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Preface

These lecture notes present material for an introductory course on
optimal control theory including deterministic and stochastic
systems, with discrete- and continuous-time parameter. The
course is introductory in the sense that no previous knowledge of
control theory is required.

There are several well-known techniques to study Optimal
Control Problems (OCPs), but here we are mainly interested in
the Dynamic Programming (DP) approach. This is a very general
technique introduced by Richard E. Bellman (1920-1984) in the
1950s, which is applicable to a large class of optimization and
control problems. (See the remark at the end of this Preface.)

The DP approach gives sufficient conditions for an OCP to
have a solution. The main tool is the so-called Verification
Theorem that can be summarized as follows. Given an Optimal

Control Problem (OCP):

1) Write an associated equation, called the Dynamic
Programming Equation (DPE).

2) If the DPE has a “suitable” solution, then this solution can
be used in turn to solve the given OCP.

Actually, part (1) is straightforward. The main difficulty is part
(2); that is, finding suitable solutions to the DPE can be a non-
trivial matter.

The DPE is known by several names, such as the optimality
equation, the Bellman equation or, for continuous-time OCPs, the
Hamilton—Jacobi—Bellman equation.

vii
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The notes begin in Chapter 1 with a general introduction to
OCPs. This chapter presents basic notions, such as the objective
functionals to be optimized, and the notion of control strategy or
control policy. Some examples illustrate the classes of OCPs to be
studied in the text.

Chapters 2 and 3 concern discrete-time systems. The former
chapter considers the deterministic case in which the typical
dynamic system is of the form

Try1 = Fe(ay, ap) fort=0,1,..., T -1, (1)

with a given initial condition z; is called the planning horizon.
In (1), z; denote the so-called state and control variables,
respectively. The control actions a; are taken according to a given
control policy. Chapter 2 introduces finite (7'<oo) and infinite
(T = 00) horizon OCPs with objective functionals that are typi-
cally defined by finite or infinite sums, respectively. In the
infinite-horizon case, we also introduce an asymptotic optimality
criterion, namely, the long-run average cost.

The remaining chapters have essentially the same structure as
Chapter 2, except for the dynamic model. In particular, in
Chapter 3 we consider the stochastic analogue of (1) that is,

mtJrl:Ft($t7ataft)atzo717"'7T_17 (2)

where z; and a; are as in (1), and the &, are random variables that
represent random perturbations. It is explained that, depending
on the situation that they represent, these perturbations form
either a driving process or a random noise.

In addition to the “system model” (2), in Chapter 3 we
introduce the “Markov control model” in which we have a tran-
sition probability instead of a transition function F; as in (2). The
Markov control model was introduced by Bellman (1957b), who
also coined the term “Markov decision process”, and which today
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is also known as a Markov Control Process (MCP). MCPs are
especially useful in control problems (for instance, control of some
queueing systems) in which we do not have an explicit system
model as in (2). On the other hand, it is noted in the text that (1)
and (2) are particular classes of MCPs.

The second half of these lectures concerns continuous-time
OCPs. It begins in Chapter 4 with control problems in which the
state process z(-) satisfies an ordinary differential equation (ODE)

z(t) = F(t,2(t), a(?t)) for ¢t € [0, T7. (3)

We again consider finite- and (discounted and undiscounted)
infinite-horizon problems in which the “summations” that appear
in Chapter 2 are replaced by integrals.

In several places of Chapter 4 it is emphasized that (3) defines,
in fact, a certain family of continuous-time MCPs. The reason for
doing this is that Chapter 5 introduces a general continuous-time
MCP, in which the evolution of the state process is determined by
an “infinitesimal generator” rather than a system function F as in
(3). Since this fact is difficult to grasp from a conceptual view-
point, immediately after introducing some standard dynamic
programming facts, we show that the results in Chapter 4 are
examples or particular cases of the ideas in Chapter 5.

Finally, as another example of a continuous-time MCP, in
Chapter 6 we study the control of diffusion processes that, for our
present purposes, can be expressed as solutions of certain
stochastic differential equations that generalize the ODEs in (3).

Each of the Chapters 2—6 presents examples to illustrate the
main results. It also includes a section with exercises.

Remark: Why Dynamic Programming? In other words, if
there are several well-known techniques to analyze optimal con-
trol problems (OCPs), why do we emphasize DP? The answer is
simple: it has more advantages than any of the other approaches
to OCPs. Let us explain this.
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1. DP is applicable to essentially all classes of OCPs, including
deterministic and stochastic problems, with discrete- or
continuous-time parameter, finite- or infinite-dimensional
state space (see Fabbri et al. (2017)), with discrete (that is,
finite or countable spaces) or general metric state space, etc.
(In many applications, such as control of queues or rein-
forcement learning (see e.g. Sutton and Barto (2018)), we
work in finite state spaces.)

2. For discrete—time problems, DP does not require smooth-
ness conditions, which is important in some applications, for
instance in model predictive control (see e.g. Rakovi¢ and
Levine (2019).)

3. In DP, there are well-known approximation algorithms,
such as the (recursive) wvalue iteration algorithm or the
(monotone) policy iteration algorithm, which are the basis
for some applications, such as adaptive (or approximate)
DP and stabilization problems in control theory.

4. In DP, we automatically obtain feedback (or closed-loop or
Markov) optimal controls, in contrast to the open-loop
controls obtained when using, for instance, the Maximum
Principle.

Some of these advantages, and many others, are practically impos-
sible to obtain when using other solution techniques for OCPs.
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On the negative side, the main disadvantage is what Bellman
(1957a, 1961) called the curse of dimensionality, which basically
refers to the difficulty in solving the DPE when the dimension

Imcreases. o
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Chapter 1 ®

Check for
updates

Introduction: Optimal
Control Problems

In a few words, in an optimal control problem (OCP) we are
given a dynamical system that is “controllable” in the sense that
its behavior depends on some parameters or components that we
can choose within certain ranges. These components are called
control actions. When we look at these control actions throught
the whole period of time in which the system is functioning, then
they form control policies or strategies. On the other hand, we are
also given an objective function or performance index that some-
how measures the system’s response to each control policy. The
OCP is then to find a control policy that optimizes the given
objective function.

More precisely, in an OCP we are given:

1. A “controllable” dynamical system, which typically, depending
on the time parameter, can be a discrete—time system or a
continuous-time system. For instance, in the former case, the
dynamical system is of the form

Tit1 :Ft(xt,at,@) fOI' t:O,l,...,T—l, (11)

with some given initial state xo. (In Chaps. 4-6 we consider
continuous—time systems.) In (1.1), at each time ¢, z; denotes
the state variable, with values in some state space X; a; is the
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2 1 INTRODUCTION: OPTIMAL CONTROL PROBLEMS

control or action variable, with values in some action space
A; and & is a disturbance or perturbation in a disturbance set
S. In most applications of control theory, the spaces X, A,
and S are subsets of finite-dimensional spaces. However, for
technical reasons (to be briefly discussed in Remark 1.7), it
is convenient to assume that they are general Borel spaces.
Moreover, depending on the disturbances &, the system (1.1)
is classified in deterministic, stochastic or uncertain. This is
explained in Remark 1.2, below.

2. We are also given a set II of admissible (or feasible) control
policies or strategies, which are sequences m = {ay, ay, ...} with
values a; € A.

3. Finally, we are given a real-valued function V on II x X, which
is the objective function or performance index. The function V'
can take many different forms. One of the most common is a
total cost

T-1
V(m,zo) =Y elwa) + Cr(rr), (1.2)

1=0
where m = {aq, ..., ar_1} denotes the strategy being used, and

xg is the initial state for the system (1.1). The term ¢;(x¢, ay),
which is called the stage cost, denotes the cost incurred at time
t given that x; is the state of the system and a, is the applied
control action. The so—called terminal cost function Cr(-) in
(1.2) depends on the terminal state ¢ only. In (1.2), T is called
the OCP’s planning horizon and can be finite or infinite. The
infinite-horizon case is obtained from (1.2) taking Cr(-) =0
and letting T" — oo.

With the above components, we can now state the OCP as
follows: For each initial state z(, optimize the objective function
V(7 xzo) over all m € II subject to (1.1). Here, depending on the
context, “optimize” means either “minimize” (for instance, if V
is a cost function) or “maximize” (if V is a reward or a utility
function). Thus, if we are minimizing V', then the OCP would be:
Find 7* € II such that
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V(r*, z) = inﬁV(ﬁ,x) Vo =z, (1.3)
TE
subject to (1.1). If this holds, then 7* is called an optimal policy
or optimal solution to the OCP, and the function

V*(z) = 1r€1£ V(m,z) =V(r*,z) VeeX (1.4)

is the OCP’s wvalue function or minimum cost. If, on the other
hand, V is a profit or reward function to be maximized, then in
(1.3)—(1.4) we write “sup” in lieu of “inf”, and the value function
V* in (1.4) is called the OCP’s mazimum utility or mazimum
reward, depending on the context.

To ensure that the value function V*(-) in (1.4) is finite-valued,
we will suppose that the following assumption holds unless stated
otherwise.

Basic Assumption.

(a) The cost functions ¢; and Cr are nonnegative;

(b) There is a strategy 7 € II such that V(m,x) < oo forall z € X.

The dynamic programming approach under the condition (a)
in the Basic Assumption (or when the cost functions are bounded
below) is known as the positive case. In the negative case the
cost functions are nonpositive (or bounded above). In Sect. 2.3.3
we will introduce the so-called weighted-norm approach, which
allows positive and negative costs but with a restricted growth
rate (Assumption 2.33(c)).

There are many conditions ensuring that V*(+) is finite-valued,
but our Basic Assumption greatly simplifies the mathematical
presentation. For instance, if the condition (a) holds, and ¢;, Cr
are bounded above by a constant M, then the total cost in (1.2)
satisfies that

0<V(mux) <(T+1)M V7 and z.

The main role of the Basic Assumption is that it helps to fix ideas,
and we can move forward to other aspects on an OCP.

Part (a) in the Basic Assumption guarantees that V(mw, z) > 0
for all m € II and zp =z € X, and so V*(-) > 0. On the other
hand, (b) yields that V*(z) < oo for all x € X. (Part (a) can
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be replaced by the apparently weaker condition: ¢; and Cr are
bounded below.)

Example 1.1 (A production-inventory system). Consider a pro-
duction system in which the state variable x; € R is the stock or
inventory level of some product. A typical state equation for this
system is

T =x+a—& Vi=0,1,..., (1.5)

where the control or action variable a; > 0 is the amount to be
ordered or produced (and immediately supplied) at the beginning
of period ¢, and the disturbance & > 0 is the product’s demand.
Observe that (1.5) is simply a balance-like equation.

A negative stock, which occurs if & > x; + a; in (1.5), is inter-
preted as a backlog that will be fulfilled as soon as the stock
is replenished. However, if backlogging is not allowed, then the
model (1.5) can be replaced with

Tir1 = max{xt + ap — gt, O}

Usually, production systems have a finite capacity C', so that,
at each period ¢, we must have x; + a; < C' or a; < C — x;. There-
fore, if the state is x; = x, then we have the control constraint

a€ A(z), with A(x)=1[0,C —x].

Thus, the action space is A = [0, 00), which contains the control
constraint set A(zx) for every state x.

In a production—inventory system the objective function V in
(1.2) is usually interpreted as a total profit or revenue function.
Hence, given the unit sale price (p), the unit production cost (c),
and the unit holding (or maintenance) cost (h), then at each time
t, instead of a cost ¢; in (1.2), we have a net revenue of the form

(24, ar) = pyr — cay — h(xy + ay),
where y; = min{§;, z; + a;} is the sale during period t. &

Remark 1.2.(a) The system (1.1) (or (1.5)) is said to be deter-
ministic or stochastic or uncertain depending on whether the
disturbances &; are, respectively,
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(b)

e given constants in (the disturbance set) S,
e S—valued random variables, or

e constants in S but with unknown values.

If (1.1) is a stochastic system, the disturbances &, are said
to form a driving process if they have a concrete meaning,
say, physical or economical. In contrast, if the disturbances
are generic random variables (with no specific meaning), the
process {&;} is called a random noise. For instance, in Exam-
ple 1.1, if the demand variables & are random, then they
form a driving process. On the other hand, in models of eco-
nomic growth or population growth the disturbances typically
form a random noise. (See Example C.4 and Remark C.5 in
Appendix C.)

If (1.1) is a stochastic system, the cost in the right-hand side
of (1.2) is random. In this case, (1.2) is replaced with the
expected total cost

T-1

V(r,20) = E | ey, ar) + Cr(ar)| . (1.6)

t=0

Strategies. To introduce a control policy or strategy m =
{a;} it is important to specify the information available
to the controller. In the simplest case, the control actions
depend on the time parameter only; that is, a; = g(t) for
some function g. In this case, 7 is called an open—loop pol-
icy. If, on the other hand, at each time ¢, the control action
a; = ¢g(t,x;) depends on t and the current state x;, then w
is said to be a closed—loop policy, also known as a feedback
or Markov policy. In general, if the actions are of the form
a; = g(xg, ap, x1,a1,...,T41,a;-1, %) SO that, at each time ¢,
the action depends on the whole history of the process up to
time ¢, then 7 is called a nonanticipative or history—dependent
policy. In these notes, to fix ideas, we will consider only open—
loop and closed—loop (or Markov) policies unless stated other-
wise. See Fig. 1.1 for a representation of a feedback or closed—
loop scheme. &
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Fig. 1.1 A closed-loop T
scheme ——> system ———

<~ controller ~<~——

Example 1.3 (A portfolio selection problem = A consumption—
investment problem). Let z; be an investor’s wealth at time
t=0,1,.... At each time t the investor decides how much to
consume of his wealth, say ¢;, and the rest x; — ¢; is invested in a
stock portfolio, which consists of

e a risk—free asset (e.g., bonds) with a fixed interest rate r, and

e a risky asset (e.g., stocks) with a random return rate &.

Note that {&:} is a driving process in the sense of Remark 1.2(b).
Thus the control variable is a; = (¢, pt) € [0, 2] % [0, 1] with ¢; =
consumption, and p; = fraction of x; — ¢; to be invested in the
risky asset, and 1 — p; is the fraction of z; — ¢; invested in the
riskless asset. The corresponding dynamical model is

Ty = [(1=p) (L +7) +p&e)(zy — ), t=0,1,...,

with some given initial wealth zo = x > 0. Clearly, for the invest-
ment to be profitable, we impose the condition E(&) > r for all
t=0,1,.... (Otherwise, if the interest rate r is greater that the
expected return rate E(§;), then obviously the best decision would
be to invest in the risk—free asset.)

Hence we have a stochastic control system in which typically
we wish to maximize a so-called expected utility of consumption

T

Zﬁtu(ct)] , with T < oo, (1.7)

t=0

V(m,x):=FE

where u(-) is a given utility function. Moreover, given the interest
rate r > 0, the discount factoris 3 := (1+r)~L. &

If T'=o00 in (1.7), then we obtain an infinite-horizon objec-
tive function called an infinite-horizon discounted utility. A quite
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different infinite-horizon objective function is the long—run expected
average cost defined as
e

V(m, ) :=limsupn 'E

n—oo

oy, at)] , (1.8)

1
t=0

where, as usual, m = {a;} is the control policy being used, zo = x
is the given initial state, and the lim sup is in order to minimize the
long—run average cost in a worst case scenario. (From a mathemat-
ical viewpoint, taking the lim sup is convenient because it ensures
that (1.8) is well defined, whereas the “limit” might not exist.
Moreover, for theoretical reasons, it is more convenient to take
lim sup rather than lim inf. We will come back to this point in the
following chapters.) Observe that (1.8) is an asymptotic value that
does not depend on the expected cost incurred in any finite num-
ber of stages. In fact, in many cases it is even independent of the
initial state z, that is V (7, 2) = V() for all z. Long-run average
cost problems appear in both deterministic and stochastic prob-
lems. See, for instance, Sects. 2.5 and 5.5 (or 6.5), respectively.

Example 1.4 (A tracking problem). Consider the general, pos-
sibly stochastic system (1.1) with state space X C R* and action
set A C R'. In addition, we are given a fized state trajectory, say,
{z7} in X, and a fized action trajectory {a;} in A. Finally, con-
sider the long—run expected average cost (1.8) with running cost

c(xy, ap) = |vy — 2f P+ |ay — al]* Vt=0,1,..,

which is essentially the distance from (zy,a:) to (x},a;). Hence,
the corresponding OCP of minimizing V (7, x) over all 7 is called
a tracking problem because the underlying idea is that the state—
action pair (x, a;) should “track” or “follow” or “pursue” or “stay
as close as possible to” the given trajectories (x},aj). In partic-
ular, if af =0 for all ¢, then we have a tracking problem with
minimum. fuel.

Tracking problems are very common in engineering and eco-
nomics. As an example, controlling the attitude of a satellite or
keeping it as close as possible to a given orbit are tracking prob-
lems. (See Fig. 1.2.) For applications in economics, see Kendrick
(2002).
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Fig. 1.2 Controlling a
satellite’s attitude

If the state dynamics (1.1) in the tracking problem is stochas-
tic (so that the perturbations & are random variables), then the
process {&} would typically be a random noise. This is simply
because there is no possibility of assigning a “physical” meaning
to &. &

Remark 1.5 (Partially observable systems). In the tracking
problem of Example 1.4, suppose that the state x; of the system
is the attitude of a satellite—see Fig. 1.2. Hence we have a par-
ticular case of a so-called partially observable system, which is so—
named precisely because the state of the system is not observable.
Mathematically speaking, one can model this class of systems as
follows.

The evolution of the state process x; is as in (1.1), where usually
the disturbance {¢;} is a random noise. As already noted, the
state x; is not observable, but there is an observation process y,
behaving according to an equation of the form

yt:Gt(mtynt) Vt:O,1,2,..., (19)

where {7} is a random noise influencing the observation process.
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Fig. 1.3 A partially &
observable control system

Tt
at
controller obse@ un

Yt

[ etror |
P filter

Using the observation process {y;} and a suitable filter (that is,
some statistical device), we obtain an (statistical) estimator &; of
the state x;, which is used by the controller to obtain a control of
the form a; = g(t, 2;). (See Fig. 1.3 for a graphical representation
of a partially observable control system.)

Under suitable assumptions, a partially observable system con-
sisting of Egs. (1.1) and (1.9) can be transformed into a completely
observable system in which the original (unobservable) state x; is
replaced by the estimator z;. In some particular cases, the estima-
tor z; is a finite—dimensional vector, but in general it is a proba-
bility distribution. Hence, the “completely observable” system is
an OCP with state variable Z; in a space of probability measures!
For details see, for instance, Bauerle and Rieder (2011), Bertsekas
and Shreve (1978) or Herndndez-Lerma (1989). <&

We conclude this section with some comments on the
continuous—time systems that we will study in Chaps. 4-6.

Remark 1.6 (Continuous-time  control  problems).  For
continuous—time control problems we again distinguish (as in the
discrete-time case above) between deterministic and stochastic
problems. In the former case, the state equation, which is the
analogue of (1.1), is an ordinary differential equation

(t) = F(t,z(t),a(t)) for te][0,T], (1.10)

with some given initial state z(0) = zo. In (1.10), for each ¢, x(t)
and a(t) denote the state variable and the control action that



10 1 INTRODUCTION: OPTIMAL CONTROL PROBLEMS

belong to appropriate spaces, say, X C R" and A C R™, respec-
tively. Similarly, the cost functional (1.2) is replaced by an integral

Vi, 20) ::/0 o(t, 2(2), a(t))dt + Cp((T)), (1.11)

where the instantaneous (or running) cost ¢(t,z,a) and the ter-
minal cost Cr(x) are given functions.

The control variable a(-) in (1.10) and (1.11) depends on the
information available to the controller. Here, to simplify the pre-
sentation, we only consider

e open—loop controls a(t) := g(t), where g : [0,7] — A is a given
(measurable) function; and

e closed—loop (or feedback or Markov) controls a(t) := g(t, z(t)),
for some (measurable) function ¢ : [0,7] x X — A.

In the stochastic case, (1.10) is replaced by a stochastic differ-
ential equation

du(t) = F(t, 2(t), a(t))dt + G(t, z(t), a(t))dW (1),  (1.12)

with z(-) € R", assuming that the state space is X C R", as in
(1.10). Moreover, in (1.12), W(-) € R? is a d-dimensional Wiener
process (also known as a Brownian motion), and G(t,z,a) is a n—
by—d matrix function. In this case, the cost functional in (1.11)
is a random variable and so we replace it by its expected value:

V(m, 20) ;:EUO c(t, (), a(t))dt + Co(x(T))| . (1.13)

The stochastic control problem is to minimize (1.13) subject to
(1.12). &

The remainder of these notes is organized as follows. Chap-
ters 2 and 3 deal with discrete-time systems. Chapter 2 considers
deterministic systems, and Chap. 3 is about the stochastic case.

The remaining chapters deal with continuous-time problems.
Chapter 4 concerns control of continuous—time deterministic
systems in which the state dynamics is an ordinary differential
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equation, as in (1.10). Chapter 5 introduces general continuous—
time Markov control processes (MCPs), which include the deter-
ministic systems in Chap. 4 and many other stochastic control
systems. In this general framework we show that some aspects
of stochastic control problems can be analyzed by exploiting the
“Markovian nature” of the involved dynamic systems. As an appli-
cation of the results for general MCPs we show how to recover
some results for the deterministic systems in Chap. 4. (Here,
deterministic systems are viewed as a class of, say, “degener-
ate” MCPs.) Finally, as another application of MCPs, in Chap. 6
we consider a class of controlled stochastic differential equations
(1.12), also known as controlled diffusion processes.

Remark 1.7. Why should we use Borel spaces (see Appendix
A)? To answer this question we should note that the state space
X and the action set A of an OCP can be of a different “topolog-
ical” nature. For instance, in Examples 1.1 and 1.3, X and A are
sets in (finite-dimensional) Euclidean spaces R or R?. However,
in the control of some queueing systems, for instance, X and A
are discrete spaces, that is, either finite or countably infinite sets.
Indeed, in this case, the state variable x; is typically the “num-
ber of customers” (that is, a nonnegative integer) in the system
at time t. Moreover, the state space X can be finite or infinite,
depending on the system’s “capacity”, and the action set A can
be finite or infinite. For example, in a control of admissions prob-
lem, A is a two-point set {a, b}, where, for each arriving customer,
a = allow the customer to access the waiting line, and b := reject
the customer. At the other extreme, X and/or A can be infinite—
dimensional sets, as in the book by Fabbri et al. (2017). As an
example, consider the partially observable system in Remark 1.5.
If we transform this system into a completely observable one, in
which the state variable is the estimator z;, then the new state
space will be a set X of probability measures! Clearly, if we con-
sider separately each of these cases, the theory could be a little
confusing. To avoid this situation, when dealing with a general
OCP we will simply assume that X and A are Borel spaces; this
includes all the cases mentioned above. (See Appendix A.)
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On the other hand, the Borel space context requires a suitable
concept of “measurability” of sets and functions. Here, however, to
avoid being repetitious, throughout these lectures we assume that
all sets and functions are Borel-measurable. In fact, this measur-
ability assumption usually holds in our case, because we mostly
consider standard, “well-behaved” settings in which functions are,
for instance, continuous or differentiable and so forth, and sim-
ilarly for sets—we mostly deal with nice sets, such as closed or
open intervals. To conclude, we believe that to learn from these
lecture notes it is not necessary to know Measure Theory. Nev-
ertheless, if the reader wishes to learn about it, he/she can look
at several introductory reader-friendly texts, such as Ash (1972),
Bartle (1995), Bass (2020), ... &



Chapter 2 ®

Check for
updates

Discrete—Time
Deterministic Systems

In this chapter we consider the discrete-time system (1.1) in
the so—called deterministic case (see Remark 1.2(a)), so that the
disturbances &; are supposed to be given constants in some space
S. Since this information is irrelevant for our present purposes,
we will omit the notation & so (1.1) becomes

Tir1 :Ft(a;t,at) for t:0,1,...,T—1, (201)

with a given initial condition zy. The state and control spaces X
and A are given spaces. (Recall our assumption in Remark 1.7: In
these lectures, all sets and functions are Borel measurable.)

First, we consider the finite-horizon case, T' < co. Hence, the
optimal control problem (OCP) we are concerned with is to min-
imize the total cost in (1.2), that is,

T-1

V(m, zo) th xy,at) + Cr(zr) (2.0.2)

t=0

over the set II of all control policies (or strategies) ™ = {ay,. ..,
ar—1} subject to (2.0.1). At each time t, the set of feasible actions
is a set A(z) C A, which may depend on the current state z. (If
necessary, the action set A(z) may also depend on the time ¢.) For
this OCP an optimal policy and the corresponding value function
are defined as in (1.3) and (1.4), respectively.
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In the following Sects. 2.1 and 2.2.1 we introduce the dynamic
programming approach to study the OCP (2.0.1)—(2.0.2). This
approach gives sufficient conditions for the existence of an optimal
control policy. In contrast, in Sect. 2.2.2 we introduce the mini-
mum principle (also known as Pontryagin’s principle) that gives
necessary conditions. In Sect. 2.3 we study an infinite-horizon
problem, so 7= oo in (2.0.1)-(2.0.2), with Cr(-) =0. To this
end we use both DP and the minimum principle in Sects. 2.3.1
and 2.3.2, respectively. Moreover, in Sect. 2.3.3 we introduce the
weighted-norm approach that allows positive and negative cost
functions. In Sect. 2.4 we consider again the infinite-horizon prob-
lem but now from the viewpoint of two approximation schemes,
value iteration (VI) and policy iteration (PI). Both schemes are
very useful in applications, and easily extended to stochastic prob-
lems (as in Chap. 3). We conclude this chapter with an analysis,
in Sect. 2.5, of long-run average cost problems. These problems
are very popular in the control of some queueing systems, and
also in computer and telecommunications applications, in which
we wish to optimize some asymptotic cost.

Remark 2.1. Sometimes, without further comments, we will
tacitly assume that the OCPs we are dealing with are consistent
in the sense that they are well defined and admit optimal solu-
tions. Of course, in all of the particular cases considered below we
give conditions ensuring consistency. <&

Recall also the Basic Assumption at the beginning of Chap. 1
about the cost functions ¢;, Cr being nonnegative, and V*(-) < oc.

2.1 The Dynamic Programming
Equation

The dynamic programming (DP) technique is based on the follow-
ing “principle of optimality” stated by Richard Bellman (1920-
1984).
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Lemma 2.2 (The principle of optimality (PO)). Let 7*={ag, ...,
a’t_,} be an optimal strategy for the OCP (2.0.1)—(2.0.2), that is,

V(r*, z9) = min V(m,xzg) V xo.

Let {z{, ..., 2%} be the corresponding path obtained from (2.0.1),
so x = . Then, for any time s € {0,...,7 — 1}, the “trun-
cated” strategy m¥ = {a¥,...,a}_,} from time s onward is an
optimal strategy that leads the system (2.0.1) from the point x%
to the point z7.

We will next sketch the proof of this lemma. The details are
left as an exercise for the reader. (See Exercise 2.4)

Sketch of the proof of Lemma 2.2. Arguing by contradic-
tion, suppose that the lemma’s conclusion does not hold; that is,
for some 0 < s < T — 1, the truncated policy 7 is not optimal.
Therefore, by our consistency assumption in Remark 2.1, there
exists a policy 7ty := {as, ..., ar_1} that is optimal in the interval
[s,T" — 1] so that

Vils, x5) < Vi(mg, o),

where

T-1

Vi(me,z) =Y ey, a0) + Cr(ar) (2.1.1)

t=s
is the total cost from time s onward when using the truncated
policy 75 := {as,...,ar_1}, given that z; = . Now consider the
combined policy 7 = {ao,...,ar_1} defined as

. ay if0 <t <s,
T laifs<t<T-—1.

Then, by definition of 7, Vo(7, zo) < Vo(7*, zo), which contradicts
the optimality of 7* stated in the lemma. O
We will now show how to use Lemma 2.2 to obtain the dynamic
programming equation (2.1.8)—(2.1.9) below.
Consider the OCP (2.0.1)—(2.0.2) but only from time s onward,
with initial state z, = x, that is, the cost function to be minimized
is as in (2.1.1), i.e.,
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T-1

Vi(ms, x) := Z ci(xy, a) + Cr(xp).

t=s

Let vs(x) be the corresponding minimal cost, that is,

vs(z) = iﬁst(ws,x). (2.1.2)

Moreover, since no control actions are applied at the terminal
time T', we define
vp(z) := Cp(x). (2.1.3)

Hence, by Lemma 2.2, (2.1.2) becomes
vs(x) = Vi(mg, @)

T-1

= alaf,af) + Or(a})

t=s
= cs(z,a5) + Vayr (7o, ¥5pq)

= ¢s(7,a5) + vera (2514)-
Therefore, by (2.0.1),
vs() = cs(x,al) + v (Fs(x,al)). (2.1.4)
On the other hand, by definition (2.1.2) of v,(x),
vs(2) < es(x,a) + vs1(Fs(x,a)) Vae Alx). (2.1.5)

Finally, combining (2.1.4) and (2.1.5) we obtain that, for se
{0,..., T —1} and z € X,

vs(x) = areri‘i(ll)[cs(x, a) + vsp1(Fs(z,a))l, (2.1.6)

with terminal condition as in (2.1.3):
vp(z) = Cp(x) VzeX. (2.1.7)

Equation (2.1.6) with the terminal condition (2.1.7) is called the
dynamic programming (DP) equation or the Bellman
equation for the OCP (2.0.1)—(2.0.2). The DP equation is the
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basis of the dynamic programming algorithm in the following the-
orem.

Theorem 2.3 (Dynamic programming theorem). Let Jy, ..., Jr
be the functions defined “backward” (from s =T to s=0) on X

by

Jr(x) := Cr(x), (2.1.8)
and fors=T —-1,T —2,...,0,
Js(z) = g?)[cs(x,a) + Joi1(Fs(z,a))]. (2.1.9)

Suppose that for each s=0,1,...,T — 1, there exists a func-
tion at: X — A that attains the minimum in the right hand
side of (2.1.9) for all x € X. Then the Markov strateqy m =
{ag,...,ak_,} is optimal and the value function coincides with
JU, i.e.,

inf V(m,z) =V (r*,z) = Jo(z) VzelX. (2.1.10)
Actually, for each s =0,...,T,J, coincides with the function in
(2.1.2)-(2.1.3), i.e.,

vs(z) = Js(x) Vs=0,1,....,T, z € X. (2.1.11)

Proof. Let vr,vr_1,...,v9 be the functions defined by (2.1.2)—
(2.1.3), and let m* be the Markov strategy defined in the theorem.
Then, for each s € {0,1,...,T}, the definition of v, yields

vs(z) < Vi(n*,z) = Jo(x) VaoelX,

where the second equality follows from (2.1.9), which can be
expressed as Jy(x) = c5(,a}) + Jop1 (v}, ). Hence, to complete
the proof of (2.1.11), it remains to show that

vs(x) > J(x) (2.1.12)

for all s € {0,1,..., 7T} and z € X.

We will prove (2.1.12) using backward induction. Indeed, first
note that, by (2.1.7) and (2.1.8), the equality holds in (2.1.12)
when s = T'. Now let us suppose that (2.1.12) holds for s + 1, i.e.,
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Vsr1(z) > Jspi(z) Ve X. (2.1.13)

Take an arbitrary policy m = {ay,...,ar_1}. Then, for any z €
X

Y

Vs(m, ) = cs(, as) + Vg (m, Fis(x, as))
> cs(x,a5) + vsi1 (Fy(, ay))
> cs(x,as) + Jor1(Fs(z, as))  [by (2.1.13)]

arerg(n)[cs(x ya) + Js1(Fs(z, a))]

= Jy(z).

Since this holds for any policy 7, we obtain (2.1.12). O

v

In the following example we illustrate Theorem 2.3 with an LQ
control problem (also known as a “linear regulator problem”),
which consists of a Linear state equation with a Quadratic stage
cost.

Example 2.4 (Discrete-time LQ system). Consider the linear
system

Ty =axy+ Pa;, Yi=0,1,...,T —1; x( given,

with nonzero coefficients «, 3. The state and action spaces are
X = A =R. The objective function (or performance index) is

S
-

V(ﬂ-a 330) = (qu + TQ?) + QTx%“’
t

Il
=)

where r > 0 and ¢, qr > 0.
In this case, the dynamic programming equation (2.1.8)—(2.1.9)
becomes
Jr(x) == qra? (2.1.14)

and for s=T—-1,T—-2,...,0:
Jo(z) == min[gz® + ra® + Jo1 (ax + Ba)l. (2.1.15)

This equation is solved by backward induction: substituting
(2.1.14) into (2.1.15) we obtain
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Jr_1(z) := main[q:(:2 +ra® + qr(ox + fa)?].

Therefore,

Jr_i(x) == main[(q + gra®)z® + (r + qrB%)a® + 2graBral.
The right—hand side of this equation is minimized when

ar (v) = Gpr_iz, with Gr_i:= —(r+qrB*) 'qrap,
and the minimum is

Jr_i(x) = Kp_12?,  with Kp_y := (r + qpf%) ‘qrra?® + q.

In general, using backward induction we can see that the opti-
mal strategy 7 = {ag,...,a}_,} is given by

at(r) = Ger, with G, :=—(r+ K,16%) 'K, 108, (2.1.16)

with coefficients K defined recursively by K := gr and for s =
T—-1,...,0:

Ky = (r+ K1) ' Keara® 4+ q.
Likewise, the optimal cost (2.1.11) from time s onward becomes
Jo(r) = Kaa® for s=0,1,...,T — 1. (2.1.17)

In particular, with s = 0 we obtain the minimum cost in (2.1.10).
&

Remark 2.5. (The nonstationary vector LQ problem.) For nota-
tional ease, we have considered above the scalar (or one-
dimensional) L.Q problem in the stationary case, in which the state
and action spaces are X = A = R and the coefficients «, (3, g, r are
all time-invariant constants. However, essentially the same argu-
ments (with obvious notational changes) are valid in the general
nonstationary vector case with state and action spaces X = R"
and A = R™, respectively, and time-varying matrix coefficients
a; € R 3, € R™™ and quadratic stage costs

c(xr,a) =2'qgxr +ad'ra, t=0,1,..
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where “prime” (") denotes transpose, and ¢; and r; are symmetric
matrices, with ¢; nonnegative definite, and r; positive definite.
(The latter means that, for all ¢,z € R", and a € R™, we have
©’qx > 0 and a'ria > 0 for a # 0.) In this case, (2.1.16)—(2.1.17)
become
ai(x) =Gz VreR"

with

Gs = _(Ts + 5ng+lﬁs)715;Ks+lasu
where K7 = qr and, for s =T —1,...,0,

K, = O/s [Ks+1 - Kerlﬂs(Ts + ﬂngHﬁs)ilB;Kerl]as + gs-

With this value of K, the optimal (minimum) cost in (2.1.17)
becomes Jy(z) = 2’ Kqx for s =0,1,...,T — 1. For further details
see, for instance, Sect. 2.1 in Bertsekas (1987). &

2.2 The DP Equation and Related
Topics

This section is divided in two parts. First, in Sect. 2.2.1 we intro-
duce some variants of the DP equation (2.1.8)—(2.1.9). Then, in
Sect. 2.2.2, we consider the OCP (2.0.2)—(2.0.1) from the view-
point of the minimum principle, which gives necessary conditions
for optimality. The idea is to compare this principle with the DP
approach.

2.2.1 Variants of the DP Equation

Discounted costs. Let us suppose that (2.0.2)—(2.0.1) are of the

form
T—1

V(m, zo) = Z a‘ey(wy, ar) + af Cr(ar)

t=0

and
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$t+1:Ft($t,at) Vt:O,l,...,T—l,

respectively, where o € (0,1) is a given discount factor. Then the
DP equation (2.1.8)—(2.1.9) becomes

Jr(z) = o’ Op(z),
Js(z) = main[ascs(x, a) + Jsi1(Fs(z,a)))].

Now consider the change of variable Ug(z) := a~*Js(x). Then we
obtain the so—called DP equation in the discounted case:

Us(x) = main[cs(a:, a) + aUs1(Fs(x,a))] Vs=0,...,T -1,
(2.2.1)
with
Ur(xz) = Cr(x). (2.2.2)

Example 2.6 (Optimal advertising, Adukov et al. (2015)). Let
us consider a market where a monopolistic firm is entering with
a new product. The firm’s market share at time ¢ is x;, and its
advertising expenditure rate is a;. Suppose that the market share
evolves according to the nonlinear system

Yo for t=0,1,...,T -1,
(2.2.3)

where the state and control spaces are X = A =[0,1], p € (0,1)
is the effectiveness of advertising, § € [0,1] is the rate at which
consumers lose interest in the product, and o € [0, 1] is the non-
linearity parameter.

In order to interpret the nonlinear part of (2.2.3), first note that
from the Taylor expansion for (1 — z)'~7 at x = 0, we have

Ti41 = (]_ — 5):L‘t + pat(l — Tt

1—2)"7"=010-2)+0ox(l—2)+7%2* + ...

Therefore, the nonlinear term pa;(1 — x;)'~° can be approximated

by the sum of a portion representing the new consumers due to
the direct advertising, pa;(1 — ;); and the new consumers due to
the word-of-mouth advertising by active consumers x;, namely,
opary(l — xy).
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Now, going back to our OCP, given an initial state xy, we want
to maximize the profit function

T-1

7r xo Z <pxt —cay ) + oszTxT,
t=0

where p > 0 and pr > 0 are potential revenues, and ¢ > 0 is the
advertising cost.

This problem can be solved explicitly by means of Eqgs. (2.2.1)—
(2.2.2) for maximization problems. That is

Ur(z) := pre,
and for s =0,1,....,7T — 1:
Us(x) := max {px — car + U,y (1= 0)z + pa(l — :1:')1"’)} :
By backward induction, for s =T — 1, we have
Upr_1(x) = max {px — car + apr (1 =6)z + pa(l — x)l_")} :

The maximum is attained at

Gioa(x) = [M (pr) (1~ )], where M () = (2227)

c
and so
1—0
Ur-1(z) = N(pr)z +c M (pr),
with
1—0
N(t):=p+a(l—-§)r—c M(T).
o
Continuing with the backward induction, we obtain that the opti-
mal control policy 7* = {a}, ..., a%_;} is given by

ai(z) = [M (N> Ypr)) (1—2)]", s=0,1,...,T -1,

s

where N7=571 is the (T' — s — 1)th iterate of the function N.
From (2.2.3), the corresponding state path is

o = (1= 0)x} + p[M(N"="}(pr)))"(1 — ),
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and the optimal benefit from time s onward turns out to be

T—s—1

Tslzai szT))

for s=0,1,...,T — 1. <&

Us(z) = NT%(pp)a + c

Forward form of the DP equation. Consider the DP equa-
tion (2.1.8)-(2.1.9) and let Uy := Jp_s for s =0,1,...,7. Then
the DP equation becomes

Us(z) = main {cs(z,a) + Us—1(Fs(x,a))} (2.2.4)

for s =1,2,...,T, with initial condition
Uop(x) = Cp(x).

Moreover, if fr_s(x) minimizes the right-hand side of (2.1.9) at
the stage T'— s, then g, := fr_s minimizes (2.2.4) at the stage s,
and 7 = {gr, ..., g1 } is an optimal policy, that is

Ur(z) = Jo(z) = V (1", x).
In the discounted case, the forward form of (2.2.1)—(2.2.2) becomes
us(x) = min [cs(x,a) + aus_1 (Fs(z,a))] (2.2.5)

acA(x)

for s =1,2,...,T, with ug(x) = Cr(x).

2.2.2 The Minimum Principle

Remark 2.7. (a) In this section, we suppose that the state and
action spaces X and A are subsets of R™ and R™, respectively.
We also assume that the cost functions in (2.0.2) and the sys-
tem functions in (2.0.1) are differentiable.

(b) Given two column vectors x,y of the same (finite) dimension,
we write their inner product as - y := ) . 2;y;. Sometimes we
also write x - y as (z,y). If z is a row vector and y a column
vector, then we write their inner product simply as zy.
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(c) Consider the OCP (2.0.1)—(2.0.2) and the Hamiltonian func-
tion

Hi(x,a,p) :=c(x,a) +p- F(zx,a), t=0,1,..

for (x,a,p) € X x A x R™. Under the differentiability assump-
tion in (a), the Hamiltonian is also differentiable. <&

The conditions in Remark 2.7 are one of the key differences
between the minimum principle (MP) and the dynamic program-
ming (DP) approach. In the former, typically, the state and
action spaces X and A are finite-dimensional and the functions
in (2.0.1)—(2.0.2) require some differentiability condition. In con-
trast, in DP, X and A are general Borel spaces (that is, Borel
subsets of complete and separable metric spaces), and the func-
tions in (2.0.1)—(2.0.2) require some mild condition, for instance,
piecewise continuity.

The minimum principle gives necessary conditions for optimal-
ity. Roughly, it states the following: If 7* = {a;} is an optimal
strategy and {z;} is the corresponding state path, then the pairs
(x},a;),t=0,1,..., satisfy, for some vectors py, p1, ..., the con-
ditions (2.2.6)—(2.2.8) below. In particular, (2.2.7) yields that the
optimal controls a; minimize the Hamiltonian function H;, which
gives the name “the minimum principle”.

The minimum principle was originally developed for continuous-
time problems (Gamkrelidze 1999). In this section we obtain the
discrete—time minimum principle in the form of first-order neces-
sary conditions.

Theorem 2.8. (The minimum principle). Let 7*={af,...,a}%_}
be an optimal strategy for the OCP (2.0.1)-(2.0.2) and {z§, ...,
xh} the corresponding path. Then there exist vectors py, ..., pr in

R™ such that
(a) forallt=1,...,T —1,

(b) forallt=0,...,T -1,
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acy, OF;
8;( Ty, a;) + pri1im— 9a (%,at) 0, (2.2.7)

(¢) we have the terminal condition (TC)

pr = 2T ). (2.2.8)

Proof. Consider the “cost to go function” from time s using 7*
given T, = 7, i.e.,

Vi(z) =) ald,af) + Cr(ir), (2.2.9)

t=s

where each 7, is generated by (2.0.1) using 7¥. Note that V' is a
differentiable function (see (2.2.10) below.)

Define .
Pt = a;; (Q?:),

forallt=1,...,T.
(a) Taking a; = a; in (2.1.6), it follows that V*(x) = ¢;(x,a}) +
Vi (Fi(z,a;)) for all t=1,...,T — 1. Differentiating and

evaluating in zj, we obtain

OV (xp) 0 ov: oF
cr) ﬁ(x:,a:) + 81;1 (Fi(zy,a7)) 8;@:7@:)7

or  Ox
(2.2.10)

which is (2.2.6).
(b) By the Principle of Optimality (Lemma 2.2) and (2.1.2),
Vi (x7) = ve(xf). This fact, by (2.1.6), implies

Vt('r:) = aga) {Ct(x:7 a) + V;fil(ﬂ(x;:? CL))} )

forallt =0,...,7T — 1. Since a; minimizes the righ-hand side,
we obtain

ocy , , . OV oF, ., .
a_;(xt7at)+ atH(Ft( ts t))a—at(xt,at):(),

which is (2.2.7).
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(c) Finally, by (2.2.9), we have V' (z) = Cp(Zr), so

_ OVr(zy) _ 0Cr(at)
g Ox Ox
This completes the proof of the theorem. O

Sufficient conditions can also be provided with additional con-
vexity assumptions, as follows.

Theorem 2.9. Suppose that there exists a strategy 7 = {ag, . . .,
@y, } and vectors py, ..., pr such that (2.2.6), (2.2.7) and (2.2.8)
hold. Define hg : X x A — R as

h()(l’, CL) = CO(‘T7G) +p1e F0(1'76L),
and fort=1,...., T —1, hy : X x A — R as
hi(z,a) = ci(x,a) + pey1 - Fy(x,a) — py - .

If hy is convex for allt =1,...,T — 1 and Cr is convezx, then 7*

is optimal for the OCP (2.0.1)-(2.0.2).

Proof. Since (2.2.6) and (2.2.7) are the first order conditions of
optimality for each h;, the convexity of h; implies that (x},a;)
minimizes h;. Analogously, % minimizes Cr(z) — pr - z.

Let m = {ag,...,ar_1} be an arbitrary policy. We have

T-1 T-1 T—-1
alaf, @) + Cr(ay) =Y hiaj,z}) + ) pr-a;
t=0 t=0 t=1
T-1
- Z pr+1 - Ty + Cr(ar)
t=0
T—1
< hi(ze, ai) — pr - 2 + Cp(x})
t=0
T—1
<N h(x,a)) — pr-xp + Cr(zr)

~+
Il
=)
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S
-

= ci(ag, xy) + Cr(xr).

-
I
o

Thus 7* is optimal. O

Example 2.10 (An economic growth model). This is a model
introduced by Brock and Mirman (1972). The state and control
variables x; and a; denote capital and consumption, respectively,
at time t = 0,1,.... The state and control spaces are X = A =
[0,00), and the dynamics of the system is given by

v =cxl —a, for t=0,1,...,7 —1, (2.2.11)

with 6 € (0,1) and zy given. Let A(x) := (0,cz?], and consider
the objective function or performance index

-1
V(m,xg) = Z o' log a; + o’ log 7. (2.2.12)
=0

In this OCP, the economic interpretation is that the controller
wishes to determine a consumption strategy {a;} to mazimize the
total discounted utility (2.2.12), subject to the capital dynamics
(2.2.11). The term cx! in (2.2.11) represents the output as a func-
tion of the current capital z; and the technological parameter c;
this output is distributed in consumption a; and capital x;,, for
the next period.

To solve this problem we write the minimum principle equations
(2.2.6)—(2.2.8) as follows

pra1cfz?™ =p, for t=1,.,T—1, (2.2.13)
ot
Y =0 for t=0,..,T—1, (2.2.14)
ag

with the terminal condition

6 T
pr = —. (2.2.15)
xT

From (2.2.14) for t =T — 1 and (2.2.15),
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OéT_l IT Cl’%_l — ar—1
a’T*l = = ————
oT Je" fa
which implies
0

" _crpy

T-1 = .

1+ fa

Again, from (2.2.13) and (2.2.14) for t =T — 2,

T—2 9
a _ar— Tr—1 _ Clp_o —ar-2

pr-1 chaxll " fa+ (0a)?  Oa+ (a)?

ar—g =

yielding

0
CTp_2

- 1+ 60a+ (6a)?

ar—2

Continuation of this process backward in time yields the optimal
control policy

. _ clzy)? [ el=0a) .
“ =7 +0a+ -+ (Ba)T—t L — (Ha)T—tH} [zy]” (2.2.16)

forallt=0,...,T — 1. &

Remark 2.11. Theorems 2.8 and 2.9 above, and also Theorem
2.29 below, are simplified versions of results by Dominguez-Corella
and Herndndez-Lerma (2019). &

2.3 Infinite—Horizon Problems

In this section we consider infinite-horizon problems. First, in
Sect. 2.3.1 we study the so-called stationary discounted case by
means of the DP approach. Then in Sect. 2.3.2 we consider gen-
eral nonstationary problems using the minimum principle (MP).
Again, as in Sect. 2.2.2, the idea is to compare the DP and the
MP techniques. Finally, in Sect. 2.3.3, we introduce the so-called
weighted-norm approach.
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A relevant question is, why should we consider infinite horizon
problems? Do they appear in “real” situations? Are they impor-
tant? Detailed answers will require to refer to the approximation
algorithms and the asymptotic or long-run averages in Sects. 2.4
and 2.5, respectively. Therefore, we defer this topic to the end of
the chapter.

2.3.1 Discounted Case

Instead of the OCP (2.0.1)—(2.0.2), consider the stationary dis-
counted OCP: Minimize

Vo(m, x) == Zatc(xt, at) (2.3.1)
=0
over all policies m = {ay, . ..,a,} subject to
Tpp1 = F(r,ae) VE=0,...,n—1, (2.3.2)

with a given initial state xo = z. In (2.3.1), a € (0,1) is a given
discount factor.

Remark 2.12. The problem (2.3.1)—(2.3.2) is called stationary
because the cost ¢(z, a) and the system function F(x,a) are time—
invariant. Similarly, a Markov policy m = {a;}, with a; = g(t, z¢)
for all £t =0,1,... (see Remark 1.2(d)) is said to be stationary
if g(t,z) = g(x) for all ¢t. In other words, the control actions
a; = g(z;) depend on the time parameter ¢ only through the state
x¢. Stationary control policies usually appear in infinite-horizon
OCPs only. (See Corollary 2.22, for instance.) O

In this section, we are interested in the infinite horizon OCP
obtained from (2.3.1) by letting n — oo; that is, the OCP now is
to minimize

V(m,x) = Zatc(xt,at) (2.3.3)

subject to (2.3.2). Let
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V*(z) =infV(m,z) VzelX, (2.3.4)
™

which is called the a—discount value function. A policy 7* is
said to be a—discount optimal if

V(r*,z) =V*(z) VzelX.

The infinite-horizon discounted OCP (2.3.2)—(2.3.3) was intro-
duced by Blackwell (1965).

Example 2.13 (Tracking problems). As noted in Example 1.4,
tracking problems are a standard topic in some areas of economics
and engineering, among other fields. The idea is as follows.

We are given a nominal control path {a;,t =0,1,...} and a
nominal state trajectory {x;,t =0,1,...}. The OCP is then to
minimize the tracking cost

V(m, ) = Z a(zy — 1) + (ap — a})?] (2.3.5)

subject to a state equation such as (2.3.2). In particular, if this
state equation is linear, say,

i1 = Fay + Gay,

the tracking problem becomes an LQ (Linear-Quadratic) prob-
lem. Observe that, essentially, (2.3.5) is an ¢*~distance from the
state—control trajectory {(x:,a;),t =0,1,...} to the given nom-
inal trajectory {(x},a),t =0,1,2,...}, so the tracking problem
is to keep the state—control trajectory as close as possible to the

nominal trajectory. In particular, if a; =0 for all ¢ =0,1,..., in
engineering this is called a tracking problem with minimum fuel.
Similar problems are dealt with in economics. &

In this section we are interested, among other things, in pro-
viding solutions to the following problems.

Problem 1. Let V*(z) := inf, V,,(7, ) be the minimal cost or
value function for the n—stage OCP. Under what conditions does
it hold that, as n — oo, V. converges to VV*? That is, when do we
have
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lim V' (z) = V*(2) (2.3.6)

for all z € X7
In (2.3.7), below, A(x) C A denotes the set of feasible control
actions in the state z, for each x € X.

Problem 2. Under what conditions is V* a solution of the
dynamic programming equation, also known as the Bellman
equation or a—optimality equation (a—OE) in the discounted—
cost case, that is,

V¥ (z) = aeil;llfz)[c(x, a) +aV*(F(x,a))] (2.3.7)

forall z € X7

To put it in other words, consider the so—called Bellman oper-
ator K defined as
Kuv(z) = igf )[c(x, a) + av(F(z,a))] (2.3.8)
acA(x
for functions v in a certain family. Then we can restate Problem
2 as follows: when is V* a fixed point of K7 That is, when can we
ensure that

V*=KV* (2.3.9)
holds?

Remark 2.14. The fact that V* satisfies (2.3.7) or (2.3.9) is
not quite surprising. Indeed, for the a—discounted OCP (2.3.1)—
(2.3.2), the DP equation (2.2.5) becomes

V*(z) = min [c(x,a) +aV) ((F(z,a))] Yn=12,...

" a€A(z)

(2.3.10)
with Vi (-) = 0. Therefore, if in (2.3.10) we let n — oo and, in
addition, (2.3.6) holds, then we would expect to obtain (2.3.7)
(if interchanging of the “lim” and “min” operations is allowed—
see Lemma 2.15 below). On the other hand, note that, using the

operator K in (2.3.8), we may express (2.3.10) as an iteration of
K, that is,

V=KV, =K'V, with V=0 (2.3.11)
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Due to this fact, the functions V,* are also known as value iteration

(VI) functions. &

Note that (2.3.7) and (2.3.9) always have the trivial solutions
v = oo and v = —oo. We are interested, of course, in finite—valued
functions.

The following lemma gives conditions that allow to interchange
limits and minima.

Lemma 2.15. Let {gx} be a sequence of real-valued functions
on a space Y converging to a function g. Each of the following
conditions (a), (b), (c¢) ensures that

liminf gx(y) = inf lim gx(y) = inf g(y).
E oy y ok Y

(a) gr |9,
(b) gx converges uniformly to g; that is, for each € > 0 there exists

a number k(e) such that, for all y € Y,
lgk(y) — g(y)| < € whenever k > k(e).

(c) Y is a metric space, the functions gy are inf-compact (that is,
for each k =1,2,... and r € R, the set {y € Y : gr(y) < r}
is compact), and, moreover, g; T g.

Proof. See Exercise 2.5. a

We will next use some definitions and facts from Appendix B.
Let
K:={(z,a) € X x Ala € A(x)} (2.3.12)

be the graph of the multifunction x+— A(z). (See Definition
B.1(b).) We denote by FF the family of (measurable) functions—
called selectors—f : X — A such that f(z) € A(zx) for all x € X.
(Note that a selector f € F is simply a function from X to A
whose graph (z, f(x)) is in K for all z.)

Lemma 2.16. Let u : K — R be nonnegative and K—inf-compact,
that is (as in Definition B.4(a2)), for every compact set X' C X
and every r € R, the set

{(z,a) € G(X)|u(z,a) <r}
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is compact, where G(X') := {(z,a) € X' x Ala € A(x)}. Then
(a) There exists f € F such that

u*(x) = g(n)u(x, a) =u(zx, f(zr)) VaelX,

and u* is l.s.c.
(b) If u,ug : K — R, for k =1,2,..., are bounded below and K-
inf-compact, and u; T u, then

lim min ug(z,a) = min u(x,a)
k—o0 acA(x) a€A(x)

for all z € X.

Proof. (a) This part follows from Theorem B.9. It also follows
from Theorem B.8, using the fact that (by Lemma B.6)

K — inf-compactness = inf-compactness on K, (2.3.13)

and also implies lower semi—continuity of u (by Theorem B.9).
(b) Fix an arbitrary x € X, and let g(a) := u(x,a) and gi(a) :=
uk(x,a). Then g T g and, by (2.3.13) again, the functions g, are
inf-compact on A(x). Since x was arbitrary, (b) follows from
Lemma 2.15 (c). O

In the context of the infinite-horizon OCP (2.3.2)—(2.3.3), our
Basic Assumption (in Chap. 1) states that:

(a) the stage cost ¢ : K — R is nonnegative, and
(b) there exists a control policy 7 € II such that
V(m,z) <oo forall zeX.

In addition to the Basic Assumption, in the remainder of this
section we suppose the following.

Assumption 2.17. (a) The cost function ¢ > 0 is K-inf-compact;
(b) The system function F' : K — X in (2.3.2) is continuous.

We will denote by L(X) the family of l.s.c. functions on X,
and by LT(X) the subfamily of nonnegative functions in L(X).
Observe that L*(X) is a convex cone. (See Exercise 2.9.)
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Lemma 2.18. Suppose that Assumption 2.17 holds, and let
LT (X) be the family of nonnegative and ls.c. functions on X.
Then:

(a) The Bellman operator K in (2.3.8) maps L*(X) into itself;
that is, if v is in LT(X), then so is Kv.

(b) Ifvisin L*(X), then there exists a selector f € F that attains
the minimum in (2.3.8), i.e.,

Ku(z) = e(z, £(2)) + ao(F(z, f(z))) ¥ e X.
Proof. Fix an arbitrary function v € L*(X), and define
u(z,a) = c(z,a) + av(F(z,a)) V(z,a) € K. (2.3.14)

Both results (a) and (b) will follow from Lemma 2.16(a) if we
show that the nonnegative function u is K—inf-compact. To this
end, take an arbitrary compact set X’ C X and r € R, and note
that the set

G(X"e :={(z,a) € G(X")|c(x,a) <r}

is compact, because ¢ is K-inf-compact (Assumption 2.17(a)).
Moreover, G(X’). contains the set

G(X")y = {(z,a) € G(X)|u(z,a) <r}.

Therefore, to see that u is K—-inf-compact, it suffices to show
that G(X'), is closed, that is, if a sequence of elements (xy, a;) €
G(X'"), converges to (z,a), then (z, a) is in G(X'),. This, however,
is obvious because the mapping (x, a) — u(z, a) is l.s.c. (Exercise
2.9). O

Remark 2.19. Consider a selector f € F. To simplify the nota-
tion we will write ¢(z, f(x)) and F(x, f(x)) as ¢(z, f) and F(x, f),
respectively. Moreover, we will identify f with the stationary
Markov control policy m = {a;} such that a;(x;) = f(z;) for all
t=0,1,.... Similarly, if 7 = f, we will express the total a—
discounted cost in (2.3.3) as V(f, z), that is,

V(f,x)= Zatc(a:t, f) (2.3.15)
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for all initial state o = x. Note that expanding the righ—hand
side of (2.3.15) we obtain

V(f,x)=c(z, )+ aZat_lc(xt, 1)

=1
Thus, by (2.3.2), we can express (2.3.15) as

V(f,x)=clz, f)+aV(f,F(z,f)) YVzeX
or, using (2.3.2),

V(f,x1) = (g, f) + aV(f, 211) (2.3.16)
forallt=0,1,.... &

We need the following “monotonicity property” of the Bellman
operator K before going back to Problems 1 and 2.

Lemma 2.20. Consider the Basic Assumption and Assumption
2.17. If v € LT (X) is such that v > Kwv, then

(a) There exists f € F such that v(z) > V(f,x) for all x € X;
therefore,

(b) v>V*

Proof. (a) If v > Kwv, then, by Lemma 2.18(b), there exists f € F
such that

v(z) > ez, f)+av(F(z, f)) VoeelX.

Iteration of this inequality yields, for all n = 1,2, ... and x € X,

n—1

v(z) > Zatc(xt, )+ a"v(x,).

t=0
Therefore, since v > 0, letting n — oo we obtain
v(x) >V (f,z) VeelX.
(b) Thus, since V(f,-) > V*(-), we conclude that v > V*. O

We are now ready to give conditions under which the answer
to both Problems 1 and 2 is affirmative.
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Theorem 2.21. Consider the Basic Assumption and Assump-
tion 2.17. Then

(a) (2.3.6) holds, in fact V.5 1 V*, and

(b) V* is the minimal solution of the «a-optimality equation
(2.3.7); that is, V* = KV* and if ve LT(X) also salisfies
v=KV, thenv > V*.

(c) V* isthe “unique” solution of the DPE in the following sense:
If ve L1(X) is such that v = Kv and, in addition, for any
policy m = {a;} and the corresponding state trajectory {x,} we

have
lim o"v(x,) =0, (2.3.17)

n—oo

then v =V*. (The condition (2.3.17) is sometimes called a
“transversality condition”.)

Proof. Since ¢ > 0, the definition of V" gives

V¥ (z) < Vy(mz) < V(m )

for any policy m and x € X, so
Vi(z) <V*xz) VzelX. (2.3.18)

On the other hand, since the sequence {V,*} is nondecreasing,
V¥ 1 v for some function v such that, by (2.3.18),

v < V¥, (2.3.19)

Furthermore, from (2.3.10) and Lemma 2.16(b), v is in LT (X)
and it satisfies (2.3.9), that is,

v=1lmV  =lim KV, , = Kv.
It follows from Lemma 2.20 that v > V*. This fact and (2.3.19)
give that v = V*. This proves both (a) and (b).

(c) If v = Kv, Lemma 2.20 gives that v > V*. To obtain the
reverse inequality first note that v = Kv implies

v(z) <c(x,a)+ av(F(z,a)) VY (z,a) € K.
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Therefore, for any policy m = {a;} and the associated state tra-
jectory xy,

v(xy) < clxy,ap) + av(xy) VE=0,1,....

Iteration of this inequality, given an arbitrary initial state xq = x,
gives

n—1

v(r) < Zatc(il?t,at) +a"v(z,) Vn=12,...,
t=0

ie., v(x) < V,_i(m z) + a™v(z,). Finally, letting n — oo, from
(2.3.17) we obtain v(z) < V (7, z). Thus, since 7 and xy = x were
arbitrary, it follows that v(-) < V*(-). This completes the proof of
part (c). O

As a consequence of Theorem 2.21(b) and Lemma 2.18(b)
we obtain the existence of an optimal stationary policy for the
infinite-horizon OCP (2.3.2)—(2.3.3), as follows.

Corollary 2.22. Under the hypotheses of Theorem 2.21, there
exists f* € F such that f*(z) € A(x) attains the minimum in the
right—hand side of (2.3.7), that is,

V*(z) =c(z, )+ aV*(F(z, f*)) VzelX, (2.3.20)
and f* is an optimal stationary policy.

Proof. The existence of f* as in (2.3.20) follows from Lemma
2.18(b). Moreover, as in (2.3.16), iteration of (2.3.20) gives that
V*(x) =V(f* ) for all z € X. Therefore, f* is a—discount opti-
mal. O

In the following examples we use the notation in (2.3.2)—(2.3.4).
These examples show that before using DP results (such as The-
orem 2.21) we should carefully verify their hypotheses.

Example 2.23 (Bertsekas 1987, p. 212). Let X =[0,00),
c(xz,a) =0, and F(x,a) = x/a. Then, for any constant b, the func-
tion V(z) = bx, for x € X, satisfies (2.3.7). Hence, the operator
K in (2.3.8)—(2.3.9) has an infinite number of fixed points in this
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case. However, it has a unique fixed point in the class B(X) of
real-valued bounded functions on X, namely, the zero function
V*(-) =0, which is the optimal cost function for this example.
(See Remark 2.25 below, and also the Exercise 2.7.)

Example 2.24 (Bertsekas 1987, p. 215). Let X = R, A = A(x) =
(0,1] for all z € X, c(z,a) = |z|, F(z,a) = a az. It can be veri-
fied that V*(x) = |z| for all z € X. Now let 7 be the stationary
policy such that w(x) =1 for all x € X. Then the cost function
v(-) =V(m,-)in (2.3.3) isv(z) = 0o if x # 0 and v(0) = 0, so 7 is
not optimal because v(-) # V*(-). Nevertheless, it can be verified
that v is a fixed point of K, so it satisfies (2.3.9). &

The Exercise 2.7 and other results below use the following well-
known fact.

Remark 2.25 (Banach’s fixed point theorem). Let (X, p) be
a complete metric space, and T': X — X a contraction mapping,
that is, there exists a number 3 € (0, 1) such that

p(Tu, Tv) < Bp(u,v) Vu,veX.
Then T has a unique fixed point u* € X, i.e.,
Tu* = u”.

Moreover, for any u € X', T™u converges to the fixed point u*; in

fact,
p(T"u,u*) < B"p(u,u™) ¥Yn=0,1,...,

where T" := T(T"!) for all n = 1,2, ..., with T :=identity. <

2.3.2 The Minimum Principle

Now we introduce the minimum principle for an infinite—horizon
OCP. As in Sect. 2.2.2; these necessary conditions for optimality
are stated under smoothness properties. We assume that the state
space X is a subset of R", the action space A is a subset of R™, and
the cost functions ¢; : X x A — R as well as the system functions
I, : X x A — X are differentiable in the interior of X x A.
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Given an initial state xy = z and the dynamics (2.0.1), let us
consider the general performance function

Vim, x) = Z (e, ar),

t=0

for which we assume that V(m, z) > —oo for each admissible
policy m. We also suppose that there is a policy 7 such that
V(m,x) < oo for every x. Under these conditions we first study
the Gateaux differential of the real valued function V(- z).

Remark 2.26 (on notation).
(a) Given 7 =0,1,..., a policy
™= {Clo, A1y o5 Qr—1,C7,Qr41; - - - }7

and an action a € A, we define the policy

m_.(a) :={ap,a1,...,04:—1,a,a741,... },

which is obtained from 7 by replacing the action a, with a.
(b) We will denote by 27 ¢+ =0,1,..., the state path corre-
sponding to m_,(a). Note that

xfﬁ(a) = Fy(wy,a0) if t<T,
=F(zr,a0) if t=r,
= Ft(x:”(a), a) if t>r7

forallt=0,1,....
(c) We use the following notation for the product of square matri-
ces Jy, Jo, ...

t
[I%:=170 it 7<t,
k=1

=1 if 7>t

where [ is the identity matrix. &

Lemma 2.27. Fix an arbitrary 7 in {0,1,...} and y € R™ (a
row vector). Let ¢™¥ be defined by
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WY = y fori=r,
Y0 fori £

Then, if it exists, the Gateaux differential of V (-, x) at 7 in the
direction ™Y is

acT % 8 T *
%(I‘ra CLT)y + )\T‘Fl%('xT’ a7—>y )

where y* denotes the transpose of y € R™, and

dV (m; ™) =

=\ e,
Ayl i= Z a—x(xs,as) a—(ﬂﬁc,ak)-

Proof. For § € [0,1) small enough so that a, 4+ dy is in an open
neighborhood of a,, consider the policy m 4+ §¢™Y = 7_.(a, + Jy).
Then

T—1

V(Tl' + 61/17’y7$) = z Cs($57 as) + CT($T7 ar + 5y) + Z Cs <$27Y(a’»+6’y)1 as) .

s=0 s=7+1

Thus, the Gateaux differential of V' at 7 in the direction 9™ is
given by

d
dV(m;p™Y) = %V(ﬂ' + 51/)7’y)‘670

oo

_ Oc; ., d 7 (a:+5y) )
= Jg @+ 55 c (”’C %) lsmo’
s=71+1
= X oy
[e'e] s—1
865 6Fk 8F7— *
+ (S_TZH e (xs,as)knrl(%(xk,ak)> E(mnm)y ,

where the last equality is obtained applying the chain rule induc-
tively. O

From the above computation, we can see that the existence of
the Gateaux differential of V' (-, ) requires the following additional
hypothesis.
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Assumption 2.28. Let m = {ag, a1, ... } be apolicy. For any 7 =
0,1,..., there is an open neighborhood U, of a, such that the
sequence of functions p, s : U. — R given by

aCs T_-(a o apk T_(a
prala) =5 (@7 a,) T] - (7} @ a) (2.3.21)
k=7+1

are such that the series ) | p-s(a) converges uniformly in U.

Theorem 2.29. Let m = {a;,t =0,1,...} be a policy satisfying
the Assumption 2.28 and {x;,t =0,1,...} is the corresponding
state trajectory. If w is an optimal policy for the OCP, then there
exists a sequence { A}, in R™ such that:

1. for eacht=1,2,...,

Oc OF,

8; (@, ar) + A 5’.7: (w4, a) = A, (2.3.22)
2. for eacht =0,1,2,...,

Oc OF,

g (T r) + M (w1,00) =0, (2.3.23)

3. Transversality condition (TC): for each T =0,1,2,...

. 11 OFy,
k=1

Proof. Define, for each t =1,2,...,

ad 865 s 8Fk
= — —_— . 2.3.2
)\t ; O ('Tsy as) g O (xka ak:) ( 3 5)

1. A direct calculation gives

s—1

(905

OF}
)‘t a xSa S H 8 xk?"‘k‘)
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0 OF;
= 8*?(%, at) + At+17;($t, at).

2. From Lemma 2.27, we have

oc; .

OF.
V(7T§Q/Jm/) = Oa (xT’ r)y A5 Oa (:ET,CLT)?J :

Recalling Theorem 1 from Luenberger (1969), p. 178, a neces-
sary condition for 7 to be a minimizer of V' is that dV (m;¢™¥) =
0 for all 7=0,1,2,... and every y € R™. Hence
dc,
da

3. Notice that

OF;
- (Trar) + A1 ——

5 "(z,;,a,)=0forall T =0,1,2,....
a

s—1

dcs OF, — OF}
8C:c (zs,as) H * (@, ar > 1;[ e (zk, ar)

k=t

t— [e5S]
)\t ——(zk,a1) = E
s=t
o] s—1

k
> 5 wvan) H%
s=t k=1

From Assumption 2.28, this series is convergent, and so its tail
tends to zero as in (2.3.24). O

Remark 2.30. Let us assume that in Theorem 2.29 the search
of an optimal control is restricted to Markov policies m = { f;},
so that a; = fi(z;) for all t=0,1,.... If 7 is optimal for the
OPC and {x;}{2, is the corresponding optimal trajectory z;.; =
Fy(xy, fi(zy)) forallt = 0,1,..., then (2.3.22)—(2.3.24) are rewrit-
ten as follows:

1. foreacht=1,2,...,
86 8Ft

M (xta fi) + )\t+1 (It7 ft) = As (2.3.26)
2. foreacht =0,1,2,...,

oc OF,

8; (@, ft) + >\t+1 t(ﬁt, fi) = (2.3.27)

3. Transversality condition (TC): for each 7 =0,1,2,...,
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t—o0 (93';

i 3 T G, )+ o ) P )] = 0. (2329

k=1

Moreover, for each t = 1,2,... we redefine \; in (2.3.25) as

r=Y [gi v ) ﬂAk+ e 1) e HBk

s=t

Y

(2.3.29)
where
OF; OF; 0
Ay = a;(l‘k,fk) ak( Tk, fr) fk( k)
oF; oF; 0
By = 6::(!76k,fk) ak( Tk, fr) fk( k)-

The proof is similar to Theorem 2.29. For details see Dominguez-
Corella and Herndndez-Lerma (2019). &

Example 2.31 (Brock-Mirman infinite-horizon model).  We
next consider an infinite-horizon version of the Brock and Mir-
man (1972) model in Example 2.10.
Given an initial state z(, the system evolves according to the
dynamics
T =cx! —a, t=0,1,2,..., (2.3.30)

with 6 € (0,1). We consider again the control constraint sets
A(z) = (0, cz?]. The performance index, for a feasible policy

m={a, t=0,1,...},

is given by
(7, o) Zoz log(ay).

Thus the minimum principle conditions (2.3.26) and (2.3.27)
become
Mprcfzi™t =N, t=1,2,..., (2.3.31)

Oét

= N =0, t=0,1,.... (2.3.32)

Qy
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This difference equations can be solved by the “guess and verify
method” as in Chow (1997). To this end, consider a policy a; :=
dez? for some real number d. Then combining (2.3.31) and (2.3.32)
we obtain

¢ t po0—1 ¢
B p 1« p e_l_ozcﬁxt _Ga
A= Ml = —clx] = ———F—— = —.
¢ t ]
ay dexy dz,

This implies that

(90[t+1 eat—H eat-i-l

dri,  d(cx? —a,)  d(cx! — dexl)

)\t+1 =

On the other hand, from (2.3.32), A\;11 = %;0. Equating both val-
ues, we conclude that d = 1 — 6. Then an optimal policy is

af =c(l—0a)z;]’ for t=0,1,2,.... (2.3.33)
o

Remark 2.32. From (2.3.33), and in accordance with Corollary
2.22, the optimal stationary policy for the Brock and Mirman
model for the infinite horizon case is f*(z) = c¢(1 — fa)2? and the
value function is

w1 (e 0
V*(z) = T log[e(1 — )] + m log(cfar) + T 0a log(x).

This function satisfies the DP equation (2.3.8). On the other hand,
in the spirit of Theorem 2.21, we can deduce that the optimal
policy (2.2.16) for the finite horizon case converges to the optimal
policy (2.3.33) for the infinite horizon problem. &

2.3.3 The Weighted-Norm Approach

In Sect. 2.3.1 we studied the infinite-horizon discounted OCP
(2.3.2)—(2.3.3) assuming that the stage cost c¢(x,a) is possibly
unbounded, but nonnegative. This nonnegativity yields that the
infinite series (2.3.3) is well defined (although it might be infinite).
In general, however, considering costs ¢(z,a) with both positive
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and negative values may create technical complications. To avoid
them, in this section we consider weighted norms, an approach
introduced by Wessels (1977). This approach indeed allows ¢(z, a)
to take positive and negative values, but its “growth” is restricted
in a suitable sense (see Assumption 2.33(c) and Lemma 2.34(b)).
The basis of this approach is in the following conditions.

Assumption 2.33. For every x € X:

(a) the control constraint set A(x) is compact, and the set-valued
mapping = — A(z) is continuous. (It suffices to assume that
xr— A(x) is u.s.c.)

(b) For (z,a) € K, with K in (2.3.12), the function (z,a)+—
F(z,a) is continuous, and (z,a) — c(x,a) is Ls.c.

(c¢) There is a continuous function w(-) > 1 on X, and positive
constants ¢ and 3 > 1 such that, for every x € X,

(c1) SUDge A(x) le(x,a)| < cw(x), and
(¢2) sup,ea) w(F(z,a)) < pw(r), and af < 1.

Assumption 2.33 is supposed to hold throughout this section.
The function w in part (c) will be referred to as a weight func-
tion , but in the control literature is also known as a majorant, a
bounding function or a gauge function. Part (c2) is called Wessels
condition. As an example, if the stage cost ¢ is bounded, that is,
lc(z,a)| < ¢ for some constant ¢ and all (x,a) € K, then we may
take w > 1 as a bounded function. On the other hand, a com-
mon situation is when c satisfies a polynomial growth condition, in
which case we may take w as w(z) := D(1 + |z|*). Another com-
mon situation is the ezponential growth case, with w(x) := Deklel.

The proof of the following lemma is left to the reader (Exercise
2.12). Observe that parts (a) and (b) are a direct consequence of
Assumption 2.33(c) and an induction argument. Part (c) in the
lemma follows from (a)-(b) and the definition (2.3.3) of V(, ).

Lemma 2.34. Let {(z4,a:),t =0, 1,...} be an arbitrary sequence
in K for which (2.3.2) holds, that is, ;.1 = F(z4,a;) for all t =
0,1,.... Then, for every initial state xo = x and t =0, 1, ...,

(a) w(x;) < Blw(z); and
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(b) le(xe, ar)| < e6'w(z).
(¢) For any control policy m = {a;,t =0,1,...} and zy = z,

w(xr)
(1—79)

where v := af. (By Assumption 2.33(c2), v < 1.)

V(m,x) <é

In this section we will be working in the spaces M, (X) and
L, (X) defined in the following lemma.

Lemma 2.35. (a) The space M, (X) of real-valued functions v
on X with a finite w-norm, which is defined as

|V :=su o)) (2.3.34)
w(z

is a Banach space.

(b) The space L, (X):= L(X)N M,(X) of Ls.c. functions in
M,(X) is a complete metric space with the metric induced
by the w-norm, that is, dist(v,v’) := ||[v — V'],

Proof. Part (a) is straightforward and is left to the reader (Exer-
cise 2.13). To prove (b), let v, be a sequence in L,,(X) that con-
verges in the w-norm to a function v. By part (a), v belongs to
M,(X). Thus, to complete the proof of (b) it only remains to
show that v is l.s.c. To this end, first observe that

v(z) = [v(z) — vo(2)] + va(2) = —[|vn — V]Jww(T) + v, (z)
for all z € X and n =0, 1,.... Now consider a sequence z* — z,

and fix an arbitrary n. Then, since v,, is l.s.c. and w is continuous
(by Assumption 2.33(c)),

li}gninfv(xk) > —||vn — v||lpw(z) + vo(x).
Finally, letting n tend to oo we obtain lim inf;, v(z¥) > v(z). That
is, v is Ls.c. O

In the following proposition we state the Blackwell conditions
(Blackwell 1965) for an operator to be a contraction. They will
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be used below in connection with Banach’s fized point theorem in
Remark 2.25 in the case that the metric space X is L, (X).

Proposition 2.36. Let T': L, (X) — L, (X) be a mapping such
that:

(a) T is monotone, that is, if u and v are functions in L,,(X) and
u < v, then Tu < Tw; and

(b) there is a positive number § < 1 such that, for every v €
L,(X) and every constant k € R, T'(v + kw) < Tv + dkw.

Then T is a contraction with modulus 4.
Proof. For any two functions v, v in L, (X),
v <V 4+ v =0 <V wl|v— V.
Therefore, by (a)-(b), with k£ = [|[v — V/||«,
Tv—Tv < dw|v— 1.

Interchanging v and ¢’, and then combining with the latter
inequality we obtain

|Tv — TV < dw|v — 0|4
This implies the desired result. O

To state our main result, Theorem 2.38, we will use the follow-
ing fact.

Proposition 2.37. Let z+— A(x) and w be as in Assumption
2.33. (It suffices to take z +— A(z) u.s.c.). Suppose that v is a
l.s.c. function on K and such that, for some constant &

sup |v(z,a)| < kw(z) Ve X.
a€A(x)

Then there exists f € F such that, for all x € X,

v (z) = aeigl(fw)v(x,a) =v(z, f(z)) (2.3.35)

and, moreover, v* is in L, (X) with w-norm |[v*||,, < k.
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Proof. The proposition follows from Theorem B.3(b) applied to
the nonnegative Ls.c. function v'(z,a) := v(z,a) + kw(z). O

The following Theorem 2.38 is the main result of the weighted-
norm approach to the infinite-horizon discounted OCP (2.3.2)—
(2.3.4). It gives the dynamic programming equation (2.3.7), which
we already obtained in Theorem 2.21 when the stage cost ¢ is non-
negative. In the present case, however, we also obtain the conver-
gence estimate (2.3.37), which is impossible to obtain in Theorem
2.21.

Theorem 2.38. Under the Assumption 2.33 the following holds:

(a) The a-discount value function V* is the unique solution in
L, (X) of the dynamic programming equation (2.3.7), i.e., for
every x € X,

V*(x) = inf [c(z,a)+ aV*(F(z,a))l. (2.3.36)

a€A(z)
Moreover, for everyn =1,2, ...,
Vi = V¥ <&y /(1 =), (2.3.37)

where V¥ is the VI function in (2.3.10)-(2.3.11), and the con-
stants ¢ and v := aff < 1 come from Assumption 2.33.

(b) There exists f* € F such that, for every x € X, f*(z) € A(x)
attains the minimum in the right-hand side of (2.3.36), i.e.
(using the notation in Remark 2.19),

V(@) = ez, [*) + aV*(F(, ), (2.3.38)
and f* is a-discount optimal.

Proof. (a) To prove (2.3.36) we will show that, equivalently, V*
is the unique fixed-point in L, (X) of the Bellman operator K
in (2.3.8). To this end, we will prove that K is a contraction
operator on the complete metric space L,,(X), so (2.3.36)(2.3.37)
will follow from Banach’s fixed-point theorem (Remark 2.25).
First, we need to show that indeed K maps L, (X) into itself.
To do this, pick an arbitrary function v in L,,(X). Hence, since v is
l.s.c. and (z,a) — F(z,a) is continuous (Assumption 2.33(b)), the
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function (z,a) — v(F(x,a)) is Ls.c on K. In addition, by Assump-
tion 2.33(b), (z,a)— c(z,a) is ls.c., so vV'(zr,a) :=c(z,a)+
av(F(x,a)) is Ls.c. on K. On the other hand, by definition (2.3.34)
of the w-norm and Assumption 2.33(c2), we have

[0(F(z,a))| < [[vfow(F(z,a)) < Bloflow(z).

This inequality together with Assumption 2.33(cl) on ¢ and
Proposition 2.37 give that Kv(z) := infac sy v’ (2, a) is in L, (X).
To conclude, K maps L, (X) into itself.

Now, to prove that K is a contraction operator on L, (X) we
will verify the Blackwell conditions in Proposition 2.36. First note
that, obviously, K is monotone. On the other hand, for any func-
tion v € L, (X) and any constant k, Assumption 2.33(c2) gives

K(v+ kw)(z) = i%f[c(x, a) + av(F(x,a)) + akw(F(z,a))]
< Kv(x) + kyw(z)

with v := af < 1. Therefore, by Proposition 2.36, K is a contrac-
tion with modulus ~. It follows that K has a unique fixed point
v*in L, (X), i.e., v* = Kv* or, more explicitly,
vi(x) = ii}(f )[c(x, a) + av*(F(z,a))] (2.3.39)
acA(x
for all z € X.
To complete the proof of part (a) we will show that v* = V*,

the OCP’s value function. First, by Proposition 2.37, there exists
f € F that minimizes the right-hand side of (2.3.39), i.e.,

vi(x) = ¢z, f) + av*(F(x, f)) Vre X.

Iteration of this equality gives

—_

n—

vi(x) =) clxy, f) + ™ () (2.3.40)

t

Il
o

forallz € X andn =1,2,.... In addition, the last term av*(x,,)

tends to zero as n — oo. In fact, for any function v in L, (X),
Lemma 2.34(a) yields
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a"o(zn)| < o"|[vlluw(zn) < A" [v]luw(z) -0 (2.3.41)

asn — oo. Thus, for every x € X, (2.3.40) yields v*(z)=V (f,z) >
V*(z), ie.,
vi(-) > V(). (2.3.42)

To obtain the reverse inequality, note that (2.3.39) gives that
v*(z) < c(z,a) + av*(F(z,a)) Y(z,a) € K.
Therefore, for any policy m = a; and any initial state xo =z € X,
v (@) < ey, ar) + o (244),

so, for every n = 1,2, ...,

|
—

vi(z) < c(xy, ap) + v (xy,).
t

Il
o

Finally, letting n — oo and using (2.3.41) again we obtain
v (x) < V(mz) VrelX.

Thus, since m was arbitrary, it follows that v*(-) < V*(-). This
inequality and (2.3.42) give that v* = V*. This fact together with
Banach’s fixed-point theorem complete the proof of part (a).

(b) This part follows from Proposition 2.37, as in (2.3.39)-
(2.3.41). O

In the following section we will present some applications of the
weighted-norm approach.

2.4 Approximation Algorithms

Solving a dynamic programming equation (DPE), such as (2.3.7),
is in general a difficult task. Richard Bellman, in his book Bellman
(1957a) coined the term “the curse of dimensionality” to refer to
the fact that the difficulty in solving a DPE rapidly increases with
the number of dimensions.
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On the other hand, there are two natural ways in which we can
approximate the solution of a DPE, namely, the value iteration
(VI) and the policy iteration (PI) algorithms. These algorithms are
difficult to compare because their performances highly depend on
the particular features of the OCPs being dealt with. In either
case, however, they are the basis for several useful approaches in
so-called adaptive dynamic programming and reinforcement learn-
1ng to obtain approximate solutions to a DPE and analyze related
issues, such as the “stabilizability property” of an optimal control.

First, we will consider the VI algorithm (Sect. 2.4.1), and then
the PI algorithm (Sect. 2.4.2). The VI approach is also known as
the method of successive approrimations. See Wessels (1977).

2.4.1 Value Iteration

Let K be the Bellman operator in (2.3.8), and consider the VI
functions

Vi=KV _, =K"V) for n=1,2,..

in (2.3.11), with V" = 0. The VI algorithm refers to Problem 1 in
Sect. 2.2, that is, the convergence V,* — V* in (2.3.6). This conver-
gence was already obtained in Theorems 2.21 and 2.38 under two
different sets of assumptions. In particular, Theorem 2.21 requires
the stage cost ¢(z,a) to be nonnegative, whereas Theorem 2.38
uses a weighted-norm approach. In this section we analyze addi-
tional properties of the VI algorithm, which concern the VI control
policies defined as follows.

Definition 2.39. A sequence my; ={f,, n=12,..} CF is
called a VI policy if, for every n =1,2,...; f, € F minimizes the
right-hand side of (2.3.10), i.e.,

V() =z, fr) + V) ((F(x, f,)) Vo e X. (2.4.1)

n

We will denote by F,, C F the subfamily of selectors that satisfy
(2.4.1). (Recall from Remark 2.14 that V7 (-) = 0. Thus, for my,
to be a true control policy we may take fy as any selector in F.)
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To analyze a VI policy we will use the discrepancy function
D : K — R defined as

D(z,a) = c(z,a) + aV*(F(x,a)) — V*(x) (2.4.2)
for (z,a) € K. By the DPE (2.3.7), D is nonnegative. Moreover,

we can rewrite (2.3.7) as

inf D(x,a) =0 Vre X. (2.4.3)
a€A(x)

Similarly, an equality such as (2.3.38) becomes
D(z,f")=0 Vz e X, (2.4.4)

where, as in the Remark 2.19, D(z, f*) = D(z, f*(x)).

The name discrepancy function comes from the fact that, for
any policy m = {a;}, we can express the difference or “discrep-
ancy” between V(m,-) and V*(-) in terms of D; in fact, for any
initial state x¢y = =,

V(m,x) —V*(z) = ZatD(xt, at). (2.4.5)

(See Exercise 2.14) Results such as (2.4.4) and (2.4.5) motivate
the following definition.

Definition 2.40. A Markov policy m = {f,} is said to be asymp-
totically optimal (for the discounted cost criterion) if, for every
r € X,

D(z, f,) — 0 as n — oc. (2.4.6)

The concept of asymptotic optimality was introduced in adap-
tive Markov control processes (adaptive MCPs), which are MCPs
that depend on unknown parameters, say, 6. In this case, at each
time n, the controller computes an estimate 6,, of #, and then
he/she adapts his/her control action f, to this estimate. Thus
(in view of (2.4.4)), (2.4.6) holds if f, is approximating in some
sense an optimal control. Alternatively, asymptotic optimality can
be used to analyze “approximations” to the OCP (2.3.2)-(2.3.3).
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(See, for instance, Sect. 4.6 in Hernandez-Lerma and Lasserre
(1996).)

By (2.3.6), a VI policy is a natural candidate to be asymptoti-
cally optimal. This is not necessarily true, however, in the gener-
ality of Theorem 2.21. On the other hand, in the weighted-norm
context of Theorem 2.38 we obtain the following nice result.

Proposition 2.41. Suppose that Assumption 2.33 holds, and let
v = {fn} be a VI policy. Then, for every z € X andn = 1,2, ...,

0 < D(z, f) < 2ey"w(z)/(1 —7) (2.4.7)
with ¢, w(-), and v := af as in Assumption 2.33. Hence 7y is
asymptotically optimal.

Proof. From (2.4.2) and (2.4.1),
D(z, fn) = c(z, fn) + &V (F(z, f,)) — V*(2)
=Vi(@) = V(@) + o[V (F(z, f) = Vi1 (F(z, fn))]

for all z € X and n = 1,2,.... Thus (2.4.7) follows from (2.3.37).
O

Note that (2.4.7) gives an a priori bound for D(z, f,) in the
sense that the right-hand does not depend on neither V* nor V.
Now consider the following situation: fix an arbitrary n = 1,2, ...
and let f,, € F,, be the corresponding selector in (2.4.1). Further-
more, consider the stationary Markov policy m, = {g;} C F such
that g = f,, for all t =0, 1, .... In other words, we apply the same
control f, at every stage ¢t =0,1,.... Then (2.4.8) below states
that m, can be made “arbitrarily close to an optimal policy” if n
is large enough. (See also Proposition 2.43 below.)

Proposition 2.42. With 7, as above,

0 < V(my,x)—V*(z) <2ey"w(z)/(1—7) (2.4.8)
for all z € X.
Proof. Fix x € X, and consider

Vi, @) = V*(x) < |V(mn, x) = V()| + [V (2) = V()]
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By (2.3.37), the second term on the right satisfies that
Vi (2) = V7i(@)| < &y w(z) /(1 — 7). (2.4.9)

Now, by definition of 7, V(m,, x)=c(x, f,)+aV (7., F(z, fa))-
Combining this equation with (2.4.1) we obtain

[V (mn, 2) = Vi (@) < |V (7, F(2, fn)) = Vi (F (2, fo))l-
Iteration of this inequality (and recalling that Vi (-) = 0) gives

|V (mn, ) = V()] < o™V (o, )|
< éaw(z,)/(1 —7) [by Lemma 2.34(c)]
< éy"w(z)/(1—=) [by Lemma 2.34(a)].

This inequality and (2.4.9) give (2.4.8). O

Results such as Propositions 2.41 or 2.42 obviously suggest that
the VI selectors f,, € F,, might converge to an a-optimal control
f* € F. This is not necessarily true, but we can ensure the follow-
ing.

Proposition 2.43. Suppose that the hypotheses of Theorem
2.38 are satisfied, and consider a VI policy my;={f,, n=
0,1,...}. Then there exists f* € F such that f, converges to f*
in the sense of Schél (1975); that is, for each « € X, there is a
sequence n; = n;(x) such that f,, (x) — f*(x) as i — oc.

The proof of Proposition 2.43 follows from Proposition B.12
with v, = V¥ and v* = V* in (2.4.1) and (2.3.38), respectively.

2.4.2 Policy Iteration

The policy iteration (PI) algorithm is also known as Howard’s
policy improvement method. The algorithm was introduced by
Howard (1960) for a class of discrete-time Markov decision pro-
cesses with finite state space and finite action sets. Nevertheless,
it soon became evident that the PI algorithm could be extended
to many classes of OCPs, including all those considered in these
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lectures. On the other hand, a key difference with respect to the
VI algorithm is that PI gives a monotone sequence of functions
converging to the optimal value function V*(-), even if the stage
costs ¢(x, a) take positive and negative values!

The PI algorithm is based on the “monotonicity property” of
the Bellman operator K (2.3.8) established in Lemma 2.20, under
the assumptions of Theorem 2.21. In the context of Theorem 2.38
the same proof of Lemma 2.20 yields the following.

Lemma 2.44. Suppose that the Assumption 2.33 holds. If v €
L,(X) is such that v > Kv, then

(a) There exists f € F such that v(z) > V(f,z) for all z € X;
and, therefore,
(b) v>V*

Now suppose that the conditions of Lemma 2.20 or Lemma
2.44 are satisfied. Consider an arbitrary selector gg € F, and let
vo(+) := V(go,) be the corresponding discounted cost. Then (as
in the Remark 2.19)

vo(x) = c(x, go) + ave(F(x, go))
> inf [c(z,a)+ avg(F(z,a))], (2.4.10)

a€A(x)

so vy > Kvy. Therefore, by Lemma 2.20(a) or Lemma 2.44(a),
there exists g1 € F such that vy > vy, where vy (z) := V(gy, ) for
all z € X. Next, in (2.4.10) replace vy, go by v1, g1 and repeat the
same argument to obtain g € F and vy(-) := V(ga, ), with v; >
vo. In general, the PI algorithm is as follows, with n = 0,1, ...

(PI;) Given g, € F, compute the discounted cost v,(-) = V(gy, *)-
Then, for all x € X,

vn () = c(x, gn) + avn(F (2, 9,)) > Kv,(2). (2.4.11)
(PIy) Policy improvement: Find g, 41 € F such that
Kuv,(z) = c(x, gny1) + avn(F(x, gny1)) Vo € X;

SO Uy > Upg1, where v, 11(+) = V(gns1, ). Replace n by n + 1
and go back to step (PI,).
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Theorem 2.45. Suppose that the hypotheses of Theorem 2.21 or
Theorem 2.38 are satisfied, and let v, be as in the PI algorithm.
Then:

(a) If there exists n for which v,(x) = v,11(2) for allx € X, then
the function v*(-) = v,(+) satisfies the DPE v* = Kv*. More-
over, v* = V* and g, is an optimal control.

(b) In general, as n — oo, v, | v*, where v* is a solution of the

DPE, and v* = V*.

Proof. (a) Let v*(-) := v,(-) = vy41(+). Then, by (PI;) and (PIy),
v* > Kov* > v*, so v* satisfies the DPE. This completes the proof
of part (a) under the assumptions of Theorem 2.38. Similarly, in
Theorem 2.21 V* is the minimal solution of the DPE. Therefore,
if v* # V*, then, by (PI,), there exists a control that “improves”
v = v,,1. This is a contradiction.

(b) By construction, the functions v, form a nondecreasing
sequence, which (by Lemma 2.20 or Lemma 2.44) is bounded
below by V*. Therefore, v,, | v* for some function v* > V*. More-
over, by Lemma 2.15(a) and (2.4.11),

v > Kv". (2.4.12)
On the other hand, for all z € X and n =0,1, ...,

vt (z) < vn(x)
= C(C(],gn) + O‘UN( (JJ gn))
< C(I,gn) + U, 1( (:E)gn))
= Kv,_1(x).

Hence, by definition of K in (2.3.8),
vi(z) < ce(x,a) + av, 1 (F(x,a)) V (z,a) € K.

As n — oo, the latter inequality yields, v*(z) < ¢(x,a) + «
v*(F(z,a)), which in turn gives v* < Kv*. This inequality and
(2.4.12) give that v* satisfies the DPE v* = Kv*. The last state-
ment in part (b) is obtained as in (a). O
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Note that Proposition 2.43 remains true if we replace “VI pol-
icy” by “PI policy”. For a more general statement of this propo-
sition, see Theorem B.10 or Proposition B.12 in Appendix B.

Example 2.46. Consider the LQ control problem consisting of
the linear system

Tir1 = (S.fl:'t + nag, t = O, 1, ceey (2413)

with initial state xy = x, nonzero coefficients 9, 7, and a quadratic
stage cost

c(z,a) = qz* +ra* forz,ac X =A=R (2.4.14)

with ¢ > 0 and r > 0. Hence the OCP is to minimize the a-
discounted cost

V(m,x) = Zatc(xt,at) (2.4.15)

subject to (2.4.13). Given this OCP, develop:

(a) the VI algorithm, and

(b) a PI algorithm.

(c) Solve the LQ problem (2.4.13)—(2.4.15) by means of the
“guess and verify” approach, which is also known as “the
method of undetermined coefficients”.

Solution of (a). To simplify the notation, we will write the VI
functions V* as v,. Hence, (2.3.10) becomes

vp(z) = aIEnAi(ri)[c(x, a) + av,_1(F(z,a))] (2.4.16)

for all x € X and n=1,2,..., with vg(-) =0. Thus, for n =1,
(2.4.16) gives

v (z) = min(gz? + ra®) = gz* Vz € X,

and the minimum is attained at a* = f;(z) = 0 for all x. Similarly,
vy(z) = min[gz® + ra® + avy (dz + na)]

= min[gz? + ra® + aq(dz + na)?] (2.4.17)
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Computating the derivative of the right-hand side with respect
to a, and then equating to 0, gives that the minimizer is
fo(z) = —(r + aqn?®) taqgén - .
Replacing a = fo(+) in (2.4.17), vy becomes the quadratic function

vy () = Cyx?, with coefficient

_qr+ (r8® + qn*)og

Cy:
2 r + agqn?

In general, by induction we can see that, for every x € X,
vp(7) = Cp® Yn=0,1,..., (2.4.18)
with Cy = 0, and VI controls
fulz) = —(r+SC,_1) 'adnC,_ - x (2.4.19)
for all n = 1,2, ..., with fy € F arbitrary (since vy = 0), and

 P+QC,

_ —1.9..... 9.4.2
"= Ts0, oLz (2.4.20)

Here
P:=qr, Q:=é*+q’)a, S:=an’

By means of some technical arguments (which can be seen,
for instance, in Dynkin and Yushkevich (1979), Sect. 2.11, or
Hernandez-Lerma and Lasserre (1996), Sect. 4.7) based on the
fixed-point approach to (2.4.20), it can be seen that C,, — C
as n — 00, where C' = z is the unique positive solution of the
quadratic equation

_ P+Qz
Cor+ Sz’
which we may be rewrite as
S+ (r—Q)z—P=0. (2.4.21)

The unique positive solution is

C=[~(r—Q) +((r— Q) +4PS)"?]/25.
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Finally, from Theorem 2.21 and (2.4.18) we conclude that the
a-optimal discounted cost V* is given by

V*(x) = lim v,(z) = Ca’. (2.4.22)

n—oo

Moreover, from (2.4.19) and Proposition B.12(a) (in Appendix
B),

=—(r+SC)'adnCx (2.4.23)

is an a-optimal selector.

Solution of (b). In the policy iteration (PI) algorithm, first,
we take an arbitrary control gy € I and then we compute the cor-
responding discounted cost vo(-) = V' (go, ). (See (2.4.10).) Since
we are not given an indication about how to choose gy, we may
select it so that vy is easy to compute. This is the case if we choose
go(+) = 0 (which is the same as f; in part (a) above). Thus, with
a; = 0forallt =0,1,..., the LQ system (2.4.13)—(2.4.15) becomes

Ty = 6xy =0 VE=0,1, ...,

given the initial state g = z, and the stage cost c(z,a) = qz?.
Therefore, the corresponding a-discounted cost is

oo
vo(z) = qz o'z? = Doz?
=0

with coefficient Dy := ¢/(1 — ad?), assuming that «d? < 1. Hav-
ing vy, we then proceed to the policy improvement step. That is,
we wish to find g; € F such that, for all z € X, g;(z) € A attains
the minimum in the right-hand side of the inequality

vo(z) > minlc(z, a) + avg(F(z,a))]

= min[g2? + ra® + aDy(6x + na)?].

Now, the usual calculations (computing the derivative with
respect to a, equating to 0, and so on) give that ¢;(x) = -Gz,
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with coefficient

onD
G1 = —Oé 7720 .
r 4+ an®Dy

From (2.4.15), the corresponding a-discounted cost vy(z) =
V(gy,z) is vi(x) = Dy2?, where

D, - q+rG3 |
1 —a(d —nGh)?

assuming that |a(d — nG1)?| < 1. In general, we obtain by induc-
tion that, for all z € X and n =0,1, ..

gn(7) = —Gprx and  w,(z) = D2 (2.4.24)
with coefficients Gy = 0,

q+rG?

D, = 2.4.25
1 —a(d —nGp)? ( )
and 5nD
aénD,
Gpy1 = ————— 2.4.26
LR an?D, ( )
forn=20,1,....

Since the functions v,(x) = D,2? form a nonnegative nonin-
creasing sequence (Theorem 2.45), there is a nonnegative function
v*(z) = D*z?* such that v,(z) | v*(x) for all x € X. In particu-
lar, as n — oo, D,, — D* and, therefore, from (2.4.26), G,, — G*,
with

. adnD*
- r+an?D*
_adnD*

- r 4+ SD*

which is the same as the coefficient of (2.4.23), with C = D*.
Finally, from (2.4.25) and (2.4.22) we conclude that v*(-) = V*(+)
with C' = D*.

Solution of (c). We now wish to solve the infinite-horizon LQ
problem (2.4.13)—(2.4.15) by the “guess and verify” approach. The
idea is to “guess” that the solution of the DPE has a certain form
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and then we verify that this is indeed the case. In the present LQ
problem, from the finite-horizon case en Example 2.4 we know
that the optimal cost is a quadratic function—see (2.1.17). Since
this is the case for any finite horizon T =1,2, ..., we immedi-
ately guess that the optimal cost in the infinite-horizon problem
(2.4.13)—(2.4.15) is also of the form

v(z) = Ba* VzeX

for some constant B. To verify that this is correct, we consider
the DPE (2.3.7) with V* = v. Therefore, (2.3.7) becomes

v(x) = migl[qu +ra® + av(dz + na)]
ac

or
Bx? = min[qz® + ra® + aB(6x + na)?. (2.4.27)

The minimum in the right-hand side is attained at

aonB
== Faps
adnB

= — . 2.4.28
r+SB “ ( )

with S=an? as in (2.4.19)-(2.4.20). Replacing a=f(z) in (2.4.27)
and comparing both sides of the resulting equation, we conclude
that v(z) = Bz? indeed satisfies the DPE if B is the unique pos-
itive solution of the quadratic equation

SB?+[r —a(ré®*+ qn*)]B — qr = 0.

Since this equation is the same as (2.4.21), we obtain that v(-) =
V*(-), the a-optimal discounted cost, and that f(-) in (2.4.28) is
the optimal control.

&



62 2 DISCRETE-TIME DETERMINISTIC SYSTEMS

2.5 Long—Run Average Cost
Problems

In this section, we study undiscounted infinite horizon optimal
control problems with the long-run average cost (AC). This opti-
mality criterion was originally introduced by Bellman (1957b) for
a class of Markov decision processes (as in Chap. 3, below). In this
section we study some aspects of the AC criterion for discrete—
time deterministic systems. In the following chapters we study AC
optimality for other discrete— and continuous—time, deterministic
and stochastic control systems.

Given an initial condition xg = x € X and a policy m = {a;},
let

~
—

Jr(m, x) = c(xy, ay).
t

Il
o

We wish to minimize the long-run average cost (AC) J(m, z)
defined as

1
J(m,z) == limsup —Jp(m, z), (2.5.1)
T—o0 T
subject to
Tir1 = F(.Tt,(lt>, t:O,l, (252)

The AC value function is
J*(z) = inf{J(m, x) : 7 € II} (2.5.3)

and a control policy 7* is said to be average—cost optimal (AC—
optimal) if J(7*, z) = J*(x) for all z € X.

To avoid trivial situations, we will assume that there is a policy
7 € II such that the mapping z — J(m,x) is finite-valued.

There are several approaches to analyze the AC optimal con-
trol problem (2.5.1)—(2.5.3). The most common are (i) the AC
optimality equation (ACOE), (ii) the steady state (or stationary
state) approach, and (iii) the vanishing discount approach. We will
briefly discuss each of them. (There is also an infinite-dimensional
linear programming approach to study deterministic AC problems,
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but it is too technical to include it here. The interested reader
may consult, for instance, Borkar et al. (2019.) or Chap. 11 in
Herndndez-Lerma and Lasserre (1999).)

Remark 2.47. We will use the following notation:

(a) Given a control policy 7 € II, we denote by {z],t =0,1,...}
the sequence defined by (2.5.2) when a, is given by the policy
7, that is, 27, = F'(2],a,) for all t = 0, 1, ... with some initial
condition z{ = zy. In particular if f € [F is an stationary pol-
icy with a, = f(x;), then a,, = F(z], f) for all t = 0,1, ....

(b) For a given function £ : X — R, let II¢ be the family of control
policies 7 € II such that, for every initial state xzq,

1
;E(xf) —0 as t— oo (2.5.4)

Similarly, we denote by F,¢ the family of stationary policies
f € T that satisfies (2.5.4) for every initial state x.

Note that if € is bounded, then (2.5.4) holds for all = € I and all
f € F; hencell = II, and F¢ = FF. For special functions ¢, the rela-
tion (2.5.4) is a transversality-like condition, similar to (2.3.17) in
Theorem 2.21(c). <&

2.5.1 The AC Optimality Equation

A pair (j*,1) consisting of a real number j* € R and a function [ :

X — Ris called a solution to the average cost optimality equation
(ACOE) if, for every x € X,

J 4 l(x) = aeig(fx)[c(a:, a) + U(F(z,a))]. (2.5.5)

It can be shown that if (j*,1) is a solution to the ACOE, then
J* is unique. Moreover, it is obvious that if /() satisfies (2.5.5),
then so does [(-) + k for any constant k.

A solution (5*,1) to the ACOE is also known as a canonical
pair . If, in addition, f* is a stationary policy that satisfies (2.5.6)

below, then (j*, 1, f*) is called a canonical triplet.
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Theorem 2.48. Suppose that (j*,1) is a solution to the ACOE
(2.5.5), and let 11} be as in Remark 2.47(b) with & =1 in (2.5.4).

Then, for every initial state xo = x,
(a) 7* < J(m,x) for all m € 11;; hence
(b) 7* < J*(x) if 1 =11,.

Moreover, suppose that there exists a policy f* € F; such that
f*(z) € A(z) attains the minimum in the right-hand side of
(2.5.5), i.e.,

7 () =clz, )+ U(F(x, ) VzeX. (2.5.6)
Then, for all x € X,
(c) j*=J(f* x) < J(m,x) for all m € 1I;; hence
(d) f* is AC-optimal and J(f*,-) = J*(-) = j* if I, = 11.
Proof. (a) By (2.5.5), for every (z,a) € K we have
J 4+ l(x) < c(z,a) + (F(z,a)). (2.5.7)

Now consider an arbitrary policy m = {a;} € II;, and let x; = 27,
t=0,1,..., be the corresponding state trajectory for any given
initial state 2§ = . Hence, by (2.5.7),

7" < cl@e ar) + Uzppn) — Uze) VE=0,1,....
Thus summation over t = 0,1, ..., T — 1 gives
Tj* < Jp(m,x) + lxr) — 1(xo). (2.5.8)

Finally, multiplying by 1/7" both sides of this inequality and then
letting 7' — oo, (2.5.1) and (2.5.4) yield part (a).

Part (b) follows from (a) if IT; = II.

(c) If f* satisfies (2.5.6), then we have equality throughout
(2.5.7)—(2.5.8), which yields the equality in (c). The inequality
follows from (a). Finally, (d) is a consequence of (b) and (¢). O

As in Remark 2.47, if [ is bounded, then II; = II, as required in
parts (b) and (d) of Theorem 2.48.

Arguments similar to those in the proof of Theorem 2.48 give
other useful results, such as the following.
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Proposition 2.49. (a) Suppose that instead of (2.5.7), for some
f € F, we have

J U x) > clx, f) +U(F(z, f) VeelX. (2.5.9)

If limy_.o () /t > 0, then j* > J(f, ) for all z € X.
(b) If the inequality in (2.5.9) is reversed, i.e.,

J +Uz) <clz, f)+1(F(x, f)) VxelX, (2.5.10)

and limy_ [(z])/t <0, then j* < J(f, ).

The proof of Proposition 2.49 is left to the reader (Exercise
2.11).

Corollary 2.50. (a) If (2.5.9) holds for some f € F, then

5+ Ue) > inf [e(r,0) +(F(z,a))] VreX.

(b) If (2.5.10) holds for all f € IF, then

J +1l(z) < igf )[c(x,a) +1(F(z,a))] VxelX.
acA(x
Example 2.51 (The Brock—Mirman model). In the infinite—
horizon Brock and Mirman economic growth model studied in
Example 2.31, the system evolves according to

0
Tip1 =cxy —ap, t=0,1,2,...

with a given initial state o € X and 6 € (0,1). As in Exam-
ples 2.10 and 2.31, we assume that X = A = [0, 00), and A(x) :=
(0, cx’]. The system function is F'(z,a) = cz’ — a, and the stage
reward (or utility) function is r(z,a) = log(a). Thus the perfor-
mance index to be optimized is the long-run average reward (AR)

T-1

R
J(m,x0) = hTHi{f.}f T Z log(ay). (2.5.11)

t=0

Concerning the “lim inf” in (2.5.11), instead of the “lim sup”
in (2.5.1), see the paragraph and the Remark after expression
(5.2.15) in Sect. 5.2.
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To find the canonical triplet (j*, 1, f*) that satisfies the ACOE

J 4 1(x) = algﬁ);)[r(x, a) + U(F(z,a))] VxeX, (2.5.12)

we consider a function [(z) of the form I(x) := blog(x), where b
is an unknown parameter. Under this assumption, the right side

of (2.5.12) reaches the maximum when a = § Jfb, SO we can rewrite
(2.5.12) as

cx? cb
i+ bl =1 1 !
Jj*+ blog(z) og(1+b)+b og(x ( b))

1+
— (1+b)0log(z) +log [ —— | + b1 b
- OB T8\ T C\1+0)°

This last equation is satisfied if b = (1 4 0)#, which implies that

0
b= 15 Therefore the canonical triplet (j*,1, f*) is given by

=log (c(1—0)) + . ﬁ 7 log (c0) , (2.5.13)
l(x) = - 6 7 log(z), (2.5.14)
f*(x) =c(1 — )2’ (2.5.15)

It can be shown that, for every initial state xq,
o = ()T for t=1,2,. .. (2.5.16)

and 2/ — (c@)ﬁ, which implies that f* satisfies (2.5.4), that
is f* € F;. Thus by Theorem 2.48(d), j* is the optimal average
reward and f*is AR-optimal. &

The ACOE (2.5.5) provides a “complete solution” to the AC
control problem in the sense that, in addition to providing a
canonical triplet (j*,1, f*), it also allows us to identify refine-
ments of this triplet, such as “overtaking optimal” or “bias opti-
mal” controls. However, if we are only interested in obtaining
AC-optimal controls, it suffices to obtain an optimality inequality.
This is explained in Sect. 2.5.3 below.
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2.5.2 The Steady—State Approach

Let K be as in (2.3.12). A pair (z*,a*) € K is said to be a
steady (or stationary) state-action pair for the system (2.5.2)
if F(x*,a*) = x*. If, in addition, (z*,a*) solves the steady state
problem

minimize ¢(z, a) subject to F(z,a) = x, (2.5.17)

then (z*,a*) is said to be a minimum steady state-action pair for
the AC control problem (2.5.1)—(2.5.2).

Assumption 2.52. The OCP (2.5.1)—(2.5.2) satisfies:

(a) There exists a minimum steady state-action pair (z*,a*) € K.

(b) Dissipativity. The OCP (2.5.1)—(2.5.2) is dissipative, which
means that there is a so—called storage function A : X — R
such that, for every (z,a) € K,

Az) = ANF(z,a)) < c(z,a) —c(z",a"). (2.5.18)

(c) Stabilizability. Let II, be as in Remark 2.47, with A as in
(2.5.18). For each initial state xy € X, there exists a control
policy 7w € II, (which may depend on z) such that the cor-
responding state—control path (Z;,a;) converges to the mini-
mum steady state pair (z*,a*) in (a).

Observe that, introducing the constant w* := ¢(z*, a*), the dis-
sipativity inequality (2.5.18) can be expressed as

w* + Ax) < c(z,a) + A(F(z,a)) V(r,a) €K, (2.5.19)
which in turn gives

w* + Az) < igf )[c(x, a) + A(F(z,a))] YxeX. (2.5.20)
acA(x

Consequently, in view of the similarity between (2.5.20) and the

ACOE (2.5.5), one would expect some connection between the

constants w* and v*. In fact, the following theorem shows that w*

satisfies conditions similar to (a)—(d) in Theorem 2.48. (See also
Proposition 2.49(b).)
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Theorem 2.53. Suppose that Assumption 2.52 holds and the
stage cost ¢ : K — R is continuous. For the storage function X\ in
(2.5.18) let T1 be as in Remark 2.47. Then, for all x € X,

(a) w* = J(7,z) < J(m,x) for all me€Il\, where 7T satisfies
Assumption 2.52(c); hence

(b) the AC walue function satisfies that J*(x) = c(z*,a*), with
(z*,a*) as in Assumption 2.52(a), if 11, = II.

Proof. (a) Let w* := ¢(z*,a*) be as in (2.5.19). Let 7 = {a;:} be

an arbitrary control policy in I, with corresponding state—action

sequence (zy, a;). Then, from (2.5.19),

w* < ey, a) + AM@pg1) — A(zy)
for all ¢ = 0,1, .... This yields, as in (2.5.7)—(2.5.8),
Tw* < Jp(m,z) + Mar) — AMxog) VT =1,2,...,
so, by (2.5.4),
w* < J(m,z) forall zeX. (2.5.21)

On the other hand, by the stabilizability in Assumption 2.52(c),
there is a policy 7 € I, for which the state-action sequence
(Z4,a;) converges to (z*,a*). Therefore, since the stage cost ¢ is
continuous, ¢(Zy, a;) converges to w*, which implies that J (7, z) =
w* for all z. This prove (a).

(b) If II, = II, then part (a) yields that 7 is AC-optimal and
also that the AC value function is J*(-) = w*. O
Example 2.54 (The Brock-Mirman model, cont’d.). In Exam-
ple 2.51, for the system function F(z,a) = cz’ — a and the stage
reward (or utility) function r(z,a) = log(a), it can be verified that

the unique solution to the corresponding steady-state problem
(2.5.17), namely,

maximize: log(a) subject to ca’ —a =,

is given by

1

(z*,a") = ((ce)w,cu - e)(ce)%) . (2.5.22)
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Then using Theorem 2.53(a)

log () ;

(2.5.23)
compare this with (2.5.13). To get Assumption 2.52(b), note
that F'(z,a*) — F(z,a) = a — a*. Thus, the strict concavity of the
stage reward r(z,a) := log(a) gives

or or

J(@,x) = r(z",a%) = log(a”) = log (¢(1 = 0)) + 7 ﬁ 7

r(z,a) —r(z", a)<%(:c a*)(x —a" )—i-%(x a*)(a—a")
= L (F(r,a") ~ F(z,a))

Moreover, the system function F(z,a*) is also concave in z and

9 (2*,a*) =1, so

oF
ox
that is, F(x,a*) < x for all z € X. Therefore, from the last

two inequalities we get the corresponding dissipativity condition

(2.5.18)

F(z,a") — F(2",a") < (*,a")(x —x%) =z — z¥,

r(z,a) — (2", a%) < M) — M(F(z,a))
with the storage function A(z) := L. Notice that X is different
from [ given in (2.5.14), Example 2.51.
Observe that for any initial state zy € X, the policy f* in
(2.5.15) with corresponding state-control path (xt, a), where

€t+1

= (ch) 7 exgt, a; = c(1—0)(ch) T 0

satisfies the stabilizability Assumption 2.52(c), i.e., (2, a;) con-
verges to the optimal stationary pair (z*, a*).

Hence by Theorem 2.53, ¢(z*,a*) = J(w,x) > J(mw,x) for all
mell, and all x € X. O

Example 2.55 (The Mitra-Wan forestry model). Consider a
forestland covered by trees of the same species classified by age-
classes from 1 to n. After age n, trees have no economic value.
The state space in this example (Mitra and Wan Jr 1985) can be
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identified with the n—simplex

A={reR":) z=lLr>1i=1,.n}

i=1

where each coordinate x; denotes the proportion of land occupied
by i-aged trees.

Let x; = (14, ..., Tnt) € A be the forest state at period ¢. By
the end of the period the forester must decide to harvest a
proportion of land in any age class, say a; = (a1, ..., an) With
0<a;+ <z, 1 =1,...,n. Because a tree has no economic value
after age n, a, = x,,. Thus, for each € A, the admissible con-
trol set is A(z) = [0, 2z1] X - -+ X [0, 25,—1] X {z,}. Suppose that the
forest evolves according to the dynamic model

Tit41 = Q1 + -0+ A, (2.5.24)
Lit1t+1 = Lot — Q4 g, 1= ]_, = 1, (2525)

where (2.5.24) means that all harvested area at the end of period
t must be sown by trees of age 1 at the beginning of period ¢ + 1.
On the other hand, (2.5.25) states that trees of age i that have
not been harvested until the end of period ¢ become trees of age
¢+ 1 in period ¢t + 1.

For a planning horizon 7', (2.5.24)—(2.5.25) can be written as a
discrete-time linear control system

i1 = f(zy,a¢) := Axy + Bay for t=0,1,..., T —1, (2.5.26)

where
00.00 1 1 .11
10.00 -1 0.00
A=101.00], and B:=| 0 —-1. 00 (2.5.27)
00.10 0 0.-10

Now, assume the timber production per unit area is related to
the tree age-classes by the biomass vector

62(617£2a“'7€n)€Rn7 fizo,i:1,2,...7n,
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where &; represents the amount of timber produced by i-aged trees
occupying a unit of land. Hence, the total amount of timber col-
lected at the end of period ¢ is given by

g sy = Slal,t +- énan,t-

Consider a timber price function p : [0, 00) — [0, 00), assumed to
be increasing and concave. Given a forest state x and an admissi-
ble harvest control a, the stage income is r(x, a) := p(€ - a). There-
fore, the performance index to maximize is

Jr(m,x) = (g, ay). (2.5.28)

~
—

Il
=)

It can be shown that the control system (2.5.26) has a set of
stationary states given by the pairs (x,a) satisfying z; > zo >
<> x, and

a) = T1 — Tg,03 = Ty — L3, ...,An = Tp.

Moreover, for each age class ¢ there is a pair of stationary state
and control (x%,a’), known as normal forest, defined as follows:
the state is z':= (1/i,...,1/1,0,...,0), where each of the first ¢
coordinates are 1/i , and the remaining are 0; and the control is
a':=(0,...,0,1/i,0,...,0), where 1/i is in the i—coordinate.

We choose a normal forest (z*,a*) such that

r(z*,a*) = max {p (f . a") c1=1,2, ,n} )
So, given the concavity of p, there is k > 0 such that
r(z,a) —r(z*,a") < k& - (a—a*) forall a € A(z).

Letting N :=(1,2,....,n) and v :=max{{-a':i=1,2,....,n}, we
get the vector componentwise inequality & < yN. Moreover, from
a straightforward calculation we have N - [ — F(z,a)] = N - (a —
a*) for any x € A and all a € A(x). Therefore,

r(z,a) —r(z*,a*) < kyN - [z — F(z,a)] forallz € A, a € A(x).
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Introducing the function A : A — R, defined by A(z) = kyN -
x, and the value j* := r(z*, a*), we have the corresponding dissi-
pative inequality (2.5.19),

7 4+ Mx) > r(z,a) + M(F(z,a)) forall x € A, a€ A(x).

Thus in particular we conclude that (z*,a*) is an optimal sta-
tionary state. Moreover, that optimal stationary state can be
reached by a finite sequence of harvest plans from any initial sta-
tionary state. Hence, this example satisfies the Assumption 2.52,
and the conditions of Theorem 2.53, so the optimal AC value
function is

J*(2) = r(z*,a") = max {p (%) 1,2, n} |

2.5.3 The Vanishing Discount Approach

The so-called vanishing discount approach to AC-control prob-
lems is based on several connections between discounted cost
problems and the average cost. The most straightforward is the
following. Given an arbitrary control policy m = {a;} and initial
state xy = x, consider the discounted cost V' (7, ) in (2.3.3), which
we now write as V,, (7, z) to make explicit the dependence on the
discount factor a € (0, 1), i.e.,

Vo(m,x) = Zatc(xt,at), (2.5.29)

Now, let M be an arbitrary constant and inside the summation
replace ¢(-, -) with ¢(-,-) £ M. Hence (2.5.29) becomes

M

1l -«

Y

Vo(m,z) = Zat[c(xt, a;) — M|+

which, multiplying both sides by 1 — a, we may express as
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(1 —a)Vy(mz)=M+ (1 —a) Za c(xy, ar) — M].
In particular, taking M as the average cost J(m, x) it follows that

(1 —a)Vy(m, x) = J(, (1—a) Za (e, ap) — J(m, x)].

(2.5.30)
This equation obviously suggests that we can approximate J(m, x)
by (1 —a)V,(m,x) as o T 1.
A second connection between discounted cost problems and the
average cost is provided by the Abelian theorem in Part (a) of the
following lemma.

Lemma 2.56. Let {¢;} be a sequence bounded below, and con-
sider the lower and upper limit averages (also known as Cesaro
limits)

n—1

1 1
Ct .= liminf - ¢, CY:=limsu Ct,
and the lower and upper Abelian limits
Al = liminf(1 — a) aley, U= limsup(l — « ale
all Z t all p Z t

t=0

Then

(a) O < AL < AV < OV,

(b) If AL = AV the equality holds in (a), i.e., CF = AL = AV =
Cv.

For a proof of Lemma 2.56 see the references in Bishop et al.
(2014) or Sznajder and Filar (1992). Part (b) in Lemma 2.56 is
known as the Hardy-Littlewood Theorem.

Consider now a control policy ™ = {a;}, the corresponding state
trajectory {z;}, and in Lemma 2.56 take ¢; := c(x¢, a;). Then the
third inequality in Lemma 2.56(a) gives

limsup(1 — )V, (7, z) < J(m, x) (2.5.31)
all
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for every initial state zq =z, with V,(m,z) and J(7,-) as in
(2.5.30). Moreover, if V*(-) = V*(-) denotes the a-discount value
function in (2.3.4), then (2.5.31) yields

limsup(1 — @)V (x) < J(m, z).
all
In fact, since 7 in the latter inequality is arbitrary, we obtain from
(2.5.3) that, for every x € X,

limsup(l — )V (x) < J*(x). (2.5.32)
all
In words, (2.5.32) states that, for values of « close to 1, (1 —
a)VE(-) is a lower bound for the average cost J*(-).

One more connection between discounted cost problems and the
AC criterion is provided by the a-discount dynamic programming
equation (2.3.7) that we will rewrite as
Vi(z) = iljf )[c(m, a) + aVy(F(x,a))] (2.5.33)

acA(x
Consider an arbitrary constant m,, which may depend on « €
(0,1), and define
ho(z) :=Vi(x) —me, and pla):=(1—a)m,  (2.5.34)

[0}

Some typical choices of the constant m, are m, := V,*(z), where
T € X is an arbitrary (but fixed) state, and m, = inf,ex V. (2),
assuming of course that V* is bounded below. The first choice of
m, is useful because h,(Z) = 0, so that we “fix” h,, at z. The sec-
ond choice is also useful because then h,, is a nonnegative function.
Either way, using (2.5.34) the DPE (2.5.33) becomes

pla) + ho(x) = igf )[c(x, a) + ah,(F(z,a))]. (2.5.35)
acA(x
Comparing this equation with (2.5.5), we might try to get con-

ditions for the pair (p(a), he) in (2.5.35) to converge, as a T 1, to
a solution (j*,1) of (2.5.5).



2.5 LONG-RUN AVERAGE COST PROBLEMS 75

We will next show by means of examples the feasibility of this
approach. It should be noted however that, to the best of our
knowledge, there are no general results on the “vanishing dis-
count approach” for deterministic discrete-time systems such as
(2.5.1)—(2.5.2). All the known results on discrete-time AC control
problems refer to stochastic systems. See Remark 2.60.

Example 2.57 (An LQ system, cont’d.). We consider again the
a-discounted LQ control problem (2.4.13)—(2.4.15), with the a-
optimal discounted cost V*(z) = C(a)x? in (2.4.22). Here C(a) =
C' is the unique positive solution of (2.4.21) with coefficients
P,Q =Q(a),S = S(a) as in (2.4.20), i.e.,

P=gr, Q(a)=(rd®+qn*)a, S(a)=an’  (25.36)

We suppose again the conditions in Example 2.46, but now we
assume in addition that the coefficients in (2.4.13) are such that
|0| <1 and én > 0.
Now, in (2.5.34) take
My 1= ;g)f( Vi(z) =V (z) =0,
with # = 0. Then p(a) = 0 for every a € (0,1), and, as a T 1, we
obviously have that p(a) — j* = 0 and
ho(z) = Vi(2) — I(z) := C(1)2* Va

«Q

where C'(1) is the unique positive solution of the quadratic equa-
tion (2.4.21) when o =1. We can also see that, as a T 1, the
a-optimal control f,(-) = f*(-) in (2.4.23) converges to g*(z) :=
—0z for all z, where 6 := (r + S(1)C(1))"*dnC(1) and S(1) is
given in (2.5.36) when a = 1.

Summarizing, (5*,1, ¢*) is a canonical triplet, as in (2.5.6), with
minimum average cost j* = 0. (Here, we are tacitly using the
following fact: If we write a; = —f0z; in (2.4.13), then z;,.; =
(0 —nb)z; is a stable system since the coefficient |§ —nf| < 1.)
&

Example 2.58 (The Brock-Mirman model, cont’d.). Consider
the Brock-Mirman model in Example 2.31. In this a-discount
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problem, the performance index to be maximized for a given ini-
tial state xqg = x is

Vo(m,z) = Z o' log(ay).
=0

The optimal control policy of this problem is f¥(z) :=¢(1 —
fa)x? (see (2.3.33)) and the optimal state-control pair path
(x,af) for t =1,2,... is given by

1—pt + _pt+1 .
T = (c@a)li—ﬁﬁxe and af =c¢(1— 9a)(c€a)H i g

Moreover, from Remark 2.32 the corresponding a-discount value
function is

(e

1 0

Vo' (z) = —a log[e(1 — fa)] + a1 —6a) log(cfa) + 1 0a log(x)
Rearranging terms, we have

(1 - @)V (2) = logle(1 - 6a)] + _”‘ea log(cfa) + % log(z),

and therefore

lim(1 — a)V)(z) = log(c(1 —0)) + b 7 log(ch) = j* V.

all 1—

In other words, the constant function J*(-) = j* is the average
optimal value function which, of course, coincides with (2.5.13)

and (2.5.23).
Finally, notice that, as a T 1, the optimal path (z},a}) con-
verges to the steady-state pair (z*,a*) in (2.5.22). &

Remark 2.59 (The Arzela-Ascoli Theorem). Let C,(X) be the
space of real-valued continuous bounded functions on a met-
ric space X, with the supremum norm | f|| :=sup,cx |f(2)].
The Arzela-Ascoli theorem characterizes compact subspaces of
Cy(X). This result is used, for instance, in the vanishing discount
approach, to decide whether a sequence (say, hq, (-) in (2.5.34))
in Cy(X) has a convergent subsequence. A precise statement is as
follows.
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The Arzela-Ascoli Theorem. Suppose that X is a compact
metric space and let f, be a sequence in Cy(X) such that

(a) fn is bounded, that is, sup,, || fa| < oo, and
(b) fn is equicontinuous, that is, for each € > 0 there exists 6 > 0
such that

sup|fu(z) = fuly)l <€ if fo—y[ <o.

Then f, has a subsequence converging to some function in Cy(X).
For a proof of this theorem see, for example, Appendix H in
Morimoto (2010). <&

Remark 2.60. As already noted in the paragraph before Exam-
ple 2.57, as far as we can tell there are no general results on the
“vanishing discount approach” to discrete-time deterministic AC
problems. (For differential systems, see part (b) below.) In fact,
the closest result we are aware of is the following theorem by Fein-
berg et al. (2012) for Markov decision processes (MDPs), which we
introduce in Chap. 3. Note, however, that this theorem does not
give the ACOE (2.5.5); it gives the optimality inequality (2.5.37)
below, which is the same as the inequality in Corollary 2.50(a).
(Vega-Amaya (2015) presents another proof of this theorem.)

(a) For our deterministic AC control problem (2.5.1)—(2.5.3) the
Feinberg et al. (2012) theorem can be stated as follows.

Theorem (Feinberg et al. (2012)). Suppose that:

(a) Assumption 2.17 holds, that is, the system function F(-,-)
is continuous, and the stage cost (-, ) is nonnegative and
K-inf-compact;

(b) there exists a policy 7 and an initial state x such that
J(m, ) is finite, and, moreover, the function

h(-) := liminf h,(+)
all
is finite-valued, where h,(-) = V*(-) — m, is as in (2.5.34),
with m, = infex V().
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Then there exists a Ls.c. function [(-) on X and a stationary
policy f € FF such that
J @) 2 it fe(ra) + [(F(r.a)
acA(x
=c(x, f)+1(F(z, f)) VrelX, (2.5.37)

where j* :=limsup,;; m, is the optimal AC, and f is AC-
optimal, that is, J(f,x) = J*(z) = j* for all z € X.

(b) AC control problems are mainly studied for stochastic sys-
tems, as in Chaps. 3, 5, and 6 below. For discrete-time deter-
ministic systems the AC problems are practically unexplored,
except perhaps for implicit results such as the theorem in part
(a). Similarly, for differential systems (as in Chap. 4, below)
AC problems have been studied in just a handful of papers
such as Arisawa (1997) and Kawaguchi (2003).

&

For additional comments on deterministic AC control problems
see Hernandez-Lerma et al. (2023).

Exercises

2.1. Let X and Y be (nonempty) sets, and D C X x Y. Assume
that the z—section D(x) :={y € Y : (z,y) € D} is nonempty for
all x € X, and similarly for the y—section D(y):={z € X : (z,y) €
D} forally € Y. Let v be a real-valued function on D. Prove that:

(a)

sup v(x,y) =sup sup v(z,y)
(z,y)€D z€X yeD(x)

=sup sup ov(z,y).
yeY zeD(y)

(b) Show that (a) holds if “sup” is replaced by “inf”.

Remark. Parts (a) and (b) in Exercise 2.1 are called “property of
the repeated supremum” and “property of the repeated infimum”,
respectively.
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2.2. Let g and h be real-valued functions on a set X.

1. If g and h are bounded from above, then

(al) sup, g(z) —sup, h(z) < sup,[g(z) — h(z)];
(a2) [sup, g(x) = sup, h(z)| < sup, |g(z) — h(z)|.

2. If g and h are bounded from below, then
linf,g(z) — inf,h(z)| < sup,|g(z) — h(z)].

2.3. Let X and Y be convex subsets of R, and v a convex function
on a convex set D C X x Y. Then
vi(x) = inf wo(z,
(@)= inf v(a.y)
is convex, provided that v* is finite-valued, where D(x) is the x—

section defined in Exercise 2.1 above. If v is strictly convex, then
so is v*.

2.4. Prove Lemma 2.2—Bellman’s principle of optimality.

2.5. Prove Lemma 2.15.

Hint. To prove part (a) note that, if gx | g, then limy gx(y) =
infy gx(y) = g(y) for all y € Y. In other words, limy, g = infy, gy.
Now use Exercise 2.1(b) above. Part (b) in Lemma 2.15 follows
from the definition of uniform convergence. Proving part (c) is
a little complicated. The reader might wish to see the proof of
Lemma 4.2.4 in Herndndez-Lerma and Lasserre (1996).

2.6. Give an example of a function on a metric space that is l.s.c.
but not inf-compact (as defined in Lemma 2.15(c)).

2.7. Let K be the operator in (2.3.8) defined on the complete
metric space B(X) of measurable bounded functions v with the
supremum norm ||v|| := sup,.y |v(z)|. Suppose that the cost func-
tion ¢(z,a) is bounded. Prove that:

(a) K is a contraction on B(X);in fact, | Kv — Kv'|| < aljv — ¢/||
for all v,v" € B(X), and

(b) the a—discount value function V* is in the space B(X) and it
is the unique fixed—point of K (see (2.3.9)) in B(X).
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Hint. To prove (a) use Exercise 2.2, part 2. For (b), recall Remark
2.25.

2.8. Let v: K — R be K-inf-compact (see Definition B.4(a2)).
Show that v is Ls.c.

2.9. Let LT(X) be as in Lemma 2.18, that is, the family of non-
negative Ls.c. functions on X. Show that L (X) is a convex cone,
so if w and v are in L™ (X) and k > 0, then u 4+ v and ku are also
in L(X).

2.10. Let v € LT(X) and u be as in (2.3.14). Show that, under
the Assumption 2.17, the functions (z,a) +— c(z,a),v(F(z,a)),
u(z,a) are all Ls.c.

Hint. Use Exercise 2.8.

2.11. Prove the Proposition 2.49.
2.12. Prove Lemma 2.34.
2.13. Prove Lemma 2.35(a).

2.14. Prove (2.4.6) for any policy m = {a:}.

Hint. In (2.4.2), replace (z,a) € K by (x¢,a;) with t =0,1,....
Next multiply by o' both sides of (2.4.2), and then sum over all
t =0,1,.... Finally, rearrange terms to obtain (2.4.6).

2.15. Let v, (n=1,2,...) and v be functions on X such that
v, T v. Show that if the v, are convex or l.s.c. or monotone, then
so is v, respectively.

2.16. Consider the time-varying control system (2.0.1)—(2.0.2)
with state and action spaces X C R™ and A C R™, respectively,
with A compact. Assume, moreover, that the system function and
the stage costs are linear in the state variable, that is,

Fi(xz,a) = Fi(t)x + Fy(a) and c¢(z,a) = ¢1(t) - x + ea(a),

and terminal cost Cp(+) = 0, where Fy(+) and ¢y(+) are continuous
functions.
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(a) Prove that the OCP has an optimal control which is indepen-
dent of the state variable.

Hint. Use the DP algorithm (2.1.8)—(2.1.9). (The result in (a)
is due to Midler (1969).)

(b) Show that, under the appropriate conditions (for instance, as
in Theorem 2.21), the result in (a) also holds in the infinite-
horizon stationary case (2.3.1)—(2.3.2).

2.17. Maximize

over all m = {a;}, with a; € [0, 1], subject to ;11 = p(1 — a;)x,
t=0,1,....,T — 1, where x¢y > 0 and p > 0.

Answer.
. 1 _ p 1 _ pT—t
“w=1 o Vo) =y fr— s =01 T

2.18. (A cake eating or nonrenewable-resource extraction prob-
lem.) Maximize

Vimwo) =) #'T—
t=0 v

over all m = {a;}, with a; € (0, ), subject to x441 = x4 — a;, t =
0,1,....,T — 1, where 0 < v < 1 and zy > 0.

Answer.

1— [jl/"/ 1y 3t (1 _ [j(T—t)/w)
_ =z

A ) i—01,.,T—1.
(1—7) (1=p7)



Chapter 3 ®

Check for
updates

Discrete—Time
Stochastic Control
Systems

For the discrete-time deterministic systems studied in Chap. 2
there is essentially a unique dynamic model, namely,

Ti41 :F(xt,at) Vt:(),l,..., (301)

with a given initial condition xy. In contrast, in the stochastic case
there are two common dynamic models: the so—called system
model, and the Markov control model.

3.1 Stochastic Control Models

In the system model (SM), also known as the control model, the
controlled system evolves according to a difference equation (sim-
ilar to (3.0.1)) of the form

xt+1:F(xt,at,ft) Vt:O,l,...,T—l, (311)

for T' < oo, with a given—possibly random—initial condition z.
Here, the state and control variables z;, a; have the same meaning
as in (3.0.1); in particular, they take values in a state space X and
an action set A, respectively, both assumed to be Borel spaces.
Moreover, the & are independent random variables with values
in a Borel space S, and they denote random perturbations. These
perturbations (as in Remark 1.2(b)) can form a driving process
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or a random noise. In the former case, the & have a physical
or economic interpretation, whereas in the latter case they are
arbitrary random variables. See Example C.4 and Remark C.5 in
Appendix C.

The Markov control model (MCM) approach can be traced back
to the paper by Bellman (1957b) who, in addition, coined the term
Markov decision process, which today is also known as a Markov
control process. The difference between the MCM and (3.1.1) is
that in a MCM the evolution of the system is not specified by a
“system function” F'(x,a,s) as in (3.1.1); rather it is specified by
a stochastic kernel or transition probability—as in Definition C.2
in Appendix C. (An approach similar to Bellman’s was introduced
by Shapley (1953) for stochastic games.)

More precisely, a MCM is expressed in the form

(X, A {A(z) :xz € X},Q,0), (3.1.2)

where, as usual, X and A are Borel spaces denoting the state space
and the control or action set, respectively. Moreover, for each
r € X, A(x) € B(A) represents the set of feasible (or admissible)
actions in the state z. Let

K:={(z,a) e X xA:a€ A(z)} (3.1.3)

be the set of feasible state—action pairs, which is assumed to be a
Borel subset of X x A. (In the terminology of Definition B.1, K is
the graph of the multifunction z — A(x).) Then @ is a stochastic
kernel on X given K that represents the transition probability
from a state z; to x;+1 under a control action a; € A(z,); that is,

for each t =0,1,..., B € B(X), and (z,a) € K|
Q(B|z,a) := Prob[z;1, € Blzy = x,a; = al. (3.1.4)

Since this holds for all ¢, we say that the kernel @) is stationary or
time—homogeneous or time—invariant. Finally, ¢ in (3.1.2) is a real-
valued function on K that is used to define the OCP’s objective
function, below.

Remark 3.1. (a) Consider the SM (3.1.1), and suppose that the
& are independent and identically distributed (i.i.d.) random
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variables with a common distribution px on S. Then, from
(3.1.4), we can see that the stochastic kernel @) is given by

Q(B|z,a) = Prob|[F(z,a,§) € B]
=u({se€S: F(z,a,s) € B}) (3.1.5)
= E[[B(F(ZE,CL7 5))]

where £ represents a generic random variable with distribution
w, and Ig denotes the indicator function of the set B, that is,

1 if z€B
Ig(z) == ’
5(7) {O otherwise .

Hence, one can easily go from the SM (3.1.1) to the MCM
(3.1.2). One can also go the other way around, from (3.1.2) to
(3.1.1), but this is not very helpful because it is obtained by
means of an “existence” (nonconstructive) proof. (See Gihman

and Skorohod (1979), Sect. 1.1.)

(b) Similarly, if we are given the deterministic system (3.0.1), then
(3.1.4) gives Q(B|z,a) = Ig[F(x,a)] or, equivalently,

Q(B|x,a) = 5F(:r,a)(B)7 (316)

where dp(;4) denotes the Dirac (or point) measure concen-
trated at F(z,a), i.e.,

1 if F(z,a)€eB
Or(z.a)(B) = ’ ’
. )( ) {O otherwise .

&

In view of Remark 3.1, in the following we will mainly (but not
exclusively) work with the MCM (3.1.2).

Another key difference between a SM and a MCM is that (3.1.1)
gives explicitly the state and action processes {z;} and {a;},
whereas in a MCM it is unclear, at the outset, how to obtain
these processes from (3.1.2). We show next how this is done, but
first we need to formalize the notion of “randomized policy” intro-
duced in the Definition 3.2.
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The remainder of this section is too technical. The reader might
wish to skip it and go directly to Sect. 3.2.

Consider the Markov control model (3.1.2) and, for each t =
0,1,..., define the space H; of admissible histories up to time ¢
as Hy := X, and

Ht = Kt XX:KXHt_l for t:1,2,..., (317)

where K is the set in (3.1.3). A generic element h; of H;, which
is called an admissible t—history, or simply a t-history, is a vector
of the form

he = (2o, a0, ., Te_1, -1, T¢), (3.1.8)

with (z;,a;) € Kfori=0,...,t—1, and z; € X.

Definition 3.2. A randomized control policy—more briefly, a
control policy or simply a policy—is a sequence 7 = {m,t =
0,1,...} of stochastic kernels 7, on the control set A given H,
satisfying the constraint

Wt(A(Z't)|ht) =1 Vht th, t:071, (319)
The set of all policies is denoted by II.

Roughly, a policy m = {m;} may be interpreted as defining a
sequence {a;} of A—valued random variables, called actions (or
controls), such that for every t—history h; as in (3.1.8) and t =
0,1,..., the distribution of a; is m(-|h;), which, by (3.1.9), is
concentrated on A(x;), the set of feasible actions in state ;. This
interpretation of 7 is made rigorous in equation (3.1.10b), below.

Remark 3.3. The canonical construction. Consider the
MCM (3.1.2) and let (£2, F) be the measurable space consisting of
the (canonical) sample space € := (X x A)>, that is, the space of
sequences w = (g, ag, 1, a1, ...) with z; in X and a; in A for all
t=20,1,..., and F is the corresponding product o—algebra. The
proyections (or coordinate variables) w +— z; and w +— a4, from €
to X and A, respectively, are called state and action variables.
Observe that Q contains the space Hy,, in (3.1.7), of admissi-
ble histories w = (xg, ag, x1, a1, ...) with (z;,a;) € K (that is, by
(3.1.3), a; € A(zy)) forall t =0,1,....
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Let m = {m} be an arbitrary control policy and v an arbitrary
probability measure on X, referred to as the “initial distribution”.
Then, by a theorem of C. Ionescu—Tulcea (Proposition C.8 and
Remark C.9 in Appendix C), there exists a unique probability
measure P7 on (Q,F) which, by (3.1.9), is supported on H,

v

namely, PT(H.,) = 1. Moreover, for all B € B(X),C € B(A), and

14

hi € Hy as in (3.1.8), t = 0,1, ..., we have:

P™(z0 € B) = v(B), (3.1.10a)

P;T((lt € C|ht> = 7Tt(C|ht), (3110b)
P;r(xtﬂ S B|ht, Clt) = Q(B|Z’t, at). (3110C)
&

Definition 3.4. The stochastic process (2, F, PT,{x:}) is called
a discrete-time Markov control process (or Markov decision pro-
cess).

The process {z;} in Definition 3.4 depends, of course, on the
particular policy 7 being used and on the given initial distribution
v. Hence, strictly speaking, we should write, for instance, x}"”
instead of just x;. However, we shall keep the simpler notation z;
for it will always be clear from the context what particular 7 and
v are being used.

The expectation operator with respect to P is denoted by EJ.
If v is concentrated at the “initial state” z € X, then we write P]
and E] as P] and E7, respectively.

3.2 Markov Control Processes:
Finite Horizon

In this section we consider the Markov control model (MCM)
(X, A {A(x) :x € X},Q,¢) (3.2.1)

introduced in (3.1.2)—(3.1.4), and the Markov control processes
(MCP) in Definition 3.4. The optimal control problem (OCP)
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we are concerned with is to minimize the finite-horizon objective
function (or performance criterion)

N-1

J(m,z) = E} Z c(xy, ar) +enl(zn) |, (3.2.2)

t=0

which is a stochastic analogue of (2.0.1). Thus, letting
J*(z) = inf J(m,z), v € X, (3.2.3)

be the corresponding value function or minimum cost func-
tion, the OCP we are dealing with is to find an optimal policy,
that is, a policy 7* € II such that

J(r*x)=J(z) VzelX. (3.2.4)

To this end, we will prove below the stochastic version of the
Dynamic Programming (DP) Theorem 2.3.

Let m={m} be an arbitrary policy and, for every
t=0,1,..., N, let Cy(m, x) be the “cost—to-go” or cost from time
t onwards when using the policy 7 and given x; = x; that is, for
t=0,1,..., N—1,

Cy(m,x) .= E" 2 c(Tp,an) +oen(zy)|ey = (3.2.5)
and
Cy(m,z) == E™en(zy)|zny = 2] = en(2). (3.2.6)

In particular, from (3.2.2),
J(m,z) = Co(m, ). (3.2.7)

Moreover, for t = 0,..., N, let J; be the optimal cost from time t
to NV, that is,

Ji(z) :=inf Cy(m,z) VeeX, t=0,...,N. (3.2.8)

The following lemma states that the functions J; satisfy the DP
equation (3.2.9) with the condition (3.2.10).
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Lemma 3.5. Suppose that for each ¢t € {0,..., N — 1} there is
a policy 7 for which the minimum is attained in (3.2.8) for
all z € X, that is Jy(z) = Cy(n', z). Then, for each t = N — 1,
N—-2...,0and z € X,

Ha) = min ew0) + [ Ta@dlna] (329

and
In(z) = en(x). (3.2.10)

Remark 3.6. Consider a system model (SM) as in (3.1.1), that is,
$t+1:F(fEt,at,€t) Vt:O,]_,

with S—valued i.i.d. random disturbances & with a common dis-
tribution G. Then, in analogy with the right-hand side of (2.1.9),
the integral in (3.2.9) becomes

ElJi1 (F (e, a1, &) |20 = 2,00 = a] = E[J 1 (F (7, a,&))]
= / Ji1(F(x,a,s))G(ds).

In a general MCP, the integral in (3.2.9) can be expressed (by
(3.1.10¢)) as

ElJvr (o) = 2,0, = a] = / T )QUylz,a).  ©

Proof of Lemma 3.5. From (3.2.6), the terminal condition
(3.2.10) is obvious. Now let ¢t =0,1,..., N — 1, and consider a
policy 7 such that 7, = f € F and {m11,...,7n_1} is an optimal
policy from time ¢ 4+ 1 onwards. Hence, by (3.2.5),

N-1

Z c(mn, an) + CN(-%'N)’xt =T, a = f(x)

n=t+1

~ (o, f(z) + /X T (y)Q(dylz, £(x))

Ci(m,x) = c(z, f(x)) + E7

> min [e(w.0) + [ JQUylo.a)]
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therefore,

J(w) 2 min [e(r.a) + /X T (1)Q(dylz, ).

To obtain the reverse inequality observe that, for any f €,
(3.2.8) yields

J(x) < ez, f(z)) + / T (1)Q(dyle, £(x)).

X

Since f € F was arbitrary, the latter inequality gives that

Ji(xz) < min [¢(z,a) + /X Ji1(y)Q(dy|z,a)] Vo e X.

acA(x)
This completes the proof of (3.2.9). O

Remark 3.7. To simplify the notation, if we have a function
g(z,a) on K and use a selector f € F, we will simply write g(z, f)

or g¢(z) in lieu of g(x, f(z)). <&

From Lemma 3.5 we easily obtain the DP algorithm in the
following theorem.

Theorem 3.8. Let {Jy,...,Jr} be the functions in (3.2.9)-
(3.2.10). Suppose that, for eacht = 0,1,..., N — 1, there is a selec-
tor fr € F such that f;(x) € A(x) attains the minimum in (5.2.9)
for every x € X, that is (using the notation in Remark 3.7),

Ji(z) = c(z, fr) +/ Ji1(y)Q(dy|x, f1). (3.2.11)
X
Then the deterministic Markov policy 7 = {fo, ..., fn—_1} is opti-
mal, that is, it satisfies (3.2.4).

Proof. This theorem follows directly from (3.2.11) and (3.2.8),
which yield
inf Cy(m, x) = Cy(n™, x)

for every t =0,...,T and x € X. ]
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Remark 3.9.(a) Lemma 3.5 and Theorem 3.8 hold, of course,

(b)

if the cost function ¢ and the stochastic kernel () are time—
varying, that is, ¢; and @), for t = 0,1, ... as in Theorem 2.3.

Our approach in this section to obtain the DP Theorem 3.8
is a little different from the approach followed in Sect. 2.1 to
obtain Theorem 2.3. Indeed, here we introduced the functions
Jy in (3.2.8) and then we showed that they satisfy the DP algo-
rithm (3.2.9)—(3.2.10). In contrast, in Theorem 2.3 we started
the other way around: first, we introduced the DP algorithm
(2.1.8)-(2.1.9), and then we obtained (2.1.10)-(2.1.11). <

Remark 3.10. Variants of the D.P. equation.

(a)

(b)

Nonstationary MCPs. Lemma 3.5 and Theorem 3.8 hold
if the MCM (3.2.1) is nonstationary, that is, all of the com-
ponents in (3.2.1) are time-varying, i.e, Xy, As, Ai(z), Qr, ¢t
for t =10,1,.... For instance, (3.2.9) would be expressed as

ac€Ai(x

Ha) = min Jofe,a)+ [ a0y o)

Moreover, there is a well-known state—augmentation pro-
cedure to transform a nonstationary MCM into a station-
ary one. [See, for instance, Bertsekas and Shreve (1978),
Guo et al. (2010), Herndndez-Lerma (1989), Hinderer et al.
(2016).]

Discounted costs. Given a discount factor a € (0,1), the
performance criterion (3.2.2) becomes

o4

Z_ a’e(xy, ar) + ochN(xN)]

t=0

Then, using the same change of variable to obtain (2.2.1)—
(2.2.2), the DP equation in Lemma 3.5 becomes

Vite) = min [ete.0) + 0 [ Vi@ale.a)| (212

a€A(x)
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fort=0,1,...,N —1, and
Vn(x) = en(z). (3.2.13)

(c) System models. Consider the SM in Remark 3.6. Then
(3.2.10) remains the same, but (3.2.9) becomes

Ji(z) = min){c(l"a a) + E[Ji1(F(7,a,8))]}

acA(z

:ag&){c(x’a) —i—/SJtH(F(x,a,s))G(ds)}. (3.2.14)

In particular, in the discounted case (3.2.12), the expected
value in the right-hand side of (3.2.14) is replaced with

aE[Jia(F(z,a,§))].

Finally, we can also rewrite (3.2.9)—(3.2.10) in a forward
form, similar to the deterministic case in (2.2.4)—(2.2.5).

3.3 Conditions for the Existence of
Measurable Minimizers

For Theorem 3.8 to be useful we need to ensure the existence
of measurable selectors (or “minimizers”) f; € F as in (3.2.11).
There are many ways of doing this—see, for instance, Bertsekas
and Shreve (1978), Bauerle and Rieder (2011), Herndndez-Lerma
and Lasserre (1996), Hinderer et al. (2016), to mention just a few
references. Here we will use some results in Appendix B, below, to
see how to ensure the existence of measurable minimizers. First,
we consider how to adapt our MCM to Theorem B.3.

Theorem 3.11. Consider the MCM (3.2.1), and a l.s.c. function
u: X — R bounded below. Suppose that, for every x € X,

(a) The action set A(x) is compact;

(b) The function a — c(z,a) is l.s.c. on A(z);
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(¢c) The function a— v'(z,a):= [, v(y)Q(dy|z,a) is Ls.c. on
A(z) for each continuous and bounded function v on X.

Then the function u* defined on X by
u*(z) := inf [c(x,a)+/ u(y)Q(dy\x,a)] (3.3.1)
X

acA(x)

is measurable and there exists a selector f € F such that f(x) €
A(x) attains the minimum in (3.3.1) for every x € X, i.e.,

W@ =l )+ [ u@QUe ). (332)

Proof. By the present hypotheses, the result will follow from
Theorem B.3 provided that the integral in (3.3.1) is lLs.c. in
a € A(zx) for every x € X. Thus, we need to show that, for each
xr € X, if {a,} is a sequence in A(x) converging to a € A(z), then

liminf/Xu(y)Q(dmx,an)Z/u(y)Q(dy|x,a). (3.3.3)

n—oo X

To this end, we will use that u is l.s.c. and bounded below and,
therefore, by Proposition A.2, there is a sequence of continuous
and bounded functions v, on X such that vy T u. Hence, for every
n and k,

[ utQsle.an = [ wiwetdsls.a)
X X
and, letting n — oo, the assumption (c) yields
iimint [ u()Qdylr.n) = [ vyl 0)
" X X

Finally, letting k£ — oo, (3.3.3) follows. O

Remark 3.12. (a) Given a real-valued function v on X, let v" be
as in Theorem 3.11(c), i.e.,

v'(x,a) = /Xv(y)Q(dy\x,a) V (z,a) € K. (3.3.4)
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The stochastic kernel (or transition probability) @ in (3.1.2)
is said to be weakly continuous (or that it has the weak—
Feller property) if the mapping (z,a) — v/(z,a) is continuous
on K for every continuous bounded function v. On the other
hand, @ is called strongly continuous (or that it satisfies the
strong—Feller property) if v" is continuous for every measurable
bounded function v. It should be noted that here we will be
dealing with the weakly continuous case.

Clearly, since every continuous function is measurable, strong
continuity implies weak continuity, but not conversely. The fol-
lowing examples emphasize this fact. First, consider the sys-
tem model (3.1.1), where the §; are i.i.d. random variables with
common distribution G on S. Then we can express (3.3.4) as

V'(z,a) = Elv(F(z,a,£))] = /v(F(w,a,s))G(ds), (3.3.5)
s

where ¢ is a generic random variable with distribution G.
Then, for an arbitrary measurable function v, the function v’ is
not necessarily continuous, even if the map (x, a) — F(z,a, s)
is continuous for every s € S. (Take, for instance, v = I the
indicator function of a set B.) Now suppose that (3.1.1) is the
additive noise system

Ti41 = F(l’t, CLt) + Stu t= O, ]_, (336)

Moreover, the & are i.i.d. disturbances as in (3.3.5), but now
they take values in X = S = R? and, in addition, the distri-
bution G has a continuous and bounded probability density
g. Then, using the change of variable y = F(z,a) + s, (3.3.5)
becomes

va,0) = [ o(F(e.a)+ o(s)ds = [ owaty = Ple.w)iy

(3.3.7)
Therefore, assuming that the mapping (z,a) — F(x,a) is con-
tinuous, it follows that the function v in (3.3.7) is continuous,
even if the bounded function v is just measurable! In other
words, the additive noise system (3.3.6) is strongly continuous.
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(b) For the deterministic system (3.0.1), the transition probabil-
ity @ turns out to be the Dirac measure (3.1.6) and so the
function ¢’ in (3.3.4) becomes

V' (z,a) = v(F(z,a)).

Therefore, ) is weakly continuous (in the sense of part (a)) if
the system function F': K — X is continuous, as in Assump-
tion 2.17. However, requiring that () is strongly continuous (so
that v’ is continuous for every measurable bounded function
v) would be extremely restrictive.

(c) As in the proof of (3.3.3) (replacing u with v), it can be seen
that: If Q is weakly continuous and v: X — R is l.s.c. and
bounded below, then the mapping (x,a) — v'(x,a) in (a) is
l.s.c. and bounded below on K. &

Theorem 3.11 requires the action sets A(x) to be compact.
This requirement is replaced, in the following theorem, by inf-
compactness on K (see Definition B.4(a3)).

Theorem 3.13. Consider the MCM (3.2.1) and let u: X — R
be as in Theorem 3.11, that is, u is l.s.c. and bounded below. In
addition, let us assume that

(a) the cost function c is l.s.c., bounded below, and inf-compact
on K;

(b) the transition probability Q is weakly continuous (see Remark
3.12(a)).

Then the conclusions of Theorem 3.11 hold again, that is, the
function u* in (3.3.1) is measurable, and there exists a selector
f € F such that (3.3.2) holds for every x € X. Moreover, for each
r € X, let Ay(z) be the set of actions a* € A(x) where the right-
hand side of (3.3.1) attains the minimum, i.e.,

u(x) = ez, a®) + /X w()Q(dylz, a*),

and suppose that the multifunction x — A,(zx) is Ls.c. (see Defi-
nition B./(b)). Then the function u* is L.s.c. on X.
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Proof. See Exercise 3.1(a). O

In Theorem 3.13, to conclude that u* is l.s.c., we assumed that
the multifunction = +— A,(z) is Ls.c. In the following Theorem
3.14, to obtain that u* is ls.c., we replace the assumption on
x +— A,(z) by the condition that the stage cost ¢ is K-inf-compact
(see Lemma 2.16 or Definition B.4(a2)).

Theorem 3.14. Consider the MCM (3.2.1), and let uw: X — R
be l.s.c. and bounded below. In addition,

(a) the stage cost ¢ : K — R is nonnegative and K—inf-compact;
and

(b) the transition probability Q) is weakly continuous.

Then the conclusions in Theorem 3.11 hold, that is, the function
u* in (3.3.1) is measurable and there exists f € F that satisfies
(3.5.2). Moreover, u* is l.s.c.

Proof. See Exercise 3.1(b). O

3.4 Examples

Example 3.15 (Stochastic LQ systems) We now consider a
stochastic version of the LQ system in Example 2.4. The state
and action spaces are X = A = R and the dynamics is given by

Tepr = YT + Pag + &, t=0,1,...,N -1, (3.4.1)

with nonzero coefficients v and 3. The disturbances &; are i.i.d.
random variables, independent of the initial state xy, with a com-
mon distribution G that has zero mean and finite variance, i.e.,

E) =0 and o®:= E(£) < oo, (3.4.2)

where £ is a generic real-valued random variable with distribution
G. The performance criterion is as in (3.2.2), with one-stage costs

c(r,a) = gz +ra® and cy(z) = qna?, (3.4.3)
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with nonnegative coefficients ¢ and ¢y, and r > 0. Hence, from
Lemma 3.5 and Remark 3.6, the D.P. equation (3.2.9)—(3.2.10)
becomes

Ji(x) = main[q:ic2 +ra® + EJy(yz + Ba+ €)] (3.4.4)
fort=N—-1, N—2,...,0, and
In(z) = qna®. (3.4.5)
Note that, from (3.4.5) and (3.4.2),
EJy(yz + Ba+¢) = qnE(yr + fa+¢)°
= qn(v*2® + 0% + 2yBxa + B%a?).

Inserting this quantity in the right—-hand side of (3.4.4) and min-
imizing over all a € A we obtain the minimizer fy_; € F given

by
fva(z) = Gyoaz, with Gy_y = —(r + qn %) ' 8.
Replacing this value of a = fy_1(x) in (3.4.4) we obtain
Inv_1(x) = Ky_12° + qnvo* VxR
with
Ky-1:=[1 = (r+anf) " 'anlavy* + ¢

Similarly, we replace Jy_1 in (3.4.4) to obtain the minimizer
fn_2 € F and the function Jy_o. In general, by backward induc-
tion, we obtain the optimal policy 7* = {fo,..., fv_1} with

fi(z) = Gyx, where Gy:=—(r+ K 18%) 'K, 1178, (3.4.6)
with
Ky =[1—(r+ K1) 'K 1Ky’ +q

fort =N —1,...,1,0. The optimal cost function from time ¢ to NV
(see (3.2.8)), with Jy in (3.4.5) and t =0,1,...,N — 1, is

N
J(x) = Kii® + 0 Y K, (3.4.7)

n=t+1
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In particular, from (3.2.4) and (3.2.8),

N
J*(z) = Jo(z) = Koz* + 02 ZK”

n=1
for every initial state xo = x. &

Example 3.16. Stochastic LQ system with discounted cost. Let
us consider again the LQ system (3.4.1)—(3.4.3), except that now
we use the a-discounted DP equation (3.2.12) with terminal cost
Vn () =0 in (3.2.13). The optimal cost is again of the form

N—-1
Jo(z) = Kox? + o Z K,

t=1

with K; given by a backward recursion from¢t =N —1,...,1,0 by
K =[1—(ra" + K1 ) K1 P Ky + qa

with K N — 0.

To complement these results, note that Sect. 3.5 in
Herndndez-Lerma and Lasserre (1996) as well as Sect. 2.1 in Bert-
sekas (1987) present the nonstationary vector case of the LQ sys-
tem (3.4.1)—(3.4.2) in which the state and control variables z; and
a; are vectors in, say, R” and R™, respectively, and the coefficients
Y, B¢, qi, 7+ are matrices of suitable dimensions. On the other hand,
observe that the optimal control f; in (3.4.6) is the same as in
the deterministic case (2.1.16). This property is sometimes called
the certainty—equivalence principle of LQ systems. This principle
is shared by other stochastic systems. For an extension of the
certainty—equivalence principle to a class of stochastic differential
games see Josa-Fombellida and Rincén-Zapatero (2019). &

Example 3.17 (A consumption—investment problem). At each
time t =0,1,..., N — 1, an investor wishes to allocate his/her
current wealth x; between investment (a;) and consumption
(xy — ay). Hence, if x; = x, the corresponding investment or con-
trol set is A(z) = [0, z]. The wealth at time ¢ + 1 is

xt+1:at§t, t:(),]_,...,N—l,
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that is, the wealth is proportional to the amount invested at time
t, where & > 0 denotes a “random interest rate”. These “distur-
bances” & are i.i.d. random variables, assumed to be independent
of the initial wealth xy. Moreover, to ensure that reinvestment
is indeed profitable, we assume that the & have a (finite) mean
m = E(&) > 1. The investor’s problem is to find an investment
strategy m = {ag, a1, ...,ay_1} that maximizes an expected total
discounted utility from consumption defined as

N-1
Z oz — at)] :
t=0

for every initial wealth o = x > 0, where « is a discount factor,
and u(z — a) is a given utility of consumption. We will take the
state and action spaces as X = A = [0, 00).

Since we are now maximizing, the discounted D.P. equation
(3.2.12)—(3.2.13) becomes, for every z € X and t=N —1,
N—-2...,0

J(m,x) = E7

JIn(z) =0, (3.4.8)

Ji(z) = arélﬂ}é)[u(x —a) + aEJi1(a&)]. (3.4.9)

The solution to (3.4.8)—(3.4.9) depends, of course, on the utility
function u. Here, we will consider two cases.

Linear case. Suppose that u(x —a) = b- (x — a) for some b > 0.
We will assume that amm > 1. In this case, the optimal investment

policy is 7" = {fo, ..., fxv—1} with fx_1(x) =0, and
fle)=2 VYt=0,1,...,N—2. (3.4.10)
Moreover, for all x € X, andt =N —1,...,0,
Ji(z) = (ma)N b (3.4.11)

In particular, J*(z) = Jo(z) = (ma)"1bx, for any initial state
To = .

Nonlinear case. Assume that u(x —a) = (b/k)(z — a)*. Here
b>0 and 0 < k < 1. The function u(x) = (b/k)x* is called the



100 3 DISCRETE-TIME STOCHASTIC CONTROL SYSTEMS

1soelastic utility function or power utility function. In this case,
the solution of (3.4.8)—(3.4.9) is

Ji(x) = (b/k)Dy* Yt=N—-1,N—-2,...,0, (3.4.12)

whereas the optimal maximizers are fy_;(z) = 0 and, fort = N —
2,...,0,
fu(w) = /(1 + D), (3.4.13)

with § = (aB&F)Y/*+=1 and D, is given recursively by Dy_; = 1
and fort =N —2,...,0,

Dy = 6"'Dy .y J[1 4 6DV, (3.4.14)

(See Exercise 3.4.) O

3.5 Infinite—Horizon Discounted
Cost Problems

In this section we consider the Markov control model (MCM)
(3.1.2):
(X, A, {A(2) : z € X},Q.0).

The objective function to be minimized is the infinite-horizon
expected total discounted cost

V(m,x) = E7

Z a'e(zy, at)] (3.5.1)

for every policy 7 € II, and every initial state € X, where a €
(0,1) is a given discount factor. A policy 7* such that

V(r*, z) = iI;fV(?T,:L‘) =V*(z) VeeX (3.5.2)

is said to be a—discount optimal, and V* is called the a—discount
value function, also known as the a—discount optimal cost function.

We can analyze the infinite-horizon discounted cost problem
in the context of any of the Theorems 3.11, 3.13 or 3.14. Here,
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however, to fix ideas we will follow Theorem 3.13. (The analysis
following Theorem 3.14 is quite similar.)

The following assumption, which is supposed to hold through-
out this section, includes some of the hypotheses of Theorem 3.13.
(See also Theorem 3.13 or Remark 3.12(a) for the definition of
weak continuity of Q.)

Assumption 3.18. (a) The stage cost ¢: K — R is l.s.c., non-
negative, and inf-compact on K, that is (by Definition B.4
(a3)), for each r > 0, the set {a € A(z)|c(x,a) <r} C A is
compact.

(b) The multifunction x — A.(x) is l.s.c. (see Definition B.4(b)),
where, for every z € X, A.(z) stands for the set of control
actions a* € A(x) such that c(z,a*) = mingea) c(z, a).

(c¢) The transition law @ is weakly continuous.

Observe that the LQ system in Examples 3.15 and 3.16 satis-
fies Assumption 3.18. In particular, since c(x,a) = qx? + ra® (see
(3.4.3)) and there are no control constraints (i.e, A(x) = A =R
for all x € X) the multifunction x — A.(z) in Assumption 3.18(b)
is “constant”, that is, A.(x) = {0} for all x € X; hence, it is triv-
ially 1.s.c. Similarly, @ is weakly continuous because, from (3.4.1)
and the Remark 3.12(a), the mapping

(2,0) /X o(y)Q(dylz,a) = / vy + Ba+ 5)G(ds)

is continuous for every continuous bounded function v. Assump-
tion 3.18 can also be verified for the Example 3.17. Nevertheless,
since the problem aims to mazimize a utility, the reader might
wish to make the “change of variable” ¢(x,a) := —u(z —a) to
put Example 3.17 in the format of Assumption 3.18.

In our present context, the Basic Assumption in Chap. 1 is that

(a) the cost function ¢ is nonnegative, and
(b) the value function V* is finite—valued.

Part (a) is included in Assumption 3.18(a). Part (b) follows from
the following Assumption 3.19.
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Assumption 3.19. There exists a policy 7 such that V (7, z) <
oo for each z € X.

We denote by II° the family of policies that satisfy Assumption
3.19. For instance, if the cost ¢ is bounded, say 0 < ¢ < M, then

0<V(mz)<M(1—-a) Vrell,zeX.

Hence, in this case, I1° = II.

In the remainder of this section we roughly follow the dynamic
programming (DP) approach in Sect. 2.3.1 for deterministic
infinite—horizon problems. In particular, we wish to prove that
the a—discount value function V* in (3.5.2) satisfies the DP
equation—compare (2.3.7) and (3.5.5). To this end, we again con-
sider the family L*(X) of nonnegative 1.s.c. functions on X, intro-
duced in Lemma 2.18. (See also the Exercise 2.10.)

For each v € L*(X), let Tu: X — X be defined as

acA(x)

Tu(x) := inf {c(:v,a)jta/xu(y)Q(dka,a)}. (3.5.3)

One of the main results in this section is that the value function
V* is a solution of the a—discount DP equation (also known as the
a—discount optimality equation)

a€A(x)

u(z) = inf [c(m,a)—l—a /X u(y)Q(dy]a:,a)]. (3.5.4)

By (3.5.3), a solution u € LT (X) to (3.5.4) is a fized point of T,
that is, Tu = .

Remark 3.20. The following Theorem 3.21 is quite similar to
Theorem 4.2.3 in Herndndez-Lerma and Lasserre (1996) except
for a key difference: In the latter reference, the transition law @) is
supposed to be strongly continuous (see Remark 3.12(a)), whereas
here @ is weakly continuous (Assumption 3.18(c)). This implies
(by the Remark 3.12(b)) that Theorem 3.21 includes as a special
case the “deterministic” results in Theorem 2.21 and Corollary
2.22. This fact is not true in the cited reference. &
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Theorem 3.21. Suppose that Assumptions 3.18 and 3.19 hold.
Then:

(a)

(b)

(c)

(d)

The a—discount value function V* is the pointwise minimal
solution of (3.5.4); that is, for every x € X,

V*(z) = agl4i(1)l() lc(m,a) —I—oz/XV*(y)Q(dylx,a) ,  (3.5.5)

equivalently V* =TV™, and, in addition, if u is another solu-
tion of (3.5.4), then u(z) > V*(x) for allx € X.

There is a selector f. € F such that f.(x) € A(x) attains the
minimum in (3.5.5), that is,

V@) = oz, £.) +a/XV*(y)Q(dy|a:,f*) VzeX, (3.5.6)

and the deterministic stationary policy f&° = {fe, fu,...} is
a~discount optimal; conversely, if [ ={f., fu,...} is a-
discount optimal, then f. € F satisfies (3.5.6).

If T is a policy such that V (7*,-) satisfies (3.5.4) and, more-
over, the condition

lim o"E7V (r*,2) =0 Vanel® and x € X  (3.5.7)
holds, then * is a—discount optimal. In other words, if (3.5.7)
holds, then * is a—optimal if and only if V (7*,-) satisfies the
a—discount D.P. equation.

If an a—discount optimal policy exists, then there exists one
that is deterministic stationary.

The conclusion of part (d) in Theorem 3.21 is important
because it ensures that, even if we work in the space of all ran-
domized, history—dependent policies (see the Remark 1.2(d) or
the Remark 3.3), to solve the infinite-horizon discounted cost
problem it suffices to consider deterministic stationary policies

fOO

={f,f,...}, with f € F.
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The proof of Theorem 3.21 requires some preliminary results
that are important in themselves. The first one is that the operator
T in (3.5.3) maps LT (X) into itself.

Lemma 3.22. If u is a function in L*(X), then so is Tu and,
moreover, there exists a selector f € F such that f(z) € A(x)
attains the minimum in the right-hand side of (3.5.3), that is,

Tu(z) = c(z, f) + a/ w(y)Q(dylz, f) Ve X. (3.5.8)
b
Proof. First, note that the hypotheses (a)-(b) in Theorem 3.13
are the same as the Assumptions 3.18(a),(c). Moreover, our
Assumptions 3.18(a),(b),(c) yield that the multifunction x +—
Au(z) in Theorem 3.13 is lLs.c. Therefore, the conclusion in
Lemma 3.22 follows from Theorem 3.13. a
The expression (3.5.9) below is the “stochastic version” of
(2.3.16). In fact, the arguments in the Remark 2.19 are a sim-
plified version of the arguments in the proof of Lemma 3.23.

Lemma 3.23. Given a selector f € F, consider the deterministic
stationary policy f* ={f,f,...}. Then the a—discounted cost
vi(z) = V(f>°,x) satisfies that, for every z € X,

vy(2) = (o f) + o / o ()Qylr. f).  (35.9)

X

Proof. Given f € F, from (3.5.1) we obtain

v(@) = EI" Y ale(a, f)]

= Ej;oo c(xo, f) + Zatc(xt, f)]
t=1

= c(x, f) +aBI™(0), (3.5.10)

where © := Y77, o' e(xy, f). Then, by the properties of the con-
ditional expectation and the Markov-like property (3.1.10c¢),

EI"(0) = El” [E[" (Olxo, ap, 21)]
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= E[" [E]"(O]z1)]

:/XEf“
_ /X 0 (y)Qdyle. f).

The latter fact together with (3.5.10) gives (3.5.9). O
Compare part (a) of the following lemma with Lemma 2.20.

S ol f)les = y| Qdyla, 1)

Lemma 3.24. (a) Ifu € L7(X) satisfies that u > T'u, then there
exists a selector f € F such that u(x) > v(x) for every x € X.
Hence u > V*.

(b) Let u: X — R be a measurable function such that T'u is well
defined. In addition, suppose that © < Tu and

lim o"Ef[u(z,)] =0 V7 ell” and z € X.  (3.5.11)

n—oo

Then v < V™,

Proof. (a) Let u € LT (X) be such that u > T'u. Then, by Lemma
3.22, there exists f € F for which, for every z € X,

u(@) > e(x, f) + a / u(y)Q(dylz, f).

Iteration of this inequality yields, for every m =1,2,... and

re X,
n—1
Z OétC(,th’ f)
t=0

where Elu(x,) = [u(y)Q"(dy|z, f) and Q"(-|x, f) is the n-step
transition probability of the Markov process {z;} when using the
policy f*°. Therefore, since u is nonnegative,

i a'c(xy, f)] ;

t=0

u(z) > Ej: + a"E:{u(xn),

u(z) > Ef

and letting n — oo we obtain u(-) > vg(+).
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(b) First, note that v < Tw and (3.5.4) imply that, for every
r € X and a € A(z),

u(z) < c(x,a) + a/u(y)Q(dy|x,a). (3.5.12)

On the other hand, for arbitrary m € II and = € X, the Markov—
like property (3.1.10¢) yields

E7 [0 (e ey ar] = ot / u(y)Q(dyles, )
X

> o [ux;) — c(xy, )] (by (3.5.12)),

SO
ale(xy, a)) > —Era M u(zi ) — otu(a)| by, ag).
Thus, taking expectations £ and summing over ¢t =0,...,n — 1,
we have
n—1
ET Z ac(zy,ar)| > u(r) —a"Eru(z,) Y n.
t=0

Finally, letting n — oo and using (3.5.11), we obtain that
V(m,z) > u(z) for all x € X. Therefore, since m € Il was arbi-
trary, it follows that V* > w. O

The following Lemma 3.25 extends Theorem 2.21 to the stochas-
tic case. It shows the convergence to V* of the value iteration
(VI) functions {v,} defined as vy =0, and v, := T, for all
n=1,2,..., that is,

vp(2) := min [c(z,a) + a/ Un—1(y)Q(dy|z, a)] (3.5.13)
a€A(x) X

for all x € X. The lemma is a key result in the theory and appli-

cations of dynamic programming. Before stating it, however, note

that the convergence of v, to V* is to be expected, because

using the forward form of the D.P. equation (3.2.9)—(3.2.10) with

cy = 0, we have that

vp () = iI%f Vo(m, ), (3.5.14)
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where V,, is the n—stage a—discounted cost with zero terminal cost.
Hence, since V,, (7, x) T V (7, x) as n — oo, one would expect that,
interchanging “lim” and “inf”,

() 7 iITrlfV(T(,$) =V*(z) VzelX. (3.5.15)

Lemma 3.25 confirms that this is indeed the case.

Lemma 3.25 (Convergence of the a—VI functions). Under the
Assumptions 3.18 and 3.19:

(a) v, isin LT (X) for every n,
(b) the convergence in (3.5.15) holds, and
(c) V* satisfies the a—discount DP equation (3.5.5).

Proof. Part (a) follows from the Assumption 3.18 (in particular,
part (¢)) and Lemma 3.22.

(b)—(c) By (3.5.14) and the monotonicity of {v,}, there is a
function v < V* such that v,(x) T v(z) for all z € X. On the
other hand, from Lemma 2.15(c) we obtain that v satisfies the a—
discount DP equation v = T'v. Hence, by Lemma 3.24(a), v > V*.
This yields (b) and (c). O

We are finally ready for the proof of Theorem 3.21.

Proof of Theorem 3.21.

(a) The DP equation (3.5.5) follows from Lemma 3.25. The fact
that V* is the minimal solution of (3.5.5) is a consequence of
Lemma 3.24(a).

(b) The existence of a selector f, € F satisfying (3.5.6) follows
from Lemma 3.22. Further, from (3.5.6) and Lemma 3.22, f
is optimal. The converse is also obtained from Lemma 3.23.

(c) If V(x*,.) satisfies (3.5.5), then part (a) or Lemma 3.24(a)
give that V' (7*,.) > V*(.). The reverse inequality follows from
(3.5.7) and Lemma 3.24(b).

(d) This part is a consequence of (a) and (b). O
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The convergence of the a—VI functions v, = Tv,_1, or v, =
T"vg, also known as the method of successive approrimations,
is inspired in Banach’s fized point theorem. (See Remark 2.25)
Value iteration is one of the two most popular algorithms to solve
a dynamic programming equation. The other most popular algo-
rithm is the policy iteration (PI) algorithm, which we introduce
in the next section.

Example 3.26 (Exhaustible resource extraction). The optimal
exhaustible resource extraction—also known as a cake-eating
problem-—is one of the most studied in environmental and resource
economics; see for example Hung and Quyen (1994), or Long and
Kemp (1984). In this example, we present a discrete version of the
continuous model in Dasgupta and Heal (1974); see also Pindyck
(1980) for a stochastic version.

Consider an agent that exploits a certain nonrenewable
resource. Let x; and a; be the stock of the nonrenewable resource
and the agent’s consumption at time ¢, respectively. The initial
stock of the resource is o = x > 0 and the law of motion of x; is

Tir1 = &g(l’t — at) for t = O, 1, 2, P (3516)

where {&}2°, is a sequence of i.i.d. binomial random variables
such that

¢ = { 1 with probability p, (3.5.17)

d with probability 1 — p,

at each time step ¢, where 0 < d < 1, and 0 < p < 1. The value
1 — d can be interpreted as the loss caused by bad natural con-
ditions in the extraction. The state space and control spaces
are, respectively, X = (0, zo], A = (0, 2o}, and A(z) = (0, ] for all
e X.

The agent’s OCP is to find a consumption trajectory {a;};2,
that maximizes the following discounted utility function, with o €
(O’ 1)7

By

Z o' log at] (3.5.18)
t=0
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subject to (3.5.16). The D.P. equation (3.5.4) becomes

V(z) = max [log(a) + aE[V (zy)|z: = 2,0, = a]].  (3.5.19)

a€0,x]

We next solve (3.5.19) using the method of undetermined coefhi-
cients. To this end, let

V(z) == by + belogz, (3.5.20)
where b; and by, are unknown parameters to be determined. Hence
ElV(zi)|2e =z, a0 = a] = by + baEllog &] + by log(z — a),

and (3.5.19) becomes

V(z) = max [log(a) + a (b + by Elog & + by log(x — a)) }7

a€(0,x]
(3.5.21)
which has a unique solution given by
x
a= )
1+ Oébg

Next, substituting this value of @ in (3.5.21) and solving the sys-
tem for b; and by, we obtain

1
=g apPlogé] + 7 ——log(l —a),

—

by

T1—o

With these values of b; and by in (3.5.21), it follows that the
optimal control and the corresponding state trajectory are

ffz) =21 —«a) and x4 =&y, t=0,1,...,

and the optimal discounted utility is

1 1
V(z) = %E[logfb] + ] log(1l — «) + : log x,

(1-a) -« -«

where Ellog&] = (1 — p)log(d). <&
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3.6 Policy Iteration

Let gy € F be a selector such that the deterministic stationary
policy gg° has a finite a—discounted cost

wo(z) =V (g, z) <o VzelX. (3.6.1)

By Lemma 3.23,

wo(z) = ez, g0) + / woy)Q(dylz, g0)

X

> ag&)[c(x,a) + a/Xwo(y)Q(dylﬂw)]-

Hence, by Lemma 3.22, there exists g; € F such that, for all
re X,

wo(@) > elz, 1) + a /X woy)Q(dylz, g1).

Iteration of the latter inequality, as in the proof of Lemma 3.24(a)
gives, for all z € X,

wo(x) > wyi(z), with w(z):=V (g, ). (3.6.2)

Iteration of these arguments yields the PI algorithm:

Step 1. (Initialization step.) Pick an arbitrary selector gy € F as
in (3.6.1).

Step 2. (Policy improvement.) Given g, € F, compute the corre-
sponding a—discounted cost w,(+) := V(¢>°,-) as in (3.5.9). Then,
as in (3.6.2), find a selector g, 41 such that

wn(x) > e, guss) + a /X e )Qyle. gur))  (3.6.3)

for all z € X, so that wy,(-) > wn41(-) :== V(9551 ")

Step 3. (Checking optimality.) Is w,(z) = w,41(x) for all z € X7
If “yes”, then stop. If “no”, then go back to step 2 replacing n
with n + 1.
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Thus, the PI algorithm gives a sequence of selectors g,, € F with
corresponding a—discounted cost w,, € LT (X) forming a nonin-
creasing sequence that satisfies the following.

Theorem 3.27. (a) If there is an integer n such that w,(x) =
Wp1(x) for all x € X, then w :=w, is a solution to the o-
discount DP equation w = Tw. If, in addition, w satisfies the
condition (3.5.7), that is,

tli)rglo o' ETw(zy) =0 (3.6.4)
for all m € I and v € X, then w=V* and g is a—discount
optimal.

(b) In general, as n — oo, w, | w, where w is a solution to
the a—discount DP equation. Moreover, if w satisfies (3.6.4), then
w = V* and an a—optimal policy can be determined as in Theorem

3.21(b).

Proof. (a) If there exists n such that w,, = w,11 =: w, the argu-
ments leading to (3.6.2) give that w satisfies the a—discount DP
equation w = T'w. If, moreover, (3.6.4) holds, the desired conclu-
sion follows from Theorem 3.21(c).

(b) In general, using the arguments in the proof of Lemma
3.24(a), it can be seen that (3.6.3) gives w,, > Tw,, > w,1. Hence,
since the sequence {w,} is bounded below (w,, > 0 for all n), there
exists w such that w, | w and so, by Lemma 2.15(a), w > Tw >
w, i.e., w = Tw. Therefore, if (3.6.4) holds, the desired conclusion
follows from Theorem 3.21(c). O

3.7 Long-Run Average Cost
Problems

In Sect. 2.5 we considered long-run average cost (AC) problems for
discrete-time deterministic systems. We now briefly introduce AC
problems for the stochastic system (3.1.1) and the Markov con-
trol model (MCM) (X, A, {A(z) : z € X},Q,¢) in (3.1.2)—(3.1.4).

This material requires a working knowledge of probability and
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discrete-time stochastic processes, in particular, Markov chains
with a general state space. Hence, to avoid excessive technicali-
ties, most of the results in this section are stated without proof.

Some references are provided in appropriate places.
For each T =1,2,...,2 € X and 7 = {a;} € I, let

T—

Jr(m,x) = E[>  c(x, ar)] (3.7.1)

t=0

[y

be the T-step expected cost when using the policy 7, given the
initial step x¢o = x. The corresponding long-run expected average
cost J(m, x) is defined as

1
J(m,x) := limsup ?JT(W, ). (3.7.2)

T—o0

Then, as usual, the AC value function is
J*(z) = inf{J(m,x) : m € 11},

and a policy 7* is said to be AC-optimal if J(7*,z) = J*(x) for
every initial state x.

For stochastic control systems, in addition to the expected aver-
age cost in (3.7.2) one can study a pathwise average cost. In this
case, the T-stage expected cost Jp(m,xz), T =1,2,..., in (3.7.1)—
(3.7.2) is replaced by the pathwise or random cost

~
—

I, x) =Y ez, ay). (3.7.3)

t

i
o

The analysis of this stochastic control problem is more technical
than the expected case and it will not be considered in these notes.

For the AC control problem in the deterministic case (2.5.1)—
(2.5.3), we considered three approaches or techniques:

(i) the average cost optimality equation (ACOE),
(ii) the vanishing approach, and

(iii) the steady state approach.
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In this section we combine the approaches (i) and (ii). (For the
steady state approach (iii), which is based on the constrained
optimization problem (2.5.17), there is no direct analogue in the
stochastic case. In the latter case, it can be seen that the closest
thing to (2.5.17) is an infinite-dimensional linear programming
problem, such as, for instance, (M P;) in page 150 of Hernandez-
Lerma and Lasserre (1996).)

Definition 3.28. A pair (j*,1) consisting of a real number j* and
a real-valued function [ on X is said to be:
(a) a solution to the average cost optimality equation (ACOE) if,
for every x € X and t =0,1, ...,
Jt+ ) = igf ) [c(z,a) + Ell(z441)|2e = 2,00 = a]]
acA(x
(3.7.4)

where
(o) |2 = 2,0, = a] = /X W)Q(dylz.a)  (3.7.5)

denotes the conditional expectation of I(z;11) given (zy,a;) =
(x,a) for (z,a) € K; and

(b) a solution to the average cost optimality inequality (ACOI)
if, for every z € X and t = 0,1, ..., the equality in (3.7.4) is
replaced by the inequality >, that is (using (3.7.5)),

J @z it o)+ [ 10)QMya)  (376)
acA(x) X
When dealing with the system model (3.1.1) with i.i.d. ran-
dom disturbances & with distribution G, the expected value (or
integral) in (3.7.4)—(3.7.6) becomes

E[l(F(z,a,§)] :/SZ(F(x,a, s))G(ds) (3.7.7)

for all (z,a) € K, where £ is a generic random variable with dis-
tribution .
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In the remainder of this section we proceed essentially as in
Sect. 2.5.3 for deterministic systems. That is, we use the Abelian
theorem in Lemma 2.56 and functions as in (2.5.34) to obtain
a solution to the ACOI. (Note that inequalities such as (2.5.31)
and (2.5.32) are valid in the present, stochastic case because they
only depend on the fact that the sequence {¢;} in Lemma 2.56 is
bounded below.)

3.7.1 The Average Cost Optimality
Inequality

Throughout the remainder of this section we suppose that
Assumptions 3.18 and 3.19 are satisfied. Consequently, for each
a € (0,1), Theorem 3.21 ensures that the a-discount value func-
tion V,, satisfies the dynamic programming equation (3.5.5), i.e.,

Vo(x) = min [c(z,a) + oz/X Vo(y)Q(dy|z, a)). (3.7.8)

acA(x)
Now, pick an arbitrary state T and, as in (2.5.34), let
Me = Vo (T)
and
ho(z) == Vo(x) — m, and p(a) := (1 — a)m,. (3.7.9)

In addition to Assumptions 3.18 and 3.19, we suppose the fol-
lowing.

Assumption 3.29. There exists ag € (0, 1), positive constants
N and M, and an u.s.c. function b(-) > 1 on X such that, for
every a € [ap, 1) and = € X,

(a) p(a) < M, and
(b) —N < ha(z) < bla).

Assumption 3.29 and many of its variants are well known in the
study of MDPs with the AC criterion. The main ideas probably
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go back to Sennott (1986) for MDPs with a countable state space
and finite action sets.

By Assumption 3.29(a), p(«) has a limit point, say j* € [0, M],
as a T 1. Hence, there is a sequence «,, T 1 such that

play) — j* (3.7.10)
as n — oo. From (3.7.10) and (3.7.9) we obtain the following fact.
Lemma 3.30. Let a, be as in (3.7.10). Then

lim (1 — a,)V,, () =57 (3.7.11)

n—oo

for all z € X.

Proof. Write V,(x) = ho(z) + m,. Multiply this equality by
(1 — ) to obtain, from (3.7.9),

(1= )Va(x) = 7| < [(1 = a)lha(2)] + |p(e) — 57
< (1 —a)max{N,b(z)} + [p(a) = j7I,

with NV and b(-) as in Assumption 3.29(b). Finally, replace o by
a;, and then use (3.7.10) to obtain (3.7.11). O

Now, in (3.7.8) replace V,(-) with h,(-) + m,. Then, by (3.7.9),
we can express the a-discount DCOE (3.7.8) as

pl) + hafe) = min [ez.) +a [ ha()QUylr.a)). (3712)
a T X
Moreover, by Theorem 3.21, for each v € (0, 1) there exists f,, €
F such that, for every x € X, f,(z) € A(x) attains the minimum
in (3.7.12), i.e.,

pla) + ho(z) = c(x, fo) + a/ ho(y)Q(dy|z, fo). (3.7.13)

b's
Finally, replacing « in (3.7.12)—(3.7.13) by «,, in the proof of
Lemma 3.30 and letting n — oo, some technical arguments yield
the ACOI in the following theorem.
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Theorem 3.31. Suppose that Assumptions 3.18, 3.19 and 3.29
are satisfied and let j* be as in (3.7.12). Then there exists a func-
tion h* € LT(X) and a stationary policy f* € F such that

f+mm2nmkmw+émwmwmm

a€A(z)
—Mﬁﬂﬁ/”@@@%ﬁ)WfX.
X

Moreover, f* is AC-optimal and J*(x) = J(f*,x) = j* for all
reX.
For the proof of Theorem 3.31 see Costa and Dufour (2012).

Similar results appear in Feinberg et al. (2012) or Vega-Amaya
(2015). These papers provide many earlier references.

3.7.2 The Average Cost Optimality
Equation

To obtain the ACOE starting from the ACOI in Theorem 3.31 we
impose another assumption.

Assumption 3.32. Let b(-) > 1 be as in Assumption 3.29. We
suppose that:

a) [ b(y)Q(dy|z, f) < oo forall z € X and f €F.

(b) For each f € IF there exists a probability measure py on X
such that:

(b1) fX y)ps(dy) < OO

(bg) Ast — oo, |Ef[v(zy)] — [y v(y)ps(dy)] — O for each ini-
tial state z € X and each real-valued function v on X
such that sup,cx [v(y)|/b(y) < oo

We now obtain the ACOE as follows.

Theorem 3.33. Suppose that 3.18, 3.19, 3.29 and 3.32 are satis-
fied. Let 7* and f* be as in Theorem 3.51, and pg as in Assump-
tion 3.32(b). Then there exists a function h on X such that
sup, |h(y)|/b(y) < oo and, furthermore, for every x € X,
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7+ ) = min e(o.a)+ | h)QUdyle.a)

=mwﬂ+émwmwmﬁ> (3.7.14)

for py«-almost all x € X, that is, there exists a set C C X such
that pp+(C) = 0 and (53.7.14) holds for = in the complement of C.

For the proof of Theorem 3.33 see Costa and Dufour (2012).
Note, however, that the theorem’s conclusion is on the “weak”
side in the sense that the ACOE (3.7.14) is valid “almost every-
where” only. To obtain the ACOE “everywhere”, that is, for all
x € X, requires strong conditions that we do not state here. On
the other hand, the reader may consult Sect. 1 in Vega-Amaya
(2018) for a review of results on the ACOE, as well as a presen-
tation of the fized-point approach, which we have not considered.
For surveys of results up to the late 1990s see Chap. 5 and Chap.
11 in Herndndez-Lerma and Lasserre (1996, 1999), respectively.

3.7.3 Examples

Example 3.34 (An LQ average cost problem). Consider the dis-
counted LQ problem in Exercise 3.10 below, assuming that the
i.i.d. random variables & have a bounded continuous density.

Thus, for each a € (0, 1), the a-discount value function V,, and
the optimal stationary policy f, are given, respectively, by

Vo(z) = Coz® + (1 — ) 'Chao? (3.7.15)

and
fa(z) = =(r + af*C,)rapryCoz, (3.7.16)

where C' = C, is the unique positive solution of the quadratic
equation
F2* 4+ Gz +qr=0, (3.7.17)

with coeflicients

F=F,=a and G=G,:=r+ (v +q¢3)a. (3.7.18)
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Therefore, taking z = 0, m,, and (3.7.9) become

Mo = Va(0) = (1 — @) 'Chao?, ho(x) =V, () — m, = Co?,
(3.7.19)
and
pla) = (1 — a)m, = Coao®. (3.7.20)

Moreover, a direct calculation shows that for all « sufficiently close
to 1, say ap < o < 1 for some «yy € (0, 1), the positive number C,,
is bounded above by

L= (r+ry* +q6%) /5.

This yields the Definition 3.28(a), i.e., p(a) < M with M := Lo?.
Definition 3.28(b) is similarly verified, with N =0 and b(x) :=
La?.

Finally, to obtain the ACOI in Theorem 3.31 take a,, € (0,1)
such that a;, T 1 as n — oo. Then (as in (3.7.10) and (3.7.11)) we
can see from (3.7.20) that

play) — j* = ko? (3.7.21)

where k is the unique positive solution of (3.7.17)—(3.7.18) with
a = 1. Likewise, from (3.7.19), as n — oo we obtain

e, (x) — h*(z) = ka? (3.7.22)

for all x € X. We can now verify that the pair (5% k*(-)) is a
solution to the ACOI (3.7.6). In fact, if in (3.7.16) we replace «
by «, T 1, then in the limit we obtain

f(x)=—(r+ kB 'Bykr Vo e X

and (j*,h*(-), f*(-)) is a canonical triplet that satisfies the AC
optimality equation (ACOE) (3.7.14) for all x € X. (Note that
we didn’t have to verify Assumption 3.32. This is because of the
particular characteristics of LQ problems, but it is not the general
case.) &

Example 3.35 (The Brock-Mirman model with technological
shocks). In the infinite-horizon Brock and Mirman model studied
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in Examples 2.10, 2.31 and 2.51, the system evolves according to
T =l —a, for t=0,1,2... (3.7.23)

with initial condition g = x > 0 and 6 € (0,1). Now, we suppose
that the technological parameter {c;} behaves as a Markov
process such that

log(ci1) = plog(er) +& for t=0,1,2.. (3.7.24)

with p > 0, initial condition ¢q > 0, and where {&} is a collection
of independent and identically distributed normal random
variables with mean 0 and variance o > 0. Under this hypothesis,
(3.7.24) yields c;41 = cfe’t, where € has a log-normal distribu-
tion. This stochastic model was introduced by Brock and Mirman
(1972, 1973).

The state space and control spaces are, respectively, X x C =
[0,00) x [0,00), A= (0,00), and A(z,c) = (0, cz?] for z > 0.

Consider the objective function to be optimized as the long—run
average reward (AR)

J(m, (z,¢)) = liminf — E’r

T—o00

Zlog ay ] . (3.7.25)

This AR problem is, of course, analogous to the AC problem in
(3.7.2), so the AR wvalue function is

J*(z,¢) = sup{J(m, (z,c)) : m € 11}. (3.7.26)

To find a canonical triplet (j*,1, f*) that satisfies the average
reward optimality equation (as in Definition 3.28(a) or Theorem
3.33), i.e
J*+ Uz, c) = max [log(a) + E[l(xr41, cr1) (e, ¢r) = (2, ¢), a0 = al]

a€A(x,c)
(3.7.27)
for all (z,¢) € X x C, we consider a function I(z, ¢) of the form

[(z,c) == by log(z) + be log(c),

where b; and by are unknown parameters to be determined.
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In this case

Ell(z41, o) (e, ) = (x,¢), a0 = a] = by log(ca’ — a) + baplog(c).

C.’Eg

T and so we can

Hence, (3.7.27) reaches the maximum at a =
express (3.7.27) as

7+ bilog(x) + by log(c) = by log(by) — (1 + by) log(1 + by) +
6(1+ by)log(x) + [1 + by + bap]log(c).

This last equation is satisfied if

j* = bl log(bl) — (1 + bl) 10g<1 + bl),
by = 0(1 + by),
bgzl—f-bl—l-bgp,

which implies that

0 1
"Eie T aoea-a

Therefore the canonical triplet (j*, [, f*) for the stochastic
Brock-Mirman model (3.7.23)—(3.7.25) is given by

L0 o 1 1
J —mlog(1_0>—1_910g<1_6), (3.7.28)

0log(x) log(c)
1-0  (1-0)(1-p)
fH(x,¢) = (1 —0)ea’.

l(z,c) =

&

Example 3.36 (The stochastic Brock-Mirman model). We wish
to solve again the stochastic average reward Brock-Mirman model
in Example 3.35 (see (3.7.23)—(3.7.25)), but now using the van-
1shing discount approach. To this end, consider the a-optimal dis-
counted utility V,(z,c) in the Exercise 3.14. Then

1-— 1—
90 0) + o)

(1—-a)Vo(z,0)=(1—a)B+ T —af




3.7 LONG-RUN AVERAGE COST PROBLEMS 121

with B as in Exercise 3.14. Therefore, letting o T 1 we obtain the
optimal average reward

T (@,0) = lim(1 = a)Vi(z,) =

for all (z,c), with j* as in (3.7.28). &
Exercises

3.1. (a) Prove Theorem 3.13.
Hint. Use the proof of (3.3.3) or the Remark 3.12(c). Moreover,
since ¢ and u are bounded below, without loss of generality you

can assume that they are nonnegative. Then use Theorem B.7.
(b) Prove Theorem 3.14.

Hint. Recall Remark 3.12(c) and Lemma 2.16(a).

3.2. Consider the MCM (3.1.2), the set K in (3.1.3), and a real-
valued function v on K. (Recall the notation in Remark 3.7:

v(z, f) :=v(z, f(x)).) Show that, for each = € X,

sup v(x,a) =supv(x, f).
acA(x) fer

Hint. Fix an arbitrary z € X. For any feF, vz, f) <

SUDgea(r) U(T,a). Hence supjepv(z, f) < sup,eqn v(w,a). To
obtain the reverse inequality, fix an arbitrary a € A(z), and let
h € F be any selector. Define the mapping g : X — A as

() = a if y=u,
M ) it y#e

Then g is measurable and so it belongs to F. Therefore,

v(z,a) = v(z,g) < supv(a, f).
feF

Thus, sup, v(r,a) < sup;v(w, f).
3.3. Use backward induction to verify (3.4.6)—(3.4.7).

3.4. In Example 3.17, prove (3.4.10)-(3.4.11) and (3.4.12)-
(3.4.13).
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3.5. In the MCM (3.2.1), suppose that @ is weakly continuous
(see Theorem 3.13(b)), and let u be a real-valued l.s.c. function on
X that is bounded below. Show that, then, the mapping (z,a) —

Jx uw(y)Q(dy|x, a) is Ls.c. on K.

3.6. Consider a MCM in which the cost—per-stage c is bounded—
see the paragraph after Assumption 6.2. Show that, then, V* is
the unique bounded solution to the a—discount DP equation. (The
latter equation, however, may have several unbounded solutions—
see, for instance, the following exercise.)

3.7. The following MCM by Sennott (1986) shows that the a—
discount DP equation may have several unbounded solutions. Let
X ={1,2,...}, A={1},¢(x,a) =0 for all z,a, and transition
law

Q{1}z,1) =22/3(2x —1) and Q({2z}|z,1) = (4= —3)/3(2x — 1)

for all z € X. Let o = 3/4. Show that V*(-) =0, but the iden-
tity function u(x) = x for all € X is also a solution to the DP
equation (3.5.4).

3.8. (Blackwell 1965) Consider the MCM with components X =
{0}, A=1{1,2,...}, ¢(0,a) = 1/a and, of course, Q(0[0,a) =1 for
all a € A. Note that the optimal cost function is V*(0) = 0.

(a) Is V* a solution of the DP equation (3.5.4)7 Explain.
(b) Does it exist an optimal policy? Explain.

3.9. Consider a MCM with X = {1}, A(1) ={1,2,...}, and
c(l,a) = (1 +a)/a for all a. Show that V*(1) =1/(1 — «), but
there is no optimal control policy; in other words, there is no w
such that V(m,-) = V*(-). However, for any € > 0, there exists an
e-optimal policy—that is, for each e > 0, there exists a policy
7 = m, such that V(m,z) < V*(z) + € for all z € X.

3.10. The infinite—horizon LQ discounted problem. Con-
sider the discounted LQ problem in Example 3.16; that is, the
system (3.4.1)—(3.4.3) with state and action spaces X = A =R,
quadratic cost ¢(z,a) = qz* + ra?, and linear system equation
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Top1 =Y+ Pag +§ Vi=0,1,...,

where the random perturbations &; are i.i.d. random variables
with mean zero and finite variance 02 = E(£?). The coefficients ¢
and r are both positive, and v - 3 # 0. Show that the a—discount
optimal cost is, for every z € X,

V*(x) = C2® + (1 — a) 'Cac?,
and the a—optimal stationary policy is determined by

fr(@) = =(r+ap*C) " apyCy,

where C' = 21 is the unique positive solution of the quadratic equa-
tion

F22 4+ Gz 4 qr =0,
with F'= a3 and G =7+ (ry? + ¢6%)a. (Concerning the LQ
discounted problem, note that some of the hypotheses in Theo-

rem 3.21 were already verified in the paragraph after Assumption
3.18.)

3.11. Let m be a policy such that its cost function V(m,-) = u(-)
is “almost” a solution to the a—discount D.P. equation (3.5.4) in
the sense that, for some € > 0,

u(z) < e(z,a) + « /X u(y)Q(dy|x,a) + €(1 — «)

for all z € X and a € A(x). In addition, suppose that u satisfies
the condition (3.5.11). Show that 7 is an e-optimal policy, that
is, u(z) < V*(x) +eforal xz € X.

3.12. Consider the MCM (X, A, {A(x)|z € X},Q,c) in (3.1.2),
and let B(X) be as in Exercise 2.7. Suppose that the cost function
¢ is bounded, say 0 < ¢ < M, and for each u € B(X), let Tu be
as in (3.5.3). Show that the operator 7" satisfies (a) and (b) in
Exercise 2.7; that is,

(a) T is a contraction on B(X), and

(b) the value function V* in (3.5.2) is the unique fixed point of T’
in B(X). Moreover,

(¢) the a—VI functions v, := 770 in (3.5.13) converge to V*.
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3.13. (a) Consider the time-varying additive-noise system
Tia1 :F1<t>$t+F2(t,at)+£t, t:0,1,...,T—1,

with state and action spaces X C R” and A C R™, respec-
tively. Note that the system is linear in the state. The stage
cost is of the same form, so the associated performance crite-
rion is

T—

Z )z + ca(t, ar)]

t=0

Assume that A is compact, and the functions Fy(t,a) and
¢o(t, a) are continuous in a € A. Moreover, the random vari-
ables & (t =0, ...,T — 1) have finite means, and they are inde-
pendent and also independent of the initial state xy. Prove
that the OCP has an optimal control that is independent of
the state variable.

(b) Show that the conclusion in part (a) also holds in the time-
homogeneous infinite-horizon discounted OCP with the sys-
tem model (3.1.1) and discounted cost (3.5.1) with

F(z,a,s) = Flx + Fy(a) + s, c¢(x,a) := 1z + cz(a),

respectively, under the Assumption 3.18. (Part (a) is due to
Midler (1969). See Exercise 2.16 for a deterministic version of
this exercise.)

3.14. An stochastic Brock-Mirman (1972) model. Consider
a Brock-Mirman economic growth model as in Example 2.10 and
Example 3.35

Tpy1 = ct:cf —a; t=0,1,... (3.7.29)

except that the “technological parameter” c is now a Markov pro-
cess that evolves as

log(ciy1) = plog(er) + &, t=0,1,... (3.7.30)

where the & are i.i.d. Gaussian (or normal) random variables with
zero mean and standard deviation o > 0. In (3.7.30) we assume
that ¢y is independent of the sequence {;}. As in Example 2.10,
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x; and a; denote capital and consumption both with values in
[0,00), but now the state variable is the pair (z;,¢;) with values
in X x C with X = C = [0, 00). Consider the discounted utility

5 o)

with initial condition (¢, o) = (z,¢). Show that the optimal dis-
counted utility V,(z,c) is

L)

0
a log(z) +

1
Va(x,c)—B—i-l_g T ab

log(c)

with

B 1 aHl af B 1 | 1
1 -al1-0 ®\1-a0) 10 B\1 )|

Hint. Solve the corresponding a-DP equation by means of the
“guess and verify” approach (or method of undetermined coef-
ficients) with a logarithmic function of the form wv(z,c¢) = by +
by log(z) + b3 log(c).




Chapter 4 ®

Check for
updates

Continuous—Time
Deterministic Systems

We now consider a deterministic continuous—time optimal control
problem (OCP) in which the state process x(-) evolves in the state
space X := R™ according to an ordinary differential equation

(t) = F(t,z(t),a(t)) for te0,T], (4.0.1)

for a given initial state z(0) = 2o € X, and a given system func-
tion F': [0,7] x X x A — X, where A is a separable metric space
that stands for the action (or control) set. For the time being,
in (4.0.1) we consider so-called open—loop controls a(-), that is,
controls in the family A[0,T] of piecewise continuous functions
a(-) : [0, T] — A.

Remark 4.1. We assume that, for each control function af(-),
(4.0.1) has a unique solution x(-). To this end, it suffices to assume
that, for instance, F' is a continuous function and has continuous
first partial derivatives with respect to the components of x € X.
(For a more precise statement, see Assumption 4.2 below.) O
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4.1 The HJB Equation and Related
Topics

4.1.1 Finite—Horizon Problems: The HJB
Equation

The performance index or cost functional associated to (4.0.1) is

J(a(-)) ;:/0 ct, 2(t), a(t))dt + C(x(T)), (4.1.1)

where ¢ and C' are given nonnegative functions, called the running
or instantaneous cost and the terminal cost, respectively.

Assuming that (4.0.1) has a unique solution and that (4.1.1) is
well defined, the OCP we are concerned with is the following:
OCP Minimize (4.1.1) over A[0, T].

As in previous chapters, when using dynamic programming
associated to an OCP we consider, for each time s € [0,7), an
OCP from s to the terminal time T. That is, for each (s,y) €
[0,T) x X, we consider the dynamic system (as in (4.0.1))

(t) = F(t,z(t),a(t)) for te][s,T], x(s)=uy. (4.1.2)

The controls in (4.1.2) are restricted to the interval [s, T, so a(-) is
in Als, T, the family of piecewise continuous functions a(-) from
[s,T] to A, and the performance index in (4.1.1) is replaced with

J(s,y;a(+)) ::/ c(t,z(t),a(t))dt + C(x(T)). (4.1.3)

This new OCP is called OCPy,. If (s,y) = (0, z0), then the prob-
lem OCPy, reduces, of course, to the original OCP.

If a*(-) minimizes (4.1.3) over all a(-) € A[s, T| and z*(-) denotes
the corresponding solution to (4.1.2), then we say that a* is an
optimal control and (x*(-),a*(-)) is an optimal pair of problem
OCPy,.

To ensure that OCPy, is well defined for each initial condition
(s,y) in [0,T] x X we impose the following hypotheses.
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Assumption 4.2. Let ¢(t, x,a) be any of the functions F'(¢, z, a),
c(t,z,a),C(t) in (4.0.1)-(4.1.1) (or (4.1.2)—(4.1.3)). The function
¢ is uniformly continuous and, moreover, there is a constant L
such that

(a) ‘@(tax>a)_@(ta£>a)‘SL’$_£| Vte[oaT]ax7£€Xa
a€ A
(b) |p(t,0,a)| < L ¥ (t,a) € [0,T] x A.

Under this assumption, (4.1.2) has a unique solution z(-) =
z(+;8,y,a(-)) for every initial condition (s,y) € [0,7] x X and
every control a(-) € A[s,T]. (See Exercise 4.4.) Moreover, (4.1.3)
is well defined.

Consider now the wvalue function corresponding to OCPg,:

Vi(s,y):= inf J(s,y;a(-)) V(s,y) €[0,T)x X, (4.1.4)
a(-)€A[s,T]

V(T,y)=C(y) VyeX.

The following theorem states that V satisfies Bellman’s principle
of optimality (4.1.5). (See also Corollary 4.4.)

Theorem 4.3. Suppose that Assumption 4.2 holds. Then, for
any (s,y) € [0,T) x X and s € [s,T),

Vi(s,y) = a(.)g‘f[sﬂ [/S c(t,x(t),a(t))dt + V(s,2(5))]| . (4.1.5)

Proof. Denote by V (s, ) the right-hand side of (4.1.5). It is easy
to see that )
V(s,y) < V(s,y). (4.1.6)

Indeed, by definition (4.1.4), for any control a(-) € Als,T| we
have

Vi(s,y) < J(f»y;a('))
:/ ct, (1), a(t))dt + J (3, 2(3); a(-))

and then, taking the infimum over a(-) € A[s, T}, (4.1.6) follows.
To obtain the reverse inequality, fix an arbitrary e > 0, and choose
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a control a.(-) € Als,T] such that
V(Sv y) +e> J(Sv Y; a’s('))

> /S c(t,x(t),a(t))dt + V (8, 2.(8))

s

> V(s,y),

where z.(-) = z(+; 8,9, a.). The latter inequality and (4.1.6) give
(4.1.5). 0

Assuming the existence of optimal controls, Theorem 4.3 yields
Bellman’s principle of optimality in the usual form of Lemma 2.2;
namely, if the control a*(-) is optimal on [s, T'], with initial condi-
tion (s,y), then restricted to [§, T, for any § € (s,T), a*(+) is also
optimal with initial condition (8, 2*(8)). A more precise statement
in terms of the value function V' in (4.1.4) is the following.

Corollary 4.4. Suppose that (z*(-),a*(:)) is an optimal pair of
problem OCPg,. Then, for any s € (s,T),

V(5,2%(3)) = J(5,2*(3); a*(")). (4.1.7)

Conversely, if (z*(-),a*(:)) satisfies (4.1.7) for all 0 < s < §< T,
then (4.1.5) holds.

Proof. By the optimality of (z*(-),a*(")),
Vis,y) = J(s,y;0"())
= [ et e’ O)dt + I, (30 ()

> /8 c(t,z*(t),a”(t))dt + V(8,27 (5))
>Vi(s,y) [by (4.1.5)].

That is, the latter inequality is in fact an equality and it yields
(4.1.7). The converse is obvious. O

Corollary 4.4 gives a necessary condition for a*(+) to be optimal.
For practical purposes, however, this is not very helpful because
the corollary does not say how to find neither V nor a*(-). Never-
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theless, proceeding as in Sect. 2.1, we can try to use the principle
of optimality (Lemma 2.2) to find the dynamic programming (or
Bellman) equation (in (2.1.6)—(2.1.7)). In our present case, the lat-
ter procedure shows that, under suitable hypotheses, (4.1.5) yields
the DP equation (4.1.8)—(4.1.9) below, which in the continuous-
time case is called the Hamilton—Jacobi-Bellman (HJB) equation
associated to OCP.

Remark 4.5. Given a real-valued function (¢,z)+— v(t,z) on
(0,7) x R™ we denote by v, the partial derivative of v with
respect to ¢t and by v, the gradient of v, that is, the (row) vec-
tor (vg,, ..., Uy, ) of partial derivatives. Further, C''(Y") denotes the
family of real-valued continuously differentiable functions on the
space Y. O

Theorem 4.6. In addition to Assumption 4.2, suppose that the
value function V : [0, T] x X — R in (4.1.4) is continuously dif-
ferentiable. Then:

(a) V satisfies the first-order partial differential equation
Vi + igﬁ[c(t,x,a) + V- F(t,z,a)l=0 V(t,z) €[0,T) x X,
(4.1.8)
V(T,z)=C(x) ¥V z € X. (4.1.9)

(b) Furthermore, if there exists a control function a* :[0,T) X
X — A such that a*(t,x) € A attains the minimum in (4.1.8)
for every (t,z) € [0,T) x X, then a*(t) := a*(t,z*(t)) is an
optimal control.

Before proving Theorem 4.6 we mention other equivalent forms
of expressing the HJB equation (4.1.8).

Remark 4.7. (a) The function within brackets in (4.1.8), that
is,

H(t,x,a,\) :=c(t,z,a) + X- F(t,x,a), with A=V,
(4.1.10)
is called the Hamiltonian associated to the OCP (4.0.1)-
(4.1.1). In terms of the Hamiltonian, the HJB equation (4.1.8)
becomes
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Vi + ingH(t,:c,a, Vi) =0 (4.1.11)
ac

for all (t,z) € [0,T) x X, with the terminal condition (4.1.9).
We will use this form of the HJB equation to obtain necessary
conditions for optimality in Sect. 4.1.2.

(b) For each a € A and each real-valued continuously differen-
tiable function v on [0, 7] x X, let

Lo(t,x) == v (t,x) + v.(t,x) - F(t,x,a). (4.1.12)

Interpreting (4.0.1)—(4.1.1) as a Markov control problem , the
operator L in (4.1.12) denotes the infinitesimal generator of
the “controlled Markov process” x(-) in (4.0.1). (We will come
back to this point in Chap. 5.) Moreover, we can rewrite the
HJB equation (4.1.8) as

ing[c(t, x,a) + L'V (t,x)] = 0. (4.1.13)

ac

(c) For future reference, note that (4.1.12) is the derivative of
v(t, z(t)) with respect to ¢, given that (¢, z(t),a(t)) = (¢, z,a);
indeed, by the chain rule and (4.1.2),

Lv(t,x) = %v(t,x(t)) .
= [t 2(t) + va(t, 2(1)) - 2(O)] | (1.0,0)
= v (t,x) +v.(t,z) - F(t,z,a).

(d) In the time-homogeneous (or time-invariant) case in which
c(t,z,a) and F(t,z,a) in (4.1.1)—(4.1.2) are replaced by ¢(x, a)
and F'(x,a), respectively, the operator L* in (4.1.2) becomes

d
L(z) == v.(z) - F(z,a) = —v(x(t))
for v € C(X).
Summarizing, in addition to the “explicit form” (4.1.8) of the
HJB equation, we also have (4.1.11) and (4.1.13). O

In part (a) of the following proof we use the fact that, for p = F
or ¢,
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lim sup [p(t,y,a) —(s,y,a)| = 0. (4.1.14)
tls yeX,acA

This follows from the uniform continuity of F' and ¢ in Assump-
tion 4.2.

Proof of Theorem 4.6.

(a) Fix an arbitrary a € A, and let z(-) be the solution of (4.0.1)
when using the control a(-) = a. Then, from (4.1.5),

V(5,2(3) — V(s,y) + / c(t, z(t), a)dt > 0.

Multiplying both sides of this inequality by (5§ — s)~! and then
letting § | s we obtain

c(s,y,a) + Vi(s,y) + Va(s,y) - F(s,y,a) > 0.
Therefore, since a € A was arbitrary, it follows that

Vi(s,y) + inﬁ[c(s,y,a) +Vi(s,y) - F(s,y,a)] > 0. (4.1.15)
ac

To obtain the reverse inequality, for any ¢ > 0 and § € [s, T
such that § —s > 0 is small enough, there exists a control
a(-) = a.3(-) in A[s, T such that

/S c(t,x(t),a(t))dt < V(s,y) — V(§,z(5)) +€(s§ —s).

Therefore, since V is continuously differentiable, and from
Remark 4.7(c),

e>(8—9)" {V(§,x(§)) —V(s,y) + / c(t,x(t),a(t))dt
= (§—s)"" / [L*OV (¢, 2(t)) + c(t, z(t), a(t))] dt

> (5—s)" / inf [c(t, x(t),a) + LV (¢, z(t))] dt

acA

— inf [e(s, g, ) + LV (5,9)] s § Ls,
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by (4.1.14). The last inequality and (4.1.13) conclude the
proof of part (a).

(b) We will use the HJB equation in the form (4.1.13). Hence, for
any a(-) € A[0,T] we have

c(t,x(t),a(t)) + L*OV(t, z(t)) >0 (4.1.16)

and so integration on [s, 7] yields (by the Remark 4.7(c))

/T ot 2(8), a())dt + V(T,2) — V(s,2) > 0. (4.1.17)

Therefore, by (4.1.9) and (4.1.3),
Vs, x) < J(s,x;a(-)). (4.1.18)

Finally, let a*(t,x) be as in (b) and let z*(-) be the solution
of (4.0.1) when using the control a*(t) := a*(t,2*(t)). Then,
replacing the pair (z(-),a()) by (z*(-), a*()), we obtain equal-
ities in (4.1.16)—(4.1.18); in particular, (4.1.18) becomes

V(s,x) = J(s,x;a"(-)) V(s,2) €[0,T] x X.

Thus, a*(-) is an optimal control. O

Theorem 4.6 is called a verification theorem. It is so-named
because it gives the following “verification technique” to solve the
OCP (4.0.1)—(4.1.1):

Step 1. Solve the HJB equation (4.1.8)—(4.1.9) to find the value
function V (¢, ).

Step 2. Find the minimizer a*(¢,z) in (4.1.8).

Step 3. Solve (4.0.1) with a = a* to obtain the optimal pair

(2" ()0’ ().

Clearly, step 1 is the most demanding from a technical viewpoint,
because it hinges on the fact that (i) V is continuously differ-
entiable, that is, V' € C'([0,T] x X), and (ii) the HJB equation
admits a unique classical solution. Unfortunately, neither (i) nor
(ii) are true in general. For instance, Example 2.4 in Yong and
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Zhou (1999), pp. 163-164, is an innocent-looking OCP in which
V' does not satisfy (i). See also Exercise 4.4.

4.1.2 A Minimum Principle from the HJB
Equation

In Sects. 2.2.2 and 2.3.2, we respectively considered finite- and
infinite-horizon versions of the Minimum Principle in discrete
time. We now discuss an analogous principle in continuous time.

Consider the OCP with dynamics (4.0.1) and cost functional
(4.1.1). Suppose that Assumption 4.2 holds and the value function
V is of class C%. Let (2*(-),a*(-)) be an optimal pair. Put

A(s) == Vi(s,x%(s)) 0<s<T.
Recall the Hamiltonian
H(s,z,a,\) =c(s,z,a) + - F(s,x,a)

introduced in Remark 4.7(a).
The minimum condition. We start by differentiating, with respect
to s, both sides of the equality

V(s,z*(s)) = / c(t,x*(t),a*(t))dt + C(x*(T))
to obtain
Vi(s,2™(s)) + Va(s, 2" (s)) - 2" (s) = —c(s,27(s), a"(s))

which is equivalent to

— Vils,27(s)) = c(s,27(s),a"(s)) + Va(s,27(s)) - F(s,27(s),a"(s))
= c(s,2"(s),a"(s)) + A(s) - F(s,2%(s),a"(s))
= H(x,z"(s),a™(s), A(s)) (4.1.19)

for each s in [0, 7). On the other hand, by Theorem 4.6, V satisfies
the HJB equation (4.1.8)—(4.1.9). In particular,
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—Vi(s,x*(s)) = 32£[C(S,$*(S),a) + A(s) - F(s,2"(s),a)], 0<s<T.

From the latter equality and (4.1.19), we conclude that

H(s,z"(s),a"(s), A(s)) = min H(s,x*(s), a, A(s)), 0<s<T.

acA
(4.1.20)
The adjoint equation. Let us now assume that, for each fixed s,

x> inf H(s,z,a,V,(s,)) (4.1.21)

acA
is differentiable and its derivative at z*(s) equals
Ca(s,27(s),a"(5)) + A(s) Fu(s, 27(s), a"(s))
+ Vie(s,2%(8)) - F(s,2%(s),a*(s)). (4.1.22)

Remark 4.8. Results about sufficient conditions for differentia-
bility of mappings like (4.1.21) are usually called Envelope Theo-
rems. An example of such sufficient conditions—as well as a for-
mula that yields (4.1.22)—is given in Exercise 4.8.

After taking the partial derivative with respect to x in both
sides of (4.1.8) and evaluating at x = z*(s), we have

Vil (5)) = eals,2°(5), 07 (5)) + M(3) s, 2°(5), a°(9))
FVals,2°(5)) ()
for each s in [0,7’). Then
5,27 (5),a*(5)) + A(3) Ea (s, 2°(5), 0°(9))
= Vil 1)~ Vials,2°(5)) - 8°(s) = —Vals, 2% (),
that is,

— \(s) = cu(s, 2% (s), a*(s)) + A(s)Fu(s, z*(s),a*(s)), 0<s<T.
(4.1.23)

Besides, the terminal condition
MNT) = Cy(x*(T)) (4.1.24)

follows from the definition of A and (4.1.9).
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Finally, the so-called Minimum Principle can be stated as fol-
lows.
The Minimum Principle. Under the assumptions made above, if
(z*(+),a*(+)) minimizes the cost functional (4.1.1) subject to the
dynamics (4.0.1), then there exists a function A : [0,7] — R" that
satisfies the minimum condition (4.1.20) and the adjoint equation
(4.1.23)~(4.1.24).

Remark 4.9. (a) The way we obtained the Minimum Principle
is similar to that in Bertsekas (2005). For a general treatment
about the relationship between the Minimum Principle and
the HJB equation, see Yong and Zhou (1999). In the latter
reference, the stochastic case is also considered.

(b) If we consider maximization problems, then (4.1.20) is
replaced by a maximum condition. This is one reason why
the Minimum Principle is also known as Maximum Princi-
ple. Another name for the principle is Pontryagin’s Maximum
Principle because the Soviet mathematician L. S. Pontrya-
gin started the research on a class of OCPs and formulated a
first version of the above equations. According to Gamkrelidze
(1999), the complete formulation of the Maximum Principle
as well as a full proof were accomplished however by Pontrya-
gin and two of his close collaborators V. Boltyanski and R.
V. Gambkrelidze.

(c) In the optimal control literature, the adjoint equation (4.1.23)
is also named costate equation whereas the variable A is called
adjoint or costate variable. In particular, in economics, A can
be interpreted as a shadow price; see, for instance, Sect. 2.2.4
in Sethi (2021). Likewise, the terminal condition (4.1.24) is
also called transversality condition. O

The Minimum Principle provides only necessary conditions for
optimality. However, the Minimum Principle along with some
additional conditions are sufficient to find solutions in a class of
OCPs. The following result is a simplified version of a theorem in
Mangasarian (1966) (see Remark 4.11 below).
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Theorem 4.10. Let z*(-), a*(-), and A\(-) satisfy (4.1.20),
(4.1.23), and (4.1.24). Suppose the following

(a) A and X are convex sets,

(b) the functions C(-) and H(t,-,-, A(t)) are convex and contin-
wously differentiable for each t, and

(c) a*(t) is an interior point of A for each t.

Then (x*(+),a*(+)) minimizes the cost functional (4.1.1) subject to
(4.0.1).

Proof. Consider a control function a(-) € A[0,T], and let z(-) be
the corresponding solution to (4.0.1). Put

D /'tx m+c<<»—A e(t, 2(t), u(t)) dt — C(x(T)),

H*(t) == H(t,2*(t),a*(t),A(t)), 0<t<T,
(t), 0<t<T,
(t), 0<t<T,

and
H(t) = H(t,x(t),a(t), A(t)), 0<t<T.
1

HA(t) = H(t) < Ho(t) - [27(8) — 2()] + H; - [a”(¢) — a(t)]
= Ha(t) - [o"(t) — 2()] + 0 (4.1.25)

and

Then
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D= /0 [HA (1) — A(D)i* (1))t + C(a*(T))
- / H(t) — A(t)(6)dt — C(a(T))

_ /0 (M (8) — H()dt + /O N [E(t) — & (1)) dt
+C(2"(T)) — C(x(T))

< / A(t)[a(t) — " (1))dt + / A0 [i(t) — & (1)
L (T)) - [2°(T) — 2(T)

= [ (Epomo o)) aescute @y - ) o)

= MD)[=(T) = 2*(T)] = 0+ Ca(z™(T)) - ["(T") — =(T")]
= 0.

That is, D < 0 so

/0 c(t,x*(t),a*(t)) dt + C(z*(T)) §/0 c(t,z(t),u(t)) dt + C(x(T)),

which yields the required conclusion. 0

Remark 4.11. We point out that Theorem 4.10 is still valid
without the assumption (c). Indeed, from (4.1.25), we notice that
the inequality

He - [a(t) —a()] <0
(instead of the equality) is enough to prove the theorem. The
latter inequality holds under assumptions (a) and (b) of the

theorem—see Proposition 2.1.1 in Borwein and Lewis (2006). ¢

Theorem 4.10 can be used to solve OCPs according to the fol-
lowing procedure:

Step 1. From (4.1.20), find a* (as a function of z* and A) that
minimizes the Hamiltonian.
Step 2. Substitute a* in (4.0.1) and (4.1.23) to obtain a system

of two ordinary differential equations in the variables z*
and .
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Step 3. Determine z* and A by using the initial condition z*(0) =
zo and the terminal condition (4.1.24).

Step 4. Go to Step 1 and find the open-loop policy a*.

Step 5. Verify the assumptions (a), (b), and (c) in Theorem 4.10.

The following example illustrates the above procedure to find an
optimal policy of a scalar L system, by means of the Minimum
Principle.

Example 4.12. Let X = A=R,~,8 € R, r > 0,and ¢ > 0. Con-
sider the linear system

() = ya(t) + Ba(t), z(0) = o, (4.1.26)
and the functional cost

1

5/0 [qz?(t) + a®(t))dt + ng(T).

For notational ease, we simply write a(t) and x(t) instead of a*(t)
and z*(t). We observe that

a(t) = —PBA(t) (4.1.27)
minimizes the Hamiltonian

1
H(t, (1), a, A1) = 5laz*(t) + o’} + MO}y (t) + Ba].
Thus the dynamics (4.1.26) and the adjoint equation (4.1.23)
become

£(t) = yo(t) + Balt),  x(0) = o
) =rz(T).
The solution (z(:), A(+)) to this (linear and homogeneous) system
of ordinary differential equations can be found by standard meth-
ods. Finally, notice that assumptions (a), (b), and (c) in The-
orem 4.10 hold. Therefore, (4.1.27) gives an open—loop optimal

policy. O

Remark 4.13. The Minimum Principle holds, with the corre-
sponding changes, for other classes of OCPs. For instance, when
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there is a constraint for the terminal state, say g(x(7)) =0 or
h(z(T)) > 0; see Chap. 5 in Li and Yong (1995). Another class
consists of OCPs with infinite horizon; see Halkin (1974).

4.2 The Discounted Case

Consider the OCP at the beginning of this chapter, except that
(4.1.1) is replaced with

J(a(-)) = /0 ee(t, 2(t), a(t))dt + e TC((T)),  (4.2.1)

where r > 0 is a given discount factor. In this case, the HJB equa-
tion (4.1.8)—(4.1.9) becomes

Vi+ ing[e_”c(t,x, a)+ V.- F(t,z,a)] =0
ac

for (t,x) € [0,T) x X, with terminal condition V (T, z)=e"1C(x).
With the change of variable v(t, x) := e "V (¢, x), it can be seen
that the HJB in the discounted case becomes

v+ inﬁ[c(t,x, a)+ v, - F(t,z,a)] =rv (4.2.2)
ae

for all (t,z) € [0,7) x X, and
v(T,z2)=C(z) V zeX. (4.2.3)

Note that if = 0, then (4.2.1) and (4.2.2) reduce to (4.1.1) and
(4.1.8), respectively. Similarly, (4.1.11) and (4.1.13) become

v + ingﬂ(t, T,a,0;) =TV (4.2.4)
ac
and
ing[c(t, z,a) + L(t,x)] = rv (4.2.5)
ac

for (t,2) € [0,T) x X, with the terminal condition (4.2.3). O

Example 4.14 (The discounted LQ case). In the general LQ
problem (also known as the linear requlator problem) the state and
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control spaces are general finite-dimensional spaces, say, X = R"”
and A = R™, respectively. Here, however, to simplify the presen-
tation we shall consider the scalar casen =m =1,s0 X = A =R.
The state process is given by

(t) = ~v(t)x(t) + B(t)a(t), for te]0,T], (4.2.6)

with continuously differentiable coefficients v(-) and 3(-), and a
given initial condition z(0) = (. The Eq. (4.2.6) is of course of the
form (4.0.1) with

F(t,z,a) = y(t)x + B(t)a.

The associated cost functional is a discounted cost, as in (4.2.1),
with

c(t,z,a) = Q(t)z* + R(t)a®> and C(z):=2°

with coefficients Q(-) > 0 and R(-) > 0. Hence, the HJB equation
(4.2.2) becomes

rv = infle(t, z,a) + v + v, - F(t, 2, a))
= Q2 + v, + v, -y + inf[Ra® + v, - Ba],  (4.2.7)
with terminal condition v(7,z) = z?. The minimum in (4.2.7) is

attained at
a*(t,x) = —(2R(t)) ' B(t) - v,. (4.2.8)

Inserting this value of a* in (4.2.7) we obtain the partial differen-
tial equation

Qx* + vy + yrv, — (Bv,)?/4Q = v (4.2.9)

for (t,x) € [0,T) x X, and v(T, z) = 2%. The problem now is how
to obtain a solution to (4.2.9). By the form of the LQ problem
(or by analogy with the discrete-time case—see Example 2.4), we
may try a solution of the form

v(t,z) = k(t)x* +h(t) for 0<t<T, (4.2.10)
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with continuously differentiable coeflicients k(¢), h(t), and k(-) > 0.
Note that the terminal condition v(T,z) = k(T)z? + h(T) = 2*
gives that

k(T) =1, h(T) = 0. (4.2.11)
From (4.2.10), v, = k(t)2? + h(t) and v, = 2k(t)z. Replacing these
values in (4.2.9) we obtain the equation

[k + (27 — )k + (kB)*/R + Ql* + (h(t) — rh(t)) = 0,
which in turn yields two ordinary differential equations:
k+(2y—r)k+ (kB)*/R+Q =0, (4.2.12)

and the linear equation h(t) = rh(t). In view of the terminal con-
dition h(7) =0 in (4.2.11), it can be seen that h(t) =0 for all
t € [0, T). Therefore, the function v in (4.2.10) becomes

v(t, z) = k(t)z?,

where k(t) is the solution of the Riccati equation (4.2.12). (The
existence of this solution is ensured in our present context. See, for
instance, Theorem 5.2 in Fleming and Rishel (1975), Sect. IV.5.)
Finally, since v, = 2k(t)z, from (4.2.8) we obtain that the optimal
control for the LQ problem is a*(t,z) = —R(t)~'5(t)k(t)z, which
is a linear function in the state x.

4.3 Infinite—Horizon Discounted
Cost

We consider again the system (4.0.1) except that now it is defined
for all t > 0, i.e.,

x(t) = F(t,z(t),a(t)) for t >0, (4.3.1)

with the same initial condition z(0) = xy. Recall that the state
space is X := R™. Moreover, instead of the discounted cost (4.2.1)
we consider the infinite-horizon discounted cost functional
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V(ao: a(-)) = /0 et 3(t), a(t))dt.

We will assume that the running (or instantancous) cost c(¢, z, a)
is nonnegative and, in addition, the set A,, of piecewise-
continuous controls a(-) : [0,00) — A such that V(zg;a(-)) < o0
is nonempty. In this context, the verification Theorem 4.6, con-
cerning the HJB equation (4.2.2) (or (4.2.5)) becomes as follows.

Theorem 4.15. Let v:[0,00) x X — R be a continuously dif-
ferentiable function that satisfies the equation

rv(s,z) = inf[c(s, z,a) + L (s, x)] (4.3.2)

acA
for all (s,z) € [0,00) x X, with L* as in (4.1.12). Then:

(a) v(s,x) < V(s,x;a(-)) for each control a(-) € A,, such that,
ast — 00,
e "t z(t)) — 0, (4.3.3)

where
Vi(s,z:a(-)) = / et 2(t), a(t)dt.
(b) If a* = a*(s,x) € A attains the minimum in (4.5.2), i.e.
rv(s,z) = c(s,z,a*) + L v(s,z) VY (s,2), (4.3.4)

then a*(-) = a* (-, z(+)) is optimal within the class of controls
in Ay, that satisfy the condition (4.5.3).

Proof. (a) By (4.3.2),
ro(s,z) < c(s,xz,a)+ L'v(s,z) V (s,z,a). (4.3.5)

Let u(s,x) := e "v(s, x) and note that, by (4.1.12),
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Lu(s,x) :=us + uy - F(s,x,a)
= e "ug(s,x) —rv(s,x) + vu(s,z) - F(s,x,a)]
e "*[L%(s,x) — rv(s, )]

—e "c(s, x,a), [by (4.3.5)]

v

that is, L%u(s,z) > —e "c(s,z,a) for all (s,z,a). Integrating
both sides of the latter inequality, and recalling the Remark 4.7(c),
we obtain

T
w(T,z(T)) — u(s,z) > / e "e(t, x(t), a(t))dt. (4.3.6)
Equivalently, by definition of u,
T
v(s,x) < / e " e(t, a(t), a(t))dt + e " (T, x(T)).

Finally, letting T"— oo, (4.3.3) yields the desired conclusion in
part (a).

(b) On the other hand, if (4.3.4) holds, we have equalities
throught (4.3.5)—(4.3.6) with a = a*, and part (b) follows. O

Example 4.16. Consider the OCP: Minimize, over all nonnega-
tive controls a(-) € A,,, the objective function

V(zo;a()) = /000 e "x(t) + ka(t)?]dt

subject to
i(t)=p—at)xt)/?* V¥V t>0,

with k£ and x(0) = 2o both positive. Note that this is an
autonomous or stationary or time—invariant OCP because both
the instantaneous cost c(t,z,a) = c(x,a) = z + ka* and the state
transition function F(t,z,a) = F(z,a) = p — ax'/? are indepen-
dent of the time variable ¢, in which case the value function v
depends only on the state variable z. Therefore, the HJB equa-
tion (4.3.2) becomes

rv = ir;%[ac + ka® + v, - (p — az'/?)), (4.3.7)
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that attains its minimum at a* = a*(z) = (2k) v, - '/2. Substi-
tuting this value in (4.3.7) we obtain
ro(z) =z +p- v, — (4k) w02 (4.3.8)

xT

Guessing that a possible solution of this equation could be of the
form v(x) = Px + @, for some constants P, (), substitution of this
function v(x) in (4.3.8) gives that it indeed solves (4.3.8) provided
that P and () satisfy the equations r() = pP and

P? + 4krP — 4k = 0. (4.3.9)

Hence v(z) = Pz + @ solves (4.3.8) if Q =pP/r and P is the
positive solution of (4.3.9). Further, since v, = P, the optimal
control is a*(z) = (2k)~ Pz'/2, O

Remark 4.17. For OCPs in an infinite horizon there are several
optimality concepts, in addition to the discounted cost in Sect.
4.3. For instance, Carlson et al. (1991), Sect. 1.5, introduce the
following concepts: (a) Strong optimality; (b) Overtaking optimal-
ity; (¢) Weak overtaking optimality; (d) Finite optimality. They
also show the following chain of implications: (a) = (b) = (¢) =

(d). 0

Example 4.18 (An infinite-horizon discounted LQ problem).
Consider an infinite-horizon scalar (i.e., X = A = R) LQ problem
in which we wish to minimize

V(z;a()) = /000 e "Qz*(t) + Ra*(t)dt (4.3.10)
subject to
&(t) = dx(t) + na(t), t>0, x(0)==zx. (4.3.11)

The coefficients ) and R are both positive, and 1 # 0. Since the
system (4.3.10)—(4.3.11) is time-homogeneous or time-invariant
(in particular, all the coefficients are constant), the HJB equation
(4.2.2) or (4.3.2) for v(x) becomes

. 2 2 )
rv = ;1612 {Qz*+ Ra® + v, - (6x +na)} . (4.3.12)
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As in similar LQ problems (see Examples 2.46 or 4.14, for
instance), we seek a solution of (4.3.12) of the form wv(z) =
kx? + h, where k > 0 and h are constants to be determined. With
this value of v(-), (4.3.12) can be expressed as

(rk — Q — 26k)x* = min{ Ra® + 2nkza}.
The minimum is attained at the stationary Markov control
f*(r) = =R 'nkz Vx €R,

and the value function is v,(x) = V(x, f*) = kx* + h, where h = 0
and k is the positive solution of the quadratic equation

n*k? + (r — 26)Rk — RQ = 0. (4.3.13)
Finally, observe that f* satisfies (4.3.3), i.e.,
e "u(x*(t)) - 0 as t— oo.

Therefore Theorem 4.15 gives that f* is indeed optimal in the
class A,,. O

4.4 Long-Run Average Cost
Problems

Consider the infinite-horizon control system
(t) = F(z(t),a(t)), t>0, x(0)==x, (4.4.1)

with state space X = R™ and control (or action) set A C R™. We
denote by A the family of piecewise—continuous control functions
a(-) : [0,00) — A.

For each control a(-) € A and each T' > 0, let

Jr(z, a(-)) = /0 c@(t), alt))dt, (4.4.2)
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where the running cost ¢ is nonnegative. In this section we wish
to minimize the long-run average cost (AC)

J(z,a(-)) = limsup%JT(x,a(-)) (4.4.3)

T—o00

subject to (4.4.1). The AC-value function is

J*(x) = 1r(1§ J(z,a(-)) (4.4.4)
for all x € X. As usual, a control function a* is said to be AC—
optimal if

J(x,a*(1)) = J"(x) forall xe€ X.

We will assume the existence of a control function a(-) such
that J(z,a(-)) < oo for every x € X. This condition ensures that
J*(+) is a finite-valued function.

The OCP (4.4.1)-(4.4.4) is, of course, a deterministic
continuous—time version of the discrete-time AC problems in
Sects. 2.5 and 3.7. Hence it is no surprise that some of the
techniques for discrete-time problems are also applicable, with
obvious changes, to the continuous—time case. These techniques
include the average cost optimality equation (ACOE), the steady
state approach, and the vanishing discount approach, which we
introduce in the remainder of this section.

4.4.1 The Average Cost Optimality
Equation (ACOE)

In addition to the AC control problem (4.4.1)—(4.4.3), consider
the operator L* in the Remark 4.7(d), i.e,

L (z) = v,(z) - F(x,a) (4.4.5)
for v € C*(X). Note that, by (4.4.1) and the chain rule,

Eo(a) = So((t)) e (4.46)
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The ACOE approach to the AC problem is based on the so—
called Poisson equation in the following lemma.

Lemma 4.19. Let j € R and h(-) € C''(X) be such that the pair
(7, h) satisfies the Poisson equation

j=c(x,a)+ L*h(z) V z,a. (4.4.7)
Moreover, let a(-) € A be a control function such that, as t — oo,
h(z*(t))/t — 0 (4.4.8)

for every initial state z(0) = x, where z“ is the solution of (4.4.1)
when using the control a(-). Then

(a) j=J(z,a(-)) for all z € X.
(b) If the equality in (4.4.7) is replaced by > (resp. <), then in
(a) we have j > J(x,a(-)) (resp. <) for all z.

Proof.

(a) For notational ease, we will write z%(-) as z(-). Then, by the
Remark 4.7(d), the Poisson equation (4.4.7) yields
d

j=cx(t),a(t)) + %h(x(t)) Vit>0. (4.4.9)

It follows that, for all T' > 0,

Tj = /0 c(z(t), a(t))dt + h(z(T)) — h(z).  (4.4.10)

Multiplying both sides by 1/7" and then letting " — oo, from
(4.4.8) and (4.4.3) we obtain part (a).

(b) In (4.4.7) replace = with either > or <. Then in (4.4.9)-
(4.4.10) we obtain > or <, respectively, in lieu of =. [O

Remark. Observe that Lemma 4.19 tacitly assumes the existence
of a solution (4, h) to the Poisson equation (4.4.7). In other words,
the lemma itself does not guarantee the existence of such a solu-
tion. If, however, that solution exists, then necessarily j is unique

and h is unique up to additive constants. A similar result holds
for the ACOE (4.4.12) below. (See Exercise 4.14.) O
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From the Poisson equation (4.4.7) we obtain the average cost
optimality equation (ACOE) in Theorem 4.20, below, where we
use the following notation: Given a function h : X — R, we denote
by Aj, the family of controls a(-) € A such that

%h(xa(t))ﬁo as & — 00 (4.4.11)

where z¢ is the solution of (4.4.1) when using the control a, for
any initial state z(0) = x.

The ACOE (4.4.12) is also known as the HJB (or the dynamic
programming or simply the Bellman) equation for the AC control

problem (4.4.1)—(4.4.3).

Theorem 4.20. Let us assume that j € R and h € C(X) form
a solution to the ACOE

j= ing[c(x, a)+ L*h(z)] VzeX. (4.4.12)
ac

Then, for every initial state x(0) = z,

(a) 7 < J(x,a(-)) for all a(-) € Ay; hence
(b) < J () if A= Ay

In addition, let us suppose that there ezists a control a*(-) € Ay,
that attains the minimum in the right-hand side of (4.4.12), i.e.,
for every x € X, a*(x) € A is such that

j=c(z,a*(x)) + L @Dh(z) VzeX. (4.4.13)
Then, for all x € X,

(c) j=J(x,a*(-)) < J(x,a(-)) for all a(-) € Ap; hence
(d) a*(-) is AC-optimal and J(-,a*(:)) = J*(-) = j if A= Ap.

Proof. If (4.4.12) holds, then
j <c(x,a)+ L*h(z) V(r,a) € X x A.

Consequently, (a) follows from Lemma 4.19(b). On the other
hand, if A = Ay, then (b) follows from (a).
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Suppose now that the Poisson equation (4.4.13) holds. Then
Lemma 4.19(a) yields the equality in (c), whereas the inequality
is obtained from (a). Finally, (d) follows from (c). O

Remark 4.21. If the pair (j,h) is a solution to the ACOE
(4.4.12), then it is also called a canonical pair. Similarly, if (4.4.13)
holds, then (j,h,a*) is said to be a canonical triplet. Unfortu-
nately, Theorem 4.20 does not say how to solve the ACOE, and
all the known results (see, for instance, Arisawa (1997)) impose
restrictive conditions such as compact state space and/or compact
control set and/or bounded running cost. However, none of these
conditions is satisfied in the following L(Q example but still we do
obtain a canonical triplet. O

Example 4.22. We again consider the scalar LQ system in
Example 4.18 with state equation in (4.3.11), i.e.,

&(t) = dz(t) + na(t), t >0, z(0) ==z,

and running cost c¢(z,a) = Qz* 4+ Ra®. In this case the ACOE
(4.4.12) is

j = inf[Qx* + Ra® + W (x) - (§x + na)]. (4.4.14)

In view of previous LQ examples, we conjecture that the function
h is of the form h(z) = bz? for some constant b > 0. To verify that
this is indeed the case, we insert h in (4.4.14) and obtain that, for
each x € X, the minimum is attained at

a*(z) = —Bx with B:= R 'bn. (4.4.15)
Therefore, (4.4.14) can be expressed as
j=(Q+2b6 — R'0*n*)2x* VazeX.

This equation holds provided that j = 0 and b solves the quadratic
equation
R™'n*b* — 260 — Q = 0. (4.4.16)

To proceed further observe that, with a* as in (4.4.15), the state
equation becomes
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i(t) = Az(t), with A:= R Y(Rs—bn?).

Now, let us assume that b is such that A < 0. Then the corre-
sponding state trajectory

¥ (t) = 2™ — 0 as t— o0 (4.4.17)

for every initial state xo. Moreover, J(x,a*(-)) = 0 = j for all zg =
z.

Finally, from (4.4.15)—(4.4.16) we conclude that, if b is the pos-
itive solution of (4.4.16), then (j, h(-),a*(-)) is a canonical triplet
for the ACOE and, by Theorem 4.20, a* is AC—optimal in the
class of controls Aj,.

It should be noted that the results in this “scalar” LQ example
are valid in the general vector case, with state and control spaces
X =R" and A = R™, respectively, except that now we require
special concepts from linear systems theory, say “stabilizability”,
“detectability”, and so forth. For details, see Theorem 5.4.4 in
Davis (1977), for instance. O

Example 4.23 (Example 4.16 cont’d.). Let us consider the AC
problem (4.4.1)—(4.4.3) with transition function F(z,a) and run-
ning cost ¢(x, a) as in the Example 4.16, i.e.,

c(x,a)=r+ka®> and F(z,a)=p —az'? with z(0) =z > 0,
(4.4.18)
where £ and p are given positive constants. The OCP is to min-

imize the average cost J(x,a(-)) in (4.4.3) over all the controls
a(-) > 0 in A. In this case, the ACOE (4.4.12) becomes

Jj= ig%[m + ka® + 1(z) - (p — az'/?)], (4.4.19)

where h'(x) = dh(z)/dz. By comparison with the r-discount HJB
equation (4.3.7), we will propose h(xz) = Rx as a possible solution
of (4.4.19), with the coefficient R to be determined. Replacing
h(-) in (4.4.19) we obtain

j =+ pR+ inf[ka* — Rz'/?a), (4.4.20)
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which attains the minimum at
a*(x) = (2k)'Rz'? Vx> 0. (4.4.21)
With this value of a = a*, (4.4.20) becomes
j=pR+ (1 - R*/4k)x Vx>0,

which yields j = pR and R?/4k =1, i.e., R = 2k'/2. Hence, we
already have a canonical triplet (7, h,a*), that is, a triplet satis-
fying (4.4.13). Finally, to use Theorem 4.20 we will identify the
family Aj, of controls that satisfy (4.4.11).

Let F(x,a) =p—az'/? be as in (4.4.18), and a(-) = a*(-) as
in (4.4.21). Then the corresponding state trajectory z*(-) is the
solution of the linear equation

i(t) = —dx(t) +p, with §:= R/2k = k™2,
for each initial z(0) = zo > 0. Hence, for some constant C,
r*(t) = Ce™ +p/s,

which yields (4.4.11), that is, since h(z) = Rz,
1
gh(a:*(t)) —0ast— oo. (4.4.22)

Therefore, by Theorem 4.20(c) we conclude that a*(-) in (4.4.21)
is AC-optimal within the class of controls that satisfy (4.4.22).

4.4.2 The Steady-State Approach

Let us consider again the AC control problem (4.4.1)-(4.4.3). As
in the discrete-time case (see (2.5.17)), the steady-state approach
to the AC problem hinges on the existence of state-action pairs
(z,a) which are “steady” in the sense that F(z,a) = 0. Let K C
X x A be the set of all such pairs. Then a pair (Z,a) in K is said
to be a minimum steady pair if it is a solution of the constrained
optimization problem:
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minimize ¢(x, a) subject to F(x,a) = 0. (4.4.23)

We denote by K* the family of minimum steady pairs. We wish to
find conditions under which a minimum steady pair gives the AC-
value function J* in (4.4.4). In particular, the following Theorem
4.24 mimics the discrete-time result in Theorem 2.53.

Theorem 4.24. Suppose that the running cost ¢ is continuous
and, in addition, the AC control problem (4.4.1)-(4.4.3) is such
that:

(a1) There exists a minimum steady pair (x*,a*) € KC*.

(az) The control system is dissipative with respect to the pair
(x*,a*) in (ay), in the following sense: There exists a real-
valued function | € CY(X) such that

clx*;a*) < c(x,a) + L(x) (4.4.24)

forallx € X,a € A.
(as) The control system is stabilizable, that is, there exists a con-
trol a(-) € A; such that, as t — oo,

(z(t),a(t)) — (z*,a") (4.4.25)
with Ay as in (4.4.11).
Then j* := c(x*,a*) is such that, for all z € X,

(by) J(z,a(-)) = j* and, moreover, j* < J(z,a(-)) for all a(-) €
Al;

(bs) The control a(-) is AC-optimal and the AC-value function
is J*() =5 if A=A

Proof. (b;) Since ¢ is continuous, (4.4.25) yields
c(z(t),alt)) — c(z®,a”) = j*

as t — oo. This implies that J(-,a(-)) = j*. Moreover, the inequal-
ity 7* < J(-,a(-)) follows from (4.4.24) and Lemma 4.19(b) (with
the inequality <).

On the other hand, if A = A;, then (bs) follows from (b;). O
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Remark 4.25. (a) Under the hypotheses of Theorem 4.24,
(x*,a*) is a so-called minimum pair in the sense that

Jj*i=c(z",a") = inf 1r(1§ J(z,a(")).

(b) Recalling (4.4.6), we can rewrite (4.4.24) as

H(x(t)) — I(x) +/O [e(2(s), a(s)) — e(a”, a”)]ds = 0

for any solution (z(-),a(:)) of (4.4.1). (Reader beware: The
definition of “dissipativity” is not standard; that is, different
authors may use different definitions.)

Example 4.26. Consider the LQ system in Example 4.22, in
which the system function and the running cost are

F(z,a) =6z +na and c(z,a) = Qz*+ Ra’,

respectively. Hence, (z, a) isasteady state-action pairif F'(x,a) = 0,
which holds if a = —dx/n. Replacing this value in ¢(z,a) we see
that

c(x,a) = (Q + R6*/n*)x*.
Therefore, we have the minimum steady pair (z*, a*) = (0, 0), that

is, the hypothesis (a;) in Theorem 4.24. The hypotheses (ay) and
(a3) can be obtained from (4.4.14)—(4.4.17). O

Example 4.27. We continue Example 4.23. From (4.4.18),
F(z,a) = 0 if a = pr~'/2. With this value of a, we obtain

c(r,a) =x+ka* =z + kp®/x

which is minimized at « = pk'/? > 0. Thus, we have the minimum
steady pair (z*,a*) = (pk'/?,p"/?k=1/%), with corresponding mini-
mum AC cost j* = ¢(x*,a*) = 2pk'/? as in Example 4.23. The lat-
ter example also yields the remaining parts of Theorem 4.24.

Remark 4.28. In Example 4.29, below, we wish to maximize
over A a long-run average reward (AR) defined as
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T—o0

Jar(z,a(-)) == liminf%/o r(x(t),a(t))dt

subject to (4.4.1), where r(x,a) is the given running (or instan-
taneous) reward function. In this case, the ACOE (4.4.12) is
replaced by the average reward optimality equation (AROE)

p =sup[r(z,a) + L*h(z)] Ve e X (4.4.26)
acA
for some function h € C*(X) and some constant p. Theorems 4.20
and 4.24 are modified accordingly. In particular, the existence of
a minimum steady pair is replaced by a maximum steady pair
(z*,a*) that solves the constrained optimization problem:

Maximize r(x,a) subject to F(z,a)=0, (4.4.27)
whereas the dissipativity inequality (4.4.24) is replaced by
r(z*,a*) > r(x,a) + L*h(z)
forall z € X,a € A. O

Example 4.29 (Control of pollution accumulation). The control
of pollution accumulation is a standard OCP in environmental
economics since the years 1970s. Here we consider a special case of
an application by Kawaguchi (2003) in which he wishes to obtain
a consumption strategy a(-) that maximizes the long-run average
welfare

Jar(a(-)) = liminf — [ [U(a(t)) — D(x(t)]dt  (4.4.28)

where x(f) is the stock of pollution at time ¢ associated to
a(+). Furthermore, U : A — [0, 00) is a social utility function and
D: X — [0,00) is a disutility function, with state and control
sets A= X =[0,00). Both functions are assumed to be con-
tinuously differentiable functions and satisfying suitable concav-
ity /convexity conditions. The stock of pollution evolves according
to the equation
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(t) = a(t) — p(x(t)), with x(0)=x0>0 (4.4.29)

where ¢(+) denotes the rate of pollution decay.

Kawaguchi gives general conditions ensuring that the HJB
equation associated to (4.4.28)—(4.4.29) has a “classical” solution.
Here, however, to illustrate the steady state approach we will sup-
pose that the utility and disutility functions and the pollution
decay are of the form

Ula) = 2a'?, D(z) = dyx, @(x)=dox (4.4.30)

for some positive constants dy, d;. Hence, to obtain a maximum
steady state-action pair first note that, from (4.4.29)—(4.4.30),

F(z,a)=a—¢(x)=a—dyx =0

holds if a* = a*(z) = dox. With this value of a* the running
reward r(z, a) := U(a) — D(x) becomes r(z, a) = 2(dyz)"/? — d,
which is maximized at z* = dy/d?. Therefore, we have obtained
a maximum steady pair (z*,a*) = (dy/d3, (do/d;)?), as in the
hypothesis (a;) of Theorem 4.24. Hence

r*i=r(x",a") =U(a") — D(z*) = dy/d. (4.4.31)

To verify the hypotheses (as)-(as), let us try to obtain the AROE
in (4.4.26), i.e., from (4.4.28)—(4.4.30),

r* =sup[r(x,a) + W (z)F(z,a)]

= sup[U(a) — D(x) + K (z)(a — doz)]
= —(dy + doh (x))x + sup[2a*/? + I/ (z)a].  (4.4.32)

a>0

Clearly, the maximum at the right-hand side of (4.4.32) is attained

at
a*(x) = 1/(W(x))*.

(
Finally, in (4.4.32) let us try a solution h(-) of the form h(z) = hox
for a constant hy to be determined. We then see that (4.4.32)
indeed holds with h(z) = hox if hg = di/dy. Moreover, (4.4.33)

4.4.33)
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shows that the AR-optimal control is the constant a*(-)=(dy/d;)?,
which is the same as a* in (4.4.31). O

4.4.3 The Vanishing Discount Approach

As in Sect. 2.5 for discrete-time OCPs, we can relate AC and dis-
counted cost problems directly from the definition of a discounted
cost functional. To this end, consider the problem of minimizing
the discounted cost

Vi(z,a() = /OOO e "e(x(t), a(t))dt (4.4.34)

for a given discount factor r > 0, subject to the dynamics (4.4.1).
Inside the integral in (4.4.34) replace the cost c(x,a) by ¢(x,a) £
M for some constant M. Then (4.4.34) can be expressed as

Vile.a() = [ e eta(t).afe) - Mlde-+

that is,
V(e a() = M+ r/o e (t), a(t)) — M]dt.

In particular, taking M as the average cost j(z) := J(x,a(-)), we
obtain

rVi(xz,a(-)) = j(z) + 7“/ e "e(x(t),at)) — j(z)]dt. (4.4.35)
0
This relation obviously suggests that, as r — 0%,

rVe(z,a(:)) — j(x) (4.4.36)

provided that the rightmost term in (4.4.35) tends to 0 as r | 0.
An example of this situation is in the context of Theorem 4.24, as
in the following Proposition 4.30. (The proof is left to the reader:
Exercise 4.11.)

Proposition 4.30. Suppose that c¢ is continuous and that the
hypotheses (a1) and (a3) of Theorem 4.24 hold; that is, there exists
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a minimum steady pair (z*,a*) and a control a(-) that satisfy
(4.4.25). Let j* := ¢(2*,a*). Then

limrV,(z,a(-)) = J(z,a(:)) = j*

rl0
for every initial state z(0) = x.

In general, (4.4.36) can be obtained by means of an Abelian
theorem as in parts (b)—(c) of the next lemma, where we use
essentially the same terminology as in Lemma 2.56.

Lemma 4.31. For t > 0, let 9(¢) be a nondecreasing continu-
ous function with ¥ (0) = 0. Define the upper and lower (Cesaro)
limits

ol = litfgglf¢(t)/t, CY :=limsup ¥ (t)/t,

t—o00

and the lower and upper Abelian limits
Al = lim infr/ e "tdip(t), Ay :=lim supr/ e "tdi(t).
ri0 0 rl0 0

Suppose that
OV < . (4.4.37)

Then:

a) [o e tdp(t) =1 [;7 e "p(t)dt for every r > 0.
(b) CLgALgAUch
(c) If the limit j := lim;_,o, ¥(¢)/t exists, then

limr/oOo e "dy(t) =

rl0
(In other words, if CT' = CV = j, then AL = AV = j))

Proof. Part (a) follows from the integration-by-parts formula

/0 e " dip(s) = e "p(t) + T/O e " (s)dt, (4.4.38)

and noting that (4.4.37) implies
limsup e ") (t) = 0. (4.4.39)

t—o00
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To prove the third inequality in (b), we use (4.4.37) again and
choose an arbitrary € > 0 and let T'= T'(¢) be such that

supt(s)/s <OV +e Vt>T.

s>t

Hence

2 [ ermatons =12 [ s slas

< (CY + 6)7”2/ se "ds

T
< CY 4,

because 12 fg se "ds=1—re"(1/r+t) <1. Thus, for t > T,
(4.4.38) gives

¢ T
T/O e "dip(s) < re "p(t) + 7’2/0 e " (s)ds + CY + e

Letting t — oo and then r | 0, from (4.4.39) we obtain the third
inequality in (b), since € was arbitrary. The first inequality is
proved similarly, and the second one is obvious.

Finally, Part (c) follows from (b). O

Lemma 4.31 is a well-known result in Laplace transform theory
(see, for instance, Widder (1941), pp. 181-182).

Let us now suppose that the instantaneous cost function ¢(z, a)
is continuous and nonnegative. Let a(-) € A be any given control
function and z(-) the corresponding solution of (4.4.1). In addi-
tion, let

W(t) ::/0 c(x(s),a(s))ds,t > 0.

Then (4.4.2)—(4.4.3) yield that the average cost J(x,a(-)) can be
expressed as

J(x,a(-)) = limsup(t)/t

t—o00

whereas the r-discounted cost becomes
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Vi(z,a(-)) : = /OOO e e(a(t), alt))dt

= /000 e "t (t).

Hence, from the third inequality in Lemma 4.31(b),

linsis()up rVi(z,a(-)) < J(z,a(+)).

Consequently, since the control function a(-) was arbitrary, we
conclude the following.

Proposition 4.32. The AC-value function J*(-) and the -
discount value function V, () := inf,() V,(x, a(-)) satisfy that

limsup rV,(x) < J*(x) (4.4.40)
rl0

for all z € X.

In words, (4.4.40) states that, for r sufficiently small, 7V,.(-) is
a lower bound for J*(-). We are actually interested in the “con-
vergence” | in some sense, of V. to some particular value of J* as
r | 0. We next explain this.

Suppose that the value function V, is in C''(X) and satisfies the
HJB equation (4.3.2) in the autonomous (or time-homogeneous)
case, i.e.,

rV,(z) = minfc(x, a) + LV, (x)], =€ X. (4.4.41)

acA
Now pick (and fix) a state £ € X, and let
my :=71V.(z) and [.(x):=V.(x)—V,.(Z) (4.4.42)
for x € X. Then we can rewrite (4.4.41) as

m,. + rl.(x) = minf[c(x, a) + L, (x)].

acA

Finally, the key step is to find a sequence r,, | 0 and a pair (7,1(-))
in R x C*(X) such, as n — oo,
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me, — 7, .. () = 1), (4.4.43)

n

and (j,[(-)) satisfies either the ACOE (4.4.12) or the AC optimal-
ity inequality (ACOI)

Jj> Cillgg[c(x, a) + L(x)]. (4.4.44)

Hence, if there exists a control a*(-) € A, that attains the mini-
mum in (4.4.44), i.e.,

j>c(z,a*(z) + LY @i(z) Vz e X, (4.4.45)

then a*(-) is AC-optimal and j is the AC-value function, i.e.,
J*() = 7.

The good news is that the procedure (4.4.43) works in many
particular AC control problems. The bad news however is that, to
the best of our knowledge, there are no general results ensuring
the existence of such a pair (j,1(+)). (The existing results require
restrictive hypotheses. See Bardi and Capuzzo-Dolcetta (1997),
Sect. VII.1, for instance.) We will next show some particular cases.

Example 4.33 (Example 4.16 cont’d.). Consider the AC control
problem (4.4.1)—(4.4.3) with system function and running cost as
in Example 4.16, that is,

F(z,a) =p—az'? c(z,a) =z + ka®

with k£ and z(0) = zo both positive. In the r-discounted case,
Example 4.16 shows that the OCP value function and the r-
optimal control are

Vi(z) = P(r)z + Q(r) and a*(x) = (2k) "' P(r)z'/?,

where Q(r) = pP(r)/r and and P = P(r) is the positive solution
of (4.3.9). Hence, for any given (fixed) state £ > 0 (4.4.42) gives

m, =1V (Z) =r[P(r)z+ Q(r)], L (z)=V,(z)—V.(z) = P(r)(z — ).

It follows that, as r | 0,

m, — pP(0) and [.(z) — P(0)(z — Z).
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In other words, (4.4.43) holds with j=pP(0) and I(z) =
P(0)(x — z), where P(0)=2kY? is the positive solution of
(4.3.9). Moreover, the AC-optimal control is a*(z) = (2k)~*
P(0)x!/2. O

Example 4.34 (Example 4.18 cont’d.). Consider again the 7-
discounted LQ problem in Example 4.18, in which the optimal
control is f*(z) = —R™'nkz with R and 7 as in (4.3.10)-(4.3.11),
and k = k(r) is the unique positive solution of (4.3.13). The cor-
responding value function is v,(z) = k(r)z% In (4.4.42) we can
take an arbitrary state . However, to simplify the presentation
we take T = 0. Therefore, m, = 0 and

l.(z) = v.(2)
= k(r)a®
— k(0)2?

asr | 0, where k(0) = (RQ)?/n is the positive solution of (4.3.13)
with r = 0.

4.5 The Policy Improvement
Algorithm

We will now introduce the policy improvement (or policy iter-
ation) algorithm (PIA) for the discounted and the average cost
problems in Sects. 4.3 and 4.4. The general ideas are, of course,
similar to the discrete-time cases in Sects. 2.4 and 3.6 for deter-
ministic and stochastic problems, respectively. Namely, we wish to
find a sequence of control functions a, € A such that, for each n,
Qpi1 tmproves a, in the sense that the cost v, when using a1
is “better” than the cost v, when using a,, because v,,1 < v,.
Therefore, the cost functions v, form a monotone nonincreasing
sequence.
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4.5.1 The PIA: Discounted Cost Problems

Given a discount factor r > 0, the OCP is to minimize the dis-
counted cost

V(z,a(")) = /000 e "e(x(t),a(t))dt (4.5.1)
subject to
(t) = F(z(t),a(t)), t>0, z(0)=u=x. (4.5.2)

The running cost ¢ is supposed to be nonnegative, and the controls
are restricted to the class A%,, C A of stationary Markov controls
for which

e "V (z(t),a(:)) -0 as t— occ. (4.5.3)

Recall from Chap. 1 that a stationary Markov control (also
known as a feedback or closed-loop control) is a function f(-) :
X — A such that, at any time ¢ > 0, the control action is f(z) €
A if z(t) = x. We will denote by Agys the family of stationary
Markov controls, and by A%, the subset of controls that satisfy
(4.5.3).

For notational convenience we will write Markov controls either
as f(+) or a(-). Moreover, we will write c¢(x, f(z)) and F(zx, f(x))
as c¢(x, f) and F(x, f), respectively.

Before describing the PIA let us note the following.

Initialization. Let f, € A%,, be a control with discounted cost
0(+) =V (-, fo) € C*(X), so that

r?(z) = e(z, fo) +0(x)F(z, fo) (4.5.4)
for all z € X. The latter equation yields

r?(z) > (ilgg[c(x, a) +v0(z)F(z,a)]. (4.5.5)

Let us now assume that there exists f; € A%g,, that attains the
minimum in (4.5.5); that is, for each z € X, fi(z) € A is such
that
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c(z, 1) + (@) F(z, fr) = minfe(z, a) + vz F(z, a)].
Therefore, we can rewrite the inequality (4.5.5) as
(z) > e(z, fi) +02(x)F(z, fi) Vo e X. (4.5.6)

A key step in the PIA is to show that (4.5.6) implies that
f1 improves fy in the sense that v°(-) > v!(-), where v'(z) :=
V(x, f1). More precisely, we have the following.

Lemma 4.35. For any two controls f = fy and g = f1 in A¥%,,
that satisfy (4.5.4) and (4.5.6) we have V(z, f) > V(x,g) for all
x e X.

Proof. Let u(t,z) := e "0°(x). Then, from (4.1.12),

LMu(t,x) = uy + uy - F(z, f1)
= e "l(z) - F(x, f1) — rv°(z)]
< —ee(a, ). [by (45.6)]

Thus, recalling from Remark 4.7(c) that L*u(t, ) = du(t, z(t))/
dt|(z.0), integration of both sides of the latter inequality from ¢t = 0
tot =T gives

e T (z(T)) — v°(2(0)) < —/0 e "e(x(t), f1)dt.

Finally, letting T' — oo we see that —v°(z) < —ov'(z), which yields
the desired result. U

Having the Initialization step and Lemma 4.35 we can proceed
with the PIA as follows, where f, is a control in A%,, with r-
discounted cost v"(+) := V (-, f,) € CY(X).

(PI;) Given f, (n=0,1,...) compute the corresponding dis-
counted cost v™(-) so, for every x € X,

ro"(z) = ez, fu)) + i (2) F(x, fo).

Hence
ro"(z) > Cillelg[c(yc, a) + vl (z)F(x,a)]. (4.5.7)
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(PLy) Policy improvement. Assume that there exists f,.1 €
A%, such that, for every x € X, f,41(z) € A attains the mini-
mum in (4.5.7), that is,

c(@, for1) + v (@) F(2, frer) = minle(z, a) + vz (2) F(z, a)].
(4.5.8)
If v"*1(-) = v™(-), then stop the algorithm because v™ is the opti-
mal discounted cost (see Proposition 4.36(a) below). Otherwise,
replace n by n + 1 and go back to (PI).

The existence of f,.; as in (PIy) is ensured by well known
results. See, for instance, Lemma 2.16(a) above or Theorems B.8
and B.9 in Appendix B.

A first step on the convergence of the PIA is the following.

Proposition 4.36. Let f, and v (n =0,1,...) be as in (PI;)
and (Ply).

(a) If for some n we have v"(x) = v"*(z) for all x € X, then
v"™(+) = V/(+) is the discounted value function, and f,, and f, 11
are optimal controls.

(b) In general, there exists a function v > 0 such that, for every
re X, v"(z) | v(x).

Proof. (a) If v"(-) = v"*1(-), then in the right-hand side of (4.5.7)
we can replace v" with v, which combined with (4.5.8) gives

ro"(x) > igf[c(m, a) + v (2)F(x,a)] = ro"H(2)

for all x € X. Therefore, v(-) :=v"(-) = v"*!(-) satisfies the r-
discounted cost HJB equation
rv(x) = mifrxl[c(x, a) + v, (z) - F(z,a)], (4.5.9)
ac

and f, and f,,; are optimal controls.
(b) This part is a consequence of the monotonicity of {v"™}. O

Remark 4.37. Unfortunately, the conditions we have so far on
the OCP (4.5.1)—(4.5.2) are not enough to guarantee two key steps
in the PIA, namely:
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(I) Convergence to the value function; that is, it remains to show
that the limiting function v in Proposition 4.36(b) is in C*(X) and
that it satisfies the HJB equation (4.5.9).

(IT) Convergence of controls; that is, convergence of f, (or a
subsequence thereof) to a control f € A%, that attains the min-
imum in (4.5.9), and so it is optimal for (4.5.1)—(4.5.2).

To deal with (I), there are three usual options:

I;. Impose suitable assumptions on the OCP, as in Doshi
(1976a) or Jacka and Mijatovi¢ (2017), for instance. Typically,
the idea is to impose conditions ensuring that the Arzela-Ascoli
Theorem in Remark 2.59 is applicable, and then one shows that v
preserves some of the properties of v™, such as v € C*(X). (As an
example of this approach see Kawaguchi (2003)). In general, how-
ever, the assumptions are so restrictive that are not applicable to,
for instance, our Example 4.38 below. (Indeed, the conditions on
the PIA usually require compact state space X and/or compact
control set A and/or bounded running cost ¢(z,a). None of these
conditions, however, is satisfied in the Example 4.38.)

I,. Use a numerical approach, as in Alla et al. (2015) or Wei
et al. (2020).

I3. The direct approach: Verify the convergence of v™ to a func-
tion v € C'(X), and then show that v indeed satisfies (4.5.9). (See
Example 4.38.)

Concerning (II), we can try a direct approach, as in I3 above, or
(if possible) use a general result such as Theorem B.10 or Propo-
sition B.12 in the Appendix B. O

Example 4.38. Consider the scalar LQ problem in Example
4.18, where

V(z,a()) = /Oo e "Qz*(t) + Ra*(t)dt (4.5.10)

0

and
&(t) = ox(t) +na(t), t>0, z(0)=u=z. (4.5.11)

Recall that Example 4.18 requires n # 0 and R > 0. Let f; be the
linear Markov control fy(z) := Cox for some constant Cy. In this
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case (4.5.11) becomes
&(t) = Dox(t), with Dy := 3§+ nCy,
so z(t) = xePo! for all t > 0. Hence, with a(t) := fo(x(t)) = Cox(t)
in (4.5.10), we see that v°(x) := V(z, fo) is given by
v(z) = (Q + RCH)z? /00 e ety
0

Q + RC?

= Fya? ith F,:=
ol W1 0 T—QDO

(4.5.12)

if r — 2Dy > 0, which is assumed hereafter. This implies that, in
particular,
e—rtUO(x<t)) _ F()ZL‘2€_(T_2DO)t =0

ast — 00, s0 foisindeed in the class of stationary Markov controls
that satisfy (4.5.3). Moreover, v° is in C''(X) and it can be directly
verified that (4.5.4) holds, i.e.,

r®(z) = c(z, fo) + 2Fyx - F(z, fo) Vo € X.
The latter equality yields that, for all x € X,
ro’(z) > i%f[c(x, a) + 2Fyz - (6x + na)l, (4.5.13)
and the minimum at the right-hand side is attained at
fi(z) = Cixz with Cy := —Fyn/R.
With this value of @ = fi(x) in (4.5.11) we obtain
t(t) = Dyx(t) with Dy := 0+ nCy,

so z(t) = weP't for all ¢ > 0. Similarly, from (4.5.10) we see that
v'(z) := V(z, f1) is given by

: + RCY

/Ul(.’ll') = F1$2 with Fl = Ci_—”%l

ifT—2D1>O‘
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In general, if for some n =0, 1,... we are given that f,(z) :=
C,x for some C,,, then

#(t) = Dpx(t) with D, =3 +nC,,
so z(t) = xePrt for all t > 0, and

2
v (z) =V (x, f,) = F,2®, with F, := %

provided that r — 2D, > 0. The latter condition yields that f,
satisfies (4.5.3) and, on the other hand, one can directly verify
that (4.5.4) holds with v™ and f,,. Furthermore, as in (4.5.13), we
can see that, for all z € X,

foi1(@) = Chprr and v"H(2) = F2?

with
Cpy1:=—F,m/R, D1 =6 +nChyq, (4.5.14)
and Q + RC?
Fpyp1 = TTD:; (4.5.15)

if r — 2D, 41 > 0. Now, in (4.5.15) replace C,, ;1 and D,,; by their
values in (4.5.14) to obtain that
QR + (Fun)®

Foy = . 4.5.1
T (r = 28)R — 2F, 2 (4:5.16)

Then a direct calculation gives that F,, 1 < F, foralln =0,1,.. ;
that is, the sequence { F,, } is nonincreasing. Therefore, there exists
a number £ > 0 such that F), | k. In fact, letting n — oo in
(4.5.16) we see that k is the same as the positive solution of the
quadratic equation (4.3.13).

In other words, we conclude that the direct approach in I3 above
works very nicely in this example, that is, the controls f,, and the
value functions v™ converge to the values f* and v, in Example

4.18. O
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Remark 4.39. In Chap. 6, below, we will study stochastic dif-
ferential equations (SDEs) of the form

dr(t) = F(x(t), a(t))dt + o(z(t))dW (t), (4.5.17)

which of course is an “extension” of the deterministic equation
(4.5.2). An obvious question is if results for (4.5.17), such as the
PIA, are applicable to the deterministic case. The answer, in gen-
eral, is negative!

Indeed, one should be careful because some results for SDEs
require o(x) to be nonzero. For instance, a typical condition is
that ¢(0) may or may not be 0, but |o(z)| > 0 for all x # 0. (See
Eq. (6.4.19), for instance.) O

4.5.2 The PIA: Average Cost Problems

We will now consider the long-run average cost (AC) problem in
(4.4.1)—(4.4.3). Hence, we wish to minimize over a(-) € A the AC
defined as

J(z,a()) ;= limsup — / dt (4.5.18)
subject to
(t) = F(z(t),a(t)), t>0, z(0)==x. (4.5.19)

Recall from Sect. 4.4 that the cost ¢(x,a) is assumed to be non-
negative.

Given a function h € C*(X), we will denote by A%, the family
of stationary Markov controls a € Ag)ys that satisfy (4.4.8), i.e

h(z®(t))/t - 0 as t— oo, (4.5.20)

where 2°(-) stands for the state process in (4.5.19) when using the
control function af(-).

Let L*h(x) be as in (4.4.5)—(4.4.6). The PIA in the AC case
hinges on the Poisson equation (4.4.7) and an AC-analogue of
Lemma 4.35, which is the following.
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Lemma 4.40. Given a stationary Markov control f, let us sup-
pose that there exists a constant j(f) and a function b/ € C1(X)
that satisfy the Poisson equation

J(f) = c(x, f) + hi(z) - F(x, f) Vo€ X, (4.5.21)

where we are using the notation introduced in Sect. 4.5.1, namely,
c(z, f):=c(x, f(zx)) and F(z, f) = F(x, f(z)). We assume that
a(t) = f(x(t)) satisfies (4.5.20). By (4.5.21),

Jj(f) > (ilrelg[c(x, a) + hi(z)- F(z,a)] (4.5.22)

for all x € X, and we suppose the existence of a Markov control
g € A\, that attains the minimum in (4.5.22), so

J(f) > c(x, g) + hi(x) - F(x,g9) Va. (4.5.23)

Then g improves f in the sense that the AC j(g) < j(f), with
j(g) := J(x,g) for all z € X.

Proof. By (4.4.6), we can express the rightmost term in (4.5.23)
as

W) Flw,g) = S h (o(0) et

Therefore, integration of (4.5.23) from ¢t = 0 to t = T gives

JHT > / (x(t), g)dt + hf (x(T)) — B (x).

Finally, multiply both sides of the latter inequality by 1/7" and
then let T — oo to obtain the desired conclusion. O

We now introduce the PIA for the average cost OCP. Consider
a sequence of Markov controls f, as follows.

(PI;) Given f,, for some n = 0,1, ..., suppose that there exists
a solution (j(f,),h™(-)) € R x C*(X) to the Poisson equation

J(fn) = c(z, fu) + hp(x) - F(2, fo),

where f, € A% so (by Lemma 4.19) j(f,) = J(-, fn). It follows
that
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J(fn) > inﬁ[c(x, a) + hi(x) - F(z,a). (4.5.24)
ac

(PLy) Policy improvement. Assume the existence of f, 1 € A%,
such that, for every x € X, f,i1(z) attains the minimum in
(4.5.23), ie.,

C(l’, fn+1) + h;(l‘) ' F(xafnJrl) = I{?eiil[c(mvco + h;l(x) ’ F(xﬂa)L
(4.5.25)

and then find the solution (j(f,+1),h" " (+)) of the Poisson equa-
tion corresponding to fi41.

Proposition 4.41. Forn =0,1,...,let f, and A" be as in (PI;)-
(PLy).

(a) If for some n, j(f,) = j(fns1), then stop the PIA: f,, and f, 11
are both AC-optimal in the class Ag’;w, that is,

§(fa) = 3 (far1) S I, f) Ve A,

(b) Otherwise, if j(f,) > j(fny1) for all n =0,1,..., then there
exists a number j* > 0 such that j(f,) | j*.

Proof. (a) By Lemma 4.40 and (4.5.25),
J(f) = minle(x,a) + W3(2) - Pz, a)

<j(fa)
- ](fn-i—l)

Therefore, both f,, and f,; satisfy the ACOE (4.4.12), and so
the desired result follows from Theorem 4.20(c).
Part (b) is a consequence of Lemma 4.40. O

Remark 4.42. (a) Open problems: The bad news about Proposi-
tion 4.41 is that (as in the Remark 4.37 concerning the discounted
cost) the proposition does not guarantee the “convergence” of the
PIA, that is, it does not state the convergence of the functions
hyn(+) nor that j* is in fact the AC-value function. Moreover, in
Remark 4.37 we mentioned three options to prove the conver-
gence of the PIA for discounted problems, but two of them are
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not applicable in the AC case; namely, the option I; (about impos-
ing “suitable assumptions” on the OCP) and the option I, (about
using a numerical approach) are, to the best of our knowledge,
completely unexplored in the AC case. This situation suggests
some interesting research problems. On the other hand, the good
news is that the option I3 (the direct approach) in the Remark
4.37 is—at least sometimes—applicable to AC problems. See the
following Example 4.43.

(b) The following comment is similar to Remark 4.39: Since
there are some results on the PIA for AC problems related to
stochastic differential equations (see Sect. 6.5) of the form

dr(t) = F(x(t), a(t))dt + o(z(t))dW (t), (4.5.26)

an obvious question is if one can deduce results for the determin-
istic problem (4.4.1)—(4.4.3) simply by taking o(-) = 0 in (4.5.26).
The answer, in general, is no. The reason is that (as can be seen
in the references in Sect. 6.5) the AC results in the stochastic case
require |o(z)| > 0 for all © € X, except perhaps at x = 0. (The
latter fact is required even in the one-dimensional case. See for
instance assumption (Al) in Anulova et al. (2020).) O

Example 4.43. Let us consider again the AC control problem in
Example 4.23 with transition function and running cost given by

F(z,a):=p—az'? and c(z,a) =2+ ka>. (4.5.27)

The constants p and k, and the initial state z(0) = « are all posi-
tive. To initialize the PIA, take the Markov control fo(z) = Coz'/?
with Cy > 0. We selected this value of fy because then the right-
hand side of F' is linear in x and similarly for the cost ¢. More
explicitly, with @ = fo(x) the system equation becomes

(t) =p— Cox(t), t=>0, (4.5.28)

so z(t) = Doe=t + p/Cy with Dy := z(0) — p/Cy. Therefore, by
definition of ¢(x,a) in (4.5.27), the corresponding average cost
jo = J(fo) is given by
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T
Jjo = lim sup/ (1+ kC3)x(t)dt,
0

T—o0

where the integrand
(1+kC2)z(t) = (1 + kC2)Doe= ! + (1 + kC2)p/Cy.

Observe that, in the right-hand side, the first term — 0 as t — oo.
Consequently,

jo = (1+kC3)p/Co. (4.5.29)
We now wish to find the Poisson equation associated to fy, i.e.,
jo = c(x, fo) + ho(z) - F(z, fo) (4.5.30)

for some function hg, where hy(z) = dho(z)/dx. From the defini-
tion (4.5.27) of F' and ¢ we obtain

jo = (kC2 — hy(x)Co + 1) + hy(z) - p.

This equation is satisfied if hy(z) - p = jo, or hy(z) = jo/p, and
k’Cg —jng/p—i— 1=0or

pkC; — joCo +p = 0.

(Note that the latter equation is the same as (4.5.29).) This con-
cludes the initialization step in the PIA.

To proceed with the policy improvement procedure, instead of
(4.5.30) we now consider the inequality

Jo > (izlzlg[c(x’ a) + hé(w)F(w, a)).

Thus, proceeding as usual, the minimum in the right-hand side
is attained at f(z) = C12'/?, with Oy = hy(x)/2k = jo/(2kp).
Hence, the system equation (4.5.28) now becomes @(t) =p —
Chx(t) for t > 0, so

z(t) = Die " +p/C, with Dy :=2(0) — p/C;.
Continuing this process we see that the average cost j; = J(f1) is

j1=(1+kC}Hp/C, (4.5.31)
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and the Poisson equation

1= C(*T?fl) + hll(x> ’ F(xmfl)

is satisfied with ) () = j1/p. Moreover, from (4.5.29) and (4.5.31)
we see that j; < jo.

In general, given the Markov control f,(z):= C,z'/?, with
C, > 0, we obtain the average cost

gn = J(fn) = 1+ EkCHp/C,y, n=0,1,...

and the associated Poisson equation holds with a function h,, such
h, (x) = jn/p, whereas C, is the positive root of the quadratic

n
equation

pkC2 — j,Cr +p = 0.

One can also show, as in (4.5.29) and (4.5.31), that the j, form a
monotone decreasing sequence and, in fact,

gn L 7= 1+ kC*)p/C (4.5.32)
where C' is the positive solution of
pkC?* — 5*C +p = 0. (4.5.33)

To conclude, one can verify that the Markov controls f,(x) con-
verge to the optimal AC control f*(z) = Cz'/? and that j* is the
optimal average cost, with C' > 0 as in (4.5.33). O

Exercises

4.1. Solve the following OCP: Minimize

subject to z(t) = a(t)?, with x(0) = z(1) = 0, and control set A =
[—1,1].
Hint. Note that z(-) = 0.
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4.2. Consider the OCP: minimize
T
/ e "a(t) + ka(t)?]dt + e qu(T)
0

over all control functions a(-) > 0, subject to
i(t) = b— a(t)z(t)?, for 0 <t < T,2(0) = xo.

Propose a solution of the form v(¢t,z) = P(t)z + Q(t) for the cor-
responding HJB equation. Show that, in this case, the coefficients
P(-) and Q(-) should satisfy that

P(t) = rP(t) + P(t)?/4k — 1, Q(t) = rQ(t) — bP(t)
with P(T') = ¢,Q(T) = 0, and the optimal control is
a*(t,z) = (2k) o, - 22

4.3. The goal of this exercise is to prove that, under Assumption
4.2, there is a unique solution to (4.1.2) for every control a € A.

(a) Fixa € A,andlet 6§ > 0besuch s+ 6 <T.LetC = C([s,s +
4], R™) be the complete linear space of continuous functions
x:[s,8+ ] — R™, with the supremum norm

||| :=sup{|z(t)] : s <t < s+ 5}

For each z € C, define the mapping t — R[x](t), for every
t € [s,s+ ¢] and some y € R", as

t
Rlz|(t) ==y +/ F(r,x(r),a(r))dr.
Prove that
|R[z1] — Rlza]|| < Lo||x1 — x| YV 1,29 €C,

where L is the constant in Assumption 4.2.

(b) Show that, for ¢ small enough, (4.1.2) has a unique solution
in [s,s + d], and explain how to extend such a solution to the
whole interval [s, T7].
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4.4. (Dockner et al. 2000, p. 44) Let X =R and A = [—1,1] be
the state and action spaces, respectively. Suppose that we wish to
maximize

J(t,z;a()) = /th(s)a(s)ds for 0<t<T

over all a(-) € A[t, T], subject to &(s) = a(s) and initial condition
z(t) =x € R.
(a) Let x, be the state path associated to the control a(-). Verify
that
—(T—1t) <z, (T)—2x <T—t,
and J(t,x;a(-)) = (24(T)? — 2%)/2 for all t < T.
(b) Show that the control policy a* defined, for all s € [¢,T], as

1 >
a*(s):{l if >0,

—1 if <0

is optimal.
(c¢) Show that the value function can be expressed as V(t,z) =
@ + (T —t)|x| for t < T,z € R. Note that V is not dif-
ferentiable at (¢,0) for t < T.

4.5. Let X = A = R. Consider the OCP

T
IIl(i%’l {/ (14 a(s)]?ds + |y(T) — b|
al t

subject to

y(s)=a(s) V t<s<T, with y(t)=v.

Show that V(t,y) = [(T —t)>+ (b — y)?]'/? is a solution to the
corresponding HJB equation. Give a geometric interpretation.

4.6. (Managing investment income) Consider an optimal invest-
ment problem at a rate of interest 8 > 0, with the state space
(capital) X =[0,00), the set of feasible actions (consumptions)
at the state x given by A(z) = [0, 8z], and the performance index
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subject to @(t) = Bz(t) — a(t) and z(T) = 0. Find a non negative
function v(t) such that the value function is given by V (¢, z) :=
e " /u(t)x.

Hint: The HJB equation (4.2.2) has an optimal action a(t) =
x(t)/v(t), and becomes in 0(t) — (2r — B)v(t) + 1 = 0 with bound-
ary condition v(T") = 0.

4.7. (A heuristic derivation of the HJB equation.) Consider the
time-invariant OCP:

I(rll(l? {/o c(x(t),a(t))dt + C(z(T))

subject to
(t) = F(z(t),a(t)) ¥V 0<t<T, withz(0)=z.

(a) For N=1,2,...and t € [0,7), let § := L=, Assume that the
following discrete—time approximating problem

min [szl dc(zy, ar) + C(zN)
k=0
subject to
Tpy1 =Tk +O0F (z,ar) V k=0,1,.,N—1, and zy==x
has a solution. Show that there is a function J that satisfies
J(t,x) = main [0c(z,a)+ J(t+ 6,2+ dF(x,a))].

Hint. Fixt < T. Let J(t + Né,z) := C(z), and then go back-

wards.
(b) Assume that J is a well-defined C! function in a neighbor-
hood of (t,z). Consider the Taylor’s expansion

JE+ 0,2+ 0F(x,a)) = J(t,x) + Jt(t,x) - § + T, (t,x) - IF(x,a) + o(9),
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where 0(0)/d — 0 as 6 — 0. Show that
min [¢(z,a) + Ji(t, z) + J.(t,x) - F(z,a)] = 0.

4.8. (Cruz-Sudrez and Montes-de Oca (2008)) Let X C R™ and,
for each = € X, let A(x) C R™ be a set with nonempty interior.
Moreover, let K ={(z,a) |z € X, a€ A(x)}, and ¢: K — R.
The purpose of this exercise is to provide some sufficient con-
ditions for the differentiability of the function

w(z) = inf{c(z,a) | a € A(z)}.

Assume c is of class C? in the interior of K and, for each z,
the Hessian matrix cqq(z,a) is nonsingular for every a. Further,
suppose there is a function f : X — R such that

w(z) = c(x, f(2))

and f(x) is an interior point of A(x) for each x € X. Justify the
equality

ca(, f(x)) = 0.
Use the Implicit Function Theorem (see for instance Theorem 9.28
in Rudin (1976)) to show that f is differentiable and find f,(z).
Show also that

wy(z) = ep(z, fx)) r e X. (4.5.34)

4.9. Consider the dynamics (4.0.1) and the cost functional

/T c(t,z(t),a(t))dt + C(T,z(T)) (4.5.35)

which is said to be in the Bolza form. The so-called Lagrange form
of the functional happens when C' = 0, whereas ¢ = 0 corresponds
to the Mayer form. Suppose that Assumption 4.2 holds with C'
as a function of (¢, z).

(a) Show that any cost C' in the Mayer form can be put in the
Lagrange form.
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Hint. C(T,z(T)) — C(0,2(0)) = fOT[%C(t, z(t))]dt.
(b) Consider an additional state z,41 to the system (4.0.1) given
by
b (t) = clt,2(t),a(t),  Tea(0) = 0.
Prove that the Bolza form (4.5.35) can be put in the Mayer
form.

Answer. x,41(T) + C(T,x(T)) where = (xy,...,x,).

4.10. Let a*, x*, and A satisfy the Minimum Principle for the
OCP with cost (4.2.1) and dynamics (4.0.1). Let u(t) := e™A(¢)
and

H(t,x,a,p) = c(t,x,a) + p- F(t,z,a), te|0,7T].

Show that the minimum condition and the adjoint equation can
be respectively written as

H(t,2"(t), a™(t), u(t)) = min H(t, 2 (t), a, (1))

ac€A

for0<t<T.
4.11. Prove Proposition 4.30.

4.12. Consider the r-discount OCP (4.5.1)—(4.5.2) and let f €
A%, be a stationary Markov control that satisfies (4.5.3).

(a) Assuming that v(-) := V (-, f(-)) is in C*(X), show that v is
the unique solution of the equation

ro(z) = c(x, f) + L/@v(z) Ve X.

(b) Show that the r-discount value function v*(z):=inf,c4 V(x, a
(+)) is the unique solution in C'(X) of the HIB equation

rv*(x) = inflc(z, a) + L (x)].

a€A
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Hint. In both cases (a) and (b) consider a function of the
form w(t,z) = e "v(x) as in the proof of Lemma 4.35.

4.13. (The Ramsey model). Consider the maximization problem
of the discounted utility functional

V(ko,c(+)) = /000 u(c(t))e " dt

over all consumption strategies ¢(-)>0 subject to k(t)=F(k(t))—
c(t), k(0) = ko, where the utility and system functions are given,
respectively, by

1—0

u(c)zlc and F(k) = Ak, a,A>0,0<0<1.
-0

For the particular case @ = o, solve the HJB equation by conjec-
turing the value function as v(k) = By + B1k'™?, where B, and
By are undetermined coefficients.

Answer.

v(k):(f)g(é+ ! kl“’), (1) = Lr 1),

p 1—o0o o
1
A A 0y | 7
= [22 ¢ (ke 42) ] ™
P P

4.14. Let (j,h(-)) be a solution to the Poisson equation (4.4.7)—
(4.4.8). Prove that j is unique, and h is unique up to additive

constants.
Hint. Recall (4.4.6) and (4.4.10).




Chapter 5 ®

Check for
updates

Continuous—T1ime
Markov Control
Processes

As noted in Remark 4.7(b), the solution z(-) of the (determin-
istic) ordinary differential equation (4.0.1) can be interpreted
as a Markov control process (MCP), also known as a controlled
Markov process. In this chapter we introduce some facts on general
continuous—time MCPs, which allows us to make a unified presen-
tation of related control problems. We will begin below with some
comments on (noncontrolled) continuous—time Markov processes.
(We only wish to motivate some concepts, so our presentation is
not very precise. For further details, see the bibliographical notes
at the end of this chapter.)
For notational convenience, sometimes we write z(t) as x;.

5.1 Markov Processes

Consider a continuous-time stochastic process X = {x(t) : t > 0}

with values in a set X C R"™ for some positive integer n. (In
most applications, X is an open set; perhaps R" itself. There are,
however, other important cases. For instance, if X' is a so—called
Jump process, then X is usually a countable set.) Accordingly,
there is a probability space (2, F, P) such that, for each ¢ > 0,
x(t) is a random variable (or measurable function) from Q to
R™. Hence, strictly speaking, we have a function of two variables
(t,w) — z(t)(w) = z(t,w).
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Summarizing, for each t > 0, we have a random variable w +—
z(t,w) on ; and, for each w € ), we have a function ¢ — z(t,w),
for t > 0, which is called a trajectory or sample path of X.

By a standard convention, the variable w is omitted and we
write z(t) rather than z(t,w).

The continuous—time process X is said to satisfy the Markov
property if, informally, given the “present” state, the future behav-
ior of the process is independent of its past. To be a little more
precise, fix an arbitrary time s > 0, and let x(s) be the “present”
state. Then we can express the Markov property as follows: for
any “future time” ¢ > s and B C X,

Plz(t) € Blz(r) ¥V r < s] = Plz(t) € Blz(s)]. (5.1.1)

In words, (5.1.1) states that the distribution (or “behavior”) of
the process at any “future” state x(t), for t > s, given the “past
history” {x(r),r < s}, depends only on the present state x(s).

From the right-hand side of (5.1.1) we obtain the transition
probabilities

P(s,z,t,B) := Plx(t) € Blz(s) = z] (5.1.2)

for every 0 < s<t,xz € X, and BC X. If t =35, then (5.1.2)
becomes the Dirac (or unit) measure concentrated at z(s) = z,
ie.,

P(s,z,s,B) = 0,(B),

which is defined as §,(B) := 1 if z € B, and := 0 if x ¢ B. Alter-
natively, ,(B) = Ig(x) where I denotes the indicator function
of the set B, Ig(z) :==1ifx € B, and :=0if v ¢ B.

Remark 5.1. The transition probabilities are called stationary
or time—homogeneous if they depend only on the time difference
t — s, that is,

P(s,x,t,B) = P(t — s,x, B).

In this case, (5.1.2) becomes

P(t,z,B) := Plz(t) € B|x(0) = z] for t > 0,
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and the Markov process itself is said to be stationary or time—
homogeneous. O

Example 5.2. A deterministic system. Consider the ordinary
differential equation

x(t) = F(t,z(t)) for t>0, (5.1.3)

with a given initial condition x(0) = zo. Let us suppose that F
is continuous and has continuous first partial derivatives with
respect to the components of x € X, where X C R"™. In this case,
(5.1.3) has a unique solution

t
z(t) = xo +/ F(ryz(r))dr VYt>0,
0
which can be expressed as
t
x(t) = z(s) +/ F(r,z(r))dr Y0<s<t. (5.1.4)

If we interpret z(s) as the “present” state, and x(t), for ¢ > s,
as the “future”, then it follows that (5.1.4) is the “deterministic
version” of the Markov property (5.1.1).

Observe that the deterministic function t — x(t) in (5.1.3) or
(5.1.4) can be seen as a “degenerate” stochastic process in the
sense that, for each ¢ > 0, we can interpret z(t) as a constant
random variable, that is, w — z(t,w) = z(t). Consequently, the
transition probability in (5.1.2) is a Dirac measure

P(s,x,t, B) = (5x(t;s7x)(B), (5.1.5)
where x(t; s,x) is given by (5.1.4) when the “initial condition” is
z(s) = .

For future reference note that integration with respect to this
Dirac measure (5.1.5) yields

/X P(s,z,t,dy)v(y) = v]x(t; s, z)] (5.1.6)

for any bounded measurable function v on X. O
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Example 5.3 (Wiener process.). A Wiener process, also known
as a Brownian motion, is a real-valued stochastic process
{w(t),t > 0} that plays an important role in pure and applied
mathematics, and also in physics, astronomy, economics, mathe-
matical finance, and many other fields. It satisfies that w(0) =0
and, furthermore, by definition,

(a) it has independent increments, which means that if ty = 0 <
ty < --- < tp,, then the “increments”

w(ty) —w(ty), w(te) —w(ty), ..., w(tn) — w(tm_1)

are independent random variables; and

(b) it has Gaussian stationary increments, that is, for any ¢t > 0
and h > 0, the distribution of the increment w(t + h) — w(t)
is Gaussian (or normal) with 0 mean and variance h. (This
increment is “stationary” in the sense that its distribution
depends on the “time increment” h only, not on t.)

Remark. A continuous—time stochastic process with independent
increments is Markov. (See Ash and Gardner (1975), Theorem
4.6.5) ¢

Hence, by this remark, the Wiener process w(-) is Markov.
Moreover, from (a) and (b) above, for any ¢ > 0 and initial state
w(0) = x, the stationary transition probability is

P(t,z, B) = /B na s (y)dy, (5.1.7)

where n,+(-) denotes the Gaussian (or normal) density with mean
x and variance t, i.e.,

naa(y) = (2mt) "2 exp(~ly — 2*/2t) VyeR.

Among the many properties of a Wiener process it is the fact
that it has continuous sample paths ¢ — w(t) that are nowhere
differentiable!

A process (wi(t),...,w,(t)) € R", for t >0, is called an n—
dimensional Wiener process (or Brownian motion) if wy, ..., w,
are independent 1-dimensional Wiener processes. O
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Example 5.4. Stochastic differential equations. In Chap. 6,
below, we consider n—dimensional stochastic differential equations

(SDEs) of the form
dx(t) = b(t, z(t))dt + o(t, z(t))dw(t), t > 0, (5.1.8)

with a given initial condition z(0) = zo, where w(-) is a Wiener
process. The functions b and o in (5.1.8) are called the SDE’s drift
coefficient and the diffusion coefficient, respectively. As noted in
Example 5.3, the sample paths t — w(t) are not differentiable.
Hence, strictly speaking we should express (5.1.8), for any 0 <
s < t, in the integral form

x(t) :x(s)—l—/ b(r,x(r))dr—l—/ o(r,z(r))dw(r), (5.1.9)

where the second integral in the right—hand side is well defined as
a so—called Ito integral.

For our present purposes, it suffices to note that, under suit-
able conditions (see Assumption 6.1), the solution of (5.1.8) is a
Markov process with transition probabilities

P(s,z,t,B) = Plz(t) € Blz(s) = z| = Plz(t; s,z) € B]

for all 0 < s <t, z € R", and B C R", where z(t; s,z) is given
by (5.1.9) when the initial condition is z(s) = s. Moreover, with
some additional mild condition (Assumption 6.2) the solutions of
SDESs form a class of so—called diffusion processes, and, therefore,
by an abuse of terminology, sometimes one uses the latter term,
diffusion processes, to refer to the SDEs (5.1.8)—(5.1.9).

If the coeflicients b(t, ) = b(x) and o(t,z) = o(x) in (5.1.8) do
not depend on the time parameter, then the Markov process x(-)
is time—homogeneous with transition probabilities

P(t,z, B) = Pla(t) € Blz(0) = a].

Finally, observe that an ordinary differential equation as in (5.1.3)
can be seen, of course, as a special case of a SDE with diffusion
coefficient o(-) = 0. o
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We conclude this section with another example of a continuous-
time Markov process, namely, the Poisson process, which is very
useful in some applications, for instance, in the control of queues
and other systems in which the state space is a denumerable (or
countable) set. First, we recall the following definition from ele-
mentary probability.

A random variable N with values in the set of nonnegative
integers N = {0, 1, ...} is said to have a Poisson distribution with
rate A > 0 if

e—A k

k!

On the other hand, a continuous-time stochastic process { N (t), >
0} with values in N is called a counting process if, for any ¢t > 0
and h > 0, the increment N(t + h) — N(t) equals the number of
“events” that have occurred in the interval (t,t+ h|. (Compare
the following definition with Example 5.3 above.)

Definition 5.5. A counting process {N(t), t > 0} with N(0) =
0 is called a Poisson process with rate A > 0 if it has

P(N =k):=

for k=0,1,....

(a) independent increments, and

(b) Poisson stationary increments with rate A, that is, for each
t >0 and h > 0, the increment N(t + h) — N(t) is a Poisson
random variable with parameter \h, i.e.,

—Ah k
P(N(t+h)— N(t) = k) = =20 /E'Ah)
for k=0,1,....

By property (a), a Poisson process is a Markov process. (See
the Remark in Example 5.3)

5.2 The Infinitesimal Generator
As in the previous section, we consider a continuous—time Markov

process X = {z(t) : t > 0} in X C R”, with transition probabili-
ties (5.1.2). In this section we introduce the infinitesimal generator
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(or simply the generator) of the Markov process X', which is a key
tool to study different aspects of X.

An important property of the transition probabilities is
expressed by the Chapman—Kolmogorov equation:

P(s,z,r,B) = / P(s,z,t,dy)P(t,y,r, B) (5.2.1)
X
for0<s<t<r.

We will now introduce three families M O My D D of real-
valued measurable functions on X := [0,00) x X.

Definition 5.6. Let M be the linear space of real-valued mea-
surable functions v on X, such that

/ Pls,,t, dy)[o(t,y)| <
X

foreach 0 < s <t,zr e X.

For each t > 0, and v € M, let Tyv be the function such that, for
each (s,z) € X, the expected value

Ty (s,z) : =FEs [v(s +t,z(s+1t))]= /X P(s,z,s+t,dy)v(s+t,y)

(5.2.2)
is well defined (and finite), where Ej,[---] denotes the condi-
tional expectation given the initial condition z(s) = x. The oper-
ators Ty, t > 0, form a semigroup of operators on M, that is,
Ty =Identity, each T; maps M into itself, and

,-Tt—&—r:ﬂTr Vtﬂ“ZOa

where the latter equality follows from the right-hand side of (5.2.2)
and the Chapman—Kolmogorov equation (5.2.1). (See Exercise
5.1.)

Let My be the subfamily of M consisting of those functions
v € M such that:

(a) limgo Tyo(s, z) = v(s, ) for every (s,z) € X, and
(b) there exists to > 0 and v € M such that
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Tiv|(s,z) <u(s,x) VY (s,x) € X, <t <Ht.

The next definition introduces the infinitesimal generator of the
semigroup ;.

Definition 5.7. Let D(L) be the subset of functions v € M that
satisfy the following conditions:

(a) The limit

Lu(s,x) := ltii%l t [ Tw(s, z) — v(s, 7)) (5.2.3)
exists for all (s,z) € X, and
(b) Lo is in M.

The operator L in (5.2.3) is called the infinitesimal generator of
the semigroup 7}, and is also known as the infinitesimal generator
of the Markov process X'. The set D(L) is called the domain of L.

Example 5.8. (a) Consider the deterministic system in (5.1.3),
and suppose that (t,z) — v(t,z) is a real-valued mapping on X,
such that (for instance) it is continuously differentiable in x with
bounded derivatives, uniformly in ¢ > 0. Then, from (5.1.6) and
(5.2.2),

Tyw(s,x) =v(s+t,z(s+t;s,1))

and (5.2.3) becomes
Lo(s,z) = vs(s,x) + v.(s,z)F(s,x), (5.2.4)

where v, denotes the partial derivative of v with respect to s, and
v, is the gradient of v (in the xz—variables), that is, the row vector
of partial derivatives v,,,...,v,,. Hence, more explicitly, we can
express (5.2.4) as

Lu(s,x) = vs(s, x) + Z Fi(s,2)vg, (s, x).

=1

Compare the expressions (5.2.4) and (4.1.12). Omitting the con-
trol variable a € A in (4.1.12), these expressions are essentially
the same. See also Remark 4.7(d) or (4.4.5)—(4.4.6) for the time-
homogeneous deterministic case.
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(b) Let w(-) be the 1-dimensional Wiener process in Example
5.3, and let = — v(z) be a twice continuously differentiable func-
tion. Since w(-) is a time-homogeneous Markov process with tran-
sition probability (5.1.8), suitable calculations yield that (5.2.3)
becomes

Lou(x) = (1/2)vge(x),

where v,, denotes the second derivative of v with respect to x. In
the n—dimensional case w = (wy, ..., wy,),

1 n
L’U(.T) = 5 vaixi<$)’
i=1

where v,,,, denotes the second partial derivative of v with respect
to x;.

For the SDE in Example 5.4, the corresponding generator Lv
is given in (6.1.4), below. O

The infinitesimal generator L is in fact an extension of the
“weak infinitesimal generator” of a semigroup, defined in Chap. 1
of Dynkin (1965), and it has essentially the same properties. For
instance, straightforward modifications of the proofs in the latter
reference give the following results.

Lemma 5.9. Ifv € D(L), then, forall(s,z) € X = [0,00) x X,

(a) %Ttv = lgﬁ)l h= YTy nv — Tyw] = Ty Lo;
(b) Tyo(s,x) —v(s,x) = [ T,(Lv)(s, z)dr.

Moreover, if p > 0 and v,(s,z) := e "v(s, z), then v, is also in

D(L) and

(c) Lv,(s,x) = e "[Lu(s,z) — pv(s,x)].
(d) v is a constant if, and only if, Lv(s,x) = 0 for all (s, z).

The proof of Lemma 5.9 is left to the reader. (See Exercise 5.2.)

Remark 5.10. (a) The expression in Lemma 5.9(b) is called
Dynkin’s formula and using (5.2.2) can be rewritten as
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s+t
E . v(s+ta(s+t) —v(s,x) = ES,a;/ Lo(r,z(r))dr

(5.2.5)
for v € D(L). In the deterministic case, Dynkin’s formula can
be obtained from Remark 4.7(c):

(T, z(T)) —v(s,x) = / Lo(r, z(r))dr.

(b) Under suitable assumptions, (5.2.5) holds if ¢ is replaced by a
(random) stopping time 7. (See, for instance, the “corollary”

in Dynkin (1965), p. 133.)
O

The proof of the following proposition illustrates the use of
Dynkin’s formula (5.2.5).

Proposition 5.11. Let ¢ and K be nonnegative functions on
Xr:=[0,T] x X, for some T > 0. Suppose that ¢ is in My, and
let p > 0.

(a) If v € D(L) satisfies the equation
pu(s,x) = c(s,x) + Lu(s,x) V (s,z) € Xp (5.2.6)
with the “terminal” condition
v(T,z) = K(T,x) VzeX, (5.2.7)

then, for all (s,z) € Xr,

v(s,x) = E [/T e Pe(t, x(t))dt + e "TI K (T, (T))].

(5.2.8)
(a’) If instead of (5.2.6) we have the inequality pv < ¢+ Lv, then
in (5.2.8) we replace “=" with “<”. Similarly, if in (5.2.6) we
replace the equality with “>” then in (5.2.8) we replace “="
with “>7.
(b) Suppose that c is as above, but p > 0 and K = 0. Suppose
that v € D(L) satisfies (5.2.6) for all (s,z) € X = [0,00) X
X and the condition
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e "B u(s+ta(s+t) =e "Tw(s,z) -0 as t— oo.

(5.2.9)
Then v = v” is given by
Vv (s,x) = Es /00 e Pt x(t))dt
= /OO e ""Tyc(s, z)dt. (5.2.10)
0
(b’)If in (5.2.6) we replace the equality “=" with either “<” or

“>” then in (5.2.10) we replace the equality with “<” or
“>7 respectively.

Proof.

(a) As in Lemma 5.9(c), let v,(s,z) := e "*v(s,z) and note that
(5.2.6) can be expressed as Lv(s,x)— pv(s,z) = —c(s,c).
Hence, Lemma 5.9(c) yields

Lv,(s,z) = e "[Lv(s,x) — pv(s,x)] = —e Pc(s,x). (5.2.11)

Therefore, applying Dynkin’s formula (5.2.5) to v,, we obtain

s+t
e Py (st 2(s + 1)) —e (s, 1) = — / e e(r,x(r))dr.
Multiplying both sides of the latter expression by e”® and
taking t = T — s it follows that

T
e "TE, (T, x(T)) — v(s,z) = —/ e = e(r, x(r))dr.

Finally, rearranging terms and using (5.2.7) we obtain (5.2.8).
(a’)If pv < ¢+ Lv, then instead of (5.2.11) we obtain Luv,(s,z) >
—e "c(s,z). Thus, with the obvious changes, the proof of (a)
gives also (a’).
(b) If K =0, (5.2.9) and (5.2.8) give (5.2.10) as T'— oo. The
proof of (b’) is left as an exercise. O
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Proposition 5.11 will be very useful to obtain the dynamic pro-
gramming (or Hamilton—Jacobi-Bellman) equation associated to
some stochastic control problems.

If the function ¢ € Mj in Proposition 5.11 is a “cost rate”, that
is, a cost per unit time, then v(s,z) in (5.2.8) can be interpreted
as a total expected cost during the time interval [s, 7], with ini-
tial state z(s) = x € X and terminal cost K (7T, z(T)). Similarly,
(5.2.10) can be seen as an infinite-horizon expected discounted
cost from time s onward, with discount factor p > 0 and initial
condition z(s) = z. In the following Proposition 5.13 we present
a result for the long—run expected average cost defined as follows.

First, given a “cost rate” ¢ € My and t > 0, let

w(s,z) = E,, [ / o e(r, :U(r))dr}

= /t T.c(s,x)dr (5.2.12)

be the total expected cost in the interval [s, s + ¢], given the initial
condition x(s) =z € X at time s > 0. Then
vi(s,

Ji(s,x) == % (5.2.13)
denotes the expected average cost during the time interval [s, s + t],
with initial condition x(s) = x. To define the “long-run expected
average cost” we would like to take the limit ast — ocoin (5.2.13). A
priori, however, we do not know if such a limit exists; hence, we can
take instead either the “lim sup”, i.e.,

JP (s, x) := limsup Ji(s, x), (5.2.14)
t—o0
or the “lim inf”,
Jing (8, 2) 1= li{n inf Ji(s, z). (5.2.15)

For theoretical reasons, taking the lim sup is more convenient, so
we will take (5.2.14) as the definition of the long—run expected
average cost. (As an example, taking the average cost as J*"P in
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(5.2.14) simplifies the calculations to obtain results as in Exercise
5.8(b),(c).)

Remark 5.12.(a) As a rule of thumb, if we wish to minimize
a long—run expected average cost, we use the lim sup as
in (5.2.14). (We thus take a “conservative” or “minimax”
attitude—we wish to minimize a “maximum” or “lim sup”.)
Nevertheless, if we wish to mazimize a long—run average reward
(or utility or income), then we use the lim inf in (5.2.15). (This
is again a “conservative”, in fact, “maximin” attitude.)

(b) Since the long-run expected average cost (5.2.14) concerns

the convergence of time averages (5.2.13), it is also known as
an ergodic cost. (See, for instance, Arapostathis et al. (2012)
or Arisawa (1997).) O

The following Proposition 5.13 is a general version of Lemma
4.19 for deterministic continuous-time systems.

Proposition 5.13. Let ¢ € M, be a given function, and suppose
that there exists a number j(c) € R and a function h, € D(L) such
the pair (j(c), h.) satisfies, for all (s,z) € X, :=[0,00) x X, the
so—called Poisson equation

j(e) = c(s,x) + Lhe(s,x). (5.2.16)
Moreover, suppose that, for all (s,z) € X, h, is such that
tlim Tihe(s,z)/t = 0. (5.2.17)

Then:

(a) The constant j(c) = J"P(s,z) for all (s,z) € X.

(b) If the equality in (5.2.16) is replaced with “<”, then the equal-
ity in (a) is replaced with “<”; that is, if

j(c) <c(s,z) + Lhe(s,x) V (s,x),

then j(c) < J%"P(s,z) for all (s,z). This result is also true if we
have “>” in lieu of “<”.

Proof. (a) By Dynkin’s formula in Lemma 5.9(b) (or (5.2.5)),
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¢
Tihe(s,z) — he(s,z) = / T.(Lh.)(s,x)dr
0
¢
= FEs, / Lhe(s+r,x(s+r))dr
0

by (5.2.17)]
=tj(c) — E87$/0 c(s+rz(s+r))dr

= tj(c) — /0 t Toc(s, z)dr.

Hence, rearranging terms and multiplying by ¢,
t
jle)=t"" / Tyc(s,z)dr + t [Tihe(s, x) — he(s, 7)].
0

Finally, letting ¢t — oo, (5.2.17) yields (a).
The proof of part (b) is similar. O

Remark 5.14. (a) The pair (j(c), h.) in Proposition 5.13 is called
a canonical pair or a solution of the Poisson equation (5.2.16)
corresponding to the function ¢ € M,. There are several
approaches to obtain such a pair. Some of these approaches
are briefly introduced in part (d) below, in Sect. 5.5, and also
in the exercise section. See also Sect. 4.4 for the deterministic
case.

(b) If (j(c), he) is a solution to (5.2.16), then j(c) is unique, but
h. is unique up to additive constants only. More precisely,
suppose that, for ¢ = 1,2, the pair (j%,h') € R x D(L) is a
solution to (5.2.16), i.e.,

j = c(s,x) + Lhi(s,z) ¥ (s,a),

and it satisfies (5.2.17). Then j! = j2, and h', h? differ by a
constant: h!' = h*+ constant. (See Exercise 5.6.)

(c) For a stationary (or time-homogeneous) Markov process, the
notation and results in this section simplify in the obvious
manner. For instance, the linear space M in Definition 5.6
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becomes the space of measurable functions v : X — R such
that

P(t,z,dy)lv(y)] < oo Vt>0,2€ X,
b

and (5.2.2) becomes
Tw(x) = Eyo(z(t)) = / P(t,z,dy)v(y) Vt>0,z € X.
b

As in part (c), above, consider a time-homogeneous Markov
process X' with transition probabilities P(¢,x, ), and a func-
tion ¢ € My. Let p be a probability measure on X, which is
an invariant probability measure' for X'; that is, for each Borel
set BC X,t>0,and x € X, we have

MEILHWBMM)

Let || - ||* be a norm on the linear space of finite signed mea-
sures on X. We assume that our Markov process is uniformly
ergodic (or geometrically ergodic) with respect to the norm
|| - [|*, that is, there exist positive constants § and  such that,
forallt >0 and x € X,

1Pt ) — u()|* < Be ", (5.2.18)

In this case, as t — oo, P(t,x,-) converges geometrically fast
to p(+) for any initial state z. (For conditions ensuring geomet-
ric ergodicity, see the references in Exercise 5.9.) Finally, sup-
pose that ¢ € My is bounded? by some constant ¢: |c(z)| < .
Let

j(e) == /Xc(x)u(dx), and h.(x) = /OO[th(x) — j(o)]dt
’ (5.2.19)

1 The probability measure p is said to be “invariant” or a “stationary measure” for X
because if the initial state x(0) has distribution p, then the state x(¢) has distribution p
for all t > 0. A Markov process is called ergodic if it has a unique invariant probability
measure.

2 The requirement that ¢ is bounded simplifies the presentation, but it is not necessary.
(See the references in Exercise 5.9.)
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for z € X. Then h. is in D(L), and the pair (j(c),h.) is a
solution to the Poisson equation

j(c) = ¢(x) + Lh(x) forall z e X. (5.2.20)

(See Exercise 5.9.) O

5.3 Markov Control Processes

For our present purposes, a continuous—time Markov control pro-
cess (MCP) is specified by:

(a) Two sets X C R™ and A C R™, called the state space and the
action set (or action space), respectively;

(b) The law of motion: Corresponding to each action a € A, there
exists a linear operator L® that is the infinitesimal generator
of a X—valued Markov process with transition probabilities

P(s,x,t, B).

(¢) A cost rate function c(s,x,a), which is a real-valued measur-
able function defined on [0, 00) x X x A. We assume that c is
nonnegative.

The quadruple (X, A, L% ¢) in (a), (b), (c) expresses in a compact
form a continuous—time MCP. (In a more general context, X and
A can be complete and separable metric spaces, also known as
Polish spaces. Moreover, the condition that the cost rate ¢ is non-
negative simplifies some theoretical and computational aspects,
but strictly speaking it is not necessary.)

Example 5.15. The (deterministic) differential system (4.0.1)
defines a continuous—time MCP with state and action spaces X
and A as in Chap. 4, and infinitesimal generator L* in (4.1.12),
that is,

L(s,x) := vs(s,x) + v.(s,z) - F(s,x,a). (5.3.1)
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The situation is essentially the same as in Examples 5.2 and 5.8(a)
except that now the system function F' depends also on the control
variable a € A. Compare (5.3.1) and (5.2.4).

On the other hand, the cost rate function c(s,z,a) is as in
(4.1.1), and in some cases—as in the finite-horizon case (4.1.1)—
we also need to specify a terminal cost function C(z). O

Given a MCP, we will only consider Markov control policies
(also known as closed—loop or feedback controls), that is, measur-
able functions 7 : [0,00) x X — A such that a™ := 7 (s, z) denotes
the control action prescribed by 7 when the state x € X is
observed at time s. A Markov policy is said to be stationary if
it is independent of the time parameter s, that is, 7(s,z) = 7(x)
for all (s, x). We will denote by II the set of all Markov policies,
and by Ilg the subset of stationary policies. Moreover, for techni-
cal reasons, we restrict ourselves to the class II of Markov policies
for which the corresponding state (Markov) processes are nicely
behaved, in the following sense.

Assumption 5.16. For each 7 € II there exists a continuous—
time Markov process ™ (-) = z(-) such that:

(a) Almost all the sample paths of z(+) are right—continuous, with
left-hand limits, and have only finitely many discontinuities
in any finite interval of time.

(b) z(-) is a Markov process with transition probability denoted
by P™(s,z,t, B) and associated semigroup 77; see (5.2.2).

(¢) The substitution property. The infinitesimal generator L™ of
x(-) satisfies that

L™=L" if w(s,a)=a.

(d) The process z(-) is conservative in the sense that if v(s, z) = 1
for all (s,z), then L™ = 0.

(e) There is a nonempty subfamily IIy of II such that D(L™)
is nonempty for all © € Iy, and, furthermore, the cost rate
c(s,z,a) is such that the function is in M, for all 7 € Ilj,
where ¢ (s, x) 1= ¢(s,z,m(s,x)) for all = € Ilj.

To state our final assumption in this chapter we note that, for
each m € II, the function sets M D My D D(L) in Sect. 5.2 depend
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on the policy 7 being used, so they now will be written as M™, M,
and D(L"™), respectively. With this notation and the family Il in
Assumption 5.16(e), we have the following.

Assumption 5.17. There exist nonempty sets M D My D D
such that, for all = € I,

McC M*, MyC My, and D C D(L").

Remark 5.18 (Notation). Given a policy 7 € IIy and the cost
rate (s, x,a) we will use the notation:

(s,x) =c(s,x,m) = c(s,x,n(s,x)) if x(s)=z. (5.3.2)

In particular, if ¢(s,x,a) = c(x,a) is independent of the time
parameter s, then (5.3.2) means:

(s,x) =c(z,m(s,x)) if x(s)==x. (5.3.3)

If, in addition, 7 is stationary, so 7(s,z) = mw(z), then (5.3.3)
becomes
(z) = c(x,m) = c(x,n(x)). (5.3.4)

Similarly, when using a policy 7 € Iy, expectations such as (5.2.2)
will be written as
T7o(s, 0)=EZ0(s + ta(s + )= [ P(s,z, st dyo(s +1,)

X
(5.3.5)
or, by the substitution property in Assumption 5.16(c),

Tru(s.0)=E2ols + ta(s + )= [ Ps.is +tdylols +t.y)
X
(5.3.6)

if (s, ) = a. In particular, for a time-homogeneous MCP and a
function v(s,z) = v(x) in D, if 7(s,x) = a, then

T7v(s,z) =Tfv(xr) and L™v(s,z) = L(x). (5.3.7)
O
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5.4 The Dynamic Programming
Approach

As noted in previous chapters, when using the dynamic program-
ming (DP) approach to study a given optimal control problem
(OCP) the idea is to obtain an equation—the so—called Bellman
equation or dynamic programming equation (DPE)—from which
we can obtain, under appropriate conditions, the OCP’s value
function and also optimal control policies.

Remark 5.19. For continuous—time MCPs, the dynamic pro-
gramming (or Bellman) equation is also known as the Hamilton—
Jacobi-Bellman (HJB) equation. O

In the remainder of this chapter we use the DP approach to
analyze some OCPs associated to a general continuous—time MCP
(X, A, L, c) that satisfies the conditions in Sect. 5.3, in particular,
Assumptions 5.16 and 5.17. We consider, first, a finite-horizon
OCP.

Fix p > 0 and 7" > 0. Consider the cost functional

T
V(s z,m) = E;rm[/ e P (t a(t))dt + e " TIK (T, x(T))

(5.4.1)
with0 < s < T,z € X, and 7 € Ily, where K € M is a given non-
negative function representing a “terminal cost” at the terminal
time 7. (Recall that M is the set in Assumption 5.17.)

For future reference, compare (5.4.1) and (5.2.8): they are essen-
tially the same except that (5.4.1) depends on 7.

If p=0in (5.4.1), then V(s,z,7) is called the ezpected total
cost during the interval [s,T] when using the policy . If, on the
other hand, p > 0 then V' is the discounted cost during [s, T'| when
using 7. In either case, the OCP is to find a policy 7* such

V(s,z,m*) =inf V(s,z,7m) = V*(s,x) V (s,z) € Xp. (5.4.2)

If this is the case, then we say that 7* is an optimal policy, and
the function V* is called the OCP’s walue function or optimal
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cost function. The corresponding dynamic programming theorem
is Theorem 5.21 below.

Remark 5.20. Compare Theorem 4.6 and the following The-
orem 5.21 with p =0: the theorems are the same except that
L% in (5.4.3) is written in the form (4.1.12), and the termi-
nal cost K(T,z) in (5.4.4) takes the form C(z) in (4.1.9). In
other words, Theorem 4.6 is a special case of Theorem 5.21 when
the Markov control problem is given by the deterministic system
(4.0.1)—(4.1.1). Similarly, in the following chapter we will special-
ize Theorem 5.21 (and also Theorem 5.23) to controlled diffu-
sion processes, which is a class of controlled stochastic differential
equations. O
Recall that D is the set in Assumption 5.17.

Theorem 5.21. Suppose that v € D satisfies the equation

pv(s,x) = infe(s,x,a) + L v(s,z)] V (s,z) € Xp  (5.4.3)

a€A

with the boundary (or “terminal”) condition
v(T,z) = K(T,z) VzeX. (5.4.4)

Then:

(a) v(s,z) <V (s,z,m) for all (s,x) € Xp and 7 € ;.

(b) If m* € Iy is an admissible Markov policy such that 7*(s,x)
attains the minimum in the right-hand side of (5.4.3), that is
(using the notation in Remark 5.18),

pv(s,x) =c" (s,2) + L™ v(s,x) ¥ (s,2) € Xp,  (5.4.5)

then v(s,x) =V (s,x,7*), and so (by part (a)) 7 is an opti-

mal policy and v = V* is the optimal cost function in (5.4.2).
Proof.

(a) Suppose that v satisfies (5.4.3). Then, for all (s,z) € Xr and
a € A,
pu(s,x) < c(s,z,a) + L(s,x).
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Therefore, for any « € I,
pu(s,x) < "(s,x) + L™v(s,x).

Note that this inequality can be written as in Proposition
5.11(a’), that is, pv < ¢™ 4+ L™. Hence, this inequality and
(5.4.4) yield (by Proposition 5.11(a’) and comparing (5.4.1)
with (5.2.8))

v(s,x) < V(s,x,m) ¥ (s,x) € Xr.

This completes the proof of part (a).
(b) If (5.4.5) and (5.4.4) hold, then Proposition 5.11(a) and (5.4.1)
give
v(s,x) =V(s,z,7") V (s,2) € Xr.
Thus, part (a) and (5.4.2) yield the desired conclusion. [

To conclude this section, we consider the infinite—horizon ver-
sion of (5.4.1), with p > 0, a given discount factor, and K = 0.
Hence, consider

Voo (s, ,m) := E;Tw/ e P (¢, a(t))dt (5.4.6)

T—o00

T
— lim BT, / e~ 7 (1 3() )t

for all (s,z) in X :=[0,00) x X, and 7 € IIj. (Compare (5.4.6)
and (5.2.10).) The corresponding value (or optimal cost) function
is

VZi(s,x) :=inf Vo (s, x, ).

As usual, a policy 7* € Ilj is said to be optimal if V(s,z,7*) =
Vi(s,z) for all (s,2) € Xo. On the other hand, to have a non-
trivial OCP we assume the following.

Assumption 5.22. There exists an admissible policy = € I,
such that V. (s, z,m) < oo for every (s,z) € Xoo.

Assumption 5.22 ensures that V}(s,z) < oo for every initial
condition (s,z). As an example, Assumption 5.22 trivially holds
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if ¢(s,z.a) is bounded, that is, for some positive constant K, 0 <
c(s,z,a) < K forall (s,z,a) € Xo x A. In this case, (5.4.6) yields

Veo(s,z,m) < K/p Vs,x,m.

In the infinite-horizon case (5.4.6), the DP Theorem 5.21
becomes as follows. (Note that Theorem 4.15, in Sect. 4.3, is
a deterministic version of Theorem 5.23. In particular, compare
(5.4.8) and (4.3.3).)

Theorem 5.23. Suppose that v € D satisfies the equation
pv(s,x) = inf[c(s, x,a) + L (s, )] (5.4.7)

acA
for all (s,z) € Xo. Then:
(a) v(s,x) < Vi(s,x,m) for every policy m € 11y such that
e T v(s,x) — 0 as t— oo. (5.4.8)

(b) If m* € Iy is such that m*(s,x) € A attains the minimum in
(5.4.7), that is,

pv(s,x) =c" (s,z) + L™ v(s, z) (5.4.9)

for all (s,x) € Xo, then ©* is optimal within the class of
policies w € Ty that satisfy (5.4.8) and, moreover, v(s,z) =
Vi(s,x) = V(s,x,m) for all (s, x).

Proof. As in the proof of Theorem 5.21(a), the relation (5.4.7)
implies that
pv < c"+ L7 Vrell.

If, in addition, 7 € Il satisfies the condition (5.4.8), then Propo-
sition 5.11(b’) yields that

U(-, ) S V(’ -,7?').

This proves part (a). Similarly, if 7* satisfies (5.4.9) and (5.4.8),
then Proposition 5.11(b) gives that
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*
U(~, ) = VOO(.’ T )

Therefore, the desired conclusion in (b) follows from (a). O

5.5 Long—Run Average Cost
Problems

In this section we consider a time-homogeneous continuous—time
MCP (X, A, L% ¢), with a nonnegative cost function c¢. We will
use the notation (5.3.3), (5.3.4), and (5.3.7).

For each t > 0,2 € X, and 7 € II, let

T, ) = E;;/O & (r, 2(r))dr (5.5.1)

be the total expected cost in [0,¢], when using the control pol-
icy m, given the initial state x(0) = z. (In (5.5.1) we are using
the notation (5.3.3), according to which ¢™(r,z) := c¢(x, w(r, x)) if
x(r) = x.)

As in (5.2.13)—(5.2.14), we now consider the long-run expected
average cost, or simply the average cost (AC), when using 7 € II,
defined as

J(x,m) = limsup Jy(z, m)/t (5.5.2)
t—00

for each initial state x. (As a particular case, see the deterministic

problem (4.4.1)—(4.4.3).)

Assumption 5.24. There exists a policy m € II such that
J(z,7) < oo for every x € X.

For instance, if ¢ is bounded (say, there is a constant ¢ such
that 0 < ¢(z,a) < ¢ for all x € X and a € A), then Assumption
5.24 holds with J(z,7) < ¢ for all z, .

Under our current assumptions, the AC—value function

J*(x) = inIfI J(x,m), v e X, (5.5.3)
S
is finite—valued. As usual, a policy 7* € II is said to be optimal
with respect to (5.5.2), or AC-optimal, if
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J(z,7*)=J"(zr) VzrelX.

To analyze the AC-optimal control problem, we will first use
Proposition 5.13 to obtain a characterization of J(x, 7).

Remark 5.25. In (5.5.4)—(5.5.5) below we use the notation (5.3.3)
and (5.3.7). O

Proposition 5.26. (a) Let m € II be a policy for which the fol-
lowing holds: There exists a number j© and a function h™ € D
such that the pair (j7, h") satisfies the Poisson equation

jr=c"(s,x)+ L"h™(s,z) VY s,x (5.5.4)
and, furthermore,

lim 77 h™ (s, z)/t = 0. (5.5.5)

t—o0

Then J(-, ) is the constant 57, i.e.,
j =J(@,m) VrelX. (5.5.6)

(b) If in (5.5.4) we replace the equality by either < or >, then in
(5.5.6) the equality is replaced by < or >, respectively.

We will omit the proof of Proposition 5.26 because it is the
same as that of Proposition 5.13. On the other hand, observe
that (5.5.5) is obviously true if A" is a bounded function.

We will next consider the AC optimal control problem in which
we wish to minimize the function 7 — J(z,7) for every z € X.
To this end we introduce the following definition.

Definition 5.27. Consider a pair (5%, h*) that consists of a real
number j* and a function h* € D. The pair (j*, h*) is called
(a) a solution to the average cost optimality equation (ACOE) if

j* = infle(x,a) + L*h*(x)] Va2 e X; (5.5.7)

acA

(b) a solution to the average cost optimality inequality (ACOI) if
Jjr> irelg[c(m, a) + L*h*(z)] VzeX. (5.5.8)
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A large part of the analysis of AC problems concerns either
the ACOE (5.5.7) or the ACOI (5.5.8). This is mainly due to the
following theorem.

Theorem 5.28. Let (j*,h*) € R x D be a solution to the ACOE
(5.5.7). Let ITAY C 11 be family of policies m € 11 such that

tlirn Th*(s,x)/t =0 Vs, z. (5.5.9)

Then for every x € X :

(a) j* < inf cpac J(z,7); hence

(a’) 5* < J*(x) if TAC =TI, where J*(-) is the AC-value function
in (5.5.3). Moreover, let TI§° C Ilg be the family of stationary
policies that satisfy (5.5.9). If 7 € TI§C is such that, for every
r € X, m*(x) € A minimizes the right-hand side of (5.5.7), i.e.,

j*=c"(z)+ L7 h*(z) VazeX, (5.5.10)
then, for all x € X,
(b) j* = J(z,7*) = inf cqac J(z, 7); hence
(b’) 7* = J(z,7*) = J*(x) if UAC =11. In words, if 7* € llg is a
stationary policy that satisfies (5.5.10) and, in addition, (5.5.9)
holds for every m € 11, then ©* is AC-optimal, and the optimal
cost is the constant J(-,7*) = j*.

(c) Suppose that, instead of (5.5.10), 7 € U4C minimizes the
right-hand side of the ACOI (5.5.8), i.e.,

> (o) + L7 h*(z) VaoeX. (5.5.11)

Then
jr>Jx, ) > J(x) VreX. (5.5.12)

(¢’) Part (b’) holds, that is, j* = J(-,7*) = J*(-) if TA¢ =1L

Proof. (a) By (5.5.7),
j* <c(x,a)+ L°h*(x) YreX,aeA,

and so
j <" (s,x)+ L"h*(s,z) Vmell
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Therefore, by Proposition 5.26(b) and (5.5.9),
j*< J(x,m) VaeX,mellC

This implies (a), and also (a’) if [14¢ = II.

(b) From Proposition (5.2.14)(a), j* = J(x,n*) for all z € X.
Hence, (b) follows from part (a). Clearly, (b) implies (b’).

(c) The first inequality in (5.5.12) is a consequence of (5.5.11)
and Proposition 5.26(b). The second inequality follows from the
definition (5.5.3) of J*. Finally, parts (c) and (a) give (c¢’). O

Remark 5.29. In results such as Theorem 5.28(a’) or (c), we
require conditions ensuring the existence of measurable mappings
7 : X — A such that, for every x € X, 7*(z) € A attains the
minimum in the right-hand side of (5.5.7) or (5.5.8); that is, if

v(z,a) :=c(x,a) + L*h*(x), (5.5.13)
then
Cilrelgv(x, a) =v" (x) :=v(x, m(x)) (5.5.14)

for all x € X. These conditions can be obtained from results as
those in Appendix B. For example, suppose that A is a compact
metric space, and in Theorem B.3 consider the “constant” mul-
tifunction ®(-) = A. Suppose, in addition, that v in (5.5.13) is
such that a — v(x,a) is L.s.c. on A for each x € X. Then Theo-
rem B.3 gives the existence of 7* that satisfies (5.5.14). If A is not
compact, we can try to use Theorems B.8 or B.9, for instance. ¢

Theorem 5.28 shows that the ACOE (5.5.7) and the ACOI
(5.5.8) give a lower bound or an upper bound, respectively, for
the optimal AC function J*(-). They also give means to obtain
an AC-optimal policy 7* € I14¢. Then the obvious question is, of
course, how to obtain a solution (j*, h*) to (5.5.7) or (5.5.8)? There
are several ways to answer this question, depending on the under-
lying assumptions, such as the ergodicity approach, the vanishing
discount approach, the infinite-dimensional linear programming
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approach,..., etc. In fact, to the best of our knowledge, none of
these approaches has been developed for the general MCPs intro-
duced n this chapter. The first two, however, can be naturally
extended to our current context—see the following Sects. 5.5.1
and 5.5.2. The infinite-dimensional linear programming approach
requires a more technical background, but the general ideas are as
in the discrete-time case in Herndndez-Lerma and Lasserre (1996)
and (1999) Chaps. 6 and 12, respectively.

5.5.1 The Ergodicity Approach

In Remark 5.14(d) and Proposition 5.26, let us suppose that for
each stationary policy 7 € Ilg, the corresponding Markov process
x(+) is wuniformly geometrically ergodic in the sense of (5.2.18),
that is, for every m € [lg,t > 0, and = € X,

1P (t, 2, ) — 1" ()||* < G, (5.5.15)

where 6 and « are positive constants. Let us suppose, in addi-
tion, that the cost function ¢ is bounded. Then defining ;™ € R
and h™(-) € D as in (5.2.19), we obtain a solution (j,h") to the
Poisson equation (5.5.4), i.e., for each 7 € Ilg,

Jjr=c"(x)+ L"h"(z) VzelX. (5.5.16)

Moreover, since ¢ is bounded, then so is A" and hence (5.5.5)
holds. Therefore, from (5.5.6), for every m € Ilg and = € X,
J" = J(x,m) > inf J(z, ). (5.5.17)
m€llg
For examples and further comments on the ergodicity approach,
see Sect. 6.5. In the meantime, note that results such as (5.5.15)

are well known in the literature on Markov processes; see, for
instance, Down et al. (1995) or Lund et al. (1996).
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5.5.2 The Vanishing Discount Approach

The vanishing discount approach to the AC problem refers to the
analysis of the p-discounted cost (5.4.6) for a time-homogeneous
MCP, say,

Vo(e, ) = BT /0 et (a(t))dt (5.5.18)

as “the discount p vanishes”, that is, as p | 0. (For deterministic
continuous-time AC problems, the vanishing discount approach is
studied in Sect. 4.4.3.)

There are several way to see the connection between (5.5.18)
and the AC (5.5.2). For instance, from the Abelian theorems in
Exercises 5.7 and 5.8(c) it can be seen that if (5.5.2) holds with
“lim sup” replaced by “limit”, i.e.,

J(x,m) = tlim Ji(x,m)/t,
then

liﬂ’)lpvf)(l‘,ﬂ') = J(z,m). (5.5.19)
P

(See Exercise 5.8(b) or (c).)

Alternatively, (5.5.19) can be obtained in the context of
(5.5.15)—(5.5.17). Indeed, inside the integral in (5.5.18) replace
c™(+) with ¢™(+) — j™ 4+ 7, with j© = J(z, ) as in (5.5.17). Then
VP(x,m) can be expressed as

Vo) = E5 [ e alt) - 5t + 57,
0
so, multiplying both sides by p, we obtain
pVP(x,7m) =57 + pE;r/ e " (x(t)) — j5™dt. (5.5.20)
0

Therefore, this fact yields again (5.5.19) provided that the right-
most term in (5.5.20) tends to zero as p | 0, i.e.,

lim B /OOO e [ (2(t)) — 5] dt = 0. (5.5.21)

pl0



5.5 LONG-RUN AVERAGE COST PROBLEMS 211

As an example, this is true if (5.5.15) holds. (See Exercise 5.10.)

The starting point of the so—called “vanishing discount
approach” in stochastic control theory is the p—discount dynamic
programming equation (5.4.7) for a time-homogeneous MCP, that
is, with v,(-) = v(-),

puy(x) = ing[c(x, a) + L,(z)],z € X. (5.5.22)
ac
Recall that, in the time-homogeneous case,

vy(x) = infu,(x, ),
with v,(z,7) :== ET [ e "'c™(2(t))dt.
For applications of the vanishing discount approach to con-
trolled diffusion processes, see Sect. 6.5.

Notes—Chapter 5

1. Most of the material in this chapter comes from Hernandez-
Lerma (1994) but, in fact, general continuous-time MCPs are
a standard subject; see Doshi (1976a,b, 1979), Fleming (1984),
Gihman and Skorohod (1979), Herndndez-Lerma and Govindan
(2001), Rishel (1990), and their references. For noncontrolled
continuous-time Markov processes, as in Sects. 5.1 and 5.2, above,
there are many excellent textbooks; see, for instance, Evans (2013)
or Mikosch (1998) or the introductory chapters in Arnold (1974),
Hanson (2007), @ksendal (2003), ...

2. In these notes, as examples of continuous—time MCPs, we
only consider the deterministic systems in Chap. 4, and the con-
trolled diffusion processes in Chap. 6. There are, however, many
other important classes of continuous—time MCPs, such as con-
trolled jump-Markov processes with a countable state space (see,
for instance, Guo and Hernédndez-Lerma (2009) or Prieto-Rumeau
and Herndndez-Lerma (2012)) or an uncountable (Borel) state
space (as in Piunovskiy and Zhang (2020)), and controlled jump—
diffusion processes (as in Hanson (2007) or @Oksendal and Sulem
(2007)).
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Exercises

5.1. Let T} be as in (5.2.2). Prove that T},¢ > 0, is a semigroup
of operators on M, that is, T, =Identity, each T, maps M into
itself, and T}, = T, T, for all t,r > 0.

5.2. Prove Lemma 5.9.
5.3. Prove Proposition 5.11(b’).

5.4. Show directly that Propositions 5.11(a) and (a’) hold when
p = 0. More explicitly, suppose that the functions ¢ and K are as

in Proposition 5.11. Then:
(a) If v € D(L) satisfies that

c(s,x)+ Lo(s,z) =0 V (s,x) € Xr,

with the terminal condition (5.2.7), then
T
v(s,x) = Esx[/ c(t,x(t))dt + K(T,z(T))] V (s,z)€ Xr.
Similarly for (a’).

Remark. Let bM, be the class of functions ¢ € M, that are
bounded in the supremum norm, ||c[| := sup,, |c(s,z)|. For fixed
p > 0, the operator R, on b\, defined by (5.2.10), i.e.,

R,c(s,x) ::/ e "Tic(s, z)dt (5.5.23)
0

is called the resolvent of the semigroup 7;. The following exercise
shows that the resolvent is the unique solution of (5.2.6) in D(L)
if ¢ is in bM. O

5.5. Show that if ¢ is in bM), then the resolvent v := R,c in
(5.5.23) is the unique function in D(L) that satisfies (5.2.6) for
all (s,z) € X.

5.6. Prove the statement in Remark 5.14(b).
The result in the following Exercise 5.7 is a so—called Abelian
theorem, well known in Laplace transform theory. (See Widder
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(1941), pp. 181-182, for instance.) As shown in Exercise 5.8,
Abelian theorems establish a connection between discounted costs
(as in (5.2.10)) and long—run average costs (as in (5.2.14)). Exer-
cises 5.7 and 5.8 extend to general MCPs the results in Lemma
4.31 and Proposition 4.32.

5.7. For t >0, let t+— «a(t) be a nondecreasing function with

a(0) = 0. Define

Qin = liminf a(t)/t, o™ := limsup a(t)/t

t—o0 t—o0

and suppose P < co. Prove that, for every p > 0,

(a) [T e da(t) = p [77 e a(t)dt;

(b) ains < liminf,gp [;° e "da(t) < limsup,,p [~ e "da(t) <
asup;

(c) If the limit «(t)/t — o* exists, then

of = limp/ e "tdaft).
plO 0

5.8. Let ¢ € My be nonnegative. In Exercise 5.7, let

a(t) == /Ot T.c(s,x)dr,

so the discounted cost v* in (5.2.10) and the long-run average cost
J*' in (5.2.14) become

Up(s,x):/ e "Tye(s, z)dt
0

= /0 h e "tda(t)

and J%"P(s, ) = o®P, respectively, with o®"? < oo as in Exercise
5.7. Then
(a) for every p > 0,

00 t
vP(s, ) = p/ e "t {/ Trc(s,x)dr} dt;
0 0

(b) Jint(s,z) < liminf, g pv(s, )
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<limsup,, pv’(s, ) < J¥P(x, s),
with J%' and Jiy¢ as in (5.2.14) and (5.2.15), respectively.
(c) If Ji(s,x) — j* as t — oo, then lim,|o pv”(s, x) = j*.

5.9. Prove the statement in Remark 5.14(d). More explicitly, let
X ={z(t),t > 0} be a time-homogeneous Markov process with
an invariant probability measure p and geometrically (or uni-
formly) ergodic in the sense of (5.2.18). Let ¢ € M be a bounded
function, say, |c(z)| < ¢ for all € X. Then the function h. in
(5.2.19) is in D(L), and the pair (j(c), he) in (5.2.19) is a solution
to the Poisson equation (5.2.20). (The uniform ergodicity condi-
tion (5.2.18) is well known for several norms || - ||* and different
Markov processes. See for instance (5.3.1))

Solution. Observe that, for all » > 0 and = € X,

| Trc(x) = j(c)| = I/X[P(mr,dy) — p(dy)]le(y)]
<e|lP(r,z,) — p()II
< e (5.5.24)

In the latter inequality we used (5.2.18). Note that A, is bounded,
because (from (5.2.19) and (5.2.20))

he(a)] < / T Te(x) — i(0))dr
<él/y VzxelX.

Moreover (since (5.5.24) allows the interchange of integrals),
[Tr+sc(x) - j(C)]dT

[e.9]

[Tre(x) = j(e)ldr

Tshc(x) =

—

= he(a) - / [Thele) — j(e))dr:

that is,

Tshe(x) — he(z) = — /OS[TTc(x) — j(c)]dr.
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Finally, multiplying by 1/s and then letting s | 0, the Poisson
equation (5.2.20) follows. O

5.10. Prove: (5.5.15) implies (5.5.21).
Solution. As in (5.5.24), for every t > 0 and z € X,

|EZc™(x(t)) — j7| < efe™",

where ¢ is an upper bound for ¢(z,a). Consequently, for every
re X,

IpET / T (t) — 57Nt < peb).

This fact yields (5.5.21). O



Chapter 6 ®

Check for
updates

Controlled Diffusion
Processes

6.1 Diffusion Processes

In the remainder of these notes we consider a class of R%valued
Markov processes {z(t),t > 0} called (Markov) diffusion pro-
cesses. These are processes that are characterized in a suitable
sense by a function b:[0,00) x R — R? called the drift vec-
tor, and a d x d matrix D on [0,00) x R? called the diffusion
matriz, which is assumed to be symmetric and nonnegative def-
inite. In the extreme case in which D = 0, the zero matrix, the
process x(-) is the solution of an ordinary differential equation
x(t) = b(t,x(t)),t > 0. At the other extreme, if b=0 and D = [
the identity matrix, then z(-) is a Markov process called Wiener
process or Brownian motion. (See Example 5.3, above, or any
introductory book on stochastic analysis or stochastic differen-
tial equations, for instance, Arnold (1974), Evans (2013), Mikosch
(1998), Oksendal (2003),...)

More precisely, we will consider so—called [to diffusions or Ito
processes {x(t),t > 0} that are solutions of stochastic differential
equations (SDEs) of the form

dr(t) = b(t, x(t))dt + o (t, x(t))dw(t), (6.1.1)

where b(t,7) and o(t,x) are given functions from [0, 00) x R? to
R? and R¥" respectively, and {w(t),t > 0} is a standard n—
dimensional Wiener process. To begin, throughout the following
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we impose conditions on the coefficients b and ¢ ensuring that
(6.1.1) has indeed a well-defined (and well-behaved) solution.

Assumption 6.1. Ité6 conditions. The functions b(¢,z) and
o(t,x) are measurable and satisfy:

(a) Linear growth: For every T > 0, there is a constant K =
K(T) such that, for all 0 < ¢ < T and x € R?,

[b(t, 2)] < KA+ [z]),  [o(t,2)] < K(1+ |2]),

(where, for a matrix d = (d;;), we define its norm [d|* :=
Tr(dd*) =3, d7;, with d* := transpose of d, and Tr(D) :=
Trace of a matrix D); and

(b) Lipschitz conditions: For every T"> 0 and r > 0, there is a
constant K’ = K'(T,r) such that

forall 0 <t < T and |z| <7, |y <7

The conditions (a) and (b) in Assumption 6.1 are implied, for
instance, by the following:

(a’) The components of b(¢, x) and (¢, x) are continuously differ-
entiable in  with bounded derivatives, uniformly in ¢ > 0;
(b’) [b(t,0)| + |o(t,0)] < K for all t > 0, for some constant K.

Under Assumption 6.1 the SDE (6.1.1) has a unique continuous
solution z(-), which is a Markov process with transition probabil-
1ties

P(s,z,t,B) = P(z(t) € Blz(s) =z) = P(z(t;s,z) € B) (6.1.2)

for all 0<s<t, z€RY BeBRY where 2(t)=x(t;s, )
denotes the solution of (6.1.1) for ¢ > s, with initial condition
x(s) = x. Moreover, denoting by Ej , the conditional expectation
given the initial condition x(s) = x, we also have

Eyolzt)F < (1 + [z])ef2)  (k=1,2,...) (6.1.3)

for some constant C' depending on the integer k& and the constant
K in Assumption 6.1(a).
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The solution process z(-) has other nice properties. For instance,
it is continuous and satisfies the “Feller property”, which implies
that x(+) is in fact a strong Markov process. (We do not use these
assertions here.)

We will also suppose:

Assumption 6.2. The functions b and o are continuous in the
time variable t > 0.

Assumptions 6.1 and 6.2 imply that the solution z(-) of (6.1.1)
is a Markov diffusion process with drift coefficient b(t, z) and dif-
fusion matriz D(t,x) := o(t,z)o(t,z)*, where o(t,x) is the diffu-
sion coefficient in (6.1.1). (Recall that o* denotes the transpose of
0.) We will next obtain the infinitesimal generator L (see (5.2.3))
of x(-).

Definition 6.3. Let C'? = C4%([0,00) x R?) be the class of real—
valued continuous functions v(s, ) on [0,00) x R? such that v is
of class C'! in s and of class C? in x, that is, the partial derivates
Vs, Vz;y Ugia;, 0T 4,7 = 1,...,d, are continuous. If v € 12, let

Lou(s,z) = vs(s, ) + v.(s,2)b(s, ) + %Tr[vm(s, x)D(s,x)],
(6.1.4)
where D(z, s) is the diffusion matrix, the row vector v,:=(v,,, .. .,
VUg,) is the gradient of v (in the z—variables), and vy, = (Vp,a,) 18
the Hessian matrix. The last term in (6.1.4) can be expressed
more explicitly as

d
1 1
§T7“[vm(s, z)D(s,z)] = 5 ”ZZI Voo, (8, 2)diz (s, ),
where d;; are the components of D = oo*.

In terms of £ we may write the important [t6’s differential rule
as in (6.1.5), below.

Theorem 6.4. Let z(-) be the solution of (6.1.1). If v e C'?,
then the process v(t, x(t)) satisfies the SDE

dv(t,z(t)) = Lo(t,x(t))dt + v, (t, z(t))o(t, z(t))dw(t). (6.1.5)
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In integral form, we may write (6.1.5) for ¢ > s >0, given
z(s) =z, as

v(t,z(t)) —v(s,x) —/ Ev(r,x(r))dr—i—/ Vg (ry 2(r))o(r, z(r))dw(r).

(6.1.6)
If v and o are such that, for each t > s,

EM/ vz (r, 2(r)) o (r, 2 (1)) [Pdr < oo, (6.1.7)

then the expected value of the last integral in (6.1.6) is zero.
Therefore, if in addition to (6.1.7) we have that

Es,x/ |Lo(r, z(r))|dr < oo, (6.1.8)

then taking expectations Ej, in (6.1.6) we obtain

E,u(t,x(t)) —v(s,x) = Es,w/ Lo(r,xz(r))dr. (6.1.9)

Multiplying both sides of (6.1.9) by (¢t — s)~! and letting ¢ | s we
obtain, from (5.2.3), the infinitesimal generator Lv = Lv. More
explicitly, we have shown the following.

Theorem 6.5. If v € C"? is such that (6.1.7) and (6.1.8) hold,
then v is in the domain D(L) and Lv is given by

Lu(s,x) = vs(s, x) + vy(s, x)b(s,x) + %Tr[vm(s, z)D(s,)].
(6.1.10)

With Lv = Lo, (6.1.9) is a particular form of Dynkin’s formula
in Remark 5.10(a).

Remark 6.6. A function f(s,z) is said to satisfy a polyno-
mial growth condition if there are constants K and j such that
|f(s,z)| < K(1+ |z}?) for every (s,z). Now, using the inequality
(6.1.3) and Assumption 6.1, one can see that if v € C*? and its
partial derivates v, vz, Uz, satisfy polynomial growth condi-
tions, then (6.1.7) and (6.1.8) are satisfied. &
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Remark 6.7. (a) Let v € C'? be as in Theorem 6.5, and let 7
be a stopping time for z(-) such that E,,(7) < co. Then (6.1.9)
holds when ¢ is replaced by 7. (See, for instance, Friedman (1975)
p. 85.) This fact is analogous to Remark 5.10(b).

(b) Strictly speaking, for every ¢t > s > 0 and every initial con-
dition x(s) = x, the SDE (6.1.1) is a compact form of expressing
the integral equation

x(t) :x—i-/ b(r,:c(r))dr—l—/ o(r,z(r))dw(r),

where the second integral on the right—hand side, with respect
to the Wiener process w(-), is an [té integral. Developing this
approach, however, is out of the scope of these lecture notes. We
are thus proceeding as in Chap. 5, in which instead of analyzing
the properties of a Markov process z(-) we use directly the corre-
sponding generator. Formally, this is all we need to develop the
dynamic programming approach, as in Sect. 5.4.

6.2 Controlled Diffusion Processes

Let A, the control (or action) set, be a closed subset of R™ and,
instead of (6.1.1), consider the controlled SDE

dz(t) = b(t, z(t),a(t))dt + o(t,xz(t), a(t))dw(t), (6.2.1)

with coefficients b and o, which are functions from [0, 00) x R? x
A to R? and R¥" | respectively, and a(t) € A, for t > 0, being
the control process. As in Chap. 5, we will only consider Markov
control policies, so that a(-) is of the form a(t) = w(t,z(t)),
with 7 : [0,00) x RY — A a measurable function. We also need to
restrict the set I1 of admissible control policies. Thus, in view of
the Assumptions 6.1, 6.2 and Remark 6.6, we define II as follows.

Definition 6.8. A Markov control policy 7 is said to be admis-
sible (and we write 7 € II) if



222 6 CONTROLLED DIFFUSION PROCESSES

(a) The functions b7(t,z) :=0b(t,z,w(t,z)) and o7 (t,x):=
o(t,xz,n(t, x)) satisfy the Assumptions 6.1 and 6.2—the cor-
responding solution z(-) of (6.2.1) is written as z7(-);

(b) The generator L™ of z(+) satisfies that L™ = L* if w(s,z) = a,
where, from (6.1.10),

L(s,x) = vs(s, ) + ve(s,z)b(s,z,a) + %Tr[vm(s,:c)D(s,a:, a)]

(6.2.2)
with D(s,x,a) = o(s,z,a)o(s,z,a)* (recall that o* = trans-
pose of o, and Tr(-) = Trace).

In some cases it is easy to give conditions for a policy to be
admissible. For instance, suppose that the control set A contains
the origin 0 € R™, and also (see (a’) and (b’) in the paragraph
following Assumption 6.1):

(a’) The functions b(t,z,a) and o(t, z,a) are continuous, of class
C'in z € R? and a € A with bounded derivatives (i.e., |b,|,
1bal, |o2], |oa] < C for some constant C') uniformly in ¢ > 0;

(b”) 1b(t,0,0)| + o|(¢,0,0)]| < C ¥t > 0 and some constant C'.

Then a continuous function 7 : [0, 00) x R? — A is an admissi-
ble Markov control policy if, for instance, it satisfies:

(¢’) For every T > 0, there is a constant Kp (which may also
depend on ) such that |7(t,z)| < Kp(1+ |z|) for all 0 <
t <T and z € R%

(d’) For every T'> 0 and r > 0, there is a constant Ky, (which
may depend on 7) such that

m(t,2) = m(t, y)| < Krplr =yl

forall 0 <t <T, and |z|,|y| <.

The conditions (¢’) and (d’) are of course suggested by (a’), (b’)
and the It6 conditions in Assumption 6.1.

Finally, we will suppose that Assumptions 5.16(e) and 5.17
hold. Notice in particular that, for instance (in view of (6.1.3)), a
sufficient condition for the cost rate (s, x,a) to satisfy Assump-
tion 5.16(e) is that ¢"(s,x) satisfies a polynomial growth condi-
tion, say
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" (s,2)| < K(1+ |z)) VYmell, (6.2.3)

where K and j are positive constants, and ¢"(s,x) = c(s,,
(s, x)).

We have thus completed the description of the controlled SDE
(6.2.1) in the general MCP setting of Sect. 5.3.

6.3 Examples: Finite Horizon

For a cost functional as in (5.4.1), with p = 0, and a controlled dif-
fusion process determined by (6.2.1), the Dynamic Programming
(DP) Theorem 5.21 is valid provided of course that v satisfies the
conditions in Theorem 6.5 (that is, v € C*? and (6.1.7), (6.1.8)
hold). In this case, the generator L* in (5.4.3) is given by (6.2.2),
so that (5.4.3), with p = 0, becomes

vs(s, ) + raneilgl [vx(s, x)b(s,z,a) + %Tr(vm(s, x)D(s,x,a))
(6.3.1)
+c(s,x,a)} =0

for (s,2) in X7 := [0,7] x R?, with the boundary condition
o(T,z) = K(T,z), z¢&R% (6.3.2)

Moreover, using the Remark 6.7 we obtain in fact a slightly more
general form of Theorem 5.21. To state it, let () be a given open
subset of Xr, and let ¢ be the exit time of (¢, z(t)) from @, given
the initial condition (s, x) € @, that is,

¢i=inf{t > s|(t,2(t)) ¢ Q). (6.3.3)

(In particular, if Q := (0,T) x R%, then ¢ = T.) Now let 9*Q be a
closed subset of the boundary 0@ of @ such that ({,z(()) € 0*Q
with probability 1 for every initial condition (s,z) € @ and every
admissible policy 7. Finally, in the expression (5.4.1) of the cost
functional V (s, z, ), with p = 0, replace T with { to obtain
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¢
V(s,z,m) = ET, V St a®)dt+ KGO, (6.3.4)

Then Theorem 5.21 is valid if (6.3.1) is restricted to hold for
(s,z) € Q, and instead of the boundary condition (5.4.4) we take

v(s,x) = K(s,x) V(s,z)€ dQ. (6.3.5)

Remark. For the existence of solutions to (6.3.1) with either
the boundary condition (6.3.2) or (6.3.5), see Bensoussan (1982),

Fleming and Rishel (1975), Hanson (2007) or Krylov (1980), for
instance.

Example 6.9. (LQ systems). To simplify the exposition we con-
sider first the scalar case (d =n=m =1 in (6.2.1)). The state
z(-) € R of the system is supposed to satisfy the linear SDE

dz(t) = [y(t)z(t) + B(t)a(t)|dt + o (t)dw(t), (6.3.6)

with coefficients (-), 5(+) and o(+) of class C'[0, T, and the cost
functional

V(s z,m) = Ef, [/ (q(t)2*(t) + r(t)a*(t))dt + qra*(T)| ,

(6.3.7)
where ¢(-) >0 and r(-) > € >0 are continuous functions; and
qr > 0. Thus the cost rate and the terminal cost are given, respec-
tively, by

c(s,z,a) = q(s)x* +r(s)a®, and K(s,v):=qrz*. (6.3.8)

We assume that there are no control constraints, so A = R. Notice,
on the other hand, that the coefficients of (6.3.6),

b(t,z,a) =v(t)x + B(t)a, and o(t,z,a) = o(t) (6.3.9)

satisfy the conditions (a’), (b’) in the paragraph after Definition
6.8.
Now, from (6.3.8)—(6.3.9), the DP Eq. (6.3.1)—(6.3.2) becomes
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1
vs + y(8)xv, + 502(3)%30 + q(s)z? + miﬂg[ﬁ(s)vxa +7(s)a’] =0
ac
(6.3.10)
with
v(T,z) = qra®, x €R. (6.3.11)

The minimum in (6.3.10) is reached at a* = 7*(s, x) given by
T (s,x) = —B(s)v./2r(s), (6.3.12)
which inserted in (6.3.10) yields

1
vs +y(s)zvs + 502(8)% +q(s)2® — (B(s)ve)?/4r(s) = 0.
(6.3.13)
The question now is how to obtain a solution of (6.3.13). However,
by the form of this equation (or by analogy with the discrete-time
case), we may try a solution of the form

v(s,z) = k(s)x* + g(s), (6.3.14)

with k() and g(-) of class C', and k(-) > 0. Moreover, for (6.3.11)
to hold we require

kE(T)=gqr, and g(T)=0. (6.3.15)
With this value of v(s, z), the Eq. (6.3.13) becomes

[K'(s) + a(s) + 2v(s)k(s) — B%(s)k*(s) /r(s)]2® + g (5) + 0*(s)k(s) = 0

(where “prime” denotes derivative with respect to s). Hence, for
v in (6.3.14) to be a solution of (6.3.13) it suffices that k(-) and

g(-) satisfy
K (s) = —a(s) = 2y(s)k(s) + 7(s) "' 3*(s)k"(s) (6.3.16)

and

g'(s) = —0(s)k(s)
for s < T'. Thus, combined with the boundary condition (6.3.15),
g(+) is given by
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and k(-) is uniquely determined by the (Riccati equation) (6.3.16)
with the terminal condition k(7') = gr. Finally, from (6.3.12) and
(6.3.14), the optimal policy 7* is

7 (s,2) = —r(s) ' B(s)k(s)z. (6.3.17)

Observe that 7* satisfies the conditions (¢’) and (d’) in Sect. 6.2,
and so it is admissible (in the sense of Definition 6.8). Moreover,
from Theorem 5.21(b), with p = 0, the value function of the LQ
problem (6.3.6)—(6.3.7) is

V*(s,z) = v(s,z) = k(s)x? +/ o2 (t)k(t)dt. (6.3.18)

The vector case. Let us suppose now that in (6.3.6), x € R?,
a € R™ weR" with v(:), 8(-) and o(-) matrices of appropri-
ate dimensions, of class C''[0, T| again. Furthermore, the costs in
(6.3.7) (see (6.3.8)) are now the quadratic forms

c(t,z,a) == x"q(t)x + a*r(t)a, K(T,z):=z"qrz,

where q(-), g7 € R are symmetric and nonnegative definite, and
r(-) € R™™ is symmetric and positive definite. We also assume
that ¢(-) and r(-) are continuous.

The analysis in the vector case is completely analogous to
that presented in (6.3.10)—(6.3.18), and it yields that the optimal
Markov policy and the optimal value function are [see (6.3.17),
(6.3.18)]

7 (s,2) = —r(s) ' B(s)"k(s)z, (6.3.19)

and
J*(s,x) = z"k(s)x —|—/ Tr[D(t)k(t)]dt (6.3.20)

where D(t) = o(t)o(t)*, and k(-) € R™? is the solution to the
matrix Riccati equation [see (6.3.16)]
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K (s) = —k(s)y(s) = v(5)"k(s) + k(s)B(s)r(s) " B(s)"k(s) — a(s),
(6.3.21)
for s < T, with the boundary condition k(1) = gr. &

Example 6.10. (Optimal portfolio selection.) Let us now con-
sider an example formulated in the context of a financial market
with two assets, or “securities”. One of them is a risk—free asset,
called a bond, and the other one is a risky asset called a stock.
In a consumption—investment problem, also known as an optimal
portfolio selection problem, a “small investor”, that is, an eco-
nomic agent whose actions cannot influence the market prices,
may choose a portfolio (investment strategy) and a consumption
strategy that determine the evolution of his wealth. The problem is
to choose these strategies to maximize some “utility” criterion. In
this example, the problem is to maximize the expected discounted
total utility from consumption (6.3.25) below; in the following
Example 6.11, the investor wishes to maximize the expected util-
ity from terminal wealth (6.3.31).

Let x(t) denote the investor’s wealth at time ¢, and suppose
that the price pi(t) of the risk—free asset (the bond) is given by

dp:(t) = rp:(t)dt,

whereas the price po(t) of the risky asset (the stock) changes
according to the linear SDE

dpa(t) = poladt + odw(t)],

where w(-) is a 1-dimensional standard Wiener process. Here, r,
«, and o are constants with » < «, and o > 0. A consumption—
investment policy 7 is a pair (a1(-), az(+)) consisting of a portfolio
process a1 (-) and a consumption rate process as(-). That is, a1 (t)
(respectively, 1 — aq(t)) is the fraction of wealth invested in the
stock (respectively, the bond) at time ¢, and ay(t) is the consump-
tion rate, satisfying the control constraints

0<ai(t) <1, as(t)>0. (6.3.22)

Thus, when using a given consumption/investment policy , the
wealth z(-) = 2™ (-) changes according to the SDE
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de(t) = (1 — ay(t))x(t)rdt + a1 (t)x(t)[adt + odw(t)] — a(t)dt.
(6.3.23)
The three terms on the right—hand side of (6.3.23) correspond,
respectively, to:

(i) gains from money invested in the bond,
(ii) gains from investment in the stock, and

(iii) the decrease in wealth due to consumption.

Rewritten in the standard form (6.2.1), Eq. (6.3.23) becomes

dx(t) = [(r + (a —r)ai(t)z(t) — as(t)]dt + oay(t)z(t)dw(t).
(6.3.24)
Now let U be a utility function, that is, U is a nonnegative func-
tion on [0, 00), of class C?, strictly increasing, strictly concave, and
such that U’(0) = +o0o. Then the consumption—investment prob-
lem we are concerned with is to maximize the expected discounted
utility from consumption:

T
V(s,x,m) = E;rl,/ e U (ay(t))dt, (6.3.25)

with discount rate p > 0. In this case, the DP Eq. (6.3.1)-(6.3.2)
becomes

1
v, + max {e"’sU(ag) +[(r+ (o — r)ay)x — as]v, + 2(aa1x)2vm} =0,

6.3.26
with terminal condition v(7,z) = 0, and the maximizatiorf is ovel)r
the set of pairs a = (a;,as) satisfying (6.3.22). Ignoring for the
moment the constraints (6.3.22), an elementary calculation shows
that the function within brackets in (6.3.26) is maximized by a* =
(a3, a3) such that

ai = _(05 - T)Ux/02$vxxa U/<a;) = v, (6'3'27)

provided that v, > 0 and v,, < 0 for > 0. The solution to our
problem will depend of course on the particular utility function
U used in (6.3.25).
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Let us suppose that the utility function is of the form U(as) =
ay, with 0 < v < 1, and propose a solution to (6.3.26) of the form

v(s,z) = h(s)x”, with h(T)=0. (6.3.28)
In this case, (6.3.27) yields
al=(a—r1)/c*(1—7), a}==z[eh(s)/07V. (6.3.29)
Replacing these values in (6.3.26) we obtain
[W(5) + Cyh(s) + (1 — v)h(s)(e**h(s))YO V)" =0, (6.3.30)

where C :=r + (a—1)?/202%(1 —~). Since the latter equation
holds for all x > 0, the function in brackets must be 0. This yields
a differential equation for h, which can be solved (making the
substitution g = (e”*h)/(~1) to obtain

h(s) = (8 — e T,

with §:= (1 —+)/(p — C7). Thus with this function h, and if
a— 1 < o*(1 — ), the optimal consumption—investment policy is
given by (6.3.29). Notice in particular that the optimal process
ai(-) is constant, and the optimal consumption rate aj(-) is a
linear function of x. &

Example 6.11. In the same context of Example 6.10, let us now
suppose that there is no consumption, say as(-) = 0, so that the
wealth Eqgs. (6.3.23)—(6.3.24) becomes

dxz(t) = [r + (a — r)a(t)]z(t)dt + oa(t)x(t)dw(t),

where a(-) = ay(+). Moreover, we wish to maximize the expected
utility from terminal wealth

V(s,x;m) = E Uz ()], (6.3.31)

where U is a utility function such that U(0) = 0, and ¢ is the first
exit time from the open set @Q = (0,7") x (0, 00). Observe that the
utility criterion (6.3.31) is of the form (6.3.4) with

c(s,z,a) =0 and K(s,z)="U(x).
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Then the DP equation is

L 55 9 _
vs + Dax (r+ (a—r)a)zv, + 50 0T Vag | = 0, (6.3.32)

with the boundary condition (see (6.3.5))
v(s,z) =U(z) for (s,z)€ d*Q,

where 9*(Q is the union of [0, 7] x {0} and {T'} x [0,00). Again
ignoring for the moment the constraint 0 < a <1 in (6.3.22), we
find that the maximization in (6.3.32) is obtained with

a* = 7(s,1) = —(a — 1), /0 TV, (6.3.33)
if v, > 0 and v,, < 0. Substitution of a* in (6.3.32) yields
vy + 12V, — (0 —1)*0%/20%0,, on  Q, (6.3.34)
with
v(s,z) =U(zx) for s=T or z=0. (6.3.35)

To solve (6.3.34)—(6.3.35) we suppose that the utility function is
U(x) =27, with 0 < v < 1, and we try a solution of the form

v(s,x) = h(s)x”, where h(T)=1.
With this choice of v, Eq. (6.3.34) becomes
h'(s) + Cyh(s) = 0,
with C as in (6.3.30). Hence h(s) = e“"T=%) for s < T, so that

v(s,z) =TT and 7w (s,z) = (a — 1) /0% (1 — 7).
(6.3.36)
Thus if (a —r)/oc?(1 —v) < 1, then we conclude that the func-
tions in (6.3.36) correspond to the optimal value function
J*(s,x) = v(s, x) and the optimal control policy (or portfolio pro-
cess) 7*, which is a constant. &
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6.4 Examples: Discounted Costs

We now specialize the infinite-horizon discounted cost problem in
(5.4.6) and Theorem 5.23 to

dx(t) = b(z(t),a(t))dt + o(x(t))dw(t), t>0. (6.4.1)

In contrast to (6.2.1), the coefficients b and ¢ are time-invariant,
and therefore (6.4.1) is an “autonomous” equation. (Observe that
o in (6.4.1) is independent of the controls a € A.) The cost rate
c(s,z,a) is also time—invariant, c(s,z,a) = ¢(z,a), and so the
meaning of the notation 0™, ¢™ and ¢" in Definition 6.8(a) and
(6.2.3) is as in (5.3.3):

b"(t,x) :=blx,w(t,x)), o"(z):=0(x), (t,x):=c(z,n(t,x)).

If 7 is stationary, we use the notation (5.3.4): 0™(x) = b(x, 7),
™ (z) = ez, ).

For a function v(s,z) = v(z) of class C? in 2 € R? (assuming
that it satisfies the assumptions of Theorem 6.5), the expression
(6.2.2) for the generator L* reduces to

L (z) = v,(z)b(x,a) + %Tr[vm(m)D(x)], (6.4.2)

with D(z) = o(z)o(x)*. Let V(z,m) be as in (5.4.6) but in the
time-homogeneous case:

V(z,m):= EJ /000 e Pt (t, x(t))dt

where 7 is an admissible policy in the sense of Definition 6.8.
Moreover, let V* be the value function

V*(z):=infV(z,7) VaxcR%

™

Then, under Assumption 5.22, V*(z) < oo for every x € X and
the DP equation is given by (5.4.7), with L® as in (6.4.2), i.e.,
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~ pola) + %T'r’[vm(:c)D(a:)] +minle(z,a) + v, (2)b(z, )] = 0.
(6.4.3)

Definition 6.12. Let v € D be a solution of (6.4.3). We denote
by Il the class of stationary policies m € 11 for which the following
condition

lim e 7 ETv(z(t)) =0 Vo € R? (6.4.4)

t—o00

is satisfied.
Note that (6.4.4) is a time-homogeneous version of (5.4.8).

Remark 6.13. By Theorem 5.23(b), if 7* € Il attains the min-
imum in (6.4.3), that is

c(x, ) + vy (2)b(x, ™) = minc(x, a) + vy (x)b(x,a)] Vz,

a€A

then 7* is p—discount optimal in the class I1p. &

Example 6.14. (LQ systems). Consider the time—invariant
scalar linear system [see (6.3.6)]

dz(t) = [yz(t) + Ba(t)]dt + odw(t), t>0, (6.4.5)

with constant coefficients v, 3, o (6 # 0), and the p—discounted
cost functional

V(z,m):= E> /000 e P (qx?(t) + ra’(t))dt, (6.4.6)

where ¢ > 0, r > 0. Thus, using the notation v, = v' and v,, = v”,
the DP Eq. (6.4.3) becomes

1
—pv+ 50"+ minlgr® +ra + (yr + P’} =0, (647)

where the minimum is over A = R. As in (6.3.10), we will try to
solve (6.4.7) with a function of the form

v(z) =kr*+g Yo €R; kand g constants. (6.4.8)

For this function v, (6.4.7) becomes
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— p(kx* + g) + ok + min[gz® + ra® + 2(yx + Ba)kz] = 0

(6.4.9)

and the minimum is attained at a = 7* given by

7*(x) = —r'Bkz, z€R. (6.4.10)
Inserting this value of @ = 7* in (6.4.9), we obtain

[g + (27 — p)k — v B2K]2® + (ko — pg)
which is zero for all z € R if
g="Fkoa’/p,

and k satisfies the equation

q+ 2y —p)k —r13%* = 0. (6.4.11)

Assuming that ¢ > 0, the latter equation has a unique positive
solution. Thus the function v(z) in (6.4.8) is given by

v(r) = kz® + ko?/p, x€R, (6.4.12)

where k is the unique positive solution to (6.4.11).

Thus to conclude that 7* in (6.4.10) is optimal in the sense of
Remark 6.13, it only remains to verify that 7* satisfies (6.4.4). To
do this, in (6.4.5) take a(t) = 7*(x(t)), to obtain

dz(t) = —ax(t)dt + odw(t), x(0) =z, (6.4.13)

with o« = r~!8%k — 7, which is the so—called Langevin equation.
Thus, as is well known (see, for instance, Arnold (1974) Sect. 8.3,
or Oksendal (2003) p. 75) the solution of (6.4.13) is

t
z(t) = ze " + a/ e = dw(s) for t>0.
0

Therefore, by the properties of stochastic integrals,

2

t
Bl a?(0) = e v ooy (et
0
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= (2% — 0%/2a)e” I 4 5270 joq, (6.4.14)
Finally, from (6.4.11) and the definition of «, we have

p+ 20 =[(2y — p)> +4r7 ' f%g] > 0.

Therefore,
lim ET [e "z%(t)] = 0, (6.4.15)

t—o00
which in turn, by (6.4.12), implies (6.4.4) for 7 = 7*. Hence from
the Remark 6.13 we conclude that 7* minimizes (6.4.6) within the
class of admissible stationary policies 7 that satisfy

lim E7 [e"2%(t)] = 0, (6.4.16)
and the value (or minimum) cost function is v(-)=v,(-) in (6.4.12),

where k is the unique positive solution of the quadratic equation
(6.4.11). &

Remark. The same argument leading from (6.4.13) to (6.4.14)
shows that (6.4.15) holds for every policy of the form n(z) =
—Gz if G is a constant such that p+ 2(8G — ) > 0, that is,

G > (y—p/2)/B.

The vector case. The above results are easily extended to n—
dimensional systems (6.4.5) with ¢ and 7 in (6.4.6) being sym-
metric matrices, ¢ nonnegative definite, and r positive definite. In
this case, (6.4.8)=(6.4.12) and (6.4.10) result

v(z) = 2*kx +g, and 7*(x) = —r 3%k,

where g is a constant, and & is the symmetric and positive definite
solution of a matrix equation corresponding to (6.4.11). &

Example 6.15. (Maximization of total discounted utility from
consumption). The problem is to choose a consumption process
a(t) = w(xz(t)) to mazimize the expected total discounted utility

V(z,m) = E;r/ e "Ula(t)]dt, p >0, (6.4.17)
0
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where U is a utility function, and the wealth z(-) = 27(+) satisfies,
fort >0,

dx(t) = z(t)[adt + odw(t)] — a(t)dt, x(0) = x; (6.4.18)

[see (6.3.23)—(6.3.24) with a;(-) = 1 and az(-) = a(+)]. In (6.4.18),
which can also be written as

dz(t) = [ax(t) — a(t)]dt + ox(t)dw(t), z(0)=x>0; (6.4.19)

we assume that o > 1, 02 > 0, and the initial wealth z is positive,
whereas a(t) = m(x(t)) is subject to the constraint

0<m(z)<xz V. (6.4.20)

Then for a general utility function U, the DP equation (6.4.3)
becomes (with v, = v’ and v,, = v")

— pv(z) + %U%Qv"(x) + axv'(z) + mgx[U(a) — av'(z)] = 0.
(6.4.21)

We will solve (6.4.21) for the particular utility function U(a) =
a’ /v, with 0 < v < 1, and try a solution of the form [see (6.3.28)]

v(x) =ha”, h>0. (6.4.22)

In this case, the function U(a) — av'(x) is maximized when a =
7 (x) is given by

7 (x) = (yh) Yz Vo > 0. (6.4.23)

Inserting this value of a = 7*(z) in (6.4.21) gives the following
equation for h:

—[p+ o1 —7)/2 = ar] + (1 — ) (vh) ") = 0.
Therefore

h=~710""" with 0:=[p+0*y(1—7)/2—ar]/(1-7),
(6.4.24)
and, from (6.4.23),
7 (x) = fz. (6.4.25)
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This is the optimal consumption process provided that it satisfies
(6.4.20), so that we must have

0<60<1, (6.4.26)

and provided also that the condition (6.4.4) holds.

To verify (6.4.4), let us apply Ito’s differential rule (Theorem
6.4) to the process y(t) = log x(t), with x(-) = 2™ (-) in (6.4.19),
to obtain

dy(t) = (a —0— %a2> dt + adw(t).

This equation, in integral form, yields

oglo(0)/1] = (2= 0~ 3o%) t+ out)

that is,

x(t) = zexp [<a —0 - %02) t+ aw(t)] : (6.4.27)

Therefore, since w(t) is a Gaussian variable N(0,t) (see Example
5.3), from (6.4.22) we obtain

B [ "o(a(t))] = ha” exp (— {p ity —y) —ay+ 97] t)

= hae™"  [from (6.4.24)]

—0 as t— oo,

provided that (6.4.26) holds. Thus from Remark 6.13 we conclude
that, assuming (6.4.26), the consumption process in (6.4.23) is
optimal within the class of admissible stationary policies 7 for
which

ETle "v(x(t))] = he "EI[2"(t)] = 0 as t— oo.

Moreover, when using 7*, the corresponding wealth is the log—
normal process in (6.4.27), and the optimal expected discounted
utility is given by (6.4.22) and (6.4.24) for any initial wealth > 0.

&
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6.5 Examples: Average Costs

Let us consider again the autonomous SDE (6.4.1) with generator
L* in (6.4.2). As in Sect. 5.5, we wish to minimize the long—run
expected average cost (AC)

J(z,m) = limsup Ji(z, 7)/t, (6.5.1)
t—o0
with Ji(z,7) asin (5.5.1). As in Assumption 5.24, we suppose that
there exists a control policy 7w € II such that J(z, ) < oo for every
z € R4, where II is the set of admissible policies in Definition 6.8.
Finally, observe that, from (6.4.2), the AC optimality equation
(ACOE) in Definition 5.27 can be expressed as

§* = inf[e(z, @) + ha(2)b(x, a)] + %Tr[hm(m)D(a:)] (6.5.2)

acA
in terms of a solution pair (j*, h(-)).

Example 6.16. (LQ problems). This example is related to the
deterministic LQ problem in Example 4.22. First, we consider a
stochastic version and then we show how it reduces to the deter-
ministic case.

(a) The stochastic case. Consider the LQ system in Example
6.14, with state equation (6.4.5), with 8 # 0. The cost J; in
(6.5.1) is

Ji(z,m) = E;/O c(x(t),a(t))ds,

with quadratic instantaneous (or running) cost c(z,a) :=
gx? 4+ ra?, where both ¢ and r are positive numbers. For
notational ease, we will write the derivatives h, and h,, in
the ACOE (6.5.2) as b’ and A", respectively. Hence, (6.5.2)
becomes

1
= igﬂf{[qmz +ra® + (yx + Ba)k (x)] + §U2h” (z). (6.5.3)

Note that this equation is similar to (6.4.7). Therefore, as a
first “guess”, we may try to solve (6.5.3) with a function of
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the form (6.4.8), i.e.,
h(z) = ka* +g, v € R, (6.5.4)

for some constants k£ and g. Observe, however, that these con-
stants are NOT the same as in (6.4.8), and (6.4.12), because
the latter equations depend on the discount factor p. Thus,
to avoid confusions, we will rewrite (6.4.12) as

vo(x) = k(p)a® + k(p)o®/p, (6.5.5)
where k(p) is the unique positive solution of (6.4.11).
Inserting A(-) in (6.5.3), the same calculations used in (6.4.9)—

(6.4.11) now show that the minimum in (6.5.3) is attained at
a = 7(x) given by

7(x) = —r'Bkx VaxcR. (6.5.6)
With this value of a = a, (6.5.3) becomes
§* = o’k + 2%(q + 2vk — r ' 3%K?) (6.5.7)

for all # € R. Therefore (recalling that ¢ > 0), taking k* as
the unique positive solution of the quadratic equation

q+2vk —r B2k =0, (6.5.8)
we obtain
7(x) = —r ' Bk*x. (6.5.9)

Thus, from (6.5.7) and (6.5.4), we have that the pair (5%, h(-))
consisting of

j*=0%*, and h(z)=k*2+g Vau, (6.5.10)

where ¢ is an arbitrary constant, is a solution to the ACOE
(6.5.3).

We now wish to show, using Theorem 5.28(b), that 7 is AC—
optimal in the family T14¢ of stationary policies that satisfy
(5.5.9), which in our present situation becomes
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tlim t 1 ETh(z(t) =0 V.
This condition, by the definition of A in (6.5.10), is equivalent
to
lim ET2*(t)]/t=0 V. (6.5.11)

To prove this, note that inserting a(t) = 7(z(t)) in the lin-
ear equation (6.4.5) we obtain again a Langevin equation
(6.4.13) but now with coefficient « :=r~!'3*k* — ~. Hence,
from (6.4.14)—(6.4.15) with 7* = 7 and p = 0, we have

ET[z%(t)] = (2° — 0?/2a)e > + 0? /2. (6.5.12)

This clearly yields (6.5.11) since, from (6.5.8), a = (v*+
B%q/r)'/2) > 0. Therefore, from Theorem 5.28(b) we con-
clude the desired result: 7 is AC-optimal in [14, and the
minimum average cost is j* in (6.5.10).

The deterministic LQ case. The AC results for the deter-
ministic LQ system are obtained by taking the coefficient
o =01in (6.4.5) and “everywhere” in part (a) above; in par-
ticular, the state Eq. (6.4.5) is now

&(t) = yx(t) + Ba(t),t > 0, (6.5.13)

with constant coefficients v, §, with 8 = 0. Moreover, from
(6.5.7)—(6.5.10) with o =0, we conclude that the optimal
average cost is j* =0, and the AC-optimal policy is again
7 in (6.5.9). &

Remark 6.17. (The certainty—equivalence principle). Consider
an stochastic optimal control problem (OCP) with state equation
as in, say, (6.2.1):

dz(t) = b(t, z(t), a(t))dt + o(t, z(t), a(t))dw(t).

Consider also an associated deterministic OCP in which the
corresponding state equation is obtained from (6.2.1) taking
o(-) = 0. If the optimal control policy in the stochastic case is
the same as in the associated deterministic problem, it is then
said that the stochastic system satisfies the certainty—equivalence
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principle. From the Example 6.16(a), (b) we can see that this
principle is satisfied by the average cost problem for LQ systems.
This fact is also true in the discounted cost case. Can you guess
why? O

In the following example we wish to mazimize the long-run
average reward (AR) defined as

Jar(z,a(-)) == liTrrLioI;ij(x, a(+))/T, (6.5.14)

where, given a control policy a(-) and the running (or instanta-
neous) reward function r(z, a),

jr(z,a()) = B / r(2(t), alt))ds),

given the one-dimensional Eq. (6.4.1). In this case, the optimal-

ity Eq. (6.5.2) becomes the average reward optimality equation
(AROE)

1

J* =sup[r(xz,a) + h'(x)b(x,a) + §h'(x)cr2(x)], (6.5.15)
acA

where j* = sup,() Jar(x,a(-)), and 7', " denote the first and sec-

ond derivatives of h with respect to x.

Example 6.18. (Average welfare in a pollution accumulation
model). This example is a particular case of the control problem
in Kawaguchi and Morimoto (2007) or Sect. 10.1 in Morimoto
(2010), and it is also an extension to controlled diffusion pro-
cesses of the deterministic Example 4.29. Now, instead of (4.4.28)—
(4.4.30), the stock of pollution z(-) evolves according to the one-
dimensional stochastic differential equation

dx(t) = [a(t) — dox(t)|dt + o - x(t)dw(t),z(t) =z > 0, (6.5.16)

where a(-) denotes the flow of consumption (or pollution), dy>0
is the constant rate of pollution decay, and o > 0 is a given con-
stant.

The long-run average reward (or average welfare) is as in
(6.5.14) with instantaneous reward r(z,a) = U(a) — D(z), where
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U(a) is the social utility function of the consumption a, and D(z)
is the social disutility of the pollution stock z. Kawaguchi and
Morimoto (2007) consider general utility and disutility functions.
Here, however, as in (4.4.30), we will assume that U and D are of
the particular form

Ua) =2a*? and D(z) = diz, d >0,
in which case the AROE (6.5.15) becomes

§* = sup[2a'/? — dyx + B () (a — doz)] + %h"(m)a%? (6.5.17)
a>0
Note that the right-hand side of (6.5.17) is maximized at a =
a*(z) = 1/(W/(z))?. The problem then is how to find a suitable
function h.

Observe that the drift coefficient b(z,a) = a — dpz in (6.5.16) is
the same as the right-hand side of (4.4.29) with ¢(z) as in (4.4.30).
Therefore, in view of the results in Example 4.29, we conjecture
that h is of the form h(z) = —hjx + hy for some constants hy, ho
that need to be determined. Replacing this function A in (6.5.17)
and using that a*(x) = 1/(h'(x))* = 1/h?, (6.5.17) reduces to
Therefore, hy = dy/dy and j* = 1/hy = do/dy. This gives a pair
(%, h(-)) that satisfies (6.5.16). However, to conclude from The-
orem 5.28 that j* has some optimality property we still need to
verify (5.5.9) for some family of policies 7 € II, so that

1
;E;rh(x(t)) — 0 ast— oo. (6.5.18)

To this end, in (6.5.16) take a(-) = a* := (dy/d;)?. Then for any
initial state £(0) = x > 0 and any positive integer k such that

2dy > (k —1)0? (6.5.19)

the solution z(-) of (6.5.16) satisfies that
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sup E[z(t)*] < 2%+ C

£>0
for some constant C' > 0. (See Morimoto (2010), Lemma 10.2.1 or
Proposition 10.2.2.) The latter inequality obviously yields (6.5.18)
provided that the coefficients dy and o satisfy (6.5.19).

To conclude, note that the optimal control a*(x) = 1/(h'(x))?
in this example is the same as the optimal control a* in the deter-
manistic control problem of Example 4.29. Hence we have another
example of the certainty-equivalence principle in Remark 6.17.
Can you explain why? &

Notes—Chapter 6

1. The setting in this chapter—imposing Assumptions 6.1, 6.2,
and the notion of admissibility in Definition 6.8—is very restric-
tive, but it suffices to analyze some stochastic control problems by
means of concepts from undergraduate calculus, such as continu-
ity, differentiability, and so forth. The setting can be considerably
relaxed but at the cost of introducing nontrivial mathematical
complications.

To illustrate this, consider the following innocent-looking one—
dimensional control problem in which the system Eq. (6.3.6) and
the cost functional (6.3.7) are of the form

dz(t) = a(t)dt +dw(t), 0<t<1, (6.5.20)

J(07 xz, 7T) = E;T[m(l)QL

respectively, with control set A = [—1,1]. Then the optimal con-
trol is
(s, z) = —sign(x)

[see Benes (1974), or Christopeit and Helmes (1982)], which is
not an admissible Markov policy in the sense of Definition 6.8. In
fact, if we write a(t) = 7*(¢,z(t)) in (6.5.20), the resulting equa-
tion does not satisfy the Assumption 6.1(b), so in our context we
cannot claim that the equation has a “solution”. This kind of situ-
ations can be dealt with in a number of ways (typically, by “weak-
ening” the notion of solution of a SDE); see Fleming and Soner
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(2006), Hanson (2007), Morimoto (2010), Pham (2009), Yong and
Zhou (1999),...

2. The examples in Sects. 6.3 and 6.4 are standard, see e.g.
Fleming and Rishel (1975) Chap. 6, or Oksendal (2003) Chap.
11. The Example 6.10 is originally due to Merton (1971). For
related applications and further references on financial economics
see, for instance, Chang (2004), Karatzas (1989), Karatzas and
Shreve (1998), Merton (1990), Morimoto (2010), Pham (2009).

3. The control problems in which the coefficients b and o of
(6.2.1) are of the form b(t,z,a) = a, o(t,x,a) = o(t,z), and A =
R™ (which is the case in (6.5.20)), are called stochastic calculus
of variations problems: Fleming (1983), Loewen (1987).

4. For the existence of solutions to the DP Eq. (6.4.3) see
e.g. Bensoussan (1982), Morimoto (2010), Pham (2009), Krylov
(1980).

5. The Example 6.15 is due to Merton (1971). For other dis-
counted problems in economics and finance see the references in

Note 2 above. For other applications see, for instance, Mangel
(1985), and Whittle (1982).



Appendix A

Terminology and
Notation

For technical reasons, all the sets and functions considered in these
lecture notes are assumed to be Borel measurable. If the reader
is not familiar with this concept, don’t worry: we only consider
nice sets and functions, for instance, open sets and continuous (or
even differentiable) functions. It is important, however, to know
at least the following basic terminology.

Let X be a metric space. The Borel sigma—algebra of X, denoted
by B(X), is the smallest sigma—algebra that contains all the open
subsets of X. The sets in B(X) are called Borel sets.

If X is a complete and separable metric space (also known as
a Polish space), then a Borel subset of X is called a Borel space.
The following are examples of Borel spaces:

e Any open or any closed subset of R".

e A discrete space X, that is, a finite or denumerable set with the
discrete topology (the topology consisting of all the subsets of
X).

e A compact metric space (which is complete and separable).

o If X, Xy, ... is a (finite or countable) sequence of Borel spaces,
then the product space Y := X; x X, x --- is also a Borel space
with the (product) Borel sigma-algebra.

e If X is a Borel space, then the space P(X) of probability mea-
sures on X with the topology of weak convergence is also a Borel
space.
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For further details on measurability and related concepts, see
any introductory book on Real Analysis, for instance, Ash (1972),
Bartle (1995), Bass (2020), etc.

Lower Semicontinuous Functions

Let X be a metric space and v a function from X to RU {400}
such that v(x) < oo for at least one point x € X. This function v
is said to be lower semicontinuous (1.s.c.) at z € X if

liminfv(z,) > v(z)

n—oo

for any sequence {z,} in X that converges to x. The function v
is called lower semicontinuous (1.s.c.) if it is Ls.c. at every point

of X.

Proposition A.1. The following statements are equivalent:

(a) vis ls.c;
(b) the set epi(v) := {(xz,A) € X x R| v(z) < A}, called the epi-
graph of v, is closed;

(c) all of the lower sections (or level sets) S\(v) are closed, where
Sy(v) ={zr e X |v(zx) <A}, AeR.

Let L(X) be the family of Ls.c. functions on X, and LT (X) the
subfamily of nonnegative l.s.c. functions. (In many applications it
suffices to assume that L*(X) consists of L.s.c. functions that are

bounded below. Clearly, if v is l.s.c. and v(-) > —m for some m,
then v(-) +m is in LT(X).)

Proposition A.2. A function v is in L*(X) if and only if there
exists a sequence of continuous and bounded functions v, on X
such that v, T v.

Proposition A.3. If v, v,...,v, belong to L*(X), then

(a) the functions aw, with «>0, v; + ... + v,, and min; v;, belong
to LT(X);
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(b) if X is compact, then v attains its minimum, that is, there
exists a point z* € X such that v(z*) = inf, v(x).

For proofs of Proposition A.1-A.3 see Ash (1972), Appendix A6
or Bertsekas and Shreve (1978), Sect. 7.5.

On the other hand, v is upper semicontinuous (u.s.c.) if and
only if —v is lLs.c. Moreover, v is continuous if and only if v is
both l.s.c. and u.s.c.



Appendix B

Existence of Measurable
Minimizers

In this appendix X and A denote Borel spaces. In the previous
chapters, they denote the state space and the action space (or
control set) of an OCP, respectively.

Let 24 denote the family of all nonempty subsets of A. A set—
valued mapping ® : X — 24 is called a multifunction, also known
as a correspondence. In this case, a (measurable) function f : X —
A such that f(z) € ®(z) for all z € X is said to be a selector (or
selection) of ®. We denote by F the family of selectors of ®.

Sometimes we write ®(x) as A(z).

Definition B.1. (a) The lower inverse of B C A with respect to
® is defined as

O [B]:={xr € X : A(x)N B # (}.
(b) The graph of ®, which we will denote by K, is given by
K:={(z,a) e X x A:a € A(zx)}.

(c) @ is said to be Borel measurable if the lower inverse ®![B]
is a Borel subset of X for every closed set B C A.

Theorems B.2 and B.3, below, are obtained in Himmelberg et al.
(1976) and in Schél (1975); they are also reproduced in Appendix
D of Herndndez-Lerma and Lasserre (1996).
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Theorem B.2. Suppose that ® is compact-valued, that is, ®(x)
1s compact for every x € X. Then the following statements are
equivalent:

(a) ® is Borel measurable.
(b) ®'[B] C X is a Borel set for every open set B C A.
(¢) The graph of ® is a Borel subset of X x A.

Theorem B.3. Suppose that ® is compact—valued. Let v : K —
R be a Borel function such that v(z,-) is lower semicontinuous
(l.s.c) on ®(z) for every x € X. Then:

(a) there exists a (Borel measurable) selector f* € F such that

vz, () = v (x) == alellAia)v(x,a) VoelX, (B.1)

and v* is measurable.

(b) If the set-valued mapping x — A(z) is u.s.c. and v is l.s.c. and
bounded below, then there exists f* € F that satisfies (B.1)
and, furthermore, v* is l.s.c. and bounded below.

Theorems B.2 and B.3 require ® to be compact—valued. In con-
trast, Theorem B.8 below does not require compactness, but we
need the following concepts.

Definition B.4. (a) Consider a function v : K — R.
(al) v is called inf-compact if, for every r € R, the set
{(z,0) € Klo(z,a) <r}

is compact;
(a2) v is called K—inf-compact if, for every compact set X' C X
and every r € R, the set

{(z,a) € G(X)|v(z,a) <r}

is compact, where G(X') := {(z,a) € X' x Ala € A(x)};
(a3) v is called inf-compact on K if, for every x € X, the func-
tion a — v(z, a) is inf-compact on A(z), that is, the set

{a € A(z)|v(z,a) <r} C A
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is compact for every r € R.

(b) Consider a compact-valued multifunction ®: X — 24 as
above, with A a separable metric space. Then ® is said to
be:

(bl) lower semicontinuous (1.s.c.) at x € X if it satisfies that: If
x, — x and a is in A(z), then there exist a, € A(x,) such
that a, — a. ® is called l.s.c. on X if it is L.s.c. at every
r e X.

(b2) upper semicontinuous (u.s.c) at x € X if it satisfies that: If
z, — x and a, € A(z,) is such that a, — a, then a is in
A(z). ® is u.s.c. on X if it is u.s.c. at every z € X.

(b3) continuous on X if it is both l.s.c and u.s.c. on X.

Remark B.5. (a) For calculations, it is convenient to restate
Definition B.4(a2) as follows (see Feinberg et al. 2021). A
function v : K — R is K-inf-compact if and only if for every
sequence {(zy,a;)} in K such that, for some x € X, zy — =
and v(zy, a;) is bounded above, it holds that the sequence {a;}
has an accumulation point a € A(z).

(b) As a simple example of Definition B.4(b), consider the spaces
X = A =R. Then the multifunction

0.1 ifx£0
D)= {[0, 1/2] ifz=0

is L.s.c. On the other hand, the multifunction
0,1 ifz+£0
By(z) = [0,1] | #
[0,2] ifx=0

is u.s.c., whereas the “constant” multifunction ®(z) := [0, 1]
for all z € X is continuous. O

Lemma B.6. Forwv asin Definition B.J (a): (al) = (a2) =(a3).

To verify that a multifunction is l.s.c., the following proposition
from Michael (1970) is useful.
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Proposition B.7. (Michael, 1970). Consider a multifunction & :
X — 24, 1If for every z € X and a € ®(x) there is a continuous
selector f of ® such that f(z) = a, then ® is Ls.c.

Theorem B.8. Let us suppose that K is a Borel subset of X x A,
v 18 l.s.c., bounded below, and inf-compact on K. Then

(a) There exists a Borel selector f* € F for which (B.1) holds.
(b) If, in addition, the multifunction x — A*(x), where

A*(z) :=={a € A(x) : v*(z) = v(z,a)}

s I.s.c., then v* is l.s.c. If, moreover, v is continuous, then so
- *
s v*.

Proof. For part (a) see Rieder (1978); for (b) see Hernandez-
Lerma and Runggaldier (1994). O

The conclusions (a) and (b) in Theorem B.8 can be obtained in
several ways. For instance, from our Definition B.4(a) above and
Feinberg et al. (2013) we obtain the following.

Theorem B.9. Let v be a real-valued function on K (with K as
in Definition B.1(b)). If v is K—inf-compact (Definition B./(a2)),
then there exists f* € F that satisfies (B.1). Moreover, v is l.s.c.
on K, and v* is l.s.c. on X.

We conclude this appendix with a useful result from Schal
(1975), Proposition 12.2, which is reproduced as Proposition D.7
in Herndndez-Lerma and Lasserre (1996).

Theorem B.10. Let X be an arbitrary metric space, A a sep-
arable metric space, and ® a compact-valued multifunction from
X to 24. Let F be the family of measurable selectors of ®. In
fn 1s a sequence in IF, then there exists f € F such that, for each
r € X, f(x) € A(x) is an accumulation point of { f,(x)}. In other
words, for each x € X, there is a sequence n; = n;(x) such that
fni(x) = f(2) asi— oo.

If f, and f satisfy the conclusion of Theorem B.10, then we say
that the sequence {f,} converges in the sense of Schdl to f.
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Remark B.11. Theorem B.10 is useful, for instance, in opti-
mization problems such as the following. Let X, A and ® be as in
Theorem B.10, and consider a sequence of real-valued functions
v, on X X A such that v,, — v*. Suppose that, for each n, there
exists f, € F such that

vn(z, fo(z)) = inf ov,(x,a) Vre X.
a€A(x)
Then, by Remark B.11, the sequence of “minimizers” {f,} con-
verges in the sense of Schal to some f* € F. The obvious question
now is, is f* a “minimizer” for v*? More explicitly, is f*(z) € A(x)
such that
v (x, f*(z)) = min v*(z,a) Vre X?
a€A(x)
The answer to this question depends on the underlying assump-
tions. For examples in which the answer is affirmative, see Sect.
2.4 above, or Sect. 4 in Escobedo-Trujillo et al. (2020). Another
example is given in the following proposition, which requires A
to be a locally compact space (that is, for each a € A, there is an
open set containing a and such that its closure is compact). For
example, Euclidean spaces R? are locally compact. O

Proposition B.12. (a) Let v and v, (n = 1,2,...) be Ls.c. func-
tions, bounded below, and inf-compact on K. Let, for x € X,

v () = aga) vp(z,a), v*(r):= areri‘l(rglﬁ)v(x,a).

*

For each n, let f, € F be a minimizer of v,, ie., v}(z) =
vn(z, fu(x)). If Aislocally compact and either v, T v orwv, | v,
then f,, converges in the sense of Schéil (1975) to some f € F
that is a minimizer of v, i.e., v*(x) = v(z, f(x)) for all x € X.

(b) The conclusion in part (a) is also valid if the Assumption 2.33
(in Sect. 2.3.3 above) holds, the functions v and v,, belong to
L,(X), and v, — v as n — oo.

For a proof of Proposition B.12(a), see Lemma 4.6.6 in
Hernandez-Lerma and Lasserre (1996). Part (b) follows from The-
orem B.10.
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Markov Processes

Let {z,} be a discrete-time stochastic process, that is, a sequence
of random variables, with values in a space S. We will assume that
S is a Borel space.

The process {z,} is called a Markov chain or a discrete—time
Markov process with state space S if, for every n > k >0 and
B € B(S),

P(x, € B| zg,...,x;) = P(x, € B| xy). (C.1)

The interpretation of (C.1) is as follows. Let us refer to k as
the “present (or current) time”, n > k as the “future”, and n <
k — 1 as the “past”. Then (C.1) states that the distribution of the
sequence at any future time n, given the “history” of the process
up to the current time k£ depends only on the current state x.

In fact, the so-called Markov property (C.1) holds iff (C.1) holds
for n = k + 1 only; that is, (C.1) is equivalent to the following: For
every k > 0 and B € B(S5),

P(xk—l-l €EB | oy« ,xk) = P(C(Zk_H €EB | J}k) (02)

In other words, to verify the Markov property it is not necessary
to check (C.1) for every n > k; it suffices to check (C.2) for n =
k+ 1.

The right-hand side of (C.2) defines the one—step transition
probabilities

Pk<$,B) = P(karl €B | T — LC)
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for all x € S, B € B(S), and k =0,1,.... If the transition proba-
bilities are independent of k, that is,

P(z,B) = P(xg41 € Blog=2) Vk>0,

then {z,} is said to be a stationary or time—homogeneous Markov
chain. Here, unless noted otherwise, we will consider stationary
Markov chains only.

Remark C.1. We will try to explain the origin of the name
Markov chain. The Russian mathematician Andrei A. Markov
(1856-1922) considered a sequence {z} of random variables with
values in a finite set S, and such that

P(l’o :’io,l'l :il,...,ZEn :Zn>
= P(x¢ = io)p(io, i1)p(i1,92) - - - P(in_1,1n) (C.3)
for every n > 1 and every sequence of states iq, ... ,%, in S, where

Pk, k1) = P(Tpg1 = g | o = ix)

denote the one—step transition probabilities. It can be shown
(Exercise 2) that (C.2) and (C.3) are equivalent; that is, the finite—
valued sequence {z;} is a Markov chain iff (C.3) holds. Moreover,
because of the right-hand side of (C.3), Markov referred to {z}
as a sequence whose probabilities were “chained”. These facts
appeared in a paper by Markov, in 1906. The name “Markov
chain” was used for the first time by Bernstein (1927). For addi-
tional details on Markov’s contributions see the paper by Basharin
et al. (2004). O

The following definition generalizes the concept of transition
probability.

Definition C.2. Let X and Y be Borel spaces. A stochastic ker-
nel on X given Y (also known as a transition probability from Y
to X)) is a real-valued function Q(+|-) such that

(a) B — Q(Bly) is a probability measure on B(X) for each fixed
yeY, and
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(b) y — Q(Bl|y) is a measurable function on Y for each fixed Borel
set B C X.

Note that a (Markov) transition probability P(z, B) as above,
written in the form P(B|x), is a stochastic kernel with X =Y.

Proposition C.3. Let {z,,n=0,1,...} and {£,,n=0,1,...}
be stochastic processes in Borel spaces X and S, respectively.
Suppose that &y, &, ... are independent, and also independent of
zo. If there is a measurable function F': X x S — X such that

Tonr1 = F(xn, &) Yn>0, (C4)
then {z,} is a Markov chain. The converse is also true.

Example C.4. Let {£,} be a sequence of independent random
variables, and zy a given random variable independent of {&,}.
By Proposition C.3, the following are examples of Markov chains.

(a) A Markov chain that evolves as
Tpy1 = F(z,) +& Vn=0,1,... (C.5)

is called a first order autoregressive process, and {¢,} is
said to be an additive noise. (C.5) includes linear systems

Tnt1 = Gxn + gna (C6)

where G is a constant, which can be a matrix in the vector
case. If the &, and the initial state z( are Gaussian random
variables, then (C.6) is called a Gaussian-Markov system.

(b) Consider an inventory—production system

xn+1:xn+f<xn)_€na nIO,l,...,

where x,, is the stock or inventory level (of a certain product)
at time n, f(z) is the production strategy given the stock level
x, and &, is the demand of the product in period n.

(c) Consider a water reservoir with capacity Q). Let z, be the
amount of water in the reservoir at time n, and f(z,) the
amount of water discharged in period n (for instance, for irri-
gation or to produce electrical energy). Then we can express
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Tpy1 @S
Tp+1 = min [xn - f(xn) + gnv Q]y

where &, is the amount rainwater deposited in the reservoir in
period n.

Remark C.5. In Example C.4(a), the sequence {&,} is, in gen-
eral, a random noise, that is, a sequence of arbitrary random vari-
ables with no particular interpretation or meaning. In contrast, in
(b) and (c) the sequence is a driving process, that is, the random
variables &, have a physical or economic interpretation. Usually,
this is also the case in queueing systems, in which the “random
perturbations” &, represent the arrival process.

Continuous—Time Markov Processes

Let {z:,t > 0} be a continuous—time stochastic process with val-
ues in a Borel space X. We say that {z;} is a Markov process
if, for every t > s > 0 and B € B(X),

Pz, e B|x, VYr<s)=P(x, € B|x) (C.7)

The interpretation of (C.7) is analogous, of course, to that of
(C.1), where s is the “present time”, ¢ > s is the “future”, and
r < s is the “past”.

From the right—hand side of (C.7) we obtain the transition prob-
abilities

P(s,z,t,B):= P(z; € B|zs =) (C.8)

for every t > 5,2 € X, and B € B(X). The transition probabil-

ities are called stationary or time—homogeneous if they depend

only on the time-difference ¢ — s. In this case we rewrite (C.8) as

P(t,z,B) := P(x; € B | z9 = z).

Example C.6. The simplest example of a continuous—time
Markov process is the solution {z;} of an ordinary differential
equation
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iy = F(x;) for t>0,

for some given initial condition xy. Under suitable assumptions
on F, there is a unique solution

t
Ty = T +/ F(x,)du,
0

which can be expressed, for every t > s > 0, as

t
Ty = Tg + / F(z,)du.

This is the deterministic analogue of the Markov property (C.7).

Example C.7. [Brownian motion.] The one-dimensional Brown-
ian motion, also known as Wiener process, is a process {w(t),t > 0}
with values w(-) € R and:

(a) continuous trajectories t — w(t), with w(0) = 0;

(b) independent increments, that is, for any positive integer n
and times 0 = tg < t; < --- < t,, the increments

w(ty) —w(ty), w(ta) — w(ty), ..., w(t,) — w(t,—1)

are independent random variables; and

(c) stationary Gaussian increments, that is, for any ¢ > s > 0,
the increment w(t) —w(s) has a normal (or Gaussian) dis-
tribution with zero mean, and variance E[(w(t) — w(s))?] =
t—s.

The Wiener process has many interesting properties. In particu-
lar, from the independence of increments (b), it is a continuous—
time Markov process.

A process w(t),t >0 with values w(-) = (wi(:),...,w,(+)) €
R™ is a n—dimensional Brownian motion (or Wiener process) if
the components wy (-), ..., w,(-) are independent one-dimensional
Brownian motions.
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Theorem of C. Ionescu—Tulcea

The following proposition in used in the analysis of Markov chains.

Proposition C.8. (Theorem of C. Ionescu Tulcea.). Let X,

X1, ... be a sequence of Borel spaces and, for n =0,1,..., define
Y, =Xox--xX, and Y :=1I2° ) X,,. Let v be an arbitrary
probability measure on X, and, for every n=0,1,..., let P,

(dzp11|yn) be a stochastic kernel on X, .1 given Y,. Then there
exists a unique probability measure P, on Y such that, for every
measurable rectangle By X --- X B, in Y},

.P,,(Bo X e X Bn) = / I/(dl’o) Po(dl‘1|l‘o) P1(d]}2|.1‘0,l‘1)
Bo B1

B;

/B Po_1(dzn|zo, ..y Tn-1). (09)

Moreover, for any nonnegative measurable function v on Y, the
function

T / u(y) Pu(dy)
is measurable on X, where P, stands for P, when v is the prob-
ability concentrated at x € Xj.
Proof. See Ash (1972, p. 109), Bertsekas and Shreve (1978, pp.
140-141), or Neveu (1965, p. 162). O

Remark C.9. Let us (informally) write the measure P, in (C.9)
as

P,(dxo, dzy,dxs, . ..) = v(dwo) Py(dry|70) Py (d2e|20, 21) - - -

and let m = {m;} be an arbitrary control policy. Then the measure
P7 in Chap. 3 [see (3.1.10a)—(3.1.10c)] can be written in the form

Pj(dl’o, dao, dl’l, dal, . ) = V(dl'o)ﬂ'o(ddo‘l’o)@(dl’l’.CE(), ao).

-7r1(da1|x0, aop, Il)Q(dl’QlfL’l, al) e,



APPENDIX C: MARKOV PROCESSES 261

Exercises—Appendix C

1. Prove that (C.1) and (C.2) are equivalent.
2. Prove that (C.2) and (C.3) are equivalent.
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A

Abelian theorem
continuous—time, 159
discrete—time, 73

Action, see Policy

Average cost optimality equation
continuous—-time, 148, 206
discrete-time, 63, 116

Average cost optimality inequality
continuous—time, 162, 206
discrete—time, 113

Average cost problems
continuous—time, 147
discrete—time, 62, 111

B

Banach’s fixed point theorem, 38

Bellman equation, see Dynamic pro-
gramming equation

Bellman operator, 31, 102

Bellman’s principle of optimality, see
Principle of optimality (PO)

Blackwell’s conditions, 46

Borel space, 11, 245

Bounding function, see Weight function

Brock—Mirman model, 27, 43, 44, 65, 68,
75

Brownian motion, 186

C

Canonical pair
continuous—time, 151, 196
discrete—time, 63

Canonical triplet
continuous—time, 151
discrete—time, 63
Cesaro limits, 73, 159
Chapman—Kolmogorov equation, 189
Consumption—investment problem, 6,
98, 227
Control, see Policy
Control model, see Optimal control
problem
Control policy, see Policy
Control problem, see Optimal control
problem

D
Differential equation
ordinary, 9, 127, 185
stochastic, 10, 187
Diffusion coefficient, 187
Diffusion process, 187, 217
Dirac measure, 85, 184, 185
Discounted problems
continuous-time, 141, 143
discrete-time, 20, 29, 100
Drift coefficient, 187, 219
Driving process, 5, 84, 258
Dynamic programming algorithm, 90
Dynamic programming equation, 14, 16,
31, 88, 91, 102, 131
forward form, 23, 88, 92, 106
Dynkin’s formula, 191, 192
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E

Economic growth model, see Brock—
Mirman model

Envelope Theorems, 136

Ergodic Markov process, 197

F
Feller property, 94, 219

G

Gauge function, see Weight function
Generator, see Infinitesimal generator
Geometrically ergodic Markov process,

197, 209

H

Hamilton—Jacobi-Bellman (HJB), 132,
144

Hamilton—Jacobi-Bellman (HJB) equa-
tion, 131

classical solution, 134
Hamiltonian function, 24, 131
Hardy-Littlewood Theorem, 73

I

Indicator function, 85, 184
Infinitesimal generator, 132, 188, 190
Invariant probability measure, 197
Tonescu Tulcea Theorem, 260

It6 integral, 187

It6 processes, 217

L
Langevin equation, 233
Law of motion, 198
Long-run expected average cost, 7, 194,
195, 205, 237
LQ control problem
continuous—time, 140, 141, 146, 151,
155, 224, 232, 237
discrete-time, 18, 30, 57, 75, 96, 98,
122

M

Majorant, see Weight function

Markov control model (MCM), 83, 87,
91, 100

Markov control problem

INDEX

continuous—time, 132

Markov control process
continuous—time, 183, 198
discrete—time, 84, 87

Markov decision process, see Markov

control process

Markov process

continuous—time, 183, 185, 187, 188,
190

Minimal cost, see Value function

Minimum principle
continuous-time, 135
discrete-time, 38

Minimum steady state
continuous—time, 153
discrete-time, 67

Minimumprinciple
discrete-time, 23

Multifunction, 32, 84, 101, 249
continuous, 251
lower semicontinuous (l.s.c.), 251
upper semicontinuous (u.s.c.), 251

(0]
Optimal control problem
finite—horizon, 128
Optimal control problem (OCP), 1, 13,
87
continuous—time, 9, 127, 183
discounted case, 141
discrete-time, 1, 13, 87, 100
finite-horizon, 87
infinite-horizon, 28, 100, 143
long—run average cost (AC), 62, 72
stationary discounted, 28
Optimality equation, see Dynamic pro-
graming equation

P
Partially observable systems, 8
Poisson equation, 149, 195, 196, 198, 209
Policy, 86
history—dependent, 5
action, see Control policy
closed—loop, see Markov
control, 5, 86
feedback, see Markov policy
Markov, 5, 10, 199
open—loop, 5, 10, 127
optimal, 3, 88
randomized control, 86
stationary Markov, 53, 199
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Policy iteration (PI) algorithm, 54, 108,
110, 163

Pollution accumulation, 156, 240

Pontryagin’s Maximum Principle, see
Minimum principle

Portfolio  selection  problem, see
Consumption—investment  prob-
lem

Principle of optimality (PO), 15, 129
Production—inventory system, 4

R
Random noise, see Driving process

S

Sample path, 184

Selector, 32, 249

Semigroup of operators, 189, 190

Stationary measure, see Invariant prob-
ability measure

Stochastic differential equations (SDEs),
see Differential equation

Stochastic kernel, 84, 86, 93, 256, 260

Stochastic process

continuous—time, 183, 186
Stopping time, 192
Strategy, see Policy
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T

Tracking problem, 7, 30

Transition probability, 84, 93, 184, 187,
198, 256, 260

U

Uniformly ergodic Markov process, see
Geometrically ergodic Markov
process

Uniformly geometrically ergodic Markov
process, see Geometrically ergodic
Markov process

A%
Value function, 3, 30, 62, 88, 100, 129,
201, 205, 236, 237
Value iteration (VI)
algorithm, 51
functions, 32, 106
Vanishing discount
continuous—time, 158, 210
discrete-time, 72
Verification theorem, 133, 134, 144

W

Weight function, 45

Weighted-norm, 44

‘Wiener process, see Brownian motion
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