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Introduction

This book investigates optimal investment problems for stochastic financial
market models. It is addressed to academics and students, who are interested in
the mathematics of finance, stochastic processes, and optimal control, and also
to practitioners in risk management and quantitative analysis who are interested
in new strategies and methods of stochastic analysis.

There are many works devoted to the solution of optimal investment problems
for different models. In fact, the "optimality” of any strategy is not something
absolute but very much depends on a model (in particular, on prior distributions
of parameters such as the appreciation rates and the volatility). In other words,
any "optimal” strategy is optimal only for a given model of price evolution, for a
given utility function, and for a given probability measure (prior distributions).
On the other hand, strategies based on "technical analysis" are model-free: they
require only historical data. This is why the technical analysis is even more
popular among traders than the analysis based on stochastic models (see, €.g.,
survey and discussion in Lo er al. (2000)).

Our aim is to reduce the gap between model-free strategies and strategies
that are "optimal” for stochastic models. We hope that specialists who prefer
methods of "technical analysis" (which are rather empirical) will be interested
in some of the new strategies suggested in this book and evaluated via stochastic
market models.

We consider an optimal investment problem for strategies based on histori-
cal data with several new features. First, we introduce and investigate optimal
investment problems for strategies that use historical prices as well as trading
volume for underlying assets. It is shown in numerical experiments with real
data that the joint distribution of prices and volume contains important infor-
mation; in fact, we improve the performance of strategy by including volume
in our consideration (note that "technical analysis” usually takes volume into
account). Second, our model involves additional constraints of a very general
type for the wealth process. In particular, these constraints cover the problem
of replication of a given claim with a guaranteed error bound (gap). More pre-
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cisely, our admissible strategies ensure almost surely, that the replication errors
do not exceed a given level. Note that the strategy is uniquely determined by
the claim in the classical problem (for a complete market) of an exact replica-
tion. In an incomplete market, where an exact replication is no longer generally
possible, it is sensible to consider replications with some gap, which in turn al-
lows choice among many possible strategies. Finally, the utility function under
consideration in our model is a fairly general one, covering the mean-variance
criterion, noncontinuous functions, and nonlinear concave functions as special
cases. In particular, our general utility function and constraints incorporate
the so-called goal-achieving problem, mean-variance hedging, problems with
logical constraints, and many other problems. In addition, we consider some
special problems such as optimization with maximin criterion, optimal port-
folio compression, and superreplication under uncertainty; some new filters
(estimators) for the appreciation rates of the stocks are given as an auxiliary
tools.

The results are based on a stochastic diffusion market model, but the depen-
dence on the model is partially lifted in the following sense: some empirical
"model-free” strategies are presented, and they are shown to be apparently opti-
mal for stochastic market models in the class of admissible strategies based on
historical prices only. This conclusion is correct for a special but very important
classes of prior distributions of market parameters. The corresponding class of
admissible strategies is such that the appreciation rates of stocks are not sup-
posed to be directly observable, but should be estimated from the historical data
via some filters (estimators). The strategies based on filters presented in this
book outperform classic strategies based on Kalman—Bucy filters for the appre-
ciation rates, and they are surprisingly simple; thus, they may be interesting for
practitioners.

There are two different types of market models: discrete-time models and
continuous-time models. Of course, the real stock prices are presented as time
series, so the discrete-time models are more realistic. However, it is commonly
recognized that the continuous-time models give a good description of real
(discrete-time) markets. Moreover, they lead to explicit and clear solutions of
many analytical problems including investment problems. On the other hand,
it appears that a formula for strategy derived for a continuous-time model can
often be effectively used after a natural discretization. In this book, some
“good” strategies in model-free discrete-time setting are presented, and then it
is shown that these strategies can be interpreted as optimal for some continuous-
time stochastic model.

For stochastic market models, the price of the stocks evolves as a random
process with some standard deviations of the stock returns (volatility coeffi-
cient, or volatility) and some appreciation rate; they are the often mentioned
parameters of a market. For a continuous-time model, it is assumed that the
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vector of stock prices S(t) evolves according to an Itd stochastic differential
equation, with the vector of appreciation rates a(t) as a coefficient of the drift,
and the volatility matrix o(t) as a diffusion coefficient.

The problem of optimal investment goes back to Merton (1969, 1973). He
found strategies that solve an optimization problem in which EU (X (T')) is to
be maximized, where X (T') represents the wealth at the final time T'and U(-) is
autility function. If market parameters are allowed to be directly observed, then
the optimal strategies (i.e. the current vector of stock portfolio) are functions
of the current vector (a(t),o(t), S(t), X (t)) for a general problem (see, e.g.,
the survey in Hakansson (1997) and Karatzas and Shreve (1998)).

Another problem of wide interest is mean-variance hedging, or the problem
of minimizing E| X (T')—£|2, where ¢ is a given random claim. For this problem,
explicit solutions were obtained for the case of observable appreciation rates;
see, e.g., Follmer and Sondermann (1986), Duffie and Richardson (1991), Pham
et al. (1998), Kohlmann and Zhou (1998), Pham er al. (1998), and Laurent
and Pham (1999). The resulting optimal hedging strategies are combinations
of the Merton strategy and the Black and Scholes strategy, which depends on
the direct observation of the appreciation rates.

But in practice, (a(t),o(t)) has to be replaced by estimates based on his-
torical data. Many papers have been devoted to estimations of (a(t), o(t)),
mainly based on modifications of the Kalman—Bucy filter or the maximum like-
lihood principle (see, e.g., Lo (1988), Chen and Scott (1993), Pearson and Sun
(1994)). In practice, the volatility coefficient can be currently estimated from
stock prices. For an idealized continuous-time market model, the volatility is an
explicit function of past historical prices (see (1.11) below). For the real mar-
ket, the volatility can be calculated directly either from stock prices (historical
volatility) or from option prices for the given asset (implied volatility). There
is much of empirical research on the distribution of the real volatility (see, e.g.,
Black and Scholes (1972), Hauser and Lauterbach (1997), Mayhew (1995)).
Unfortunately, the process a(t) is usually hard to estimate in real-time markets,
because the drift term defined by a(t) is usually overshadowed by the diffusion
term defined by o(t). Thus, there is a problem of optimal investment with a
sufficient error in estimation of a(t). A popular tool for this problem is the
so-called "Separation Theorem" or "certainty equivalence principle": Agents
who know the solution to the optimal investment problem for the case of directly
observable a(t) can solve this problem by substituting E{a(t)|S(1),T < t},
referred to as the real a(t) (or "certainty equivalent estimate”) (see, e.g., Gen-
notte (1986)). Unfortunately, this principle does not hold in the general case
of nonlog utilities (see Kuwana (1995)). Of course, one can hardly expect the
conditional expectation alone (i.e. the Lo-estimate) to be the optimal estimate
of a(t) for all utilities in a wide class of possible estimates (which include, for
example, Bayesian estimates and L4-estimates with g # 2).
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If a(t) is Gaussian, then the pair E{a(t)|S(7),7 < t} and the conditional
variance perfectly describes the distribution Py (- |S(7),7 < t). Williams
(1977), Detempte (1986), Dothan and Feldman (1986), Gennotte (1986), and
Brennan (1998) obtained a solution of the investment problem for Gaussian
nonobservable a(-). In particular, they showed that for a case of a power utility
function, for which the certainty equivalence principle does not hold, a correc-
tion of myopic strategy can be calculated via solution of a Bellman parabolic
equation (Brennan (1998)). However, this approach cannot be extended to the
non-Gaussian case.

Karatzas (1997), and Karatzas and Zhao (1998) have obtained the first opti-
mal strategies that are optimal in a class of strategies determined by all historical
prices for a wide class of distribution of a, but under the crucial condition that
appreciation rates and volatilities do not depend on time. This assumption en-
sures that optimal wealth has the form X (t) = H(S(t),t), where H (-) satisfies
a deterministic parabolic backward Kolmogorov equation of dimension n for
the market with n stocks. Even if one accepts this restrictive condition, the
solution of the problem is difficult to realize in practice for large n (say, n > 4),
since it is usually difficult to solve the parabolic equation. Karatzas (1997)
gave an explicit solution of a specific goal achieving problem for a case of one
stock with conditionally normal distribution. Karatzas and Zhao (1998) solved
a problem for n > 1 with a diagonal volatility matrix for a general utility func-
tion. It can be added that, in a similar setting, Dokuchaev and Zhou (2001)
considered the problem as an extension of the goal-achieving problem into one
with specific bounded risk constraints. Dokuchaev and Teo (2000) used a sim-
ilar approach and considered a more general setting, in terms of both the utility
function and the constraints.

In this book, we are study investment problems for the following different
cases:

(i) There are no equations for stock prices or any other model of evolution;
rather, there are only time series of historical prices. All market parameters
are unknown and nonobservable, their prior distribution is unknown and
they are not currently observed;

(ii) The evolution of stock prices is described by the Itd equation, where the
appreciation rate a(-) and the volatility o (-) are known or directly observable
and their prior distributions are known;

(iii) The appreciation rate a(-), the volatility o(-), and the risk-free interest rate
r(t) are directly observable, but their prior distributions are unknown;

(iv) a(-) and o(-) are unknown and cannot be observed directly, but their prior
distributions are known, and a(-) and o(-) are currently estimated from
historical prices;
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() 7(-), a(-), o(-) and their prior distributions are unknown (but r(t) is directly
observable).

In case (i), we can consider the problem only for a discrete-time setting, because
the real stock prices are given as time series; a(-) and o(-) are completely
excluded from the model (Chapter 2).

Let us describe our motivation for studying the "model-free" case (i). As was
mentioned, if the market parameters can be directly observed, then the optimal
strategies (i.e. the current vector of stock portfolio) are functions of the current
vector of the volatilities and the appreciation rates. Moreover, their evolution
law is supposed to be known (i.e., the volatilities and the appreciation rates
evolve according to known equations). Such strategies are optimal for a given
evolution law and for a given utility function. However, if this evolution law is
changed, the optimality property of the strategy may disappear.

It is therefore tempting to look at strategies that do not employ any distribu-
tion assumptions on stock evolution or utility functions. Such a strategy was
introduced first by Cover (1991) for the distribution of wealth between given
number of stocks (the so-called universal portfolio strategy). The algorithm
asymptotically outperforms the best stock in the market under some conditions
on stationarity. But it is not a bounded risk algorithm, because the wealth may
tend to zero for some “bad” samples of stock prices. Some statistical analysis of
performance of this strategy for real data has been done in Bledel et al. (1999).
It appears that the spectacular results of universal portfolios do not necessary
materialize for a given historical market.

Chapter 2 considers a generic market model consisting of two assets only: a
risky stock and a risk-free bond (or bank account). Following Cover (1991), we
also reduce assumptions on the probability distribution of the price evolution.
It is assumed that the price of the stock evolves arbitrarily with an interval
uncertainty. The dynamics of the bond is exponentially increasing, also with
interval uncertainty. Under such mild assumptions, the market is incomplete.
Section 2.2 presents a bounded risk strategy such that

(a) the strategy uses only stock price observations and does not require any
knowledge about the market appreciation rate, the volatility, or other parame-
ters,

(b) the strategy bounds risk closely to the risk-free investment; and

(c) the strategy gives some additional gain from dealing with risky assets,
and this gain is mainly positive.

This strategy bounds risk closely to the risk-free investment, but it also uses
the risky asset. The additional gain is positive on average for any non-risk-
neutral probability measure, under some additional assumptions for probability
distributions such that the market is still incomplete, though the strategy itself
does not use probability assumptions. Thus, this is a strategy for someone who
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basically prefers risk-free investments but accepts some bounded risk for the
sake of an additional gain.

Section 2.3 presents an empirical strategy that

(a) uses only stock price observations and does not require any knowledge
about the market appreciation rate, the volatility or other parameters;

(b) gives some systematic additional gain in comparison with the “buy-and-
hold” strategy for a given risky asset; and

(c) has a risk similar to the “buy-and-hold” strategy, i.e., is a bounded risk
strategy if the risky asset is taken as a numéraire.

Again, the additional gain is positive on average for any non-risk-neutral
probability measure, under some additional assumptions for the probability
distributions, though the strategy itself does not use probability assumptions.

In other words, a strategy is presented for someone who has made the princi-
pal decision to keep the given risky asset, but it admits some dynamic adjusting
of the total amount of shares to improve performance. In particular, it means
that this investor accepts a risk of losses in case of the stock falls. This model of
preferences can be realistic, for example, for a holder of the controlling share
of a company.

In Chapter 3, we consider "model-free” strategies of investments in options.
It is shown that there exists a correct proportion between "put” and "call” options
with the same expiration time on the same underlying security (so-called long
strangle combination) so that the average gain is almost always positive for a
generic Black and Scholes stochastic model. This gain is zero if and only if
the market price of risk is zero. A paradox related to the corresponding loss of
option’s seller is discussed.

In Chapter 4, we consider diffusion and multistock analogue of the model-
free winning empirical strategy described in Theorem 2.2 from Chapter 2. This
strategy is extended to the case of a continuous diffusion market model, when
the trader does transactions at any time when the price variation exceeds a
given level. A number of transactions are known and finite, and the stopping
time is random (but the expectation of the stopping time is finite). Another
continuous-time variant of the strategy has an infinite number of transactions
and a fixed and given horizon. In both cases, the strategy is expressed as
an explicit function of historical prices. Again, the strategies ensure a positive
average gain for any non-risk-neutral probability measure. The strategies bound
risk, do not require forecasting the volatility coefficient and appreciation rate
estimation, and depend on the historical volatility (Sections 4.4—4.5). Moreover,
the strategies ensure a positive average gain for all volatilities and appreciation
rates from a wide class thatincludes random bounded volatilities. As the number
of the traded stocks increases, the strategies converge to arbitrage with a given
positive gain that is ensured with probability arbitrarily close to 1.
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We do not investigate the optimality of model-free strategies in Chapters 2—4.
The optimality depends on a model: any “optimal” strategy is optimal only for
a given utility function and a given probability measure (i.e., prior probability
distributions of parameters). However, it will be shown later in Chapter 9 that
the good performance of these strategies is based on some optimal properties:
these strategies are optimal for the investment problem with U(z) = logz
under a special but important hypothesis concerning the prior distribution of
parameters for the stochastic diffusion market model.

Chapter 5 considers a model where the process (r(-), a(-), o(+)), which de-
scribes the market parameters is currently observable (case (ii)). We give a
survey of the dynamical programming approach and derive Merton-type strate-
gies. Further, a simpler method than dynamic programming is proposed: a
nonlinear parabolic Bellman equation is replaced for a finite-dimensional opti-
mization problem and a linear parabolic equation. Under assumptions that an
only one scalar parameter of distribution of 7(-), a(-), (-) is known, we derive
an optimal strategy explicitly for a very general utility function.

In Chapter 6, we study the portfolio compression problem. By this we
mean that admissible strategies may include no more than m different stocks
concurrently, where m may be less than the total number n of available stocks.
Although this problem has not been treated extensively in the literature, it is
of interest to the investor. It is obviously not realistic to include all available
stocks in the portfolio; the total number of assets in the market is too large.
In fact, the number of stocks in the portfolio should be limited by the equity
in the account (say, several hundred stocks for a large fund, and less for an
individual investor) because of the need to have a large enough position in each
stock so that management fees and commissions are only a small proportion
of the value of the portfolio. There is no point in having too many stocks in a
small portfolio. Even in a large portfolio, it makes sense to limit the number of
stocks to those that can be watched closely. On the other hand, there should be a
certain minimum number of stocks so that a sufficient degree of diversification
can be achieved. For example, the need to limit the portfolio diversification
was mentioned by Murray (2000), who estimated that 256 stocks ought to be
enough even for some large mutual funds and it should certainly be enough for
the typical institutional or individual portfolio.

In Chapter 7, we do not assume to know the distributions of (r(-),a(-),o(-))
(case (iii)). Following Cvitani¢ and Karatzas (1999) and Cvitani¢ (2000), we
consider instead the problem as a maximin problem: Find a strategy that max-
imizes the infimum of EU(X (T)) over all admissible (r(-),a(-),o(-)) from
a given class; the process (r(-), a(-),o(-)) is supposed to be currently observ-
able. For this problem, it is shown that the duality theorem holds under some
nonrestrictive conditions. Thus, the maximin problem, which as far as we
know, cannot be solved directly, is effectively reduced to a minimax prob-
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lem. Moreover, it is proved that the minimax problem requires minimization
only over a single scalar parameter R even for a multistock market, where
R = foT lo(t)~(a(t) — r(t)1)|?dt. This interesting effect follows from the
result of Chapter 6 for the optimal compression problem. Using this effect, the
original maximin problem is solved explicitly; the optimal strategy is derived
explicitly via solution of a linear parabolic equation.

Cvitani¢ and Karatzas (1999), and Cvitanié (2000) consider related minimax
and maximin problems of minimizing E(¢&; — X (T'))™* subject to X (T') > &,
where &; and &2 are given claims, for similar admissible strategies which allow
direct observations of appreciation rates (adapted to the driving Brownian mo-
tion); however, the maximization over parameters in the dual minimax problem
was not reduced to the scalar minimization, and the explicit solution was not
given for the general case.

In Chapters 8-12 we consider the investment problem for a class of strate-
gies of the form w(t) = f(S(7),n(7),7 < t), where f(-) is a deterministic
function and 7(-) is a directly observable process correlated with the random
and nonobservable a(t) (for example, 7(t) can describe trading volume). The
condition that coefficients do not depend on time is dropped in Chapters 8-10
and 12. In this case, the optimal wealth X () is not a function of current stock
prices. We emphasize that the optimal investment problem has not been solved
before under these assumptions (i.e., for this class of strategies, random a(t),
and time dependent coefficients). In Chapter 9, we give a solution that does not
require the solution of a parabolic equation of high dimension. The solution in
Chapters 10 and 11 is based on linear parabolic equations. We assume that the
volatility and the appreciation rates are random and that they are not adapted to
the driving Wiener process, so the market is incomplete. In fact, we prove the
existence of an optimal strategy and find the optimal strategy in the following
two cases: (i) the utility function is the log, or (ii) the volatility is nonrandom
and n(t) = 0. (However, some results such as the duality theorem in Chapter
12, are proved for the general case).

In Chapter 8, we show that there exists an optimal claim that is attainable
under some (mild) conditions, and we find this optimal claim. A general model
that allows us to take into account volume of trade or other observable market
data is introduced here. In Chapter 9 we obtain optimal strategies constructively
for some special cases, including isoelastic utilities, without solving a parabolic
equation. As a consequence, it is shown that the "certainty equivalence princi-
ple” for power utilities can be reformulated with the following correction: the
"U-optimal filter" of a(t) must be derived (in place of E{a(t)|S(7),7 < t}).
In general, this filter is neither E{a(t)|S(7),7 < t} nor any other function of
Pa)( - |S(7), 7 < t). The only exception is the case of the logarithmic utility
function; for the case of Gaussian a(t), which has been studied by Gennotte
(1986), E{a(t)|S(r), T < t} can be found by the Kalman-Bucy filter.
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In this terminology, "U" refers to the fact that the filter depends on the utility
function in the problem. For the case of power utility, the U-optimal filter is
not a function of Py (-|S(7),7 < t) even under the Gaussian assumption.
However, this estimate can be written as a conditional expectation of a(t) under
a new measure, and this measure is obtained explicitly; i.e., a new, convenient
way of calculating the correction of the myopic strategy is given. Thus, under a
Gaussian assumption on a(t), the certainty equivalent estimate can be obtained
by a Kalman—Bucy filter, but with some corrections to the parameters.

One might think that a Gaussian prior is the most natural assumption; how-
ever, our experiments with historical data show that the optimal strategy based
on this assumption (and using the Kalman-Bucy filter) is outperformed by a
strategy based on the assumption that a(t) has a distribution with a two-point
supporter. It is shown here that the joint distribution of prices and volume
contains important information; we improve the performance of a strategy by
including volume in the hypothesis on the prior distribution. The simple strate-
gies introduced here appear to be rather interesting and deserve further statistical
evaluation for large data sets.

In Chapter 10, we present the solution of the optimal investment problem
with additional constraints and utility functions of a very general type, includ-
ing discontinuous functions. Optimal portfolios are obtained for the class of
strategies based on historical prices under some additional restrictions on the
prior distributions of market parameters. More Erecisely, it is assumed here
that o(t) is deterministic and a(t) — r(¢)1 = >_;_, 6;e;(t), where 6; are ran-
dom variables and e;(t) are deterministic and known vectors, L < +o0o. This
assumption allows us to express optimal investment strategies via the solution
of a linear deterministic parabolic backward equation.

In Chapter 11, an optimal portfolio is obtained for the class of strategies based
on historical prices under some additional conditions that ensure that the optimal
normalized wealth X (2) 2 exp{— f(f r(s)ds} X (t) and the optimal strategy are
functions of the current vector §(t) £ exp{— fot r(3)ds}S(t) of normalized
stock prices. In particular, these conditions are satisfied if o'(¢) is deterministic
andif o, a are time independent. The solution is obtained for optimal investment
problems with very general utilities and additional constraints. A solution of a
goal-achieving problem and a problem of European put option replicating with
a possible gap are given among others. Explicit formulas for optimal claims
and numerical examples are provided.

In Chapter 12, we donot assume to know the distributions of (r(-), a(-), o(-)),
and we do not use direct observation of a(-), a(-). Asin Chapter 7, we consider
the problem as a maximin problem: Find a strategy based on historical data
that maximizes the infimum of EU (X (T')) over all admissible distributions
of (r(-),a(-),o(-)), where additional constraints are required to be satisfied
with probability 1 for all such admissible (r(-), a(-), o(-)). It is shown that the
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duality theorem holds under some nonrestrictive conditions. Thus, the maximin
problem which, as far as we know, cannot be solved directly, is effectively
reduced to a minimax problem. In fact, the original problem is solved for any
case in which the optimal investment problem can be solved for strategies based
on historical prices with nonobservable market parameters, but with known
distributions. Some of these cases are described in Chapters 9-11. For the
special case in which the distributions of parameters have support on a finite
set, the minimax problem is further reduced to a finite-dimensional optimization
problem.

Cvitani¢ and Karatzas (1999) and Cvitanic¢ (2000) consider related minimax
and maximin problems for another class of admissible strategies that allow direct
observations of appreciation rates. In Chapter 12 we obtain the duality theorem
for the class strategies based on historical prices. Furthermore, we consider
more general utility functions and constraints.

In Chapter 13, some aspects of the replication of given claims are discussed.
This problem is connected with the solution of the optimal problems proposed
in the previous chapters, where the investment problem was decomposed into
two different problems: calculation of the optimal claim and calculation of
a strategy that replicates the optimal claim. In Chapter 13, some possibili-
ties are considered for replicating the desired claim by purchasing options are
considered. In addition, an example is considered of an incomplete market
with transactions costs and with nonpredictable volatility, when replication is
replaced by rational superreplication.

The results presented in Section 2.2 and in Chapters 4 and 13 were obtained
by the author together with A.V. Savkin (Dokuchaev and Savkin (1997), (1998a)
and (1998b)). The results presented in Chapters S and 6, as well as in Chapters
8 and 9 for the case when 7 = 0, were obtained by the author together with
U.G. Haussmann (Dokuchaev and Haussmann (2001a), (2001b)). The duality
theorem from Chapter 12 was obtained by the author together with K.L. Teo fora
slightly less general case when 7 = 0 (Dokuchaev and Teo (1998)). The results
presented in Chapter 11 (Sections 11.2.1-11.2.3, and 11.3) were obtained by the
author together with X.Y. Zhou; furthermore, the proof of the results of Chapter
10 is based on the proofs from Dokuchaev and Zhou (2001), and Dokuchaev
and Teo (2000). The results presented in Section 2.3 and in Chapters 3, 7, and
10 were obtained by the author, as well as the results presented in Chapters 8,9,
and 12 for the case when 7(-) # 0.
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Chapter 1

STOCHASTIC MARKET MODEL

Abstract In this chapter we briefly describe the basic concepts of stochastic market models.
Further, we introduce a multystock stochastic continuous-time market model that
will be used in the following chapters, and we give some necessary definitions.

1.1. Brief introduction to stochastic market models

Consider a risky asset (stock, bond, foreign currency unit, etc.) with time
series prices S1, So, S3,. . ., for example, daily prices. The premier model of
price evolution is such that Sy, = S(tx), where

S(t) = S(0)e+¢®) (1.1)

where £(t) is a martingale, i.e., E{¢(T)|€(-)|j0,q} = £(t) for any t and T' > t.
For the simplest model, £(t) is a Gaussian process,

E{¢(t + At) ()|} = £(D),
Var [¢(t + At) — €(t)] ~ 02 -At Vi >0, At >0,

such that §(t + A) — £(t) does not depend on £(-)|jo for any ¢ > 0. Here
a € R, o € R are parameters.
It is convenient to rewrite equation (1.1) as the following It4’s equation :

dS() = S(t)[a(t)dt + o(t)dw(t)], (1.2)

where w(t) is a Brownian motion, a(t) is the appreciation rate, o(t) is the
volatility; and a and o are market parameters.

Let us discuss some basic properties of Itd’s equation (1.2). The solution
S(t) of this equation has the following properties:

= sample paths maintain continuity;

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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m paths are nondifferentiable;
m paths are not absolutely continuous;
m if g, 0 are deterministic, then

Vars—as%t)A—t)zﬁ-At VE >0, At > 0

» ifa, o are deterministic, then the law of S(t) is log-normal (i.e., its logarithm
follows a normal law);

= if @, o are deterministic, then the relative-increments [S(t)—S(7)]/S(7) are
independent of the o-algebra o (S(-)|jp,17), 0 < 7 < &.

a if a,0 are deterministic and constant, then the relative increments law of
[S(t) — S(7)]/S(7) is identical to the law of [S(t — 7) — S§(0)]/S(0),
0<7<Lt.

For a multistock market model, S(t) = {S;(t)}, ¢ = {a:}, w = {w;} are

vectors, and 0 = {oj;} is a matrix.
We assume that there is a riskless asset (bond) with price

B(t) = B(0) exp (/Ot r(s)ds) ,

where r(t) is a process of risk-free interest rates.

The portfolio is a process (y(-), 8(-)) with values in R" x R, v(-) =
(71(2), - - . ;7n(t)), where ~;(t) is the quantity of the th stock; and B(t) is the
quantity of the bond.

A portfolio (y(-), B(-)) is said to be self-financing if there is no income from
or outflow to external sources. In that case,

dX(t) = ) | %(0)dSi(t) + B()dB(1).

i=1
It can be seen that

Bty = X - EQ%M&m.

Let
mo(t) = B()B(2),
mi(t) 2 %(®)Si(t), 7(t) = (m(@),..., )" .

By the definitions, the process 7y (t) is the investment in the bond, and 7r;(t) is
the investment in the ith stock. It can be seen that the vector 7 alone suffices to



Stochastic market model 5

specify the self-financing portfolio. We shall use the term self-financing strategy
for a vector process 7(-) = (m1(t),--.,mn(t)), where the pair (mo(t), 7(t))
describes the self-financing portfolio at time ¢:

X(t) =) mi(t) + mo(t).
i=1

There are the following key problems:
n Optimal investment problem: To find a strategy of buying and selling stocks

m Pricing problem: To find a “fair” price for derivatives (i.e. options, futures,
etc.)

There is an auxiliary problem:
n To estimate the parameters (a(t), o(t)) from market statistics.

In fact, the estimation of () is easy, since o'(t)o(t) " is an explicit function of
S(-) (see (1.11) below). The estimation of a(-) is much more difficult.

In this book, we shall study the optimal investment problem only, and we are
leaving the very important pricing problem out of consideration.

If a and o are constant and deterministic, then the process S(t) is log-normal
(i.e., the process {log S;(t)} is Gaussian). Empirical research has shown that
the real distribution of stock prices is not exactly log-normal. The imperfection
of the log-normal hypothesis on the prior distribution of stock prices can be
taken into account by assuming that @ and o are random processes. This more
sophisticated model is much more challenging: for example, the market is
incomplete (i.e., an arbitrary random claim cannot be replicated by an adapted
self-financing strategy).

Generic investment problem
We can state a generic optimal investment problem:
Maximize EU(X(T))

over self-financing strategies (-).

Here T is the terminal time, and U (+) is a given utility function that describes
risk preferences. The most common utilities are log and power, i.e., U(z) =
logz and U(z) = 6%, 6 < 1.

There are many modifications of the generic optimal investment problem:

= optimal investment-consumption problems

= optimal hedging of nonreplicable claims
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= problem with constraints
m T=+00

= efc.

Some examples
For simplicity, let 7(t) = r be constant.

ExAMPLE 1.1 Consider the trivial "buy-and-hold" strategy for the stock, such
that B(t) = 0 and () = X (0)S(0)!. Then X (t) = S(t). Let = min{t :
S(t) = Ke™}, where K > 0 is a given number. Then X(#) = Ke™ as.,
where K may be large enough, and § < +o00 a.s. But Ef = +o0o for every
K # Sp; hence this strategy cannot ensure the gain K in practice.

EXAMPLE 1.2 Consider the trivial "keep-only-bonds" strategy for the diffu-
sion market model such that the portfolio contains only the bonds, (t) = 0.
In that case the corresponding total wealth is X (t) = 8(0)B(t) = €™ X (0).

Merton’s strategy

We describe now strategies that are optimal for the generic model with U(z) =
log z or U(z) = 6z°:

()" = v(a(t) - r()1) QX (@) + £ ()],

where v = v(6) is a coefficient, Q(t) = (o(t)o(t) 7)1, r(t) is the interest rate
for a risk-free investment, and 17 £ (1,1,...,1)7.

The term f(t) describes the correlation between (o, a) and w(-); if they are
independent, then f = 0.

Note that these strategies require direct observation of (o, a). But, in practice,
the parameters a(-), o(-) need to be estimated from historical market data. Thus,
the investment problem can be reformulated as follows:

Maximize EU(X(T))
over strategies that use historical data only.

This problem is studied in Chapters 8-11 below.

1.2. Options market

Rather than trade directly in stocks, investors can purchase securities rep-
resenting a claim — an option — on a particularly stock. This option gives the
holder the right to receive or deliver shares of stock under specified conditions.
The option need not be exercised: an investor can simply trade these derivative
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securities. Gains or losses will depend on the difference between the purchase
price and the sale price.

A call is an option to buy a stated amount of a particular stock at a specified
price. A putis an option to sell a stated amount of a particular stock at a specified
price. An American put (call) option gives the owner the right to purchase (sell)
stated amount of a particular stock at a specified price at any time before the
specified expiration date. A European put (call) option gives the owner the
right to purchase (sell) stated amount of a particular stock at a specified price
only at the specified expiration date.

In the case of the standard call option of European type, the option writer
(seller) obligation is F(S(T')), where F(z) = (z— K)™ = max(0,z - K). In
the case of the standard put option of European type, the option writer (seller)
obligation is F(S(T')), where F(z) = (K — z)* = max(0,z — K). Here,
K is the option striking price, T is the expiration time, S(T') is the underlying
stock price at the time 7T'.

Profit and loss diagrams

Each type of option has its own profit and loss diagrams, which offer a con-
venient way to see what happens with option strategies as the value of the
underlying security. The vertical axis of the diagrams reflects profits or losses
X on option expiration day resulting from a particular strategy, where the hor-
izontal axis reflects the stock prices S. Figures 1.1 and 1.2 present profit/loss
diagrams for generic European put and call options, i.e., they show the wealth
of European call and put option holder as a function of the stock price at the
terminal time.

We shall use profit/loss diagrams to demonstrate claims for different optimal
strategies.

Figure 1.1. Profit/loss diagram for long call: ¢ is the price of the call option, S is the stock
price at the terminal time, and K is the strike price.

X

K
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Figure 1.2. Profit/loss diagram for a long put: p is the price of the put option, S is the stock
price at the terminal time, and K is the strike price.

X 4
K
DBse \ S
Black and Scholes model

Consider the generic model of a financial market consisting of a risk-free asset
(bond, or bank account) with price B(t) and a risky asset (stock) with price
S(t). We are given a standard probability space with a probability measure P
and a standard Wiener process (Brownian motion) w(t). The bond and stock
prices evolve as

B(t) = e™ By, (1.3)

dS(t) = aS(t)dt + o S(t)dw(t). (1.4)

Here, r > 0 is the risk-free interest rate, o > 0 is the volatility, and a € R
is the appreciation rate. We assume that ¢ € [0, T’], where T > 0 is a given
terminal time. Equation (1.4) is It6’s equation.

Further, we assume that o, r, By = B(0) > 0and Sy = S(0) > 0 are given,
but a is unknown.

In the approach of Black and Scholes, the rational (fair) price of an option
with the option writer obligation £ is the initial wealth that may be raised to £
by some investment transactions (see Black and Scholes (1973)).

DEFINITION 1.1 Let II be the set of all values of the initial wealth Xg such
that there exists an admissible strategy such that

X(T)>¢ as.

Then the fair (rational) price C for the option with the claim & in this class of
admissible strategies is defined as

¢ = inf X,.
Xoell
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THEOREM 1.1 The fair price of an option does not depend on a, and it is
C=E{|a=r}

Let

a log(S/K)+T (r +02/2)
Y e ,

The premier result of the pricing theory in mathematical finance is the following
Black-Scholes formula:

d d-=d-oVT. (1.5)

css(So, K1, T,0) = So®(d) — Ke "7 ®(d"), (1.6)

pBS(SOa K’ Ty Tv 0') = CBS(SO’ Kv Ty Ta 0') - SO + Ke—rT’ (17)

where pgs(So, K,r,T,0) denote the "fair" price for "put’ option, and
css(S0, K,r,T,0) denote the "fair" price for "call” option (Black-Scholes
price). Here, So = S(0) is the initial stock price, K is the strike price, r
is the risk-free interest rate, o is the volatility, and 7' is the expiration time (see,
e.g., Strong (1994), Duffie (1988)).

1.3. Continuous-time multistock stochastic market model

In this section, we describe the continuous-time diffusion stochastic market
model, which will be the main model for this book. Consider a diffusion model
of a market consisting of a risk-free bond or bank account with the price B(t),
t >0, and n risky stocks with prices S;(t), t >0, 1 = 1,2,...,n, where
n < +oo is given. The prices of the stocks evolve according to

dS;(t) = Si(t) (a.-(t)dt + i oij(t)dw; (t)) , t>0, (1.8)
j=1

where the w;(t) are standard independent Wiener processes, a;(t) are appreci-
ation rates, and ;;(t) are volatility coefficients. The initial price S;(0) > 0 is
a given nonrandom constant. The price of the bond evolves according to

B(t) = B(0) exp (/:r(s)ds) , (1.9)

where B(0) is a given constant that we take to be 1 without loss of generality
and r(t) is a random process of risk-free interest rate.
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We are given a standard probability space (€2, F, P), where (2 is the set of
all events, F is a complete o-algebra of events, and P is a probability measure.
Introduce the vector processes (| denoted transpose)

w(t) = (wi(t), ..., wa(t)7
a(t) = (a1(t),- - ,an(t)"
S@) = (S1(t), .-, Sa )

and the matrix process o (t) = {0i;(£)}];_; -

We assume that {w(t) }o<t<T is a standard Wiener process, and that a(t),
r(t), and o(t) are measurable random processes, independent of future incre-
ments of w, such that

a(t)a(t)T > clIna

where ¢; > 0 is a constant and I, is the identity matrix in R™*", Under these
assumptions, the solution of (1.8) is well defined, if @ and o are uniformly
bounded.

Set12(1,...,1)T eR",

V() So(t)o(t)T,
Q1) =2V,
() Za(t)—r()1,
0@t) = oa(t)la(e).

Let S(t) = diag(S1(t),...,Sn(t)) be the diagonal matrix with the corre-
sponding diagonal elements.

Let u(t) = (r(t),a(t), o(t)). Let {F¢}o<t<T be the filtration generatcd by
the process (S(t), u(t)) completed with the null sets of F. Let {F3 }o<t<T be
the filtration generated by the process (S(t), r(t)) completed with the null sets
of F.

REMARK 1.1 The volatility coeﬁ‘icients can be effectively estimated from
S;i(t). In fact, if V(t) = {V;;(t)}} ' i=1, then direct calculations show

i Va(rydr =2 [ 540 _ 2108 S
d S;(1)S

Jy Vis(nyar = [ 25050 (1.11)
S;

—log sfrr"(g)g, E? 3 Jo Via(r)dr — § Jy Vij(r)dr

(1.10)

By (1.8),
dw(t) = o(t)71S(t)~! [dS(t) — S(t)a(t)dt]. (1.12)
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By Remark 1.1, it follows that {F} coincides with the filtration generated by
the processes (S(t), r(t), V(t)). By (1.12), it follows that {F£} coincides with
the filtration generated by the processes (w(t), p(t)).

Set

p(t) 2 exp (- [y r(s)ds) = B()™,
8(t) £ p(1)S(2).
It is easy to see that F{* coincides with the filtration generated by the processes

(S(t), u(t)).

(1.13)

Let ,
wy(t) = w(t) +/0 0(s)ds.
Let ; Lt
Z(t) = exp (/0‘ 0(s) "dw(s) + 5/0 |0(s)|2ds) . (1.14)
Clearly,

Z(t) = exp ( /0 " 0(s) Tdwa(s) - % /0 t |0(3)|2ds) . (1.15)

Our standing assumptions imply that EZ(T)~! = 1. Define the (equivalent
martingale) probability measure P, by
dP,
dpP

Let E, be the corresponding expectation. Girsanov’s Theorem implies that w,
is a standard Wiener process under P,. Then (w.(t), u(t)) also generate {F;}
and P, P, have the same null sets.

It follows from (1.14) that

dZ(t) = Z(1)0(t) T dw,(t) = Z()a(t) TQ(¢)S(t) ~1dS(2), (1.16)
where §(t) = diag (5,(2), ..., Sn(t)). Note that B, Z(T) = 1.

=2(T)™".

Portfolio and strategies

Let Xo > 0 be the initial wealth at time ¢t = 0, and let X (¢) be the wealth at
time ¢t > 0, X (0) = X. We assume that

n
X(t) = mo(t) + 3 mi(t), (117)
i=1
where the pair (7o(t), w(t)) describes the portfolio at time ¢. The process mo(t)

is the investment in the bond, and ;(t) is the investment in the ith stock,
(t) = (m(2),...,m(t) T, t > 0.
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The portfolio is said to be self-financing if
dX(t) = n(t)S(t)"1dS(t) + mo(t) B(t)"1dB(2). (1.18)
It follows that for such portfolios,
dX(t) = r()X () dt + n(t)" (@(t) dt + o(t) dw(t)), (1.19)

n
mo(t) = X (t) - )_ m(t),
=1
so 7 alone suffices to specify the portfolio; it is called a self-financing strategy.

DEFINITION 1.2 The process X(t) = p(t)X(t) is called the normalized
wealth. .

It satisfies

X(@t) =X(0)+ [ p(s)m(s)To(s) dw.(s)

= X(0) + f¥p(s)7(s)TS(s)"1d5(s). (1.20)

Special classes of admissible strategies are described below (see Definitions
5.1 and 8.2).
The following definition is standard.

DEFINITION 1.3 Let £ be a given random variable. An admissible strategy
w(-) is said to replicate the claim £ if X (T, w(-)) =€ a.s.
Some notations

Throughout the book, a vector (strict) inequality will mean component-wise
(strict) inequalities; x{-} denotes the indicator function.

We shall denote by B([0,T); E) the set of bounded measurable functions
f(t) : [0,T] - E for an Euclidean space E.

We shall use notations

¢*(z) £ max(0, ¢(z)),

¢~ (z) £ max(0, —¢(z)),

R" = {z = (21,%2,...,%,) ER": 2; > 0,i =1,2,...,n},
ﬁié {a;: (:Bl,:l:z,...,:l:n) €ER":z;>0,i= 1,2,...,1?.}.
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MODEL-FREE EMPIRICAL STRATEGIES AND
THEIR EVALUATION



Chapter 2

TWO EMPIRICAL MODEL-FREE "WINNING"
STRATEGIES AND THEIR STATISTICAL
EVALUATION

Abstract In this chapter, we consider a generic market model that consists of two assets
only: a risky stock and a locally risk-free bond (or bank account). We reduce
assumptions on the probability distribution of the price evolution and assume that
the price of the stock evolves arbitrarily with interval uncertainty. The dynamics
of the bond is exponentially increasing along with interval uncertainty. Under
such mild assumptions, the market is incomplete. We further assume that only
historical prices are available. Thus, admissible strategies for this model are
similar to strategies from "technical analysis” and they are almost model free.
We present two original empirical strategies that bound risk closely to a risk-
free numéraire and risky numéraire respectively. The important feature of the
strategies is that they guarantee a positive average gain for any non-risk-neutral
probability measure. Some statistical tests of profitability of these strategies as
applied to historical data are provided.

2.1. A generic discrete-time market model

We introduce a simplest model of a market, consisting of the risk-free bond or
bank account with price By, and the risky stock with tprice Si, £ =0,1,2,....
The initial prices S > 0 and By > 0 are given nonrandom variables.

Set B g
A k A k
= —_ = e———— 1_
P By, 2 PESk—1
In other words,
Sk = peSe-1(1+&), k=1,2,....

We assume that
&l <1, pr>1 Vk. (2.1)
Note that these conditions are not restrictive, since the usual change in real
stock market prices is about 1% and no more than 5% per day; in other words,

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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|€x| is about 0.01-0.05 in the case of everyday transactions; in this case,
pr = 1 + interest rate/365.

Let Xy > 0 be the initial wealth at time &k = 0.
Let X}, be the wealth at time & > 0. We assume that the wealth X}, at time
k>0is
Xk = BeBr + &Sk (22)

where [y, is the quantity of the bond portfolio, and +y, is the quantity of the stock
portfolio. The pair (B, ;) describes the state of the bond-stocks securities
portfolio at time k. We call sequences of these pairs strategies.

We consider the problem of trading or choosing a strategy in a class of
strategies that does not use any information about the probability distribution
of the market dynamics or about the future variables of Sx. Some constraints
will be imposed on current operations in the market, or in other words, on
strategies.

DEFINITION 2.1 A sequence {(Bk,x)} is said to be an admissible strategy
if there exist measurable functions Fy, : R%*2 — R? such that

(ﬂka’Yk)T = Fk(501 BO)SlvBla .. ,SkaBk)-

(In other words, Bx and «yx, do not depend on the "future"”, or on Sk+m, Br+m
form > 0).

The main constraint in choosing a strategy is the so-called condition of self-
financing.

DEFINITION 2.2 A strategy {(Bk, k) } is said to be self-financing, if
Xi+1 — Xk = Br (B+1 — Bx) + Ve (Sk+1 — Sk) - (23)

For the trivial, risk-free, "keep-only-bonds" strategy, the portfolio contains
only the bonds, v = 0, and the corresponding total wealth is X = Sy By =
an=1 pmXo. Strategies that bound risk are said to be bounded risk strategies.
Some loss is possible for a strategy that deals with risky assets. It is natural to
estimate the loss and compare it with the "keep-only-bonds" strategy.

~ -1
DEFINITION 2.3 The process Xy, 2 (Xo ., p,,.) Xy is called the nor-
malized wealth.

REMARK 2.1 Thisdefinition is slightly different from Definition 1.2. To reduce
the difference, it suffices to assume that Xo = 1, thiscan be done without loss
of generality.
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Notice that )Z'o =1

DEFINITION 2.4 Let {ht} be a sequence such that 0 < hy < 1, k =
1,2,...,n. Anadmissible strategy (B, Vi) is said to be a bounded risk strategy
with the bounds {h}, if X, > by (Vk = 1,2,...).

Set
- -1
Sk 2 (an:l Pm) Ska k> 1,
Sy £ Sp.

We have that
St = Sp—1(1 + &).

PROPOSITION 2.1 Let {(X, k) }P_, be a sequence such that

X1 — Xy = ;-Y(%(gk+1 -8), k=0,1,...

Then X £ Xo an=1 pmf(k is the wealth corresponding to the strategy
(Br> k), where B, = (Xg — £ Xg)By ', which is self-financing.

2.2, A bounded risk strategy

We present below a strategy that bounds risk closely to a risk-free investment
and guarantees at the same time a positive average gain for any non-risk-neutral
probability measure. The strategy uses only stock price observations and does
not require any knowledge about the market appreciation rate, the volatility, or
other parameters; it bounds risk closely to the risk-free investment, and it gives
some additional gain from trading of the risky asset, and this gain is mostly pos-
itive. In fact, the additional gain is positive on average for any non-risk-neutral
probability measure, under some additional assumptions about probability dis-
tributions such that the market is still incomplete, though the strategy itself does
not use probability assumptions. Thus, we present a strategy for someone who
basically prefers risk-free investments but accepts some bounded risk for the
sake of an additional gain.

2.2,1  The strategy
Set

k
a=1-¢ w2, UkéHCm- (2.4)

m=1

Then0 < ¢y <land0 < v <1.
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THEOREM 2.1 Let

= A 5 S 4 X, TT*

$23(80) XS X0k T o

v i) e
A _

ﬂk=£’£ﬁb§h’ kzoalaza""n'

Then the pair (By,7x) is an admissible and self-financing strategy with the
corresponding wealth X}, and the normalized wealth X, and

k k
Xk=§(ﬂ(1+¢m)+ H(l—sm)), (2.6)
m=1 m=1
Xk 2> \/"Ea (27)

Jor all admissible sequences S1,...,Sk, k=1,2,....

Notice that the strategy (2.5) at time k uses only { By, Sy,, m < k}.

COROLLARY 2.1 Assume that |&| < €, where € € (0,1) is a given number.

Then the pair (By,i) is a bounded risk strategy with the bounds hy = (1 —
62)]5 /2,

Letnn > 1 be a given integer. Denote by 7 the random number of positive
€ in the set {&x}5;.
THEOREM 2.2 Let h > 0 be a constant. Assume that n — oo and |&| =
n~'h. Then )
Xn - E(eh(2u—1) + eh(1—2u)),

where v = n /n.
Notice that (e¥ +e7Y)/2 > 1 (Vy € R, y #0).

COROLLARY 2.2 The strategy (2.5) ensures a positive gain for large n and
€ = hn~! in the case of a "good" value of v (v # 1/2).

For a real market, changes of stock prices are usually no more than 1%—-5% per
day, hence || is about 0.01-0.05 for everyday transactions.

Consider examples of a possible gain and the maximum loss in comparison
with the risk-free "keep-only-bonds" strategy. Let n = 100, and let pr, = p be
a constant.

EXAMPLE 2.1 Let |§]| < 0.5 then vy, = 09975 and X100 >
0.9975%0100 X, = 0.8824% X for all admissible S, - . - , Sipo-
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If & = +0.05 and either v = 0.6 or v = 0.4, then X990 = 1.3624p'%° X,,.
In other words, if ¥ = 0.6, then there are 60% positive £ and 40% negative &.
If & = 20.05 and either v = 0.65 or v = 0.35, then X199 = 2.0780p'% X,,.

EXAMPLE 2.2 If |&] < 0.02, then vy = 0.9996* and X0 >
0.99965°p1%0 X, = 0.9802p'® X,
If £ = £0.02 and either v = 0.6 or v = 0.4, then X199 = 1.0597p'% X,.
If & = +0.02 and either v = 0.65 or v = 0.35, then X9 = 1.1620p%°.

2.2.2 Estimates of transaction costs

The problem of transactions costs for stochastic market models has been
widely studied (see, e.g., Black and Scholes (1972), Edirisinghe et al. (1993),
Jouini and Kallal (1995)). We show below that the transaction costs are not
crucially large for our strategy. Consider the strategy defined in Theorem 2.1.
In this section, we assume for the sake of simplicity that py = 1 and that there
exists a constant € > 0 such that |¢;| < ¢ for all k. We assume that transaction

Costs are
n—1

e =p Z Sk+1 [Te+1 — Vel (2.8)
k=0
where ¢ > 01is a given constant that presents the brokerage fee percentage.

Set
k

S'k 2 So H (1 - gm)
m=1
By (2.5), _
Xo Sy
= -— 1 — = b
T = 25 ( Sk) P ET oA

and

Se+1(Vk+1 — %) = Sk;.é:( ogz: (Hgﬂi - 1)

= —%S‘kﬁk_*_l, k S n—1.

Hence

o < XS,
S rd
Letn, n_ and v be as defined in Section 2.2.1: n,. is the random number of
positive & in the set {€}F_,, n— = n—n.. It can easily be seen that 3", S
takes the maximum value if £ = € (Vk < n_), & = —e (Vk > n_). In this
case, we have that

Y 5=+, 3 S+ Y a-of
k=0 k=0

k=n_+1 k=n_+1



20 DYNAMIC PORTFOLIO STRATEGIES

Hence
< ey Sk
< uXoe [Shzo (1 +)F + (1+6)™ ot (1-e)t]
n_+1_ —(1—€)"
= uXoe (BT + 1+ (1 — )it |
Hence we obtain the estimate of transaction costs
CW <pXo[(L+e)™*' -1+ (L+e)"(1-e)(1-(1-€)™)].
Let n be large, or n — +00. Assume thate < hn~1, where h > 0is a given
constant. With this assumption, we have that
h n_+1
Cc™ < pX [(1 +B) -1

HaHB @-B) i a-p]).
Hence

limsup C™ < pX, [(eh(l—u) - 1) + eh1-v) (1 - e_hu)]

n—o0
and transaction costs are limited over n — oc.
Let € = hn~!. From Theorem 2.2, we have that
X, _)go_ (eh(2u—1) + eh(1—2u)) as 1m — 400.

The value of u is about 0.01 in a real market; hence transaction costs are
reasonably small, in comparison with a possible gain for "good" values of v
w#1/2).
2.2.3  Average performance under probability assumptions
We suppose that there is a probability space such that £ and py are random
variables, k = 1,...,n, where n > 0 is given. We repeat that
By =prBr-1, Sk =pSk-1(1+&), k=1,2,...,n. (2.9)

Consider a probability measure P, on the set of sequences {(£x, k) } o=, Let
E,, denote the corresponding expectation and E,, { - |- } denote a conditional
expectation.

DEFINITION 2.5 A measure P, is said to be risk-neutral if

E, {gklgk—la S'k._g, ... ,S'o} = S'k-l (VE=1,...,n).
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REMARK 2.2 By(2.9),

By {Sul8i1, Bk 2o S0} = S (1 + By {&eléao, -, 1))

Hence, if & does not depend on &_1, . ..,&1, then the measure P, is risk-
neutral if and only if E & =0 (Vk=1,...,n).

Let ¢, and vg be such as defined by (2.4).

Consider the classic stochastic Cox—Ross—Rubinstein model (see Cox et al.
(1979)). For this model, py are nonrandom, and &, are independent random
variables that have equal distribution and can have only two values, §; and 42,
where 47, d; are given numbers, —1 < §; < 0 < §2 < 1. Itis easy to see that
vg > (1 — max(é?, 5%))k, k > 0. Denote by P,, the corresponding probability
measure, which is uniquely defined by the sequence {px} and a real number
p € (0,1) such that

Pr=0)=p, P(lr=d)=1-p (Vk=12,...,n)

Let E, denote the corresponding expectation. It is easy to see that a measure
P, is risk-neutral if and only if Ep§y = 0 (Vk), i.e., 61p + d2(1 — p) = 0.

THEOREM 2.3 Let (Bk,k) be the strategy defined in Theorem 2.1. For the
Cox—Ross—Rubinstein model, E,,X'k > 1 (Vk = 1,2,...,n) for any non-
risk-neutral measure and E,,Xk = 1(Vk = 1,2,...,n) for any risk-neutral
measure.

Consider now a more general model. We assume that the random variables
& take values in the interval 41, 4], where —1 < §; < 0 < 82 < 1, and pi are
not necessary nonrandom. Under these assumptions, the market is incomplete.

THEOREM 2.4 Let P, be a probability measure on the set of sequences
{(&k, pr) }Yi~, such that & does not depend on E_1,...,&1 for all k. Let
(Bk, k) be the strategy defined in Theorem 2.1. Then

k k
~ 1
EuXk=§(H(1+Eu€m)+ (1_Eu£m))a k=1,2,...,n,
m=1 m=1

(2.10)

and _ /2
X > (1 - max(6%,62))"* (vk=1,2,...,n). (2.11)

Furthermore, if

ElrEyn >0 VE,m=12,...,n, (2.12)

then E,X,, > 1 for any non-risk-neutral measure P,, and E,,f(k =1(Vk =
1,2,...,n) for any risk-neutral measure P .



22 DYNAMIC PORTFOLIO STRATEGIES

REMARK 2.3 The condition (2.12) holds for the Cox—Ross—Rubinstein model.

Notice that the strategy defined in Theorem 2.1 does not depend on the proba-
bility distributions of the stock appreciation rate or on the assumptions about a
stochastic model. It should be pointed out that this strategy is both profitable
in mean and risk bounded.

EXAMPLE 2.3 Consider a stochastic market model as in Theorem 2.3 and
a self-financing admissible strategy vy = £ Sy 1. Suppose that (2.12) holds.
Then

=1+ ‘)%5 25,;10 Eu’)’m§m+1'§m =1+ )%0‘ an;lo Eu£m+1Eu£m-

Hence E,‘f( k > 1, and this strategy also ensures a positive average gain for any
non-risk-neutral measure P,,. But we have that the wealth will be negative for
large k for any sample sequence such that &, 1€ < 0 (Vm).

In Theorems 2.3 and 2.4, £, are assumed to be independent. We now reduce
this assumption.

Denote by n the random number of positive £ in the set {€x};-;, n— =
n—ny, v =ny/n Lete > 0be a given number. Introduce the following
function:

fv,e) = % [C+a™ @ - 4 (1- ™ 1+, (213)

Notice that f(v,e) = f(1 —v,€) and f(0,¢) = f(1,¢) > 1.

PROPOSITION 2.2 Let &, take only two values, —¢ and +¢, where € € (0, 1)
is a given number, k = 1,...,n. Then X;, = f(v,¢€) for the strategy defined
in Theorem 2.1.

The following example demonstrates that the strategy ensures a positive
average gain sometimes when E,{;; = 0, but & are not independent.

ExAMPLE 2.4 Consider a stochastic market model as in Proposition 2.2. Let
P, be a given probability measure such that E¢, = 0 and P(§ = & =
... = &) = 1, where k < n is a given number such that f(d,e) > 1, where
d = k/n. It can be easily seen that if £, = ¢, then v > §, and if £; = —¢, then
v < 1-4. Hence E, f(v,€) > f(8,€) = f(1 — &) > 1. Consider the strategy
defined in Theorem 2.1. By Proposition 2.2, E, X, > f(4,€) > L.

2.2.4 Experiments with historical data

‘We have carried out the following experiments. We have applied our strategy
to given sequences {Si, . . . , S100} of 100 daily prices of 10 leading Australian
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stocks (AMC, ANZ, LLC, MAY, MWB, MIM, NAB, NBH, NCP, and NFM),
taking all possible initial days from 1984 to 1996. For the sake of simplicity, we
assume that p is constant and p = 1 + 0.07/250, where 250 is the approximate
number of trading days, and we have not taken into account the dividends
income of shareholders. We take the average over all such trials (the total
number was 19,024; in fact full 13 years of data were not available for all
the stocks). We have obtained the following result: in the case of the risk-
free investment, p'® = 1.0284 and log p'® = 0.0280. For our strategy,
the average of X199/ Xp is 1.0304, the minimal X /Xo over k = 1,...,100
is 0.8212, and the average of log(X100/Xo) is 0.0292. It appears that our
strategy reduces risk in comparison with the “buy-and-hold” strategy: for this
experiment, the minimal Sy, /S; overk = 1,. .., 100 and over all trials is 0.2625.
Figure 2.1 shows an example of the performance of our strategy when applied
to the ANZ (Australia New Zealand) Bank stocks with daily transaction from
September 1, 1987, to January 21, 1988 (i.e., for 100 trading days, including
the October 1987 market crash).

Figure 2.1. 'The resulting wealth X}, and the stock price Sy for the strategy (2.5) applied for
ANZ Bank stocks during 100 days from 1 September 1987 to 21 January 1988. ——: values of
Sk; - - - -2 values of X, when Xo = Sp; - - -: values of By when By = Sp.
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2.3. A strategy with a risky numéraire

Now we present a strategy that has approximately the same performance as
the "buy-and-hold" investment to the risky assets but that also bounds risk and



24 DYNAMIC PORTFOLIO STRATEGIES

gives a positive average gain in comparison with the "buy-and-hold" strategy
for any non-risk-neutral probability measure.
More precisely, we present a strategy with the following properties:

(a) The strategy uses only observations of stock prices and does not require
any knowledge about the market appreciation rate, the volatility, or other
parameters;

(b) It gives some systematic additional gain in comparison with the “buy-and-
hold” strategy for a given risky asset;

(c¢) The risk for the strategy is similar to the risk for the “buy-and-hold” strategy;
i.e. it is a bounded risk strategy if the risky asset is taken as a numéraire.

We consider again a market model from Section 2.1 that consists of two
assets: a risky stock and a risk-free bond (or bank account). As in Section
2.1, we assume that the price of the stock evolves arbitrarily with the interval
uncertainty. The dynamics of the bond is exponentially increasing along with
the interval uncertainty. Under these assumptions, the market is incomplete. A
multi-period strategy will be presented that differs from the strategy of Cover
(1991) and has the properties (a)—(c). The additional gain is positive on average
for any non-risk-neutral probability measure, under some additional assump-
tions about the probability distributions such that the market is still incomplete,
though the strategy itself does not use probability assumptions.

In other words, we present a strategy for an investor who wishes to keep the
given risky asset as a core portfolio but who also admits some dynamic adjusting
of the total amount of shares in order to improve performance. In particular,
this investor accepts a risk of huge losses if the stock falls. This model of
preferences can be realistic, as in the case of a holder of the controlling share
of a company.

2.3.1 The strategy
Let € > 0 be a parameter. Set

A A
ca=14¢ c=1-c¢,
~ A A A
Zjo0= 1, Zjo = 1, vw=1,
~ A 11k A -
Zik = [Im=1 (1 +¢5€k), 2k = Z 1 Br,

202 1/2
vy, 2 fn=1(1—(f—+§g;,) , k>1.
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THEOREM 2.5 Let

X £ 3 (Gip+iak), Xk 2 X, By,
= 5;:; (c1Z1k + c2Z1k) (2.14)
B & Xugledke, £=0,1,2,...,n.

Then the pair (Bk,vk) is an admissible and self-financing strategy with the
corresponding wealth X, and the normalized wealth Xy, and

Xy, > w5, (2.15)
for all admissible sequences S,,. .. , S.

Notice that the strategy (2.14) uses at time k only By, S, Zjk, J = 1,2, so we
need to store only two numbers Z;; in addition to the current observation of
B, Si. And these two numbers depend on {By,, Sy, m < k} only.

COROLLARY 2.3 Assume that |¢| < €1 (Vk), where €1 € (0,1). Then
X > (1 - 2631 — ee,) )42
Ife=1, then Xy > 1 /2 for all possible Sk,

For a real market, changes in stock prices are usually no more than 1%- 5%
per day, hence |€| is about 0.01-0.05 for daily transactions.

2.3.2  Average performance on a probability space

We suppose that a probability space is given such that £ and px are random
variables. We repeat that

Br=pkBik-1, Sk =peSe-1(1+&), k=1,2,...,n.  (2.16)

Consider a probability measure P,, on the set of sequences {(&k, o) }5—;. Let
E, and E, { |-} denote the corresponding expectation and a conditional ex-
pectation.

DEFINITION 2.6 A measure P, is said to be risk-neutral if
E“ {S’k'gk—l; ey S’o} = S'k—l Vk = 1, R (B
REMARK 2.4 By (2.16),
By {SulSe-1,--, 50} = S (1 + By {elt-r, - &2}).

Hence, if & does not depend on &_1, ..., &1, then the measure P, is risk-
neutral ifand only if B &, =0 (Vk=1,...,n).
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THEOREM 2.6 Let P, be a probability measure on the set of sequences
{(&, pr) Y-, such that & does not depend on €k_1, ... &1 for all k, and
EiEuém >0 (Vk,m =1,2,...,n). Let (B, V) be the strategy defined
in Theorem 2.5. Then E,,)Z’,,, > 1 for any non-risk-neutral measure P, and
Eﬂffk =1(Vk =1,2,...,n) for any risk-neutral measure P ,.

REMARK 2.5 The market is incomplete under assumptions of Theorem 2.4.
The conditions of this theorem are satisfied for the Cox—Ross—Rubinstein model
of complete market (Cox et al. (1979)).

Notice that the strategy defined in Theorem 2.5 does not require the probability
distributions of the market parameters.

2.3.3 Experiments
We have carried out the following experiments. We have applied the strategy

with different parameter ¢ to sequences {Sp, S1, - - - , Sn}, where S 2 Py /Py,
k=1,...,n, and sequences { Py, Py, ..., Py} are samples of daily price data
for 16 leading Australian stocks (AMC, ANZ, LEL LLC, LLN, MAY, MLG,
MMF, MWB, MIM, NAB, NBH, NCM, NCP, NFM and NPC), taking all pos-
sible initial days from 1984 to 1997. Thus, n is the number of periods, i.e., the
number of portfolio adjustments, or transactions. The length of the real-time
interval that corresponds to each single period is m days, where m is given.
The case of m = 1 corresponds to daily portfolio adjusting. For the sake of
simplicity, we assume that p, = (1 + 0.07/250)™, where 250 is the approxi-
mate number of trading days in one year. Thus, T' = n x m/250 is the length of
the real-time interval of running the strategy in each trial; T = 1 corresponds
to one year. Also, we have not taken into account the dividends income of
shareholders. We calculate the average of X, and log X, over all such trials
(the total number was 35,430 for n = 100 and m = 1; the full 13 years of data
were not available for all the stocks).

We compare the performance of the strategy with different € with the per-
formance of the "buy-and-hold" strategy (i.e., when v = 1, Xj = S, and
Xk = Sk) Also, we compare our results with the performance of the clas-
sic Merton-type "myopic” strategy for the log utility function, which has the
following closed-loop form:

Te = (a - 'I") _X—'Iia

2.17
225, (2.17)

i.e., the normalized wealth evolves as

. S,
Xky1 = Xk +Xk(a—'r)k—+12—k
oS

)
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where a is the appreciation rate of the stocks, r is the risk-free interest rate and
o is the volatility. Assume that we have allowed the use of posterior historical
data; the average of the appreciation rate for a single stock for this market falls
within the interval [0.14,0.16] and the volatility within [0.28,0.3]. Thus, we
applied the strategy (2.17) with @ = 0.15, r = 0.07 and 0 = 0.29.

The results of the experiments with different €, m, n are shown in Tables
2.1-2.3. It can be seen that:

» the average performance is robust with respect to changing in m with given
T, and the performance is better for a more frequent portfolio adjusting; and

» the average gain is proportional to the length of the time interval.

These findings show that the results are stable.

Further, it can be seen that € = 0.5 and ¢ = 1.0 ensure systematically better
performance for both criteria X,, and log X,,. _ .

Note that there is a difference between the average of X, = Sy for the
"buy-and-hold" strategy in Tables 2.2 and 2.3 for a given n, because S, are
calculated as prices on different days for different m (for example, form =5
and m = 1, the difference is 4 days).

Figures 2.2 and 2.3 show examples of the performance of our strategy ap-
plied with € = 1.5 to the ANZ (Australia New Zealand) Bank stocks with
daily transactions from September 1, 1987, to January 21, 1988 (including the
October 1987 market crash) and from January 3, 1995, to May 30, 1995.

It will be shown below in Chapter 10 that the strategies introduced in Sections
2.2-2.3 are optimal for a generic investment problem under special assumptions
about the distribution of market parameters (see Remark 9.1).

Table 2.1. Performance of strategy (2.14) for the Australian market with n = 100, m = 1,
and T' = 0.4 (average over 38,266 trials).

Type of Merton  Buy-and-hold
strategy €=05 €=10 e=15 =20 £=25 strategy strategy
Xn 1.040 1.0499  1.0661 1.0907 1.1256  1.0269 1.0376

log X, 00106 00128 00136 -0.0072 -0.0293  0.0088 0.0091
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Table 2.2. Performance of strategy (2.14) for the Australian market with n = 20, m = 5, and
T = 0.4 (average over 38,202 trials).

Type of Merton  Buy-and-hold
strategy e£=05 €e=1.0 =15 £=20 €=25 strategy strategy
Xn 1.0388  1.0458 1.0576 1.0745 1.0965  1.0248 1.0376
logX, 00092 00106 00083 -0.0178 -0.0880  0.0088 0.0091

Table 2.3. Performance of strategy (2.14) for the Australian market with n = 50, m = 1, and
T = 0.2 (average over 36,180 trials).

Type of Merton  Buy-and-hold
strategy €=0.5 =10 e=15 €£=20 e=25 strategy strategy
Xn 1.0185 1.0213 1.0259 1.0326 1.0416 1.0161 1.0176
log X. 00052 00065 00077 0.0079 0.0053  0.0053 0.0047
24. Proofs

Proof of Proposition 2.1. We have that

Xer1 — X =X II5 om (Xk+1 - Xk) +Xo(pk+1 — 1) Ty om X
= [TI8E pmm (S'k+1 - S’k) + (pr+1 — 1) Xg
= Yk (Sk+1 — Pr+15k) + (pr+1 — 1) X
= Yk (Sk+1 — Sk) = (Prs1 — 1)Se7k + (ox41 — 1) X
= Y (Sk+1 — Sk) + (Pk+1 — 1) (Xk — Sk1)
= Y (Sk+1 — Sk) + (Pk+1 — 1)BrBr
= Yk (Sk+1 — Sk) + (Br+1 — Br)Bk-

This completes the proof of the proposition. [J
Proof of Theorem 2.1. We have

vkSo [ Sk — Sk+1 _ o cr+15k 1
25; Sk 25 \ Sin
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Figure2.2. The resulting wealth X}, and the stock price Sy, for the strategy (2.14) applied with
€ = 1.5 for ANZ Bank stocks during 100 days from 1 September 1987 to 21 January 1988. —:
values of X = Sy, for the "buy-and-hold" strategy; - - - - - : values of X} when Xp = Sp.

55+

45

35

- -
[ 10 20 30 40 50 60 70 80 20 100

gkil vk;tlso )
( So 30 St Sk+1 Sk

(s,,il-sk 4 480 [ ] ): e (Se1 = S8) -

Sk41
Furthermore,
em  _1-Gn_ ¢
1+én 1+&n ™
Hence

v _ 8 VL S
2Xy —-§§+—§:°' 2
k k cm k =€mn
=]I =1(1+£m)+n =1 T+em f,.=1(1+£m)+l'[ =1 i+§m-

Therefore, we obtain equation (2.6). Furthermore, (2.7) follows from (2.6) and
the elementary estimate y ! +y > 2 (Vy > 0). From Proposition 2.1, it follows
that X}, is the total wealth for the self-financing strategy (2.5) which is defined
from the condition of self-financing. This completes the proof of Theorem 2.1.
O
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Figure2.3. Theresulting wealth X, and the stock price Sy, for the strategy applied withe = 1.5
for ANZ Bank stocks during 100 days from 3 January 1995 to 30 May 1995. ——: values of
Xy = S for "buy-and-hold" strategy; - - - - - : values of X with Xo = Sp.

5.6 T T T T

Proof of Theorem 2.2. Letn_ £ n—n,;thenny, =vnandn_ = (1-v)n.
By (2.6),

X = % [(1 +e)"(L—e) ™ L (1—e)™ (1 + 6)(1‘")"] - (218)

Hence X, — 1 (eM®~1D 4 ¢h1-2)) a5 n — +oo. This completes the
proof of Theorem 2.2. (1

Proof of Theorem 2.4. The estimate (2.11) follows from (2.7), and (2.6)
implies (2.10), since & are independent. Furthermore,

Bandy = 5B, (3 - %2)
k k
= %Q m=1 E“(l + £m) —1llm=1 Eui‘i’?;)
=% (TThes (1 + Buim) — [Thcs (1 - i)

Hence, the inequality E £k 1E,7:Sxy > 0 follows from (2.12). Then, by
Remark 2.3, for a non-risk-neutral measure P, thereexists k € {1,...,n—1}
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such that E, &1 E, 7Sk > 0. By Proposition 2.1,
E#Xk =1+ Zk ! E (gm+1 - S’m)

m=0
=1+ X_o Efn-—lo Ey ym€m+1Sm
=1+ )}—0 fn_:o u£m+1Ep,’7mSm-

This completes the proof of Theorem 2.4. [
Theorem 2.3 is a special case of Theorem 2.4. [J
Proof of Proposition 2.2. The proof follows from (2.13) and (2.7). O
Proof of Theorem 2.5. We have
Xit1— X =3 (Brpsr — B + Zoprr — Zo5)
= % [FLp+1016k41 + F2p+1026k+1]
~ ~ Skq1-5
= % [c121 k41 + C222,k41] _’H‘S'l’k—‘i
=k (Sk+1 — Sk) -
Furthermore,

1 k 1+c1ém k 14+cobm
Sk 2 [Lim=1 1+4¢ + Iz 1+§k

1

2

et (14 £58) + Tl (1 £88)] 2

by the elementary estimate y ! +y > 2 (Vy > 0). It follows from Proposition
2.1 that X is the total wealth for the self-financing strategy (2.14), which
is defined from the condition of self-financing. This completes the proof of
Theorem 2.5. [

Proof of Theorem 2.6. Set

ax = Eubk, ex=eap(l+ap)™t
We have
EuSk = IIhei(1+am),
E X =} ( ko +ciom) + 15,0 +c2a,,,)) , k=12...,n.
Then
E, Xy, — E,Sk
=3 ( (14 (1 +€)om) + T 1+ (- ;)am))
—hoi (L +am)
=IThoi (1 + o) [% ( k(U tem) + (- em)) - 1] > 0,

and E,‘f(k - Eugk = 0 only if @; = 0 (Vi < k). This completes the proof of
Theorem 2.6. OJ



Chapter 3

STRATEGIES FOR INVESTMENT IN OPTIONS

Abstract We consider strategies for investment in options for the diffusion market model.
We show that there exists a correct proportion between put and call options in
the portfolio such that the average gain is almost always positive for a generic
Black and Scholes model. This gain is zero if and only if the market price of
risk is zero. A paradox related to the corresponding loss of option’s seller is also
discussed.

3.1. Introduction and definitions

We consider strategies for investment in options for a generic stochastic
diffusion model of a financial market. It is assumed that there is a risky stock
and a risk-free asset (bond), and that European put and call on that stock are
available at the initial time. We consider only strategies for selecting an options
portfolio at the initial time. The selection of this portfolio is the only action of
the investor; after that, he or she waits until the expiration time to accept gain
or loss.

We show that there exists a correct proportion between put and call options
with the same expiration time, on the same underlying security (the so-called
long strangle combination), such that the average gain is almost always positive.
This gain is zero if and only if the market price of risk is zero, i.e., when the
appreciation rate of the stock is equal to the interest rate of the risk-free asset
(i.e., a # r in (3.1)—(3.2) below). A paradox related to the corresponding loss
of option’s seller is also discussed.

Definitions

Consider the generic model of a financial market consisting of a risk-free asset
(bond, or bank account) with price B(t) and a risky asset (stock) with price
S(t). We are given a standard probability space with a probability measure P
N. Dokuchaev, Dynamic /’//;‘(/()//0 Strategies: Quantitative Methods and E;///)/f‘/'uz/

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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and a standard Brownian motion w(t). The bond and stock prices evolve as

B(t) = e™ By, (3.1)

dS(t) = aS(t)dt + oS (t)dw(t). (3-2)

Here r > 0 s the risk-free interest rate, o > 0 is the volatility, and a € R is the
appreciation rate. We assume that ¢t € [0, T], where T > 0 is a given terminal
time. Equation (3.2) is Itd’s equation and can be rewritten as

ot
S(t) = Spexp (at -5+ aw(t)) .

We assume that European put and call on that stock are available for that
price defined by the Black-Scholes formula.

Further, we assume that o > 0, 7 > 0, By > 0, and Sy > 0 are given, but
the constant a is unknown.

Let pps(So, K, 7, T, o) denote the Black-Scholes price for the put option,
and cps(So, K, 7, T, o) denote the Black—Scholes price for the call option. Here
Sy is the initial stock price, K is the strike price, r is the risk-free interest rate,
o is the volatility, and T is the expiration time.

We recall the Black—Scholes formula. Let

T 2
B(z) & \/% / 5 dy,
—00

délog(So/K)+T(r+02/2) i = d— oVT. (33)

oVT ’
Then
cs5(S0, K, 7, T,0) = So®(d) — Ke "T®(d"), (3.4)
pss(So, K, 1, T,0) = cgs(So, K, 7, T,0) — S+ Ke ™. (3.5)

Let X be the initial wealth of an investor (i.e., at the initial ¢ = 0), and let
X (T) be the wealth of the investor at the terminal time ¢t = 7.

Consider a vector (Kp, fip, K, pic) such that K, > 0, up > 0, K¢ > 0, pc >
0. We shall use this vector to describe the following strategy: buy a portfolio
of options that consists of u, put options with the strike price K, and of x. call
options with the strike price K, with the same expiration time T; thus,

Xo = pppss(So, Kp, 7, T, 0) + pecss(So;, Kp, 7, T, 0) (3.6)
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(assume that the options are available for the Black-Scholes price). We have
assumed that the investor does not take any other actions until the expiration
time. In that case, the terminal wealth at time ¢ = T will be

X(T) = ppl(Kp = S(T))* + el S(T) - Ko)*. (3.7)

DEFINITION 3.1 The vector (Kp, pip, K, i) is said to be a strategy.

For the case of a risk-free "hold-only-bonds" strategy, X (T) = e T Xy Itis
natural to compare the results of any investment with the risk-free investment.

DEFINITION 3.2 The difference EX (T) — e"T Xy is said to be the average
gain.

Note that the appreciation rate a in this definition is fixed but unknown. The
average gain for a strategy depends on a — . For example, for a call option
holder, when p, = 0, the average gain is positive if a > 7.

REMARK 3.1 There are standard terms for option combinations. If you own
both a put and a call with the same striking price, the same expiration date, on
the same underlying security, you are long a straddle, i.e., you own a straddle).
Strangles are similar to straddles, except the puts and calls have different striking
prices (see Strong (1994)).

3.2. The winning strategy

Let dp and d, be defined by (3.3), where d = d(K, Sp, T, r,0) is defined
after substituting K = K, or K = K, respectively.

THEOREM 3.1 Let up > 0, pc > 0 and

pe _ 1= 2(dp)
Hp ®(de) 38)

Then the average gain for the strategy (Kp, pip, K¢, pi¢) is positiveforanya # r,
ie.,
EX(T)>eTXy Va#r. (3.9)
Moreover,
EX(T)=€¢TXy if a=r (3.10)

For any (Kp, K¢, So, T, r,0), the proportion (3.10) is the only one which en-
sures (3.8): for any other proportion p./pp, there exists a € R such that the
average gain is negative.
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COROLLARY 3.1 Let the variable a be random, independent of w(-), and such
that P(a # r) > 0. Then EX(T) > €T X, for the strategy from Theorem 3.1.

Set

Q(za t) é HpPBs (Z', Kp1 T, T- t7 0') + “cch(za Kc, T, T- t1 0'),

A(z,t) = d—Qd(';’:—’t). (3.11)

COROLLARY 3.2 Let (Kyp, fip, K¢, p1c) be as in Theorem 3.1; then
A(Sp, 0) = 0. (3-12)

3.3. Numerical examples

ExAMPLE 3.1 Consider a straddle, i.e., a combination of put and call op-
tions with K, = K, = §25, Sp = $30, T = 0.25 (i.e. the expiration
time is 3 months=25 years); r = 0.05 (i.e., 5% annual), and ¢ = 0.45 (i.c.,
45% annual). Then d = dp = d. = 0.978, &(d) = 0.836. We calculate
cas(So, Kp,7,T,0) = 5.9625 and ps(Sg, Kp,7,T,0) = 0.6519; the win-

ning proportion is
pe 164

pp 836

Clearly, the pair (., pp) is uniquely defined from the system

de _ 164
By — 8362
{ UpDBs (507Kpa T, T7 0) + MCCBS(SOa Kp)'ra Ta 0') = XO-

To obtain the profit/loss diagram for the winning strategy from Example 3.1,
we need to select Xg. Let

XO é pBS(S(); Kp, Ty T, O') + Cps (501 Kp1 T, T7 0)'

We have that
cps(So, Ky, 1, T, 0) = 5.9625,

Pas (S0, Kp, 7, T,0) = 0.6519.

under the assumptions of Example 3.1. Then

Xo = 5.9625 + 0.6519 = 6.6144,
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Figure 3.1. Profit/loss diagram for a "winning" long straddle from Example 3.1:
Xo = ¢as + pas, where cps is the Black-Scholes price of the call option, pss is
the Black-Scholes price of the put option, S is the stock price at the terminal time,
and K, = K_ is the strike price for put and call.

4

X

e
I
=

and
(Bps the) = (3.6311,0.7123)

is the solution of the system

836uc = 1644,
0.6519u, + 5.96254, = 6.6144.

Figure 3.1 shows the profit/loss diagram for a winning long straddle from Ex-
ample 3.1.

ExXAMPLE 3.2 Let Sp be arbitrary, K, = K. = Sp, T = 0.25, r = 0.05,
and o = 0.45. Thend = d, = d. = 0.168, ®(d) = 0.567, and the winning

proportion is
pe _ 433

567
Again, let
XO é pBS(SOavara Ta 0') + cBS(SOa Kp1 T, Ta 0)-

We have that cps(So, Kp,7,T,0) = 2.3841, and pss(So, Kp, 7, T,0) =
2.0736 under assumptions of Example 3.2. Then

Xo = 2.3841 + 2.0736 = 4.4577,
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Figure 3.2. Profit/loss diagram for a "winning" long straddle from Example 3.2:
Xo = cps + pss, where cps is the Black—Scholes price of the call option, pgs is
the Black—Scholes price of the put option, S is the stock price at the terminal time,
and K, = K. = Sy is the strike price for put and call.

4

X

Xo o N S

and
(Bps the) = (1.1447,0.8742)

is the solution of the system

567ue = 433,
2.0736up + 2.3841pu, = 4.4577.

Figure 3.2 shows profit/loss diagram for a "winning" long straddle from Exam-
ple 3.2.

34. A consequence for the seller and a paradox
What about the option writer? This person is on the "other side of the market" from the
option buyer. Ignoring commissions, the options market is a zero sum game; aggregate
gains and losses will always net to zero. If the call buyer makes money, the call writer is
going to lose money, and vice versa.
—R. Strong, Speculative markets, 1994, p. 37

Consider now the result for a seller (writer) who has sold the options portfolio
described in Theorem 3.1 (i.e., who is short the straddle described there). The
seller receives the premium Xy and must pay X (T') at time ¢ = T. Figure 3.3
shows profit/loss diagram for a short straddle from Example 3.1.
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Figure 3.3.  Profit/loss diagram for a short straddle from Example 3.1.

X K, =K,

® /=\ _

Let Y (t) be the wealth, which was obtained by the seller from Yy = Xj
by some self-financing strategy. Let V(T) = Y(T) — X(T) be the terminal
wealth after paying obligations to options holder at the expiration time T'.

Let us consider the possible actions of the sellers after receiving the premium.
The following strategy is most commonly presented in textbooks devoted to the
mathematical aspects of option pricing:

Strategy I: To replicate the claim X (T') using the replicating strategy.

As is known, the Black-Scholes price is defined as a minimum initial wealth
such that the option’s random claim can be replicated. For Strategy I, the
number of shares is A(S(t),t) at any time ¢t € [0, T], and Y (T) = 0 a.s., i.c.,
there is neither any risk nor any gain. Thus, it is doubtful that the seller uses
this strategy in practice.

Furthermore, it was mentioned in Strong (1994) [p. 53] that in practice the
option writer just keeps the premium as real compensation for bearing the added
risk of foregoing future price appreciation or depreciation. Thus, the second
strategy is the following:

Strategy II: To invest the premium X into bonds, take no further actions
and wait for the outcome of the price movement, similarly to the option’s holder.

The seller who sells only put (or only call ) options and uses Strategy II
puts his or her stake on the random events K, < S(T') (or S(T') < K, cor-
respondingly). A gain by the holder implies a loss for the writer. The game
looks fair in the case of selling either put or call options separately, because we
know that the Black—Scholes price is fair and that the chances for gain should
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be equal for buyer and seller (otherwise, either the ask or the bid will prevail).
But Theorem 3.1 implies that the seller will receive a nonpositive average gain
which is negative on average for any a # r, if he or she sells the combination

described in Theorem 3.1. In other words, we have a paradox:
A combination of two fair deals of selling put and call options gives an

unfair deal.
The second paradox can be formulated as following:

We know that the Black-Scholes price is fair for buyers as well as for
sellers (otherwise, either the ask or the bid will prevail). However,
we have found an options combination such that buying is preferable,
because the buyer has nonnegative (and almost always positive) average
gain but the seller has a nonpositive (almost always negative) average
gain.

In practice, unlike in for our generic model, brokers use sophisticated mea-
sures such as insurance, long positions in stocks or other options, etc. to reduce
the risk, but that does not affect the core of the paradox.

A possible explanation is that the writer also use the premium X to receive
a gain from a # r by using some other strategies such as Merton’s strategies
which are possibly more effective than the options portfolio. In other words,
a rational option seller does not use either risk-free replication of claims or
a "keep-only-bonds" strategy; rather he or she uses strategies that are able to
explore a # .

3.5. Proofs

Proof of Theorem 3.1. Let P, be the conditional probability measure given
a. Let E, be the corresponding expectation. We denote by E, the expectation
that corresponds to the risk—neutral measure, when a = r. Set

h(a) 2 E, X(T).
By the definitions of X (T), it follows that
h(a) = ppEL(Kp — €@ TS(T)) + p B, (e TS(T) - K,)t. (3.13)

As is known (see, e.g., Strong (1994) and Duffie (1988)), the Black-Scholes
price can be presented as

ps(80, K,1,T,0) = e "TE,(K — S(T))*, (3.14)
CBS(SmKa T, T7 0) = e—TTE*(S(T) _K)+' .
Then

e "Th(a) = pppss(e® TSy, Kp, 7, T, 0) + pecss (e TSy, K, 7, T, 0).
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By the put and call parity formula, it follows that

e "Th(a) = pp|cas(e® T So, Kp,r,T,0) — e TS, + K,
+ucess(e@ TSy, K., r, T, 0).
The following proposition is well known (see, e.g., Strong (1994) [p. 100] ).
PROPOSITION 3.1 Forany T > 0, K > 0, the following holds:

2 ens(a, Kyr,T,0) = 8(d), (3.15)

where d is defined by (3.3).

Let d.(a) and dp(a) be defined as dp, and d_, respectively, with substituting
S for ele=1T G, Set

y=y(a) 2 e 7T, R(y) £ h(T ' logy).

We have that
R(y(a)) = h(a);
then dR(y)
L) — 5 (@l (0) — 1) + Bl
By (3.8), it follows that

Wl =0. (3.16)

(Note that y = 1 if and only if @ = 1.) It is known that

& o2
5;2—p55(z, K5,0,T,0) > 0, a—wicas(x, K5,0,T,0) >0

and the derivatives exist. Then R"(y) > 0 (Vy), i.e., R(-) is strongly convex.
It follows that @ = 7 is the only solition that minimizes h. By (3.6), (3.13), it
follows that

R(1) = €T X,.

The uniqueness of the proportion (3.8) follows from the uniqueness of ./ pp,
which ensures (3.16). This completes the proof of Theorem 3.1. [J

Corrolary 3.1 follows from (3.9) and (3.10). [J

Corrolary 3.2 follows from (3.15). [



Chapter 4

CONTINUOUS-TIME ANALOGS OF "WINNING"
STRATEGIES AND ASYMPTOTIC ARBITRAGE

Abstract In this chapter, we consider two continuous-time analogue of the model-free win-
ning empirical strategy defined in Theorem 2.2, Chapter 2. These two continuous-
time strategies ensure a positive average gain for any non-risk-neutral probability
measure; the strategies bound risk and do not require forecasting of the volatility
coefficient and appreciation rate estimation. As the number of the traded stocks
increases, the strategies converge to arbitrage with a given positive gain that is
ensured with probability arbitrarily close to 1.

4.1. Introduction

In this chapter, we study continuous-time analogue of the model—free strategy
defined in Theorem 2.2, Chapter 2. Similar to the generic discrete-time model,
these two continuous-time strategies achieve the following two aims:

(i) to bound risk; and
(ii) to give a positive average gain.

These two aims are achieved for all possible appreciation rates and volatilities
from a wide class without volatility forecast and appreciation rate estimation.
In fact, the strategy ensures a positive average gain for all volatilities and ap-
preciation rates from a wide class that includes random bounded volatilities.

The strategy described in Section 4.3 below is such that a trader makes
transactions at any time when the price deviation exceeds a given level. A
number of transactions are known and finite, and the stopping time is random
(but the expectation of the stopping time is finite).

The strategy described in Sections 4.4 and 4.5 requires continuous adjusting,
but the time interval is nonrandom and given. The explicit formulas do not
include the future values of volatility but include only the past stock prices
and cumulative integral of the past historical volatility. The strategy ensures
a positive average gain for all volatilities and appreciation rates from a wide

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical
- e () <
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class that includes random bounded volatilities. As the number of traded stocks
increases, the strategies converge to arbitrage with a given positive gain that is
ensured with probability arbitrarily close to 1.

Our approach in Sections 4.4 and 4.5 can be summarized as follows. In
the Black—Scholes model, the equation for wealth is a backward parabolic
equation such that the corresponding boundary value problem is well posed
with the Couchy condition at the terminal time and is ill posed with the Couchy
condition at the initial time. In our solution, there are no specific claims at the
terminal time that present a problem of option replication. We have found a
special variant of the Couchy condition at the initial time such that this, generally
speaking, ill posed boundary value problem has a solution, and this solution
has the desired properties. In other words, we have freedom to select a strategy
as well as a claim that has to be replicated, and we use this freedom to select
a special claim given in (4.12) and (4.20) below such that the corresponding
replication strategy has the desired properties.

4.2. Definitions

Consider the diffusion model of a securities market consisting of a risk—free
bond or bank account with a price B(t), ¢ > 0, and risky stocks with prices S; (t),
t>0,2=1,2,...,N. We consider cases of both N < +oco and N = +o0.
The prices of the stocks evolve according to the stochastic differential equations

dSi(¢) = Si(t) (a,-(t)dt + a,-(t)dw,-(t)), >0, (4.1)

where a;(t) is the appreciation rate, o;(t) is the volatility coefficient, and w;(t)
is the standard Wiener process. The initial price S;(0) > 0 is given and non-
random. The price of the bond evolves according to

B(t) =€e™B(0), t>0, (4.2)

where r > 0 and B(0) are given constants.

In practice, the volatility coefficients ¢;(t) can be estimated from the mea-
surement S;(t), but the task is more difficult for the appreciation rate a;(t),
which is harder to estimate than ¢;(t). Hence we assume that o;(t) can be
observed at the current time but cannot be forecasted and that a;(t) cannot be
observed and forecasted.

We assume that w;(-) are independent processes. Thus, this model corre-
sponds to the model from Chapter 1 with a diagonal matrix volatilty.

Let .7-"59 "™ be the right-continuous monotony increasing filtration of complete
o-algebras of events generated by {S;(t)}-;,n < N.

Let F5 & FN,



Continuous-time analogs of "winning" strategies and asymplotic arbitrage 45

Introduce the vector processes

a®™(t) = (a1(t),- -, an(t)),

oM(t) = (o1(t),--.,on (1),

S™(t) £ (S1(t),---,Sa(t))

at) 2 a™(t), o) 2o™M(@), S()2SM),
S(t) = e""S(t).

Let V be the set of all o(-) such that o;(t) are bounded random processes
that are progressively measurable with respect to Ff,i=1,...,N.

Let A be the set of all a(-) such that a;(t) are bounded random processes
and a(t) does not depend on w;(t + s) — w;(t), s > 0,s=1,...,N.

Let A C A be the set of a(-) € A such that all a;(t) are non-random
processes, ¢ =1,...,N.

Let X (0) be the initial wealth at time ¢ = 0 and X (t) be the wealth at time
t > 0. Though the number of available assets is infinite, we assume that only a
finite number of them are traded by the agent and that the wealth X (t) at time
t>0is

X(t) = Bt)B(t) + ) %()Si(t). (4.3)
i=1

Here n < N and n < +00, B(t) is the quantity of the bond portfolio, 7;(t)
is the quantity of the 4 stock portfolio, and (t) = (71(t),--.,¥a(t)), t > 0.
The pair (B(-),7(+)) describes the state of the bond-stocks securities portfolio
at time ¢. We call these pairs strategies.

We consider the problem of investment or choosing a strategy.

DEFINITION 4.1 Let (0(-),a(:)) € V x A be fixed. A pair (B(-),7(-)) =
(BE) M), 72()s- - -, ¥n(")) is said to be an admissible strategy if n < +oo,
n < N, and B(t), v:(t), 7:(t)Si(t), i = 1,...,n, are random processes that

are progressively measurable with respect to the filtration .7-} and such that
Efo 1B(t)|2dt < +o0,

E [T (I[v@®)]2 + X%, Si(t)?%()?) dt < +00 VT > 0. (44)

The main constraint in choosing a strategy is the so-called condition of self-
financing.

DEFINITION 4.2 A pair (B(-),7(-)) is said to be self-financing if

dX(t) = BW)AB(t) + Y %(t)dSi(t). (4.5)

i=1
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In fact, any admissible self-financing strategy has the form

7(8) = (@), 72(8), -, 1)) =T (£, 5™ (o)

- (DS (4.6)
ﬂ(t) — X(t) E,B;(lt;ﬁ(t)sl(t),

where I'(t,-) : C(0,t)® — R™ is a functional, ¢ > 0. For different a(-), the
random processes (3(t), y(t)) with the same I'(¢,-) in (4.6) may be different.
Hence it will also be convenient to introduce strategies defined by I'(t, -).

DEFINITION 4.3 A functional T'(t,-) : C(0,t)® — R", t > 0, is said to
be an admissible CL-strategy (closed-loop strategy) if the corresponding pair
(B(-),7v(-)) defined by (4.6) is admissible.

DEFINITION 4.4 The process X (®) 2 e""%{% is called the normalized
wealth.

Notice that X (0) = 1.

REMARK 4.1 This definition is slightly different from Definition 1.2. To elim-
inate the difference, it suffices to assume that Xo = 1; this can be done without
loss of generality.

4.3. Unbounded horizon: piecewise constant strategies

Consider the simplest case of the market model described above, with n =
N = 1. We assume here that a(t), o(t) are nonrandom processes, and that the
process a(t) is square integrable on all finite intervals [0, T], 6; < o(t)? < &,
(Vt) a.s., where 81, & are constants, d > d; > 0.

Let F§ be the filtration generated by the process S(t).

DEFINITION 4.5 Let M be the set of Markov stopping times for the filtration
FF such that B9 < +o00, 8 > 0 for § € M.

REMARK 4.2 It is important that E§ < +00 for the stopping times in this
definition. It can be seen from Example 1.1 that there exists a trivial arbitrage
without this restriction (a strategy that ensures positive gain with zero risk is
said to be arbitrage).

DEFINITION 4.6 Let 0 € M, and let h(t) be a random function. A pair
(B(-),7(-)) is said to be a bounded risk strategy with the bounds h(-) for the
stopping time @ if }

X(t)>h(t) vtelo,0] a.s.

for all admissible af(-).
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8 g

Let#i € p, € € (0,1), and T > 0 be given. We assume that T € (0, +oc]; in
other words, the case of T = 400 is not excluded.
Let

a ro-S() _
¢(t,0) = tS(0) 1, 0<6<t.

Then

S@t) =et-05@O)1+¢(6,1), 0<6<t, ((6,0)=
Introduce the stopping times

0020, 6, 2T Aif{t: t>01, [C(t0k-1)=¢}, k=1,...,7

Let

n=max{k:0_1 <T, k=1,...,7},

Sk 2 S(6x), Br=B(6:), k=0,1,...,n,

o 2 exp(r(0 — Os-1)), & = -S—z%f—’;%; — 1 = ((6k, O-1)-

Itiseasy tosecthat By < +oo,0; € M (Vk)and |¢x| = efork =1,...,n-1,
‘Eﬂ‘ S E’

Sp = opSk_1(L+€), Bi=peBro1, k=1,...,n. 4.7)
Let
w2 (1—e2)f, k=0,1,...,n—1, v, =(1-€)"(1-£).
THEOREM 4.1 Let
X, 2 20 (%1; + €270 %%Q) ,
= JJ (3% — 20 "’%?) : (4.8)
e 2 EE:B%@ k=0,1,2,...,n
Introduce the random function h(t) such that h(t) = (1 — €)(1 — e2)*/2 for
t € [0k, 0k+1). Furthermore, introduce the functions y(t), B(t), X (t) such that
Bt) =Bk, YE)="7% tE€ (Okbkt], k=0,1,2,...,n,
X(t) =B(t)B(t) +7()S(), t=0.

Then the pair (B(-),7(-)) is an admissible and self-financing bounded risk
strategy with the bounds h(t), the corresponding wealth X (t), the normalized

wealth X (t) = e~ 4, and

k k
X(Ok)=%(l—[(1+§m)+ H(l—fm)), k=12,...,n, (49)
m=1 m=1
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X)) > (1 -2F? a5, k=1,2,...,n, (4.10)

X(@t)>(1—e)(1—e)*? Vte by, 0ps], k=1,2,...,n. (4.11)

THEOREM 4.2 Let a(t) = a, o(t) = o be nonrandom constants, T = +oo,
andn = 7i. Then B, < +oc. Furthermore, EX (0,,) > 1ifand only ifa # r,
and EX(0,) =1 ifand only ifa =r.

4.4. Continuous-time strategies for a single stock market
with a finite horizon

In this Section, we assume that N = n = 1. Introduce the random function
¢
o(t) & / o?(s)ds.
0

We shall employ the notation cosh(y) 2 (e¥ +eY)/2.

THEOREM 4.3 Let

X(@t) & # (E((é—)) exp {2rt — v(t)} S(((t);) (4.12)

aX(0) (1 5(0)
~(t) = 5 (S(O) exp {2rt — v(t)} 5(0)2 (4.13)
a X(t) —1()S()
Then, for any (o(-),a(-)) € V X A, the pair (5(-),(-)) is an admissible and
self-financing strategy with the corresponding wealth X (t). The formula (4.13)
gives a bounded risk strategy with the bound C(t) = exp{—v(t)/2}, and

(4.14)

X(t) > exp {—0(2—0} V(e(-),a()) eV xA, Yt>0 as., (4.15)

where X (t)is the corresponding normalized wealth. Moreover,
EX(t) =cosh (fot a(s)ds — rt)
V(o(-),a()) €V x4, Vt=0,
and if (0(-),a(-)) €V x A, then

(4.16)

t
EX(t)>1 ifand onlyif % / a(s)ds #r. (4.17)
0
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REMARK 4.3 The bounded risk strategy defined in Theorem 4.3 does not de-
pend on a(t) and the future values of volatility.

REMARK 4.4 Iffor allt > 0 the second inequality (4.17) does not hold, i.e.,
fg a(s)ds = r (Vt > 0), then a(s) = r. The strategy defined in Theorem 4.3 is
arbitrage (i.e., risk-free profit that is positive with nonzero probability) if and
only if (4.17) holds and o = 0.

4.5. Strategies for a multi-stock market
In this section, we assume that N < +00, 1 < n < +00. Set

a [t o a1l
mniéqm@,wﬂ=ﬁzpmy (4.18)
i=1

Furthermore, for & = 0,...,2" —1,t > 0, and z = (21,...,%5) € R,
z; > 0 (i), introduce the functions

a2 LT, ([fas)ds—rt), As(t) 2 -4i(0),
Gi(z) 2 (2172 - -za)™,  Gal(z) = (122 v

A _Gi(@) — 4.19
Gile) 2 g k=12 (4.19)

w(t) 23 (L -1) T ), ult) =5 (5+1) Xikvi),

Ee(t) S e, k=1,2.

Set
Hy(z,t) = &(t)Gx(2),
(4.20)
Hmné%@m@n+mw@)
THEOREM 4.4 Let
X(t) = H(e™™S(t),1),
X(t) £ e X(0)X(t) = H(S(2), 1),
(4.21)

(o) 2 X0 A (B0 - BG©,Y),

1(t) 2 (), m(t), Ble) 2 XT3,
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Then, for any (o(-),a(-)) € V x A, the pair (8(t),v(t)) is an admissible and
self-financing strategy with the corresponding wealth X (t) and the normalized
wealth X (t). The formula (4.21) gives a bounded risk strategy with the bound
C(t) = e, and

Xt)>e® Yo(),a()) EVXA Vt>0 a.s., (4.22)

where X (t)is the corresponding normalized wealth. Moreover,

EX(t) = 2 k=1,2 cosh (Ak(t))

(4.23)
Y(o(-),a()) eVx A, WVt>0,
and if (0(-),a(-)) € V x A, then
EX(t)>1 ifandonlyif ke {1,2}: A(t)#0. (4.24)

For T > 0,9 > 0, introduce the class V(9,T") C V of all o(-) such that

n
rl—lZvi(T) <% VYn as., (4.25)

i=1
where v;(t) are as defined in (4.18).

COROLLARY 4.1 ForanyT > 0,9 >0,

Xty > e =(1-¢g,)

Y(o(-),a(")) eV, T)x A, Vte€[0,T] a.s.,
(4.26)
where

enél—exp{—%}zi—ﬁo as n— +oo.

In other words, the maximum loss for the strategies defined in Theorem 4.4
converges 1o zero as the number n of traded stocks increases.

4.6.  Definitions for asymptotic arbitrage

It can be concluded that, as the number of stocks increases, the proposed
strategies converge to arbitrage . A risk-free profitable strategy is said to be
arbitrage. Harrison and Pliska (1981) have shown that arbitrage does not ex-
ist in the diffusion stochastic market model. But some types of arbitrage as
a limit or as asymptotic arbitrage do exist for models with an infinite number
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of assets. One definition of asymptotic arbitrage was introduced by Kabanov
and Kramkov (1994). Another related definition is that of the so-called "free
lunch” (Harrison and Kreps (1979)). There are many results concerning the
existence or nonexistence of "free lunches" and asymptotic arbitrage. For ex-
ample, it is known that free lunches do not exist in a diffusion market model
with sequences of strategies that are piecewise constant with a bounded number
of switchings, and free lunches do exist in the case of an unlimited number of
switchings and unlimited borrowing (see, e.g., Dalang et al. (1990), Duffie and
Huang (1986), Frittelli and Lakner (1992), Harrison and Kreps (1979), Jouini
and Kallal (1995), Jouini (1996), Kreps (1981), Kabanov and Kramkov (1998),
Klein and Schachermayer (1996)). The strategies introduced above are con-
tinuously changing; they do not require unlimited borrowing and information
about future values of volatility, and it will be shown that they ensure asymptotic
arbitrage of the first kind introduced by Kabanov and Kramkov (1994). More-
over, these strategies ensure a strengthened version of asymptotic arbitrage: a
fixed positive gain is ensured with probability 1 — ¢ for arbitrarily small e > 0
for a wide class of volatilities and appreciation rates that includes all bounded
random volatilities.

DEFINITION 4.7 LetT > 0 be fixed, and let C(t) be a random process such
that C(t) € (0,1] for all t a.s. An admissible CL-strategy T'(t,-) is said to be
a bounded risk strategy with the bound C(-) if

X(@t)>C@®) V(o(),a(-)) €eVxA Yte[0,T] as.

The following definition is a particular case of the classical definition of
arbitrage (see Harrison and Pliska (1981)).

DEFINITION 4.8 Let (a(-),a(-)) € V x .Abe given, (B(t),¥(t)) be an admis-
sible self-financing strategy, and X (t) be the corresponding normalized wealth.
Let T' > 0 be a given nonrandom time. Let

P(X(T)>1) =1, P(X(T)>1)>0.
Then this strategy is said to be arbitrage.

The following definition is a particular case of the definition of asymptotic
arbitrage from Kabanov and Kramkov (1994, 1998).

DEFINITION 4.9 Let (0(-),a(-)) € Vx Aand T > 0 be given. Let
(B™(t),7™(t)), m = 1,2,... be a sequence of admissible self-financing
strategies, X (t) be the corresponding total wealth, X (™) (t) be the correspond-
ing normalized wealth, and X(™ (0) = X (0) (Vm). Suppose that there exist
real numbers k > 1, pg > 0 such that for any € > 0 there exists a number m
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such that

P(X™(T) > &) > po,
Xm@t)>1—e Ym>m, Vte[0,T] as

Then the sequence (8™ (t),4(™)(t)) is said to be asymptotic arbitrage of the
first kind.

The following definitions strengthen the requirements of Definition 4.9; they
assume a positive gain with probability arbitrarily close to 1, and a class of
(o(+),a(-)) is included in the consideration.

DEFINITION 4.10 Let B C V x A be a given subset of the set V x A. Let
rm,.), m=1,2,... bea sequence of admissible CL-strategies, X (t) be
the corresponding total wealth, X (™) (t) be the normalized wealth, X(™ (0) =
X (0) (Ym). Let T > 0 be given. Suppose that there exists a real number £ > 1
such that for any (o(-),a(-)) € B,e > 0, €1 > 0, e2 > 0, there exists a number
™ such that

P(XM™(T) >k —e1)>1— ¢y,
XM >1-¢ Ym>m, Yte[0,T] as

Then the sequence T'™)(t,-) is said to be asymptotic arbitrage that almost
guarantees the gain & for the class B.

DEFINITION 4.11 Let B C V x A be a given subset of the set YV x A. Let
D(m)(t,.), m = 1,2,... be a sequence of admissible CL-strategies, X (t) be the
corresponding total wealth, X (™) (t) be the normalized wealth, and X (™ (0) =
X(0) (Vm). Let T > 0 be given. Suppose that there exists a real number k > 1
such that for any € > 0, €1 > 0, €2 > 0 there exists a number 1 such that

P(XM™(T)>k-£) > 1—ey,
XMty >1—-¢ VYm>m, Y(o(),a()) €B, Vt€[0,T] aus.

Then the sequence T'™ (t,-) is said to be asymptotic arbitrage that almost
guarantees the gain & uniformly on the class B.

We cannot conclude yet that (4.24) and (4.26) ensure asymptotic arbitrage as
it defined in Definitions 4.9 - 4.11 because a lower boundary of gain is not
established. In the following section, we give some sufficient conditions that
ensure asymptotic arbitrage.
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4.7. Asymptotic arbitrage for the strategy (4.21)
In this section, we assume that N = +o0. Let T' > 0 be a fixed time. Let

T
ai(T)é/(; ai(t)dt —rT, i=1,2,... .

For 6 > 0, introduce the set A(8, T') C A such that for any a(-) € A(8,T),
there exists a number 7 such that

%Z ai(T)

=1

>0 Vn>n as. (4.27)

THEOREM 4.5 LetT > 0, > 0, 8 > 0 be fixed. Consider the sequence
of the strategies (B(t),¥()) = (8™ (t), 7™ (t)), defined in Theorem 4.4. Let
X ™) pe the corresponding total wealth. Then

@) For any (o(+),a(:)) € V(5,T) x A(8,T), € > O, there exists a number
i such that

EX®)(T) > X(0) cosh(6),

. (4.28)
XMty >1-¢ Vn>n Vte([0,T] as

(i) For any (o(-),a(")) € V(#,T) x A(6,T), € > 0,e1 > 0, &2 > 0, there
exists a number 7i such that
P (f((") (T) > cosh(f) — 51) >1—e,

3 (4.29)
XW@y>1-¢ ¥n>a Vte0,T] a.s

(iii) Let Ay C A(8,T) be a set such that there exists a number i such that
(4.27) holds for all a(-) € Ay,. Then forany e > 0,€1 > 0, €2 > 0, there exists
a number 7. such that

P (X()(T) > X(0)(cosh(6) ~ £1)) 2 1 —e2,
X®@)>1-¢ (4.30)
vn>n Y(o(-),a(’)) € V[®H,T)x Ay, Yt€[0,T] as.

COROLLARY 4.2 (i) For any fixed (o(-),a(-)) € V(9,T) x A(0,T, ), the
sequence of strategies in Theorem 4.5 is asymptotic arbitrage of the first kind
for time T (Definition 4.9).

(ii) This sequence is asymptotic arbitrage that almost guarantees the gain
cosh(6) > 1 for the class V(9,T) x A(8,T) for time T (Definition 4.10).
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(iii) This sequence is asymptotic arbitrage that almost guarantees the gain
cosh(8) > 1 uniformly on the class V(%,T) x Ay for time T (Definition 4.11).

REMARK 4.5 The strategy (8™ (t), v (t)) may be approximated by strate-
gies (BM™)(t), n(mm) (1)), m =1,2,3,..., whichare constant at the intervals
(T/m,( + 1)T/m), | = 0,1,...,m — 1, and such that B|X™™)(T) —
x®) (T)|?2 = 0 as m — +oo for the corresponding values of wealth. Hence
the first inequalities in (4.28)(4.30) may be ensured as a limit for these piece-
wise constant strategies, but the second inequalities there can be guaranteed
only with a probability close to 1, but not almost surely.

4.8. Proofs

Proof of Theorem 4.1. It is easy to see that e™% = fn:l Pm. Consider the
strategy defined in Theorem 2.1 applied to the discrete-time market model (4.7).
The result of the strategy (4.8) coincides with the result of the strategy (2.5).
Hence (4.9) and (4.10) hold. The corresponding total wealth is continuous,
and therefore the underlying piecewise constant admissible strategy (4.8) is
self-financing.

By (4.8), .

Xe+7Se 20, Xg— %Sk >0.

Furthermore,
IC(t, te-1)| <€Vt € (6k,Ok41)-

By Proposition 2.1,

X(t) =X(6) + FlS®) - 5]
= X(0k) + Py S(6k)¢ (t ta)
= X(6)(1 - ) + ((2, tk—l);—%;gk +eX,,
> X(6)(1 —e).

Therefore, (4.11) holds. This completes the proof of the theorem. (1
Proof of Theorem 4.2. We have that

gk = y(ok)ek—l) - 11

where y(t, 8) is the solution of the Itd’s equation

dy(t,0) = (a — r)y(t,0)dt + oy(t, 6)dw(t),
y(6,6) = 1.

Hence 6, — 0, are independent because of the Markov property of the process
y(-). Also, w(fy) — w(fk_,) are independent. Hence &, are independent. We
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have that y(t,6) > 0 a.s. for all £,6, and

B =By(Bh1,06-1) + (@~ )B fj! y(tOe1)dt =1
=(a—nE fg* y(t,0k-1)dt.

Hence E¢x, > 0 (Vk) ifa > r, E& < 0 (Vk) ifa < r, and E§ = 0 (Vk) if
a = r. All the assumptions of Theorem 2.4 hold. This completes the proof of
the theorem. [

Let Q 2 {(z,t) = (T1,--+,Tnyt) 1 >0, 2 >0 (V))}, 1 <n <N,
n < +oo.

PROPOSITION 4.1 Let(o(-),a(-)) € Vx Abefixed. Let H(x,t) be a random
continuous function of (z,t) € R™! which has derivatives H] € C(Qo),
H'_ € C(Qo), and H, € Loo(Qo) for any bounded domain Qo C Q. Assume

that H(z,t) is progressively measurable with respect to J-'ts N and that for all
T > 0, there exist constants C > 0, ¢ > 0 such that

\H(z, t)| + |Hy (2, )] + | Hyo(2, )] < C(l2l° +|2]7° + 1)

(4.31)
V(z,t)eQ: t<T.

Furthermore, assume that the following equality holds in the space Loo(Q):

oH ®o2(t) ,0%H
Introduce the processes
X(t) 2 B(eS(),t) = HS®), 1), (4.33)
Hi(t) £ -g%(g(t),t), ) = M) - - (), (4.34)
B(t) = et X (t) — 3 H®)Si(t) (4.35)

B(t)

Then the pair (3(t),¥(t)) is an admissible and self-financing strategy with the
corresponding normalized wealth X (t).

Proof. Tt can be easily seen that the process S; 1(t) evolves as

dS7Y () = (—ai(t) + 0i()?) Syt (B)dt + 03(2) Sy (E)dwi(t), > 0.
(4.36)



56 DYNAMIC PORTFOLIO STRATEGIES

From (4.1) and (4.36), we have that

supE|S;(t)[P < +0o, supE|S;(t)"}P <400 Vp>1,Vi=1,...,n
t<T t<T

By (4.31), the processes B(t), 7(t), S;(t)7;(t) are square integrable and (4.4)
holds; hence (B(t), 7(t)) is an admissible self-financing strategy.

To complete the proof of Proposition 4.1, we have to show that (4.5) holds
for et X (t), B(t), ¥(t). To do so it is sufficient to find dX (t). The function
H(z,t) is random, and hence It&’s formula is not applicable formally. But
dX (t) may be obtained from the It6-Ventssel formula, which is similar to the
standard It&’s formula for this case when H (z, t) is absolutely continuous by t
(for a case of continuous H’, see Rozovskii (1990); for a case of noncontinuous
H} see Dokuchaev (1994)). This completes the proof of Proposition 4.1. [

PROPOSITION 4.2 Let G(z) be a deterministic function that has continuous
derivatives GG in the open domain {x = (z1,...,zn): z; > 0 (Vi)}.
Let £(t) be a random absolutely continuous function that has a derivative £; €
Loo(0,T) forany0 < T < +o00. Assume that £(t) is progressively measurable
with respect to Fy ™. Furthermore, let

noo2

o2(t) ,8%°G

> 3T @ = -6 50 (4.37)
i=1

in Loo(0,T) for all z = (z1,...,2n), £; > 0 (Vi), T > 0. Then the function

H(z,t) = G(z)&(t) satisfies all the assumptions of Proposition 4.2.

PROPOSITION 4.3 The functions G(z) = Gi(z) and {(z) = &x(z) defined
in (4.19) satisfy all the assumptions of Proposition 4.2. The functions H(z,t) =
Hy(z,t) and H(z,t) = H(z,t) defined in (4.20) satisfy all the assumptions of
Proposition 4.1.

The proofs Propositions 4.2-4.3 are straightforward and will be omitted.

Theorem 4.3 is a special case of Theorem 4.4 withn = N =1,

Proof of Theorem 4.4. Applying Propositions 4.1-4.3, we obtain the strategy
(4.21).

It can be easily seen that

n®) +u) =55 (E-1)+1 G +1)] S u)

LY uilt) = 2v(t).
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This yields v — up(t) = —v — ug(t). We have that G1(z) = Ga(z)~. By
4.21),

X)) =3(G:i3®)e O +Ga(5(B)e )
=0} (GuEE)exp () - u(®)}
+ exp{v(t) - uz(t)}Gg(S(t))—l) .
Apply the elementary inequality y~ +y > 2 (Vy > 0) for all k. It yields

X (t) > e ). Hence (4.22) holds.
By (4.1), we have that

S;(t) = S;(0) exp(/otai(s)ds+/0t oi(s)dw;(s) — viét)), i=1,...,N.

Furthermore, the corresponding equations (4.19) may be rewritten as

ui(t) = ( orZ ™ ) Zv,(t

If a(-) € A, then ¢;(t) is nonrandom for all 4. In this case, (4.19) yields
EGi(5(t))e~u®
=Eexp) i, (ﬂ‘nﬁ - %f—) + %fot oi(s)dwi(s) — uk(t))

= exp Z?:l "‘#Eexp Z?___l( fo oi(s)dw;i(s) — ﬁl'zw )
=exp )i, % = et

The expectation there is a standard expectation of an exponent of a summa of
stochastic integrals (see, e.g., Karatzas and Shreve (1988), p. 191). We have
that Ap(t) = —A;(t). Hence

EX(t) =1E (Gl(S't)e‘“‘(t) + Gg(gt)e’“z(t))
- % (e/h(t) + e_Al(t)) ,
and (4.23) holds. This completes the proof of Theorem 4.4. [

Proof of Theorem 4.5. The second inequalities in (4.28)—(4.30) hold by
Corollary 4.2. Recall that by (4.19)

W) = (- &) Shw@), @ = (g + 4 ) Show®),
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Set
A T
m 2 /0 o:(8)dwi(t).

We have that

x0r) = 3| (SRERER) " expl-ua(1) = r7)
+ (SEE) " exp{-u(m) + )]
_ %[exp s (ﬂ_z W | m)
+expY i, (—ﬁﬁﬂ e fh‘)]-

(4.38)

Hence
. 1 <
EX®™)(T) = cosh (5 Z; o (T)) :
1=

The expectation here is a standard expectation of products of exponents of
stochastic integrals ;. This completes the proof of Theorem 4.5 (i).
Furthermore, by (4.38),
X (T) > e (1) cosh (v, + @),

where

o = = Zaz(T), on =

S|

n
Z i
i=1
By (4.25),

v(T) - 0,

. IR 2 as n — +o00.
Elpnl? = B30 [y oi(t)dwi(t)] <2 -0

(4.39)
Let7 > 0, €3 € (0, 6) be such that
¢“(T)(cosh(f) — €;) < cosh(f — €3),

P(lpn| > €3) < €2, as. Vn>n.
[¥n| > 6
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These 7, €3 do exist by (4.39). For Theorem 4.5 (ii), 7 depends on a(-). For
Theorem 4.5 (iii), 72 depends on A,,. We have that

P (X)(T) > (cosh(6) — 1))

> P (e7T) cosh(yn + @n) > cosh(f) — €1)
> P (cosh(tn + ¢n) > cosh(d — e3))

> P (|¢n +pnl >0 —e3)

> P(|yn] 20, |pn| <es3)

2 P(|tpn| 2 0) — P (lon| > €3)

>1—eo.

This completes the proof of Theorem 4.5. I
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OPTIMAL STRATEGIES FOR THE
DIFFUSION MARKET MODEL
WITH OBSERVABLE PARAMETERS



Chapter 5

OPTIMAL STRATEGIES WITH DIRECT
OBSERVATION OF PARAMETERS

Abstract 'We consider an optimal investment problem for a market consisting of a risk-
free bond or bank account and a finite number of risky stocks with correlated
stock prices. It is assumed that the stock prices evolve according to an Itd’s
stochastic differential equation. The parameters (interest rate, appreciation rate,
and volatilities) need not be adapted to the driving Brownian motion, so the
market is incomplete. The main assumption here is that all the market parameters,
including the appreciation rates, are directly observable. That the condition is
restrictive.

5.1. The market model

Consider the continuous-time market model introduced in Section 1.3, Chap-
ter 1. This market consists of a risk-free bond or bank account with the price
B(t), t > 0, and n risky stocks with prices S;(t),t > 0,7 = 1,2,...,n, where
n < +o0 is given. The prices of the stocks evolve according to

dS;(t) = S;(t) (a,-(t)dt + Xn: oij(t)dw; (t)), t>0, (5.1)

j=1

where the w;(t) are standard independent Wiener processes, a;(t) are appreci-
ation rates, and o;;(t) are volatility coefficients. The initial price S;(0) > 0 is
a given nonrandom constant. The price of the bond evolves according to

B(t) = B(0) exp ( /0 t r(s)ds) , (5.2)

where B(0) is a given constant that we take to be 1 without loss of generality,
and r(t) is a random process of risk-free interest rate.

We assume that {w(t) }o<:<7 is astandard Wiener process and that a(t), r(t),
and o (t) are uniformly bounded, measurable random process, independent of
N. Dokuchaev, Dynamic Portfolio Strategies: Quantirative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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future increments of w, such that ¢, I, < o(t)o(t) ", where ¢; > 0 is a constant
and I, is the identity matrix in R"*™, Under these assumptions the solution of
(5.1) is well defined, but the market is incomplete.

In Section 1.3, we introduced the processes @(t) = a(t) — r(t)1, u(t)
(r(t),a(t),o(t)) and the filtration {F{}o<t<T, generated by the process
(S(t), u(t)) completed with the null sets of F. By (1.12), it follows that {F}
coincides with the filtration generated by the processes (w(t), u(t)).

_Itiseasy tosee that J* coincides with the filtration generated by the processes
(5(t), u(t)), where

A

t ~
p(t) 2 exp (— | r(s)ds) =B, 5) 2 p()S().

Let w,(t), Z«(t), Z(t) and P, be such as in Section 1.3. Note that
9K, log Z(T) = —J.

Let Xy > 0 be the initial wealth at time ¢t = 0, and let X (¢) be the wealth at
time ¢ > 0, X (0) = X,. We assume that

X(t) = mo(t) + ) milt), (5:3)
=1

where the pair (mg(t), w(¢)) describes the portfolio at time ¢. The process mp(t)
is the investment in the bond, 7;(t) is the investment in the ith stock, and
() = (m(t),- .., malt) T, 22 0.

The process X (t) = p(t)X () is called the normalized wealth.

DEFINITION 5.1 Let Gy be afiltration. Let3(G.) be the class of all G;-adapted
processes T(-) such that for a sequence of stopping times, {Ty,} with T 1+ T
a.s.

n [T (Im(®)Ta)] + v To()]2) dt < 0o as.
» X(T) 2 limgyo0 X (T) exists a.s.
» E,X(T) = Xo.

A process 7(-) € £(G.) is said to be an admissible strategy with corresponding
wealth X (-). Of course if the first condition in Definition 8.2 holds with T}, = T,
then the other two are redundant. It turns out that the replicating strategies we
use are given by the first spatial derivative of the solution of the heat equation
and therefore may not be sufficiently regular at t = T to allow us to take
Ty, = T. For an admissible strategy (), X (¢, 7(-)) denotes the corresponding
total wealth and X (¢, 7(-)) the corresponding normalized total wealth.
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Optimal investment problem

LetT > 0, D C R, and X € D be given. Let U(-) : D = R U {—o0} such
that U(Xp) > —o0.

We may state our problem as follows: Find an admissible self-financing
strategy m(-) that solves the following optimization problem:

Maximize EU(X(T,n())) over =(-) € £(F?) (5.4)

X(0,7()) = Xo,

~ . (5.5)
X(T,n())eD as.

subject to {

5.2. Solution via dynamic programming

We solve here the optimal portfolio selection problem, but in our incomplete
market. We find that in our setting there is no hedging of the coefficients. Let
us explain. In the setting generally assumed in finance, cf. Merton (1990),
Sec. 15.5, the coefficients, 4 = (r, @, o), are assumed to satisfy an Itd equation
with driving Wiener process (Brownian motion) (w(-),#(-)), where @(-) is a
Wiener process that is independent on w(-), i.e.

du(t) = B(B(2), S(t), u(t), t)dt  +o5(B(2), S(t), u(t), t)dw(?)

(5.6)
+ok(B(t), S(t), p(t), )di(t).

To Markovianize the problem, we use the state variables X (t), B(t), S(t), and
p(t).

DEFINITION 5.2 Let s be the class of all F¢-adapted processes (-) such
that there exists a measurable function f : [0,T] x R x (R x R" xR x R" x
R™ ™) — R™ such that w(t) = f(t, X(t), B(t), S(t), u(t)).

A process 7(-) € ¥ is said to be a Markov strategy. Set

a

J(z,b,s,pu,t) =
SUP, (e, EAU(B(T) " X(T)) (X (t), B(t), S(t), u(t)) = (z,b, s, 1)}

Let D = R. Then the Bellman equation, satisfied formally by the value
function (derived utility function) J(z, b, s, 4, ) is (if we denote the matrix
diag (s1,...,8,) by S)

mfra.x{Jt(a:, b, s, 1, t) + Jo(z, b, s, u, t)[rz + 7' &) + Jp(z, by s, p, t)7b
+Js(z,b,8, 4, t) ' S&) + Ju(%, b, 5, 4, 8) T B(z, b, 5,1, 1)
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+1Jz 2(2,b, 8, 4, tyr oo T+ itr [Jos(z, b, s, 18, t)Soo ' 8]
+1itr [Jy u(z, b, 8, 8, t)(a*5 (z,b, s, b, t)o*> (z, b, 3, 1, 1) T
+o*(z, b, s, p, t)o"(z,b,8,1,t) )] + Jz,s(z,b, 8,1, ) Soo ' w
+Jz,u(z, by 8, 14, t)o*So T

+tr [Js u(z, b, 5, 1, t)o*S (z,b, s, pu,t)0 ' S]} =0,

J(z,b,s,u,T) = U(z/b).
Then the optimal 7 is (formally)

p— -Iz X t)>B(t :S t)’ﬂ' t):t) P4
w(t) = T T2 2(X(0),B),5)ub) Q(t)a(t)

Jo.2(X(£),B(8),5(8),:(t) .t
—8(8) 220 B SO 50D

—Q()o(t)o*S (X (1), B(t), S(), u(t), )T =LA,
The first term on the right-hand side gives the usual mean-variance type of
strategy, the second, due to correlation between wealth and stock prices, is
absent if S(t) is not required as a state variable, e.g., if a Mutual Fund theorem
hold; and the third depends on the correlation between S (or w) and p and
is considered to represent a hedge against future unfavorable behavior of the
coefficients. Note that the Bellman equation is degenerate: the coefficient
matrix for the second-order derivatives has a rank of at most 1 + 2n + n?2,
whereas there are 3 + 2n + n? variables. The difference of 2 in the numbers
arises from including B(t) as a state variable (this might be avoided in some
cases) and from the fact that the noise driving X (¢) is the same as that driving
S(t). This outcome is unavoidable. Hence there may not exist a solution J
with second-order derivatives. If u is independent of w, then o*S = 0 and
B, S can be dropped as state variables. In this case the coefficients are said to
be unhedgeable and the policy “myopic”.

5.3.  Solution via optimal claim
Set

0(t) £ o(t) (1),
R(t) £a(t)TQ()a(t) = 10() 2,
R2 [T R(t)dt,
REE
J 2 ER,
7(t) £ R™! fot R(s) ds.

(5.7)
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We shall present a solution of the investment problem that allows us allow to
deal with coefficients that are not necessarily generated by a diffusion. We show
rigorously that in the isoelastic utility case, i.e., when U(z) = 6~12° (§ < 1,
d # 0) or U(z) = log z, the correlation terms are absent provided (in the power
case) that the random variable R is independent of w. We do not require that
the coefficients x4 be independent of w. Moreover, if R is constant, then again
these terms are absent without specification of the form of U.

53.1 Some additional assumptions

CONDITION 5.1 There exists a [r1eas'urable set A C R, and a measurable
function F(-,-) : (0,00)x A — D such that for each z > 0, £ = F(z,)) isa
solution of the optimization problem

Maximize 2U(z) — Az overz € D. (5.8)
Moreover, this solution is unique for a.e. z > 0.

CONDITION 5.2 There exist A\ € A, C > 0, and ¢y € (0,1/(2J)) such that
F(-, \) is piecewise continuous on (0,0), F(Z(T), A) is P-integrable, and

{ E.{F(2(T),))} = X, (5.9)

|F(2,))| < Cz%0l08% vz >0,

CONDITION 5.3 At least one of the following conditions holds:
(i) U(z) = log(z) and D = [0,40); or
(ii) The random variable R is constant.

CONDITION 5.4 F(z,)) = Cy (£)” + Co, where Cy # 0, Coand v # Oare
constants, and the random variable R and the process w(-) are independent.

REMARK 5.1 It is clear that Condition 5.1 is required to allow maximization
of the Lagrangian. Condition 5.2 ensures that the optimal terminal wealth is
replicable, and Condition 5.3 allows us to find the optimal, i.e., replicating,
strategy explicitly. Condition 5.4 is a useful weakening of Condition 5.3(ii) for
special utility functions.

5.3.2  Special cases
It is easy to see that these conditions are satisfied in many examples.

LEMMA 5.1 Conditions 5.1 and 5.2 hold in the following cases:
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(i) Logarithmic utility. D = [0,+00), U(z) = In(z), Xo > 0, A = (0,00),
F(z,)) =z/)\ A=1/X,.

(ii) Power unility. Assume R is constant (so R = J). D = [0,4+00), U(z) =

6:1:6 X0 >0, where 0<1,0#0 A= (0,00) F(z,)) = (z/)\)li_ﬁ’
A= Xg 1exp{1 5o

(iti) Mean-variance utility. Assume R is constant. D= R U(z) = —kz? +c:z:,
where k € Randc >0, Xo > 0, F(z,\) = (c — \/2)/(2k),
(C - 2kX0)

(iv) Assume Ris constant. D = [0,400), U(z) = —z° +z, where § = 1+1/1,
andl > 0is an integer, Xo > 0=, A = (=00,0], F(z,)) = (1= \/2)!67,
A is a (negative) zero of a polynomial of degree 1.

(v) Goal-achieving utility. Assume R is constant. D = [0, 00) and

0 f0<z<aq,
U =4  Y0se<e
1 ifz > a,
0<Xo<a R>0 A=(0,00) and
= a o< A< z/a,
F(z,A\) =4 € {0,0} if)=z/a,
=0 ifA>z/a,

and X is the solution of

& log)\+loga+@ _1__)_(2
vR VR

a
where ® is the cumulative of the normal distribution.

For case (v) above, Condition 5.2 fails if R = 0. Note that the boundedness of
the coefficients y implies that R is bounded and hence E, Z(T')? < oo for any
g € R. This outcome is sufficient for the integrability of F(Z(T), \) in the
above cases. Note also that Condition 5.4 is satisfied in cases (i)-(iii).

5.3.3 Replicating special claims

We show that claims of a certain kind (the kind that we need for our optimiza-
tion problem) are among those that can be replicated in our incomplete market.
Moreover, the assumption that the L2 norm (in time) of the market price of risk
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is non-random allows us to exhibit the replicating strategy explicitly using a
transformation of the heat equation.

LEMMA 5.2 Let R > 0be constant and let f(-) : (0,00) — R be a piecewise
continuous function such that | f(z)| < Cz®%6% (Y > 0), where C > 0 and
co € (0,(2J)1) are constants.

(a) The Cauchy problem
O (1,8) + Ba28M (1) =, (5.10)
H(2,T) = f(a). '

has a unique solution H(-) € C*((0,00) x (0, T)), with H(z,t) — f(z) a.e.
ast — T—.

(b) If in addition f(Z(T)) is P.-integrable, then there exists a self-financing
admissible strategy w(-) € L(F?2), with corresponding wealth X (t), that repli-
cates the claim B(T) f(Z(T)). w and X are given by

m(t)" = B)ZE(2(t), (1) 2(t)a(t) TQ(¢t),

(5.11)
X(t) = B)H(Z(t), 7(t)),

where the function H(-,-) : (0,00) x [0,T] — R is the solution of (5.10).
Moreover
Xo =E,f(Z(T)), (5.12)

Note that C%1((0, o0) x (0, T')) denotes the set of functions defined on (0, c0) x
(0,T), which are continuous and have two continuous derivatives in the first
variable and one in the second.

5.3.4 Calculating the optimal strategy

Let Ut(z) £ max(0,U(z)) and let F(-, ) be as in Condition 5.1.
THEOREM 5.1 (i) Let R = 0. Then the trivial strategy w(t) = 0 is the unique
optimal strategy for the problem (5.4)—5.5).
(ii) Assume Conditions 5.1, 5.2, and 5.3, and let R > 0.

(a) If Condition 5.3(i) holds, let H(z,t) 2 z/\; and

(b) if Condition 5.3(ii) holds, let H (z,t) be the solution of (5.10) for f(-) =
F ('1 >‘) .
Then the strategy 7(-) € X(F?), defined as

w07 = BO G20, 7)20a07Q0,  (519)
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is optimal for the problem (5.4)-(5.5), and X (t) = B(t)H(Z(t), 7(t)) is the
corresponding wealth with X(0) = Xq. This strategy replicates the claim
B(T)F(2(T), A). FEU*(F(Z(T), ) < 400 and either the uniqueness in
Condition 5.1 holds for all z or the law of Z,(T') has a density, then the optimal
strategy is unique.

REMARK 5.2 Even under the imposed restrictions, Theorem 5.1 is used ef-
fectively for calculation of optimal strategy for random R in maximin setting
(Theorem 7.1 below).

COROLLARY 5.1 Let u(-) and w(-) be independent. Then the set of all ) such
that Condition 5.2 is satisfied is uniquely defined by R, and the function F(-, \)
does not depend on the choice of ) from this set. Moreover, the probability
distribution of the optimal normalized wealth is uniquely defined by R (i.e.,
does not depend on u(-) given R).

5.3.5 The case of myopic strategies
PROPOSITION 5.1 Assume Conditions 5.1, 5.2, 5.3(ii) and 5.4. Then

H(z,t) = C1(A)z” exp {—;-u(u -1)(T - t)R} + Gy

is the solution of (5.10) with f(z) = F(z, \), and the optimal strategy has the
form _
(t)" = vB()(X(t) — Co)a(t) " Q(t)- (5.14)

It now follows that the solution of the problem (5.10), and hence the optimal
strategy, can be written explicitly for cases (i)-(iv) in Lemma 5.1. For cases
(ii)-(iv) we require also that R be non-random although we relax this for cases
(ii) and (iii) in the next Corollary. For case (iv), 7 = ¥ 77, where the 77 are

expressions of the form (5.14) with corresponding X7. In fact, X = ZJ- X3

and this decomposition depends on . For case (v), H can be written in terms
of the normal cumulative distribution function, so again the optimal strategy
can be solved explicitly provided that R is non-random.

COROLLARY 5.2 Assume Conditions 5.1 and 5.4, and assume Condition 5.2
under the conditional probability given R. Then the optimal strategy is

w(t)" =vB()(X(t) — Co)a(t)  Q(), (5.15)
where the normalized wealth is given by
dX(T) = v(X (t) — Co)a(t) T Q(t)S(t) ~'dS(t),
X(0) = X,.
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This result is a generalization of the case of “totally unhedgeable” coeffi-
cients, cf. Karatzas and Shreve (1998), Chapter 6, Example 7.4. We see that
the result holds for a larger class of utility functions than just the power utility
functions, and the independence of the parameters and the Brownian motion
can be relaxed considerably (when utility is only derived from terminal con-
sumption). In fact, the corollary applies to cases (i)-(iii) in Lemma 5.1.

Here is another example where our theory applies, i.e., the optimal invest-
ment strategy is myopic, although this is not apparent from the corresponding
Bellman equation. Assume that &(t) = @ is constant in ¢ and independent of
w(-). Let 3;, ¢ = 1,2, be given random matrices in R™*™ that are independent
of w(:), and let ¢ > 0 be fixed. Let 7/ be any Markov time with respect to F2.
Assume that

a &, ifté(r,7+e) A _
a(t)—{(_m, ifte[rr+e)’ where 7=71 A(T —¢).

Then R does not depend on w(-) (though u(-) does). For suitable U, we may
apply Corollary 5.2 to obtain a strategy depending only on current wealth. If
a and &; are nonrandom, then R is nonrandom, the market is still incomplete,
and according to Theorem 5.1 the strategy is myopic.

REMARK 5.3 Our result is still valid without Condition 5.3, if our nonrandom
T in (5.4)«(5.5) is replaced by T' = inf{t : R(t) = R}.

5.4. Proofs

Proof of Lemma 5.2. By assumption, R and J = TR are nonrandom.
Consider the following Cauchy problem:

R 52
% .0 + £ 57 (5,0 =0,

V({y,T) = f(e#=7/?), yeR. (5:10)
Let . .
2 €xX ——y . .
w002z (it —g) (17

This is the the fundamental solution of (5.16). By assumption, we have that

F()| < Ce¥” Wy eR,
< 37 < sy VEE0,T).

Then the integral

Va0 = [ by w001 e (5.18)

—00
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converges, and V(y,t) € C*!(R x (0, T)) is a solution of the problem (5.16)
such that V (y,t) = f(e¥~7/?) asast — T—. Then

H(z,t) 2V (log:z:+ %,t)

is a solution of (5.10) in the desired sense.
Note that 7(T) = T and dr(t)/dt = R(t)/R. Set

H(z,t) £ H(z,7(t)).

Then ) }
{%tnélﬁmmﬂ (5.19)
H(z,T) = f(z).
We define

()T 2 B)2L(2(t), ) 2()a() T Q(2),
X(¢) £ B H(Z(t),1).

Let us show that X is the wealth, i.e. X(t) = X(¢,n(-)). Applying It6’s
formula to B(t)H(Z(t),t) and using (1.16), gives

dX(t) = rt)X(t) dt + B(¢) %(z(t), HZ()0@)T dw.(t),

which is equivalent to (8.5) under our definition of 7; hence X is the wealth
corresponding to 7. If 7 is admissible, then it replicates the claim B(T) f (Z(T),
with initial wealth Xj.

The integrability of 7, cf. Definition 8.2, follows if we take T}, = _— 1/k
and observe that 2 9H (2(t),t) is bounded pathwise for t < T, since 2 9 (z,t)
is continuous on (0 00) % (0,T). The second requirement of Definition 8.2
follows from the continuity of X (t) = B(t)H(Z(t),t), and the last follows
from (5.12). So 7 is admissible.

It remains to establish (5.12). Let

nw={f@ if | ()] < k,

0 otherwise.

Let Hy () be the corresponding solution of (5.19) and let X (t) be the cor-
responding wealth. Then Xy (t) = Hi(Z2(t),t). Since

ﬁﬂlgﬁk(z(t),t) = H(2(T),T) = fu(2(T)) as,
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and since | Hy(z,t)| < k, then by dominated convergence,

i E.Xi(t) = Efe(2(T))-

Since X}, is a martingale for ¢ < T, we then have Xi(0) = E, fi(Z(T)).
Further,

E(1,0) — Hy(1,0)] = / p(=2,0)|f(€/?)\dz — 0,
{z:|f(ex=9/2)|>k}

since H(1,0) = [ p(—=z, 0)|f(e*~/?)|dz < oo, cf. (5.17)-(5.18). Hence
X(0) = H(1,0) = limy Hy(1,0)
= limg X (0) = limy, E, f(Z2(T)) = E.f(Z(T))-

This completes the proof of Lemma 5.2. O
Let us establish a similar result in the case where Condition 5.3(i) holds.

LEMMA 5.3 If Condition 5.3(i), is satisfied then

€ £ F(2(T), ) = 2(T)Xo,
A= X1,
EU(£) = J/2 + log Xo,
and B(T)é is replicated by m, where
7(t) = B() XoZ(t)a(t) ' Q(1)-
Proof. F(z,)\) = z/\. From (5.9), we have A= Xo_l. Now EU(€) =
E log[XoZ(T)] = J/2 + log Xo. Let X (t) = Z(t)Xo. Then
T
X =Xo+ [ XoZ(@)(s) duna(s),
0

and this is the normalized wealth corresponding to 7 as given, cf. (1.20). O
Let U~ (z) £ max(0, —U(z)); define a set of claims by

W £ {¢: ¢is Fr-measurable, E,|¢| < +oo, BU™(£) < oo},
and define J; : ¢ = R, ¢ =0,1by

Jo(&) 2 BU(E), Ji(£) 2 E.f — Xo.
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Let us now define the claims attainable in D,
o= {¢€T:¢=X(T,n(-)) € Das., n(-) € S(F)}.
Consider the problem

Maximize Jp(€) over & € ¥y. (5.20)

PROPOSITION 5.2 Assume Conditions 5.1, 5.2, and 5.3. The optimization
problem (5.20) has the solution € = F(Z(T), ).

Proof. From Condition 5.2, it follows that E, || < oo and E,£ = X. Let
us show that EU ™ (§) < oo. Fork = 1,2,.. ., introduce the random events

a®) 2 {—k <UE) <0},

along with their indicator functions x(¥), respectively. _The number ¢ achieves
the unique maximum of the function Z(T)U (&) — A over the set D, and
Xp € D. Hence forall k = 1,2,...,
Ex® (U(€) - 2.(1)3) 2 Ex® (U(Xo) - 2.(T)3Xo)
> —|U(Xo)| — |AXol.

Since EZ,(T)|€| = E.|é| < 400, then EU~(€) < 00, and hence £ € 0.
Let L(£,\) £ Jo(€) — AJ1(€), where £ € T and A € R. We have

L(¢,)) = E(U(f) — ,\z,,(T)g) + A X,. (5.21)
Let
n(\) = F(Z(T),\) = F(Z.(T)™%, ). (5.22)

From Condition 5.1, it follows that for any w € (2, the random number 7()\)

provides the maximum in the set D for the function under the expectation in
(5.21).
Lemmas 5.2 and 5.3 imply the attainability of €, so £ € ¥y. Furthermore,

LN <LEDN) Veed. (5.23)
Let £ € ¥q be arbitrary. We have that J;(¢) = 0 and Jy (é ) = 0. Then

Jo(€) = Jo(€) = Jo(€) + AT(€) -To(€) - A7 ()
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Hence £ is an optimal solution of the problem (5.20). O
The following Lemma will prepare us for the proof of Theorem 5.1.

LEMMA 5.4 Assume Conditions 5.1, 5.2, and 5.3. Let€ = F(Z(T), X). Then
O E U‘(é) < 00, é € Da.s.; and
(i) if EU(€) < +00 and either the uniqueness in Condition 5.1 holds for
all z or the law of Z(T') has a density, then f is unique (i.e., even for different
), the corresponding £ agree a.s.).

Proof. Part (i) is seen to hold from the proof of Proposition 5.2.

To show (ii), note that if EU(€) < 400, then L(€, ) < +o0. Let &' € ¥
be an optimal solution of the problem (5.20 ). Let X be any number such that
(5.9) holds. It is easy to see that

L(E',3) = Jo(€) > To() = L(, N).

From Condition 5.1 it follows that £ = 5(}) provides the maximum in the set D
of the function under the expectation in (5.21) with A = \. Hence both ¢ and
£ maximize L(, 5\) It follows that £’ must also maximize the function under
the expectation in (5.21) a.s., and hence & = 7(}\) a.s. from the uniqueness
assertion in Condition 5.1. Thus (ii) is satisfied. This completes the proof of
Lemma 5.4. [

Proof of Theorem 5.1. If R = 0, then Z,(T') = 1, and hence the optimal
claim £ is nonrandom. The only strategy that replicates the nonrandom claim
is the trivial risk-free strategy, and (i) follows. From Lemmas 5.3 and 5.2, it
follows that 7 is admissible and replicates B (T)E . The optimality follows from
Proposition 5.2.

Let us show the uniqueness of the optimal strategy. By Lemma 5.4 (ii), £ is
the unique solution of the auxiliary problem (5.20). Hence if 7 and 7’ are two
optimal strategies, they must both lead to the same wealth at time T'. If we set
Y(t) = X(t,7'(-)) — X(¢,7(-)), then from (8.5) we obtain

dY (t) = r()Y (t) dt + (7' (t) — 7(t)) "o (t) dw. (),
Y(T) =0.

Hence, given u, (Y (t), (#'(t) — m(t)) T o(t)) is a solution of the corresponding
backward stochastic differential equation

{ dY (1) = r()Y (£) dt + y(t) dw. (),
Y(T) =0.

The theory of such equations cf. Yong and Zhou (1999), Theorem 2.2, p. 349
implies that the equation has a unique solution, (Y,y) = (0,0). It follows that
m' = m a.e. a.s. This completes the proof of Theorem 5.1. (I
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Proof of Corollary 5.1. Under Condition 5.3 (i) the minimum is unique, and
under Condition 5.3 (ii), Z,;(T') under P is conditionally log-normal given p
with parameters depending only on the constant R, and hence is unconditionally
log-normal, with parameters depending only on the constant R. Then the proof
follows. O

Proof of Proposition 5.1. Direct verification shows that H is a solution of
(5.10) and oH

O o — sl (2, 1)~ G
The result follows. [] _ .

Proof of Corollary 5.2. Let R(F?) be the enlargement of $(F?) produced
by replacing the filtration F¢ by F¥ generated by F¢ and R in the definition.
With P(-) replaced by P(- | F&), we may apply Proposition 5.1 to obtain the
optimal 7 in the feedback form (5.14). It follows that = lies in the smaller
control set X(F?); therefore,  is optimal in this class, and hence optimal for
the original problem. [



Chapter 6

OPTIMAL PORTFOLIO COMPRESSION

Abstract In this chapter, we consider the problem of optimal portfolio compression. By this
term we mean that admissible strategies may include no more than m different
stocks concurrently, where m may be less than the total number n of available
stocks.

6.1. Problem statement and definitions

Consider the market model from Chapters 1 and 5. We shall use all definitions
and notations from these chapters. We study now the portfolio compression
problem when admissible strategies may include no more than m different
stocks concurrently, where m may be less than the total number n of available
stocks. Although this problem has not been treated extensively in the literature,
itis of interest to the investor. Itis obviously not realistic to include all available
stocks in the portfolio; the total number of assets in the market is too large. In
fact, the number of stocks in the portfolio should be limited by the equity in the
account because of the need to have a large enough position in each stock so that
management fees and commissions are only a small proportion of the value of
the portfolio. There is no point in having too many stocks in a small portfolio.
Even in a large portfolio, it makes sense to limit the number of stocks.

Furthermore, it should be pointed out that the optimal solution of the invest-
ment problem with fixed and finite number of assets may be useless for a large
market with infinite or very large number of assets. The following example
demonstrates that the optimal solution of investment problem from Chapter 5
need to be revised for a case when n — +o0.

EXAMPLE 6.1 Consider the problem (5.4)«5.5) with U(z) = logz for an
extending set of underlying assets, i.e. when n — +o0o. Let @;(t) = &5"') (2)
and o(t) = o(™)(t) be the corresponding appreciation rates and volatilities.

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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Assume that

n
Z&i(O) — 400 as n—+oo a.s. (6.1)
=1
(It should be pointed out that the assumption (0.1) is quite natural since the
market price of risk is usually positive.) For the sake of simplicity, assume that
o(t) = 81, where § > 0is a constant and I, is the identity matrix in R™*", By
Proposition 5.1, the optimal strategy for any nis n(t) T = (m1(t), ..., 7 (t)),
where T;(t) = 62X (t)a;(t) (Vi) and X (t) = X™)(t) is the corresponding
wealth. The process

mo(t) £ X () - Y milt)
i=1

is the corresponding investment in the risk-free bond for the optimal strategy.
By (6.1),

n

n
Zﬂi(O) =672X(0) Z&i(O) — 400 as n— 400 as.

i=1 i=1

Hence
m0(0) = X(0) (1 -2 Zdi(O)) — —00 as n— 400 a.s.
i=1

This property of the optimal strategy leads to a paradox and contradicts market
practice.

We define classes of strategies where the portfolios at any one time may
contain no more than a predetermined number of securities. Let m be a given
integer, 0 < m < n, and let M, be the collection of subsets of {1,...,n},
each of which contains at most m elements.

Let G; be a filtration, and let ¥(G.) be a class of admissible strategies 7 (-) =

(Wl(')a ... ,ﬂn(')).

DEFINITION 6.1 Denote by T,,,(G.) the set of random G;-adapted functions
I1:[0,T]x Q= My,

We shall denote T2, = Z,,(F?®). Let G} be a filtration such that G C F2 (V).
DEFINITION 6.2 Let I € I,,(G.). Denote by ©(1(-),G') the set of all strate-
gies w(-) in $(G') for which m;(t) = 0 if i ¢ I(t).

DEFINITION 6.3 Let £(m,G.,G') be the set of all strategies n(-) in $(G')
such that there exists I € Lp,(G.) for which m;(t) = 0 if i & I(¢).
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Problem statement
Letl1 <m <n,T>0. LetT > 0 and let m > 0 be an integer. LetD CR,
and let Xy € D be given. Let G; be a filtration such that G, C F¢ (Vt). Let
U(-) : D = R U {—00} such that U(Xp) > —oo.

Our general statement of the problem follows: Find an admissible self-
financing strategy «(-) which solves the following optimization problem:

Maximize EU(X(T,n(-))) over =(-) € £(m,G.,F?) (6.2)

subject to { ):((O’W(.)) - )fo, (6.3)
X(T,m(-)) €D as.

The condition X (T,7(-)) > 0 may represent a requirement for a minimal
normalized terminal wealth.
In Chapter 5, we studied the problem for a case of m = n.

Some additional definitions
Let m be an integer, 0 <m < n. We introdgce more notation.
For a given I € Mp,, we denote by L(I) the linear subspace of R" such
thatz = (21,...,%,) € L(J) if and only if z; = 0 for all 5 ¢ I.
Let P(I) € R™ " be the projection of R" onto L(I). In other words,
P(I) = {PEI(T)}7;_,, where
Ga)(T) & 1 ifz'=j,i€I__
PHAI) {0 ifi£jori¢lI.
It follows that
b P(I)V()P(I)b > c,|P(I)b]*> V¥be R™,

so P(I)V(t)P(I) is invertible on L(I). Hence there exists a unique matrix
Q(I,t) = {QUI(T, £)}7;_; € R™™ such that

QU t)=0 if i¢T or j¢I
and
POV PDQU,t)z = PMVE)QDz =z Vz e L().
If m =0and I =) € My, then we assume that Q(I, t) is the zero matrix
in R™"*",

Further, set
a(I,t) 2 v()QU, t)a(t). (6.4)
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It can be seen that

a(I,1)TQ(t)a(I,t) = a(t) ' Q(, t)a(t)

and
a(I,)TQ)a(l, 1) = a(t)" Q(, t)a(t).
For a given I(-) € I, set

ar(t) = aI(),t),
Li(t) 2 LUI(¥)), Pi(t) = PUI(2)),
Qr(t) = QU(2),¢).

We shall use the notation @y, P, E.r, and Z; for a, P, Er, and Z defined
for the corresponding a(-) = ér(-), but with o(-), r(-) unchanged.

Auxiliary market

It will be useful for the proof of the results below to introduce an auxiliary
market.

Set I, = Im(G.). Consider an arbitrary I = I(-) € Iy, and an auxiliary
market defined by (5.1)-(5.2) with substitution a(-) = az(-); we shall call it the
I-market.

LEMMA 6.1 For any I(-) € I and any strategy 7(-) € Z(I(-),G.), the
wealth obtained with the strategy n(-) is the same for both — the original market
and the I-market.

6.2. Optimal strategy for portfolio compression

Consider the optimal investment problem (6.2)-(6.3) and assume that Con-
ditions 5.1, 5.2, and 5.3 are satisfied.

An individual investor may feel that she can only reasonably keep track
of a limited number of stocks, or with finite capital wishes not to spread the
investments too thinly, hence decides to hold at most m stocks in her portfolio at
any one time. A function I € Z,,, defined above, will specify which m stocks
she holds at any time. If we restrict Z,, to consist of constant functions only
(i.e., Gt = F§), then this restriction amounts to choosing the m "best” stocks
initially and then trading in the market consisting of these m stocks only. On the
other hand, we may take Z,, to consist of u-adapted processes taking values in
M, where p(t) = (r(t), (), o(t)). This form of Z, is not unreasonable. In
fact, the rational investor, when choosing her portfolio, will want to maximize
potential return while minimizing risk. Since these factors depend only on the
coefficient processes, y, it is reasonable to assume that I is u adapted. In this
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case, if the parameters p are nonrandom, then the functions I € Z,,, will be
nonrandom but possibly time varying.

Recall that we write ur(t) for (r(t),ar(t),o(t)). We strengthen Condi-
tions 5.2 and 5.4 somewhat.

CONDITION 6.1 For all I € I, there exist \ = A\; € A, C > 0 and
co € (0,1/(2J1)), such that F(-,)\r) is piecewise continuous on (0,00),
F(Z21(T), A1) is P-integrable, and

{ E.{F(Z1(T), A1)} = Xo,

6.5
|F(z,A1)| < Cz%®l82 vz > 0. (65)

CONDITION 6.2 (i) Forall I € I,,, there exist A, 2 MM€eAas, C>0

and cr, = ¢; € (0,1/(2Ry)) a.s., such that F(-,)r) is a.s. piecewise
continuous on (0,00), F(21(T), A1) is a.s. P.y(- | Rr)-integrable, and

(6.6)

E.{F(21(T), 1) | Rr} = Xo a.s.,
|F(z,A1)| < C21198% ¥z > 0a.s.

(ii) F(z,)) = C1(A)z¥ + Co, where C1(A) # 0, Cy and v # 0 are constants.
We say that I dominates I if R; > Ry, a.s. and P{RI- > Rr} > 0.

THEOREM 6.1 Let] € I,,,. Assume Conditions5.1and6.1andthatU+ (z) <
const (|z| + 1), ur and w are independent for all I € I, and the random
variable R; is constant. Then the strategy ;(-), defined in Theorem 5.1 (with

a(-) = a;s(-)) belongs to the class $(m, F°), and
EU(X (T, () > BU(X (T, x(*))

Jor any strategy 7 € f](m, F?) such that I dominates the corresponding 1.

Observe that uy amd w are independent, in particular, if Z,, contains only
p-adapted processes, and u(-) and w(-) are independent.

COROLLARY 6.1 InTheorem6.1, the assumptionin (ii) that R; be nonrandom
can be replaced by Condition 6.2, and then Condition 6.1 can be dropped.

COROLLARY 6.2 Assume the hypotheses of either Theorem 6.1 or Corol-
lary 6.1. If there exists I € Iy, such that R; = maxjez,, Rr a.s., then

n7(-) is optimal for the problem (5.4)«(5.5). It is unique if Iis.

An interesting consequence is that the optimal I € I, does not depend
on U(-) or D — just choose the m stocks that provide a.s. the largest (in
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the Lo sense) market price of risk. Because of the almost sure maximization
requirement, this cannot always be done. However, if Z,,, contains at least the
u-adapted functions, then

I(t) € arg JJmax a(t)" Qu(t)a(t),

where Qu = Q; with I(-) = M.

REMARK 6.1 Evenunder the imposed restrictions, Theorem 6.1 is used effec-
tively for calculation of optimal strategy for random R in the maximin setting
(Theorem 7.1 below).

6.3. A bond market: compression of the bond portfolio

We can also apply our theory to a zero-coupon bond market based on a
generalization of the Vasicek interest rate model. In the Vasicek model, the
market price of risk is constant, cf. Lamberton and Lapeyre (1996), Section
6.2.1. Our @ is their —q. We can generalize to 6 a nonrandom function of ¢, so
Ris non-random. Given a progressively measurable u(-) : [0,T] x 2 — [0, T
such that u(t) > t, a.s., we can construct the rolling bond P(t, u(t)), which
expires at time u(t). If u(t) = ¢, this gives the usual bond-based construction
of B. If u(t) = [t] + 1, this consists of a sequence of one-year bonds rolled
over at expieration. In a market consisting of the bank account B and a finite
number such bonds and with a utility that satisfies Conditions 5.1 and 5.2 as
well as Ut (z) < const (|z| + 1), we can deduce that optimal strategies exist
and that one of them requires only one bond (with nonzero volatility) to be held
in the optimal portfolio. Since there is only one driving Brownian motion, this
result is not surprising,.

Consider a model of a bond market such the one described in Lamberton
and Lapeyre (1996), Section 6.2.1. Let F;* be a filtration generated by a scalar
Wiener process w(t). Let 7(t) be adapted to F;”, and let B(t) be the "risk-
free" asset defined by (5.2). For each u € (0,T) and ¢t < w, this asset is
available for buying and selling a zero-coupon bond with price P(t,u) such
that P(u,u) = 1. We assume that the investor can buy and sell bonds on this
market. It is shown cf. Lamberton and Lapeyre (1996), Section 6.2.1 that if
this bond market is arbitrage—free, then there exists an F;”-adapted process g(t)
such that

P(t ) = E{exp (_ [Er(s)ds + [* g(s)du(s) 6
1 tuq(s)ws) J-'t"’}- |

On the other hand, under some mild conditions, any F;’-adapted process g(t)
defines an arbitrage—free bond market with prices (6.7).
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We consider a special case when g(2) is a deterministic process. This case is
a modification of the Vasicec model, where g(t) is a constant (see Lamberton
and Lapeyre (1996), p. 127).

By Proposition 6.1.3 from Lamberton and Lapeyre (1996), for any wu, there
exists an JF;’—adapted process o,,(t) such that

P(t,u) = P(t, u)([r(t) — g(t)ou(t)]dt + ou(t)dw(t)).

Then we can treat this market as a modification of the stock market, where the
set of risky assets is { P(-,u), u € (0,T)}. We will call it the bond market.

Introduce the set Sp(m) of self-financing strategies =(t) =
(Tuy(&)(®)s -+ » Tup(s)(t)) for the bond market which allows to contain
in portfolio no more than mn bonds at time ¢ and which contains strategies with
similar properties as strategies from X(m, F?, F*) for stocks market. Let
X(t) = X(t,(-)) be the corresponding normalized wealth. As for the stock
market, we have that

dX(t) = ZB Mus(t) (—a(t) 0y, (1) 8t + 0y 1y dw(t)) - (6.8)

Consider the problem (5.4)—(5.5) for the bond market.

Let u(-) : [0,T] x 2 — [0,T] be a given function that is progressively
Ipeasurable w1th respect to ¥ and such that u(t) > t. Consider the set
Yp(1,u(-)) € Ep(1) of strategies that allows the portfolio to contain at time
t only bonds with maturity u(t). Introduce an auxiliary "stock” with the price
S, (t) defined by the equations

dSy(t) = Su(t) (g(t)ou(t)dt + ou(t)dw(t)), ¢>0, (6.9)

where oy (t) = u(t) (t). Consider an auxiliary market that consists of arisk-free
asset B(t) and the stock S, (t). We shall call this market the (B, S,) market.

LEMMA 6.2 Let Ut(z) < const (|z| + 1). Assume Conditions 5.1 and 5.2
for the problem (5.4)-(5.5) stated for the (B, S,) market. Then there exists a
unique optimal strategy in the class X g(1,u(-)) for this problem, and optimal

normalized wealth X (T) does not depend on u(-) or on the optimal value of
EU(X(T)).

THEOREM 6.2 Under the assumptions of Lemma 6.2, there exists a unique
optimal strategy in the class ¥p(1,u(-)) for the problem (5.4)-(5.5) stated
Jor the bond market. The optimal strategy and the probability distribution of
optimal X (T) and BU(X(T)) are same as in Lemma 6.2, where they are
defined for the (B, S,) market.
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COROLLARY 6.3 For any integer m > 0, there exists an optimal strategy in
the class ¥ g(m) for the problem (5.4)(5.5) for the bond market. The optimal
X(T) and BU (X (T)) are same as in Theorem 6.2, where they are defined for
m = 1, and as in Lemma 6.2, where they are defined for the (B, Sy) market;
i.e., the optimal X (T') and EU (X (T')) do not depend on m.

REMARK 6.2 InLemma 6.2, the optimal strategy is uniquely defined by u(-).
In Corollary 6.3, the optimal claim X (T") can be replicated by different strategies
if m > 1; in that case, an optimal strategy is not unique.

In fact, solution of optimal investment problems without compression is
known for many different models of the bond market, for example, with several
driving Brownian motions (see, e.g., Rutkowski (1997), Bielecki and Pliska
(2001)).

6.4. Proofs
Proof of Lemma 6.1. 1t is easy to see that

Pr(t)ar(t) = Pr(t)a(t), Pr(t)as(t) = Pr(t)a(t). (6.10)
We have from (6.10) that P;(t)a(t) = P;(t)a;(t), so
m(t) T P;(t)[o(t) dw(t) + a;(t) dt] = n(t) T P;(¢)[o(t) dw(t) + &(t) dt].

Then the proof follows from from (1.20). [J

Proof of Theorem 6.1. For the given I, let us introduce a new market. Con-
sider the auxiliary market defined by (5.1)-(5.2) with a(-) replaced by a;(-); we
shall call it the I-market. For m € $(I(-), F*), we have m(t) T = 1r(t)TPI—(t),
and from (6.10) we have P;(t)a(t) = P;(t)a;(t), so

m(t) T P;(t)[o(t) dw(t) + a;(t) dt] = m(t) " P;(t)[o(t) dw(t) + a(t) dt].

It follows from (1.20) that the wealth which is obtained with the strategy (-)
is the same for both markets — for the original market and for the J-market —
even though w, is different in the two markets.

Note that the assumptions of Theorem 6.1 suffice for uniqueness of the op-
timal strategy, cf. Theorem 5.1, because under (i) the minimum is unique,
and under (ii), Z,;(T') under P is conditionally log-normal given p with pa-
rameters depending only on the constant Rj, and therefore is unconditionally
log-normal, and hence has a density. Then we can apply Theorem 5.1 to the i-
market to obtain the unique optimal strategy 7; € X(F?). We show first that



Optimal portfolio compression 85
mj € Y (m, F2).

mi(t) = B (2;(t), 7:()) Z;(t)Q(1)a;(t)
— BO)ZE((2;(t), 7;(8) Z:()QM)V )Q;(t) P;(t)a(t)  (6.11)
= B(t) 32 (2;(1), 7:()) Z:(t)Q; (t) P (2)a(2).

We have used that Q(t) = V(t)~!. Since Q;(t) maps L;(t) into L;(t), then
73(t) € Lj(t) for all ¢, so m3(-) € $(m, F), ie., P;(t)m(t) = mj(t). Let
X (t) be the corresponding normalized wealth. By Theorem 5.1, there exists
\s; = X € A such that X;(T) = F(Z;(T), A;).

Now assume [ dominates I , and consider a new auxiliary market that we shall
call the IT—market : we assume that this market consists of the bond B(t) and
the stocks S1(t),--.,Sn(t), Sp+1(t), where the stock prices Sy(t),...,Sn(t)
are defined by (5.1), replacing a(-) by az(-), and where Sy 41 () is defined by
the equation

dSn+]_(t) = Sn+1 (t) ((’l"(t) + C!)dt + dwn+1(t)) , (612)
with
a [Bi—Ri
£ T
and with wy,11(t) a scalar Wiener process independent of (w(-), u()). Of
course, the filtration for this market, {F;" }, will be larger than {F2} (it includes

information on wy41 and ). It is easy to see that the corresponding numbers
Jr+ and Ry for the It—market are

a

(6.13)

Ri+ =Rr+o®T=R;, Ji+ =Ji+’T=J; (6.14)

It follows that if (ii) holds, then the distribution of Z;+(T') under P, ;+ and
of Z;(T') under P, ; are both log-normal with mean equal to 1 and variance of
the log equal to R,-+ = Rj, hence the same. Thus

E*I"‘{lF(ZI"'aAf)‘} = E*f{lF(Zfa )‘f)l} < +00,
and by Lemma 5.2,
E,+{F(Z2+,2})} = B, j{{F(Z;,21)} = Xo.

Lemma 5.3 implies the same result if (i) holds. Then Conditions 5.1—5.3
are satisfied for the It—market. By Theorem 5.1 applied to the I+-market,
there exists a unique optimal strategy for the problem (5.4)-(5.5) for the class
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£+(m, G., F*) for this market (which is the analogue of the class X(m,G., F9)
for the original market). Let X+ (t) be the corresponding normalized wealth
for the I+ —market. 5

In case (i), Lemma 5.3 and (6.14) imply BU (X;+(T)) = J;/2+log Xo =
EU(X 7(T)). Similarly, in case (ii), (6.14) implies

EU(Xp+(T)) =E {21+ (T)U(F(21+(T), 2;))}
= E*f{ZI*(T)U(F(Zf(T), )\f))} (6.15)
= EU(X;(T)).

Now consider an arbitrary strategy 7(-) € £(m, G., F2), with corresponding
I dominated by I , as a strategy in the T + _market, with the investment in stock
(n + 1) equal to zero identically. By Theorem 5.1 the unique optimal strategy
in the I'*—market holds a nonzero multiple of o in stock (n + 1); hence (-) is
not optimal. Then by (6.15),

EU(X(T, 7)) < BU(X;+(T)) = EU(X;(T)).

This completes the proof of Theorem 6.1. [

Proof of Corollary 6.1. For given I € ZI,,, introduce the filtration .7-'{
generated by p, S, and Ry; it is an enlargement of the filtration {F?}. Let
31 2 $£1(m,G., FT). Recall that w is still Brownian motion because of the
independence of w and py. We will work with the conditional probability,
P(-|F}), rather than with P. Uniqueness of the optimal strategy still holds
under this measure.

As in the proof of Corollary 5.2 applied to the I-market, the strategy 7 1) =
vB(t)[X (t) — Co]Q(t)d;(t) € E(F®) is optimal in = D £(F4). Moreover,
asin (6.11), 7; € (m,G., Fo).

Proceeding as in the proof of Theorem 6.1, we can define the I*t-
market. Then ;' is generated by (ur(-),o,w(-), wns1(-)) and F* by
(er(+), o, w(-), wn41(-), Rr+). The corresponding set of policies is denoted
by £I* .. Again, R;+ = R, and the conditional distribution of Z+ under
P,;+ given Ry+ is the same as the conditional distribution of Z; under P ¢
given R;. Then (6.15) becomes

E{U(X+(T)) | Ri+} =B {21+ (T)U(F(Z+(T), A;)) | Rp+ }
=E, {Z;T)U(F(Z;(T), 2;)) | Ry}
=E{U(X;(T)) | R;}-
Taking expectations gives
E{U(X;+(T))} = B{U(X;(T))}. (6.16)
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Any 7 € $(F*), with corresponding I dominated by I, can be considered as a
(nonoptimal) element of E,ILL, and so (6.16) implies

EU(X(T,)) < EU(X+(T)) = EUX(T,7;)). O

Proof of Lemma 6.2. The corresponding variable R is constant; then Con-
ditions 5.3(ii) holds. It can be seen that Theorem 5.1 holds for n = 1 if the
condition of boundedness of &(t) and o (¢)~! is replaced by the less restrictive
condition of boundedness of 6(t) only. Then there exists the unique optimal
strategy in the class ¥ g(1,u(-)), and the optimal X (T") depends only on 6(-),
ie.,ongq(-). O

Proof of Theorem 6.2. 1t is easy to see that the wealth processes for the bond
market and for the auxiliary (B, S,,) market are driven by the same equation.
O

Proof of Corollary 6.3. 1t suffices to prove that if Corollary 6.3 holds for
m, then by implication it should hold for m + 1. To prove this, it suffices
to show that for any claim attainable in X p(m + 1), there exists a replicating
strategy from X g(m). By (6.8), for any time ¢, the wealth will be not changed if
mm+1(t) is replaced by zero, and, at the same time, m(t) is replaced by mg(t) +
Tm1(8)Tumys (B)ow, (8) 1, where k € {1,...,m} is such that oy, (t) # 0.
This completes the proof. [J

The proof of Corollary 6.2 is obvious.



Chapter 7

MAXIMIN CRITERION FOR OBSERVABLE BUT
NONPREDICTABLE PARAMETERS

Abstract In this chapter, it is assumed that the risk-free rate, the appreciation rates, and the
volatility rates of the stocks are all random; they are not adapted to the driving
Brownian motion, and their distributions are unknown, but they are currently
observable. Admissible strategies are based on current observations of the stock
prices and the aforementioned parameters. The optimal investment problem
is stated as a problem with a maximin performance criterion. This criterion
is to ensure that a strategy is found such that the minimum of utility over all
distributions of parameters is maximal. It is shown that the duality theorem
holds for the problem and that the maximin problem is reduced to the minimax
problem, with minimization over a single scalar parameter (even for a multistock
market). This interesting effect follows from the result of Chapter 6 for the
optimal compression problem. Using this effect, the original maximin problem
is solved explicitly; the optimal strategy is derived explicitly via solution of a
linear parabolic equation.

7.1.  Definitions and problem statement

Similarly to Chapter 5, we consider the market model from Section 1.3. The
market consists of a risk—free bond or bank account with price B(t), ¢t > 0,
and n risky stocks with prices S;(t),t >0, =1,2,...,n, where n < +o0 is
given. The prices of the stocks evolve according to

ds;(t) = S;(t) (ai(t)dt + zn: oij(t)dw; (t)) , t>0, (7.1)

i=1

where the w;(t) are standard independent Wiener processes, a;(t) are appreci-
ation rates, and o;;(t) are volatility coefficients. The initial price S;(0) > 0 is
a given nonrandom constant. The price of the bond evolves according to

B(t) = B(0) exp ( /0 t r(s)ds) , (72)

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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where B(0) is a given constant that we take to be 1 without loss of generality,
and r(t) is the random process of the risk-free interest rate.

As usual, we assume that w(-) is a standard Wiener process on a given
standard probability space (2, F,P), where Q2 = {w} is a set of elementary
events, J is a complete o-algebra of events, and P is a probability measure.

Set u(t) £ (r(t),a(t), o(t)), where a(t) £ a(t) — r(t)1.

We describe now distributions of u(-) and what we suppose to know about
them.

We assume that there exist a finite-dimensional Euclidean space F, acompact
subset 7 C E, and a measurable function

M(t, ) = (Mr(t’ ')’ Ma(t, ')1Ma'(t1 )) ’
M(-): [O,T] x T = R x R® x R*Xn

that is uniformly bounded and such that M (¢, @) is continuous in & € T for all
t, and the matrix M, (-)~! is uniformly bounded.

DEFINITION 7.1 Let A(T) be a set of all random processes u'(t) =
(r'(t),d'(t),0'(t)) such that there exists a random vector © : @ — T in-
dependent of w(-) and such that

r'(t) = M, (t,0)

@(t) = M, (t,0) (7.3)
o'(t) = M, (t,0).

Let
0u(t) £ o(t)"a(t) (7.4)

be the risk premium process given p(-). Set
A T
R.2 [ 16,0t (7.5)
0

Set
min = inf R,
1(-)EA(T)
We assume that u(-) € A(7") and this is the only information available about
distribution on u(-). Moreover, we are not supposed to know E, T and M(-);
we know only the fact of their existence and the value of R,,;,.
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EXAMPLE 7.1 Letn = 1, E = RN, where N > Ois an integer, 7 = [0,1]",
and

(M.,-(a, t)aMa'(aa t)) = (T, 0)1 a = (ala e ,aN) € Ta
My(a,t) =y, t€ [KL—,;E%) k=1,...,N.

where r, o are constants. Then A(7) is the set of all processes u(t) =
(r(t),a(t), o(t)) such that

r(t)=r, ot)=o,
a(t) =6, te [W%) k=1,...,N,

where © = (01,...,0y) is a N-dimensional random vector independent of
w(-), [0 < 1.

REMARK 7.1 It is easy to see that our description of the class of admissible
() covers a setting when the minimum of R, over the class is given, or when
the class of admissible () is defined by a condition R, € [R1, R], where
Ry, R; are given, 0 < R; < Ry < +o00. (It suffices to choose an appropriate
pair (©, M(-)).)

Notice that the solution of (7.1) is well defined for any u(-) € A(T), but the
market is incomplete.
Fora € T, set

[Ja(t) é (MT (t7 a)7 Ma (t1 a)a Md(ta a)))

where M, (t, a) and M,(t, ) are as in Definition 7.1.

Let F¢ C F be the filtration of complete o-algebras of events generated by
the process (S(t), u(t)), t > 0. Let X(F?) be the class of admissible strategies
introduced in Definition 5.1, Chapter 5.

Let X (0) > 0 be the initial wealth at time ¢ = 0, and let X (t) be the wealth
at time ¢ > 0. Let X (t) be the normalized wealth.

By the definitions of X(F?) and F{, any admissible self-financing strategy

is of the form
7T(t) = F(t, [S()a u(')]I[O,t])a (76)

whereI'(t, -) : B([0,t]; R* xRxR™xR™ ™) — R" is ameasurable function,
t>0.

Clearly, the random processes 7(-) with the same I'(-) in (7.6) may be dif-
ferent for different p(-) = (r(-),@(-), o(-)). Hence we also introduce strategies
defined by I'(-): the function I'(-) in (7.6) is said to be a CL-strategy (closed-
loop strategy).
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DEFINITION 7.2 Let C be the class of all functions I'(t,-) : B([0,t]; R™ x
R x R® x R™") — R", t > 0 such that the corresponding strategy m(-)
defined by (7.6) belongs to L(F?) for any u(-) = (r(-),é(-),o0(-)) € A(T)
and
T
sup E/ |7(t)|? dt < oo.
B()=pa(): a€T JO
A function T'(-) € C is said to be an admissible CL-strategy.

Let the initial wealth X (0) be fixed. For an admissible self-financing strategy
(-) suchthat m(t) = I'(2, [S(-), #(-)]lf0,4 ), the process ((t), X (t)) is uniquely
defined by I'(-) and p(-) = (r(-),a(-),o(-)) given w(-). We shall use the
notation X (¢,I'(+), u(-)) and X (¢,T'(-), u(-)) to denote the corresponding total
wealth and normalized wealth. Furthermore, we shall use the notation S(t) =
S(t,u(-)) and S(t) = S(t, u(-)) to emphasize that the stock price is different
for different p(-).

For any u(-) € A(T), introduce the process Z(t,u()) =
2(¢,[S(-), #(-)]l[0,¢)) defined by the equation

{ d2(t,u()) = 2(6H0ONEWTQWSH NSO

Z(0,p(-)) = 1.
Then

Z(t,p(-)) = exp (/Ot 0,(s) " dw(s) + —;—/Ot |0,,(3)|2ds) .

Our standing assumptions imply that EZ(T, ue (")) = 1 foralla € 7.
Define the (equivalent martingale) probability measure P2 by

[+

O = 2(T, o)™

Let E be the corresponding expectation.

Problem statement

Let T > 0 and the initial wealth X, be given. Let U(-) : R =+ R U {—o00} be
a given measurable function such that U(Xy) < +o0. Let D C R be a given
convex set, Xy € D.

We may state our general problem as follows: Find an admissible CL-strategy
T'(-) and the corresponding self-financing strategy w(-) € $(F?) that solves
the following optimization problem:

Maximize ~ min )EU()Z(T,P(-),y(-))) over T'(:) (7.8)

H()EA(T
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subjoct o { X(0,0(0), u()) = Xo, 79)

X(T,T(),u()) €D as. Vu()€ A(T).

DEFINITION 7.3 Let Cy be the set of all admissible CL-strategies I'(-) € C
such that

X(T,T(),u() €D as V()€ AT).
The problem (7.8)-(7.9) can be rewritten as

Maximize u(.)rxé;lﬂT)EU(X(T,I‘(-),u(-))) over T'()eC. (7.10)

Clearly, the maximin setting has no sense if, for example, p(t) = ©, where
O is a random element of R x R™ x R™*™ which is constant in time; one can
identify © instantly. However, the optimal solution for a more general case
needs knowledge about distribution of future values of u(-).

EXAMPLE 7.2 Letn=1,T 2 {a1, a2}, where ¢; € R. Let

(Mr (e 8), Moo, 1)) = (r,@),  Mo(et) = {63,’ N
ie.,
(. = (na), o) = {‘Z‘;,’ ST

where r, @ are constants, and © is a random variable independent of w(-) which
can have only two values, a; and ap. Let & € [0, 1) and u(-) € A(T) be given.
Consider the problem

Maximize Elog X (T, I'(-),u(-))) over T'(-)

X(Ov P()a H()) = Xo,

subject to ~
X(Ta F()a l‘()) > kXo as.

By Theorem 5.1, it follows that if © = a3 or © = a;, then the optimal strategy
exists, and if & # 0, then the corresponding optimal strategies for these two
cases differs at the time interval [0, T'/2) (see, e.g., Lemma 7.1 below). Hence
the optimal strategy can not be obtained from observations of historical G(t)
and S(t) without knowledge of future distributions. The only exception is the
case k = 0, when the optimal strategy given u(-) is myopic.
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The case of myopic strategies

PROPOSITION 7.1 Let Xy = X (0) > 0 and let one of the following condi-
tions is satisfied:

(i) U(z) = log(z), D = [0, +00);
(ii) U(z) = z%, D = [0,+00), where § < 1, § # 0;
(iii) U(x) = —kz?® + cz, D =R, where k € R and ¢ > 0.

Then there exists Cy, C1,v € R, such that Cy # 0, v # 0 are constants, and
that the optimal strategy (-) € L(F*) for the problem (7.8)-(7.9) has the form

m(t)T = vB(t)(X(t) - Co)a(t) ' Q(t),

where X (t) is the corresponding normalized wealth. This solution is optimal
Jor the problem

Maximize BU(X(T,T(-),u(-))) over T(-) (7.11)
for any p(-).

Some additional assumptions

To proceed further, we assume that Condition 5.1 remains in force throughout
this chapter. Moreover, we impose the following additional conditions.

CONDITION 7.1 For any o € T, there exist M EAC = Cy > 0, and
co = Cp,q € (0,1/(2Ry,)) suchthat F(-, \) is piecewise continuous on (0, oc),

A

F(Z2(T, pal(-)), Aa) is P2-integrable, and
Ef{F(Z(T, l‘a('))axa)} = X,
|F(2,))| < C2%18% vz > 0.

CONDITION 7.2 The function U(z) : R — R.is either concave or convex in
z € D, and there exist constants ¢ > 0, p € (1,2, q € (0,1] such that

U(z) —U(z1)| < e(l + |z| + |z1))> Yz — 21 Vz,21 € D.

Notice that condition (7.12) is not restrictive if D is bounded.
CONDITION 7.3 At least one of the following conditions holds:

(i) ThesetT iseitherfinite or countable, i.e., T = {a1, g, ...}, wherea; € E;
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(1) The function (M, (t, ), My(t, @)) does not depend on a, i.e., My(t,0) =
M, (t) and M,(t, @) = M,(t), and Condition 7.2 is satisfiedwithp € (1,2).

Note that Condition 7.3(i) looks restrictive, but in fact it is rather technical,
since the total number of elements of 7~ may be unbounded.

EXAMPLE 7.3 Let k£ > 0be ainteger. Letn = 1,

- . o, t<T
(r@1a@) =ra),  oW)={g ;5

where » > 0, @, and & are constants, 7 and © are random variables such that
the pair (7, ©) is independent of w(-), and such that

Ole {05, 51}, re{0 k.., 51}

Then Condition 7.3(i) is satisfied with E = R2,

T={a=(a1,a2): joa] € {0, 1., E=L 1}, ag € {0, L, . ,k_;l,1}},

. o, t<a
(Mr(a, t),Ma(a, t)) = (T‘, a), Ma'(aa t) = {ala > a;

7.2.  Optimal solution of the maximin problem
Forgiven R > 0, A € A, letthe function H(-) = H(-, R, ) : Ry x[0,T] —
R be the solution of the following Cauchy problem:

oH 23H
{ o8 (z,t, R, ) + 2?8 (2,4, R,\) = (713)

H(z,T,R,)\) = F(.'z:,)\).

Introduce a function T'(t, -) : B([0, {]; R™ x R x R™ x R™*") x (0, +00) X
A — R" such that

I(t, [SC), )]|[0t],R 2)
2 B(t)%E [2(t, u(), 7u(t, R), R, N 2(t, u(-))a(t) T Q(2),

where the process Z(t, u(-)) is defined by (7.7) and where
AT [t 9
Tu(t, B) = 7(6,[SC), u0)]lpog, B) = 5 [ 16u(s) [ ds.
0
Further, for a given oo € T, R > 0, let CL-strategy f‘a(-, R) be defined as

Pa(t, [S(), ll’()]l[o,t] , R) é { g(t7 [S()’ u(')”[o,t]a R7 :\a) ﬁ:g z g
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where ,,(-) is defined by (7.4).
To formulate our main result, we shall need some results from Chapters 5-6,
and these are summarized in the following lemma.

LEMMA 7.1 (i) For any R > 0, A\ € A, the problem (7.13) has a unique
solution H(-,R,X) € C%*((0,00) x (0,T)), with H(z,t,R,\) — F(z, )
ae ast—T-.

(ii) For any o € T, the strategy

f‘a(ta [S()a l‘(')]l[ﬂ,t] ’ Rua)
2 BOYE [2,10), (b Rue), Brer o] 20, 10)5TQ(Y)

belongs to Cy and

EU(X(Ta f‘a('v tha)a I‘a('))) > EU(X(Tv F(')a Ha ())) (7 14)
VI(-) € Gy, Va € T. '
(iii) The functions F (-, \q), H(, R,., Xa) Lol R‘ia) asﬁwell as the prob-
ability distribution of the optimal normalized wealth X (T, T'o(-), na(-))) are
uniquely defined by R,, .
(iv) Let o; € T, i = 1,2 be such that R, < R,,,, where p; = Ko, Then

EU(X(Ta f‘al (- Ry, ) u1(-))) < EU(X(Ta faz (- Ruz)a l"'2()))

THEOREM 7.1 Let R,,;, be known.

@) If R,in = O, then the trivial strategy, I'(-) = 0, is the unique optimal
strategy in C for the problem (7.8)(7.9).

(ii) Let Ronin > 0, and let & € T be such that Ry = R, where i = ps.
Then the strategy

f‘&(t, [S()a ”(')]I[O,t]a Rfl) = f(t’ [S(), N(')]‘[O,t], Roin, X¢3t) (715)
belongs to Cy and is optimal in C for the problem (7.8)-(7.9).
COROLLARY 7.1 The optimal strategy for the problem (7.8)-(7.9) does not
depend on (T, M(-)), if R, is fixed.

7.3. Proofs

Proof of Proposition 7.1. We have that Condition 5.1 is satisfied with
F(z,)) = C1 (%)” + Cy, where C; # 0, Cy and v # 0 are constants. Then
the proof follows from Corollary 5.2. (J

Proof of Lemma 7.1. Statements (i)-(iii) follow immediately from Lemma
5.2, Theorem 5.1, and Corollary 5.1. Let us show that statement (iv) holds.
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Leta; € T and ap € T be such that R, < Ry,, where p; 2 Pa;. Further,
let fiq, (-) be a process that is independent of (g, (+), w(-)) and has the same
distribution as g, () € A(T). Consider a new auxiliary market with 2n stocks
that consists of two independent groups of stocks that correspond to 1, (-) and
fia; (+) (their driving Brownian motions and coefficients are independent). Then
statement (iv) is a special case of Theorem 6.1, applied for the new market. (]

Additional definitions

Without loss of generality, we describe the probability space as follows: £ =
T x ¥, where Q' = C([0, T]; R™). We are given a o-algebra F' of subsets of
€V generated by cylindrical sets, and a o-additive probability measure P’ on F’
generated by w(-). Furthermore, let 77 be the o-algebra of all Borel subsets
of T, and F = F7 ® F'. We assume also that each u(-) € A(T) generates
the o-additive probability measure v, on F7 (this measure is generated by ©
which corresponds to y(-))

Let £E(F?) be the enlargement of £(F*) produced by replacing the fil-
tration F§ by FF generated by F2 and R, in the definition. (Note that the
corresponding strategies are not adapted to p(t) )

By the definitions of £7(F?), any admissible self-financing strategy from
this class is of the form

m(t) =Tt [S(), sl Bu)s

where T'(t,-) : B([0,#]; R x R® x R") x R = R" is a measurable function,
t > 0. With P( ) replaced by P(- | F ), we may apply Theorem 5.1 to obtain
the optimal  in the class $F(F®) for any u(-) € A(T) (the optimal strategy
depends on random Ry,).

For a function I'(t,-) : C([0,t]; R%) x B([0,¢; R x R* x R™*") x R, —
R"™, introduce the following norm:

1/2
IOk m(z / Li(6,190), Ol RB)d ) .
(7.16)

DEFINITION 7.4 Let C{f be the set of all admissible CL-strategies
I(t,-) : B([0,f;R x R® x RN) x R — R" such that n(t) =

F(z [SC), 8O0, Ru) € ZR(F?) for any u(-) € A(T), IT()llx < +o0

X(T,0(),u()) €D as Yu() € A(T).

In fact, C‘(‘;z is a subset of a linear space of functions with the norm (7.16).



98 DYNAMIC PORTFOLIO STRATEGIES

7.3.1 A duality theorem

To prove Theorem 7.1, we need the following duality theorem.

THEOREM 7.2 The following holds:

supr(yeck Infuea(r) BU(X(T,T(), ()

=inf,()eam) SUpr(.)ecf EU(X(T, I'(), u())-

(7.17)

To prove Theorem 7.2, we need several preliminary results, which are presented
below as lemmas. The first of which is

LEMMA 7.2 The function X (T, T(-), u(-)) is linear in T(-).
Proof. By (1.20), it follows that X (t) = X (¢,T'(-), u(-)) satisfies

X)) =X+, fy p(MTi(n [SC (), (Do B) (&i(t)dt

+z;-‘=laz-,-(t)dwj(r>).

) (7.18)
It is easy to see that X (T, T'(-), u(-)) is linear in I'(-). This completes the proof.
0O

LEMMA 7.3 The set C& is convex.
Proof. Letp € (0,1), u(-) € A(T), TH() e cf, i = 1,2, and
() 2 (1 -p)() +pr8(.).
By Lemma 7.2, it follows that
X(T,0(),u()) = 1 - p)X(T,TD(), u() + pX(T, T (), 1())-

Furthermore, the set D is convex; then X (¢, T'(-), u(-)) € D a.s. This completes
the proof. [J

LEMMA 7.4 There exists a constant ¢ > 0 such that
E|X(T,T(), pa(-)? < c(ITOIk + X3) VI()€Cf, VaeT.
Proof. ForaT'(-) € CE, let

x(t) 2 X(ta F()a P'a('))a ﬂ-(t) = F(t’ [S(a ﬂa('))a :u'())][O,t] 3 Ru)a
7I'(t) = (Wl(t)a ce ,Wn(t))'
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By (7.18), it follows that

da(t) = p0) Sy 70 S ) + 1) ).
z(0) =

This is a linear It0 stochastic differential equation, and it is easy to see that the
desired estimate is satisfied. This completes the proof. L1

LEMMA 7.5 Fora given o € T, the function
EU(X(T,T(), u(-)))
is continuous in T'(-) € C&.

Proof. Let TO(.) € C& and X (t) £ X(¢,TD (), pa(-)), i = 1,2. By
Lemmas 7.2 and 7.4, it follows that

E|XO(T) - XO(T)]? < o0 () - Tk,
where ¢ > 0 is a constant. Then
IEU ()"((U(T)) ~EU ()"(<2> (T)) |
< aE [(1+ [XO(T)] + XD (7))~ XD (T) - XO(D)|9]

<afm (110 + K@) 0@ - 20w

/K

< ez (L+ITWE)|x + T x)® ITO () — 1@ () )152%,

where ¢; > 0 are constants, g is as defined in Condition 7.2, k = 2/q, ¥’ 2
k/(k —1) =2/(2 — q). This completes the proof. (I
Let

z(a,T) 2 exp (/OT 0., )T dw(t) — %/OT 64 (t)|2dt) .

For a € T, set
J'(T(), ) £ BU(X(T,T(-), ua()))-

LEMMA 7.6 Let Condition 7.3(ii) holds. Then, for a given T'(-) € CE, the
function J'(T(-), @) is continuous in o € T.

Proof. LetT(-) e CRand s € T, i =1,2. Set

Y, = X(Ta F(')a”’a('))a a € Ta Y, 2 X(T’F()’”’*())’
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where p,(t) = [r(t),0,0(t)]. By Girsanov’s Theorem (see, e.g., Gihman and
Skorohod (1979)), it follows that

|EU(Ya,) —EU(Ye,)| = [Elzu(en,T) — 202, TU(Y.))|
< aElz(a1, T) — za(on, T)|([YalP + 1)
< ¢z (Blaa(en,T) -z (0, 7 ) " EIv.p+ 19
< o3 (Bla(on, T) - (az, D7 ) 7 (BIV.P? +1)9)"/
<e (Elz*(ax,T) - z*(az,T)l‘")l/ql UITOI + 1Y,
where p € (1,2) is as defined in Conditions 7.2 and 7.3(ii),

A

and ¢; > 0 are constants.
Furthermore, it is easy to see that for an @ € A, we have z,(a, T') = y(T),
where y(t) = y(t, ) is the solution of the equation

{ dy(t) = y(t)Ma(t, @) T M, ()~ duw(t),
y(0) = 1.

It is well known that y(T") depends on @ € T continuously in L (2, F, P)
(see, e.g., Krylov (1980, Ch.2)). Hence

E|z. (a1, T) - z*(az,T)|q' =0 as o — o

This completes the proof. O

Let V be the set of all o-additive probability measures on Fr. We consider
V as a subset of C(T;R)*. (If the set 7 is at most countable, then we mean
that C(T;R) is B(T;R).) Let V be equipped with the weak™ topology in the
sense that

TN [r v (do)f(a) = [r w(de)f() Vf()€ C(T;R).

LEMMA 7.7 The setV is compact and convex.

Proof. The convexity is obvious. It remains to show the compactness of the
set V. Inour case, 7 is a compact subset of finite-dimensional Euclidean space.
Now we note that the Borel o-algebra of subsets of 7~ coincides with the Baire
o-algebra (see, e.g., Bauer (1981)). Hence, V is the set of Baire probability
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measures. By Theorem IV.1.4 from Warga (1972), it follows that V is compact.
This completes the proof. [
We are now in the position to give a proof of Theorem 7.2.
Proof of Theorem 7.2. For aT'(-) € C§, we have J'(T'(-),-) € C(T;R) and

EU(X(T,T(),4() = [frdvu(@)BU(X(T,T(), ta(")))
= [rdvu(a)J'(T(), @),

where v,(-) is the measure on 7 generated by ©, which corresponds to u(-).
Hence, EU(X (T, T'(-), u(-))) is uniquely defined by vy. Let

J(D(-), ) = BU(X(T,T(), u(-)))-

By Lemma 7.7, J(T'(-), v) is linear and continuous in v € V given T'(-).
To complete the proof, it suffices to show that

sup inf J(I'(-),v) = mf sup J(T(-),v). (7.19)
I()ecR VeV Vr()ecg

We note that J(T(-),v) : Cf x V = R is linear in v. By Lemmas 7.2 and
7.5-7.6, it follows that J(I'(-), v) is either concave or convex in I'(-) and that
J(T(-),v) : C& x V — R is continuous in v for each I'(-) and continuous in
I'(-) for each v. Furthermore, C* and V are convex and V is compact. By the
Sion Theorem (see, e.g., Parthasarathy and Ragharan (1971, p.123)), it follows
that (7.19), and hence (7.17), are satisfied. This completes the proof of Theorem
7.2.0

We are now in the position to give a proof of Theorem 7.1.

7.3.2 Proof of Theorem 7.1

Let & € T be such that R; = R,,;,, where fi(-) £ ps(-). By Lemma
7.1(1ii)-(iv), it follows that

EU(X(T,Ta(, Ra), (")) < BU(X(T,Ta(, Ryua)s pha()) Ve e('r- )
7.20
(If Rs, = R,,, then statement (iii) is applicable; if R; < R,,, then statement
(iv) is applicable).
Let u(-) € A(T) be arbitrary, and let v,(-) be the measure on 7 generated
by ©, which corresponds to u(-). By (7.20), it follows that

EU(X (T Pa( Ru)aﬂ < deVu(a)EU(X(T Pa( Ru.)s be(4))
= Sup]"(.)ecéi EU(X(Ta P()a IJ'()))

Vu(-) € A(T).
(7.21)
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By (7.14), (7.21), and Theorem 7.2 it follows that the pair (ji(-), T'4(-)) is a
saddle point for the problem (7.8)—(7.9). This completes the proof of Theorem

7.1. 0
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OPTIMAL STRATEGIES BASED ON
HISTORICAL DATA FOR MARKETS
WITH NONOBSERVABLE PARAMETERS



Chapter 8

STRATEGIES BASED ON HISTORICAL PRICES
AND VOLUME: PROBLEM STATEMENT
AND EXISTENCE RESULT

Abstract We consider the investment problem in the class of strategies that do not use
direct observations of the appreciation rates of the stocks but rather use historical
market data (i.e., stock prices and volume of trade) and prior distributions of the
appreciation rates. We formulate the problem statement and prove the existence
of optimal strategy for a general case.

8.1. The model

We consider the market model from Section 1.3. The market consists of a
risk-free bond or bank account with price B(t), t > 0, and n risky stocks with
prices S;(t),t > 0,i=1,2,...,n, where n < +o00is given. The prices of the
stocks evolve according to

dS;(t) = S;(t) <ai(t)dt + i oi;(t)dw; (t)), t>0, (8.1)

i=1

where the w;(t) are standard independent Wiener processes, a;(t) are appreci-
ation rates, and o;;(t) are volatility coefficients. The initial price S;(0) > 0 is
a given non-random constant. The price of the bond evolves according to

B(t) = B(0) exp (/Ot 'r(s)ds), (8-2)

where B(0) is a given constant that we take to be 1 without loss of generality,
and r(t) is the random process of the risk-free interest rate.

We are given a standard probability space (€2, F,P), where Q = {w} is
a set of elementary events, F is a complete o-algebra of events, and P is a
probability measure.

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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We shall use again the vector processes

w(t) = ('LUl(t), LR awﬂ(t))T ) S(t) = (Sl(t)': oo aS'n(t))T )
a(t) = (a1(t),---,an(t)) ", @(t) = a(t) - ()1,
p(t) 2 exp (= [ir(s)ds) = B(®)™,  8(t) 2 p®)S(2)

and the matrix process o (t) = {0i;(t)};=; -
We assume that w(-) is a standard Wiener process on the given probability
space and that a(t), r(t), and o'(t) are measurable random processes such that

o(t)o(t)T > cly,

where ¢ > 0 is a constant and I, is the identity matrix in R®*™. Furthermore,
we assume that w(-) and (r(-),o(-)) are independent processes and that the
process (r(t), o(t)) is uniformly bounded.

By Remark 1.1, it follows that the volatility coefficients can be effectively
estimated from S;(t). However, (1.11) may not produce satisfactory results,
because actual computations require time discretization. Another approach is
to use the implied volatility, but then the possible illiquidity of the option market
and time discretization for numerical purposes again pose complications. In
any case, we shall ignore these difficulties here. It is more difficult to estimate
the appreciation rate a;(t); in fact, an estimator of a;(t) is not satisfactory when
the volatility is sufficiently large. In view of this, we assume that r(t) and S(t)
are directly observable (which is natural), and we consider two cases — when
a(t) is currently directly observable and when a(t) is not directly observable
but the distribution of é(t) is known.

An additional observable process

We assume that there is a random process that describes some additional avail-
able information about the market (in addition to stock prices and the interest
rate); this process is directly observable. More precisely, we assume that there
exists an integer N > 0 and a random process 9(t) = (m1(t),...,nn(t)) that
is currently observable. For example, 7(t) can describe prices at external mar-
kets, the difference between bid and ask prices for underlying assets, the size
of deviation of prices of options on underlying assets near Black-Scholes price,
weather, level of unemployment, or any other factors, which can be correlated
with the appreciation rates of the stocks. However, the most important example
is when N = n and 7;(t) is the trading volume for the ith stock at time ¢. It
will be shown below in numerical experiments with real data that the joint dis-
tribution of prices and volume contains an important information; we improve
the performance of a strategy by including volume in our consideration.
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In this chapter and in Chapters 9 and 12, we shall consider the general case
of random 7)(-); in the rest of this book, we shall assume that 5(t) = 0 (i.e,,
only the stock prices and the interest rate are available).

The prior distributions of parameters

To describe the prior distribution of a(-) and 7(-), we assume that there exist
linear Euclidean spaces E and Ey, a measurable set 7 C E, random vectors
©:Q > T and Oy : Q — Ey, and measurable functions

A(t,-) : T x C([0,%; R™) x B([0,t; R x RV) - R™
and
Fy(t,-) : By x B([0,#];R x R® - RY
such that
a(t) = A(4,6,[8(),r(), (M) »
n(t) = Fo(t, ©o, [r(-), S(-)ljo,)-

We are given a probability measure v(-) on 7 that describes the probability
distribution of ©. We assume that the probability distribution of @y is also
known. Further we assume that

s O, O, w(-), (r(-),o(-)) are mutually independent; and

= ©,00,A(-), Fo(-) are such that the solution of (8.1) is well defined as the
unique strong solution of Itd’s equation, and

sup|a(t)] < oo a.s., supEla(t)|? < +oo.
t t

The dependence on S(-) is included for a technical reason, because it is
important for a special problem of portfolio compression.

Under these assumptions, the market is incomplete.

Notice that for the simplest model, it suffices to set a(-) = ©(-) for a pro-
cess O(t) independent of (r(-), w(-),o(-),n(-)). However, our setting allows
important models such as

a(t) = O(t) f(n(t)) + (1),

where 7(t) is the trade volume and f(-) is a function (for example, f(y) =

arctg y).
Another example of a reasonable model is

a(t) = O(t) + %/t r(s)1ds — r(t)1,
0

where a sharp increase of r(t) implies a short-time decrease of a(t).
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The wealth and strategies

Let Xy > 0 be the initial wealth at time ¢ = 0, and let X (¢) be the wealth at
time ¢ > 0, X (0) = X. We assume that

X(t) =m(t) + Y _mi(t), (8.3)

=1

where the pair (mo(t), w(t)) describes the portfolio at time ¢. The process mo(t)
is the investment in the bond, 7;(t) is the investment in the ith stock, and
1(t) = (m(t),..., (1), ¢ 2 0.

Let S(t) = diag (S1(t), ..., Sn(t)) and §(¢t) = diag (S1(2),.. ., Sn(t)) be
diagonal matrices with the corresponding diagonal elements. The portfolio is
said to be self-financing if

dX(t) = n(t)"S(t) " dS(t) + mo(t) B(t)"'dB(t). (8.4)
It follows that for such portfolios,

dX(t) = r(t) X (t) dt + =(t) T (@(t) dt + o(t) dw(t)), (8.5)

n
mo(t) = X(t) = ) mi(t),
i=1
so w alone suffices to specify the portfolio; it is called a self-financing strategy.

DEFINITION 8.1 The process X(t) = p(t)X(t) is called the normalized
wealth.

It satisfies

X@) = X0)+ /tp(s)w(s)T(&(s)ds + o(s)dw(s))
0

= X(0) +/OtB(s)_lﬂ(s)Tg(s)_ldg(s). (8.6)

Let {Ft}o<t<T be the filtration generated by the process (r(t), S(t),n(t))
completed with the null sets of F.

Further, let {F}o<i<T be the filtration generated by the process
(a(t),r(t), (), S(t)) completed with the null sets of F, and let { F;"" }o<i<T
be the filtration generated by the process (a(t), r(t), o(t), S(t), n(t)) completed
with the null sets of F.

Let G; be a filtration.
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DEFINITION 8.2 Let £(G.) be the class of all G;-adapted processes (-) such
that

. foT (Ir(@®) @) + |m(t) To(t)|?) dt < 0o a.s., and
m there exists a constant g such that P{X (t) — Xo > ¢z, Yt € [0,T]} = 1.

A process m(-) € (G.) is said to be an admissible strategy with corresponding
wealth X (-).

For an admissible strategy (-), X (t,7(-)) denotes the corresponding total
wealth, and X (¢, w(-)) the corresponding normalized total wealth.

Note that by definition, admissible strategies from £(F.) use observations
of (r(t), S(t), n(t)) only. For these strategies, the processes X (t) and X (t) are
JF: adapted.

8.2. A general problem and special cases

In this section, we describe a general optimal investment problem and several
important special cases.

8.2.1 The general problem with constraints

Let T > 0 and Xj be given. Let m > 0 be an integer. Let U(-,-) :
R x C([0,T] »R") - RU{-oo} and G(,-) : Rx C([0,T] »R") —+ R™
be given measurable functions such that BU (Xo, S(-)) < +oo.

We may state our general problem as follows: Find an admissible self-
financing strategy that solves the following optimization problem:

Maximize EU(X(T,n(-)),S(-)) over () (8.7)

X(0,7()) = Xo,

5 . (8.8)
G(X(T,n()),S(-)) £0 as.

subject to {

8.2.2  Special cases of constraints and costs functions

As can be seen from the following examples, the general setting (8.7)—(8.8)
covers many important special problems.

Optimization of a portfolio with pre-determined positions

The general setting of the investment problem (8.7)—~8.8) covers a special,
but quite realistic case, namely,when a portfolio consists of several different
types of investments. For example, consider a case when the total portfolio
includes the following: (i) a given portfolio of options (for example, selected
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by the rule introduced in Chapter 3), and (ii) a dynamically adjusted portfolio of
stocks. In other words, we assume that the total wealth is divided into two parts
(portfolios) X (t) = X'(t)+ X" (t), where X'(t) is the price of the dynamically
adjusted stock portfolio and X" () is the price of the fixed portfolio of options.
The problem is to select a strategy for e adjustment. ~

Let the portfolio of options be such that X"(T) = ¢(5(-)), where
#(-) : C([0,T);R™) is a deterministic function that describes the set of
payoff functions for the options. (For example, if the portfolio consists of
European call options with strike price K and the expiration time T, then
$(5(-)) = N -(S(T) - K)*, where N is the total amount of the options). Let
X'(0) and X"(0) be given. Let U(-) : R — R be a utility function.

We may state a problem of maximization of EU (X (T')) via variations of the
dynamically adjusted portfolio:

Maximize EU(X'(T,=(-)) + ¢(S(-))) over =() (8.9)

subject to  X'(0,7(-)) = X'(0). (8.10)
Clearly, this problem is a special case of the problem (8.7)—(8.8).

Criterion with a synthetic numéraire

Let#'(-) € £(F.) be agiven strategy such that the corresponding normalized
wealth is being considered as a numéraire. This situation can occur when the
strategy #'(-) is given and an investor wishes to examine a performance of
small deviations of this strategy using the wealth X (¢,7'(-)) as a numéraire.
The corresponding optimization problem can be stated as the follows. Let
U(,) : RxR = RU{-o0} and G(+,-) : R x R = R™ be given
measurable functions. Consider the problem

Maximize EU(X(T,=(-)), X(T,#'(-))) over () (8.11)
subject to { X(0,n()) = Xo, (8.12)
G(X(T,n(-)), X(T,#'(-))) <0 as.

It can be easily seen that this problem is a special case of the problem (8.7)—(8.8).

Hedging with bounds on risk
Let hi(-) : C([0,T]; R™®) — R be given functions, i = 1,2,.... such that
0 < hi(y) < ha(y) < +oo (Vy € C([0,T); R™)). Consider the constraints
h(8()) < X(T,7()) < ha(8()) as. (8.13)

These constraints correspond to G(z,y) = 1 — x{h1(y) < = < ha(y)}, where
X denotes the indicator function.
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Hedging with logical constraints

Let Gi(-,-) : Rx R}— R, i = 1,2, be given functions. The following
special case of the constraints (8.8) is called a logical-type constraint:

If G (X(T, 7(-)),8(-)) <0, then Gg(f((T,w(-)),S'(-)) <0 as.
(8.14)
This constraint corresponds to

G(z,y) = x{G1(z,y) < 0} — x{G2(z,y) <0}.

Hedging of claims with different criterions

Let h(-) : C([0,T);R™) — R be a given function. Let ¢ £ h(5(-)). (For
example, ¢ = h(S(T)) or ¢ = h (foT S’(t)dt), where h : R® — R is a given
function). Let V(;,-) : R x R — R be a given function. The following is a
special case of the general cost function (8.7):

Maximize EV (X(T,x()),¢). (8.15)
In particular, if V(z,y) = x{y > z}, then (8.15) reduces to
Maximize P (X(T,n(-)) > ¢).
On the other hand, if V(z,y) = —|z — y|%, § > 1, then (8.15) reduces to
Minimize E|X(T,n(-)) — ¢|°.
Conditional criteria
LetVi(-,-) : RxC([0, T);R™) = R, V() : C([0,T];R") = R,i=1,2,

be given functions. The following is a special case of the problem (8.7), where
the following conditional probability criterion is its cost function:

Maximize P (%(X(T,vr(-)),g(')) <0|Va(S() so). (8.16)

This criterion corresponds to U(z,y) = x{Vi(z,y) < 0} - x{Va(z) < 0}.

8.3. Solution via dynamic programming

In this section, we describe briefly the classical approach of dynamical pro-
gramming to the optimal investment problems with nonobservable appreciation
rates (see, e.g., Williams (1977), Detempte (1986), Dothan and Feldman (1986),
Gennotte (1986), Brennan (1998)).

Let

a(t) £ E{a(t)| %},
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t
W(t) = w(t) — /0 a(s)~[a(s) — a(s)]ds.

The following lemma is well known (see Liptser and Shyryaev (1977, p. 278,
Theorem 7.12).

LEMMA 8.1 Assume that the process o(t) is deterministic. Then w(t) is a
Wiener process, and the equation for stock prices (8.1) can be rewritten as

dSi(t) = S;(t) ([&,;(t) + r(t)]dt + i oij(t)dw; (t)), t>0. (8.17)

j=1

COROLLARY 8.1 The filtration generated by (S(t),r(t), a(t)) coincides with
the filtration JF.

Thus, the problem (8.7)—(8.8) is reduced to a problem with directly observable
parameters, as described in Chapter 5. However, this problem can be solved
explicitly in some special cases only (see Chapter 5). In particular, this problem
can be solved via the dynamic programming approach described in Section 5.2,
Chapter 5, if the following holds:

» G(-)=0,U(z,y) =U(z,y(T)), y € C([0,T];R"); and

w the process u(t) = (r(t),a(t),o(t)) evolves as described by eq. (5.6),
Chapter 5, witho* = 0, i.e.,

du(t) = B(B(t), S(t), u(t), t)dt + o*5(B(t), S(t), u(t), t)dw(t).
(8.18)

In other words, the dynamic programming approach can be applied when the
problem can be Markovianized and there are no constraints. We present below
the optimal strategy for this case (which is in fact defined by (5.6), Chapter 5
with 6# = 0).

DEFINITION 8.3 Let X7 be the class of all processes w(-) € L(F.) such
that there exists a measurable function f : [0,T] x R x (R x R® x R x
R™ x R™"*™) — R™ such that n(t) = f(t, X(t), B(t),S(t), u(t)), where

p(t) = (r(t), a,0(t)).
Set

A

J(z,b,s,p,t) =
Supﬂ-(.)eﬁM E{U(X(T), g(T)) | (X(2), B(t)a S(t)a ﬂ'(t)) = (z,b, s, p’)}
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Then the Bellman equation, satisfied formally by the value function (derived
utility function), J(z, b, s, 4, t), is (denoting the matrix diag (s1,...,sn) by S)

max,{Jy(z,b, 5,1, t) + Jo (2, b, 8, 4, ) (rz + 7' @)

+Jb(z, b, 8, p, )b + Js(z, b, 5, 1, t) T Sé

+Ju(z, b, 3, 11,8) T B(x, b, 5, 4, 1)

+1Jp5(2,b, 8,4, t)7 o0 T+ Ltr [Jy s(z, b, 8, 4, t)So0 T 8]

+itr [y (2, b, 5, 1,8)0%5 (2, b, 5, 1, 8)0#5 (2, b, 5, 1, ) T] (8.19)
+Jz.s(z,b, 8,4, t)S00 "W + Jou(Z, b, 5, 1, ot SaTr
U0, 052,510 7SI} =,
J(z,b,8, 1, T)=U (%, %) .
Then the optimal = is (formally)
(1) = ~ SR BBy QWD) — SO LXK TS

The first term on the right-hand side gives the usual mean-variance type of
strategy; the second, due to correlation between wealth and stock prices, is
absent if S(t) is not required as a state variable, e.g., if a Mutual Fund theorem
holds; and the third depends on the correlation between S (or w) and p and
is considered to represent a hedge against future unfavorable behavior of the
coefficients. Note that the Bellman equation is degenerate: there are only n
driving Wiener processes and 2 + n 4+ n? variables. Hence there may not exist
a solution J with second-order derivatives.

As an example, consider an important special case when @ = @(t) is a con-
stant Gaussian vector. In tis case, the problem can be Markovianized: the
process E{(&,aa")|F;}) satisfies a special case of Itd’s equation (8.18), which
describes the Kalman—Bucy filter (see Liptser and Shyryaev (1977). For ex-
ample, let n = 1, @(t) = a, and let & be Gaussian, Vara = v3, and Eg = 0.
Further, let o(t) = o be a nonrandom constant. Then the Kalman-Bucy filter

gives i
da(t) = *@ [:S-S(lt-tjl - a(t)dt] ,
do(t) = — % dt,
a(0) = ag, v(0) = vy.

Here v(t) = E{(@ — a)%|F:}.

We present below a more convenient version of (8.19). Assume that
(r(t),o(t)) is deterministic. Let the prior distribution of @ be such that there
exist an integer M > 0 and measurable functions ®(-) : RM*"» 5 RM f(.):
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RM xR = RM, o¥()) : RM x R — RM*n 5¥(.) : RM x R — RM*M
and an observable process y(t) such that
a(t) = 2(y(t), 1),

and y(t) is the solution of the Itd equation

dy(t) = f(y(t),t)dt + 0¥ (y(t), tydw(t) + 6% (y(t), t)db (),

where 1(-) is a Wiener process of dimension N that is independent on w(-).
In particular, this setting may cover the case when y(t) = (a(t), S(t),n(t)),
where 7(t) is the process of market data introduced above.

DEFINITION 8.4 Let Tpry be the class of all processes n(-) € £(F.) such
that there exists a measurable function ¢ : [0,T] x R x RN x R — R" such

thar m(t) = f(t, X(t), y(t)).

Assume that ;

Set
V(2,9,1) 2 sup, ()3, BIUE D), y@)X@),40) = (2,9)}-
Then the Bellman equation, satisfied formally by the value function (derived
utility function), V' (z, y, t), is (denoting the matrix diag (sy, ..., s,) by S)
max,r{vt(z, ¥,t) + p()Va(z, 4, )p T 2(y, 1) + Vy(2,9,0) T f (2,9, 1)
+1p(t)* Ve z(z, y, )7 To0 T

i [Vy,y(z, 1,) [0V, 0¥y, )T +5%(z, 3, 5% (z, 3, t)T]]

+p(t) tr [Vgy (2, y,t)So0c¥(y, t)T'/r]} =0,
V(z,y,T) =U (z,y).
Then the optimal  is (formally)
_ Va(X(®),y(2),2) Vay (X (8), y(t),t)
Vo,a(X(2),y(t), ) Voo (X (2),y(2), 1)

Unfortunately, this dynamic programming approach cannot be applied to prob-
lems with constraints and to problems that can not be Markovianized. Fur-
thermore, it can be difficult to solve numerically nonlinear degenerate Bellman
equations. We describe below some alternative methods.

m(t) =

Q(®)a(t) — S(t)
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8.4. Additional definitions
Set

T T
Z 2 exp (/0. (o(t)~ta(t)) Tdw(t) + %/(; |a(t)‘1&(t)|2dt) . (8.20)

Since o(-)~'@(-) is independent of w(-) with bounded trajectories, then
EZ-1=1.
Define the (equivalent) probability measure P, by

P,
dP
Let E, be the corresponding expectation.

REMARK 8.1 It follows that for w(-) € 5(F.), the normalized wealth
X(t,m(-)) is a P.-supermartingale with E,X(t,7(-)) < Xo and
E.|X(t,7(-))| < |Xol| + 2|gx|-

Rather than employing usual technique of changing the Brownian motion
using an equivalent martingale measure, we will change the stock price process
to one that has the distribution of a risk-neutral price under the original measure.
The technique relies on the law-uniqueness of the solution of the S.D.E. Let

S,4(t) 2 (S,1(t), ..., Sen(t)) be the solution of the equation

=21

{ dS.(t) = 8.(t) (r(t)1dt + o(t)dw(t)), ¢>0, (8.21)

S«(0) = S(0),
where S, (t) 2 diag (Su1(t), - . ., Sen(t)) is the corresponding diagonal matrix.
Let S, (t) = p(t)S.(t), and let
S.(t) = diag (Su1(t), .-, 8m(t), Si(t) = diag (Su(t),- .., Sn(t))

be diagonal matrices with the corresponding diagonal elements.
Fora € T, set

ﬂ*(t) = (t’ Oy, [’I"(‘), St(')]l[O,t])a
A(ta a) 2 A(t’ a, [S(')a T('), ﬂ()][o,t] )’
A*(ta a) 2 A(t’ a, [S* ()1 T‘('), ﬂ*(‘)][o,t])-

For each a € T, introduce the process z(e, t) as a solution of the equations

{ dz(et) = 2(, t) A (t,@) T Q(t)S(2)'dS(t),

@ 0) -1 (8.22)



116 DYNAMIC PORTFOLIO STRATEGIES

Set i
Zz/rdu(a)z(a,T).

Set

X, = C([0,; R™) x B([0, ] R) x B([0,]; RY),
X, = C([0,t]; R") x B([0,%]; R"™) x B([0, t];R) x B([0,]; RV).
Set .
G (t) £ Au(t,0) = A(t,0,[S.(),7(), 1 (N0,
a.(t) = a.(t) + r(t),

T T
2. 2 exp ( /0 (o)~ (1)) Tdw(t) — % /0 |a(t)-1a,,(t)|2dt). (8.23)

By definition, for each Fr-measurable random variable £, there exists a mea-
surable function ¢ : Xr — R such that & = ¢(S(-),r(-),n(-)). We shall use

A

the notation &, for the random number &, = ¢(S«(-),7(-), 7+ ().
PROPOSITION 8.1 There exists a measurable function y(-) : Xr — R such
that Z, = P(8s(-),84(-),7(-)) and Z = (S(-),a(-),r(-)) a.s. Moreover,
z(a, T) = ¢(S()a A('aa)a r())

Let
_* - / dl/(a)l/)(s*(-),;h(-,a),r(-)) = ‘/)—(5*('),7'('),77*('))-
7'

Moreover, it follows from Proposition 8.1 that Z = (S(-),r(-),n(-)). Finally,
since © is independent of (7(-),w(:),o(-),n(-)) and hence of (Sy,r,n.(:)), it
follows that _

Zy = E(Z2,|5:(),r(), () (8.24)
and

Z= / dv(a)p(S(), A(,a), (), ().
A

8.5. Existence result for the general case
8.5.1 Auxiliary problem and additional assumptions

Auxiliary optimization problem. Our approach is to investigate the prob-
lem (8.7)—(8.8) via the following finite-dimensional optimization problem:

Forq € R, A € R,y € C([0,T] »R™),
Maximize qU(z,y) — Az over z € R: G(z,y) <0. (8.25)
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This problem will be used in the following way. We obtain an optimal claim as
a solution of the problem (8.25) with the random number ¢ depending on S(-).
Then, the corresponding admissible self-financing strategy, which replicates
the claim, is obtained readily.

Let

J) 2 {z€R:G(z,y) <0}, ye C(0,T] »R™). (8.26)

To proceed further, we assume that the following conditions are satisfied.

CONDITION 8.1 At least one of the following conditions holds:

() U(z,y) =logz, Xo >0and G(-) =0; or

(ii) The process o(t) is nonrandom and known, and the processes a(-) and
7(-) are independent.

CONDITION 8.2 There exists a measurable set A C R and a measurable
function F(-) : (0,00) x C([0,T] =R ) x A — R such that for each z > 0,
y € C([0,T] +R™), A € A,

& =F(z,y,))
is a solution of the optimization problem (8.25).
CONDITION 8.3 There exist A € A such that B,|F(Z,5(-), A)| < 400 and

E.F(Z,5(-),)) = Xo. (8.27)

CONDITION 8.4 The function G(-) is such that there exists a measurable func-
tion f(-) : C([0,T]; R™) — R such that E|f(S.(-))]> < +oo, Ef(S.(-)) =
Xo and G(f(S(-)),S(-)) < O0a.s.

Conditions 8.1-8.4 are satisfied for the special cases described in Chapters 9-11
with appropriately chosen parameters.

8.5.2 Existence result

We solve our original problem in two steps. First we show that
EU(F(Z,5(:),A)) is an upper bound for the expected utility of normalized
terminal wealth for w(-) € £(F.). Then we find sufficient conditions for this
claim to be attainable. This establishes the optimality of a strategy that repli-
cates the claim (if attainable).

Let F(-) be as in Condition 8.2.
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THEOREM 8.1 With X as in Condition 8.3, let

E£ F(Z,5(), ). (8.28)
Then
() BU~(£,5()) < 00, G(€,5()) < 0 as.

(ii) Let F(z,z,)) be the unique solution of the optimization problem (8.25)
with A = }, and let EU* (¢, ( )) < +00. Then £ is unique (i.e. even for
different }, the corresponding £ agree up to equivalency).

(iii) BU(,5()) > BU(X(T,7()),5()), ¥r(-) € 5(F)).

(iv) Let one of the following two conditions be satisfied:
(@) U(z,y) =logz, G(-) =0; or
(b) n(t) = 0 (i.e., there is now additional available information).

Then the claim B(]’)f is attainable in £(F.), and there exists a unique repli-
cating strategy in X(F.). This strategy is optimal for the problem (8.7)-(8.8).

In other words, B(T)¢ is an optimal contingent claim for the problem (8.7)-
(8.8) Gf £ is attainable). Thus, the optimal investment problem is reduced to
the replication of the claim B(T)E.

8.6. The optimal strategy as a conditional expectation

In this section, we assume that the optimal claim E defined in Theorem 8.1 is
§ = F(2), where F'(-) : R - R is a measurable deterministic function G.e.,
G(z,y) and U(z,y) do not depend on z). In addition, up to the end of this
section, we assume that

E = B([0,T};R"),
A(t,0,[S(-),r(-),n()jp,4) = O(2)-
We give a solution for a case of differentiable F(-). We obtain the optimal

strategy only as a conditional expectation of a given random variable. Though
this approach does not give an explicit solution, it opens the way for using Monte

Carlo simulation. Let Condition 8.1 (ii) be satisfied so that 8,() = o() "' a(t)
is nonrandom. Set

z,(a, ) = exp (f(f 0a(s) Tdw(s) — 1 Jl@a(s)|2ds) ,

N (8.29)
t) = [ dv(a)z. (o, t).
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THEOREM 8.2 Assume
(i) there exists F'(z) = dF (z)/dz;

(ii) there exists € > 0 such that B,|F'(Z)[2*¢ < +o0;

(iii) the function (F’(z), ) 3 (z)) is either bounded or Holder; and

(iv) the functions 84(-) are bounded, uniformly in o € A, right continuous, and
of bounded variation.
Let f(t,-) : B([0,t]; R"™) — R be a measurable function defined as

ft}a

7t w()og) 2 E {F’(Z*(T))\I'(t,T)

where
o, T) 2 /,4 dv(a)z. (e, T)fa(t).

Then E [ | (¢, w(-)jo,q)12dt < +00, and

. . T
£ —Eé + /0 £t w()ljo,) Tduw(t).

COROLLARY 8.2 Under the assumptions of Theorem 8.2, there exists a mea-
surable function fo(t,-) : B([0,t];R") — R such that f(t,w()|jo4) =
folt, .§.(-)|[0’t]). For such fo(-), the following holds:

~ T ~ ~ ~
€= Xo+ /0 folt: 8o To ()18 @)dS 1),

The strategy #(t) = B(t) fo(t, 5'(-)|[0,t])-"cr(t)"1 replicates B(T)E, belongs to
(F.), and is optimal for the problem (8.7)~(8.8) in the class ©(F.).

8.7. Proofs

Proof of Proposition 8.1. 1t follows from (1.11) that there exists a measurable
function V(t,-) : C([0,t]; R™) — R™*™ such that

V(t) =Vt S()o,g) = V(S (o) (8.30)

up to equivalency. By (8.30), it follows that
Q) = Q1 S(),g) = QE Se(ljo,g)
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up to equivalency, where Q(t,-) : C([0,¢];R") — R"™ " is a measurable
function. Then

T 1
tog 2= [ 6)7Q(t,50)pa) [S)7dS(0) = r(91dt - 3],
and
T 1
log Z, = /0 8.(t)T Q(t: 5+ ()0g) [S*(t)_ldS,,(t)—r(t)ldt— 5&*(t)dt].

This completes the proof of Proposition 8.1.01

PROPOSITION 8.2 Let ¢ : Xr — R be_a measurable function such that
¢~ (S(-),a(-),7(-),n(-)) < +o0, and let ¢ be a similar function but with no
dependence on a. Then

E¢(S()1 6‘()7 ’I"('), "7()) = EZ*¢(S*(), &*(')a T(')a 17*('))1 (831)
E&(S()ar()an()) = EZ_*$(S*('),T'('), "7*('))1 (832)

E.$(S(),(),n(-)) = B(S.()m()ym(-))- (8.33)

Proof. By assumptions, (©, ©g,7(-),o(-)) does not depend on w(-). Then
to prove (8.31), it suffices to prove

E{qs(S(-),a(-),r(-),n(-)) e,eo,r<-),a(-)}

(8.34)
=E {Z*qb(S*(-), @x(),r(); 7« (-))|©, ©0, (), 0(-)} as.

Thus, for the next paragraph, without loss of generality, we will suppose that
(©,00,7(-),0()) is deterministic.
By Girsanov’s Theorem, the process

t
(t) 2 w(t) — /0 o(5)~Liu(s)ds

is a Wiener process on the the probability spaces defined by the probability
measure P such that dP /dP = Z,. Furthermore, equations (8.1) and (8.21)
can be rewritten as

dS(t) = S(t) [a(t)dt + o (t))dw(t)],

dS.(t) = S«(t) [ax(t)dt + o(t))dw(t)].
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Since (©, Og, r(-), o (-)) are taken as deterministic, the processes S(-) and S, (-)
have the same distribution on the probability spaces defined by P and P, respec-
tively, and (8.34), and hence (8.31) follow. Further, (8.32) follows by taking
conditional expectation in (8.31). Finally, using Proposition 8.1 and (8.31),

E.$(S(-),r(),n(-) = BZ71§(S(),(-);n())

= Ey(S(),a(-),r(-),n() 7 $(S(),r(),m()

= EZ(5.(), @ () ()1 () 71 B(S: (), () ma ()
= E(S:(-),m(-), ()

=E¢(5:(),7(-),ms())-

0

Introduce a class @ of random numbers (claims) £ that are Fr-measurable
with BU~ (£, S(+)) < o0 and E,(§)~ < oo.

Set

B2 {ted: E,L=2X; G(S()<0as}.

By definition, for each £ € ®, there exists a measurable function ¢ : Xr -+ R
such that & = qb(S( ):7(-),m(-)). Recall that we use the notation &, for the

random number §* = ¢(Si(-),T () 7(-)).
Now define £, 2 F(Z,,5.(-), \). If we define ¢ by € = ¢(S(-),r(-), n(-)),
then &, = G(S.(-),(-), 7 ().
By Proposition 8.2, for £ € @y,
Xo=E., =EZ71¢(S(),r(-),n(-)
= E"/)(S()v &()1 ’I'(), 77())_1‘15(5(), ’I"(), 77())
= EZ*"/)(S*(')a &(')1 "'(')1 M« ())_1¢(S*()’ T‘(-), "7*('))
=E¢(5:(-),r(-), 7 (-)) = E&..

(8.35)
Define J; : ® - R, i =0, 1 by
Jo(€) £EUE,5()), Ji(€) £ E.L - Xo.
Consider the problem
Maximize Jo(§) over & € @. (8.36)

PROPOSITION 8.3 The optimization problem (8.36) has solution £ &
F(Z,5(), ), where X is given by Condition 8.3.
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Proof. By Condition 8.3 and Proposition 8.2, it follows that E, |é| = E|{,| <
+00. By Condmon 8.3 again, E.£ = X.

Let L(¢,\) = Jo(€) — AJ1(€), where € € ® and X € R. By Proposition
8.2,

L(E,N) = E(z*U@*, 5.0)) - /\a.) FAXo

We have that the process S, (-) satisfies (8.21), where the processes 7(t) and
o(t) are independent of ©. Hence £, does not depend on © for any { € ®y.
Then

562 = B( 2U(6,8.0) - 36, ) + Mo
By Condition 8.2, it follows that for any w € €, the random number §* provides

the maximum over y € J(S (+)) for the function ZU(y, S*( )) - .

Let us show that BU~(£,5())) < oo. For k = 1,2,..., introduce the
random events

O® Ak <UE,5.() <0}, OB 2 {—k<UE S.()) <o},

along with their indicator functions, ) and x ), respectively. The number
& provides the unique maximum of the function ZU(&, 8.(-)) — A&, over
J(S:(-)), and G(Xy, 54(-)) < 0. Hence by Girsanov’s Theorem again, we
have, forallk = 1,2,...,
ExOUE 50) - BxXPM =Ex® (ZU,5.0)) - &)

> Ex?Y (2.U(Xo,8.()) - AXo)

= ExMU (X0, 5()) — AXoP()

> ~|U(Xo, 5()| — 1A Xl

> —0o0.
Furthermore, we have that E,|€] = E|£,| < +00. Hence EU~ (£, 5(-)) < oo,
leading to £ € .

Further,
L(¢,N) < LE N Veed. (8.37)

Let £ € ®¢ be arbitrary. We have that J; (€) = 0 and 3 (€) = 0; then
Jo(€) = Fo(€) = Fo(&) + AT1(6) - To(€) - AT(€) = L(¢, ) - L(E, }) <.

Hence f is an optimal solution of the problem (8.36). O
Proof of Theorem 8.1. Parts (i) and (iii) follow from Proposition 8.3.
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To show (ii), note that if EU* (€, S(-)) < +oo, then L(£,}) < +o0. Let
§' € ® be an optimal solution of the problem (8.36). Let A be any number
such that Condition 8.3 holds. It is easy to see that

LE,2) = Jo(€) > To(é) = LX)

By assumptions, it follows that €. provides the _unique maximum in the set
J(5.()) of Z.U(&, 5.(-)) — Ms. Thus, & = &,, &' = € and €' = n(}) as.
for any X from Condition 8.3. Thus (ii) is satisfied.

To show (iv), note that if Condition 8.1(i) is satisfied, then the claim is
attainable (see Theorem 9.2). Let Condition 8.1(ii) be satisfied. Then £ =
$(w(-)), where ¢(-) : B([0,T];R") — R is a measurable functions. By the
martingale representation theorem,

. . T
£ =Eé + / Ft,w() o) dw(t),

where f(¢,-) : B([0,¢];R") — R is a measurable function such that
fo | f (¢, w(-)] Ot])lzdt < 400 a.s. There exists a unique measurable func-
tion fo(¢,-) : B([0,¢]; R") — R such that f(t,w(")|jo,g) = fo(t, 5e(-)|jo,)-

Thus,
& =B&+ [y folt, 5.()fo,0) Tw(t)
= Eé* + fOT fO(ta g*(')'[O,t])Ta(t)_lg*(t)_ldgt(t)-

But E,£ = X,. It follows that
T ~ -~ ~
£=Xo+ /0 folt, 5) o) To (1) 8(t) " d5 1).

By (8.5), the strategy #(t) " = B(t)fo(t, .§’(-)|[o,t])Ta(t)‘1 replicates B(T))¢,
and it can be seen that it belongs to 3(F.). This completes the proof of Theorem
8.1.0

Proof of Theorem 8.2, 1t is easy to see that

VE>0 3>0: k'<z<k =|F(z,))|+|F(z,))<c

T = T Ainf{t > 0: z(a,t) ¢ [k1,k] forsomea € A}, & > 1, then
T — +o00 as k = 400 a.s. because of the uniform bound on 6.
Since

ze(ayt) = exp(— f[o,t] dBo(s) "w(s) + 04 (t) Tw(t)

(8.38)
— 0a(0) T (0) — ;noa(s)nzds),
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then for a given a, z.(, Tx) = ¢ (w(-), @), where ¢x(-,a) : C([0,T|; R") —
R is a measurable function that has the Frechet derivative

Tk
lim L [64(h() + cp(),0) — Bu(h(), )] = [ dur(h(), 8 dp(t) (839
e 0

for any p(-) € C([0, T); R™), where ux(h(-),t, @) is a right-continuous, 1 x n
valued function of bounded variation in ¢. From (8.38) and (8.39), we find

0 ift<0
Ij'k(h’(')ata a) = { —'¢k('7a)0a(t)T if 0 <t< Tk
0 ift > Ty.

Lett € (0,T) be fixed. Then
[avte) [ diw(), 0 = 9,70
A (t.T]
Set £, = F(Z.(Tk), \). By Clark’s formula,
. . T T
br =Bt [ Al w0l du®)
where fi(t,-) : B([0,t]; R") = R is a measurable function defined by

g

(Clark (1970)). It can be seen that Z,(T}) and £, converge in LI(Q, P, F, R)
to Z,(T) and &, respectively, as k — +oo for any ¢ > 1. Moreover, ¥ (¢, T})
converges in LI(Q, P, F,R) to ¥(¢,T) as k — oo for any ¢ > 1 uniformly
int <T. Then

filtw(log) = E {F’(z*(rrk), )T (t, Ty)

T
E /0 et wOlp) - fbwlom)Pdt 0 as k- +o.

The proof follows. [1 R
Proof of Corollary 8.2. We have that E,£ = X, and

& =E&+ [T folt, 5u()]jo,q) Tdw(t)
= Xo+ fy folt: 5e()jo,q) To(®)18(t)"1dS, (2).

Hence the strategy #(t) = B(t) fo(t, .§(-)|[0,t])Tcr(t)“1 replicates B(T)E. It
can be seen that 7(-) € £(F.). O



Chapter 9

SOLUTION FOR LOG AND POWER UTILITIES
WITH HISTORICAL PRICES AND VOLUME

Abstract We present the explicit solution of an optimal investment problem without addi-
tional constraints for log and power utility functions. Results are shown results
for numerical experiments with historical data.

Assume that the conditions imposed in Chapter 8 are satisfied. Up to the end
of this chapter, we assume that the following additional condition is satisfied.

CONDITION 9.1 At least one of the following conditions holds:

(i) U(z,y) =logz, Xo > 0and G(-) =0; or

(ii) the process o(t) is nonrandom and known, the processes a(-) and r(-)
are independent, and

E = B([0, T);R"),
n(t) = 0
A(t,0,[5(),r(-);n(Np,g) = O(1),

Le., A(ta a) = A(ta Q, [S()a ’f‘(‘), ﬂ()][o,t]) = a(t)'

9.1. Replicating special polynomial claims

We now find the replicating strategy for a special claim B(T) Zf;l zZm
where 2 is as defined in Chapter 8 and where m; are inregers.
Set

m T
LY A T A
Ya,eoesam) 2exp 3 [ AG00 QA )t}
ij=1 0
1<J
N. Dokuchaev, Dynamic Portfolio Strategies: Quantirative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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Note that in case m = 1, we have y(a;) = 1. If Condition 9.1 (ii) holds, then

e, am)—exp{z / i) Q(0a; (1)t

ij=1
t<]

Define
G(m) & fA dvfon) - dvlamr(as, - am).

LEMMA 9.1 Let( 2 2™ where m > 0 is an integer, and assume that either
m = 1 or Condition 9.1 (ii) holds. Further, assume that G(m) < oo. Then

C = .[Am dV(al) cee du(am)’)‘(al, eee ,am)z (; ak,T) , (91)

If the strategy

#(t)T = B(t) [4m dv(on)---dv(am)y(a,-..,0m)
9.3)

x2z (Y pey 0y 1) gy At o) ' Q(t)

belongs to £(F.), then this strategy replicates B(T')( if and only if
X(0) = E.(. (9.4

Note that G(m) < oo and the strategy (9.3) belong to =(F.) if, for example,
@(t) is uniformly bounded or @(t) is Gaussian with small enough variance.

LEMMA 9.2 Let ( £ F(Z), where F(z) = Z,_ Ciz™ + Cop, and m; > 0
are integers, C; € R. Let G(m;) < oo and the strategy (9.3) belong to £(F.)
for all m = m;. Then a strategy that belongs to £(F.) and replicates B(T){
exists if and only if X(0) = E.(. If the replicating strategy exists, then it is

N
#(t) = ) Cifs(t), (9.5)
i=1

where #;(t) is the strategy defined by (9.3) with m = m,.

THEOREM 9.1 Let £ = Z L CiZ™ + Co, where m; > 0 are integers,
C; € R. Let G(m;) < o0 and the strategy (9.3) belong to (F.) for all
m = m;. Then the optimal strategy for the problem (8.7)8.8) in the class
S(F.) exists, is unique, replicates B(T)E, and is defined by (9.5).

In the next sections, we shall apply this result to several utility functions.
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9.2. Log utility and minimum variance estimation of a
In this section, we assume that Condition 8.1 (i) holds, i.e., we do not assume
that o(t) is nonrandom.

THEOREM 9.2 Let U(z) = logz, Xo > 0 and (0, +00) C D. Then
(i) The unique optimal solution in the class 3(F?®) of the problem (8.7)+8.8)
is
()" £ X (1)) Q(), (9:6)

where X (t) = X (t,n(-)) is the corresponding wealth.
(i) The optimal solution in the class ¥.(F.) of the problem (8.7)-(8.8) is

#0)T 2 X,B(2) / dv(a)z(e, )4 (t,0)T Q). 0.7)
A
In that case,
X(t,#0)) = %uB() [ dv@zlet), 93)
and X (t,#(-)) > 0 a.s. forall t.

9.3. Power utility

Now we assume that Condition 8.1 (ii) holds. From (9.2) we have
E.{Z™} = G(m), but we can also compute an expectation under P as follows.
Since

m T m
E {z (Z ak,T) &(-)} = exp {/ > ()T Q)a() dt} ,
k=1 0 k=1

then (9.1) with m = [ — 1 implies the following.

LEMMA 9.3 For any integer > 0,
E{Z""1} = G(I). (9.9)
Let F(-) be as defined in Condition 8.2.

THEOREM 9.3 Let (0,4+00) C D, Xo > 0, U(z) = %, § = (I — 1)/l for
some integerl > 1, and G(l) < oco. Then
Q) F(z,3,)) = 2(6/AF, A = 6X; V' B.2ZW, N =1,C,=0,C, =
(6/A), my =1. )
(ii) The unique optimal solution in the class 3(F?®) of the problem (8.7)+8.8)
is
n(t)" = 1X(t,7(-))a()" Q) (9.10)

where X (t,n(-)) is the corresponding wealth.
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(iii) The optimal solution in the class ¥.(F.) of the problem (8.7)8.8) is

TA Sat dv(on)dv(a)y(ar ,o,0)2(Th—y ok st) They of Q1)
#(t)" = XoB(t) Jai dV(al)"-dV(az)”/(allr--,az) B

(9.11)
In that case,
Ly dv(on) -+ dul@)r(en, .. )z (Thoy ant)

X(t,#()) = XoB(t) L dv(en)- - dv(e)y(ed, ..., )

?

(9.12)
and X (t,#(-)) > 0 a.s. for allt. Moreover,

EU(X (T, #(-))) = X{G(1)~°. (9.13)

9.4. Filters (estimators) for the appreciation rate

The optimal solution of the problem (8.7)—(8.8) under Conditions 5.1-8.3
in the class X(F9) is presented in Chapter 5 under some additional conditions
on the utility function. By definition of £(F?), this solution has the form
n(t) =T, [S(),a(-),7(-);n()ljo,q), where T'(2,-) : Az — R™ is a measur-

able function.

DEFINITION 9.1 Let n(t) = I'(t,[S(-),a(-),r(-),n(-)lljo,q) be an optimal
solution of the problem (8.7)«(8.8) in the class X (F®), where I‘(t Y : X — R®
is a measurable function. Further, let 7 (t) be an optimal solution of the problem
(8.7)+8.8) in the class £.(F.), and let there exists an n-dimensional Fi-adapted
random vector process a(t) such that #(t) = T'(t,[S(-),a(-),r(-),n(-)lljo,9)-
Then a(t) is said to be the U-optimal filter of a(t) with respect to the problem
(8.7)—8.8).

We then say that a(t) + r(t)1 is the U-optimal filter of the appreciation rate
a(t).

Note that we do not assume that a(t) is a function of the current conditional
distribution Py (- |S(7), T < t) of a(t).

COROLLARY 9.1 (i) Under the conditions of Theorem 9.2, when U(z) =
log z, the U-optimal filter of a(t) with respect to the problem (8.7)8.8) is

XoB(t)

) = o2y [, @@ 04 (e SOrOn0lo) (014

where X (t,7(-)) is the wealth defined by (9.8).
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(ii) The process a(t) defined by (9.14) is such that 4(t) = E{a(t)|.F}, ie., it
is the minimum variance estimate in the class of estimates based on observations
of S(t),r(t),n(t) given (A,v(-)). The optimal expected utility is

Elog X (T, #()) = %E / aOTQWaMdE +log Xo.  (9.15)
0

We will see below that the estimate &(t) under the assumptions of Theorem
9.3, when U(z) = z'~1/1, differs from E{a(t)|S(r),7 < t} and, in general,
is not a function of the current conditional distribution Py (-|S(7),7 < t) of
a(t). However, we can write & as a conditional expectation of a if we change
measure. Let us do so.

Let Il)(t) = {bi(t)}}_, € A' be a process such that for any measurable
BC A,

P(b() € B) = ﬁ /B dv(e) -~ dvlagyy(an, ..., o).
Let

l
Al {Za,-(-) L ail) € A} C B(o, TR,
i=1

and let y;(-) be the probability distribution on 4; of the process Z£=1 b;(t). To
obtain P;, we replace v and A by v; and A; respectively.

COROLLARY 9.2 Under the conditions of Theorem 9.3, the U-optimal filter
of a(t) with respect to the problem (8.7)«8.8) is
_ Q@) la()

a(t) = XEA) T E{a(t)| 7, (9.16)

where X (t,7(-)) is the wealth defined by (9.12).

In particular, if v(-) describes the distribution of a Gaussian random vector
O(t) = a(t) = a that does not depend on time, then b(t) = b is a Gaussian
vector and has the probability density function

I &
P el Y [ aaws,
‘I;J< =j1

where ¢(+) is the probability density function of a. In other words, y;(-) is
the distribution defined by the random vector Zﬁﬂ b;, where b; are correlated
Gaussian variables with the same distribution as a; the correlation can be cal-
culated from ~y(-). This means that Kalman-Bucy filters can be employed to
calculate a(t).
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9.5. Portfolio compression for log utility

We use the notations of Chapter 6 here. Let m be given, 0 < m < n.
Consider the following problem:

Maximize Elog X(T,n(-))) over =(-) € £(m,F.,F) (9.17)

X(O: n(-)) = Xo,

. (9.18)
X(T,n(-)) >0 as.

subject to {
Set
a(I,t) = V()QU, ) P(Da(t) = V()QU, t)a(t). (9.19)

THEOREM 9.4 Assume that U(z) = logz, Xo > 0 and (0,400) C D, ie.
they are as in Theorem 9.2. Let I(-) € I, (F.) be such that

I(t) € argmax ey a(1,1)TQ(t)a(I,t) fora.e. ta.s. (9.20)

Then the strategy

#(t)T = X(t,#())az () Q) (9-21)
where X (t, #(-)) is the corresponding wealth, belongs to the classfj(m, F.,F)
and is optimal for the original problem (9.17)+9.18) in the class ¥(m, F., F.).

9.6. Some experiments with historical data

We have carried out the following experiment. Using daily price data from
1984 to 1997 for 16 leading Australian stocks (AMC, ANZ, LEL LLC, LLN,
MAY, MLG, MMF, MWB, MIM, NAB, NBH, NCM, NCP, NFM and NPC),
we generated samples of price data for one synthetic stock for a time window
of length T' as {S(t)bseptoto+) = {Si(t)/Si(t0)}hecito to+7) Where Si(2) is
the price of the ith stock, # = 1,2,...,16, and where the various samples
correspond to the possible values of 7 and of t. We accepted the hypothesis
that the stock price S(-) for this model is a continuous process on the interval
[0,T] that satisfies (8.1) with n = 1. Thus, we have a set of paths. The
distribution is described by (8.1) with two unknown processes a(t) and o(t) as
parameters.

In theory, the distribution of (a(t), o (t)) canbe estimated from the given data,
but this is a difficult problem, since typically the effect of a(-) is overshadowed
by that of the diffusion term. Instead, we examine the impact on the optimal
expected utility of three different prior hypotheses about the distribution of a
for the simple case of log utility.

We consider the case of daily adjustment of the portfolio and trading with
100 periods, which corresponds to T = 100/365 x 7/5 = 0.4 (since on average
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there are at most five trading days in a week). In fact, the full 13 years of data
was not available for all the stocks, but with T = 100 (trading) days ~ 0.4
years, we have 38,737 trials. Expectations are taken as averages over this
collection of samples. Since the evaluation of a strategy can only be made after
one collects the results of using it many times (i.e., either for different stocks
or for different time intervals), we claim that our model and our experiment are
not unreasonable.

By Corollary 9.1, the optimal strategy in the class 3(F.) for the log utility
function is

#(t) = k(t)X (1),
k(t) = B{k(t)|F:}, (9.22)
k(t) £ o(t)2a(t).

It is seen that k(t) = o(t)~2E{a(t)|;} depends on the prior of &, i.., on
(A, v(-)). We assumed that r(t) = 0.07. Using the data with (1.11) gives o(t),
which oscillates around 0.29, so we take o(t) = 0.29.

Let us describe the three hypotheses that we examined in our experiment.

Hypothesis 1. d(t) = @ does not depends on ¢ and is Gaussian with param-
eters Vara = vp and Ea = ay.

Hypothesis 2. There exist numbers k; and k2 such that P (k(t) = k;) = 0.5,
i = 1,2 (i.e., k(t) can take only two values).

Hypothesis 3. There exist numbers k; and ks such that
P(k(t) = sz(’l(t)) ) = 0.5, 1=1, 21
where

y(¢) al / t a arctg (Cz)
n2 ¥ vyl e a arcig (Oz)
and where y(t) is the trading volume at the time ¢ for the underlying stock,
with C' > 0 as a parameter.

Note that Hypothesis 3 takes into account trading volume and assumes that the
appreciation rate is positively correlated with trading volume. The function
arctg here was chosen empirically, mostly because of its role in the neural
network approach (and it appears that this choice ensures a good performance).
Figure 9.6 shows an example of the daily trading volume and daily prices for
ANZ (Australia New Zealand) Bank stocks from September 1, 1987, to January
21, 1988 (i.e., for 100 trading days, including the October 1987 market crash).
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Figure 9.1. The trading volume and the stock price for ANZ Bank stocks during 100 trading
days from 1 September 1987 to 21 January 1988: ——: values of stock price; - - -: values of
trading volume.

x10

Under Hypothesis 1, E{a|F;} = a(t) can be found using Kalman-Bucy
filtering (see, €.g., Brennan (1998)), and then the optimal strategy is defined by
(9.22). In fact,

da(t) = 24 [iss(i})l - &(t)dt] ,
do(t) = -2 g,
a(0) = o, ©(0) = vo.

Here v(t) = E{(@ — &)?|F:}. If vp = 0, then & is a nonrandom constant.



Solution for log and power utilities with historical prices and volume 133

Under Hypotheses 2, the equation for the optimal strategy (9.22) can be
rewritten as

#(t) = %XOB(t) 3wk, (9.23)

1=1,2

where z;(t) = z(ki, t) are defined by (8.22), which, after Euler approximation,

is .

(tj+1) — S(E)
S5(t;)
where § (t;) is the normalized stock price at time ¢;.

Under Hypotheses 3, the equation for the optimal strategy (9.22) can be
rewritten as )

#(t) = 5XoB(t) Y z(t)kif (n(2)), (9.24)

2 .
1=1,2

S
Zi(tj+1) = Z,;(tj) + zi(tj)k‘i

3

where z;(t) = z(k;, t) are defined by (8.22), which, after Euler approximation,

is
altja) = alt) + m(tkf (n(e) 22 =5,
5(t5)

Finally, we found that the average of log[S(T")/S(0)] is 0.0091. This is the
expected utility of the “buy-and-hold” strategy.

In Tables 9.1, 9.2, and 9.3, we exhibit the impact of these hypotheses on
the performance of the strategy (9.22). For Table 9.1, we assume Hypothesis
1 and give the optimal expected utility for various values of the first two mo-
ments (@g, vp) of the Gaussian distribution of @. The best value, i.e., maximum
expected utility, in Table 9.1 is 0.0098 and is attained at

g = 0.04, vy = 0.05.

For Tables 9.2 and 9.3, we assume Hypotheses 2 and 3 (respectively) with

various values for the parameters ¢ and k, where k = (k; + kp) /2 and § =
(k2 — k1)/2 (clearly, the pair (k,d) uniquely defines (ki, k2)). In Table 9.2,
max E log X (T') = 0.0140 is attained at

k=0.75, 0=15, ie, k3 =225, ky=-0.75. (9.25)
In Table 9.3, max E log X (T') = 0.0404 is attained at
k=075 =15 C=05 (9.26)

It is interesting to note that Hypothesis 3 outperforms Hypothesis 1 under
most of the parameter values tested, and all three outperform the buy-and-
hold strategy. Moreover, this result is quite robust under variations: we obtain
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Table 9.1. Average log X (T) for strategies based on Gaussian Hypothesis 1 for various pa-
rameter values of Gaussian distribution of &.

vo=0 vo = 0.01 vo = 0.05 v = 0.15 vo =0.25

a0 = 0.01 0.0030 0.0034 0.0044 0.0050 0.0042
8o = 0.04 0.0091 0.0093 0.0098 0.0096 0.0082
ao = 0.07 0.0088 0.0091 0.0097 0.0093 0.0076
ao =0.10 -0.0160 -0.0119 0.0003 0.0029 0.0012

Table 9.2. Average log X (T) for strategies based on two-point Hypothesis 2 for various pa-
rameter values.

6 =05 =10 4 =15 6 =2.0 6§=25
k=0.65 0.0117 0.0134 0.0137 0.0099 -0.0173
k=075 0.0119 0.0136 0.0140 0.0099 -0.0195
k=0.85 0.0115 0.0134 0.0139 0.0093 -0.0219
k=0.95 0.0107 0.0128 0.0135 0.0082 -0.0247
k=1.05 0.0095 0.0117 0.0126 0.0062 -0.0277

similar results when we change T or the frequency of portfolio adjustment
(with adjustment every 2, 3, and 10 days). Also, the result remains basically
unchanged when we exclude some of the stocks from the trials. For example,
for strategies based on Hypothesis 3 for daily transactions during 50 trading
days, average log X (T) is 0.0177 with C = 0.5, § = 0.5, and k = 0.75.

In summary, we show that a relaxation of the Gaussian hypothesis on the
distribution of @ and taking into account trading volume can give a stable gain
with strategies that basically are as simple as the classic strategies where it is
assumed that a(t) is given.

REMARK 9.1 Now itcan be seen that the simplest model-free empirical strate-
gies defined in Theorems 2.1 and 4.3 appear to be optimal for the investment
problem with U(z) = logz under a special case of Hypothesis 2, when
k1 + ko = 1. Similarly, the strategies defined in Theorem 2.5 appear to be
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Table9.3. Average log X (T for strategies based on Hypothesis 3 considering trading volume
with various parameter values for (C, 8, k).

§=02 §=0.5 §=15 §=15

k=0.75 k=075 k=0.65 k=075
C =025 -0.0045 0.0186 - -
C=05 0.0385 0.0404 0.0219 0.0248
C=075 0.0361 0.0377 0.0277 0.0280
Cc=1 0.0371 0.0347 -0.0036 0.0238
C= - - 0.0140 0.0238
C=3 - - - 0.0256
C=4 - - - 0.0241

optimal for the investment problem with U(z) = logz under a special case
of Hypothesis 2, when k; + ko = 2. The strategies do not require the prob-
ability distributions of the market parameters, but, as can be seen from our
experiments, a good performance is achieved for parameters that correspond to
a realistic prior distribution (in particular, the strategy from Theorem 2.5 with
€ = 1.5 corresponds to k; = 2.5, ko = 0.5).
9.7.  Proofs
Proof of of Lemma 9.1. 1t is easy to see that
2(a,T) = exp (f(;r (e-L(t)A(t, a))T o(t)~1S(t)~1dS(t)
T —1(n\ & 2
-3 Jo o A (¢ @) dt).
Then

Z™ = [ mdv(a1) - dv(om) exp (Z;"zl f(;‘r (o(t)~ 14 (t,ak))T

x o(t)~1S(t)~1dS(t) — 1 Sp, f(;f lo(t)" ALt ak)|2dt),

and (9.1) holds.
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Further, the assumptions imply that -y is nonrandom for any given (nonran-
dom) {ax}ir; C A. Then

dz (Z;cnzl Ck, t)

.
= 2 (X ey oy t) [a(t)—lfi(t, S ak)] o(t)~18(t)~dS(t),
(9.27)

m m m T
- dze (Zak,t) = 2 (Z ak,t) [a(t)_lﬁ*(t,Zak)} dw(t),
k=1 k=1 k=1

since dw(t) = o(t) 18, (t)~'dS.(t). But o~ A is independent of w(-), so

m m
E.z (Z ak,T) = Ez, (Zak,T) =1 (9.28)
k=1 k=1

Now (9.2) follows by taking expectation in (9.1).
Since

dX(t) = B(t)~'#(t)TS(t)dS(t)
= [4m dv(a1) - --dv(am)y(a1, ..., am)dz (EZLI ok, t) ,

then
X(T) =X(0)
+ [ 4m dv(a) - -dv(am)y(at, - - ., Om) [z (2;{;1 ak,T) - 1]
= X(0) —E. +¢

and the replication result follows. O

Proofs of Lemma 9.2 and Theorem 9.1 follow immediately from Lemma 9.1
and Theorem 8.1.

Proof of Theorem 9.2. By (1.11), the process Q(t) is F; adapted, and there-
fore the strategy (9.6) belongs to the class (F¢-). It follows from results
presented in Chapter 5 that this strategy is optimal in this class. Then (i) fol-
lows.

For the log utility function, we have
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since

E.Z =E, [, dv(a)z(a,T)
= [Ldv(0)E.z(o,T) = [, dv(a)Ez(e,T) =1,

cf. (9.28). Som =1landy=1.
Now (9.7), (1.20), and (8.22) imply that

(@) =X, /.4 dv(a)z(a, 1),

and hence (9.8) follows. Since z(¢,t) > 0 for all e, then X (t) > 0 a.s for all
t.
Finally, # € £(F.), so the optimality of # follows from Theorem 9.1.00
Proof of Corollary 9.1. By (9.14) and (9.8),

#(t)T = X (¢, #())a(t)" Q)
and by (9.6) the optimal strategy in $(F9) is
m(t) " = X(t,7(-)a(t) Q).

Hence there exists a measurable function I'(t,-) : B([0,f);R® x R x
C([0,t]; R™) — R™ such that

() =T, &), 7 (o> SO)po,4)s

#(t) =Tt (o, 7()o,g> SOlo.a)

and by Definition 9.1, a(t) is the required estimate of G(t).
Let us show (ii). We shall employ the notation

X(taﬂ('))

Y (t, () £ log BOXo

Let B, be the set of all processes a(t) : [0,7] — R™ that are progressively

measurable with respect to F; and such that E fOT |a(t)|?dt < +oo. For any
a(-) € By, define

#(t)" £ X(t,7(-)a(t) Q(),
where X (t,7(-)) = B(t)X(t) and X(-) is found from (1.20) using 7' =
BXa'Q. Then

t ~ ~ t
Y (5, 7()) = /0 (6(8)TQ(S)S(8)‘1dS(s) -3/ 6(8)TQ(8)6(8)ds),
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and
EY(T,7(-))

9.29
=B fy (o)1 (@() - &)1 + &) TQ(r)a(r)) dt 29

Set a'(t) = E{a(t)|F:}. By the Jensen inequality, a/(-) € By. Consider the
corresponding strategy

@7 = X(t,7'()d ()T Q). (9-30)

It is well known that EY (T, #'(-)) > EY (T, #(-)) for all 7(-) that correspond
to a(-) € By, so the strategy (9.30) is optimal over all these 7 (-). Then (9.15)
and the proof of Corollary 9.1 follow if &(-) € Ba.

Let us show that @(-) € Ba. For any K > 0, set

t ¢
Ty 2 inf{t c[0,1]: f 1a(s)|%ds > / \d/(s)|2ds + K}.
0 0
As usual, we take T = T if the set is empty. Note that
Elog X(Tk,#(-)) > Elog X (Tk, 7r'(-)) VK > 0, (9.31)
because if (9.31) fails, then

EY(T,7k(-)) > EY(T, #(-)),

where 0
a [7(t) t<Tk
mx(t) = { #(t) t>Tk.

Further, let x x (t) denote the indicator function of the event {t < Tk}, and let
ax() & xk(a() € By, ax(t) £ xx(2)a(t)-
As in (9.29), we have
EY (Tk,7(-))

= 1B [T (—|o(t)~}(a(t) — a(2))[2 + a() TQ(1)a(2)) dt (9.32)
— 1E [T (—|o(t) " @x(t) - dx () + dx () TQM)ax (¢)) dt.

Then the process E{ax (t)|F:} = xx (t)E{a(t)|F:} = xx(t)a'(t) gives the
maximum of BY (Tk, 7(-)). It follows from (9.31) that

xk(t)a(t) = xk(t)d'(t)
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fort € [0,7) and K > 0. Thus, Tx = T a.s. for any K > 0, and
a()=a(), a()€ Bm.

Then (9.15) and (ii) follow. [
Proof of Theorem 9.3. Part (i) is straightforward, and (ii) follows from
Chapter 5, Corollary 5.1. Part (iii) follows from Lemma 9.1. Since

X 2!

X(T,#() = F(2,3) = G

then (9.13) follows from Lemma 9.3. [J
Proof of Corollary 9.2. The first equality in (9.16) follows from (9.10). This
and (9.11) and (9.12) imply

L dv(en)---dv(a)y(ey, ..., 00)2(3) ox, ) T4 aw(®)”
fA, du(al) U du(al)fY(ala DR al)z(zll Qg, t)

la(t) =

I

ie.,
L4, d1(b)2(8,)b(t) T
/ 4, Qb )z (b, 1)

Comparing this with Corollary 9.1 (i) and (9.8), we see that la(t) is the certainty
equivalent estimate for the problem with U(z) = logz and with the prior
distribution of © = a(-) described by A; and y(-). By Corollary 9.1 (iii),
a(t) = I7E;{a(t)|F;}. This completes the proof of Corollary 9.2.01

Proof of Theorem 9.4. Let I(-) € T,,,(F.). Consider the problem (8.7)-(8.8)
for the I-market. By Theorem 9.2, the unique optimal strategy is

la(t) =

mr(t) 2 X (¢, () Q()E{Er (1)}
= X(t,m1(-)) QM) E{ar ()| Fe} = X (¢, m1())Q(Dar(¢)-
We have
w(t) = X(t,77(-)Qt)ar(t)
= X(t,71(-)QM)V (t)Qr(t) Pr(t)a(t) = X (t, 71 (-))Qr(t) Pr(t)a(t).

We have used that Q(t) = V(¢)~!. Since Q;(t) maps L;(t) into L;(t), then
wr(t) € Ly(t) for all ¢, so

7?() € Z_](m, g)a
ie., Py(t)(t) = #(2).
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Further,
X(@, () = X(O) exp 7 ) aa(0) o) 50750
-1 &I(t)TQ(t)&I(t)dt),

and

od 1 T N T N JI
BU (X (t,71() = 5B /0 1(t) Q(t)ar (t)dt + log Xo = 1 +log Xo

It is easy to see that optimal I(-) satisfy (9.20) and the strategy (9.21) is optimal.
This completes the proof of Theorem 9.4. (1



Chapter 10

SOLUTION FOR GENERAL UTILITIES AND
CONSTRAINTS VIA PARABOLIC EQUATIONS

Abstract We present the solution of an optimal investment problem with additional con-
straints and utility functions of a very general type, including discontinuous func-
tions. Optimal portfolios are obtained in the class of strategies based on histor-
ical prices, when a(t) is random and unobservable, but under some additional
restrictions on the prior distributions of market parameters. Optimal investment
strategies are expressed via solution of a linear deterministic parabolic backward
equation.

10.1. The model

In this chapter, we consider a special case of the model described in Section
8.1. We assume that all conditions imposed in Sections 8.1-8.5 are satisfied
and that the process 7(t) = 0, i.e., the filtration F; is generated by (S(t), 7(¢)).
In addition, we impose the following restriction on prior distribution of the ap-
preciation rate a(t): we assume that there exist an integer L > 0, deterministic
and known vector processes e;(-) € B([0,T]; R™), and random variables 6;(-),
1 =1,...,L, such that

L
a(t) 2 a(t) ~r(t)1 = Z Bie;i(t). (10.1)

i=1

To describe the prior distribution of a(-), we assume that 7 = R, Let © :
Q — R be defined as © = (4y,...,0z). We are given a probability measure
v(-) on T that describes the probability distribution of ©.

We assume that the following conditions are satisfied:

u o(t) is deterministic;
= O, w(-), r(-) are mutually independent; and
u the process (r(t), o(t)) is uniformly bounded.

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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Under these assumptions, the solution of (8.1) is well defined, but the market
is incomplete.

10.2.  Problem statement
Let M > L be an integer. Consider the following system:

{ dY (t) = f(¥ (2),t)dt + b(Y (2),t)S(t)"'d5(2),

Y(0) o (10.2)

Here f(-) : RM x R - RM and b(-) : RM x R — RM*" are deterministic
functions. We assume that the functions b(y, t), 9b(y, t)/dy, %b(y,t)/0y?,
f(y,t), 8f(y,t)/By, and &2 f(y, t)/Oy? are uniformly bounded and Hélder.
Let T > 0, and X (0) be fixed. Let M > 0 be an integer. Let U(-,-) :
R xRM » Rand G(-,-) : R x RM — R™ be given measurable functions.
We may state our general problem as follows: Find an admissible self-
financing strategy 7(-) that solves the following optimization problem:

Maximize EU(X(T,=(-)),Y(T)) (10.3)

G(X(T,7()),Y(T)) <0 as.
Clearly, this problem is a special case of the problem (8.7)—(8.8).

EXAMPLE 10.1 Letp(-) : R*" xR - R*, U(-,-) : Rx R® - R and
G(-,-) : RxR"™ — R™be given measurable functions. Consider the following
problem;

subject to { (10.4)

Maximize EU (X(T,w(-)), / Tcp(g(t),t)dt) (10.5)
0
. X(0,7(-)) = (0),
subject to { G (X(T ), fo 50, t)dt) <0 as (10.6)

Consider processes P;(t), 2 = 1, 2 such that

dPl(t)=<p<{ 50 exp [P{(6) ~ L 0 Ji (s ]}:_1,t>,
dPy(t) = S(t)~'dS (),
P0)=0, i=1,2.

Clearly,

fo ( 3)1 )dss Pg() logs +3 Zk Ifoajk
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It is easy to see that the problem (10.5)—(10.6) is a special case of the problem
(10.3)«10.4), where Y (t) = (P1(t), P2(t)), M = 2n.

ExAaMPLE 10.2 Let T; € (0,7}, i = 1,...,K, T} < Th < --- < Tg.
Let U(-,-) : R x (R*)X - Rand G(-,-) : R x (R")K — R™ be given
measurable functions. Consider the following problem:

Maximize EU(X(T,7(-)),5(T),...,5(Tk)) (10.7)

subject to { X(0,7()) = X(0), . (10.8)
G(X (T, ("), 8(T),...,8(Tk)) <0 as.

Consider processes P;(t) = {Pij }7—1 such that

dP,-(t):{g(t)—ldg(t)’ t<Ti po)y=0, i=1,...,K.

0, t>T,’
Clearly,
; log 5;(1) +iyy fta~ (s)%ds, t<T;
Pl(t) = 8 5(0) T 2 2k=1Jo Tk ’ ', i=1,...,K.
P/(T3), t>T;

It is easy to see that the problem (10.7)—(10.8) is a special case of the problem
(10.3)(10.4), where Y (t) = (Py(t), ..., Px(t)), M = K - n.

10.3. Additional assumptions

Auxiliary optimization problem. Similarly to Chapter 8, we shall investi-
gate the optimal investment problem via the following finite-dimensional opti-
mization problem:

ForzER,yERM,/\ER,

Maximize zU(z,y) — Az over z € R: G(z,y) <0. (10.9)

This problem will be used in the following way. We obtain an optimal claim asa
solution of the problem (10.9) with the random variable z depending on Y (T').
Then, the corresponding admissible self-financing strategy, which replicates
the claim, is obtained readily.
Let
Jy) =2 {zeR: G(z,y) <0}, yeRM. (10.10)

To proceed further, we assume that the following conditions are satisfied.
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CONDITION 10.1 The function G(-) is such that there exists a measur-
able function of polynomial growth F'(-) : C([0,T];R™) — R such that
EF'(5.()) = X(0) and G(F'(5(-)),y(T)) < 0 a.s.
CONDITION 10.2 There exists a measurable set A C R, and a measurable
function F(,-,-) : (0,00) x RM x A — R such that foreach z > 0,y € RM,
AEA

£ =F(z,z,))
is the unique solution of the optimization problem (10.9).
CONDITION 10.3 There exist \ € A such that B,|F(Z,5(-), )| < 400 and

E.F(Z,5(-),}) = Xo. (10.11)

CONDITION 10.4 The functions f(-), B(-) are such that
dY;(t) = &(t)TQ(t)S()1dS(t), i=1,...,L,
where L and e;(t) are as in (10.1).

Note that the last condition does not implies a loss of generality (since the
dimension M of Y (-) can be arbitrarily increased).

104. A boundary problem for parabolic equations
Introduce the Banach space V! of functions u(-) : RM™ x [0,7] — R with

the norm
dt) |

PROPOSITION 10.1 Let C(-) : RM — R be a measurable function such
that EC(Y,(T))? < 400 and EC(Y(T))? < +oc. Then there exists an
admissible strategy n(-)) = (mi(t),...,ma(t)) € L(F.) that replicates the
claim B(T)C(Y (T)) if and only if EC(Y.(T)) = X (0), where X (0) is the
initial wealth. Furthermore,

milt) = p<t>—lgg<y<t>,t>b<ym,t>, X(t) = V(Y (1), 1),

& (oupBur @, 0P +8 [ |2,
WOl £ (s Bru(r@),0F +B [ |22,

where X (t) is the corresponding normalized wealth at time t > 0 and the
function V(-,-) : RM x [0,t] = R is such that

@) +T8 & )iz
+%Tr{%¥—(a:, t)b(z, t)o(t)o(t) T b(z, t)} =0, (10.12)
V(z,T) =C(x).
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The problem (10.12) admits a solution in the class Y*.

10.5. The optimal strategy

Let Z, Z,, Z, and Z, be as defined in Chapter 8. Let ¥(-) : RM — R be
such that

L 2 T L
U(z) = /Tdu(a) exp [(Z ;T — %/o lo(t)~! Ze,(t)?dt)] :
=1 i=1
(We recall that the measure dv(a) = dv(ay,...,ar) describes the prior dis-
tribution of (y,...,0) in (10.1).)
LEMMA 10.1 The following holds:
Z= \IJ(Y(T)), Z_* = ‘I’(Y*(T))'

Let ¢(z, ) : RM x A — R be such that

¢(z,\) = F (¥(z), T, ). (10.13)

THEOREM 10.1 With ) as in Condition 10.3, there exists an admissible self-
financing strategy (-) = (mw1(t),- .., mn(t)) € X(F.) that replicates the claim
&(Y (T), A). This strategy is an optimal solution of the problem (10.7)«(10.8),

and

7ri(t)=ID(t)"lzf,s’:;(Y(t),t)b(Y(t),t), X@t)=v(¥@,t), (10.19)

where X (t) is the corresponding normalized wealth at time t > 0, and where
V(z,t) : RM x [0,T] — R is the solution of the partial differential equation
(10.12) with the condition

V(z,T) = ¢(z, A).

Moreover, if F(z, x, \) is the unique solution of the optimization problem (10.9)
with A = ), and if EU+ (€,Y(T)) < +o0, then the optimal strategy is unique:
all optimal processes X (t) and w(t) are same (equivalent) for all ), provided
that Condition 10.3 is satisfied.

The following proposition may be useful.
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PROPOSITION 10.2 Let there exist constants cg > 0, ¢ > 0, such that
|[F(z,y, M| < coz® + 27 + [y|° + 1),
Ula) < o 22+ bl +1),
Yy = (y1,...,ym) ERM, Vz € J(y), Vz Elol+ .

Then BU(£,Y (T)) < +oo.
Notice that

V)2 [ P00, = E {40, V%) =2},
R
B (10.15)
where P, (dy, 7, z,t) as a function of dy is the conditional probability distribu-
tion for the vector Y,(7) given the condition Y, (t) = z, where 0 < ¢t < 7. In
particular, the condition (10.11) has the form

/ P.(dz,T;0,0)¢(z, ) = X(0).
RM

Notice that for most important particular cases to be considered below,
Jam Puldz,T,0,0)¢(z, A) is a monotonic decreasing function of . Thus,

it is not difficult to carry out the calculation of A from (10.11) if ¢(-) is known.
Chapter 11 will provide an explicit formula for ¢(-) for several special problems.

10.6. Proofs

Proof of Lemma 10.1. It suffices to prove that Z, = ¥%(Y,(T)). By the
definitions,

2 = esp( L, (0 e0u0) Tdult)
1 e Tk, 0ie,-(t)|2dt) (10.16)

= exp (LK, 0¥ (T) = § f3 lo()™ Th, ea(t) ).

Then the proof follows. [

Proof of Proposition 10.1. Let an admissible self-financing strategy (-)
be such that X (T, n(-)) = C(Y(T)) ass. Itis required to show that X (0) =
EC(Yi(T)). Let X(-) = X(-,w(:)). For an a € T, it follows from the
application of Girsanov’s Theorem (see, e.g., Karatzas and Shreve (1991)) to
the conditional probability space given the condition a = « that, for any B € B,

P(5()eB)=0 ifandonlyif P(S,() € B)=0. (10.17)
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In other words, the sets of samples for the processes S,(-) and 5(-) are P-
indistinguishable. Thus there exists a probability measure P, such that S(t) is
a martingale. Let E, be the corresponding mathematical expectation. We have

dX (t) = p(t)m(t)S(t) ~1dS (1),
X(0)=X(0), X(T)=C(Y(T)).

The process S(t) is a martingale with respect to the probability measure P,.
Hence X (0) = E,C(Y(T)) = EC(Y.(T)).

Let X(0) = EC(Y.(T)). Itis required to show that the strategy defined in
the Proposition 10.1 does exists and is admissible.

Assume that C(-) has a finite support inside an open domain in RM, and let
the function C(-) be smooth enough. Then the problem (10.12) has a classical
solution. Thus, V'(z,) is a classical solution of (10.12). Using It6’s formula,
we obtain again

dX (t) = p()r(t)TS(t)"dS(t), X(T)=C(Y(T)). (10.18)

To continue, let Z(t) = o(t) T (t). Consider the conditional probability space
given (r(-),©). With respect to the conditional probability space, it follows
from (10.18) that

{ dX(t) = p(t) (1) Tdw(t) + p(t) Z(t) o (t) ' E{al (), © }dt,
X(T)=C(Y(T])).

_ (10.19)
Note that equation (10.19) is linear. The solution (Z(t), X (t)) of the stochastic
backward equation (10.19) is a square integrable process (see, €.g., Theorem
2.2 of Yong and Zhou (1999), Chapter 7, or Proposition 2.2 of El Karoui et al.
(1997)).Thus, it can be shown that there exists a constant ¢y, independent of
C(), such that

sup B{1XOPIr(,0} +B{ T |z0)PH]r(),0 )
< E{C(Y(T))?r(-),© } as

forall @ € T. Hence

31t1pE|X'(t)|2 +E / ' |Z(t)[2dt < EC(Y (T))>. (10.20)
0

Let C(-) be a general measurable function satisfying the conditions specified
in the proposition. Then, there exists a sequence {C®)(-)}, where C®*)(-) has
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finite support inside the open domain RM and is smooth enough, such that
E|CO(Y(T)) -CY(T)> =0 as i— co.

Let X®)(.), #()(.), V(.) be the corresponding processes and functions. It
can be shown that there exist a solution V(-) of (10.12) as a limit of V®(-) in
yl
By (10.20) and the linearity of (10.19), it follows that
sup, E|IXO(t) —XD@)2+E f] |a0(t) — 70D (2))|2dt
< qE|CO(Y(T)) - COY(T)]2 -0 as i— oo

Thus, {X®(-)}, {x¥)(-)} are Cauchy sequences in the space of square inte-
grable processes, and hence it can be shown that the corresponding limits X (),

7(-) exist and are square integrable processes. This completes the proof. [

Proof of Theorem 10.1 follows from Proposition 10.1 and Theorem 8.1. [J
Proof of Proposition 10.2 follows from Lemma 10.2 below.

LEMMA 10.2 Fork =0,1, supaer E2(, T)¥2¢ < +o0  (Vc€R).

Proof. 1t is easy to see that

sup Ez(a,T)® < +00 Vc€eR,
a€T

and
supyc7 Ez(a, T)F2°¢

= supyer Ez(a, T)* (f,r dv(ay) z(a, T))c <+o0o (Ve>0).

For any ¢ < 0, the function y¢ is convex and

c
sup,c1 Ez(a, T)F2¢ = sup,cr Ez(e, T)F (fT dv(oy)z(ay, T))

< sup,er Ez(a, T)* [ dv(a1)z(01,T)°
< +o00.

This completes the proof. [



Chapter 11

SPECIAL CASES AND EXAMPLES:
REPLICATING WITH GAP AND
GOAL ACHIEVING

Abstract In this chapter, the optimal portfolio is obtained for the class of strategies based
on historical prices under some additional conditions that ensure that the optimal
normalized wealth X (t) and the optimal strategy = (£) are functions of the current
vector S’(t) of the normalized stock prices. In particular, these conditions are
satisfied if o (t) is deterministic and o, G are time independent. A solution of a
goal achieving problem and a solution of a problem of optimal replication of a
European put option with a possible gap will be given among others. Explicit
formulas for optimal claims and numerical examples are provided.

11.1.  Additional assumptions and problem statement

We shall consider the following special case of the problem (10.3)-(10.4)
from Chapter 10. Let T > 0 and X be given. Let m > 0 be an integer.
LetU(-,-) : R x R® = RU {—o0} and G(-,-) : R x R™ — R™ be given
measurable functions such that EU (X, S(T)) < +o0.

We may state our general problem as follows: Find an admissible self-
financing strategy that solves the following optimization problem:

Maximize EU(X(T,n(-)),S(T)) over =(-) (11.1)
subject to { X(0,7()) = X0, (11.2)
G(X(T,n(-)),S(T)) <0 as.

We shall assume in this chapter that the matrix o(¢) is deterministic and that
the vector X
62 (a(t)™)T6(t)

does not depend on time, where

6(t) = o(t)'a(t) = o(t) " a(t) — r(t)1].

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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Clearly, this condition is satisfied if r = r(t), 0 = o(t) and a = a(t) are
constant in time. To describe the prior distribution of a(-), we assume that
T = R"and ©® = §. We take as given a probability measure v(da) on
T = {a} that describes the probability distribution of © = 4.

PROPOSITION 11.1 The problem (11.1)—(11.2) is a special case of the prob-
lem (10.7)«10.8), where L = M = n and

Y(t) = %Y, %) 2log £ + 137 [Fois(s)%ds,
dY;(t) = Si(t)"1dSi(t)-

Let F;, 2, Z, F(-), A andf £ F(Z,Y(T), ) be such as defined in Chapter
10 with L = M = n. Let X (¢) be the optimal normalized wealth defined in
Theorem 10.1.

COROLLARY 11.1 There exist functions y(-) : R® = R, f(:) : R* xR —
Rand H(:) : R® x R — R such that

Y(S(T), £=F(5(T),N),

() =H(S®),t), @) =p) L (S8(t),1)5(t) = L (S(2),1)S(2).
(11.3)

Z=
X(t

Clearly, f(z, ) = F((z),z, A).
It is easy to see that

log Si(t) = log S;(0) + fo a;(s)ds
—3 ZJ 1 fo 0ij(s)?ds + EJ 1 fo oij(s)dw;(s),

log Sis(t) = log S;(0) — £ 27, Jo o2(s)ds + S s oii(s)dw;(s).

From these formulas, it follows that § (t) has a conditional log-normal proba-
bility density function given &(-), while S,(t) has an unconditional log-normal
probability density function. In fact, S(t) also has a probability density func-
tion. Let p(z, t) be the probability density function for the vector S(¢), and let
p«(z,t) be the probability density function for the vector S, (t).

PROPOSITION 11.2 The following holds:

_p@T) 5 pB(T),T)

¥le) = pu(z,T)’ B P«(S:(T),T)

(11.4)
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PROPOSITION 11.3 The function H(-) is such that

Ha) 2 [ 5T Ny =B {780 /5.0 =2}

(11.5)
where p.(y,T,z,t) as a function of y is the conditional probability density
function for the vector S.(t) given the condition S.(t) = z, where 0 <t < 7.
In particular, p.(z,t) = p«(z,t,5(0),0), and (10.11) has the form

[ ple )13 = X(0).

Anexplicit formula for 9 (z) is given below for the case of noncorrelated stocks,
i.e., 0ij = 0 (Vi # j). In that case, it is known that the explicit formula for
Dx(y, T, z, t) is given by

n

paly,,3,1) = [ 28 (ir 7, 2,1, (11.6)
i=1
where z = (z1,...,2Zn), ¥y = (Y1,----,Yn) and
o) a ! —(in(ys)—In(ai)+o%(t-7)/2)’
(yh T,Z3, t) 1:,'0',-;\/27r(t—‘r) exp 2a?i(t—'r}51 . (11.7)
For:=1,...,n,let
2

o A \/Tdii, Ui = a,T 0; = 2 M—uz (11.8)

201
THEOREM 11.1 Let o3 = 0 (Vi # j). Then

Y(z) = H< )Ma bz =(xz1,...,25). (11.9)

11.2.  Explicit formulas for optimal claims for special cases
In this section, we study some particular cases of U(-) and G(-).

11.2.1  Goal-achieving problem

Let k1, k2 be such that —oo < k; < kg < +o00. For any admissible strategy
(-), introduce the stopping times

STA inf{t: X(¢,n(-)) = ki1}, T =inf{t: X(¢,7(-) = ko}.
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Let X (0) be an initial wealth with k; < X (0) < k.
Consider the following goal-achieving problem:

Maximize P (1 > 7)) over =(-) (11.10)

Subject to X (0, w(-)) = X(0). (11.11)
We now show that this problem is a particular case of the problem (10.3).

PROPOSITION 11.4 Let G(2,Y) = X{ky<z<kz} U(Z:Y) = X{ko<sz})> Where
X is the indicator function. Then Conditions 10.1-10.2 hold, with

ka ifl—qks > —qk:

F(z,z,)) = { kL if1— qky < —qky, (11.12)

where ¢ = \ /2. Furthermore, the assumptions of Theorem 10.1 hold.
Thus, by definition,

_ f ko ifp(z) > Ako — k1)
f(z, ) = {ki if ¥(z) < A(kz - ki) (11.13)
and
H(z,t) =k + (k2 — k)P <¢(5'*(T)) > Ak2 — k1) |8, (t) = ””)
=ky + (k2 — k1) fR1 pi(y, Tz, t)X{,p(y)ZS‘(kg —kl)}dy’
(11.14)

where p,(y, T, z,t) is the probability density function for S.(T) conditional
on S,(t) = z. For the case when 0;; = 0 for ¢ # j, the functions %(-) and
Dx(y, T, z, t) are defined explicitly in (11.6) and (11.9).

THEOREM 11.2 The problem (11.1) with parameters specified in Proposition
11.4 and the problem (11.10)«11.11) have the same optimal value of the func-
tionals to be maximized. Moreover, an optimal strategy (as given in Theorem
10.1) for the problem (11.1) with parameters specified in Proposition 11.4 is
also optimal for the problem (11.10)«11.11).

The above proof also leads to the following result immediately.

COROLLARY 11.2 Under the assumptions of Proposition 11.4, any optimal
strategy for the problem (11.10)«11.11) must satisfy P(1y. Ao < T) = 0.

Corollary 11.2 shows that, for an optimal strategy, the first time when the
wealth achieves k) or ko occurs only at t = T'. In other words, stopping the
investment before the expiration time T cannot be optimal.
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11.2.2 Mean-variance criteria

The following proposition is devoted to the problem that is close to the
Markowitz formulation of mean-variance optimal portfolio selection (see
Markowitz (1952)), where the expectation of a return is to be maximized and
the dispersion of the return is to be minimized.

PROPOSITION 11.5 Let G(z,y) = 0, U(z,y) = —kz? + cz, wherec € R,
keR, k>0 ¢c>0. Then Conditions 10.1-10.2 hold, with

c—q A A
(592 === ¢=~
In this case, equation (10.11) has an unique solution

C e po(e T2 g\ ™
A =2 (£ — X(0) (fn;: p(z,T)_‘f”) (11.15)
=2k (%

- x©) (Byztay)

Again, the above result can be verified directly. Moreover, it follows by
Lemma 10.2 that the integrand in (11.15) is integrable.
11.2.3 - Nonlinear concave utility functions

Let G(Z,Y) = X{hi(y)<z<ha(y)}> Where h; : R} — [—00, +00]. Further, let

U(z,y) = U(z) :R+— R be a concave differentiable function. Then the
problem (11.1)~(11.2) can be rewritten as

Maximize EU(X(T,n(-))) over =(-) (11.16)

X(Oaﬂ'()) = X(O)’
h(X(T,7())) < X(T,7(-)) < ho(X(T,7())) as.
(11.17)

subject to {

PROPOSITION 11.6 Assume that h;, U are such that the following holds:

(i) whenever h :ﬁ’};—) R is a function of polynomial growth, so are
max(h1(y), h(y)) and min(ha(y), h(y));

(ii) —oo < hi(y) < ha(y) < +o0 for all y;
(ii)) Bhy(S«(T)) < X(0) < Eho(8.(T));
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(iv) U'(z) : (0,4+00) — (0,+00) is a bijection (i.e., a one-to-one mapping),
and there exist constants C > 0,0 < ¢; < 1, and ¢ > 0 satisfying

U(z)] < C(z® +z72+1), [V(z)] <C(z®*+z724+1), V>0,
(11.18)
where V () is the converse function of U'(z).

Then Assumption 10.2 holds, with

hi(y) fV(qg) < hi(y)
(z,9,7) V(g) ifhi(y) <V(g) < ha(y) (11.19)
ha(y) i V(q) > ha(y),

where q 2 A/ z. In this case, equation (10.11) has a unique solution. Further-
more, if hi(y) < 0 (Vy), ha(y) = +o0, and V(z) = Kz~*, where K > 0,
k > 0 are constants, then

A= (eTx(0) " (K /R

1/k
pe(z, T) Fp(z, T)kda:) . (11.20)

n
+

The proof is omitted here, since it can be checked directly.

Notice if U(:z;) In(z), then V(z) = z~L; if U(z) = z'/%, § > 1, then
V(z) = (6z)~%, where §' = §(6 — 1)~L.

Also, itis a d1rect consequence of Lemma 10.2 that the integrand in (11.20)
is integrable.

11.2.4 Nonconnected J(y)

Assume that for each y €R’} there exist an integer N(y) > 0 and real
numbers a;(y), b;(y) such that

() = ( U (a,(y), b y)]) (a0(y), +o),

where J(y) is defined in (10.10), and
aO(y) <400, —-0< ai(y) < bi(y) < +00, 1= 11 ree 1N(y)

Let
M(y) 2 {aO(y)a al(y)a <3 GN(y) (y)1 b1 (y)a KRR ) bN(y) (y)}a
and let int J be the interior of the set J.
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PROPOSITION 11.7 (i) Let U(z,y) = —kz? + cz, wherek € R, ¢ > 0.
Then Condition 10.2 holds, with

_ [ F(g) if F(q) € int J(y)
TRV NN R & - P L

where F(q) = (c— q)/(2k) and g = )/ z.

(i) Let U(z,y) = Inz. Then Condition 10.2 holds with F(-) defined by
(11.21) and with F(q) = 1/q.

(iii) Let U(z,y) = /%, where § > 1. Then Condition 10.2 holds, with
F(-) defined by (11.21) and with F(q) = (6q)~% , where §' = 6(6 — 1)~ and
g2 )z

(v) Let U(z,y) = —y® +y, where § = 1 + 1/m and m > 0 is an integer.
Then Condition 10.2 holds, with F(-) defined by (11.21) and with F(g) =
(1 - g)ms—™ andq £)\/z

(V) Let Ulz,y) = —|hly) — z|° where § > 1, p € (1,6) and where
h(-) : R" — R is afunction of polynomial growth. Then Condition 10.2 holds,
wzth F(- ) defined by (11.21) and with F(q) = —sign glg/8|"/®~V) + h(y) and

g2 )z

Notice that the case considered in (v) corresponds to the following problem
of claim hedging with nonquadratic criterion:

Minimize E|X(T) — o(8(T)))’.

The following theorem is for the problem of claim hedging with bounds on
risk (see (8.13)).

THEOREM 11.3 Let hi(-) :R%— R, i = 1,2 be functions of polynomial
growth such that G(z,y) = 1 — x{h1(y) < z < ha(y)} and 0 < hi(y) <
ha(y) (Vy). Let F(z,y,)) be as defined in Condition 10.2. Furthermore, let
either

F(zay1 )‘) — hl(y) as q — Oa
F(z,y,A) = ha(y) as g— +oo (Vz)

or
{F(z,y,x)wu(y) as g0
F(zayaA)_)hl(y) as ¢q— +oo (Vy)a

where g 2 X/ z. Then there exists a X > 0 such that (10.11) holds.
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11.3. Numerical examples

11.3.1  Solution of the goal-achieving problem

We present a numerical solution of the goal achieving problem (11.10)-
(11.11), with the following parameters:

n=1, S(0)=16487, X(0)=1, T=1,
r(t) =0, o=o(t)=0.5,
ke =12, k3 =1/1.2=0.8333,
P(a(t) = a1) =Pla(t) =) = 1/2,
where
a; =02, ap=log(2—e"?).
Note that under this assumption, ES(T") = S(0).
With these parameters, the optimal claim f(z, A) is given by the formula

fo iy = { /12 if € (11070, 2.3490)
BHA=\ 12 ifz ¢ (1.1070, 2.3490),

with X = 2.5915.
Furthermore, by (11.3) and (11.5), we have

X(t) = H(S(),1), (11.22)

where

H(z,t) = & + [1.2 - ﬁ] ( S 5, (y, T, t, 2)dy

(11.23)
+£§@m&ﬂuﬂ@)
_ _ —(in(y)~In(z)~r(T—t)+o2(T—t)/2)"
p*(yaTa z, t) = ya\ﬂ’ﬂlr(T—t) P (!l ! x2(;"-—t)0'2 - ) :
(11.24)

The strategy can be easily calculated from (11.3), (11.23), and (11.24).
The wealth process associated with the optimal strategy is given by the fol-
lowing:

X(t) = 0.8 + 0.3666 [1 -P (s,,(T) € (1.1070, 2.3490)|S(t))] :

Figure 11.1 shows H (z,0) and the optimal claim f(z, \) = H(z, T). Figure
11.2 shows the profit/loss diagram for the corresponding optimal strategy.
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Figure 11.1. The optimal claim f(z, ) and H(z,0) for goal achieving with ky = 1/1.2,
k2 = 1.2. — values of H(z,0); - - - -: values of f(z,A) = H(z,T).
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Figure 11.2. Profit/loss diagram for the optimal solution of the goal-achieving problem:
- - - -t values of X(T') — X(0) = H(S(T),T) - X(0).
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11.3.2  Optimal replication of a put option with a possible
gap
Consider a problem of optimal replication of a European put option with a
possible gap. This problem is a particular case of the problem (11.16)«11.17).
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We present a numerical solution with the following parameters:

n=1, U(z)=In(z), S(0)=1.6487, X(0)=1, T=1,
r(t) =0, o=o0(t)=0.5
hi(z) = (S(0) — z)™,
{ (28(0) —z)* ifz <1.85(0)
hg(:l)) =
0.25(0) if z > 1.85(0),
P(a(t) = 0!1) = P(a(t) = a2) = 1/2,
where
o1 =02, a=log(2 - e"?).

With these parameters, we have
Ehi(S.(T)) = 0.3255, Eho(S«(T)) = 1.717,

and the optimal claim f(z, \) is given by the formula

. h(z)  ify(z)/A < hi(z)
F@, ) =4 ¥(@)/x if hi(z) <9(z)/A < ha(2)
ha(z)  if(z)/ A > ha(z),

with A = 0.8923. The function 1(z) is defined in Theorem 11.1:

4oy o
P(z) = %izzl;z (W) exp (? — 2az2) .

Therefore, the strategy can be calculated by virtue of (11.3). R

Figure 11.3 depicts H(z,0) and the optimal claim f(z,\) = H(z,T).
Figure 11.4 shows the profit/loss diagram for the corresponding optimal strat-
egy.

11.3.3  Solution with logical constraints

Consider the following optimal investment problem involving a single-stock
market with logical constraints:

Maximize P(X(T,n(-)) > 1.1-X(0))

X(Oa"r()) = X(O)7
subject to X(T,mn()) 2 0.5- X(0), (11.25)
if |S(0) —S(T)| <0.2-5(0)

then X(T,n(-)) > 0.9- X(0).
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Figure 11.3. 'The optimal claim f(z, \) and H(z, 0) for replication of a put option with a gap.
.....: values of h1(z), ha(z); —: values of H(z,0); - - - -: values of f(z,A) = H(z,T).
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Figure 11.4. Profit/loss diagram for replication of put option with gap: - - - -: values of
X(T) - X(0) = H(S(T), T) — X(0).
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numerical solution with the following parameters:

This problem is a special case of the problem (11.1)—(11.2). We present a

n=1,

r(t) =0,

5(0) = X(0) = 1.6487,
o =o(t) = 0.5,

Pla=a1) =P(a =ag) =1/2,

T=1,

45
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where
a; =02, oy =log(2—e"?).

With these parameters, the optimal claim f(z, X) is given by

A 0.5-X(0) if A/y(z) > 1, |z — S(0)| > 0.25(0)
flz,X) =14 09-X(0) if \/4y(z) > 1, |z— S(0)| < 0.25(0)
1.1-X(0) if Ay(z) <1,

where )\ = 2.751 is obtained numerically. The function 4(z) defined in Theo-
rem 11.11is

P(z) = % Z (%) h exp (% - 2a,?) . (11.26)
i=1,2

Figure 11.5 shows the initial wealth, H(z,0), given S(0) = z, and the
optimal claim f (z, X), i.e., the final wealth given §(T) = z (for the definition of
H, see (11.5)). Itis observed that aithough H (z, 0) is smooth, the optimal claim
is discontinuous and piecewise constant as a consequence of the logical-type
constraints. With the obtained optimal claim, we can calculate the admissible
self-financing strategy at each given time ¢ € [0, T') depending only on the stock
price at that given time as follows:

w7 = 22 (5),050), telTl

The corresponding wealth at each time ¢ € [0, T is X (t) = H(S(t), t), which
also depends only on the current stock price.

Notice that the optimal strategy is well defined in accordance with Definition
8.2 (i.e. itis a square integrable process). However, it has a property in common
with the goal-achieving problem studied in Karatzas (1997), Dokuchaev and
Zbou (2001): E|n(t)|? = +ooast — T — 0.

114. Proofs

The proof of Propositions 11.4 and 11.1 is straightforward and will be omitted
here.

Proof of Corollary 11.1. We have that
z(a,T) = exp (aT JT ot)dw(t) — L JT |or(t)Ta|dt) ,
I o()dw(t) = v(5.(T)),
where the function v(-) = {vi(-)}}., :1?{1—) R" is such that

i

A Lo (7 2 n
vi(z) = log 5,(0) + E;L 0'1_7(3) ds, == {zi}i=1'
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Figure 11.5. Optimal claim f(z, 3\) and H(z, 0) for the problem with logical constraints. —:
values of H(z,0); - - - -: values of f(z,A) = H(z,T).
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stock price at time T

Then there exists a measurable function ¥(-) : R® — R such that Z, =
¥(S,(T))- To complete the proof, it suffices to set H(z, t) 2 V(v(z),t). O
Proof of Proposition 11.3. 1t is easy to see that

(11.27)

B (@,1) + § X701 Ti% gt (2,) Ty ik (D) (t) = 0,
H(z,T) = f(z, ).

It can be seen that (11.27) is the backward Kolmogorov equation for the distri-
bution of S,(¢). Then the proof follows. [ _

Proof of Proposition 11.2. We have that Z = (S,(T)), where ¢ : R® —
R is a measurable function. By Girsanov’s Theorem, it follows that for any
bounded measurable function ¢(-) : R®™ — R, we have

Jrn p(@, T)$(2)dz = [ dv()E{H(S(T))|a = o}
= [rdv(a) fR’i E< z(a, T)$(5.(T)) |G = o, 5:(T) = :z:} pe(z, T)dz

= [rdv(a) fR1 E[ z(a,T) | 5.(T) = a,-} (z)p.(z, T)dz
= ng Y(z)d(z)p.(z, T)dz.
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This yields
p(z,T)

Ha) = pu(z, T)

This completes the proof. [J
Proof of Theorem 11.3. By the definition of f(-), wehave hy (z) < f(z, ) <
ha(z). By assumptions, E|h;(S.(T))| < +o00. Let

g(¥) £ Ef(5.(T),)).

By the Lebesgue Dominated Convergence Theorem, it follows that either

g(\) = ERry(S5.(T)) as X\ — +oo,

g(\) = Ehy(S,(T)) as X — 0+,
or

g(\) = Ehy(5,(T)) as A= +oo,

g(A\) = Ery(8.(T)) as A—=0+.

By Condition 10.1, there exists a measurable function of polynomial growth
F'(-) : C([0,T); R™) — R such that EF'(S,(-)) = X(0) and
m(5(T)) < F'(5(-)) < ha(5(T)) as.
Hence
h(8u(T)) < F'(8.(-)) < h2(5.(T))  ass.
and ~ _
Eh1(5,(T)) < X(0) < Eha(S5.(T)).

Thus, there exists a A > 0 such that (10.11) holds. This completes the proof.
O

Proof of Theorem 11.1. For any fixeda € T, let p(z) (z;,t) be the probability
density function for the stock price S;(t). Furthermore, let py)(a:,-, t) be the
probability density function for the stock price S;(t) with a;(-) = r. It is easy
to see that

R

where p;, 0; are defined in (11.8) and &; are independent Gaussian random
variables such that

E¢ =0, Et? =57

Hence
(i) . — 1 —(in(z;)- In(S|(0 )+52 /2)2
(a:h T) - 5, exp 20_ , (11.28)
)(m“T) ¢2_ exp ~(in(a:) ln(s,(gL) m—rT+a2/2)
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Let "
e = In(z;) — In(S;(0)) + 7’
Then
—((ei—ps)?—¢2) i b o V% uer—amy—w
exp ———Taz———’—- = exp —-‘?‘— eXp 554 = (S—i@) exp =t

This yields

() (p. T o \ME
”‘(‘i)( oT) _ (S_(’())> e, (11.29)
Dx ((L‘,‘,T) ?

where 0; is defined in (11.8). Furthermore, we have

Pa(2, t)—Hp")(wnt), pe(z, t)—]'[p"’(zi,t), T = (1,1 %n)-

(11.30)
From (11.28)—(11.30), we obtain (11.9). This completes the proof. (]

Proof of Theorem 11.2. Let G' be the set of admissible 7(-) such that the
constraints in (11.2) hold. Denote by J'(w(-)) and J"(w(-)) the functionals to
be maximized in (11.1) and (11.10), respectively.

Suppose (-) is an optimal strategy for the problem (11.10)—(11.11). Con-
struct the following strategy:

#(t) = {7r(t), t<r,

0, t>T,

where
[AY
T=mT A 72

Clearly, #(-) € G' and J'(#(-)) = J"(w(-)). Hence

sup J'(m(-)) 2 sup J"(m(-)).
n()ee ()

On the other hand, let 7(-) be the optimal strategy for the problem (11.1). This
strategy is unique and is given by (11.5), (11.3), and (11.13). The corresponding
optimal normalized wealth process X (t) is given by (11.3) and (11.14). It
can be easily seen from these equations that X (t) € (ki1,k2) (Vt < T) as,,
where X (t) is the corresponding optimal normalized wealth process. Hence
J'(®(-)) = J"(7(-)), leading to

sup J'(m(-)) < sup J"(n(")).
w()eG ()

This completes the proof. [J



Chapter 12

UNKNOWN DISTRIBUTION: MAXIMIN
CRITERION AND DUALITY APPROACH

Abstract In this chapter, a case is studied in which the appreciation rates, volatilities,
and their prior distributions are unknown. The optimal investment problem is
stated as a problem with a maximin performance criterion. This criterion is to
ensure that a strategy is found such that the utility minimum over all distributions
of parameters is maximal. It is shown that the duality theorem holds for the
problem. Thus, the maximin problem is reduced to the minimax problem. This
minimax problem is computationally a much easier problem.

12.1.  Definitions and problem statement

Similarly to Chapter 8, we consider the market model from Section 1.3. The
market consists of a risk free bond or bank account with price B(t), t > 0, and
n risky stocks with prices S;(¢), t > 0,7 = 1,2,...,n, where n < 400 is
given. The prices of the stocks evolve according to

n
dsS;(t) = Si(t) (ai(t)dt + Z oij(t)dw; (t)), t> 0, (12.1)
=1
where the w;(t) are standard independent Wiener processes, a;(t) are appreci-
ation rates, and o;;(t) are volatility coefficients. The initial price S;(0) > 0 is
a given nonrandom constant. The price of the bond evolves according to the
following equation

B(t) = B(0) exp (/Ot r(s)ds) , (12.2)

where B(0) is a given constant that we take to be 1 without loss of generality,
and r(t) is the random process of the risk-free interest rate.

As usual, we assume that w(-) is a standard Wiener process on a given
standard probability space (2, F,P), where = {w} is a set of elementary
events, F is a complete o-algebra of events, and P is a probability measure.

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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Set u(t) = (r(t),a(t), o(t)), where &(t) 2 a(t) — r(t)1.

Similarly Chapter 8, we assume that there exists an integer N > 0 and a
random process 7(t) = (91(t),-..,nn(t)) that is correlated with stock prices
and that is currently observable. We assume that all the paths of 77(t) are bounded
and that there exist a linear Euclidean space Ey, a random vector Oy, : 2 — Ey,
and a measurable function

Fy(t,") : Eg x B([0,]; R® x R x R® x R™*") - RN
such that

n(t) = Fo(t,©0,[S(), 6(]po,g) V.

We assume that the distribution of ©¢ is known. (An important example is a
model when 7)(t) describes trade volume; see Chapter 8).

We describe now distributions of u(-) and what we suppose to know about
them.

We assume that there exist a finite-dimensional Euclidean space E,acompact
subset 7 C E, and a measurable function

M(t,"): T x Eg x C([0,t]; R*) = R x R" x R

which is uniformly bounded and such that M (¢, «, £) is continuous in @ € T
for all t and ¢ € C([0,];R). Let
M(t,-) = (M (t,), Ma(t,-), Mo (¢, )P

where

Mr(t7') :TxEgxC ([01 t];Rn) -+ R,

M,(t,-) : T x Eg x C([0,t]; R") — R",

M,(t,-) : T x Eg x C ([0,¢]; R") — R™*",
We assume that the matrix M, ()~ is uniformly bounded.

We assume that ©g, 7, Fy(-) and M(-) are such that the solution of (12.1)
for p(t) = M(t, o, 00, 5(-)|o,4) is well defined for any o € T as the unique
strong solution of Itd’s equation. Let S, (-) denote the corresponding solution.

Fora € T, set

Mr(t1 a) é MT' (ta a, 601 Sa(')l[o,t]) 3
Ma(t’ O!) = M, (ta «, ®0a Sa(')![o,t]) ’
Ma’(t7 a) = M, (t1 Q, 601 Sa(') |[0,t]) -

Foran a € T, set

Ha(t) £ (Mr(t, @), Ma(t, @), My (¢, @)).
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Furthermore, we shall use the notation S(t) = S(t, u(-)) and S(¢) = S(t, u(*)
to emphasize that the stock price is different for different u(-). Clearly, S, (t) =

S(t, pal-)-

DEFINITION 12.1 Let A(T) be a set of all random processes p'(t) =
(r'(t),a'(t),0'(t)) such that there exists a random vector © : @ — T in-
dependent of (w(-),©0,7(:),0(-)) such that

@'(t) = M, (t,0), (12.3)

We assume that p(-) € A(T) and that this is the only information available
about the distribution on u(-).

Under these assumptions the solution of (12.1) is well defined, but the market
is incomplete.

Let F; C F be the filtration of complete o-algebras of events generated
by the process (r(t), S(t),n(t)), t > 0. Let £(F.) be the class of admissible
strategies introduced in Chapter 8.

Let Xo > 0 be the initial wealth at time ¢ = 0, and let X (¢) be the wealth at
time ¢ > 0. Let X (¢) be the normalized wealth.

By the definitions of %2(F.) and F;, any admissible self-financing strategy is
of the form

n(t) = I'(t, [’f‘('), S(), n(')]l[O,t])a (124)

where I'(¢,-) : B([0,t]; R x R* x R") — R" is a measurable function, ¢ > 0.

Clearly, the random processes 7(-) with the same I'(-) in (12.4) may be dif-
ferent for different u(-) = (r(-),a(-), o(-)). Hence we introduce also strategies
defined by I'(-).

DEFINITION 12.2 Let C be the class of all functions T'(t,-) : C([0,#]; R x
R" xRM) » R", t > 0, such that the corresponding strategy w(-) defined by
(12.4) belongs X(F?*) for any p(-) = (r(-),é(-),0(")) € A(T) and

T

sup E/ |7(t)|? dt < oo.
p()=pa(): €T JO

A function T'(-) € C is said to be an admissible CL-strategy (closed-loop strat-

egy).

Let the initial wealth X (0) be fixed. For an admissible self-financing strategy
7(-) such that n(t) = I'(¢,[r(-), S(-),n(-)lljo,9), the process (w(t), X (¢)) is
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uniquely defined by I'(-) and pu(-) = (r(-),@(-), o(-)) given O, w(-). We shall
use the notation X (¢, T'(-), u(+)) and X (¢, T'(-), (+)) to denote the correspond-
ing total wealth and normalized wealth.

DEFINITION 12.3 Let ¢ = ¢(S(-, u(-),n(-)), where ¢ : B([0,T);R"R x
R™ x R™*™ x RN) — R is a measurable function. Let the initial wealth X (0)
and time T > 0 be fixed. An admissible self-financing strategy =(-) is said to
replicate the claim £ given the initial wealth X (0) if

X(T,0(),pu()) =€ as. Vu() € A(T).

The claim £ is said to be attainable.

Problem statement
Let T > 0 and Xj be given. Let m > 0 be an integer. Let U(-,-) : R x
([0, T] »R™) — R U {—oo} and G(-,) : R x C([0,T] —R%) — R™ be
given measurable functions such that BU(Xg, S(-)) < 4oo.

We may state our general problem as follows: Find an admissible CL-strategy
['(-) € Cy and the corresponding self-financing strategy m(-) € X(F.) that
solves the following optimization problem:

Maximize “(_QH}T)EU(X(T,P(-),#(-)),5'(-,#(-))) over I‘(-)(eé |
12.5

X(O’ F()a l‘()) = XO’

G(X~(T7F(')1“('))’g('aﬂ('))) <0 as. Vp‘(') € A(T)
(12.6)

subject to {

As usual, a vector inequality means component-wise inequalities.

DEFINITION 12.4 Let Cy be the set of all admissible CL-strategies T'(-) € C
such that

G(X(T,T(-), (), S(-p())) <O as. Vu(-) € A(T).
The problem (12.5)-(12.6) can be rewritten as

Maximize u(.EHtT)EU(f((T,I‘(-),u(-)),.§'(-,u(-))) over T'(-) €Gy.
(12.7)

Let
JW)2{z€R:Gzy) <0}, yeC(O,TERY).  (128)
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To proceed further, we assume that the following Conditions 12.1-12.3 below
remain in force throughout this chapter.

CONDITION 12.1 There exist constants p € (1,2], ¢ € (0,1}, ¢ > 0, ¢; > 0,
1= 0,1,2, such that

Ule) < a2 + Sl sup ()% +3(07) +1),
U(z,y)] < c(|z|P + 1),
U(z,9) = Ulz1,9)| < (1 + |2] + oa)* |z — 7]
Yy =y() € C(0, ThRY), Vz,z: € J(y).
CONDITION 12.2 At least one of the following conditions holds:
(i) The set T is at most countable, i.e., T = {a1, g, ...}, where o; € E;

(ii) The function (M, (t,c,(,€), My (t,,(,€)) does not depend on o given
¢ € Egand £ € C([0,t; R"), ie, My(t,0,(,§) = M(t,(,€) and
My(t,0,(,€) = My(t,(, ), and Condition 12.1 is satisfiedwithp € (1,2).

Condition 12.2(i) looks restrictive, but in fact it is rather technical, since the
total number of elements of 7" is unbounded.

CONDITION 12.3 The function G(-) is such that G(y,z) > 0 (Vy < 0,
Vz € C([0,T);R%Y)), and there exists an attainable claim & such that
G(B(T)™'¢,8(T, u())) < 0 as. for all u(-) € A(T).

By Condition 12.3, it follows that Cy # @: Cp contains the CL-strategy which
replicates the claim £.

12.2. A duality theorem

Without loss of generality, we describe the probability space as follows:
Q=T x Q, where

Q' = C([0,T;R") x Ey.

We are given a o-algebra F' of subsets of €', and we assume that there is a o-
additive probability measure P’ on F' generated by (w(-), ©p). Furthermore,
let Fr be the o-algebra of all Borel subsets of 7, and let F = Fr ® F'.
We assume also that each u(-) € A(T) generates the o-additive probability
measure v, on Jr (this measure is generated by ©, which corresponds to

u(-)).

THEOREM 12.1 Let the set J(y) be convex for all y € C([0,T]; R%), and
let the function U(z,y) : R x C([0,T]; R}) — R be convex in z € J(y) for
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eachy € C([0,T);RY). Then

SUPr()ed, ifueacm) BU(X(T,T(-), u()), S, ()

= infu(-)e.A(T) Supr\(.)ec'o EU(X(T, F('), H('))a ,§(, l‘()))
(12.9)

12.3.  Duality approach to the maximin problem

The problem (12.5)—(12.6) is a very difficult problem to solve. However, by
virtue of Theorem 12.1, it is possible to replace the original maximin problem
(12.5)«12.6) by a minimax problem. This corresponding minimax problem is
sometimes much easier to solve.

Suppose that, for a given u(-) € A(T), we can solve the following auxiliary
problem:

Maximize EU(X(T,r(-),u(-)),é(-,u(-))) over I() € G, (12.10)
or, equivalently,

Maximize EU (X(T,T(),u()),5(,4()) over T()

X(Oal_‘()a“()) = Xo,
G(X(T,T(), u()),S(,u(-) <0 as.

Let f‘“(-) be an optimal solution for this problem. Consider the auxiliary prob-
lem

Minimize  EU (X(T,0(), 1)), S(,u())) over u() € A(T).
(12.11)
Let f1(-) be an optimal solution of the problem (12.11). Then, by Theorem 12.1,
it follows that f‘ﬁ(-) is an optimal solution of the original maximin problem
(12.5)~(12.6).
Thus, an algorithm that solves the problem (12.5)—(12.6) can be described
as follows:

subject to {

s For an p(-), find the optimal solution fu(') of the problem (12.10).
= Find the /i(-) that solves the problem (12.11).

» Then the strategy f‘ﬂ(-) is optimal for the problem (12.5)—(12.6).
The solution of the problem (12.10) has been discussed in Chapters 8-11.
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124. Minimizing with respect to a(-)

We now consider the problem (12.11) under the assumptions of Corollary
11.1, Chapter 11. Let F(-) be such as defined in Chapter 11. For a given
u(-) € A(T), we have

E U (X(@,10),80),8(T,u())
= fA VI‘- da fRipa(‘TiT)U(fu(za /\,,),a:)da:,

where

e 2 PN, dule) 2 [ a2, 212

and where po(, T') and p,(z, T) are, respectively, the probability density func-

tions for S(T') with given o () and a(t) = M, (¢, a), r(t) = M, (t,a). Let A,
be such that
| P DF W), 2, M)z = Xo
RY
Consider the case in which 7 = {a),...,aM}, where N is an integer.

Let

N
Ay = {IGRN: l; € 0,1], Zl,-:l}.

i=1

Clearly, each vy(-) can be described in terms of a vector of weights ! =
({4,.-.,In) € An such that

Pa=o) =1

In this case, the problem (12.11) is reduced to a finite-dimensional optimization
problem:

Maximize
o (@,T)
1\;1 li fRipa(i)(xaT)U[ ( %a aA> ]
over (I,)) € Axx Ry (12.13)
subject to

o (2, T
fR’_:_p*(ziT ( z%%gfr)a z, )de':X()
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12.,5. Anillustrative example
Consider the following problem:

Maximize m&nEln)“((T,r(-),u(-)) (12.14)
subject to { X(O,L(), u()) = Xo, (12.15)

This problem is a special case of the problem (12.5)~(12.6). We present a
numerical solution with the following parameters:

n=1, S0)=16487, Xo=1, T=1 o=0(t) =05,

T={aM,a?}, where o) =02, alV)=Ilog(2- e’?),

and M,(t, ) = o, M,(t,a) = 0.5.
For any p(-) € A(T), the optimal claim is

X(T) =eTX(T) = &7 fa(5(T), }),

where f(z,\) = f(z, )\, a,0) is defined in Corollary 11.1, Chapter 11. For
this special case,

) 0.95- Xp ifu(z)/X <0.95- X
fulz,A) = { Yu(@)/X if0.95- Xo < u(x)/A<1.1-Xp  (12.16)
1.1-Xp ifhu(z)/A > 1.1- X,

The corresponding function ), (z) defined in (12.12) is

4a® )
Yul@) = Y i (%ﬂ)) exp (% —20?), (12.17)

i=1,2

where I; = li(u(")) £ P(a = o), i =1,2.
It is not difficult to carry out the numerical calculation to obtain the optimal
solution of the corresponding problem (12.13) ({;,l2, A), where

X=09781, [} =0.5455, lh=1-1,. (12.18)

Hence, the strategy I'(-) = I'(-,4(:),\), defined in Corollary 11.1 with
f(z,A) = fa(z, A), is optimal for the corresponding problem (12.14)(12.15),

noA

and the "worst” i(-) is such that P(& = o) = ;. For this example, the
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"worst" distribution of a is pure stochastic (i.e., the @ is not a deterministic vec-
tor). Thus, it can be concluded that the duality theorem does not hold for this
problem if the class of random vectors a of the appreciation rates is replaced
by the class of deterministic vectors.

We also obtain numerically that

Eln X(T,1(-), 4(-)) = 0.004.
This means that
Eln X(T,T(-),u(-)) >0.004 Vpu(-) € A(T).
For comparison, note that

Eln X (T,To(-),u()) =0 Vu(-) € A(T),

where I'g(+) = 0 is the risk-free strategy.

Figure 12.1 shows the function fj(z, )) that describes the optimal claim,
For the given optimal claim, it is not difficult to calculate the corresponding
strategy and the corresponding normalized wealth X (t) = H(S(t),t), where
H(-) is the function defined by (11.5). Figure 12.1 shows H(z,0) which was
calculated numerically.

Figure 12.1. 'The optimal claim for the e)fample (12.14)-(12.15) with maximin criterion. —:
vatues of H(z,0); - - - - values of fz(z,A) = H(z,T).

1.25 T T T
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12.6. Proofs

To prove Theorem 12.1, we need several preliminary results, which are pre-
sented below as lemmas.

LEMMA 12.1 The function X (T,T'(-), u(-)) is linear in T(-).
Proof. By (1.20), it follows that X (t) = X (¢, T'(-), u(-)) satisfies

X(t) =X(0) + 5, fo (T, [r(), SC () m(Cjo,ry) (&i(t)dt

+220a Gij(t)de'(T))-
(12.19)

It is easy to see that X (T, T'(-), u(-)) is linear in '(-). This completes the proof.
|

LEMMA 12.2 The set Cy is convex.

Proof. Letp € (0,1), u(-) € A, TO() € Gy, i = 1,2, and

() £ (1-pr@) +prO().
By Lemma 12.1, it follows that
X(T,T(-), u()) = (1 = p) X (T, T (), () + pX (T, TP (), u(-))-

Furthermore, G(X (¢, T (-), u(-)), S(-, u(-))) < Oa.s., i = 1,2. The set J(y)

is convex for all y € C([0, T];R%); then G(X (¢, T'(-), u(+)), S(- 1())) < 0
a.s. This completes the proof. [

ForafunctionT'(t, ) : B([0, ;R*+) xC([0, &} R?) x B(0, ; RV) — R,
introduce the following norm:

1/2

- —_— . r - - - - 2 .
IT()lix £ o aeT(;E/ Lit, [r(4), S, ()5 2()]lpo,g) dt)

(12.20)

By the definition of Cy, it follows that | T'(-)||x < +oo for all T'(-) € Co. Thus,
Cy is a subset of a linear space of functions with the norm (12.20).

LEMMA 12.3 There exists a constant ¢ > 0 such that
E|X(T,T() ()P <TGk +X3) VO() €Cy, Va€eT.

Proof. For a T'(:) € Co, let z(t) = X&T(),pal)), w(t)
L@, [r(), SC pa())n0)lpg), 7)) = (mu(t),...,ma(t)). By (12.19), it
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follows that

dz(t) = p(t) Yo, mi(t) (E;-'=l oijdw;(t) + &(t)dt) )

This is a linear It6 stochastic differential equation, and it is easy to see that the
desired estimate is satisfied. This completes the proof. [

LEMMA 12.4 For a given a € T, the function
EU(X(Ta I‘()a ﬂa('))’ g(a p’a()))

is continuous in T'(+) € Cy.

Proof. Let T®(:) € Gy and XO(t) £ X(¢,TO(), pa (")), i = 1,2. By
Lemmas 12.1 and 12.3, it follows that

E[XWO(T) - XO(T)|? < ot ® () - TA )|k,

where ¢ > 0 is a constant. Then

B0 (X01), 8. pa) - BU (XD, 56,a()|
<GB [(1+ | X0@)] + |XA@))*|XO(T) - XO(T)1]

. . 2 VK - 1/k
<a [E (1+1X0 ()| + | XO(T)) ] [E1XO(T) - X@(T)P]
< e (1+|TO)|x + p(2)(.)”x)1/k’ IT®() - 1"(2)(.)"15(/19’
where ¢; > 0 are constants, g is as defined in Conditiop 12.1, k = 2/q,
K £ k/(k —1) = 2/(2 — q). This completes the proof. (]

Set
Ma* (ta a) = M, (t1 a, @0’ S*(’)'[O,t]) ’

Md*(ti a) é MG’ (ta Q, 601 S*(')'[O,t]) .
Foran a € T, set
0,(t, ) = My, (t,0) " M,.(t, @),

where My, (t, ) and M,.(t, ) are as defined above. Let

z:(, T) = exp (/OT 0,(t, @) Tdw(t) — %/OT |64 (2, a)|2dt) .
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Set
(), @) 2 BU (X(T,00), tal)), S, pal)) -

LEMMA 12.5 Let Condition 12.2(ii) holds. Then, for a given T'(-) € Co, the
function J'(T(-), @) is continuous in o € T.

Proof. LetT(-) € Cpand o; € T, i = 1,2. Set
Y, = X(Tar(')aﬂ'a('))a a€eT, Y. = X(T,P(-),p,*(-)),

where p,(t) £ [r(t),0,0(t)]. By Girsanov’s Theorem applied given Oy, it
follows that
|E U(Yaug('aﬂal('))) - EU(Yazag('aﬂaz (M
= iE[z* (al,T) — Zx (az,T)]U()/*, S*('a ﬂ*()))‘
< c1Elzi(on,T) — 24 (02, T)|(|YaP + 1)
N\
<oz (Bla(r, T) — za(e2, TIY)  (EBIYfP +1)9)/%
N\L/d
<c (E|z,(a1,T) ~ zs(2, T)|7 ) ! (E|Ys[? + 1)q)1/q
' 1/(1, 2 1/q
< et (Blea(on, T) = 22, DI ) (PO + 1),
where p € (1,2) is as defined in Condition 12.1 and 12.2(ii),

A 1A q
q=—-, q = 3
g—1

=N

and ¢; > 0 are constants.
Furthermore, it is easy to see that for an a € A, we have z,(a, T) = y(T),
where y(t) = y(¢, a) is the solution of the equation

{ dy(t) = y(t) Mau (t, @) T My (2, )1 du(2),
y(0) =1.

It is well known that y(T) depends on a € 7 continuously in L¢ (2, F,P)
(see, e.g., Krylov (1980, Chapter 2)). Hence

E|2.(01,T) — 2202, T)|Y =0 as o3 = as.

This completes the proof. O
Let V be the set of all o-additive probability measures on F. We consider
V as a subset of C(7T; R)*. (If the set 7 is at most countable, then we mean
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that C(T;R) is B(T;R).) Let V be equipped with the weak* topology in the
sense that

N o [r vi(da) f(a) = /T vo(de)f(a) V()€ C(T;R).

LEMMA 12.6 The setV is compact and convex.

Proof. The convexity is obvious. It remains to show the compactness of the
set V. In our case, 7 is a compact subset of finite-dimensional Euclidean space.
Now we note that the Borel o-algebra of subsets of 7 coincides with the Baire
o-algebra (see, €.g., Bauer (1981)). Hence, V is the set of Baire probability
measures. By Theorem IV.1.4 from Warga (1972), it follows that V is compact.
This completes the proof. [

We are now in the position to give a proof of Theorem 12.1.

Proof of Theorem 12.1. ForaT'(-) € Cy, we have J'(T'(-),-) € C(T;R) and

(,6())
T(), 4o () 8C; #a()) = Jr dvu(@) ' (T(), @),

where v, () isthe measureon 7~ generated by © thatcorresponds to u(-). Hence,
EU (X(T, (), u(-)), S(T, ,u(-))) is uniquely defined by v,, given ~(-). Let

EU(X(T,T(-),u(-)), 8
= [rdy,( a)EU(X(T,

J(OC),v,) 2 BU (X(T,00), 80)), 8, u()))

By Lemma 12.6, J(I'(-), v) is linear and continuous in v € V given I'(-).
To complete the proof, it suffices to show that

sup_inf J(0(),v) = inf sup_J(T(),v). (12.21)
r(-)eCo Y€V Vr()ebo

We note that J(I'(-),v) : Cp x V — R is linear in v. By Lemmas 12.1,
12.4 and 12.5, it follows that J(I'(-),v) is concave in I'(-), and J(I'(-),v) :
Co X V — R.is continuous in v for each I'(-) and continuous in I'(-) for each
v. Furthermore, Cy and V are convex and V is compact. By the Sion Theorem
(see, e.g., Parthasarathy and Ragharan (1971, p. 123)), it follows that (12.21),
and hence (12.9), are satisfied. This completes the proof of Theorem 12.1.



Chapter 13

ON REPLICATION OF CLAIMS

Abstract In Chapters 5 and 8, the solution of the optimal investment problem was decom-
posed on two different problems: calculation of the optimal claim and calculation
of a strategy to replicate the optimal claim. In this chapter, we discuss some as-
pects of replication of given claims. First, some possibilities are considered for
replicating the desired claim by purchasing options. Second, an example is con-
sidered of an incomplete market with transactions costs and with nonpredictable
volatility, when replication is replaced for rational superreplication.

13.1.  Replication of claims using option combinations

In previous chapters, we studied strategies that use buying and selling stocks
to replicate an optimal claim. For the real market, there exist some other possi-
bilities: one can replicate the desired claim using combinations of derivatives,
for example, put and call options.

Combinations of options

Combination are strategies in which the investor simultaneously holds long or
short options of different types. If an investor combines different options, he
or she can obtain different piecewise profit/loss diagrams, where the number of
pieces is proportional to the number of different options.

Figures 1.1 and 1.2 in Chapter 1 present profit/loss diagrams for generic
European put and call options, i.e., they show the wealth of the European call
and put option holder as a function of the stock price at the terminal time.
Figures 13.1 and 13.2 here present profit/loss diagrams for corresponding short
positions for generic European put and call options, i.e., they show the wealth
of the European call and put option seller as a function of the stock price at the
terminal time. Different combinations of functions in Figures 1.1,1.2, 13.1, and
13.2 gives different piecewise profit/loss diagrams. There are some popular
combinations:

N. Dokuchaev, Dynamic Portfolio Strategies: Quantitative Methods and Empirical

Rules for Incomplete Information © Kluwer Academic Publishers 2002
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Figure 13.1. Profit/loss diagram for a short call: ¢ is the price of the call option, S is the stock
price at the terminal time, and K is the strike price.

tx

AN

Figure 13.2. Profit/loss diagram for a short put: p is the price of the put option, S is the stock
price at the terminal time, and K is the strike price.

tx

/
K

m covered call = long stock + short call
® protective put = long stock + long put
» Jong spread= long call + short call

» Jong straddle = long call + long put
(If you own both a put and a call with the same striking price and expiration
date on the same underlying security, you are long a straddle, i.e., you own
a straddle)

» strangles are similar to straddles, except the puts and calls have different
striking prices

Recall that a winning combination of put and call options was presented in
Chapter 3.
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Figure 13.3. Profit/loss diagram for a standard long straddle. Xo = ¢+ p, where c is the price
of the call option, p is the price of the put option, S is the stock price at the terminal time, and
K is the strike price.

XA

X0:C+p # \/ S

As an example, Figure 13.3 shows the profit/loss diagram for the long strad-
dle, which consists of equal amounts of put and call options.

Figure 13.4 shows the profit/loss diagram for the "winning" long straddle
with put and call options that was derived in Example 3.1, Chapter 3.

Figure 13.4. Profit/loss diagram for the "winning" long straddle from Example 3.1, Chapter 3.

y

X

XO [ )] \'/S S

Replication using option combinations
Consider optimal claims such as these presented in numerical examples in

Chapter 11. Any of the functions f(z, \) can be approximated by piecewise
functions that are payoff functions of combinations of European put and call
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options, together with long or short positions in the underlying stock. If an
investor chooses to purchase the corresponding combination of options, then
he or she will have the same terminal wealth as in the case when one replicates
the corresponding claim by buying and selling stocks, with the same initial
wealth.

EXAMPLE 13.1 Consider the example from Section 12.5, i.e., the following
optimal investment problem:

Maximize minEInX(T,T(-), (")) (13.1)
a

0.95- X(0) < X(T,T(-),u(-)) < L1- X(0).

A numerical solution was presented with the following parameters:

subject to { (13.2)

n=1, 8(0)=981.6487, X(0)= 81,
T=1, oa(t)=0.5,
Ei=1,2 P(a= a(i)) =1, where o)) = 0.2, o) = log(2 — e0.2)_

For any u(-) € A, the optimal claim is
X(T) =eTX(T) = & fa(8(T), X),
where

) 0.95- X(0) ify,(z)/X <0.95- X(0)
fulz, ) = { Yu(z)/X  if0.95- X (0) < ¢u(2)/A < 1.1-X(0) (13.3)
1.1-X(0) if¢u(z)/A > 1.1- X(0).

The corresponding function 1, (z) is defined by (12.12)(12.18).

Figure 12.1 shows the function f;(z, 3\), which describes the optimal claim
given S(T') = z. For the given optimal claim, it is not difficult to calculate the
corresponding replicating strategy and the corresponding normalized wealth
X(t) = H(S(t),t), where H(-) is the function defined by (11.5).

On the other hand, the optimal claim in Figure 12.1 can be approximated
closely enough by a claim generated by a combination of two put options (long
and short) and two call options (long and short) (the long condor combination,
in terms of Strong (1994), p. 72). This combination can be constructed by the
following way:

= buy 0.55 put options with strike price $1.03;
» write 0.55 put options with strike price $0.76;
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s buy 0.16 call options with strike price $1.95;

= write 0.16 call options with strike price $2.9.

Figure 13.5 shows that the two claims are close. Thus, the option combina-
tion described above gives an approximate solution of the optimal investment
problem (13.1)-(13.2).

Figure 13.5. Approximation of the optimal claim for the problem (12.14)-(12.15) by a com-

bination of put and call options. —: values of the claim for the option combination; - - - -:
values of the optimal claim.
125 T T L T T T T
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13.2.  Superreplication under uncertainty and transaction
costs

In this section, the diffusion model of a financial market is modified and
investigated under the assumption that the volatility coefficient may be time-
varying, uncertain, and random. Moreover, in our modified model, transaction
costs are taken into account. It is shown that there exists a superreplicating
strategy for the European type claims. The strategy is obtained by solving a
nonlinear parabolic partial differential equation.

On the impact of transaction costs and uncertainty for volatility

In the classic Samuelson and Black—Scholes model, the volatility is assumed to
be given and fixed, and transaction costs are not taken into account. However,
in any real financial market, transaction costs have to be taken into account.
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Furthermore, empirical research shows that the real volatility is time-varying,
random, and correlated with stock prices (see Black and Scholes (1973)).

Because the volatility coefficient appears in the formulas defining the struc-
ture of hedging and optimal strategies, the estimation of the volatility from
usually incomplete statistical data of stock prices is of a special importance
(see Day and Levis (1992), Kupiec (1996), Taylor and Xu (1994)). Many au-
thors emphasize that the main difficulty in modifying the Black—Scholes model
is taking into account the fact that the volatility does depend (as it is shown by
statistics) on both time and stock prices. Christie (1982)) has shown that the
volatility is correlated with stock prices. Lauterbach and Schultz (1990) note
that the Black—Scholes option pricing model consistently misprices warrants
(see also Hauser and Lauterbach (1997)).

In modified Black—Scholes models, a number of formulas and equations for
volatility were proposed (see, €.g., Hull and White (1987) and also Christie
(1982), Finucame (1989), Johnson and Shanno (1987), , Masi et al. (1994),
Scott (1987)). Following Avellaneda et al. (1995), Avellaneda and Paris
(1995), we assume that the bounds of the volatility are given.

Another problem arises out of the desire to take into account transaction costs.
Black and Scholes (1972) noted that in real financial markets, transaction costs
are quite large. Many authors remark that the return volatility is correlated
with the trade volume, transactions costs and stock prices (Grossman and Zhou
(1996), Kupiec (1996)). A number of mathematical models with transaction
costs were proposed (see Bielecki and Pliska (1999), Davis and Norman (1990),
Edirisinghe et al. (1993), Leland (1985), Taksar et al. (1988)). Similarly
to Leland (1985) and Grossman and Zhou (1996), we investigate a financial
market model where the costs of the high-frequency component of the portfolio
are taken into account. In addition to the results obtained in the cited papers, we
consider the sufficient and necessary conditions of superreplication. Further,
we consider a model with the costs of jumps for the portfolio as well as with
uncertain volatility.

13.2.1 Market model and problem setting

Consider the single-stock diffusion model of a financial market consists of
two assets: the risk-free bond or bank account B = (B(t));>¢ and the risky
stock S = (S(t))e>0. In this model, it is assumed that the dynamics of the
stock is described by the stochastic differential equation

dS(t) = S(t)[adt + odw(t)], t>0, (13.4)

where a is the appreciation rate, o is the volatility coefficient, and w(t) is the
standard Wiener process. The initial price Sp > 0 is a given nonrandom value.
The dynamics of the bond is described by

B(t) = €' By, (13.5)
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where r > 0 and By are given constants.

We assume that @ = a(t) and o = o(t) are random processes that are square
integrable and do not depend on the future. In other words, a(t) and o(t) do
not depend on w(t + h) — w(t) for A > 0.

In the classic Black and Scholes model, o is supposed to be known and fixed,
and aq is arbitrary and unknown. Our aim is to take into account transaction
costs and the fact that the volatility coefficient o does depend on both time ¢
and the stock price S(t). In our model, the main assumptions are related to the
upper and lower bounds of the volatility coefficient and the nature of transaction
COSts.

AsSUMPTION 13.1 The volatility coefficient o = o(t) satisfies the following
condition: o, < o(t) < o2 for some constants o1, 09, where 0 < o1 < 03.

Let Xy > 0 be the initial wealth at time ¢ = 0 of the investor. The total wealth
of the investor at time £ > 0 is

X(t) = B)B(t) + () 5(H). (13.6)

Here 7y(t) is the quantity of the stock and S(t) is the quantity of the bond. The
pair (B(t), v(t)) describes the state of the securities portfolio at time ¢. We call
such pairs strategies. Some constraints will be imposed later upon operations
in the market, or, in other words, upon strategies.

REMARK 13.1 In previous chapters, we have used the term strategy for the

process of the investment in the stock m(t) = ~y(t)S(t). The vector m alone
suffices to specify the portfolio for a self-financing strategy for a model without
transaction costs.

The main constraint in choosing a strategy in the classical problem without
transaction costs is the so-called condition of self-financing.

DEFINITION 13.1 A pair (B(-),~(-)) is said to be self-financing in a financial
market model without transaction costs if

dX (t) = B(t)dB(t) + () dS(2). (13.7)

_ As usual, we denote S(t) = e "S(t) and X(t) = e "X (t); the process
X (t) is said to be the normalized wealth.
Our aim is to extend this definition and the corresponding results to the case
of transaction costs and uncertain volatility.

DEFINITION 13.2 A pair (B(-),(-)) is said to be an admissible strategy if
the following conditions hold:
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(i) ~(t), B(t) are square integrable random processes that do not depend on
the future (in other words, B(t) and o(t) do not depend on w(t + h) — w(t)
for h > 0);

(ii) the process ~(t) is piecewise continuous a.s. (almost surely);

(iii) there exists a set of open random time intervals Iy C [0,T), I = (7,7 )
such that T, 7.5 are Markov time moments, Iy N I, = O for k # m a.s.,
mes {[0,T]\ U;_, Iy} = 0 a.s., where N < +o0 is a random number of
intervals, and ~y(t) has the differential

dy(t) =A(t)dt + 4(t)dw(t) for te€ Ii;
(iv) there exists a function G(z,t) : R x R — R such that

7(t) = G(S(2), 1), (13.8)
and G(z,t) is bounded on any bounded domain; and
(v) the processes a(t)y(t) and y(t)S(t) are square integrable.

Here mes denotes the Lebesque measure.

We also give a more constructive description of admissible strategies. For
this, we notice that a strategy (5(-),v(+)) is admissible if B(t) satisfies all the
above assumptions, y(t) = G(S(t),t), where G(z,t) : R x [0,T] = R is
a function bounded on any bounded domain and of a polynomial growth, and
there exists a set of domains D, k = 1,2,..., with piecewise C'-smooth
boundaries 8Dy, such that

R x [OaT] = Uk_>_1Dka DN Dy =10 (k' # m), GI’Dk S W22’1(Dk).

REMARK 13.2 The corresponding intervals Iy are maximum connected open
intervals I = {t : (5(t),t) € Dm}. Further, the set [0, TI\UY_, I is the setof
time moments when (S(t),t) € Ugk>10D, and this set is an a.s. continuous (or
noncountable) Kantor type set with zero Lebesque measure; Dy, = D, Ud8Dy.

We introduce some transaction cost for the time interval [0, ] as
/ Xn)ar+ Y G,
ki <t

where A(t) is a given nonnegative random function that depends on
(B(-),7(), 8(-)l[o,9- and Cy are the costs for the jump in the stock portfo-
lio quantity.
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DEFINITION 13.3 An admissible strategy (B(:),7(:)) is said to be self-
financing in a financial market with transaction costs if

X(t) = Xo + f3 B(r)dB(1) + [{~(r)dS(r)

~ fy M0 = F -, Chs £>0.
(13.9)

ASSUMPTION 13.2 We assume that
A(t) = c(t) 13(1)S(2),
where c(t) is a random function and c(t) € [0,¢] for allt > 0, where € > 0 is
a given constant. Furthermore, we assume that
Cr = p(lv(ry) = (D),
where (-) is a given nonnegative function.

In other words, the transaction cost over the time period (0, #] is

t
/0 o) ANS@ldr+ 3 elvry) — it ))-

k: ‘rk'<t

In this assumption, the continuous "slow” change of the quantity of the stock
portfolio -y(t) is not taken into account. A similar assumption was introduced
by Leland (1985) for the analysis of the trade volume and the volatility in a
financial market (see also Grossman and Zhou (1996)).

Note that the case of ¢ = 0, ¢ = 0 corresponds to zero transaction cost.

We can now rewrite Definition 13.3.

DEFINITION 13.4 An admissible strategy (B(-),7(-)) is said to be self-
financing in a financial market with transaction costs if

X(t) = Xo+ [y B()dB(r) + fiy(r)dS(r) = JE e(r) |7(r)S ()| dr
- Ek; o<t <P(|’Y(Tl:) - ’Y(T;—l)n-

Problem of superreplication

Consider the problem of replication of a given claim. Let ¢ = F(S(T)) be
a random claim, where F(z) : R — R is a given nonnegative function and
T > 0Ois a given time.
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DEFINITION 13.5 A strategy (B(-),~(:)) is said to superreplicate a claim
F(S(T)) for the market with transaction costs and uncertain volatility if the
Jollowing conditions holds:

(i) (B(:),7(-)) is admissible and self-financing, and the function G in (13.8)
depends on parameters o1, 01, ¢, ¢(-), T, F(-); and
(ii)
X(T) > F(S(T)) a.s. (13.10)
Jor all admissible c(t), o(t).

In the approach of Black and Scholes, the option price is the initial wealth which
may be raised to the option-writer obligation by some investment transactions.
Following this approach, we define the fair (rational) price of a claim.

DEFINITION 13.6 Let I1 be the set of all values of the initial wealth X¢ such
that there exists an admissible superreplicating strategy for the claim F(S(T).
Then, the fair (rational) price C for the claim in this class of admissible strate-
gies is defined as i
C = inf X,.
Xoell

DEFINITION 13.7 A strategy (v(-),B(-) that superreplicates the claim
F(S(T) with the initial wealth X (0) is said to be rational if Xo = C, where
C is the fair (rational) price of the claim.

13.2.2  Superreplicating strategy

We assume that F(z) is piecewise smooth and |F(z)| + |dF(z)/dz| <
const(|z| + 1). Furthermore, we assume that one of the following conditions
holds:

(i) The function F(z) is a convex function and there are nonzero transaction
costs (in other words, ¢ # 0, ¢ # 0).

(ii) The function F(z) may be nonconvex, but the transaction costs are absent
(in other words, € = 0, ¢(t) = 0, p(z) =

Notice that the function F(z) = (z — K, from the standard European call
option is convex.

Suppose H(z, t) is a solution of the boundary value problem for the nonlinear
parabolic equation

H

w_.

oz

%%(a:, t) + %ma.xae[mm] {02:1:2%—5 z, t)} + oy
H(z,T) = F(z).

(13.11)
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in the domain z > 0, ¢t € [0, T]. It is known that this equation has a unique
solution with locally square integrable derivatives (see Krylov (1987)).
Furthermore, let

X(t) = H(S(¢t),t) + / t a(t)dt, (13.12)
0

where

—_o(t)? & ~
alt) £ maxpee, ) {TFL50?5H(50),))

e i 13.13
+ (€02 — c(t)o(t)) ?,—j}(S(t),t)'S(t)? (13.13)

Let X(t) £ et X (),
V() = %—Z(S(t),t), B(t) = X() ;g()t)s ® (13.14)

Now we are in a position to present the main results of this chapter.

THEOREM 13.1 The strategy (13.14) is a superreplicating strategy for the
claim e™F(S(T)), and the corresponding normalized wealth X (t) is defined
in(13.12).

THEOREM 13.2 The rational price of the claim e F(S(T)) is

C = H(Sy,0). (13.15)

COROLLARY 13.1 The strategy (13.14) is a rational strategy that superrepli-
cates the claim e F(S(T)).

Application to the Black and Scholes model

We shall extend the Black and Scholes results to the case of the uncertain
volatility coefficient and transactions costs.

COROLLARY 13.2 Let F(x) be a convex function. Then

H(z,t) = —\/;=7r/::0F (a:exp {&y\/f— tZ_Q}) exp (_y2_2) dy,
(13.16)

& = /03 + 2¢0,, (13.17)

where
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Moreover, if F(z) = (z — K)4, where K > 0 is a constant, then the rational
price of the claim e F(S(T)) is

¢ = H(S,,0) = SeN(dy) — KN(d_), (13.18)

where

dy = (6VT)™! (l fizg_)

N(dy) is the cumulative standard normal distribution evaluated at d.,

T

lﬁd
e 2z dy.
V27r —00 Y

N(z) =

13.3. Proofs

PROPOSITION 13.1 Let F(z) be a convex function. Then the solution of the
equation (13.11) coincides with the solution of the equations

{ o (g,1) + 162228t (2,8) = 0 (13.19)
H(z,T) = ()

where & = /02 + 2¢0s.

Proof. Let H(z,t) be a solution of (13.19). Suppose that there exists ¢y €
[0, T') such that the function H(-, tp) is not convex. Since T is arbitrary and the
coefficients of the equations are constants, it is enough to consider only 5 = 0.
Suppose the function H (-, 0) is not convex. Then there exist z; > 0, z2 > 0
such that

2

Consider the classical problem of the option pricing with the volatility coeffi-
cient o = & and without transaction costs. Let

H(z1,0) + H(z1,0) < 2H (""1 + “’2,0> .

& A
SO 2 :z:!-2l-zz

)

§o ) 2 22 5(t) FO () £ 8H (50 (1),1), i=1,2.

T1+T2 ) -

Set

7)) £ (YO @) +1D() /2.

Clearly, there exists B(t) such that (B(t), ¥(t)) is a self-financing strategy. Let
X (t) be the corresponding wealth. It is easy to see that (B(t),¥(t)) is a super-
repllcatmg strategy and that Xo < H (So, ) However this result contradicts

rr/s n\ .
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function, H(-,t) is convex for any time t, and HJ (z,t) > 0. Hence, equation
(13.11) holds. This completes the proof of Proposition 13.1. [

Proof of Theorem 13.1. Let F(-) be a convex function. From Proposition
13.1, equations (13.16) and (13.19) hold for H defined by (13.11). Let

G(z,t) = %—I:—(:v, t).

The fundamental solution for (13.19) is known (see Proposition 11.3 and (11.6),
and, e.g., Shyryaev et al. (1994)):

H(z,1) 2 / Py, T, 2, ) F (y)dy,
R}

where p.(y, 7, z,t) as a function of y is the conditional probability density
function for the vector S, (1) given the condition S,(t) = z, where 0 < ¢ < 7.
More precisely,

_ a 1 —(In() — In(z) +6%(t — 7)/2)°
= (=T i 26%(t — )

Using this solution, we can obtain the explicit formula for G and conclude that G
has continuous derivatives G}, G, Gl in @ for any domain Q@ = D x (0, T),
where D C RY, T, € (0,T) (or G € C2(Q)).

Clearly, this strategy is admissible with

10 = 250,005 = T2 30,0005,

() = c(t) S2(t).

(5,10

From It6’s formula and (13.12) and (13.13), we have that

dX(t) =d;H(S(t),t) + a(t)dt
= G(8(t),1)dS(t)
+ (%(S'(t), 1) + Lo(t)25(t)2LH (5(2), t)) dt + o(t)dt
= G(S(t),t)dS(t) — \(t)dt.
Hence the strategy is self-financing. Furthermore, it is easy to see that a(t) > 0
and (13.10) hold.
In the case of zero transaction cost, we do not need the existence of derivatives

G5, Gy, and the proof is similar. This completes the proof of Theorem
13.1. 0



192 DYNAMIC PORTFOLIO STRATEGIES

Proof of Theorem 13.2. In the classic case of zero transaction costs and a
known constant volatility (when & = 0, ¢ = 0, 5, = 03), we have X(T) =

F(S(T)) for the replicating strategy, and fair priceis C = E*F(S (T)), where
E* is the expectation by such probability measure that S(t) is a martingale
and, hence, that C is the rational (fair) price. We cannot use this method in
our case because we have only inequality X(T) > F(5(T)), and the values
X (T)— F(8(T)) depend on strategies. However, we can use another approach
that does not use martingale properties.

Let (b(t),7(t)) be some other superreplicating strategy, J(t) = G(S’(t) t),

X (t) be the corresponding normalized wealth, and € = X, < C. Suppose
that o (t) = 09, ¢(t) = ¢. Introduce the following function:

H(z,t) = fo ) G(y,t)dy.

Let I}, be the random time intervals introduced above for admissible strategies
k=1,...,N. We have from It6’s formula that

H(S(T),T) —H(S0,0) = JT G(5(t),1)d5(2)
+zﬁ=1{ﬂ(é(f,:+1),r,;+l) AGE), )
+ 1, (60,0 + 10386755 G0),0) at.

Here we use some version of It6’s formula for a function with nonsmooth
derivatives (see Krylov (1988) and Dokuchaev (1994)). The condition of self-
financing and (13.10) give us that

Jo G(5(t),1)d5(t)

= X(T) ~ Xo+ [] Mt)dt + X Cx = F(S(T)) + £ + [ Mt)dt —

Here £ > 0 is some random value. Denote

—ABI_{ 12262H
L= 5 437

8%H

2
a2 | *

+ coo

Then
i 1{f1 LH(S(t),t)dt + H(S(rp, ) 7o) — HE (1), )}
= H(S(T)aT) - H(5010) - F(S(T)) - E +X0a

where £ > 0 is some random value. Denote by X the space WZZ’I(Q)* that is
dual to the Sobolev space W22’1(Q), Q = D x [0,T], where D C (0,+00) is
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an arbitrary interval. The element ¢ € X is said to be nonnegative if (¢, f) > 0
for every f € Wg’l(Q) such that f(z,t) > 0. In this sense, LH < 0 as the
element of X. Then H(z,0) < H(z,0) because of (13.11). This completes
the proof of Theorem 13.2. [J

Proof of Corollary 13.1. The proof is straightforward.

Proof of Corollary 13.2. The fundamental solution for equation (13.19) is
known, and (13.19) holds for H defined by (13.12) (see, e.g., Shyryaev et al.
(1994)). From Proposition 13.1, the equations (13.11) hold for this H. For
F(z) = (z — K)., the formula for € is a consequence of the Black-Scholes
result. This completes the proof. [
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