(A) + P(Ay) = oo+ 30 =3¢

Awayé duyem:
Eger A, blyera bidestxistina gokén ne sor be, wé demé
blyera A dijberi A, be ango A = Ay = Q\A4,

N _ca33) _ 22
Le P(4o) = c(153) 35
13
5

ligorivé: P(A) =1—-P(4,) = =
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Hinkirin:

1)

2)

3)

4)

Di refeké de 8 ke¢ 0 12 xort hene, em dixwazin komiteya
paqijiyé ji 3 kesan ava bikin. Dibetiyén li jér bibine.

a) Endamén komiteyé tev kec bin.

b) Enamén komiteyé tené 2 ji wan keg bin.

c) Enamén komiteyé tené 1 ji wan kec¢ be.

d) Enamén komiteyé tené 1 ji wan xort be.

Di tecrubeya avétina du berikén zaré de:

A: bayera ku hejmara 3 li jori yeké ji wan be.

B: bayera ku komkirina her du hejmarén li jor, bicaktir be ji 7.
Dibetiyén li jér bibine.
A,B,ANnB,AUB,ANnB',A'nB',A"UB',A\B,
(AUB),(AnB)'

Di sindogeké de heft kartén bi van hejmaran 1, 2, 3, 4, 5,6, 7
nisankiri hene, em du kartan bi hev re bikisinin, dibetiya van
bdyeran bibine.

a) B blyera bidestxistina du kartén ku komkirina hejmarén wan

cot be.

b) C blyera bidestxistina karteke ku hejmara 6 li ser be.
c) D bayera bidestxistina du kartén ku komkirina hejmarén li ser

wan ji 7 mezintir be.

d) E bayera bidestxistina du kartén ku komkirina hejmarén li ser

wan ji 7 mezintir be yan her du hejmar tekane bin.
Eger dibetiya girGpa xwina yeki A be yeksani 0.35 be, dibetiya
ku potansiyona wi bilind be yeksani 0.15 be 0 dibetiya ku
potansiyona wi bilind be yan ji girGpa xwina wi A be yeksani
0.40 be. Dibetiyén li jér bibine.
a) Potansiyona wi bilind e G girpa xwina wi A ye.
b) Potansiyona wi ne bilind e.
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DIBETIYA MERCI

Di tecrubeyeké de ku du bayerén wé hene A U B, eger bandora
pékhatina bdyera A li ser blyera B hebe, wé demé jé re dibetiya
merci té gotin, sembola wé Pg(A4) ye O bi vi awayi té nivisandin:

P(ANB)

Py (A) = P(B)

(dibetiya blyera A li gori pékhatina B) té xwendin.
Minak:

Di tecrubeya avétina berika zaré de U careke tené:

Encamén tecrubeyé: O = {1, 2,3,4,5, 6}

Eger A blyera ku hejmara li jor 3 be, wé demé:

P(A) = 2z

6
U eger B blyera ku hejmara li jor kit be, wé demé:
A N 4

6 2

Lé eger bé zanin ku blyera B pékhatiye, li gori vé, Q = {1,3,5}, G
dibetiya bayera A li gori ku blyera B pék hatiye bi vi awayi té ditin:
n({3})

1
_ —i - __P(AnB) &
Po(d) = sy = 5 YA () = =50 = = =

1
3

NI

Teori

Eger (2, P(R), P) fezaya dibetiya bi dawi be, B blyereke li gori
ku P(B) # 0 be, li gorf van; fonksiyona Pg: P(Q) — [0, 1]
fonksiyoneke dibetiyé ye G navé wé dibe dibetiya mercT bi
blyera B.
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1)

2)

3)

4)

Eger Py fonksiyona dibetiyé be, wé demé hema taybetiyén
fonksiyona dibetiyé pék tén:
a) Pg(A") =1 — P(4)
b) Pg(A; U Az) = Pg(4;) + Pg(Az) — Pg(A; N Ay)
Zagona dibetiya yekgirti ya du bdyeran:
Eger A 0 B di (2, P(R),P) de du blyer bin G P(A) # 0,
P(B) # 0 be, li gori vé:
a) P(ANnB) = P(B).Pg(A)
b) P(A N B) = P(4).P,(B)
EgerA ,B G Cdi (Q, P(Q), P)de sé bayer bin, P(AN
B) # 0 0 P(A) # 0 be li gori vé:
P(ANBNC)=P((AnB)NC) =P((ANB)).Pyns(C)
= P(A)-PA(B)-PAnB(C)

Di vezaya dibetiya yeksan de:

P(ANB) n(ANnB)
PAO=E T

Minak 1:

Di tecrubeya avétina berika zaré de 0 careke tené:

Encamén tecrubeyé: O = {1, 2,3,4,5, 6}

Eger 4 blyera ku hejmara 2 li jor be.

Eger B blyera ku hejmara li jor cot be.

P5(A) bibine.

Caresert:

Encamén tecrubeyé: QO = {1, 2,3,4,5, 6}

A={2}>n) =1

B={2,4,6}=>n(B)=3 P(ANB) n(AnB) 1

AnB={2}=>n(AnB)=1

2P =5y =T 3
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Minak 2:

Di Sindogeké de pénc gokén sor bi hejmarén 1,1,1,1,2
nisankiri ne G sé gokén gin bi hejmarén 1,1,2 nigankiri hene. Me du
gokén li pey hev bé vegerandin derxistin,

Dibetiya bayerén li jér bibine.

1) Komkirina hejmarén li ser her du gokan yeksani 2 be.

2) Du gokén sor bin ku komkirina hejmara li ser her duyan
yeksani 2 be.

3) Eger bé zanin her du gok sor in, dibetiya komkirina hejmarén
her duyan yeksani 2 be, bibine.

4) Eger bé zanin ku komkirina hejmarén her duyan yeksani 2
be, dibetiya ku her du gok sor bin, bibine.

Caresert:

1) A: Blyera derxistina du gokan, komkirna hejmarén li ser
her duyan yeksani 2 be.
_c(6,2).c(2,0) _ 15
P(A) = c(82) 28
2) B: Blyera derxistina du gokén sor be, em blyera B bibinin
_n(4) _ c42) _ 3
P(B) = n(Q) ~ ¢(82) 14
3) R: Blyera du gokén sor be, em blyera A bibinin.
P(RNB) _ n(RNB) _ c¢(42) _ 3

Pr(4) = PR) _ n@®)  cG2) 5
_PRn4) _PO) 3 28 _ 2
4) Pa(R) = P(4)  n(A) 14 15 5
Minak 3:

Du sindogén wek hev hene, di ya yekem I de 2 gokén sor ( 3 gokén
spi hene, di ya duyem II de n gokén sor 0 1 gok spi heye. Me
gokek ji sindogeké ji wan derxist.

Eger A blyera bidestxistina gokeke sor be 0 B blyera ku gok ji
sindoga I1 be. Li gori ku P4(B) =~ , nirxé n bibine.
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Caresert:

Em dizanin blyera ku gok ji sindoga I be, dijberi bdyera B ye ango
B’ ye, li gori vé;

A=(ANBYU(ANB) =
P(A) =P(ANnB')+P(ANB)
P(A) = P(B").Pg,(A) + P(B).Pz(4)

L& P(B) =P(B) =~ , Pp(A) = ——0 P,(4) ==, li gori vé:

P(A)—1 2+1 no n+ 2
2’5 2'n+1 10(n+1)
U P(ANB) = P(B).Py(A) = %ﬁ = Z(n”m li gori vé:
P(AnB) n 10(n+1)  5n

Pa(B) = —55 T2n+1) 7Tn+2  Tn+2

Lé li gori ku hatf dayin P,(B) = %wé demé:

5n 5

=—>=n=2
n+2 8
Minak 4:

Sé sindoq hene; di sindoga yekem A; de 5 gokén sin 0 3 gokén
sor hene, di sindoga duyem A, de 1 gokén sin 0 2 gokén sor hene,
di sindoga séyem A; de 3 gokén sin (0 2 gokén sor hene.

Me sindogek hilbijart 0 gokek jé kisand, ew gok sor bQ, dibetiya ku
goka sor ji sindoga A, be bibine.
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Caresert:

<
<.
Wl

Eger A blyera ku gok sor be.

Minak 5:

Di sindogeké de 6 gokén sor G 4 gokén res hene, me du gok li pey
hev U béveger derxistin, eger bé zanin ku goka yekem sor e,
dibetiya ku goka duyem sor be bibine.

Caresert:

Eger A blyera ku goka yekem sor be O B blyera ku goka duyem
sor be.

_6_3 _ <62 _ 1
P(a) = 10 5 '’ P(AnB) = c(10,2) 3
1
P(ANB) 5 5
Pa(B) =500 = 5=

5
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Hinkirin:

1)

2)

3)

Di refeké de 45 xwendekar hene, 27 ji wan zimané Ingilizi, 15

zimané Firansi G 9 hem zimané Ingilizi G hem zimané Firansi

dixwinin. Xwendekarek ji refé derket, yén li jér bibine.

a) Dibetiya xwendekar heri kém zimaneki dixwine.

b) Eger bé zanin ku xwendekar zimané Firansi dixwine,
dibetiya ku zimané Tngilizl dixwine.

c) Eger bé zanin ku xwendekar zimané Ingilizi dixwine,
dibetiya ku zimané Firansi dixwine.

Di tecrubeya avétina du berikén zaré de careke tené, dibetiyén

li jér bibine.

a) Eger bé zanin ku hejmarén li ser her duyan heman in,
hejmara 2 li ser her duyan be.

b) Eger bé zanin ku hejmarén li ser her duyan her yek ji wan ji
4 mezintir e, hejmara 5 li ser her duyan be.

c) Hejmara 3 dernekeve li gori ku her du hejmarén li ser her
duyan kit in.

Di sindogeké de 5 gokén spi U 7 gokén res hene, me du gok li

pey hev 0 béveger derxistin. Dibetiyén li jér bibine.

a) Goka duyem spi be li gori ku ya yekem ji spi ye.

b) Goka yekem spi be U ya duyem ji spi be.

c) Goka duyem res be O ya yekem spi be.
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DIBETIYEN SERBIXWE

Eger A, B di fezaya dibetiyé (Q, P(Q), P) de, du blyerén
serbixwe bin li gori ku P(B) # 0, wé demé:

P(ANB) =P(A).P(B)

Minak:

Di tecrubeya avétina berika zaré de careke tené, A blyera
ku hejmareke cot li jor be, B blyera ku dama hejmareke tam li jor
be. Tekaz bike ku A G B serbixwe ne.

Caresert:

A=1{2,46}, B={1,4}0ANB = {4} li gori van:

1 2 1 A 1
P(A)=?,P(B)=;=?UP(AOB)=?

Diyar e ku P(AnB) = P(A).P(B) ango her du blyerén A 0 B
serbixwe ne.

Tébin:
Di tecrubeya avétina nisaneké, diravén kanzayi,

berika zaré G kisandina bi vegerandinazédetiri careké li
pey hev de, dibeti serbixwe ne.

Teor?
Di fezaya dibetiyé de (Q, P(Q), P), eger A, B du blyerén
serbixwe bin, wé demé A, B’ serbixwe ne.
Tekezkirin:
P(AnB") =P(A\B) = P(A) —P(ANB) : A, B serbixwe ne
= P(A) — P(4).P(B) = P(A)(1 — P(B)) = P(A)P(B")

Li gori vé, A, B’ serbixwe ne.
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Encam:

Di fezaya dibetiyé de (Q, P(Q), P):

1) Eger A, B du blyerén serbixwe bin, Wé demé A’, B serbixwe

ne.

2) Eger A, B du blyerén serbixwe bin, Wé demé A', B’

serbixwe ne.

Minak:

Du listikvan A O B ne, her yeki ji wan tirek avéte nisané, eger

dibetiya ku listikvané yekem A li nisané bide yeksani 1—60 be G

dibetiya ku listikvané duyem B li nisané bide yeksani % be.

1)
2)
3)
4)
5)

Dibetiya ku her du listikvan li nisané bidin, bibine.

Dibetiya ku heri kém yek ji wan li nisané bide, bibine.

Dibetiya ku her du li nisané nedin, bibine.

Dibetiya ku tené yek ji wan li nisané bide, bibine.

Eger bé zanin ku heri kém yeki ji wan li nisané daye, dibetiya
ku tené listikvané A li nisané daye, bibine.

Caresert:

A bayera listikvané A li nigané daye, P(4) = 1—60

B blyera listikvané B li nisané daye, P(B) = —

1)

2)
3)

4)

7
10
Eger yek ji listikvanan li nisané bide, bandoré li dibetiya ku yé
din li nisané bide, nake ango her du bdyerén A, B serbixwe
ne, li gori vé:

6 7 42
P(ANB)=P(A).P(B) = .= = —
6 7 42 88

Eger F bdyera ku her du li nisané nedin be, li gori vé:
F=P(AuB) =A"nB’

88 12
P(F)=1-P(AUB)=1—_—=—
Eger D blyera ku tené yek ji wan li nisané bede be, li gori vé:
D = (A\B)U (B\A) =(AUB)\(ANB)
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5)

P(D) =P(AUB)—-P(ANB) = 88 42 _ 46
N 100 100 100

Blyera ku tené listikvané A li nisané bide A, = AAB=ANB'Ié
ji ber ku A O B’ serbixwe ne, em dikarin bi vi awayi binivisin:
6 3 18
P(A4,) =P(ANB)=P(A).P(B)=—.—=—
(4)) = P(ANB) = P(A).P(B) = 5-75 = Tog
18
P((AuB)N4,;) P(A)  Too 9
PAUB(Al) = = = ="
P(AUB) P(AUB) 88 44
100

Hinkirin:

1)

2)

3)

4)

Du xwendekaran ezm(na zimané Kurdi derbas kirin, dibetiya

serketina xwendekaré yekem % e U dibetiya serketina yé
duyem % e.

a) Dibetiya serketina her duyan bi hev re, bibine.

b) Dibetiya serketina heri kém yek ji wan, bibine.

Di tecrubeya avétina du berikén zaré de, rengé yeki ji wan sor
0 yé din kesk e. A bayera ku hejmara 4 li ser berika sor be, B
bldyera ku komkirina hejmarén li ser her du berikan kit be, her
du bayer serbixwe ne yan na?

Di sindogeké de 3 gokén zer 0 4 gokén res hene, me 2 gok li
pey hev U bi vegerandin derxistin.

a) Dibetiya ku goka yekem zer be, bibine.

b) Dibetiya ku goka duyem res be, bibina.

c) Dibetiya ku goka yekem zer G ya duyem res be, bibine.

d) Her du blyerén ku goka yekem zer ( ya duyem res,
serbixwe ne yan na?

Di tecrubeya avétina 3 diravén kanzayi de, A blyera ku tené
wéneyek li jor be, B blyera ku tené 2 nivis li jor bin. Her du
blyer serbixwe ne yan na?
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FONKSIYONA NENASE DIBETIYE

Dema ku em diraveki kanzayi 3 carén li pey hev bavéjin, encamén
tecrubeyé dé bi vi awayi bin:

Q= {W,w,w),(N,W,W),(W,N,W),(W,W,N),
(N,W,N),(N,N,W),(W,N,N),(N,N,N)} (W wéne, N nivis)

Eger bé zanin ku X hejmara diyarblna wéne di her sé caran de ye,
wé demé:

Dema ku A = {(W,W, W)} be, nirxé X yeksani 3 ye ango {X = 3}

Dema ku B = {(N,W,W),(W,N,W),(W,W,N)} be, nirxé X yeksani
2 ye ango {X = 2}

Demaku C = {(N,N,W),(W,N,N),(N,W,N)} be, nirxé X yeksani 1
e ango {X = 1}

Dema ku D = {(N,N, N)} be, nirxé X yeksani O e ango {X = 0}
X(2) ={0,1, 2,3} komika nirxén X e.

Eger (2, P(R), P) fezaya dibetiya bi dawi be, ji fonksiyona

X:02 — Rre, fonksiyona nenasé dibetiyé té gotin 0 X(2)
komika nirxén weé ye.

Eger r yek ji nirxén X be, wé demé {X = r} komika blyerén
sade ya ku nirxé X dike r .

Minak:

Di tecrubeya avétina du berikén zaré de careke tené, X fonksiyona
nenasé dibetiyé ya ku komkirina hejmarén li ser her du berikan
nisan dide.

1) Komika nirxén X bibine.
2) {X = 3} ¢i nisan dide? Dibetiya wé bibine.
3) {X = 7} ¢inisan dide? Dibetiya wé bibine

163



BIRKARTD AMADEYT 3

Caresert:

1) X(2) ={2,3,4,5,6,7,8,9,10,11, 12}
2) Nirxé X yeksani 3 ye, ango komkirina hejmarén li ser her du
berikan yeksani 3 ye. {X =3} ={(1,2),(2,1)} dibetiya wé ji

1

P(X=3N=—=—

3) Nirxé X yeksani 7 e, ango komkirina hejmarén li ser her du

berikan yeksani 7 e.
(X =7} ={(1,6),(2,5),(3,4), (4,3),(5,2),(6,1)} dibetiya wé ji
1

PX=7D ===

Zagona dibetiyé ya fonksiyona nenasé dibetiyé
Eger (22, P(), P) fezaya dibetiya bi dawi be, X fonksiyona
nenasé dibetiyé 0 komika nirxén wé X () = {r,ry, ..., 1.} be.

Emji fx: X(Q2) — R:r — fx(r) = P(X =r) re dibéjin zagona
dibetiyé ya fonksiyona nenasé dibetiyé.

Eger hejmara endamén X () biclk be, em fy di tabloyeke wek ya
li jer de xéz bikin.

r; iz 7Y eiiieeans T
[x(ry) fx (1) fx(r) fx ()
Tébini:

1) Nirxén fx yeksani 1 in.

2) fx(r) + fy(p) + . + fx(rn) =1
3) Emdikarin f ji berdéla fy binivisin.
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Texmina birkar?

Eger (22, P(), P) fezaya dibetiya bi dawi be, X fonksiyona
nenasé dibetiyé 0 komika nirxén wé X(2) = {ry, 1y, ..., 1.} be.

Em ji ya li jér re dibéjin Texmina birkari
n

z T . PX =1n) =1 fx(r) + 1o fx () + - + 10 fx (13)

k=1

Minak 1:

Di sindogeké de 3 gokén spi (0 2 gokén res hene, me 3 gok bi hev
re derxistin. Eger X fonksiyona hejmara gokén res di nav yén
derxisti de nisan bike.

a) komika nirxén X bibine.
b) Tabloya zagona dibetiyé xéz bike
c) Texmina birkari bibine.

Caresert:

a) X(2) =1{0,1,2}
Blyera {X = 0} ya derxistina 3 gokén spi, 0 gokén res e, li gori
~. _CB3) _ 1
ve; f(0) = c(53) 10
Blyera {X = 1} ya derxistina 2 gokén spi, 1 gok res e, li gori
. _€(3,2).c(21) 6
ve f(1) = c(53) 10
Blyera {X = 2} ya derxistina 1 gok spi, 2 gokén res e, li gori
. _c(31.c(22) 3
ve f(2) = c(53) 10
b) Tabloya zagona dibetiyé

r; 0 1 2
f(ry) 1 5 3
10 10 10
c) Texmina birkar?
- 12 6

6 6
B0 = ) 7e-f) =04 15+ 5=10 =

i=1
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Minak 2:

Di sindogeké de 3 gokén bi hejmarén 1, 2 G 3 nisankiri hene, me 2
gok li pey hev 0O biveger kisandin. Eger X fonksiyona komkirina
hejmarén li ser her du gokan be.

d) komika nirxén X bibine.
e) Tabloya zagona dibetiyé xéz bike
f) Texmina birkari bibine.

Caresert:

d 2={j 1<i j<3}
X() =1{2,3,4,5,6}

e) Taboya zagona dibetiyé
Em tabloya li jér dagirin

« (X =1k Fx(R)
2 () z
3 {(1,2),(2,1)} %
4 {(1,3),(2,2), 3, 1)} %
° {(2,3),(3,2)} %
° (3,3) &

U li gori vé em zagona dibetiyé binivisin.

w 12 3 2 5 &6
fx(rk) l i i i i
9 9 9 9 9

f) Texmina birkari

n

1
E(X)=Zrk.f(rk):?(2+6+12+10+6)=4
k=1
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Minak 3:

Di sindogeké de 6 kartén bi hejmarén 1, 2, 3, 4, 5 G 6 nisankiri hene,
me 2 kart li pey hev G béveger kisandin. Eger X fonksiyona hejmara
mezin di navbera her du kartan de nisan bike.

a) komika nirxén X bibine.
b) Tabloya zagona dibetiyé xéz bike
c) Texmina birkari bibine.

Caresert:

a) X() =1{2,3,4,5,6}

b) Tabloya zagona dibetiyé
Dema ku hejmara karta yekem yeksani k be, blyera {X = k}
pék té O hejmara karta duyem di navbera {1, 2, ..., k — 1} de ye,
yan ji hejmara karta yekem di navbera {1,2, ...,k — 1} de 0 ya
duyem k vye, li gori vé;
fx(k)=P(X =k) =2 = 2

6x5 15

k 2 3 4 5 6

k 1 2 3 4 S
S 15 15 15 15 15

c) Texmina birkar?

1 7
EQX) =2 (2+6+12+20+30) = = =—

Minak 4:
Di sindogeké de 6 kartén bi hejmarén 1, 2, 3, 4, 5 0 6 nigankiri hene.

1) Me 2 kart bi hev re kisandin. Eger X fonksiyona komkirina her
du hejmarén li ser her du kartan nigan bike.
a) Komika nirxén X bibine.
b) Tabloya zagona dibetiyé xéz bike

2) Me du kart li pey hev O biveger kisandin. Eger Y fonksiyona
komkirina her du hejmarén li ser her du kartan nisan bike.

a) Komika nirxén Y bibine.
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b) Tabloya zagona dibetiyé xéz bike
Caresert:
1)

a) X(?) ={3,4,5,6,7,8,9,10,11}

b) Tabloya zagona dibetiyé

Em destpéké tabloyeke alikar xéz bikin.

+ |1 |2 |3 |4 |5 |6
1 314 |5 (6 |7
2 516 |7 |8
3 7 18 |9
4 9 |10
5 11
6
T 3 4 5 6 7 8 9 10 11
1 1 2 2 3 2 2 1 1
O e R T
2)

a) Y(2) =1{2,3,4,5,6,7,8,9,10,11, 12}

b) Tabloya zagona dibetiyé

Em destpéké tabloyeke alikar xéz bikin.
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3 14 |5 |6 |7 |8 |9

4 |5 |6 |7 |8 |9 |10
5|6 |7 |8 |9 |10|11
6 |7 |8 |9 |10]11 12

fx(rp) | 2 32 &2 5 & 5 2+ 3 2 1
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Hinkirin:

1) Disindogeké de neh kartén bi hejmarén 0,0,0,0,0,1,1,1,1
nisankiri hene. Me sé kart bi hev re kisandin. Eger X fonksiyona
komkirina her sé hejmarén i ser her sé kartan nisan bike.
Nirxén X O texmina birkari bibine.

2) Loriné diraveki kanzayi sé caran tavéje. Eger her sé car nivis li
jor be; 12 pileyan bidest dixe, eger du caran nivis li jor be; 4
pileyan bidest dixe, ji bili van; 6 pileyan winda dike. Eger X
fonksiyona hejmara pileyén ku Lorin bidest dixe, nisan dike.
Nirxén X G texmina birakari bibine.
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PIRSEN BESA SESEM

1) Di sindogeké de 4 gokén spi U 6 gokén res hene, me 3 gok li
pey hev bévegr derxistin.

a) Dibetiya ku heri kém du gokén spi bin bibine.

b) Eger X fonksiyona hejmara gokén spi di nav yén derxisti de
nisan bike. komika nirxén X bibine, tabloya zagona dibetiyé
xéz bike 0 Texmina birkari bibine.

2) Disindogeké de 9 gokén ji bili reng wek hev hene (2 sor G 3 spi
0 4sin) me 2 gok bi hev re derxistin.

a) Dibetiya ku her du gok spi bin bibine.

b) Dibetiya ku her du gok ji heman rengi bin bibine.

c) Dibetiya ku rengé her du gokan ne wek hev bin bibine.

d) Eger me goka spi bi hejmara (1) nisan kir G goka sin bi
hejmare (2) nisan kir G goka sor bi hejmara (0) nisan kir. Eger
X fonksiyona komkirina her du hejmarén i ser her du gokén
hati derxistin be, komika nirxén X bibine, tabloya zagona
dibetiyé xéz bike 0 texmina birkari bibine.

3) Di sindogeké de 8 kartén bi hejmarén 0, 0, 2, 2, 3,3 ,3 0 3
nisankiri hene. Me du Kkart li pey hev O béveger kisandin

a) Eger bé zanin ku komkirina hejmarén her duyan ji 4 mzintir e,
dibetiya ku komkirina hejmarén her duyan cot be, bibine.

b) Eger bé zanin ku hejmarén her duyan ne wek hev in, dibetiya
ku komkirina hejmarén her duyan cot bin, bibine.

c) Eger Y fonksiyona komkirina her du hejmarén i ser her du
kartan nisan bike. Komika nirxén Y bibine, tabloya zagona
dibetiyé xéz bike 0 texmina birkari bibine.

4) Di sindogeké de 8 kartén bi hejmarén 0, 0, 0,1, 1,2 ,20 2
nisankiri hene. Me du kart li pey hev 0 biveger kisandin

a) Eger bé zanin ku komkirina hejmarén her duyan ji 2 mzintir e,
dibetiya ku hejmara li ser yeké ji wan 1 be, bibine.

b) Eger X fonksiyona komkirina her du hejmarén li ser her du
kartan nisan bike, komika nirxén Y bibine, tabloya zagona
dibetiyé xéz bike G Texmina birkari bibine.

5) Di tecrubeya avétina berika zaré de ku tené car
rdyén wé hene careke tené, p; dibetiya ku
hejmara i lijérbe i € {1,2,3,4}.
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Eger p, = g be 0 p;,p, p3, s pPEkhateyén peyhatiyeke hejmari
bin ku bi rézé ne.
a) p1, b3, ps bibine.
b) Dibetiya ku hejmara kit li jér be bibine.
6) Disindogeké de 6 kartén bi hejmarén tekane yén destpéké
nisankiri ne. Me du kart bi hev re kisandin.
Eger X fonksiyona komkirina her du hejmarén li ser her du
kartan nisan bike.
a) Komika nirxén Y bibine.
b) Tabloya zagona dibetiyé xéz bike.
c) Texmina birkar bibine.
7) Di kargeha cékirina lempeyan de sé xet hene A, B (G C
Xeta A %20 ji berheman ¢édike U %5 ji wan xerabe ne.
Xeta B %30 ji berheman c¢édike G %4 ji wan xerabe ne.
Xeta C %50 ji berheman ¢édike 0 %1 ji wan xerabe ne.
me lempeyek ji nav berheman derxist.
a) Dibetiya ku lempe xerabe be @ ji xeta A be bibine.
b) Dibetiya ku lempe xerabe be 0 ji xeta B be bibine.
a) Dibetiya ku lempe xerabe be U ji xeta C be bibine.
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BIRKARTD AMADEYT 3
MATRIS

Matris: agahiyén zanisti yan ji birkari di navbera du kevanan de bi
awayé stan 0 rézan tén komkirin.

Guhertinén di matrisé de

Di matrisa li jér de:

a;; QA .. Qin by
Ay Qyy .. Qun by
Am1 Amz - Qmn  bm

Guhertin bi sé awayan ¢édibe:

-~

1) Heguhertina du rézan, sembola wé i ev e:
R] Ad Ri
2) Hevdana rézeké bi hejmareké re, sembola wé ji ev e:
3) Hevdana réza R; bi hejmara k re G komkirina encamé bi réza
R; re 0 di réza R; de bi cih kirin, sombola wé ji bi vi awayi ye
Minak:
Di matrisa li jér de:

3 2 -1
4 5 3
7 3 2

Hevguhertina réza yekem bi ya duyem re R, & R, encam bi vi
awayi ¢édibe:

3 2 -1 4 5 3
4 5 3 - |13 2 -1
7 3 2 7 3 2

Hevdana réza yekem bi hejmara 2 re 2R, - R,

3 2 -1 6 4 -2
453] *[453]

7 3 2 7 3 2
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Hevdana réza yekem bi hejmara 2 re 0 komkirina encamé bi réza
duyem re G di réza duyem de bi cih kirin kR; + R, = R,

3 2 -1 3 2 -1
4 5 3 - (10 9 1
7 3 2 7 3 2

Wekheviya matrisan

Eger A, B du matris bin, di encama bikaranina ¢end guhertinan; yek
ji wan dibe wek ya din, ji her duyan re matrisén wekhev té gotin O
sembolawé jieve: A~B

Minak:

Di matrisa li jér de:

3 1 -1 0
A=12 2 1 1]
11 0 3

Hevguhertina réza yekem bi ya duyem re R, & R; encam bi vi
awayi ¢édibe:

31 -1 0 1 1 0 3
A=12 2 1 1 - A~|2 2 1 1
1 1 0 3 31 -1 0

Bi pékanina guhertina R; — %Rz - Ry

2 2 1 1 2 2 1
1
11 0 3 00 ——

31 -1 0 3 1 -1
A= - A~

N|u1+—\ [e)

Bi pékanina guhertina 2R; — R3 li encama jor.

3 1 -1.0 3 1 -10

22 1 1 —>A~2211]
1 5

00 —— — 0 0 -1 5
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Matrisa rézkiri

1) Endamé yekem, endamé destpéké yé ne sifir di rézeké
de ye.

2) Réza sifir, réza ku endamén wé bi tevahi sifir bin.

3) Matrisa rézkiri, matriseke her du mercén li jér pék tine:
a) Endamé yekem di her rézé de, li aliyé rasté yé
endamé yekem di réza beri wé de ye.

b) rézén sifir (eger hebin) pisti rézén nesifir tén.

Minak:

Matrisa li jér, matriseke rézkiri ye.

1 5 0 4

0 2 3 1 1, 2, 2 endamén yekem in.

0 0 0 2
Matrisa li jér, matriseke ne rézkiri ye.

3 2 -1

0 0 0 |]Jiberkuréza sifir beri réza nesifir hatiye.
0 3 2
Matrisa li jér, matriseke ne rézkiri ye.

1 0 -1
0 0 2 ]ji ber ku endamé yekem di réza séyem de ne li aliyé

0 3 2
rasté yé endamé yekem di réza duyem de ye.

Teor:

Her matrisa A, heri kém matriseke rézkiri jé ¢édibe.

Minak:

Matrisa rézkiri ji matrisa A re bibine.

1 2 -1 1
A=13 8 5 -11

-2 1 12 17
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Caresert:

Em guhertinén R, —3R; = R, U R; + 2R, = R5 pék binin:

1 2 -1 1
A~|0 2 8 -—14
0 5 10 -15

Pistire em guhertina %Rz - R, pék binin:

1 2 -1 1
A~10 1 4 -7
0 5 10 -15

Pistire em guhertina R; — 5R, — R3 pék binin:

1 2 -1 1
o1 4 =7
0 0 —-10 20

B matriseke rézkiri ye.

A~ =B

Hinkirin:

Matrisén rézkiri ji matrisén jér pék bine.

1 2 4 1 2 -3
A=[1 -1 1] , B=|-10 3]
2 1 5 0 1 2
6 3 —4 1 2 -3 0
C=|-4 1 —6] , D=2 3 -1 2]
1 2 -5 -3 -5 4 1
0
E=|[2 -2 6 1| , F=
3143] 13 -15
3 2 4 1
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CARESERKIRINA HEVKESEYAN

Hevkéseyén xéz

Her rasteka ku di kordinaté de were xézkirin; em dikarin bi vi awayi
binivisin:

a;x+a,y=>b; a,a, €R0aya, bihevre ne sifirin,

Ji hevkéseya jor re, hevkéseya xéz té gotin.

Bi gisti hevkéseya xéz bi vi awayi té nivisandin:
a1 x1 +azx, +-+apx,=b ; a,a,..a,, b ER

Ji aq; (i =1,2,...n) re gqatjimarén hevkéseyé 0 b pékhateya
neguhér té gotin.

Hevkéseyén ku logaritma, ségoseyi O bi héz di nav de nebin,
fonksiyonén xéz in.

Minak:
Fonksiyonén li jér, fonksiyonén xéz in.
x+3y =17, y=%x+32+1, Xy —2x; —3x3+x, =7

Lé hevkéseyén ku logaritma, ségoseyi 0 bi héz di nav hebin, ne
fonksiyonén xéz in.

Fonksiyonén li jér, ne fonksiyonén xéz in.
x+3\/§=5, 3x+2y—z+xz=4, y=sinx
Careseriya hevkéseya xéz

Hevkéseya bi awayé a,x; + a,x, + -+ a,x, = b, careseriya wé
rézehejmarén S, S;,...S, ligoriku x; = S;,x, =84, ...x, = S,, ye.

Minak:
Careseriyén hevkéseyén li jér bibine.

a) dx—-2y=1
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b) x1_4xZ+7X3:5

Caresert:

a) Ji bo careseriyé, em € nirxeki dimen ji bo x bibinin G li gori wé
nirxé y bibinin.
1

Dema x = t wé demé y=2t—7

b) Ji bo careseriyé, em € nirxeki dimen ji bo x,, x5 bibinin G li gor?
WE nirxé x; bibinin.
Demax, =S,x; =twédemé x; =5+4S -7t

Sistema xéz

Ji komika nenasén x4, x,, ... x,, re, sistema hevkéseyén xéz an ji
sistema xéz té gotin, eger rézehejmarén S;,S,, ... S, Vi merci pék
binin x; =8,x, =S5,,... x, =S5, wé demé ji wan re careseriya
hevkéseyén sistemé té gotin.

Minak:

Eger du hevkése hebin:
4x; —x, +3x3 = -1
3x1 +x, +9x3 = —4

Careseriya van her du hevkéseyan x; =1, x, =2, x3=-1 e,
Ié x, =1, x, =8, x3 =1 ne careseri ye ji her du hevkéseyan re, ji
ber ku tené ya yekem careser dike.

Carinan careseri ji hevkéseyan re nine.

Minak:

Her du hevkéseyén li jér:

x+y=4

2x+2y=6

Em her du aliyén hevkéseya duyem hevdani % bikin:

x+y=4
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x+y=3

Té ditin ku ¢areseri ji her duyan re nine.

Bi awayeki gisti hevkéseyén bi awayén li jér:
a;x —byy =c; (a4, by bi hev re ne sifir in)

a,x —b,y =c, (a,, b, bi hev re ne sifir in)

Girafika wan [, [, di kordinaté de xéz in, sé rewsén wan hene, di

girafikén jér de tén diyarkirin:

Careseriyeke tené ji her du

girafikén [;, 1, re heye. & - o

Tu careseri ninin. Hejmarek bé dawi careseri hene.

Bi gisti sistema (I) ya ku bi m hevkéseyén xéz G n nenas
be, bi vi awayi té nivisandin:

a1X1+ apx,+ o+ agxp= b
a21x1 + azzxz + + az-nxn = bz
AmiX1 + appxp+ .+ aGunXn = by

Li gori ku x4, x,, x3 nenas in, a, b hejmarén neguhér in.
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Tébini

Em dikarin sistema (I) bi vi awayi ji binivisin

a11 a12 aln b1 xl b1

a21 a22 aZn bz X‘Z — bz

Am1 Amz - Amn bm Xm bm
X B

A matrisa i pileya mxn ya gatjimara sistema (I) ye.
X matriseke stini ya nenasén sistema (I) ye.
B matriseke stini ya pékhateyén neguhér ya sistema (I) ye.

Jé re awayé matrisé ya sistema (I) té gotin G bi vi awayi té
nivisandin A.X = B

Her sistema (I) matrisa wé ya berfireh H = [A : B] heye.
a1 A1z A1n b,

az1 Az Qon b,

Am1i Amz - Qmn + bpy
Minak 1:

Hevkéseyén li jér di matrisa berfireh de bi cih bike.
5 +y =3

2x—y =4

Caresert:

L 4

Minak 2:
Hevkéseyén li jér di matrisa berfireh de bi cih bike.
X1 + Xy + ZX3 = 9

le +4x2 - 3X3 = 1
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3x1 + 6x2 - 5x3 = 0

Caresert:
11 2 ¢ 9
[2 4 =3 1]
3 6 =5 :0

Karaninén matrisan

Em dikarin hevkéseyan bi riya matrisan careser bikin.
Minak:

Hevkéseyén li jér carese bike.

X1 +x,+2x3=9

2x1 +4x, —3x3 =1

3x1 +6x2 _SX3 = O

Caresert:
x+y+2z=9 11 2 9
2x+4y—-3z=1 [2 4 =3 1]
3x+6y—5z=0 3 6 -5 0

Em (—2)hevdani hevkéseya yekem bikin 0 encamé bi ya duyem re
kom bikin:

x+y+2z=9 1 1 2 9
2y — 7z = =17 [0 2 =7 —17]
3x+6y—5z=0 3 6 -5 0

Em (—3)hevdani hevkégseya yekem bikin G encamé bi ya séyem re
kom bikin:

xX+y+2z=9 1 1 2 9
2y =7z =-17 [0 2 =7 —17]
3y —11z = =27 0 3 -11 -27

Em hevkéseya duyem hevdani (%) bikin:
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xX+y+2z=9 1 1 2 9

7 17 7 17
i 0 1 -5 -
3y —11z = =27 0 3 -11 -27

Em (—3) hevdani hevkéseya duyem bikin 0 encamé bi ya séyem re
kom bikin:

xX+y+2z=9 1 1 2 9
7 17 17
1 3 1 3
—gZ=-7 00 -5 -+

Em hevkéseya séyem hevdani (—2) bikin:

x+y+2z=9 1 1 2 9
7 17 7 17
z = 0 0 1 3

Em (—1) hevdani hevkéseya duyem bikin 0 encamé bi ya yekem re
kom bikin:

X+ 2L, =35 1 o0 2L 35
2 2 2 2
7 17 7 17
y-gi= 01 -5 =
z = 0 0 1 3
Em (- %) hevdani hevkéseya séyem bikin 0 encamé bi ya yekem
re kom bikin:
X = 1 0 0 1
7 17 7 17
Y- EE T 01 =5 -
z=3 0 0 1 3

Em (%) hevdani hevkéseya séyem bikin 0 encamé bi ya duyem re
kom bikin:

x =1 100 1
y =2 010 2
z=3 00 1 3
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Sistema homojen 0 ya nehomojen

Sistema homojen

Sistemeke ji hevkéseyén xéz ku pékhateya wé ya neguhér sifir e,
0

ango matrisa pékhateyén neguhér B = lol = 0 0 hevkéseya wé ya
0

matrisé bi vi awayiye A.X =0,
matrisa wé ya berfirehjieve H=[4 : 0]

Sistema nehomojen

Sistemeke ji hevkéseyén xéz ku pékhateya wé ya neguhér ne sifir
by

e, ango matrisa pékhateyén neguhér B = lbzl 0 hevkéseya wé ya
by,

matrisé bi vi awayiye A.X =B,
matrisa wé ya berfirehjleve H=[4 : B]

Teori 1. (sistem nehomojen e)

Eger I sistemek be hejmara hevkéseyén wé m, hejmara
nenasan n 0 matrisa wé ya berfiren H =[A : B] be.

» Em matrisa berfireh li awayé rézkiri ya matrisa
gatjimaran vegerinin.

» Eger di matriseke rézkiri A de r hejmara endamén
yekem be.

> Eger di matriseke berfireh H de ' hejmara endamén
yekem be, ligoriku r’' > r

WEé demé sé rews hene;

1) r =r' = n careseriyeke tené ya sistemé heye.
2) r =r' <n hejmarek bé dawi ¢careseriyén sistemé hene.
3) r # r' sistem careser nabe.
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Teori 2: (sistem homojen e)

Eger I sistemek be hejmara hevkéseyén wé m, hejmara
nenasan n O matrisa wé ya berfireh H =4 : 0] be.

Li gori teoriya yekem her tim r = r'  li gori vé, tené du rews
hene;

1) r = n careseriyeke tené ya sistemé heye ew ji ev e;
X, =Xx, =+ =x, =0 jé re careseriya sifir té gotin

2) r < n hejmarek bé dawi ¢careseriyén sistemé hene @
hejmara nenasén wé n — r ye.

Tébini:

1) Careseriya sistema homojen her tim heye, ji ber ku
(0,0, ...,0) careseriya weé ye.

2) Eger hejmara hevkéseyan m ji hejmara nenasan n
bichktir be, wé demé hejmarek bé dawi ji ceareseriyan
heye.

Minak 1:

4x—y+3z=0
3x+y+z=0
ku hejmara hevkéseyan m = 2 bicdktir e ji hejmara nenasan n = 3

Minak 2:

Hejmara careseriyén sTstema{ bé dawi ye, ji ber

2x+3y—z=0
Sistema {3x — 1y + 2z = 0 tené careseriyke wé heye.
x—2y+4z=0

2 3 -1
Matrisa gatjimaraneve |3 -1 2
1 -2 4
1 -2 4
Em guhertinaR; & R; |3 —1 2 | ¢ékin.
2 3 -1
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1 -2 4
Em guhertinén —3R; + R, > R, U4 —2R; + R3; = R3 \0 5 —10]
0o 7 -9
cékin.
) 1 -2 4
Em guhertina TR=R (0 1 -2 Gékin.
0o 7 -9
1 -2 4
Em guhertina —7R, + R3 > R; [0 1 —2| ¢ékin.
0 0 5

Em dibinin ku r = n =3 0 li gori vé careseriyeke tené ya sistemé
heye ew ji carseriya sifir e.

Awayé Gaus di ¢areserkirina hevkéseyén xéz A.X = B

Eger I sistemek be hejmara hevkéseyén wé m, hejmara nenasan
n (0 matrisa wé ya berfireh H =[4 : B] be.

» Em matrisa berfiren H =[A : B] vegerinin li ya rézkirt H'
» Eger di matriseke rézkiri A de r hejmara endamén yekem be.
> Eger di matrisa H' de r’' hejmara endamén yekem be,

Li gori van;

1) r # r’ Di matrisé de rézeke bi awayé 0 = ¢ (c # 0) diyar dibe
0 sistem careser nabe

2) r =r' wé demé em sistema hevkéseyén matrisa berfireh H'
dinivisin, em encama sistema hevkéseyan bi riya bicihkiriné ji
jér ber Dbi jor ve careser bikin, du rews hene;
a) Dema ku r =1r' =n careseriyeke tené ya sistemé heye

b) Lé demaku r = ' < n hejmarek bé dawi ji careseriyan heye.

Minak 1:

Hevkéseyén li jér li gori awayé Gaus careser bike.
x+2y+3z=9

2x—y+z=8

3x—z=3
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Caresert:

Destpéké em matrisé binivisin.

1 2 3 i 9

2 -1 1 : 8

3 0 -1 : 3

Em karanina —2R; + R, = R, pék binin:
1 2 3 i 9

0 -5 5 : —-10

3 0 -1 : 3
Em karanina —3R; + R; — R; pék binin:
1 2 3 i 9

0 -5 5 : —-10

0 -6 —-10 : -—24

Em karanina _?1R2 - R, pék binin:

1 2 3 & 9

0 1 1 : 2

0 -6 —-10 : -—-24
Em karanina 6R, + R; = R; pék binin:
1 2 3 : 9

o1 1 : 2

0 0 -4 : -12

Em karanina _TlR3 — R pék binin:

1 2 3 ¢+ 9
01 1 : 2
0 0 1 3

Wek em dibinin ku r = r' = n careseriyeke tené ya sistemé heye

x+2y+3z=9
ytz=2
z=3

Em nirxé z di hevkéseya duyem de bicih bikiny +3 =2=y = -1



BIRKARTD AMADEYT 3

Pistre em nirxé y 0 z di hevkéseya yekyem de bicih bikin

x+2(-1)+33)=9=>z=3

x=2 ,y=-1 , z=3careseriya her sé hevkéseyan e.
Minak 2:

Hevkéseyén li jér li gori awayé Gaus careser bike.
x+2y+3z=6

2x —3y+2z=14

x+y—z=-2

Caresert:

Destpéké em matrisé binivisin.

1 2 3 6
2 -3 2 14
31 -1 =2

Em karaninén li jér pék binin:

[1 2 3 6
—2R,+R,»R, = |0 -7 -4 2

3 1 -1 =2

[1 2 3 6
_3R1 + R3 - R3 = O —7 _4 2

0 -5 —-10 -20

(1 2 3 6
R, & R, = |0 -5 —-10 -20

0 -7 —4 2
— 1 2 3 6
—R: >R, = lo 1 2 4

0 -7 —4 2

[1 2 3 6
7R, +Rs >Ry = |0 1 2 4

0 0 10 30

[1 2 3 6

0 0 1 3
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x+2y+3z=6=>x—-4+9=6=>x=1
yV+2z=4=y=—6+4=-2

z=3

x =1, y=-2, z= 3 gareseriya her sé hevkéseyan e.
Minak 3:

Hevkéseyén li jér li gori awayé Gaus careser bike.
x+y+z=1

2x —2y—2z=3

2x+y+z=3

Caresert:

Destpéké em matrisé binivisin.

1 1 1 : 1

2 =2 =2 i 3

2 1 1 : =2
Em karanina —2R; + R, — R, pék binin:
1 1 1 1

0 -4 —4 : 1

2 1 1 =2

Em karanina —2R; + R; — R; pék binin:

1 1 1 : 1
0 4 —4 : 1
0O -1 -1 : —4

Em karanina R, < R; pék binin:

1 1 1 : 1
0O -1 -1 : -4
0 -4 —4 : 1
Em karanina —4R, + R; = R pék binin:
1 1 1 : 1
0 -1 -1 : -4
0 O o : 17
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Wek em dibinin ku r = 2,r" = 3 0 hevkése bi awayé 0 = 17 ango
careseriya sistemé nine.

Minak 4:

Hevkéseyén li jér li gori awayé Gaus careser bike.
x+y+z=5

2x—2y+3z=4

3x—y+4z=9

Caresert:

Destpéké em matrisé binivisin.

1 1 1 : 5
2 =2 3 i 4
3 -1 4 9

Em karanina —2R; + R, — R, pék binin:

1 1 1 : 5

0 -4 1 : —6

3 -1 4 : 9

Em karanina —3R; + R; — R3 pék binin:
1 1 1 : 5

0 -4 1 : —6

0 -4 1 : —6

Em karanina —R, + R; = R3; pék binin:
1 1 1 : 5

0 -4 1 : —6

0O 0 0 : O

Wek em dibinin ku r=1r"=2 0 n=3 hejmarek bé dawi
careseriyén sistemé hene.

x+y+z=5 Q)
—4y+z=-6 (2)
Em ya (2) bi riya bicihkiriné bi nigsana nenasé y careser bikin.

z =4y — 6 emdi (1) de bi cih bikin x = =5y + 11
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Komika gareseriyan ev e;

S={(x,y,z) ER%x=-5y+ 11,z = 4y — 6}
={(-5y+11,y,4y — 6):y € R}
Minak 5:

Hevkéseyén li jér li gori awayé Gaus careser bike.

x+2y=0
2x—y =0
x+y=0
Caresert:

Destpéké em matrisé binivisin.

1 2 0

2 -1 0

1 1 0
Em karaninaR; — R; - R; O R, — 2R, - R, pék binin:
1 2 0

0 -5 0

0 -1 0
Em karanina R; — R, — R3 pék binin:
1 2 0

0 -5 0

0 0 O

Wek em dibinin ku r = n = 2 careseriyeke tené ya sistemé heye,
ew ji careseriya sifire,x=0 0 y=0

Minak 6:

Hevkéseyén li jér li gori awayé Gaus careser bike.
3Ix+4y—-—z=0

2x+y+z=0

x+4y—-3z=0
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Caresert:

Destpéké em matrisé binivisin.

34 -1 : 0
2 1 1 0]
1 4 -3 : 0

Em karanina R, < R; pék binin:
1 4 -3 : 0]

21 1 + 0
34 -1 : 0

Em karanina—2R; + R; = R; U —3R; + R; — R pék binin:

1 4 -3 : 0
o -7 7 + 0
0 -8 8 ¢+ 0

Em karanina —%RZ - R, 0 —%R3 — R;pék binin:

1 4 -3 ¢ 0
01 -1 : 0
01 -1 : 0

Em karanina—R, + R; = R pék binin:
1 4 -3 : 0
0O 1 -1 : O
0O 0 0 :: 0

Wek em dibinin ku r =2 < n hejmarek bé dawi careseriyén
sistemé hene.

x+4y—-3z=0 (2)
y—z=0 (2)
Em ya (2) bi riya bicihkiriné bi nisana nenasé z careser bikin.
y =z emdi (1) de bi cih bikin x = —z
Komika careseriyan ev e;
S={(x,y,2) ER3:x =—z,y =2z}
={(-z2,z2) € R}
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Hinkirin:
Hevkéseyén li jér careser bike.

x+y—z=0

3x+2y—z=4
a){
2x+y+2z=10

x—y=7
b) {x+y=3
6x —2y =11
©) 17x -9y = —4
4x —4y =8
d {2x-7y =11
3x—13y =24

x+y+2z—5w=3
e) 2x+5y—z—9w = -3
2x+y—z+3w=-11
x—3y+2z+7w=-5
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PIRSEN BESA HEFTEM

1) Matrisén rézkirf ji matrisén jér pék bine.

[1 1 1

4 4 6
Azi_ls _11 , B=[2 -2 —4]
1 0 o 3 12 15
2 =2 0
2 -1 2 19 11 3 -1
C_.z -1 -2 -1l D_3—4 5
2 1 0
0 -2 0 8 6 2 -1 5
E=|4 0 6 12 8|, F=|3 -2 6
4 5 6 -5 -1 1 4 0

2) Hevkéseyén li jér li gori awayé Gaus careser bike.
a) 4x+3y=-6
S5x—y=2

x+y+z=1
b) 2x—-2y—-2z=14
2x+y+z=-2

x+y+2z+3w =13
C) 2x—2y+z+w=14
Ix+y+tz—w=-2

xX+y+z=6
d) 3x+2y—z=4
3x+y+2z=11

e) x—y+3w=1
4x — 6y + 5z = =2
6x —y+4z=-1

f) 3x—4y—-2z=5
x+y+2z=28
3) Hevkéseyén li jér li gori awayé Gaus careser bike.
a) x+y=2
5 +6y=9
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4)

b) 4x-3y=-3
2x—5y=9

x+3y+z=4%
C) 2x+2y+z=-1
2x+3y+z=3

S5x+3y+2z=4
d) 3x+3y+2z=2

y+z=5

x+y+z=5
e) x+y—4z=10

—4x+y+z=0

—x—2y—3z=0

fy x+4y+4z4+w=10
3x+7y+9z+w =4
—2x—4y—-6z+w=6

3x+y+4z=0
g) 2x+3y+5z=0
—x+2y+z=0

2x+7y+3z=0
h) 3x+y—-2z=0
4x —3y—z=0

x—2y+2z=0
i) 3x+4z=0
6z—y=0

Komkirina temené du zarokan yeksani temené dayika wan e,
beri 14 salan komkirina temené her du zarokan yeksani nivé
temené dayiké bd. Eger yek ji zarokan bi du salan ji yé din
bicOktir be, temené her du zarokan 0 dayika wan bibine.



BESA HESTEM
HEJMAREN KOMPLEKS

1) Analiza pir pékhate
2) Girafika hejmarén kompleks
3) Hejmarén kompleks awayé bihéz
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Zagona dupékhate ya Newton

Newton ji bo vekirina pirpékhateya ji héza n ber bi komkiriné ve

nivisandiye.
n
(x+a)"=z (i)xkan*
k=0
Minak:
(@atb) = a . b
(atb’ = a° b’

1 2 1
1 3 3 1
14 6 4 1
1 510 10 5 1
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ANALIZA PIR PEKHATE

Destpéké em komkia hejmarén kompleks bibir binin.
Hejmarén kompleks bi vi awayi tén naskirin:
C={z=a+bi: aeRbeR}

a : Besa rast e, sembola wé R, (Z) ye.
bi : Besa dimen e, sembola wé I,,,(Z) ye.

Sembola komika hejmarén kompleks C ye.

Hézén i
i2=-1,i3=—i,i*=1,i>=i,i°=-1,i"=-i,i® =1
Bi awayeki gisti: i*"* = 1, "1 = "2 = —1 ("3 = . neN

Hevjimaré hejmara kompleks

Eger z=x+iy hejmara kompleks be wé demé z=x-iy

hevjimara wé ye, li gori vé:

z.Z=x*+y? = |Z|=\/ﬁy2

Minak:

Eger z; = 3 + i, z, = 3 — i du hejmarén kompleks bin.

1) z, + 2y, z; — 7, 2.2, bibine.

2) Tekez bike kuz; =z, ( — bibine.

2

3) |z4] O |z,| bibine.

Caresert:

1) z7+2z,=@B+i)+(3-i)=6
z1—2,=0B+i)— 3 —-i)=2i
21.2,=0B+0).3-0)=9-3i+3i—i2=10

2) z;=3+i=2z1=3—-i=2
z _3+i_ B+D? B+ _9-1+6i 4 3
z, 3—-i (B-)@B+i) 10 10

i

199



200

BIRKARTD AMADEYT 3

3)

:Z::g} = |z;| = |z,| wek té ditin diréjahiya her du hejmarén

hevjimar heman e.

Tébini:

a) Eger z = z wé demé z hejmareke rast e.
b) Eger z = —z wé demé z hejmareke dimen e.

c) Eger |z] =1 wé demé Z = %

Analiza pir pékhate

7
L X4

X/

Hevkéseya bi awayé z? = f : B € R du careseriyén wé hene
z = \/E Uz, = _\/E

Eger f < 0 wé demé —f > 0, hevkése bi vi awayé ¢édibe:
z? = —f.i% (1 du careseriya wé hene:

VA =\/—_B.i Q z, =—\/—_.i

Minak 1:

Hevkéseya z2 = 8 du careseriyén wé hene:
z,=2\202,=-2V2

Minak 2:

Ji bo careserkirina hevkéseya z2 + 9 = 0, em destpéké bi vi
awayfi binivisin: z2 = —9 = 9.2 du ¢areseriyén wé hene:
z,=v9.i=3.i0z,=-3.i

Hevkéseya bi awayé z> + bz+c¢=0 : (a,b,c) ER0a # 0
Ev hevkése bi riya A té careserkirin, sé rews hene:
a) Eger A > 0 be, du careseri hene:

-b+VA . -b—VA
Zl = u ZZ =

2a 2a

b) Eger A = 0 be, yek gareseri heye: z, = -
c) Eger A < 0 be, du careseri hene:

Z, = _b’;i;/__ 0z, = _b_zi;/__A ev her du careseri kompleks in.
Minak 1:

Hevkéseya z2 + 2z + 10 = 0 careser bike.

Caresert:

A =-36 = +—A = 6 du careseri hene:

7= R g 43
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7, = —b—zia -A — —2;-6i - _1-3i

Bi awayeki din (bidestxistina dama tam)
z24+2z2+10=224+2z+1+9=(z+1)?2+9
=(Z+1)?-9%=(z+1+(-30))(z+1—-(-30)
=(z+1-3))(z+1+3i)

li vir diyar e du careseri hene:

z1=—1+3i, z,=—-1-3i

Minak 2:

Hevkéseya z2 — 2z + 3 = 0 careser bike.
Caresert:

A = -8 = +/—A = 22 du careseri hene:
_ Th+iv=A _ 2+2V2i _ 1+ 2

Z4 =
1 2a 2
—b—iV=A _ 2-22i .
Zy = = =1-v2i

2a 2
Bi awayeki din (bidestxistina dama tam)

z2—-2z4+43=22-2z+1-14+3=(2z—-1)?+2
=(z—-1)?- 20 =(z—1-2i)(z-1+2i)
li vir diyar e du careseri hene:

2, =1+2i, z,=1—-+2i

% Eger z%2 + bz + ¢ = 0 be li gorf ku a, b, c hejmarén rast
in:
a) Dema ku A > 0; du careseri di komika hejmarén rast
de hene, z, = =28, _ZbVa
2a 2a

b) Dema ku A = 0; yek careseri di komika hejmarén
1)

" 2a

c) Dema ku A < 0; du c¢areseri di komika hejmarén
—b+ivV-A _ —-b-iV-A

1Z2_

rast de heye, z; = z,

kompleks de hene, z; =

2a 2a
< Eger z? + bz + ¢ = 0 hevkéseyek be 0 z;, z, du
careseriyén wé bin:
zZ2+bz+c=a(z—2z)(z—2,)
=a(z? — (z1 + zp)z + z,. 2,) li gori vé:

-b c
zl+zz=7,zl.22=;
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Minak:

Pirpékhateya z2 + 4z + 7 analiz bike.
Caresert:
Em destpéké hevkéseya z? + 4z + 7 = 0 gareser bikin.

A= —12 <0 = +—A = 2+/3 du careseri hene:
_ Thiv=A _ —4+2V3i 2 43

1™ 2a 2
—-b—-iv-A —4-2v3i . . A A
Z, = Zla = 2\/—1 = —2—+/3i ligorivée

22+ 4z+7=(2Z+2-V3)(z+2+V30)

Bi awayeki din (bidestxistina dama tam)
z24+4z+7=2z>+4z+4+3=(z+2)*+3

—(z+2)?2—-3i%= (z+2+(—\/§i)) (Z+2—(—\/§i))
=(z+2-V3)(z+2+30)

Her du kokdamén hejmara kompleks z = a + bi bi awayé cebri
Eger w? = z be, wé demé; w kokdama z = a + bi ye.

Eger t kokdama hejmara z be, li gori vé;

t+w)(t —w=t?—-w?>=t?-2z=0
wédemét=wyant=—-w

Em kokdamén hejmara z = a + bi bibinin;

Eger w = x + iy : x,y € R kokdama hejmara z = a + bi be
w'=z& (x+iy)® =a+bi

x% —y% + 2ixy = a + bi li gori vé diyar e ku;

2xy=b 0 x>—y%=aqa

Ji bo hésanikirina ¢careserkirina van hevkéseyan, em dikarin sadé ji
hevkéseya séyem ya ku ji w? = z encam dibe bibinin.

w?=z & |w? =|z| ® x? +y? =Va? - b2
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Bi vi awayi ditina nirxén x O y bi ¢careseriya her sé hevkéseyén li jér
cédibe.

x2—y?=a (1)
x?+y?=+aZ —p? )
xy =2 (3)
Minak 1:

Her du kokdamén hejmara z = 3 + 4i bibine.
Caresert:

Eger w = x + iy kokdama hejmara z be, li gori vé;

x?—y?2=3 (1)
x2+y%2=5 (2)
xy =2 ®3)

Bi gareserkirina hevbes ya her du hevkéseyén (1) G (2) té ditin ku
x2=4 =>x€e{-2,2} li gorf v&; y?=1=ye{-1,1} 1é li gori
hevkéseya (3) xy > 0 ango divé her du bi heman hémayé bin, wé
demé (x,y) = (2,1) yan (x,y) = (=2, —1) e.

Her du kokdamén hejmara z =3 + 4i evin
a;=2+i 0 a,=-2-1i

Minak 2:

Her du kokdamén hejmara z = 4 — 2v/5i bibine.
Caresert:

Eger w = x + iy kokdama hejmara z be, bi sGdwergirtina ji her du
wekheviyén (x —yi)? =z 0 x% + y? = |z| té ditin ku;

x2—y?=4 (1)
x2+y%2=6 (2)
xy = —/5 3)
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Bi komkirina her du hevkéseyén (1) 0 (2) té ditin ku 2x% = 4

Yek ji careseriyén hevkéseyé x =+/5 e, em di (3) bi cih bikin,
li gori vé; y = —1 wé demé her du kokdamén hejmara z ev in;
a)1=\/§—l 0 a)2=—a)1=—\/§+i
Hinkirin:
1) Tekez bike ku;

d) a-n*, a-n*_ o

i
1+i 1-i
1 1 6+17i

(1-02 ' (2+D)2 50
HHA-DA-i>)a1-i3)=4

2) Hevkéseyén li jér careser bike.
a)9z2+4=0
b)z2—2z4+2=0
c)z2—4z+9=0
d)zZ2=-12

3) Her du kokdamén her hejmarf ji yén li jér bibine.
Q)z=1+i

e)

b)z=1—+/3i
C)z=2i
d)z=1-45i
e)z=5—-12i
f) z =32i

4) Pir pékhateyén li jér analiz bike G bi awayé faktorén ji pileya
yekem binivisa.
a)zZ+z+1
b) 222 +z + -
c)3z%+z+ %
d) 8z3 + 27

5) Eger a, b G c hejmarén rast bin, z; ¢areseri be, li gori rewsén
li jér hevkéseyé bi awayé az? + bz + ¢ = 0 binivise.

a)lei
b)Z]_:S_i
C)Z1=ﬁ+3i

4
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GIRAFIKA HEJMAREN KOMPLEKS

Weéneya hejmara kompleks

Li gori hevsengiya M(x,y) »z=x+1iy,

em dikarin di

kordinata homojen (0,1,7) de her xala M(x y) bi hejmara komplek

z = x + iy ve giré bidin.

Di kordinata homojen (0,7,)) de her y y

xala M(x,y) tirek beramberi wé

heye ku OM=x.i+y.j , bi

awayeki din tira OM =x.T+7v.] L

beramberi hejmara kompleks z = 7]_

- A

x+iy ye. ji OM re weéneya ‘9“ , x

hejmara kompleks z té gotin. ol T «x

Minak:
SIS MENE z;=—3+4+2i z 1 Z3 = z 1—-4
kompleks 1 : 2™ 3= 1 4 !
Weéneya wé
wek xaleka A(=3,2) B(1,0) | c(0,1) D(1,—4)
Weéneya wé| — vl Ll = |l = - .
wek tireki OA=-31+2] | OB=1| 0C=j | OD=1—-4

Tegaleya kompleks

DS

% Her hejmara kompleks z

XX' xala N(x,0) e.

X/
L X4

Her hejmara kompleks z

YY' xala E(0, y) ye.

DS

kompleks té gotin.

x + 0i wéneya weé li ser tewareya

0 + yi wéneya wé li ser tewareya

% Ji teqaleya bi her du tewareyén li jor nisankiri re tegaleya

205



BIRKART AMADEYT 3
Di kordinaté de wéneyén hejmarén kompleks wek tir

Eger z; = x; +iy; 0 z, = x, + iy, du hejmarén kompleks bin.

> OM,(x;,y;) Wéneya hejmara z, =
xi+iy; O OMy(xp,y,) wéneya
hejmara z, = x, + iy, ye.

> 21tz =t x) L+ y) =
Z
OM = (x; + )T+ (1 +¥2)-J

M(xy x5, 91+ ¥2)
M3 (%2, ¥2) oureret™ .

Z,
Z

OM = OM; + OM,  (wéneya z '/

ye)

wéneya komkirina du hejmaran

yeksani komkirina her du wéneyén wan e.
> 7=z = —x) i —y2) =

ZI

OM' = (x; —x)T+ (y1 — y2).J
OM' = OM; — OM, (wéneya 7z’
ye)

"My (x1,51)
A 7
X
Pt t t t t >

Ll
L

wéneya derxistina du hejmaran
yeksani derxistina her du wéneyén
wan e.

> a.z; =axqy +iay,
ON = (ax;)T + (ay1)]
ON = a.0M;,; (wéneya a.z, e)
Em dikarin hevdana hejmareke rast bi tire

ki re di kordinaté de li

stna hevdana hejmareke rast bi hejmareke kompleks re

binivisin.
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Encam:

o Karaninén li ser hejmarén kompleks, li ser tirén wan ji pék
tén.

o Eger dikordinata (0,7,)) de z; = x; +iy; O z, = x, + iy,
du hejmar bin G OM, , OM, wéneyén wan bin, wé demé
7.2 = (x1. %3 + y1.¥2) — L. (x1. Y2 — X2. Y1)

o Egerx;.y, — x,.y, = 0 be, wé demé OM, ( OM, rasténhev
in U bi vi awayi té nivisandin; IM(z;.2,) =0

o Egerx;.x, +y,.y, = 0 be, wé demé OM,; G OM, bi hev re
tik in O bi vi awayi té nivisandin; Re(z;.z,) =0

Di kordinaté de wéneyén hejmarén kompleks wek xal

Eger di kordinata (0,7,j) de z; =x; +iy; 0 2z, =x,+ iy, du
hejmar bin G OM; , OM, wéneyén wan bin.

Diréjahiya parceya rastekanM; M, bi vé zagoné té dayin

MM, = \/(x; — x,)% + (y; —y,)? ev yeksani diréjahiya hejmara
71— Zp = (x; — x3) +i.(y1 — y2) ye ango; M{M, = |M; M,|

Minak 1:

Komika xalén teqaleyé M(z) , wéneyén hejmarén z yén ku
wekheviya |z — 2| = 3 pék tinin, bibine.

Caresert:

Eger M, xala wéneya hejmara 2 be, li gori vé; wekheviya
|z — 2] = 3 nisan dide ku M(z)M, = 3 ango dlrahiya xala M(z) ji
xala M, yeksani 3 ye, komika xalén baziné ku navenda wé M,(2,0)
0 niveskéla wé 3 ye, wekheviyé pék tine.

Minak 2:

Komika xalén teqaleyé M(z) , wéneyén hejmarén z yén ku
wekheviya |z — 1+ 2i| = |z — 3 — 5i| pék tinin, awayé ku nisan
dide bibine.

207



208

BIRKARTD AMADEYT 3

Careseri:

Eger z; =1 —2i 0 z, = 3+ 5i be, her du xalén M; 0 M, wéneyén
wan bin, hevkése bi vi awayi ¢édibe |z — z,| = |z — z,| ango MM; =
MM, komika xalén M yén ku ddrahiya wan ji her du xalén M; G M,
heman e, xalén tewareya rasteka M; M, ye.

Hinkirin:

1)

2)

Eger z; =4 —2i 0z, =1+ 2i du hejmar bin, yén li jér di
kordinaté de xéz bike.

ZL ., Zy o, Z1+zZy , Z1—2Z, , 22y , —37,
Eger xala M(x,y) wéneya hejmara z = x + yi be, hevkéseya
Dikart ya komika xalén M li gori rewsén jér bibine.

a)lz+ 1| =|z—1

b)lz—2+i|=|z—1-3i|

d)(z+2)?*+(z-2)*=4

e)liz—1| =]z + 2|

f) liz+3—=2i| =5
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HEJMAREN KOMPLEKS AWAYE BIHEZ

Eger u = x + iy hejmareke kompleks be, diréjahiya wé yeksani yek
be lu| =1 < x% + y2 = 1, li gori v&; hejmarek rast heye 8 ku x =
cosf O y =sinf péktine, wé demé em dikarin bi vi awayi binivisin
u=cosf +isinf

Eger 6 hejmarek rast be, hejmara kompleks u = cos 8 + isin 8 bi
awayeé e té nivisandin 0 navé wé i dibe awayé bihéz yé u .

Encam:

= el=0) = 70 = cos(—0) + isin(—0) li gori vé;
e =cos@ —isinf ango e~ = (eif)

= sin@ =IM(e®) , cos8 = Re(e?)

» Demkuf=0hbe;e®=cos0+isin0=1

= Diréjahiya her hejmara kompleks ya yek, yeksani vaji G
heviimarawéye |z| =1 &z = % li gori vé;
e% = (eie) = el

= —e® =—_(cosf —isinf = cos(f +m) +isin(@ + ) = e!+M

Girafika hejmara kompleks u = e

Di kordinata (0,1,)) de
hejmara u = e*® bi xala p(u) ya i
ser bazineki niveskéla wi yeksani el?
yek 0 navenda wi 0 vye té
nisankirin, tira 7 @ niveskéla Op
giraca 6 pék tinin.

»
>

v

\ 4
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Xala M(u) ya ku hejmara 4
u=e "% nisan dike, hemaliya W
xala p(u) li gorf tewareya XX’ e. 3
Lé xala N(—u) ya ku hejmara
u = '@+ nisan dike, hemaliya o, >
xala p(u) I gori navenda
kordinaté ye.
N(—u) M)
Minak
T 3.
a) e’™=1,e2' =i, e =-1,ez2' = —i
b) B4li=ed
2 2
31
c) SR LY
2 2
4TT,
d) es'=—=— AEN
2 2
e) e s = B
2 2
f) gol=_¥3_1
T2 2
I Nz Wz,
g) e -5 5t
27,
hy exi=—24+2
2 2

Xalén P, yén ku hejmarén z, = el6+3) .
k €{0,1,2,3} nisan dike, dibin goseyén
dama ku eskélén wé di navenda kordinaté
de hevbirin in.

, 2km
Xalén P, yén ku hejmarén z, = el(9+T) :

ke{0,1,2,3,..,n—1} nigsan dike, dibin

Po

\u

6
>
%Z
3

n
»

goseyén pirgoseya bi n kenar ya ku baziné men di goseyén wé re

derbas dibe.
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Zagonén Euler

Em dikarin réjeyén ségoseyi yén her hejmara rast 6 wek hejmara
compleks bi vi away?t binivisin:

e® =cosO +isinf ,e " =cosd —isinh

elfe—i0

Bi komkiriné em dibinin cos @ = >

elf_e—i0

U bi derxistiné em dibinin sin @ = —

Ji van her duyan re zagonén Euler té gotin

Hevdan O parvekern

Eger 6, ¢ du hejmarén rast bin, wé demé

el® el = (cos @ + isinB)(cos @ + isin @)

= (cos6.cos@ —isin@.sin @) + i(sinf.cos @ + cos O .sin @)
=cos(6 + @) +isin(8 + @) = e!@*9) |i gori vé;

el ei# — @i(0+9)

Eger 0, ¢ du hejmarén rast bin, wé demé

i0

€ i 1 — ol0 pmig — pif-ip _ oi(0-0)
el et
Encam:

1) Eger 8 = ¢ be, wé demé (e'%)? = 2%
2) Bigisti ()™ = " (n € N)

Zagona De Moivre

(cos8 + isinB)" = cosnb + isinnb
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Minak:
(? - i%)24 = (cos (— %) — isin (— %) )24

_n . - _n — _ _ Il - _
= CoS (24>< ?) — isin (24>< ?) = cos(—4m) — isin(—4m)
=140.i=1
Minak:

V2 \/E 22 3 .. (37 22
<—7+l7> = (COS (T>+1511’1<T>>
3 o 3 T S 1
= cos (22>< T) + isin (22)( T) = cos (E + 167r) + isin (E + 167‘[)
=0+1.i=i
Karaninén hejmarén kompleks di ségoseyan de
1) Ditina réjeyén ségoseyi yén qatén qracé bi nisana réjeyén
ségoseyi yé gracé, bi alikariya hejmarén kompleks
Minak:
réjeyén ségoseyi yén giraca 26 bi nisana réjeyén ségoseyi
yén giraca € binivise.
caresert:
Li gori zagona De Moivre: (cos 8 + isin0)? = cos 20 + i sin 26
cos 20 + isin 20 = cos? 0 + 2icosOsinf + i?sin? O
= (cos? 6 —sin?0) + i (2sin 6 cos )
Bi yeksanikirina her du besén rast di her du aliyén wekheviyé,
em dibinin ku cos 26 = cos? 8 — sin? 6
pistre em her du besén dsmen yeksani hev bikin, em dibinin
ku sin 26 = 2 cos 8 sin 0
ji bo ditina tan 26 :

sin260 _ 2cosfsinf

tan2¢ = cos26  cos20-sinZ 0
2tanf@ A . 2 .
tan 260 = g (me par G paran li cos“ 8 parve Kkir)

2) Guhertina réjeyén ségoseyi yén bi awayé sin™ 6 yan
cos™ 6, bi awayé komkirina réjeyén ségoseyi yén gatjimara
giraca 6.
Minak:
cos? 6 bi awayé komkirina réjeyén ségoseyi yén qatjimara
giraca 6 bibine.
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caresert:

0. —iox3
elfte—i0 1 i —_ig\3
cos36=( ) =—(e'? +e7%)
2 8

Li gori zagona (dupékhate ya Newton)
COS3 0 = %(ESie + 3e2i9e—i0 + 3eioe—2i0 + e—3i0)

3pg_ 117,30 -3i0 i0 -i6
Cos® 6 = —[(e%® + e73) + 3(e” + &7*)]
cos3 6 = %[2 cos 36 + 6cos ] (li gorf zagona Euler)

= lcosSé? +3c050
4 4

Teort:
Eger 6 hejmarek rast be, komika ¢areseriyén hevkéseya
e!? + 7% (yanenasé wé ¢ ye) ev e {0 + 2nk: k € 7}

Hejmara kompleks bi awayé bihéz

Her hejmara kompleks z # 0 dema ku diréjahiya wé yeksani 1 be
wé demé Ij_l , li gori vé; hejmarek rast 6 heye ku |z—| =e % 0 em

dikarin bi vi awayi binivisin z = |z|e?® O eger r = |z| > 0 be wé
demé z =re'® jé er awayé bihéz yé hejmara kompleks 0 0
giraca hejmara kompleks té gotin.

Her hejmara kompleks z = x + iy bi vi awayi té nivisin

z=religoriku r = |z| = \/x2 + y2

0 pi0 — X : y ~ . .
LG NrZee) + l\/x2+y2 & em dizanin ku

e = cos@ +isind
Weé demé cos @ == ( sinf =2

|z| ||

Minak1:

Hejmara z = /3 — i bi awayé bihéz binivise.
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Caersert:

r=lzl=x2+y2= [(V3)2+12=V3+1=4=2
cosezizﬁ a sin6=_—1|igorTVé9=_—n
|z 2 2 6

Awayé bihéz z = 2¢”%

Minak2:

Hejmara z = —2 + 2i bi awayé bihéz binivise.

Caersert:

r=lzl=yx2+y2 =22+ (2)?*=V4+4=V8=2V2
=X _2_1 g sing=2=>—Lligoriveg=23"

COSG_|z|_z\/E_\/E a sm@—|Z|—2\/E—\/Ellgor|ve9—4

.31
Awayé bihéz z = 2v2e'+
Hevdan U parvekirina du hejmarén kompleks bi awayé bihéz
Eger z; = e’ 0 z, = r,e'? du hejmarén kompleks bin

1) 2.2, = re. 1,8 = 1y, (e%.e') = 1,1, e+

Zq riet® r el eio r el®-9) 4 i(0-)
gy A-ne’ _n erer? _m 77V _n,

Zy ryet® r, e e ¥ T 1 T
Tébéni:

Eger z = re®® hejmareke kompleks be,
weé demé z" = r"e'?

Girafika hejmara kompleks z = re®®

Di kordinata (0,7,)) de hejmara u = e bi xala p(z) ya li ser
bazineki niveskéla wi yeksani r (. navenda wi O ye té nisankirin,
tira i O niveskéla Op giraca 6 pék tinin. Eger z;, = r,e®® 0z, =
r,e'? du hejmarén kompleks bin, em hejmara z = z,.z, =
r11,e'0*9) Bi awayi li jér xézdikin.

Z1-Z

A A

’ o6
-
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Minak1:

Hejmara z = % bi awayé bihéz U bi awayé cebri binivise 0 pistre
réjeyén ségoseyi yén giraga % bibine.

Caersert:

bi awayé bihéz

V3—i=2e% ,1—i=+2e%

bi awayé cebri

V3—i (3-0DA+i) V3+1+H3-1i V3+1 +3-1.

T T Ta-oa+y 2 T R
ji bo ditna cos— a smE
\/_+1 V3-1, _ LS

+— —z—\/f(cos +LSln12)

1 1 .
\F+ —\/_cosln—2 u‘/— —\/fsm%ﬁ

T V62 . .o V62
COS — = Sin— =
12 4 12 4
Minak2:
Eger z 141”\/_ hejmarek be, (z)*® bibine.
Caersert:

Par 1+ iV3 = 2es

Paran 1+ i =+2e's

’IT

o 48 48 '
(2)*8 = =) = (ﬁelu) _ 924 4T _ 24

VZe'z

215



216

BIRKARTD AMADEYT 3

Kokén hejmarén kompleks yén ji pileyan

Eger z, = rye'® hejmareke kompleks be, ji komika hejmarén
kompleks yén ku z" = z, pék tinin re kokén ji pileyan yén vé
hejmaré té gotin.

Eger z = re’® yek ji wan kokan be, li gori vé r"e™f = r,eif weé
demér™ =r,
nf = 6, + 2nk (keZ)

r="%r (k€ Iigoeru9=9—Tf+%

zagona gisti ya kokan
.00 2mk
z=we ="l e!& ) (k€{0,1,2,..,n—1})

Minak:

Eger z = —4v2 + 4+/2i hejmarek kompleks be, Kokén ji pileya
séyem bibine.

Caersert:

Em € z bi awayé bihéz binvisin

r=lz| ={Jx* +y* = \/(—4\/7)2 +(4V2)2=8

-2 A . 2. A A 3
cos0="="2 ¢ sing=2=Ljigorive g ="
r 2 r 2 4

.31
Awayé bihéz z = 8e'+
Kokén ji pileya séyem ev in
3 l(E+ﬂ)
Z=Ww, =V8e 4" 3 (k €{0,1,2})
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a

Demak =0 = w, = 2e's

. T 2T
Dema k=1 =w, =2e'G"3) =

.11m

2e‘ 12 w1
0 - -
. E+4_TE) > »
Dema k=2 =w, =2e'G"3) =
2ei119_2”
Awayeé li kéleké girafika van kokan di w0,

kordinaté de nisan dike, té ditin ku
her sé xalén kokan ségoseyeke
hemkenar pék tinin.

Minak:

Hevkéseya z° + 1 = 0 di komika hejmarén kompleks C de careser
bike.

Caersert:

Eger me hevkése bi awayé z°> = —1 nvisand, wé demé em & Kokén
hejmara —1 yén ji pileya péncem bibinin. —1 bi vi awayi z = " té
nivisandin, li gori vé

Kokén ji pileya 5 an ev in A
(T 271k
z=w, = ¢G*5) (ke(0,1,2,3,4) Wy
LTT
Demak=0 = w, =e's wg
.37
Demak=1=w, =e's W, 0 A -
Demak=2 = w, =e™ = -1
i2E Wy
Demak=3 = wy;=¢es
w3
9T
Demak =4 = w;, =e's

Awayé li kéleké girafika van kokan di kordinaté de nisan dike, té
ditin ku her pénc xalén kokan péncgoseyeke biréklpék pék tinin.
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Pékaninén hejmarén kompleks di geometri de

Eger z U z du hejmarén kompleks bin 0 bi du 4
xalan M(z) G M(Z) di kordinata kompleks de
werin nigankirin wé demé her du xal li gori M(2)
XX' hemali ne. .

0 S
Eger z 0 —z du hejmarén kompleks bin 0 bi M)
du xalan M(z) G M(-z) di 4 ¢
kordinata kompleks de werin
nisankirin wé demé her du xal li gori
navenda kordinaté hemali ne. M(2)

0 S

* M(—z)

Eger z, 0 2z du hejmarén

kompleks bin O bi her du xalén A O B di kordinata kompleks de
nTsankirT bin wé demé xala M ya nivé parceya rastekan AB bi

hejmara Z2=2E t& nisankirin.

Eger z, , zz U z, sé hejmarén kompleks bin 0 bi her sé xalén

A

A B 0 C di kordinata kompleks de nisankiri bin, giraga hejmara
£ 4 ew ferga di navbera giraca hejmara zz — z, (i giraca hejmara

Zc—ZA

— z, de ye O bi giraca BAC té nisankirin.

Encam:

Mercé ku her sé xalén A, B O C li ser heman rasteki bin; divé

hejmara 2224 hejmareke rast be.
Zc—24A

hejmareke dimen @ ne sifir be.

Mercé ku AB O AC bi hev re tik bin; divé hejmara 2224

A
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Minak 1:

Egel' Z1=2+l,Z2=3+2l0 Z3=1+21,
sé hejmarén kompleks bin G bi her sé xalén . .

A(z)) , B(z;) O C(z3) di kordinata | "\ e
kompleks de nisankiri bin, tekez bike ku .

ségoseya ABC di A de tik e. '

Caresert:

Mercé ku AB O AC bi hev re tik bin; divé hejmara =L hejmareke

dimen G ne sifir be

Zy—zy _ 342i—(2+0) _ 1+i _ (A+i)(=1-i) _

Za—zq  142i—(2+i0)  —1+i  (=1+i)(-1—-i)

-1-2i+1 . ¢ B
=1 2 V.

2

Xwiya ye ku encam hejmareke dimen e li ,,

gori vé; ségoseya ABC di A de tik e.

Minak 2:

Eger 2z, =34+i , z,=—-14+50i 0 z3=24+2i sé hejmarén
kompleks bin O bi her sé xalén A(z;) , B(z;) O C(z;) di kordinata
kompleks de nisankiri bin, tekez bike ku hersé xaléen A , B 0 C i
ser heman rasteki ne.

Caresert: .
5
Mercé ku her sé xalén A , B 0 Cli \
ser heman rasteki bin; divé hejmara !
Lzl hejmareke rast be. 3
—41

z,—z, —1+5i—@+i) —4+4i

Z3—2z; 2+2i—(B+i) —1+i "
(—4+4D)(—-1-0)  4+4i—4i+4 0
= = = 4 -2 -1 0 1 2 3 4

(-1+0)(-1-0) 2

Xwiya ye ku encam hejmareke rast e
ligorivé; her sé xalén A , B G C li ser heman rasteki ne.
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Hinkirin:

1) sin® 6 bi awayé komkirina réjeyén ségoseyi yén gatjimara
giraca 6 bibine, li gori encamé, @ [ sin® xdx.

2) Réjeyén ségoseyi yén qiraga 36 bi nisaneya réjeyén
ségoseyi yén giraga 6 bibine.

3) Van hejmarén li jér bi awayé cebri binvise.

a) (1+0)*+(1—0)8
w () -G

0) (—1+i\/§)16 _ (1—1'\/5)8

2 2

d) (1+3i)?
e) (1-—3i)?
f)y (34203

g) (3+4i)(3—4i)

h) 3+i 2—1

2—i 3+i
|) —4+i 2+3i
2+5i 1-i

9
) ()

V3+i . V3-i
K) (\/§—i t G 1)

11
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4) Hejmarén li jér bi awayé bihéz binivise.

2
8,—6,1,9i,1 —i,1+i,1—iV3,1+ V3,
1-iV3
5) Hejmara kompleks z = 11222 6 € ]—gg [ bi awayé bihéz

binivise.

(cos 20+isin20)5
(cos36+isin36)3

6)

bi awayeki sade binivise.
7) Hejmarén li jér bi awayé sade binivise.
T 4isin )4 I 4 isin )6
a) (cos — tisin 12) b) (cos 5, Tisin 24)
8) Eger z = —8 + 8V3i hejmareke kompleks be.

a) z bi awayé bihéz binivise.

b) Her du kokén dami yén hejmara z bibine O girafika wan
Xéz bike.

c) Kokén ji pileya carem bibine, girafika wan xéz bike.
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1)

2)

3)

4)

5)

6)

9)

PIRSEN BESA HESTEM

Tekez bike ku;

2" 4+4=0z-1-Dz-14+DE+1+D(Ez+1-1)
Hevkéseyén li jér careser bike.

a)z2+3z+6=0

b)z?+4z4+5=0

c)2z2—-5z+13=0

d) 4z2+25=0

Van hejmarén li jér bi awayé cebri binvise.

a) 3+6i

b) (11)2 _ 3+6i

2451 2 53'_4i

+51 —ol

) =t

Egerz2 —kz+5=0:k € R hevkéseyek be (i

2 + i careseriya wé be, nirxé k bibine.

cos® O bi awayé komkirina réjeyén ségoseyi yén gatjimara
giraca 6 bibine, li gori encamé, 6 [ cos® xdx.

Eger z; = \/g;i‘/— 0z, =1+i duhejmarén kompleks bin,

Z= ZZ—1 bi awayé bihéz G bi awayé cebri binivise O pistre
1

réjeyén ségoseyi yén qiraca Z—; bibine.

Eger z,=1-i , z,=1+i 0 z3=1+ie" li gori ku

0 €]0, [ sé hejmarén kompleks bin G bi her sé xalén A(z,) ,

B(z,) 0 C(C(z3) di kordinata kompleks de nisankiri bin.

a) tekez bike ku AB eskéla baziné ku di her sé xalén
ségoseya ABC re derbas dibe ye.

b) Eger hejmara iz; bi xala M’ di kordinaté de nisankiri be,
tekez bike ku her sé xaléen M’ , M G B li ser heman
rasteké ne.



GEOMETRIYA ANALI{Z
BESA NEHEM

BIRINEN KOVIKE

1) Parabol
2) Elips
3) Hiberpol
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PARABOL

Eger A di teqaleyé de rastekek be @
F ¢ A di heman teqaleyé de xaleke be, ji ,
komika xalén ku ddrahiya wan ji xala F
yeksani ddrahiya wan ji rasteka A re
parabola té gotin G sembola wé ji P ye.

xézkirina parabol

Em destpékéké rasteka A U xala F ya ku
ne endamé A xéz bikin, pistre em xalén ku
ddrahiya wan ji A 0 xala 4 heman in xéz
bikin, girafika té bidestxistin parabol e.

Taybetiyén parabol

1) Eger P parabol be, M xalek be ji M
P , N xala daxistina tik ya xala M
be, ligorivé M € P & MF = MN N

2) Ji F re niskoka parabol té gotin.

3) Ji Are rastker té gotin.

4) Ji xala V ya ku dikeve nivé
ddrahiya di navbera xala F @
rasteka A de re giré parabol té
gotin.

5) Jirasteka d ya ku di xala F re v F ! d
derbas dibe G li ser A tik e re "
tewareya hemali ya parabol té
gotin.

>
T~

~
<

Hevkéseya parabol a hésan:

Eger A rastekek di tegaleyé de be O F ¢ A xaleke di heman
teqaleyé de be, P parabola ku A rastker 0 F niskoka wé ye.

Eger me kordinatek xéz kir li gori ku navenda kordinaté O li ser giré
parabolé be, tewareya 0OY li ser tewareya hemali ya parabolé be, li
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gori vé F (O, P) O hevkéseya rastkeré A ev e

eger P(x,y) € P &< PF = PP’

Vaz+ (2 —p)t =y (x -0+ (y? +p)?
x*+ (' =p)* = O +p)*
x? +y% —2py +p* = y* + 2py + p* i

x? = 4py
F(0,P)
Té ditin ku hevkéseya asayi ya parabola s
ku giré wé li ser navenda kordinaté ye G
tewareya wé ya hemali li ser tewareya YY’

eve x2=4py

Dema ku p > 0 be, parabol ber bi jor ve vekiri ye.
Dema ku p < 0 be, parabol ber bi jér ve vekiri ye.

Bi heman awayi té ditin ku hevkéseya asayi N
ya parabola ku giré wé |li ser navenda
kordinaté ye O tewareya wé ya hemali li ser
tewareya XX' eve y? = 4py

Dema ku p > 0 be, parabol ber bi rasté ve
vekiri ye.

Dema ku p < 0 be, parabol ber bi ¢cepé ve
vekiri ye.

Her parceya rastekan a ku di niskoka parabolé re derbas dibe
0 her du aliyén wé li ser parabolé ne, jé re jena niskok té
gotin.

Her jena niskok a ku bi rastker re rasténhev be jé re jena
niskok a bingehin té gotin.
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Minak:
Di awayé |li kéleké de jena
niskok a bingehin PQ ye.
F

Q\<

Pl

Hevkéseya parabol ya ku niskoka wé di navenda kordinaté
de ye

1) x? = 4py, niskoka wé F(0,p) e, havkéseya rastkera wé

y = —p O tewareya wé oy e.

2) y? = 4px, niskoka wé F(p,0) e, havkéseya rastkera wé

x = —p U tewareya wé ox ye.

Minak 1:

Niskok O rastkera parabola ku hevkéseya wé y? =
0 pistre xéz bike.

Caresert:

Bi

y? =

hevrakirina hevkéseyé

—12x bi hevkéseya asayi re

em dibinin  ku 4p=-12 =
p = —3 ligori vé

tewareya hemali ya parabol
tewareya ox ye.

Niskoka wé F(—3,0)
Hevkéseya rastkera

wé x =3

parabol ber bi cepé ve vekiri
ye.

diréjahiya jena navendi a
bingehin  4|p| =12 e,

-]

- N W B O O N

—12x be, bibine

o Y4 & b A b lo

oy

parabol di her du xalén (-3, —6), (—3,6) derbas dibe.
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Minak 2:

Hevkéseya parabol a
ku tewareya wé vya
hemali li ser tewareya
YY" 0 giré wé li ser
navenda kordinaté ye,
0 di xala M(4,2)

derbas dibe bibine.
Caresert:

hevkéseya asayi ya
parabolé ev e x? = 4py

MA42)eP=4)’=4p2Q)=>p=2
Li gori vé; hevkéseya parabol ev e x? = 8y

Hevkéseya gisti ya parabola ku tewareya wé bi yek ji tewareyén

kordinaté re rasténhev in

1) Tewareya parabol 0 XX’ rasténhev in.

Eger giré parabol V(x,,y,) , dlrahiya niskok ji rastkeré |2p| be,

tewareya wé (0 XX’
rasténhev bin, wé demé
hevkéseya rastker ev e
x =xy—p 0 niskoka wé
F(xo +Dp,y0) €.

Eger M(x,y)€Ep be, N
xala daxistina M |li ser
rastkera A be, li gori
pénaseya parabol
MeP < MF =MN

N M(x,y)

*V(XO'YO)
F(xo +p,Y0)

J@x —x9— D)2+ (¥ — y0)% = |x — xo + p| bi damkirina her du aliyan:

(x =% —p)* + (¥ —¥0)* = (x — xo + p)?
(Y —¥0)* = (x — %9 + p)* — (x — xo — p)?

(v —¥0)* = (2x — 2x0)(2p)

(Y — ¥0)* = 4p(x — %)
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2) Tewareya parabol G YY' rasténhev in.

Bi heman awayi hevkéseya gisti ya parabola ku giré wé V(x,, y,) e,
tewareya weé bi YY' re rasténhev e, bi vi awayi dibe.

(x — x0)* = 4p(y — ¥o)
Dema ku p > 0 be, parabol ber bi aliyé rasté ve vekiri ye.

Dema ku p < 0 be, parabol ber bi aliyé cepé ve vekiri ye.

Hevkéseya gisti ya parabola ku giré wé ne di navenda
kordinaté de ye

1) (x—x0)* = 4p(y — ¥o), niskoka wé F (xo, ¥, + p) Ye,
hevkéseya rastkera wé y = y, — p 0 hevkéseya tewareya
hemali rasteka x = x, e.

2) (y —v9)% = 4p(x — x,), niskoka Wé F(x, + p,yo) €,
hevkéseya rastkera wé x = x, — p 0 hevkéseya tewareya
hemali rasteka y = y, e.

Minak:

Eger x? + 2x — 8y — 15 = 0 hevkéseya parabol be, gir O rastkera
wé bibine, pistre girafika wé xéz bike.

Caresert:

x? + 2x = 8y + 15 (bidestxistina dama tam)
x2+2x+1=8y+15+1 :
x2+2x+1=8y+16

=8(y+2) o s s 7 \j

(x+1)?2=412)(y+2)

4 lo'la mow

0 2 3 4 5 6 7

TS

& li gori hevkéseya gisti
(x = x0)* = 4p(y — ¥0)

emdibininku p=2,xy,=—-10y, = -2
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giré wé V(—1,—2) G niskoka wé F(—1,0) e, hevkéseya rastkera wé
y = —4 e, parabol ber bi jor ve vekiri ye, diréjahiya jena navendi a
bingehin 4|p| = 8 e, parabol di her du xalén (—3,—6),(—3,6) re
derbas dibe.

Minak 2:

Hevkéseya parabol a ku niskoka wé F(—1,1) G rastkera wé y = 3
ye bibine.

Caresert:

Rastker bi tewareya XX’ re rasténhev eli gori vé; hevkéseya parabol
bi vi awayl ye (x — x¢)? = 4p(y — vo)

Giré parabol di nivé ddrahiya di navbera nGvend 0 raskeré de ye, li
gori vé; pékhateyén ltkeyé evin (—1,+2)

Nirxé p ji bendekeya y, + p = yr té ditin
P=-1
Hevkéseya parabol bi vi awayi dibe
(r+1)? = ~4(y - 2)
Taybetiyén péveka parabol
Eger P parabolek be, M xaleke ji parabolé (G rasteka T di xala

M re derbas dibe, bi pé€kanina her du mercén li jér, Rasteka T
di xala M de dibe péveka parabol.

1) Rasteka T bi tewareya hemali ya parabol re ne rasténhev
e.
2) Parabola P 0 rasteka T di xaleke tené de hevbes in ew ji M

ye.

Rasteka ku bi péveka parabolé re di xala hevbes de tik be, jé
re rasteka tik ya parabolé di wé xalé de té gotin
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Hin taybetmendiyén péveka parabolé

Teori

Eger P parabol be, A rastker, F niskok, V gir, d tewareya
hemali be 0 M xalek ji parabolé be.

1) Eger T péveka P di xala M de be G tewareya hemali d di
xala N de dibire G M’ xala daxistina tik ya xala M be, wé
demé N hemaliya xala M’ ye li gori gir V ye.

Lé péveka P di xala gir VV de tike li ser tewareya hemali d
diV de.

2) T péveka P di xala M de, tewareya hemali d di xala N de
dibire G ddrahya di navbera wé U F de yeksani ddrahya di
navbera F 0 M de, ango FN = FM

\p \ P

\\ ML M \

N\ oF N\
. N
ey /d -
A A
N N

TébinT

Em dikarin bi alikariya darastiné meyla pévek bibinin.

Minak 1:
Eger y? + 2y + 9x — 17 = 0 hevkéseya P be.

1) Hevkéseya P ya asayi bibine.
2) Hevkéseya pévek O ya rasteka tik yén P di xala y = 2 bibine G
wan tevi parabol xéz bike.

Caresert:

1) Hevkéseya P ya asayi
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Bi bidestxistina dama tam, hevkése dibe wek awayé
(y + 1)? = =9(x — 2), bi hevrikirina bi hevkéseya asayi re
(v — y0)? = 4p(x — x,) té ditin ku lGtkeya wé V(+2,—1) e, niskoka

Wé F (—71 —1), tewareya hemall bi tewareya XX' re rasténhev e 0

hevkéseya wé y = —1, hevkéseya rastker av e x = %

de bi cih bikin, li gori vé; té ditin ku

x = 3 U xala pévek M(2,1) ye, bi

darastina hevkéseya parabolé 3
(y+1)2 =-9(x—2) ligorix, té 2
ditin ku 2(y + 1)y, = =9, ;

2) Em y = 2 di hevkéseya parabolé \

bicihkirina y = 2 té ditin ku 3 2 4 o i 5a s
2(2 + 1) m = =9 li gori vé meyla F: \
pévek m = — % , ,

hevkéseya pévek 4
y—yu=m(x —xy) )
bicihkiriné y — 2 = —— (x — 1) )

anji3x+2y—7=0

Minak 2:

Eger y = 4x? + 4 hevkéseya P be, hevkéseya péveka ku meyla wé
m = —8 bibine.

Caresert:

meyla pévek di xala péveké de ev e y, = 8x

m=—-8= —8=28xligoré wé x,; = -1

WE demé xala péveké eve; M(—1,8), 0 jiberkum = -8

hevkéseya pévekeve;y—8=-8(x+ 1 anjiy+8x =0
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sOdgirtina ji parabolé

Taybetiyeke parabolé ya giring
heye, tiréjén ku ji niskoké ber bi parabolé
derdikevin ji ruyé parabolé bi awayeki
rasténhev vedigerin. Weki din tiréjén ku ji
derve bi awayki rasténhev li ser girafika
parabol dikevin, vedigerin O di niskokéké
de kom dibin.

Ev taybeti di gelek am0rén ndjen de té bikaranin, wek teleskop,
radar, ronahiya tirimbélan, satelayt 4 hwd.

Di waré leskeri de sopa bombeyan té naskirin 0 armanca xwe bi
hésani pék tine.
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Hinkirin:

1)

2)
3)
4)
5)

6)

7

Niskok U rastkera parabolén ku hevkéseyén wan li jér in,
bibine G pistre xéz bike.

a) (y+1)?2=-6(x—2) b) (x —1)? = —-4(y + 2)

c)(x+2)2=8(1y+1) d) y? = 4(x — 2)

e)(y—3)2=-20x+2) f(x—-1)*-2(x-2)=0

Hevkéseya parabol a ku niskoka wé F(9,2) e (0 hevkéseya
rastkera wé x = 1ye, bibine.

Hevkéseya parabol a ku giré wé V(2,1) e, rastkera wé
tewareya YY ye, bibine.

Hevkéseya parabol a ku giré wé (1, —2) G niskoka

wé F(1,4) e, bibine.

Hevkéseya parabol a ku di xala 0(0,0) 0 M(—3,—2) re
derbas dibe U hevkéseya rastkera wé y = 2 ye, bibine.
Niskok O rastkera parabolén ku hevkéseyén wan li jér in,
bibine 0 pistre xéz bike.

a)2y’+8y+x+1=0 b)y? -8y —-32x—16=0

c) x?+4x+6y—2=0 d)x2—14x+18y—-5=0

e)y?+2y—12x+1=0 f)y?—4y—-8x+2=0

Eger y? = 4(x + y) hevkéseya P be.

a) ltke, nivek O rastker bibine.

b) hevkéseya pévek D ya di xala M de li gori ku y,, = —2
bibine.

c) Eger péveka D rastkera A di xala H bibire, tekez bike ku
her du parceyén rastekan [FM] (O [FH] bi hev re tik in.

d) hevkéseya D’ péveka din ya ku bi péveka D re tik e,
bibine O xala péveké M’ bibine.

e) tekez bike ku xalén M , M’ , F li ser heman rasteké ne.
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Elips

Ellps komika xalén M yén ku
komkirina ddrahiya wan ji her du xalén
F , F' yeksani hejmara neguhér 2a ye.
(2a diréjahiya eskéla niskoké ye)

Ango M € € & MF + MF' = 2a

Xézkirina elipsé

Em dikarin bi alikariya pénds, du
bizmar G tayeki, elipsé xé&z bikin.
Destpéké em her du bizmaran li ser
kaxezé bi awayé ku ne li rex hev bin bi
cih bikin, aliyeki ta bi bizamereki ve;
aliyé din bi bizmaré din ve giré bidin 1é
divé diréjahiya ta ji darahiya di navbera
her du bizmaran de diréjtir be, bi
péndsé ta bi aliyeki de bisidinin G li
derdora bizmaran bizivrinin.

TébinT:

1) F, F' her du niskokén elipsé ne.
2) A, A’ her du lGtkeyén elipsyé ne.
3) 0’ navenda elipsyé ye.

4) Rasteka di her du niskokan re derbas dibe, jé re tewareya
niskoki yan ji tewareya bingehin té gotin.

5) Rasteka d' ya ku dibe
tewareya parceya rastekan
FF' | jé re tewareya neniskok
yan ji tewareya nebingehin té
gotin.

6) Eger € elips be, F , F' her du
niskokén wé bin, nivé parceya
rastekan FF' dibe navenda
hemaliya elipsé, ji ber ku xala
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hevbirina her du tewareyén d 0 d’ ye.
Hevkéseya elipsé a hésan

Eger navenda elipsé di navenda kordinaté re derbas bibe 0
tewareya niskok ya wé X'0OX be, li gori vé; pékhateyén her du
niskokén wé ev in F(c,0) G F'(—c,0),

li gori pénaseya elipsé M(x,y) € € & MF + MF' = 2a
V-2 + - 02+/(x+0)?+ (- 0)?=2a
Jax =02 +y2=2a—./(x+c)?+y? (bi damkiring)
(x— )2 +y? =4a® —4a\/(x + )2 + y2 (x + )%+ y?
a\/(x + ¢)? + y2 = a® + cx (bi damkiring)

a?((x +¢)? +y?) = a* + 2a%cx + c*x?

(a® — c?)x? + a’y? = a®(a® — c?) (eger b? = a? — c? be)

b%x% + a?y? = a?b? (bi parvekirina li ser b%a? # 0)

T+L =1 ic>a,b>00a®=b?*+c?

Ev hevkéseya elips a hésan e, her du niskokén weé li ser tewareya
X'0X ne G navenda wé di navenda kordinaté de ye.

2
her du latikyeén elipsé A(a,0) G A'(—a,0) lisertewareya X'0X
in.
Em ji parceya rastekan AA' re dibéjén (eskéla sereke yan ji
mezin) G diréjahiya wé 2a ye.

2
e Dema ku y? = 0 be, té ditin ku z— =1 yan jix = Fali gorf v&;

yZ

e Dema kux? = 0 be té ditin ku = =1yanjiy = Faligori vé;
her du lGtikyeén elipsé B(0,b) G B’(0,b) li ser tewareya Y'0Y
in.

Em ji parceya rastekan BB’ re dibéjén (eskéla piglk) G
diréjahiya wé 2b ye.
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Minak 1:
eger £ elipsa ku hevkéseya wé 9x% + 25y? = 225 be, her du
niskok G girén wé bibine 0 pistre xéz bike.

Caresert:

9x% + 25y% = 225 (bi parvekirina li ser 225)

2 2
;—5 + y? =1  evhevkéseya elips e ku navenda wé 0(0,0) e (
a? =25, =9, c?=a?-
b? =16

her du girén li ser eskéla
mezin ev in
A(5,0) 0 A'(-5,0)

her du girén li ser eskéla
bicOk evin B(0,3) G B'(0,—3)

her du niskokén wé ev in F(4,0) G F'(—4,0)

Minak 2:

Hevkéseya elipsa ku her du girén wé (+7,0) , her du niskokén wé
(£3,0) bin, bibine. 1

Caresert: 5]

Li gort agahiyén jor: ]

14

a=70c=3

@
) -8 47 -6 -5 -4 -3 -2 -1

2
0
b?=a%*+c>=49-9=40 N
wé demé hevkéseya wé ev e N
2 2 -

+X =1
40

54
-6

x”
49
Minak 3:

Eger £ elipsa ku hevkéseya wé 12x2 + 4y? = 48 be, her du
niskok 0 girén wé, bibine O pistre xéz bike.
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Caresert:

12x2 + 4y? = 48 (bi parvekirina li ser 48)

x? y2 n N
—t+t5=1ev hevkéseya elipsa ku

navenda wé 0(0,0) e O
a’? =4 ,b>=12, c?*=b*-a*=8

her du giré li ser eskéla mezin ev in

B(0,2v3) 0 B'(0,—2v3)

her du giré li ser eskéla biglk ev in
A(2,0) 0 A'(—2,0)

her du niskokén wé ev in F(0,2v2) 0
F'(0,—2v?2)

Minak 4:

N

Elipsa ku navenda wé 0(0,0), her du niskokén wé F(3,0) @
F'(—=3,0) in 0 di xala M(4,1) re derbas dibe, hevkéseya wé bibine.

Caresert:
Em dikarin bi du awayan careser bikin

Away 1:

MF =./(4—3)2+(1-0)2 =42

MF =/(4+3)2+(1-0)2=5V2
Lé MF + MF' = 2a = 2a = 62 ligori vé a = 3v2
Ji bo ditina hevkéseya elipsé: F(3,0) 0 F'(—3,0) bi vi awayi tén

nivisin F(c,0) 0 F'(—c,0) wé demé navend 0(0,0) e O tewareya
niskok XX’ ye O ¢ =3,b? =a?—c? =9 li gori van; hevkéseya
2

2
elipseeve = +L =1
18 9
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Away 2:

Em dizanin ku hevkéseya wé bi vi awayi ye — + — =1 li gori ku
= b% + ¢?, |éjiberku F'(—3,0) wé demé c = 3 I| gori vé;

a? =b?+9 (1)

U ji ber ku xala M(4,1) li ser 2
girafika elipsé ye, hevkéseya 1

wé pék tine,
ango — + —=1 (2)

Em (1) di (2) de bi cih bikin

b2+9 + — =1 pisti sererastkiriné:

b* — 8b? — 9 = 0 pisti gareserkiriné b? = 9 li gori vé:

a? = 18 hevkéseya elipsé bi vi awayi ¢édibe

2 v

18 9

Hevkéseya asayi ya elipsa ku navenda wé 0(0,0) ( tewareya
wé ya niskok li ser yek ji her du tewareyén kordinaté ye, bi vi
awayi ye

2 2

;+2’—2:1; a 0 b duhejmarén pozitifin 0 a # b ye.

a) Demaku a > b be, wé demé tewareya niskok li ser 0X e,
her du gir li ser eskéla mezin (a,0) G (—a,0) inQ
diréjahiya wé 2a ye, her du gir li ser eskéla biglk (0,b) G
(0, —b) ne U diréjahiya wé 2b ye G her du niskokén wé
(c,0) G (—c,0)inligoriku c? =a? —b% e

b) Dema ku a < b be, wé demé tewareya niskok li ser 0Y ye,
her du gir li ser egkéla mezin (0,b) 0 (0,—b) in{
diréjahiya wé 2b, her du gir li ser eskéla biglk (a, 0) G
(—a,0) in O diréjahiya wé 2a ye G her du niskokén wé
(0,¢) G (0,—c) inligoriku c? = b? —a’e
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Hevkéseya gisti ya elipsa ku tewareya wé ya niskok bi yek ji
tewareyén kordinaté re rasténhev e

Eger 0'(x,,y,) navenda elipsa ku tewareya wé ya niskok bi yek ji
tewareyén kordinata (0, 1,)) re rasténhev be, wé demé hevkéseya
wé bi vi awayi ye:

2 2

Z+¥X =1; a 0 b duhejmarén pozitifin 0 a # b ye.

a? = b2
Lé zagonén guhertina ji sistema 0'(x,, y,) ber bi sistema (0,7,)) ve
evinX=x—-x, QY =y —y,

Li gori van; hevkéseya elipsé di sistema (0,7,)) de bi vi awayi

(x—x0)* | V=y0)* _ ;.
a2° + b;’ =1

¢cédibe
ye.

Hevkéseya elipsa ku navenda wé ne navenda kordinaté ye

a O b du hejmarén pozitifinGa # b

Hevkéseya asayi ya elipsa ku navenda wé 0'(x,, y,) O
tewareya wé ya niskok bi yek ji tewareyén kordinaté re
rasténhev e, bi vi awayi ye.

(x=x0)® | (V=y0)* _ 4 .
a2° + bz" =1:

ye.

a) Dema ku a > b be, wé demé tewareya niskok bi 0X re
rasténhev e, her du gir li ser eskéla mezin (xy + a,y,) U
(xo — a,y0) in G diréjahiya wé 2a ye, her du gir li ser
eskéla bighk (xq,yo + b) U (x9, yo — b) ne G diréjahiya wé
2b ye 0 her du niskokén wé (x, + ¢,v,) O (xg — ¢, y0) inli
gori ku c? = a? — b% e.

b) Dema ku a < b be, wé demé tewareya niskok bi OY re
rasténhev e, her du gir li ser eskéla mezin (x,,y, + b) G
(x9,¥o — b) ne (O diréjahiya wé 2b ye, her du gir li ser
eskéla bighk (xo + a,y,) 0 (xo — a,y,) in O diréjahiya wé
2a ye O her du niskok wé (x,yo + ¢) O (x9,yo —¢) in li
gori ku c? = b% —a’e.

a 0 b duhejmarén pozitifinta # b
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4 0 Yo +b)

¢ o+ 0)

Dema ku a > b be Demaku a < b be

Minak 1:

Eger 4x% — 8x + y? + 4y — 8 = 0 hevkéseya elipseké be, lGtike 0
her du niskokén wé bibine.

Caresert:

Destpéké em hevkéseyé bi riya bidesxistina dama tam vegerinin li
awayé asayi

A4(x?2=2x+ 1)+ (> +4y+4)=8+4x1+4
4x—1)*+(y+2)?*=16

Ji bendekeya dawi té ditin ku navenda elips
0'(1,-2)e,a=vV4=2,b=+16 =418 ji ber
ku a < b tewareya wé ya niskok bi tewareya
kordinaté re rasténhev e 0 hevkéseya wé x =
1 ye, her du litkeyén li ser eskéla mezin (1, 2)
0 (1,—-6) ye, her du latkeyén li ser eskéla biglk
(3,-2)0(—1,-2)e.

Ji bendekeya c?=b%?—-a?=16—-4=12 her du niskok tén
bidestxistin F(1,—2 + 2v3) , F'(1,—2 — 2+/3).
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Minak 2:

Hevkéseya elipsa ku her du niskokén wé F(9,-3) , F'(—7,—3) bin
0 yek ji lGtkeyén weé li ser xala
A(1,-3) bin, bibine.

b

-11-10-9 #8 -7 6 -5-4-3-2-1 |01 2 3 4 5 6 7 8 9 11 12

Caresert:

Hevkéseya tewareya niskok
y = -3¢, li gori vé; ew bi 0X
re rasténhev e (0 navenda elips
0' li ser nivé parceya rastekan
FF' ye, wé demé 0'(1,-3) e,

c=%FF’=8 0 a=04A=10
li gorivan; b? = a? —c? =100 — 64 = 36

@-D* | 043 _ 4

Hevkéseya elipsé ev e. 0 ”

Taybetiyén péveka elipsé

> Eger € elipsek be, d rastekek be G xaleke tené M hevbes
di navbera elips 0 rasteka d de be, wé demé rasteka d di
xala M de péveka elipsé ye.

» Rasteka ku di xala pévek de li ser pévek tik be, jé re
rasteka tik ya elipsé té gotin.

Teori

Eger & elipsek be, F ( F' her de niskokén wé bin, diréjahiya
eskéla mezin 2¢ be 0 M xalek be ji elipsé ne li ser eskéla
mezin be.

1) Péveka d ya elipsé di xala M de tewareya pargceya
rastekan [FM'] e, li gort ku M’ xaleke ji nivrasteka [F'M] ya
ku F'M' = 2¢ pék tine ye.

2) Rasteka tik d’ ya elipsa € di xala M de niskoka hundirin
ya giraca F'MF ye.

242



BIRKARTD AMADEYT 3

Hevkéseya péveka elipsé di xaleké de ji bili xalén gir

Hevkéseya elipsa £ ya ku tewareya wé bi yek ji tewareyén
kordinaté re rasténhev e bi awayeki gisti ev e

(= )

(x=x0)*> | (¥=Y0)*
aZO + bZO

Em dikarin € wek yekgirtina du giraflkan & G &, yén du
fonksiyonan f; G f, yén di navbera [x, — a, x, + a] de li gori her du
bendekeyén li jér bibinin.

y = fi(x) :)’0+b,’1—(x_a%)z
— 2
y = fa(x) :)’o—b,’l—%

Di her du awayén li jér de diyar in.

, ligori vé; <10x € [xg—a,xy+a]

¥ ¥

™ B
/ . 0’(1’h \ 0 0'(1, y

Ixg—a Xo + a x0+a
! .

Té ditin ku her du fonksiyon di navbera vekiri I =]x, — a, x, + a[ de
darasti ne 0 eger M(u, v) xalek ji € be ji bili her du giré (x, + a, yo)
0 (xg —a,yy), wé demé du rews hene:

1) Xala M endamé parceya jor ya € ye, ango M € &, li gori vé;
v=fitu) G uel
ji bo ditina meyla pévek &; di xala M de ango hejmara darasti
M = f/(u) demakux €I

2(x=x0) | 2(f1(x)=y0)fi () -0

- 2 _ 2
& a’;") + (fl(xzzy") = 1 bi darastiné; =——— + =
m = _% _uU=xo
a? v-yo

(ji ber ku M ne li ser giré elipsé ye, té ditin ku v # y, e).
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2) Xala M endamé parceya jér ya € ye, ango M € &, li gori vé;
v=f,(u) Guel
ji bo ditina meyla pévek &, di xala M de ango hejmara darasti
M = f;(u) demakux €l
(x=x0)% | (2(x)=y0)*

= 1 bi darasting;

a? b2
2(x=x0) |, 2(a(X)=yo)fz (x) _
= o) 4 2z bzo 2 =0
m = _%  U=Xo
as v=Yyo

Té ditin ku heman bendeke té bidestxistin, heman encam ji
darastina hevkéseya elipsé pisti veguhertina y wek fonksiyoneke
girédayi bi x ve, té bidestxistin.

Minak:
Eger 25x2 + 9y? + 50x — 36y — 164 = 0 hevkéseya elipseké be.

1) Navend G her car girén elipsé bibine, pistire xéz bike.
2) Hevkéseya péveka elipsé di xala N (% 6) de bibine.

Caresert:

1) 25x2 +9y? + 50x — 36y — 146 = 0 bi bidestxistina dama tam
25(x%*+2x+1-1)+9(y*—4y+4—-4)—164=0
25(x + 1)+ 9(y — 2)% = 164 + 25x1 + 9x4
25(x + 1)2+9(y — 2)2 =225
(x+1)? (y-2)°

5 T 25

Ji bendekeya dawi té ditin ku navenda elips 0'(—1, 2) e,her car
l[tkeyén wé evén (2,2) 0 (-4,2) (-1,7) 4 (-1,-3)
a=2,b=51& ji ber ku a <b tewareya wé ya niskok bi
tewareya kordinaté re rasténhev e U hevkéseya wé x = —1 e,
Ji bendekeya c? = b? —a? = 25—9 =16 her du niskok tén
bidestxistin F(—1,6) , F'(—1,-2)

2) Ji bo ditna meyla pévek m dixala M de, bi darastina
hevkéseya elipsé li gori x, té ditin ku:
50x + 18y y; + 50 — 36 yy = 0, bicihkirina xala N (=, 6) &

thinku40+108m+50—36=0=>m=—%

=1
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Hevkéseya pévek di xala M de eve:y — 6 = —%(x - %)

d:y—6=—%x+7

Cara yekem zanyaré elmani Kepler
(1571-163) nas kir ku gerestérk bi awayé W Garestéik .
elips li derdora roké dizivirin G rok yek ji e
her du niskokén elipsé ye.

sUdgirtina ji elipsé

Taybetiyeke elipsé ya giring
heye, tiréjén ku ji yek ji niskokén wé ber
bi ruyé elipsé ve derkevin, di niskoka
din re kom dibin,

Ev taybeti di tenduristiyé de té
bikaranin, bi taybeti ji bo hdrkirina
kevirén di gurcikan de. Niskokeke
elipsé li ser kevirén di gurcikan de té bicihkirin 0 di niskoka din de
pélén deng yén xurt tén vedan, bi vi awayi pél hema li ser keviran
kom dibin 0 wan disikinin. Weki din di avakirina piran de té
bikaranin.

w _ -
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Hinkirin:

1)

2)
3)
4)
5)
6)

7

Niskok G girén elipsén ku hevkéseyén wan li jér in, bibine O
pistre xéz bike.

(x-1)% | (+4)* _ (x+5)%* | (y—=2)* _
Q)+ =1 b) =+ % =1

2 —_2)\2 —_1)\2
0?4 gy &=L om0y
64 9 4

2 2
) (x—2?+L L =1 NEL+y+12 =1

(x=3)2
c) v +

Hevkéseya elipsa ku her du niskokén wé F(4,0) , F'(—4,0) G
latikek wé A(5, 0) bibine.

Hevkéseya elipsa ku navenda wé 0'(1, —3) e, yek ji niskokén
wé F(5,—3) U niskokeke wé A(6,—3) be bibine.

Hevkéseya elipsa ku her du niskokén wé F(—3,10) ,
F'(—3,—6) (0 diréjahiya eskéla bicik 12 be, bibine.

Hevkéseya elipsa ku di xala N (4, 2/3) re derbas dibe 0 her du
xalén (1,0), (5,0) giré wé ne, bibine.

Hevkéseya elipsa ku di her du xalén (—3,1),(2,—2) re derbas
dibe, navenda wé 0(0,0) e, bibine.

Niskok G lGtikekén elips ku hevkéseyén wan li jér in, bibine G
pistre xéz bike.

a) 4x% + 3y? —16x + 18y = —31

b) 2x2+3y?+4x+6y—1=0

c) 9y? +4x%2+ 36y —24x +36 =0

d)4y? +x2—24y +4x+24=0
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HIPERBOL /

Pénaseya hiperbol digibe ya parabol I li
stna niskokeké, du niskok hene.

Eger F O F' du xal bin di tegaleyé
de be, ji komika xalén ku nirxé tegez yé
ferga ddrahiya wan ji her du xalén F G
F' yén tam pozitif re hiperbol té gotin.
F O F' her du niskokén hiperbol in, i
sembola wé H vye. < i

Xézkirina hiperbolé

Ji bo xézkiriné péwistiya me bi rastkés, du bizmar, ta, kerton
0 pénlseké heye.

Destpéké em her du
bizmaran li ser kertoné di du xalén
cuda de F O F' bi cih bikin, aliyeki
rastkésé li ser xala F’ bi cih bikin,
em tayeKki ji rastkésé kintir bi aliyé
din yé rastkésé ve bikin G aliyé din
yé ta bi bizmaré li ser xala F ve bi
cih bikin, niha bi pén(sé; ta bi ser
rastkésé de tehf bidin heta ku ta
biside 0 pénlsé li derdora F' bizvirinin, bi vi awayi pén(s parceyeki
hiperbol xéz dike. Bi heman awayi em dikarin aliyé din yé hiperbol
bi guhertina cihén rastkés 0 ta di navbera her du xalén F ( F' de
xéz bikin.

Eger H hiperbol be, F O F' her du niskokén wé bin,
rasteka ¢ ya ku di her du niskokan re derbas dibe, jé re
tewareya niskok té gotin, 0 rasteka ¢’ ya ku tewareya parceya
rastekan [FF'] jé re tewareya neniskok té gotin.
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\ ¢
F" 'F 2

/

Eger # hiperbol be, F ( F' her du niskokén wé bin, nivé
parceya rastekan [FF']dibe navenda hemali ya hiperbolé G jé re
navenda hiperbol té gotin O ji parceya rastekan [FF'] re
diréjahiya niskok té gotin.

Hevkéseya sade ya hiperbol

Eger H hiperbol be, F G F' her du niskokén wé bin @
navenda kordinaté li ser navenda hiperbol be, tewareya 0X Ili ser
tewareya niskok be, F(c,0) G F'(—c, 0) be, dlrahiya di navbera her
du niskokan de 2¢ be (diréjahiya niskok).

Eger P xalek be ji H ligori ku 2a =
|F'P — FP| li gori newekheviya di
ségoseya PFF’ de: P

2c = FF' > |F'P — FP| = 2a ango
c>a

Bi pékanina mercé |F'P — FP| =
2a, xala P(x,y) dibe endama H ango;

|[V&x—)2+(—02—/(x+c)?+ (y—0)2| =2a yan;

Vx—c)?2+y?=42a+/(x+c)? +y?

Bi damkirina her du aliyan;

(x—c)?+y?=4a®t4a/(x + )2 +y2+ (x + ) +y* =
+a/(x + c)2 + y%2 = a? + cx careke din bi damkirina her du aliyan
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a’((x +c)? +y?) =a* + 2a%cx + c?x* =

(CZ _ aZ)xZ _ aZyZ — aZ(CZ _ aZ)

Eger b =Vc? —a? be 0 bi parvekirina her du aliyan li ser a?b?

bendekeya li jér té bidestxistin

L_Y=1 :0<b,a<c O a?+b?2=c?

Ev hevkéseya sade ya hiperbol ya ku her du niskokén wé li ser 0X
in 0 navenda wé navenda kordinaté ye.

Her du rastekén néziker yén hiperbol

o R x2 2
Girafika hevkéseya i 1 ya
H ne ya fonksiyoneké ye, ji ber vé
yeké em girafiké li gori her car
carikan parce bikin #; , H, , H3 G
H, wek awayé li kéleké té ditin ku

}[:}[1UH2UH3U%4

Em dest bi ¢arika yekem bikin G
fonksiyona girafika wé #; bibinin.

Navbera vé fonksiyoné [a,+oo[

eger x = a be wé demé

ye

(G =y =b? (5-1) = 5 (% —a)

Ji ber ku f;(x) = 0 hat ditin ku

filx) ==Va?=aZ i gori vé&; 7, girafika —

fonksiyona x — f;(x) = %\/xz —a? i

navbera [a, +oo[ de ye.

Dema ku x > a be wé demé

AG) - Lx= L= @ )= L

a

_ —-ab
VxZ2-aZ+x

2 2

X —a~—x

Vx2-a2+x

)

ev ji aliyeki ve tekez dike ku lim (f;(x) = =x) =0
X—00
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Rasteka A; ya ku hevkéseya wé y = %x nézikera H; e li rex +oo ji

aliyé din ve f;(x) — %x < 0; x € [a,+oo[ li gori v&; H; her tim li bin

xéza néziker A, e.

Hevkéseya asayi ya hiperbola ku navenda wé 0(0, 0)

1) Hevkéseya asayi ya hiperbola ku navenda wé 0(0,0) e

0 tewareya wé ya niskok li ser tewareya 0X e, bi vi awayi ye.
x?  y? . N . ~ g i A

=== 1; a O b duhejmarén pozitifin G a # b ye.

Her du girén li ser tewareya niskok (a,0) G (—a,0) in, her du
girén alikar (0,b) G (0, —b) ne G her du niskokén wé (c,0) G

(—c,0) inligori ku ¢? = a? + b?% e.

2) Hevkéseya asayi ya hiperbola ku navenda wé 0(0,0) G

tewareya wé ya niskok li ser tewareya OY ye, bi vi awayi ye.
z—j—Z—z =1; a O b duhejmarén pozitifin 0 a # b ye.

Her du girén li ser tewareya niskok (0, b) G (0,—b) ne, her
du girén alikar (a,0) G (—a,0) in G her du niskokén wé (0, ¢)
0 (0,—c) ne ligori ku c? = a? + b? e.

Di her du rewsan de her du nizikerén hiperbol hene,

Hevkéseyén her duyan ev in:
X S X
Al'b ~u A,: ” .

250

Y Y
(%0, Yo, t €)
R (X0, Y0+ D)
(%0, Y0 + b)
(xo — a,¥0) (0 +|a, ¥0)
o (xo — @, o) (xo + a,¥o) > XI‘ 0’(96 yO) X'
F'(xo = ¢, ¥0) (X0 Y0) F(xo + ¢, 50)
(0, yo,— b)
(%0, Y0 = b)
(%0, = ©)
X
0
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Minak 1:

Niskok G hevkéseyén her du nézikerén hiperbola ku hevkéseya wé
4x? — 9y? = 36 e, bibine 0 pistre xéz bike.

Caresert:

4x% — 9y? = 36

(bi parvekirina li ser 36)

Xz  y? R " ?
Pk 1 ev hevkéseya hiperbola

ku navenda wé 0(0,00 e G
hevkéseyén her du nézikerén wé eviny = +§x

a’*=9 , b>’=4 , c>=a*+b*=25
her du girén li ser tewareya niskoké evin A(3,0) G A'(-3,0)

her du girén alikar evin B(0,2) G B'(0,—2)
her du niskokén wé ev in F(5,0) G F'(-5,0)
Minak 2:

Hevkéseya hiperbola ku her du girén wé (+4,0) in, her du
niskokén wé (+2v/5,0) in, bibine.

Caresert:
Li gorf agahiyén lijorra=4 0 c=2V5
b2 =c?—-a?=20-16=4

2 y2

wé demé hevkéseya wé ev e % =1
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Hevkéseya gisti ya hiperbola ku tewareya wé ya niskok bi yek
ji tewareyén kordinaté re rasténhev e

Eger 0'(x,, y,) navenda hiperbola ku tewareya wé ya niskok bi yek
ji tewareyén kordinata (0, 1,)) re rasténhev be, wé demé hevkéseya
wé bi vi awayi ye:

~—2=1;a 0 b duhejmarén pozitifin G a # b ye.

Lé zagonén guhertina ji sistema 0'(x,, y,) ber bi sistema (0,1,)) ve
evin X=x—x, 0 Y=y—y,

Li gori van; hevkéseya hiperbol di sistema (0,1,)) de bi vi awayi

_ 2 _ 2 . ~ PP
cedibe & a’;°) e byz") =1; a G b duhejmarén pozitif in.
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Hevkéseya hiperbola ku navenda wé ne navenda kordinaté ye

Hevkéseya asayi ya hiperbola ku navenda wé 0'(x,, y,) G
tewareya wé ya niskok bi tewareya OX re rasténhev e, bi vi
awayi ye.

(x=x0)® _ =¥0)® _ 4 :

— — a G b du hejmarén pozitif in.

her du girén i ser tewareya niskok (x, + a,y,) U (xo — a,yo)
in, her du girén alikar (xq, yo + b) U (xo,yo — b) ne G her du
niskokén wé (x, + ¢, ¥,) U (xo — ¢, y) in li gori ku c? = a? + b?
e.

Hevkéseya asayi ya hiperbola ku navenda wé 0'(x,, y,) O
tewareya wé ya niskok b1 tewareya Oy re rasténhev e, bi vi
awayi ye.

(r=vo0)? _ (x=x0)® _ 1:
b2 a2

a 0 b du hejmarén pozitif bin.

her du girén li ser tewareya niskok(xg, yo + b) U (xq,yo — b)
ne, her du girén altkar (x, + a,y,) 0 (xo — a,y,) in G her du
niskokén wé (xg, yo + ¢) 0 (x0,¥0 — ¢) ne ligori ku c? = a* +
b? e.

Di her du rewsan de her du nizikerén hiperbol hene,
Hevkéseyén her duyan ev in:

-y, X—X ~ =Y X—X
Al Y=Yo _ 0 0 AZ Y=Y _ 0
b a b a
Y Y
Y!
(x0,Yo,+ €)
(X0, Yo +b)
(X0, Y0/ D)
% ,(xo —a,%) (%0 +a,y0) > X' 3
F'(xo = ¢, o) (%0, ¥0) F(xo +¢,50) (xo -a,) 0) (xo +la, yo)
O/(xNYo) X'
(X0, Y0 = b)
X (xo:}’o: b)
0
(x0,5 — ©)
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Minak 1:

Eger 16x? — 64x — 9y? — 36y — 116 = 0 hevkéseya hiperbol be,
gir 0 her du niskokén wé bibine.

Caresert:

Destpéké em hevkéseyé bi riya bidesxistina dama tam |i awayé
asayi vegerinin.

16(x? —4x +4) —9(y?> + 4y +4) = 116 + 64 — 36
16(x — 2)% — 9(y + 2)? = 144

(=22 0+ _ 4
9 16

Ji bendekeya dawi té ditin ku navenda hiperbolé 0'(2,—-2) ye,
tewareya wé ya niskok bi tewareya OX re rasténhev e.

a=+9=3, b=+16 =4 her du girén li ser tewareya niskok
(5,—2)0(-1,—2) ne.

her du girén alikar (3,—2) 0 (=1, -2) ne.

Ji bendekeya c? = a? + b?> = 25 her du niskok tén bidestxistin
F(7,-2) , F'(=3,-2).

A A A~ N A +2 -2 ..
Hevkéseyén her du nézikerén we: yT = i—xT yan ji

3y—4x+14=0 0 3y+4x—-2=0

-8 -7 -6 -5 -4 -3 -2 %1 |0 2 3 4 6 7 8 9 10

F
.O'{Z,-Z) *

]
N et A wom o= o2 e ow
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Minak 2:
Hevkéseya hiperbola ku her du

niskokén wé F(—4,3) , F'(—4,-5) F

bin O yek ji girén wé li ser xala ,
B(—4,2) be, bibine. 842 1
Caresert: MR PR R P

Hevkéseya tewareya niskok
x=-—4e, li gori vé; ew bi 0X re
rasténhev e (0 navenda hiperbolé 0’
li ser nivé parceya rastekan FF' e,
wé demé 0'(—4,-1) e,

I 1 I |
o A W N =

c=%FF’=4 O b=0B=3

li gorf van; a? = ¢? — b? =+/7

2 2
Hevkéseya hiperbolé ev e (yzl) _ (x+74) _ 1

Taybetiyén péveka hiperbolé

> Eger H hiperbol be, d rastekeke ku bi yek ji her du
nézikerén H re ne rasténhev be 0 xaleke tené M hevbes
di navbera hiperbol 0 rasteka d de be, wé demé rasteka d
di xala M de péveka hiperbol e.

» Rasteka ku di xala pévek de li ser pévek tik be, jé re
rasteka tik ya hiperbol té gotin.

Teorl

Eger H hiperbol be, F G F' her de niskokén wé bin, diréjahiya
eskéla mezin 2¢ be 0 M xalek ji hiperbol ya néziki F be I€ ji
gir cuda be.

1) Péveka hiperbol d ya di xala M de tewareya parceya
rastekan [FM'] e, li gori ku M’ xaleke ji nivrasteka [F'M] ya
ku F'M' = 2¢ pék tine ye.

2) Péveka hiperbol d ya di xala M de niveka hundirin ya
giraca F'MF ye.
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Hevkéseya péveka hiperbol di xaleké de ji bili xalén gir

Hevkéseya hiperbola H ya ku tewareya wé bi tewareya 0X re

- 2 — 2
rasténhev e bi awayeki gisti ev e: & byz") & a’;") =1

Em dikarin H wek yekgirtina du girafikan H; G H, yén du
fonksiyonén f; O f, yén di R de li gori her du bendekeyén li jér
bibinin.

(x—x0)?

y=H& =y,+b |1-

(x=x0)?
-

a?

y=f& =y,—b

Di her du awayén li jér de diyar in.

Té ditin ku di R de her du fonksiyon darasti ne G eger M (u, v) xalek
JIH be (M xalek ji besé jor H; yan ji ji besé jér H, be) wé demé du
rews hene:

1) Xala M endamé parceya jor ya H ye ango M € H; li gori vé;
v=filw) Ouel
ji bo ditina meyla pévek &, di xala M de ango hejmara darasti
M = f/(u) demakux €l

(AA(0)=y0)*  (x—x0)*
b2 a?

2(f1(0)-yo)fi(¥)  2(x—xo) —0

b2 a?

= 1 bi darasting;

b? u—x
m=— —2

az v-y,

(Té ditin ku v # y, e, ji ber ku M ne li ser
giré hiperbolé ye).
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2) Xala M endamé parceya jér yaH ye ango M € H, li gori vé;
v=/fo(uw) Guel
ji bo ditina meyla pévek 7, di xala M de ango hejmara darasti
M = f;(u) demakux €[

((0-y0)*  (x—x0)*
b? a?

2(f2()=y0)fz () _ 2(x=%o) =0

b2 a?

= 1 bi darastinég;

b? u—x
m=— —2

a? v-y,

Té ditin ku heman bendeke té bidestxistin, heman encam ji
darastina hevkéseya hiperbol pisti veguhertina y wek fonksiyoneke
girédayi bi x ve, té bidestxistin.

Minak:

Eger y? + 8y — x%2 + 2x + 14 = 0 hevkéseya hiperbol be.

1) Navend O her car girén hiperbol bibine, pistre xéz bike.

2) Hevkéseya péveka hiperbolé di xala N (% —%) de bibine.

Caresert:

1) y24+8y—x*+2x+14=0
bi bidestxistina dama tam
+4)?-@x-1*=1
Ji bendekeya dawi té ditin ku
navenda hiperbol 0'(1,—4) e,
a=b =1, tewareya wé ya niskok bi
tewareya Oy re rasténhev e 0
hevkéseya wé x =—1 e, her du
lOtkeyén wé evén (1,—5) 0 (1,-3),
Ji bendekeya c¢?=a%?—-b%2=2 her du niskok tén
bidestxistin F(1,—4 —v2) , F'(1,—4 + v2)

2) Ji bo ditna meyla pévek m di xala N de, bi darastina hevkéseya
hiperbol li gort x, té ditin ku:

2yYs + 8ys — 2x + 2 = 0, bicihkirina xala N (—, —— ) té ditin ku
(—l+4)mzi—1:>m:i

3 3 5
Hevkéseya pévek di xala N deeve:y + % = % (x — %)
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Hinkirin:

2)
3)
4)
5)

6)

7

8)

9)

1) Niskok G girén hiperbolén ku hevkéseyén wan li jér in,
bibine G pistre xéz bike.

x?  y? 2 2

a) ?_721 b) x* —16y° = 144
—1)2 2 —332 ~1)2

c) (Gt YR C ) 1 d) (=3 -7 _ 1
9 4 9 4

2 2 2 2

e) ¥+1)*  (x+4) -1 f) (x+2)°  (¥+3) -1

9 7 9 16

Hevkéseya hiperbola ku her du niskokén wé F(3,0) , F'(—3,0)
0 gireki wé (2,0) e, bibine.

Hevkéseya hiperbola ku di xala N (2, 3) re derbas dibe G her du
xalén (1,0), (—1,0) girén wé ne, bibine.

Hevkéseya hiperbola ku di xala N(0, 5) re derbas dibe G her du
xalén (2, £3) girén wé ne, bibine.

Hevkéseya hiperbola ku her du xalén (+1, 0) girén wé ne 0 her
du nézikerén wé y = +3x in, bibine.

Hevkéseya hiperbola ku her du niskokén wé F(-3,1) ,
F'(—3,9) O gireki wé (-3, 3) ye, bibine.

hevkéseya hiperbola ku her du niskokén wé F(O,\E) ,

F' <O, —\E) 0 di xala N(2, 3) re derbas dibe, bibine.

Hevkéseya hiperbola ku navenda wé 0(0,0) be, (3,0) gireki
wé be 0 di xala N(4,5) re derbas dibe, bibine.
Hevkéseya hiperbola ku navenda wé 0(6,—3) be, (6,—1)
gireki wé be 0 niskokeke wé (6, 0) be, bibéne.

10) Hevkéseya hiperbola ku navenda wé (3,1) be, di her du

xalén(7,5) G (0, 3) re derbas dibe O tewareya wé ya niskok bi
tewareya 0X re rasténhev e, bibine.

11)Hiperbola ku her du hevkéseyén nézikerén wé

2x —3 =0 ,2x—1 =0 bin 0 niskokeke wé F(3,—1) be.

a) Hevkéseya hiperbol, niskoka wé ya din,her du girén wé G
her du nézikerén wé bibine ( pistre xéz bike.

b) Tekez bike ku N(—1, 2) xaleke ji hiperbolé ye, péveka d di
xala N de bibine G hevkéseya péveka d' ya ku bi péveka d re
rasténhev e bibine.
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PENASEYA HEVBES A BIRINEN KOVIKE

A

™

Eger F xaleke neguhér ji xalén
teqaleyé be, A rastekek di tegaleyé de
be ku A di F re derbas nabe.

Birinén koviké ew komika xalan C yén
teqaleya ku her xalek ji wan, vé
taybetmendyé pék tine: (réjeya di
navbera ddrahiya her xalé ji F Q
ddrahiya wé ji A yeksani hejmara e ye
0 e€]0,+xf ye.)

Ji F re niskok té gotin O A rastkeré niskoka F ye.
e Egere €]0,1] be, Birin elips e.
e Egere €]1,+x[ be, Birin hiperbol e.
e Egere =1 be, Birin parabol e.
e Eger M xalek ji vé Biriné be, wé demé
L(M, A) dirahiya di navbera M G A ye.

MF
L(M,A)

N (4
=eanjie=—
Tébini:

réjeya di navbera darahiya di navbera her du niskokan de 2c¢ G

ddrahiya di navbera her du giran de 2a de yeksani e = ;—Z = 2 ye, ji
e re dirbdna navendi té gotin.

Minak:

birina koviké ya ku niskoka wé F(—1, 6) be 0 hevkéseya rastkeré
niskoka F,5y =14 0 e = % bin. hevkéseya wé, her du nézikerén
wé bibine (0 pistre xéz bike.

Caresert:

e= % > 1, Birin hiperbol e, li gori pénaseya birina koviké

M(x,y) e H = e li gori vé

L(M,A)
MF = e L(M,A) yan ji (MF)? = e?(L(M,A))? , wé demé
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25) (5y — 14)?
9 25

9(x + 1)2 — 9(y — 6)% = (5y — 14)?
9(x + 1)% + 9y% — 108y + 324 = 25y% — 140y + 196

(c+1? = =67 = (

9(x + 1)2 — 16(y? + 2y) = —128 yan ji
9(x 4+ 1)2 — 16(y — 1)? = —144

-1 (x+1)?
9 16

Ji bendekeya dawi té ditin ku navenda hiperbolé 0'(—1,1) ye,
tewareya wé ya niskok bi tewareya OY re rasténhev e.

1

b=v9=3,a=+16=4ligorfvan; c?=a?+b?>=25=c=5

~ A A_A A A -1 +1
Hevkéseyén her du nézikerén wé: yT =+>= yan]

4y+3x—1=0 04y —-3x—-7=0

0-9 -8 -7 -6 -5 -4
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Hinkirin:

1) birina koviké ya ku F'(—2,—1) , A(6,—1) (i e = = bin.

a) Hevkéseya wé, her du nézikerén wé bibine 0 pistre xéz bike.
b) Hevkéseya péveka wé di xala N de li gori ku: xy =8 0
yn > 0 e, bibine.

2) Hevkéseya hiperbola ku her du niskokén wé F(4,0) , F'(—4,0)
0e =2 bin, bibine.

3) Hevkéseya birina koviké ya ku niskokeke wé (a, a) , hevkéseya
rastkeré vé niskoké ev be x + y = a 0 e = /2, bibine.

4) Eger A rasteka ku hevkéseya wé x = —1 be, F(0,0) xalek be.
Komika xalén teqaleyé M(x,y), yén ku réjeya di navbera
dirahiya wé ji F 0 ddrahiya wé ji rasteka A yeksani V2 ye,
bibine, pistre xéz bike.

5) Eger a,c du hejmar bin ku 0 <c<a , d rasteka ku
hevkéseya wé x =a—: be U F(c,0) xalek be. Hevkéseya
elipsa ku F niskoka wé be, rasteka d rastkeré vé niskoké be
ae =§ be. Bi sOdgirtina ji taybetiyén hemali yén elipsé,
hevkéseya rastkeré niskoka F'(—c, 0) bibine.
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Hevkéseya parabol a ku tewareya wé 0 YY' rasténhev in G di
xalén A(2,3), B(—2,—1) 0 C(—4,0) re derbas dibe, bibine.
Hevkéseya parabol a ku niskoka wé F(—1,—1) , tewareya wé 0
XX' rasténhev in O giré wé dikeve li ser rasteka ku Hevkéseya wé
y —2x —3 =0 e, bibine.
hevkéseya elipsa ku navenda wé 0'(2,1) e, diréjahiya eskéla
bichk 6 e, durahiya di navbera her du niskokén wé de 8 e O
tewareya niskok bi OY re rasténhev e, bibine.
Eger 5x? + 9y% — 30x + 18y = 1 hevkéseyek be.
a) Li gori nirxén 4 € R, komika xalén ku hevkése nigsan dike

bibine.
b) Eger 2 = —9 be, tekez bike ku xala N(1, %) xaleke ji xalén

elipsé ye U péveka wé d di xala N de bibine.
c) Hevkéseya péveka d' ya ku bi péveka d re rasténhev e bibine.
egera > 0 be 0 F(a,a), F'(—a, —a) du xal bin, komika xalén
teqaleyé M(x,y), yén ku wekheviya
|IMF — MF'| = 2a pék tinin, bibine (hiperbola du hemkenar).
Hevkéseya hiperbola ku navenda wé (2,4) be, (6,4) gireki wé be,
y = 2x hevkéseya nézikereki wé be, bibine.
Hevkéseya hiperbola ku her du hevkéseyén nézikerén wé
4x+3y+1=0 ,4y —3x+ 7 = 0 bin 0 niskokeka wé (1, —4) be,
bibéne.

8) Eger A rasteka ku hevkéseya wé x = —1 be, F(0,0) xalek be.

9)
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Komika xalén tegaleyé M(x,y), yén ku réjeya di navbera
darahiya wé ji F G dQrahiya wé ji rasteka A yeksani g ye, bibine,

pistre xéz bike.
Eger a,c du hejmar bin ku 0 <a < c, d rasteka ku hevkéseya

2
wé x =a7 be U F(c,0) xalek be. hevkéseya hiperbola ku F
niskoka wé be, rasteka d rastkeré vé niskoké be (0 e = g be. Bi

sQdgirtina ji taybetiyén hemali yén hiperbolé, hevkéseya rastkeré
niskoka F'(—c, 0) bibine.
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